
VOLUME 77, NUMBER 7 P H Y S I C A L R E V I E W L E T T E R S 12 AUGUST 1996

ription
ctical

ere a
dmits

f the
arison

1270
Practical Kinetic Model for Hard Sphere Dynamics

James W. Dufty
Department of Physics, University of Florida, Gainesville, Florida 32611

Andrés Santos
Departamento de Fı´sica, Universidad de Extremadura, E-06071 Badajoz, Spain

J. Javier Brey
Fı́sica Teórica, Universidad de Sevilla, E-41080 Sevilla, Spain

(Received 12 April 1996)

The revised Enskog theory for a classical system of hard spheres provides a unified desc
of both fluid and crystal states over a wide range of densities and wavelengths. However, pra
applications of this theory have been limited to fluid states near equilibrium. We propose h
simpler kinetic model that retains its essential physical and mathematical features, but which a
practical application to complex dynamical phenomena. This is illustrated by a calculation o
rheological properties of the fluid phase under shear flow. Good agreement is obtained in comp
with corresponding Monte Carlo simulation results. [S0031-9007(96)00873-3]

PACS numbers: 47.50.+d, 05.20.Dd, 05.60.+w, 83.50.Ax
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The prototype realistic theory for dynamical properti
of a many-body system is the Boltzmann kinetic theo
It has a strong basis in fundamental theory, and trans
properties calculated from it for states near equilibrium
in excellent agreement with experimental studies for r
efied gases. Application of the Boltzmann kinetic equat
for more complex states has been limited until relativ
recently. During the past decade Monte Carlo simulat
methods have been developed and applied with remark
success [1]. Complementary analytic studies of states
from equilibrium have been obtained from simplified k
netic models based on the Boltzmann equation [2]. In s
eral cases, comparisons of the kinetic model results w
Monte Carlo simulation confirm the accuracy of the mod
theories even far from equilibrium [3].

The limitation of the Boltzmann equation to low de
sity excludes its application to many of the most inte
esting phenomena: dense fluid transport, short wavele
dynamics, kinetics of freezing, crystal elasticity and tra
port, kinetics of metastable states, and dynamics of am
phous solid states. In spite of a great effort over the p
30 years, the only successful extension of the Boltzm
equation to high densities has been for the special c
of hard spheres. This theory was developed by van B
jeren and Ernst [4] and is known as the revised Ens
theory (RET) because of its similarity to an earlier k
netic theory of Enskog. The RET is asymptotically exa
at short times for a wide class of initial conditions a
consequently has noa priori limitations on the density
or space scale of the phenomena to be studied. In p
tice it extrapolates to long times as well. For examp
it provides a good description of the dynamic structu
factor as a function of wavelength and frequency, inclu
ing both kinetic and hydrodynamic regimes, except at
highest densities near freezing [5]. While the RET w
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developed for the fluid phase it has been recognized
cently that it admits the exact equilibrium crystal state
well [6]. Linear response studies of crystal states (e
tic constants, transport coefficients) based on the RET
just beginning. In summary, the RET provides a u
fied description of fluid, crystal, and metastable states
the hard sphere system near and far from equilibriu
for length scales extending from hydrodynamics to le
than the correlation length (hard sphere diameter). Th
all of the interesting phenomena noted above can be
dressed using the RET; we know of no other theory wit
comparable scope.

Application of the RET has been limited almost excl
sively to fluid states near equilibrium. During the pa
year, new Monte Carlo simulation methods similar
those for the Boltzmann equation have been develo
for the RET [7,8]. However, as yet there has been
kinetic model for the RET to allow complementary an
lytic studies as in the Boltzmann case. The purpose h
is to fill this gap by proposing a practical kinetic mod
that preserves all of the interesting qualitative features
the RET with the same domain of applicability. Togeth
with the new Monte Carlo methods, both qualitative a
quantitative aspects of high density complex phenome
previously prohibitively difficult, can be addressed in d
tail. An example is provided here using the state of u
form shear flow, widely studied by molecular dynami
simulation [9] but with little theoretical support at the fi
nite densities of interest.

