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Introduccion

En esta memoria se presentan varios resultados de controlabilidad para sistemas asociados a
algunas ecuaciones en derivadas parciales de tipo parabdlico e hiperbélico. En lo que a problemas
parabdlicos se refiere, vamos a considerar la ecuacién del calor con condiciones de contorno de
tipo Fourier (lineales y no lineales), sistemas de Navier-Stokes con condiciones de contorno de
tipo Dirichlet y de tipo Navier y el sistema de Boussinesq con condiciones de Dirichlet. Por
otro lado, como ejemplo no trivial de problema hiperbdlico, trataremos también el sistema de
elasticidad de Lamé anisotrépico.

A lo largo de este trabajo, 2 C RN (N > 1) denotara un abierto acotado, w, O C € serdn
abiertos no vacfos (los dominios de control), 1y denotard la funcién caracteristicade U y T > 0
serd el tiempo final de evolucién del sistema.

En general, para un sistema como los anteriores, la tarea consistird en encontrar un control
v que, actuando de algin modo sobre el sistema, haga que alguna solucién de éste tenga un
comportamiento deseado en el instante final de tiempo T'. Diremos que tenemos la controlabilidad
aprozimada del sistema si la solucién puede conducirse arbitrariamente cerca (en cierta norma) de
un estado deseado arbitrario. Por otra parte, la controlabilidad exzacta indicard que la solucién
puede llevarse exactamente a todo estado deseado. Como caso particular de controlabilidad
exacta, se dird que el sistema posee la propiedad de controlabilidad nula si, partiendo de un
estado inicial arbitrario, puede siempre lograrse conducir la solucién a cero. Finalmente, otro
ejemplo interesante de controlabilidad exacta es la controlabilidad eracta a trayectorias, que
indica que podemos hacer que una solucién de nuestro sistema controlado coincida con una
trayectoria del mismo sistema, es decir, con una solucién no controlada.

En los dltimos tiempos se ha progresado considerablemente en la controlabilidad de pro-
blemas como los que preceden. Con respecto a resultados de controlabilidad aproximada, desta-
camos (13], [8], [15] y [46]. Algunos trabajos relevantes sobre controlabilidad exacta o controla-
bilidad nula son [52], [27], [25] y [35].

Para probar resultados de controlabilidad de problemas no lineales, demostraremos primero
la controlabilidad nula de problemas linealizados adecuados. La herramienta principal para es-
tablecer el control nulo son las llamadas desigualdades globales de Carleman para los correspon-
dientes problemas adjuntos asociados. Estas desigualdades han sido aplicadas en el contexto de
la controlabilidad en muchos trabajos, entre otros: [34], [14], [49], [37] y [36]. Para otros aspectos
y consecuencias de las desigualdades de Carleman, véase [33]. Las desigualdades de Carleman



son estimaciones de normas L? ponderadas y, en su forma més simple, obedecen a la estructura

// pi(z,t)|pl? dz dt < C// p3(x, t)||? de dt,
Qx(0,T) wx(0,T) S~

donde ¢ es la solucién de un problema de evolucién retrégrado con condicién final ¢(T) = °
(el problema adjunto) y la constante C' > 0 y las funciones positivas p; y p2 son independientes
de 0.

En lo que a la ecuacién del calor se refiere, el control exacto a cero del problema lineal

y—Ay=vl, enQ=0Qx(0,T),
y=0 sobre ¥ = 09 x (0,T), (1)
y(0) =° en -

fue probado en [34] y [43]. En el primero de estos trabajos, la herramienta fundamental es una
desigualdad de tipo Carleman para el problema adjunto asociado a (1). En [43] se usa otro
método que aprovecha el caracter disipativo de (1) y s6lo tiene validez en el contexto de la EDP
clasica del calor. Ademds, desde el punto de vista de la metodologia, los argumentos en [34] son
puramente Hilbertianos mientras que los argumentos utilizados en [43] se basan en el Analisis
de Fourier.

Cuando aparecen términos no lineales en la ecuacién del calor, la tarea es mucho més compli-
cada. En [25] se prueba que, incluso para algunas no linealidades “explosivas” que sélo dependen

del estado, el sistema
Yy —Ay+ fy) =vl, enQ,

y=20 sobre X,
y(0) = ¢° en {2,

es controlable. Mas precisamente, se prueba el control exacto a trayectorias de este sistema para
funciones f localmente lipschitzianas que cumplen f(0) =0y

lim —— 2 f;(s) =
Is|—00 slog3/2(1 + |s])
M4s recientemente, como aplicacién de los resultados probados en [37], se prueba en [11] que

de nuevo tenemos el control exacto a trayectorias del sistema

ye— Ay + F(y, Vy) =vl, en @,

y=0 sobre X,

y(0) =y° en {1,
siempre que F sea localmente lipschitziana y verifique F(0,0) = 0 y, esencialmente, que la

derivada parcial de F respecto de su primera variable (resp. sus N dltimas variables) crezca mas
lentamente en el infinito que log®2(1 + |s| + |p|) (resp. log"/?(1 + |s| + |p}))-



