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Phase transitions and critical points in the rare-earth region
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A systematic study of isotope chains in the rare-earth region is presented. For chains60
1442154Nd, 62

1462160Sm,

64
1482162Gd, and 66

1502166Dy, energy levels, E2 transition rates, and two-neutron separation energies are described
by using the most general~up to two-body terms! interacting boson model~IBM ! Hamiltonian. For each
isotope chain a general fit is performed in such a way that all parameters but one are kept fixed, to describe the
whole chain. In this region, nuclei evolve from spherical to deformed shapes and a method based on catastro-
phe theory, in combination with a coherent-state analysis to generate the IBM energy surfaces, is used to
identify critical phase transition points.
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I. INTRODUCTION

Recently, a renewed interest in the study of quant
phase transitions in atomic nuclei has emerged@1–4#. A new
class of symmetries, which applies to systems localized
the critical points has been proposed. In particular, the ‘‘cr
cal symmetry’’ E(5)@5# has been suggested to describe cr
cal points in the phase transition from spherical tog-unstable
shapes while X(5)@6# is designed to describe systems lyin
at the critical point in the transition from spherical to axia
deformed systems. These are based originally on partic
solutions of the Bohr-Mottelson differential equations but a
usually applied in the context of the interacting boson mo
~IBM ! @7# since the latter provides a simple but detail
framework in which first and second order phase transiti
can be studied. In the IBM language, symmetry E(5) cor
sponds to the critical point between the U(5) and O(6) sy
metry limits while the X(5) symmetry should describe t
phase transition region between the U(5) and the SU
dynamical symmetries, although the connection is not a
orous one. Very recently, the O(6) limit itself has also be
proposed to correspond to a critical point@8#.

Usually, the IBM analyses of phase transitions have b
carried out using schematic Hamiltonians in which the tr
sition from one phase to the other is governed by a sin
parameter. It is thus necessary to see how much these
dictions vary when a more general Hamiltonian is used. T
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global approach was first used by Castan˜os et al. for the
study of series of isotopes@9–12#. An alternative procedure
is provided by the use of the consistent Q formalism~CQF!
@13#. In this case, although the Hamiltonian is simpler th
the general one, the main ingredients are included. Wit
this scheme, a whole isotope chain is described in terms
few parameters that change smoothly from one isotope to
next. Because of the possible nonuniqueness of such nuc
by nucleus fits and the restricted parameter space, it is
portant to study under what circumstances the prediction
the location of critical points in a phase transition is robu
In this paper, we follow Refs.@10–12,14,15# and use a more
general one- and two-body IBM Hamiltonian to obtain t
model parameters from a fit to energy levels of chains
isotopes. In this way, a set of fixed parameters, with
exception of one that varies from isotope to isotope, is
tained for each isotope chain and the transition phase ca
studied in the general model space. The fit to a large data
in many nuclei diminishes the uncertainties in the parame
determination. A possible problem arising from working wi
such a general Hamiltonian, however, is the difficulty in d
termining the position of the critical points. Fortunately, t
methods of catastrophe theory@16# allow the definition of the
essential parameters needed to classify the shape and s
ity of the energy surface@14,15#.

In this paper, we analyze diverse spectroscopic proper
of several isotope chains in the rare-earth region, in wh
shape transition from spherical to deformed shapes is
served. We combine this study with a coherent-state anal
and with catastrophe theory, in order to localize the criti
©2003 The American Physical Society07-1
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points and test the X(5) predictions. Since the introduct
of the E(5) and X(5) symmetries, only a small number
candidates@17–24# have been proposed as possible reali
tions of such critical point symmetries. In this paper, w
show that the critical points can be clearly identified
means of a general theoretical approach@14,15#.

The paper is structured as follows. In Sec. II, we pres
the IBM Hamiltonian used. In Sec. III, the results of the fi
made for the different isotope chains are presented. Comp
sons of the theoretical results with the experimental data
excitation energies,E2 transition rates and two-neutron sep
ration energies are shown. In Sec. IV, the intrinsic state
malism is used to generate the energy surfaces produce
the parameters obtained in the preceding section. In addi
the location of the critical point in the shape transition f
each isotope chain is identified by using catastrophe the
Also, in this section the alternative description provided
the CQF for the rare-earth region is briefly discussed.
nally, Sec. V is devoted to summarize and to present
conclusions.