The RET describes the time evolution of the one parti
reduced distribution function,fsr, v , td, for the position
and velocity variablessr, vd,

°
≠t 1 v ? =r 1 m21=y?F

¢
f ­ Jffg, (1)
© 1996 The American Physical Society
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where F is an external force (possibly nonconservativ
andJffg is the collision operator,

Jffg sr, v , td ­ s2
Z

dv1

Z
dV Qsbs ? gdbs ? g

3 fxsr, r 2 s jndfsr, v 0, tdfsr 2 s , v 0
1, td

2 xsr, r 1 s jndfsr, v , tdfsr 1 s , v1, tdg.
(2)

Here g ­ v 2 v1, v 0 ­ v 2 sbs ? gdbs , v 0
1 ­ v1 1 sbs ?

gd bs , s is the hard sphere diameter,Qsxd is the Heaviside
step function, anddV denotes a solid angle integratio
for the unit vector bs . Finally, xsr, r1jnd is the local
equilibrium pair correlation functional for a nonuniform
system with densitynsr, td ­

R
dv fsr, v , td.

It is clear that obtaining controlled approximate sol
tions to (1) is a formidable problem. In the spirit of k
netic models for the Boltzmann equation, we propose
replace (2) with a simpler form that preserves the ess
tial properties of the RET. These properties include
local conservation laws for mass, energy, and moment
(2) the exact equilibrium stationary state for both flu
and crystal phases; (3) an accurate description of st
tural effects on small space scales; and (4) a qualitativ
correct prediction of density dependencies. To constr
such a model from the RET, consider an orthonormal
of functions,ca , constructed from the seth1, v , y2j with
the scalar product

sca , cbd ;
Z

dv f,svdcp
asvdcbsvd ­ dab,

f,svd ­

µ
bm
2p

∂3y2

e2bmey2y2, (3)

whereev ­ v 2 U is the velocity relative to the averag
local flow velocity Usr, td and skBbd21 ­ T sr, td is the
e
ht
oo
is
g
s
nly
)

o
n-
)
;

c-
ly
ct
t

temperature of the nonequilibrium state. A projecti
operator for this orthonormal set is given byP X ­
casvdf,svd sca , f

21
, Xd. To construct the kinetic mode

the RET collision operatorJffg first is decomposed
into the two parts,Jffg ­ s1 2 P dJffg 1 P Jffg. The
second term on the right side represents contributi
from collisions to the fluxes in the local conservatio
laws. It vanishes for the Boltzmann collision operator b
is nonzero for the RET and gives the collisional trans
parts of the heat and momentum fluxes. It is necess
to retain this term in any approximate model in ord
to describe transport at moderate and high densities,
to preserve the correct stationary equilibrium distributi
for the crystal phase. The first term on the right si
of this decomposition does not contribute directly
the conservation laws and vanishes for both the cry
and fluid equilibrium states. The simplest choice
s1 2 P dJffg ! 2ns1 2 P df ­ 2nsf 2 nf,d, where
n is a velocity independent collision frequency a
use has been made of the propertyP f ­ nf,. The
kinetic model we propose is thereforeJffg ! 2nsf 2

nf,d 1 P Jffg. Further analysis of the last term on th
right side shows it can be expressed in terms of
collisional transfer parts of the average heat flux,qcsr, td,
and pressure tensor,Pc

ijsr, td, so that the model kinetic
equation reads

s≠t 1 v ? =r 1 m21=y?Fdf ­ 2nsf 2 nf,d

2bf,feyi≠jPc
ij 1

1
3 sbmey2 2 3d

≥
= ? qc 1 Pc

ij≠iUj

¥
g.
(4)

The collisional transfer fluxes,qcsr, td and Pc
ijsr, td, are

the same nonlinear functionals of the distribution functi
f as those obtained from the RET,
Pc
ijsr, td ­

m
2

s3
Z 1

0
dl

Z
dv

Z
dv1

Z
dV Qsbs ? gd sbs ? gd2 bsi bsj

3 xfr 2 s1 2 lds , r 1 ls jngfsssr 2 s1 2 lds , v , tdddfsr 1 ls , v1, td, (5)