Todo lo anterior es valido cuando las condiciones de contorno son de tipo Dirichlet. Cuando
hablamos de condiciones de contorno de tipo Fourier, la tarea es mds complicada. A. V. Fursikov
y O. Yu. Imanuvilov probaron en [27] que, si 8 € L®(X) y f; € L*®(X), entonces el sistema

y— Ay =vl, en@,

Y y=0 sobreT, (2)
on
y(0) = y° en {2

es controlable a cero. Como consecuencia de este resultado, en {10] se prueba el control local a

cero- del sistema no lineal
yr — Ay =vl, en@,

Oy

— 3
3 +g(y) =0 sobre X, (3)
y(0) = yo en {2,

donde g : R — R es una funcién de clase C° y g(0) = 0.

En los dos primeros capitulos de esta memoria, consideraremos los sistemas (2) y (3) respec-
tivamente con 8 sélo en L®(X) y g sblo globalmente lipschitziana. El objetivo es mejorar los
resultados mencionados y probar el control global del sistema no lineal (3). Como explicaremos
mas adelante, esto pasard por eliminar la condicién 8; € L™ (%).

En el primer capitulo, consideraremos el sistema lineal

yw—Ay+B-Vy+ay=vl, enQ,

Qg +By=0 sobre X, (4)
on
y(0) =¢° en

y probaremos que, si a, B y § son de clase L™, (4) es exactamente controlable a cero en el
instante T, es decir, para cada T > 0 y cada y° € L?(Q), existen controles v € L*(w x (0,T))
tales que la correspondiente solucién de (4) verifica

y(T) =0 en Q.

Ademés, seremos capaces de construir el control dependiendo continuamente de 10 y verificando
una estimacién

Ivll 2oy < ClY°llz2 (@)

con una constante C conocida explicitamente en funcién de T, |la|lco, [ Blloo ¥ |8llco- Este
capitulo corresponde al articulo [17].

El segundo capitulo de la memoria estd dedicado al estudio de las propiedades de contro-
labilidad del problema no lineal (5). En primer lugar probamos la existencia de controles en
L*(Q) que conducen el sistema (4) a cero. Ademds obtenemos una estimacién explicita de la



norma L del control respecto de T y de la norma L de los coeficientes. Como consecuencia,
deducimos el control global a trayectorias del sistema

y—Ay+ F(y,Vy) =vl, enQ,

% + fly) =0 sobre X, (5)

y(0) = ° en {1,

bajo condiciones adecuadas sobre F'y f (ver (31)-(33) mds abajo). Concretamente, dada § una
solucién ‘regular’ de (5) con v = 0 y con condicién inicial 7V, probamos la existencia de controles
v tal que y(-,T) = 7(-,T) en Q, para todo 7°.

Todo esto se encuentra desarrollado en el trabajo [18].

Con respecto a sistemas de tipo Navier-Stokes, mencionemos que los primeros resultados de
controlabilidad se encuentran en [24] y [16]. En estos trabajos, se prueba que el espacio vectorial
generado por los estados finales alcanzables es denso (en el sentido de la norma L?) en el espacio
de Hilbert H constituido por los v € L%(Q)" que verifican V-v = 0en Q y v-n = 0 sobre
9. Por otro lado, la cuestién fue considerada por A. V. Fursikov y O. Yu. Imanuvilov (véanse
por ejemplo [26] y [28]), donde las condiciones de contorno son de tipo Navier o periédicas, lo
que hace el problema mds sencillo. La continuacién tinica para problemas de tipo Stokes fue
establecida por C. Fabre y G. Lebeau en [14] a partir de desigualdades de Carleman locales
adecuadas. De esta propiedad, C. Fabre dedujo la controlabilidad aproximada. En el caso de
condiciones de Navier, el resultado m4s interesante fue probado en [8] usando el método de
retorno.

Por 1iltimo, el control local exacto a trayectorias para el sistema de Navier-Stokes

v —-Ay+(y,V)y+Vp=vl, enQ,

V-y=0 en (7,

(6)
y=20 sobre T,
y(0) =° en

fue establecido por O. Yu. Imanuvilov en [35] a partir de desigualdades de Carleman globales.
Una mejora de este resultado se ha establecido en el reciente trabajo [21].