II. IBM DESCRIPTION

In this work we use the IBM to study in a systematic w
the properties of the low-lying nuclear collective states
several even-even isotope chains in the rare-earth reg
The building blocks of the model are bosons with angu
momentumL50 (s bosons! andL52 (d bosons!. The dy-
namical algebra of the model is U(6). Therefore, every dy-
namical operator, such as the Hamiltonian or the transi
operators, can be written in terms of the generators of
latter algebra. Usually, some restrictions are imposed
these operators, e.g., the Hamiltonian should be number
serving and rotational invariant, and in most cases it o
includes up to two-body terms.

The most general~including up to two-body terms! IBM
Hamiltonian, using the multipolar form, can be written as

Ĥ5ÃN̂1B̃N̂~N̂21!

2
1«dn̂d1k0P̂†P̂1k1L̂•L̂1k2Q̂•Q̂

1k3T̂3•T̂31k4T̂4•T̂4 , ~1!

whereN̂ andn̂d are the total boson number operator and
d boson number operator, respectively, and

P̂†5
1

2
~d†

•d†2s†
•s†!, ~2!

L̂5A10~d†3d̃!(1), ~3!

Q̂5~s†3d̃1d†3 s̃!(2)2
A7

2
~d†3d̃!(2), ~4!
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T̂35~d†3d̃!(3), ~5!

T̂45~d†3d̃!(4). ~6!

Symbol • stands for the scalar product, defined asT̂L•T̂L

5(M(21)MT̂LMT̂L2M where T̂LM corresponds to theM
component of operatorT̂L . Operator g̃,m5(21)mg,2m
~whereg refers tos andd bosons! is introduced to ensure th
correct tensorial character under spatial rotations.

The first two terms in the Hamiltonian do not affect th
spectra but only the binding energy. Therefore, they can
removed from the Hamiltonian if only the excitation spe
trum of the system is of interest. However, a complete
scription of both excitation and binding energies requires
use of the full Hamiltonian~1!.

The electromagnetic transitions can also be analyzed
the framework of the IBM. In particular, in this work we wil
focus onE2 transitions. The most generalE2 transition op-
erator, including up to one body terms, can be written as

T̂M
E25ee f f@~s†3d̃1d†3 s̃!M

(2)1x~d†3d̃!M
(2)#, ~7!

whereee f f is the boson effective charge andx is a structure
parameter.

Two-neutron separation energies (S2n) are also studied in
the present work. This observable is defined as the differe
in binding energy between an even-even isotope and the
ceding even-even one:

S2n5BE~N!2BE~N21!, ~8!

whereN corresponds to the total number of valence boso
Note that if only the first two terms in Eq.~1! are considered

and Ã and B̃ are assumed to be constant along the isot
chain,S2n would be given by

S2n52S Ã2
1

2
B̃D2B̃N5A1BN. ~9!

For a detailed study of this property, we refer to Ref.@25#.

III. FITS

In this section we analyze several isotope chains belo
ing to the rare-earth region using the most general IB
Hamiltonian Eq.~1! and E2 transition operator Eq.~7!. As
anansatzfor each chain of isotopes, we will assume a sing
Hamiltonian and a singleE2 transition operator. All param
eters in these operators are kept fixed for a given isot
chain, except for the single particle energy which is allow
to vary slightly from isotope to isotope. The way of fixin
the best set of parameters in the Hamiltonian is to carry o
least-square fit procedure of the excitation energies of
lected states (21

1 , 41
1 , 61

1 , 81
1 , 02

1 , 23
1 , 43

1 , 22
1 , 31

1 , and
7-2
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TABLE I. Values of«d in the Hamiltonian~in keV! for each isotopic chain as a function of the neutron number.