qcsr, td ­
m
2

s3
Z 1

0
dl

Z
dv

Z
dv1

Z
dV Qsbs ? gd s bs ? gd2seG ? bsd bs

3 xfr 2 s1 2 lds , r 1 ls jngfsssr 2 s1 2 lds , v , tdddfsr 1 ls , v1, td, (6)
k

a

vel

al
as
a

al
s

where eG ­ 1
2 sv 1 v1d 2 U . These terms vanish in th

low density limit so only the first term on the rig
side survives and the familiar Bhatnagar-Gross-Kr
(BGK) kinetic model for the Boltzmann equation [10]
recovered. From the model (4), the problem of solvin
kinetic theory withr, v , and t as independent variable
can be transformed to a problem of determining o
fields depending onr andt. This is the key simplification
that has allowed so much progress at the Boltzmann le
using the low density kinetic model.

It is easily verified that (4) leads to the same loc
conservation laws for mass, energy, and momentum
those obtained from the RET. It is also verified that
stationary solution is given bynssrdfsyd, where fsyd
is the Maxwellian distribution, in the absence of extern
forces. In this caseqcsr, td vanishes, the velocity integral
1271
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in (5) can be performed, and (4) reduces to

v ? =rnssrd ­ 2 beyi≠jPc
ij

­ v?s2
Z

dV bs xsr, r 2 s jnsd

3 nssr, tdnssr 2 sd. (7)

The right side is a functional ofnssrd that is related to
the gradient of the one particle direct correlation functio
c1srjnsd, so that (7) can be simplified to=r ln nssrd ­
=r c1srjnsd. This is an identity for the special case
a uniform density (fluid phase). More generally, it
a well-known equation from density functional theo
determining the equilibrium density for an inhomogeno
system (crystal phase) [11]. Similar attempts to exte
the BGK model to a description of two phases ha
occurred in the study of the lattice Boltzmann equati
This is the discrete (in space, time, and velocity) ana
of the Boltzmann equation, for which the correspondi
BGK kinetic model can be written. As in (4) an addition
term like Pc

ijsr, td has been added to describe both g
and fluid phases [12]. However, such equations
structurally much simpler than the RET, without ener
conservation, the functionalxsr, r1jnd, or the broken
symmetry crystal phase.

A first test of the kinetic model is its predictio
of structural effects for states near equilibrium. T
primary features of the linearized RET are a mean fi
force determined from the gradient of the two po
direct correlation function,c2sjr 2 r0jd, and wavelength
dependent matrix elements of the linearized collis
operator in the subspace spanned byh1, v , y2j. These
features are retained in the linearized form of (4) as w
To illustrate, the mean field force arises from linearizati
of the functionalxsr, r1jnd in (5), leading to a term

2 bs2
Z

dV bsnssr 1 s d
d

dnssr0d
fxsr, r 1 s jnsdg

­ 2 b=fc2sjr 2 r0jd 2 xQsjr 2 r0j 2 sdg, (8)

where the right side defines the effective force. This te
in the linear kinetic equation is responsible for featu
of the dynamic structure factor such as de Gennes
rowing. To test dynamical effects near equilibrium
well, the thermal conductivity, shear viscosity, and bu
viscosity have been computed from (4) by applying t
Chapman-Enskog method to Navier-Stokes order [1
The parametern is chosen to assure that the low dens
shear viscosity is the same as that from the Boltzm
equation,n ­ nkBTxyhB, where hB is the Boltzmann
shear viscosity. As an example, the density depende
of the shear viscosity is found to beh ­ hBx21f1 1

s4py15dxnp 1 s64py75d sxnpd2g. This represents wel
the qualitative dependence of the RET (both are poly
mials in xnp of degree two, wherenp ; ns3), with a
maximum underestimate of about25% at np ­ 0.54.
1272
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Recently, a class ofnonlinear transport coefficients
associated with the pressure tensor for a fluid in sh
flow has been calculated from the RET [14], and we ha
compared their density dependence with that obtai
from the kinetic model for these more complex propert
describing states farther from equilibrium. Again th
method is a straightforward application of the Chapm
Enskog method to Burnett order, a formidable task
the RET but quite direct for the kinetic model. Fo
example, the second viscometric function at small sh
rates obtained from (4) is

C2 ; lim
a!0

a22
°
Pzz 2 Pyy

¢
­ 2nkBT

128p

525
sxnpd2

∑
1 1

4p

5
xnp

∏
, (9)

where a is the shear rate (in units ofn). Again, the
density dependence is found to be in qualitative agreem
with that from the RET (both are polynomials inxnp

of degree three). At the above density ofnp ­ 0.54 the
kinetic model overestimatesC2sad by 50%. These results
indicate that the approximations leading to the kine
model preserve the qualitative density dependence of
hard sphere fluid, even in a semiquantitative way.