Neutron number
Element 84 86 88 90 92 94 96 98 100

60Nd 1686.3 1606.7 1645.4 1602.9 1536.1 1595.9

62Sm 1427.3 1393.5 1289.3 1210.8 1158.6 1192.5 1312.2 1452.0

64Gd 1479.3 1508.7 1409.0 1300.4 1221.5 1174.4 1162.0 1176.5

66Dy 1558.8 1607.6 1562.4 1503.9 1461.0 1427.7 1413.4 1409.2 144
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1) and the two-neutron separation energies of all isoto

in each isotopic chain. Once the parameters in the Ha
tonian are obtained, theB(E2) transition probabilities 21

1

→01
1 , 41

1→21
1 , 22

1→01
1 , 23

1→01
1 , 02

1→21
1 , and 03

1

→21
1 of the set of isotopes are used to fixee f f and x by

carrying out a least-square fit. The experimental data for
citation and binding energies andB(E2)’s have been taken
from Refs.@26–38#. Finally, it is worth noting that in Ref.
@25# the Hamiltonian parameters were fixed just using
data for excitation energies and thenA andB were adjusted
to reproduce the experimental values ofS2n . In this paper,
since we are particularly interested in accurately describ
the spectroscopic data associated with shape transitions,
excitation and binding energies are treated on an equal f
ing, describing the shape transition to determine the se
Hamiltonian parameters in Eq.~1!.

Tables I and II summarize the parameters obtained for
Hamiltonian andE2 transition operator for each isotop
chain.

In Figs. 1–4 the systematics of experimental and cal
lated energies for the states included in the least-square
cedure are presented in order to show the goodness o
fitting procedure. In Figs. 5 –8 the systematics of the exp
mental and calculatedB(E2) values are compared. Finall
in Fig. 9 the experimental and calculatedS2n values are
shown. This is a fundamental magnitude for identifying
phase transition since it is directly related to the derivative
the energy surface. First order phase transitions are rel
with the appearance of a kink in theS2n values. As shown in
Fig. 9, the calculation matches the experimentally obser
behavior.

The analysis of the preceding figures for different obse
ables and for several isotope chains shows that the pre
procedure is appropriate for systematic studies and confi
that it provides a simple framework to describe long cha
of isotopes and detect possible phase transitions.

An alternative approach to describe long chains of ra
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earth nuclei is to use the CQF. The CQF Hamiltonian is

Ĥ5en̂d1kQ̂8•Q̂8, ~10!

with

Q̂85~s†3d̃1d†3 s̃!(2)1x~d†3d̃!(2). ~11!

For each nucleus, parameterse, k, andx are determined in
order to fit the excitation energies andB(E2)’s. In particular,
in Ref. @39# the parameters of the Hamiltonian are calcula
within the CQF framework with theansatzthat the strength
of the quadrupole term of the Hamiltonian remains const
along a wide region of the mass table. As in the pres
paper, they compare experimental data and theoretical va
for excitation energies andB(E2) transition rates. Both
methods provide a consistent description of the rare-e
region with a similar number of parameters, as can be
served in Fig. 10 and in Table III where the case of152Sm is
analyzed. Note that in the present work the results co
from a global analysis, therefore theB(E2) transition rates
are not normalized to transitionB(E2:21

1→01
1) in a particu-

lar isotope. If in Table III the results are normalized so as
reproduce the observed value forB(E2:21

1→01
1) in 152Sm,

the results of this work and CQF are basically the same.

IV. ENERGY SURFACES AND PHASE TRANSITIONS

The study of phase transitions in the IBM requires the u
of the so called intrinsic-state formalism@40–42# although
other approaches can be used@3,43#. This formalism is very
useful to discuss phase transitions in finite systems becau
provides a description of the behavior of a macroscopic s
tem up to 1/N effects. To define the intrinsic or cohere
state, it is assumed that the dynamical behavior of the sys
can be described in terms of independent bosons~‘‘dressed
bosons’’! moving in an average field@44#. The ground state
of the system is a condensateuc& of bosons occupying the
lowest-energy phonon stateGc

† :
TABLE II. Rest of the parameters in the Hamiltonian and in theE2 transition operator.

Isotopes Ã ~MeV! B̃ ~MeV! k0 ~keV! k1 ~keV! k2~keV! k3 ~keV! k4 ~keV! ee f f (e•b) x

60
1442154Nd 16.75 20.51 83.753 213.928 217.151 2101.27 2187.57 0.119 21.43

62
1462160Sm 18.05 20.46 53.209 211.267 214.674 231.769 2131.24 0.119 21.69

64
1482162Gd 22.55 20.76 45.207 27.932 213.129 235.224 2156.24 0.110 21.77

66
1502166Dy 25.06 20.80 38.651 26.416 213.638 259.165 2163.05 0.103 21.60
7-3
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uc&5
1

AN!
~Gc

†!Nu0&, ~12!

where

Gc
†5

1

A11b2 S s†1b cosgd0
†1

1

A2
bsing ~d2

†1d22
† !D

~13!

andb andg are variational parameters related with the sha
variables in the geometrical collective model. The expec
tion value of the Hamiltonian in intrinsic state~12! provides
the energy surface of the system, E(N,b,g)5^cuĤuc&. The
energy surface in terms of the parameters of Hamiltonian~1!
and the shape variables can be readily obtained@45#:

^cuĤuc&5
Nb2

~11b2!S «d16 k12
9

4
k21

7

5
k31

9

5
k4D

1
N~N21!

~11b2!2Fk0

4
1b2S 2

k0

2
14 k2D

0

1

2

3

60
Nd 2

1
 exp

2
1
 theo

4
1
 exp

4
1
 theo

6
1
 exp

6
1
 theo

8
1
 exp

8
1
 theo

0

1

2

E
 (

M
eV

)

0
2
 exp

0
2
 theo

2
2
 exp

2
2
 theo

4
2
 exp

4
2
 theo

144 146 148 150 152 154

A

0

1

2
2

3
 exp

2
3
 theo

3
1
 exp

3
1
 theo

FIG. 1. Excitation energies of Nd isotopes.
02430
e
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12 A2 b3 k2cos~3 g!

1b4S k0

4
1

k2

2
1

18

35
k4D , ~14!

where the terms which do not depend onb and/org @corre-

sponding toÃ and B̃ in Eq. ~1!# have not been included.
The equilibrium values of variational parametersb andg

are obtained by minimization of ground state ener

^cuĤuc&. As mentioned above, these parameters are rel
to the parameters of the geometrical collective model a
provide an image of the nuclear shape for a given IB
Hamiltonian. A spherical nucleus has a minimum in the e
ergy surface atb50, while for a deformed one the energ
surface has a minimum at a finite value ofb andg50 ~pro-
late nucleus! or g5p/3 ~oblate nucleus!. Finally, a
g-unstable nucleus corresponds to the case in which the
ergy surface has a minimum at a particular value ofb and is
independent of the value ofg. The equilibrium values ofb
andg are the order parameters to study the phase trans
of the system although in the case under consideration~IBM-
1!, only b has to be taken into account since the minima ing
are well defined.
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FIG. 2. Excitation energies of Sm isotopes.
7-4



di
s
n

in
e

ol
te
-
rs
m
im
et
co
te

su

to

ts
be

r-
he
g

all

hat
t

cal

er,
u-
e
ial
It
to

for
ent
We

re-
ua-
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In Fig. 11 the energy surfaces for the isotopes of the
ferent isotope chains studied in this paper are plotted a
function ofb. The figure on the right is a zoom of the regio
close tob50.

The classification of phase transitions that we follow
this paper and that is followed traditionally in the IBM is th
Ehrenfest classification@46#. In this context, the origin of a
phase transition resides in the way the energy surface~their
minima positions! is changing as a function of the contr
parameter that, in this work, is a combination of parame
of the Hamiltonian@see Eq.~21!#. First order phase transi
tions appear when there exists a discontinuity in the fi
derivative of the energy with respect to the control para
eter. This discontinuity appears when two degenerate min
exist in the energy surface for two values of order param
b. Second order phase transitions appear when the se
derivative of the energy with respect to the control parame
displays a discontinuity. This happens when the energy
face presents a single minimum forb50 and the surface
satisfies condition (d2E/db2)b5050.