We now consider an application of the kinetic mod
to a problem of nonlinear transport for which analy
studies using the RET have not been possible to date.
state considered is uniform shear flow. The macrosco
state is characterized by constant temperature and pres
and a flow fieldUx ­ ay. The shear ratea is a control
parameter that can be chosen to drive the system arbitr
far from equilibrium. The viscous heating from th
shear is compensated by an external nonconservative f
This state has been studied extensively via molec
dynamics computer simulation to illustrate rheologic
effects in simple atomic systems. In particular, it h
been shown that the shear viscosity becomes a func
of the shear ratehsad for states far from equilibrium.
The only firm theoretical results for this function hav
been obtained from the Boltzmann equation for the spe
case of Maxwell molecules [15]; no results have be
obtained from the RET as yet due to the complexity
the calculations involved. In contrast, it is straightforwa
to study this problem using the above kinetic model. T
leading shear rate dependence ofhsad is found from the
Chapman-Enskog expansion to super Burnett order to
hsad
hB

­
hs0d
hB

2 a2x21

3

∑
4
3

1
8p

15
xnp 1

16p

75

µ
19
7

1
2p

9

∂
sxnpd2

1
512
3375

p2sxnpd3 2
4096

39 375
p2sxnpd4

i
. (10)

At low and intermediate densities the coefficient ofa2 is
negative, representing shear thinning. However, the t
proportional tosxnpd4 is positive so there is a qualitativ
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FIG. 1. Shear viscosity,hsadyhs0d, (—, s) and collisional
transfer contribution,hcsadyhcs0d, (– –, h) as functions of the
shear rate in the uniform shear flow state atnp ­ 0.2. Lines
are from the kinetic model; symbols are from Monte Ca
simulations of the RET.

change at higher densities from shear thinning to sh
thickening. This is a remarkable new prediction of t
kinetic model for the density dependence of the rheolog
properties. More generally, it is possible to show that
large shear rateshsad , a with a positive coefficient at
all densities. Consequently, even at lower densities th
is a crossover from shear thinning to shear thickening
sufficiently large shear rates.

The kinetic model also allows practical calculation
hsad for all shear rates. The termPc

ij in (4) is first
treated as known and the exact solution is construc
The resulting explicit distribution function is then use
to calculate the kinetic and collisional parts of the sh
viscosity in a self-consistent way. Recently, the n
Monte Carlo methods developed for solving the RET
have been applied to this problem as well, so tha
quantitative test of the model at finite density far fro
equilibrium is possible. Figure 1 shows the shear visco
hsadyhs0d as a function of the shear rate at a moder
density ofnp ­ 0.2 in comparison with the correspondin
Monte Carlo results. Also shown is the collisional trans
contribution, which dominates at higher densities. T
agreement is quite reasonable over the wide range of s
rates considered. It is possible also to see that both
kinetic model and simulation show the initial stages
shear thickening at the largest shear rates.

In summary, we return to the unique role of the RE
as the only kinetic theory with the rich potential to a
dress the entire scope of dynamical phenomena in ord
and disordered phases, at short and long wavelengths,
and small densities, near and far from equilibrium. It
not surprising that practical difficulties are encountered
the application of this equation. We have addressed
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problem by providing a closely related description with t
same potential, and demonstrated its practical applica
in several examples including some for which the RET
intractable. The quantitative discrepancies of the mo
are expected from the analogous studies of the Boltzm
equation for low density gas dynamics. In the latter ca
this compromise has proved worthwhile as most inform
tion about the qualitative properties of transport far fro
equilibrium have been obtained from such models. We
lieve the kinetic model presented here will provide simi
access to an even more interesting class of nonequilibr
phenomena at high densities heretofore unexplored. A
the model can be extended to include the case of inela
collisions [16] and applied to fast granular flows.
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