With the introduction of the E(5) and X(5) symmetries
describe phase transitional behavior, diverse attempts
identify nuclei that could be located at the critical poin
have been made. The theoretical approaches have
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FIG. 3. Excitation energies of Gd isotopes.
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mainly performed with restricted IBM Hamiltonians. In pa
ticular, within the CQF, or other restricted Hamiltonians, t
location of the critical point is obtained by imposin
d2E/db250 at b50, whereE is the energy surface@2#.
This condition leads to a flat surface in a region of sm
values ofb, with a single minimum in limitx50 and two
almost degenerate minima~one of them inb50) in the other
cases. In the CQF approximation it can be said t
(d2E/db2)b5050 corresponds approximately to a ‘‘very fla
energy surface,’’ as happens for the E(5) and X(5) criti
point models. Following this approach, both150Nd and
152Sm have been found to be close to critical. Howev
when studying a transitional region in which the lighter n
clei are spherical and the heavier are well deformed, tha
priori restriction of the parameter space could play a cruc
role in the identification of a particular isotope as critical.
is thus important to perform a general analysis in order
check whether the predictions obtained within the CQF
those nuclei close to a critical point are robust. We pres
below such an analysis in the region of the rare earths.
follow closely the approach introduced in Refs.@14,15# using
catastrophe theory. In the following section the main ing
dients of the theory are summarized and the relevant eq
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tions are particularized for the IBM Hamiltonian written
multipolar form, Eq.~1!.

A. The separatrix plane

For the study of phase transitions in the IBM within th
framework of catastrophe theory, we already have the b
ingredients: the Hamiltonian of the system, Eq.~1!, and the
intrinsic state, Eq.~12!. With them, we have generated th
corresponding energy surface Eq.~14! in terms of the Hamil-
tonian parameters and the shape variables. It is our pur
to find the values of the parameters of the Hamiltonian t
correspond to critical points. In principle, this analysis
volves the six parameters of the Hamiltonian but a first s
plification occurs since the energy surface only depends
five parameters:

^cuĤuc&5
N«̃b2

~11b2!
1

N~N21!

~11b2!2

3S a1b41a2b3cos~3 g!1a3b21
u0

2 D ,

~15!

where
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FIG. 5. B(E2) transition rates for Nd isotopes.
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Fortunately, it is possible to reduce the number of relev
~or essential! parameters to just two and study all phase tra
sitions by using catastrophe theory@16#. We refer the reader
to Refs.@14,15# for details of the application of this theory t
the IBM case. The idea is to analyze the energy surface
obtain all equilibrium configurations, i.e., to find all the crit
cal points of Eq.~15!. First, the critical point of maximum
degeneracy has to be identified. In our case, it correspond
b50. Next, the bifurcation and Maxwell sets are co
structed@14,16#. Finally, the separatrix of the IBM is ob
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7-6



n
an
e
b

di

he
he
t o
r
t

al
h
a

s
e
-
i

ce

ich
s are

PHASE TRANSITIONS AND CRITICAL POINTS IN . . . PHYSICAL REVIEW C68, 024307 ~2003!
tained by the union of Maxwell and bifurcation sets. In ge
eral, a bifurcation set, corresponding to minima, limits
area where two minima in the energy surface coexist. A s
ond order phase transition develops when these minima
come the same. The crossing of a Maxwell set correspon
to minima leads to a first order phase transition.

In order to follow this scheme, one has to identify t
catastrophe germ of the IBM, which is the first term in t
expansion of the energy surface around the critical poin
maximum degeneracy that cannot be canceled by an a
trary selection of parameters. In our case, one finds that
first derivative inb50 is always 0 because of the critic
character of the point for any value of the parameters. T
second and third derivatives can also be canceled with
appropriate selection of parameters. However, if one impo
the cancellation of the fourth derivative, the energy becom
a constant for any value ofb. This means that the catastro
phe germ isb4 and the number of essential parameters
equal to two, which can be defined, following referen
@14,15#, as

r 15
a32u01 «̃/~N21!

2a11 «̃/~N21!2a3

, ~17!

r 252
2a2

2a11 «̃/~N21!2a3

, ~18!
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FIG. 7. B(E2) transition rates for Gd isotopes.
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where «̃, a1 , a2, and a3 are defined in Eq.~16!. The de-
nominator in both expressions fixes the energy scale, wh
means that when it becomes negative, the energy surface
inverted. The essential parametersr 1 andr 2 can also be writ-
ten in terms of the parameters appearing in Eq.~1! as
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1
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FIG. 8. B(E2) transition rates for Dy isotopes.
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FIG. 9. S2n values for Nd, Sm, Gd, and Dy isotopes.
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r 15
«̃2~N21!~k024k2!

«̃1~N21!S k023k21
36

35
k4D , ~19!

r 252
4A2k2~N21!

«̃1~N21!S k023k21
36

35
k4D . ~20!

A property of the parametrization used in this work is th
the different chains of isotopes are located on a straight
that crosses the point corresponding to the U(5) limit. T
equation of this line is given by

r 15

2k027k21
36

35
k4

4A2k2

r 211. ~21!

It should be remarked that the derivation of the essen
parameters has nothing to do with catastrophe theory.
application of this theory begins once those parameters

TABLE III. Relevant transition rates for152Sm ~in W.u.!.

Expt. X(5) This work CQFa

B(E2:21
1→01

1) 144 144 128 144
B(E2:41

1→21
1) 209 228 193 216

B(E2:61
1→41

1) 245 285 215 242
B(E2:81

1→61
1) 285 327 218 248

B(E2:101
1→81

1) 320 376 210 242
B(E2:02

1→21
1) 33 91 53 57

B(E2:22
1→41

1) 19 52 14 20
B(E2:22

1→21
1) 6 13 5 11

B(E2:22
1→01

1) 1 3 0 0.1
B(E2:42

1→61
1) 4 40 7 14

B(E2:42
1→41

1) 5 9 2 8
B(E2:42

1→21
1) 1 13 0 0.1

aFollowing Ref.@2#.
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FIG. 10. Spectrum of152Sm: ~a! experimental,~b! X~5! sym-
metry, ~c! this work, and~d! using CQF@2#.
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obtained. The basic point is to translate every set of Ham
tonian parameters to the plane formed by the essential
rametersr 1 andr 2. This plane is divided into several secto
by the bifurcation set that form the geometrical place in
parameter space whered2E/db250 for a critical value ofb,
and the Maxwell sets, the geometrical place in the spac
parameters where two or more critical points are degene
@16#. Both sets form the separatrix of the system; in this ca
of the IBM. In Refs.@14,15# the IBM bifurcation (r 2 axis,
r 250 and r 1,0 semi-axis, r 11, and r 12) and Maxwell
~negative r 1 semi-axis,r 13

1 , and r 13
2 ) sets were obtained

They are all indicated in Fig. 12. In this representation, it
required that the denominator in Eqs.~17! and ~18! be posi-
tive. The separatrix forr 1.0 is associated with minima
while for r 1,0 it is associated with maxima~except the
negativer 1 semi-axis!. In order to clarify the figure on the
separatrix, the energy surfaces corresponding to each se
plotted as insets. The half plane withr 2.0 corresponds to
prolate nuclei while the one withr 2,0 corresponds to oblate
nuclei. Note that expressions~19! and~20! are only valid for
prolate nuclei but can be readily obtained for the oblate ca
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FIG. 11. Energy surfaces for the different chain of isotopes.
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FIG. 12. Separatrix plane with a positive energy scale.
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In this figure, the symmetry limits and the corresponden
with Casten’s triangle@7# are also represented. For comple
ness, one should consider the case where the denomina
Eqs.~17! and~18! is negative. It implies that the energy sca
becomes negative and the energy surface should be inve
The separatrix for this case is plotted in Fig. 13 and cor
sponds to the inversion of Fig. 12. Again, the schematic
ergy surfaces corresponding to each branch of the separ
are shown as insets. Note that in this case the symm
limits do not appear in the figure because they correspon
positive denominators forr 1 and r 2. In our analysis only
prolate nuclei are considered because of which a new fig
Fig. 14, is included. In this figure, the right panel corr
sponds to positive denominators forr 1 and r 2 while the left
panel shows the case of negative denominator forr 1 andr 2.
In the following, we will follow the convention presented i
this figure.

A set of parameters in the Hamiltonian corresponds t
point in the separatrix plane. The location of the point in th

-4 -2 0 2 4

r2

-2

-1

0

1

2

3

4
r 1

r12

r
+

13

r
-
13

r11

FIG. 13. Separatrix plane with a negative energy scale.
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FIG. 14. Separatrix plane for prolate nuclei~x,0!.
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plane provides the required information on its transition
phase character. As mentioned above, it follows that po
located on a separatrix line correspond to critical poin
Note that the dynamical behavior of the system is control
by the lowest minimum in the energy surface. In this sen
we are adopting the Maxwell convention in the catastrop
theory language@16# and the only relevant branches of th
separatrix arer 13

1 and r 250 with r 1<0. All these branches
correspond to first order phase transitions except for
single point (r 150,r 250) that corresponds to a second o
der phase transition. The rest of Maxwell lines do not cor
spond to a phase transition because they are relate
maxima. The interest of the bifurcation set, corresponding
minima, arises from the fact that it defines regions where t
minima exits. In the following section the transitional isoto
chains studied in this paper are analyzed in the separa
plane.

B. Rare-earth region on the separatrix plane

The fits presented in Sec. III provide the parameter s
given in Tables I and II for the four isotope chains studied
this paper. In this section, we plot the corresponding
quences of points representing the isotopes in each chai
the separatrix plane. As can be observed in the previ
tables, all the parameters for each chain are fixed excep
value of«d that changes along the chain.

In Fig. 15 the positions of the different isotopes in th
chains studied are plotted in the separatrix plane. The in
pretation of these lines is given in Fig. 14. As mention
above, all isotopes in a chain lie on a straight line. T
lighter ones are close to the U(5) point~spherical shapes!
while as the number of neutrons is increased the corresp
ing points get increasingly away. For the heavier isotopes
Gd and Dy, the denominator ofr 1 andr 2 becomes negative
which means that the left panel in Fig. 14 has to be used

The main feature we find is that some nuclei are close
Maxwell set r 13

1 : the closest are148Nd ~boson numberN

-10 -5 0 5 10
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-4

-2

0

2

4

r 1

9

6

Nd
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Dy

12

14

8

11

13

7

12

11

14

17

13

15

FIG. 15. Representation of isotopes in the separatrix plane~with
x,0!. The numbers on the isotopes correspond to the numbe
bosons.
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58) and150Sm ~boson numberN59) and not far away is
152Gd ~boson numberN510). This can be complemente
with the image of the energy surfaces plotted in Fig. 11. T
energy surfaces for148Nd and 150Sm are rather flat aroun
b50. For 152Gd the situation is not so clear. For Dy there
no isotope close to the critical point. According to our c
culations, the transition from spherical to deformed occ
betweenN511 andN512. Isotope162Dy is close to the
Maxwell set but in the left panel. In this situation the
should be two degenerate maxima. This can be observe
the corresponding energy surface~boson numberN515) in
Fig. 11. The isotopes150Nd (N59) and 152Sm (N510)
@also can be included in this situation154Gd (N511)
and 158Dy (N513)] are close to bifurcation setr 2 axis.
Again, inspection of Fig. 11 shows that the energy surfa
for these isotopes has a minimum forb.0 and a maximum
at b50. In Fig. 16 we show an amplification of the critic
area.

In conclusion, from this global analysis we find th
148Nd, 150Sm, and~less clearly! 152Gd are close to criticality.
These isotopes are quite close but do not exactly coin
with previously proposed critical nuclei150Nd and 152Sm
@20,24#, where the quite basic criterion was the closeness
their low-lying excitation spectra and transition intensiti
with the X(5) values.

C. Prediction of critical points within CQF

The CQF uses a simplified Hamiltonian with only thr
parameters. For the description of transitional nuclei fr
the U(5) to the SU(3) limits, the parameters are allowed
vary nucleus by nucleus. The representation of such calc
tions in the separatrix plane shows that all isotopes in a ch
are basically on top of the straight line connecting the U(
point (r 1 ,r 2)5(1,0) and the SU(3) point (r 1 ,r 2)
5(24/3,4A2/3). Note that this point corresponds strictly
the SU(3) Casimir operator. However, a more general C
SU(3) Hamiltonian still lies very close to the latter point.
general, the same happens in the U(5) and O(6) points.

0 1 2 3

r2

-1

0

1

r 1

Nd
Sm
Gd
Dy

148
Nd

150
Sm

152
Gd

154
Dy

FIG. 16. Representation of isotopes in the separatrix plane in
closest view.
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means that within this framework the exploration of only
limited area in the separatrix plane is allowed. If all isotop
in an isotopic chain are forced to be located on the l
connecting the U(5) and SU(3) points, it follows that o
will more often find an isotope close to the~unique! critical
point. In the calculations presented here, we have seen
within the general formalism this is not always the case. F
example, for Dy we did not find an isotope close to a critic
point.

In previous systematic studies in the rare-earth region
ing the CQF formalism, Refs.@39# and@25#, the correspond-
ing energy surfaces were not presented. We have constru
them from the parameters given in those references and
results obtained are consistent with those given in the pre
work. In particular,148Nd and 150Sm seem to be closest to
critical point.

V. CONCLUSIONS

In this paper we have analyzed chains of isotopes in
rare-earth region. In these chains nuclei evolve from sph
cal to deformed shapes. We have performed an analysi
the corresponding shape transitions to look for possible
clei at or close to a critical point. We have used the mo
general one- and two-body IBM Hamiltonian and genera
energy surfaces using the coherent-state formalism. We h
then used catastrophe theory to classify phase transitions
to decide if a nucleus is close to criticality.

The approach used to fix the Hamiltonian paramet
leads to a very good global agreement with the experime
data corresponding to excitation energiesB(E2)’s andS2n
values. In particular, an excellent agreement with the m
suredS2n values is obtained, which is considered a key o
servable to locate phase transitional regions. The anal
presented here is consistent with previous CQF studies in
same region. As a result, we find that148Nd and 150Sm are
the best candidates to be critical but we should remark
150Nd and152Sm are not far away from it.

A possible new way of defining critical nuclei is based
‘‘critical symmetries’’ E(5) or X(5) @5,6#. The properties
associated with these solutions allow the identification
critical points by comparing the experimental data with ch
acteristic energy and transition rate ratios. Thus, accordin
this view, it may be possible to decide whether a nucleu
critical by analyzing its spectrum and decay properties
trickier question is whether a flat energy surface can be tr
associated to a given nucleus with energy ratios close
X(5). Consider the case of152Sm; this nucleus reproduce
reasonably well the main X(5) features at low energies bu
is not at all clear whether this truly implies a critical beha
ior. As shown in Ref.@3#, due to the discrete character o
nucleonN and Z numbers, it is difficult to define a critica
nucleus in a precise fashion. The authors of Ref.@3# define
an alternative~continuous! control parameter and particula
order parameters to avoid this situation. They stress that
the shape coexistence in152Sm, together with its proximity
to a phase transitional region that makes it a strong candi
for criticality. We should remark, however, that in the gene
IBM framework discussed in this article there are no uniq

e
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spectroscopic properties associated with a given potentia
ergy surface, as implied by Eqs.~17! and ~18!. Catastrophe
theory thus renders qualitative support to this interpreta
but does not provide a definite measurable signature in its

It remains to be seen whether more specific, patent s
of criticality can be theoretically devised and experimenta
found in nature.
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