Basdndonos en esta 1ltima referencia, probamos en el capitulo 3 en primer lugar el control
local exacto a trayectorias del sistema N-dimensional (6) con N — 1 controles escalares. En
concreto, bajo ciertas hipétesis sobre el dominio de control w y suponiendo que partimos de una
condicién inicial 4° cercana (en cierta norma) a una trayectoria de (6), se prueba la existencia
de controles v con al menos una componente nula de modo que y coincide con dicha trayectoria
en el instante final T'.

También recientemente (y siguiendo las ideas de [21]), se ha probado en [31] el control local



a trayectorias del sistema de Boussinesq

,

v~ Ay + (y, V)y+Vp=uvl,+0exy enQ,

V-y=90 en @,

8 — A0 +y - VO =21, en Q, (7)
y=0 sobre X,

y(0) = 4° en .

Aqui, hemos denotado ey el N-ésimo vector de la base candnica de RY. Usando este resultado,
establecemos en el capitulo 3 un resultado de controlabilidad similar pero con ayuda de sélo
N — 1 controles escalares. ,

Por tltimo, en este capitulo se recoge un resultado de controlabilidad global de un sistema
truncado de Navier-Stokes bidimensional:

ye— Ay + (v, V)T (y) + Vp=vlp en@Q,

Vy=0 enQ7

(8)
Vxy=0,y-n=0 sobre X,
y(0) = ¢° en €2,

con M > 0. Aqui, Ty (y) = (Tm(v1), Tmu(y2)) y

—-M sis<-—M,
Tu(s) =< s si —M<s< M,
M sis> M.

Obsérvese que las condiciones de contorno aqui utilizadas son de tipo Navier (véanse [29] y
[26] por ejemplo). Al igual que en [8], [26] and [28], el estudio de la controlabilidad de este
sistema es menos complicado que el de (6), debido a las condiciones de contorno. En concreto,
las condiciones de contorno de (8) nos dicen que la vorticidad (w = V x ) verifica una ecuacion
del calor con condiciones de contorno de tipo Dirichlet.

Mediante la aplicacién de un punto fijo sobre el sistema (8), se deduce el control a cero
(global) del mismo. Asi pues, este resultado supone una primera aproximacién al intento de
controlar el sistema de Navier-Stokes de forma global (es decir, sin suponer que partimos de un
estado cercano a la trayectoria que queremos alcanzar). Todo esto es motivo del articulo [23].

Para mayor claridad, hemos incluido un Apéndice al final de la memoria donde presentamos
un resumen de la demostracién de la desigualdad de Carleman para problemas de tipo Stokes
con condiciones de Dirichlet.

En cuanto al sistema de elasticidad se refiere, la gran mayorfa de los trabajos de controlabi-
lidad toman como modelo el sistema de Lamé isotrépico. De manera general, el sistema de
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Lamé tridimensional se escribe como sigue

3

7=1

En (9), zo denota la variable temporal, =’ = (x1, 3, 73) es la variable espacial y o es el tensor
de esfuerzos, que tiene la forma

o =R+ (Vu)R + Xtre)I + 2ue + Bi(tre)(trR)I + B2(trR)e

(10)
+ B3((tre)R + tr(eR)I) + B4(eR + Re),

donde R = R(x) es un tensor simétrico que verifica V- R =0y ¢ = 3(Vu+ V'u) es el tensor de
deformaciones.

En (10), p = p(z’) es la densidad y A = A(z’) y u = u(z’) son los coeficientes de Lamé. El
sistema de Lamé isotrépico corresponde a tomar R = 0 en (10). Esto proporciona propiedades
simplificadoras, pues las variables zg = V-u y 2/ = V xu verifican entonces ecuaciones independi-
entes. Las herramientas fundamentales més utilizadas para obtener resultados de controlabilidad
para este sistema han sido (de nuevo) desigualdades de Carleman. Para desplazamientos u con
soporte compacto, estas desigualdades fueron obtenidas en [9] y [51] para el sistema estacionario
y en [47], [44] y [42] para el sistema de evolucién. Como consecuencia, en estos trabajos se
prueban resultados de continuacién dnica y de control aproximado. Para desplazamientos u ver-
ificando (9) (con R = 0) y completados con condiciones de contorno de tipo Dirichlet, véase [41]
en el caso estacionario y [38]-[40] en el caso de evolucién.

En el capitulo 4 presentamos el sistema de Lamé anisotrépico. Por simplicidad, hemos
supuesto que 8; = 0 (1 < j < 4) en (10). En el caso general el andlisis serfa similar, de-
biéndose imponer hipétesis suplementarias a los coeficientes de Lamé y al tensor residual R
(véase (68)).

En primera instancia, la ecuacién (9) se completa con condiciones de contorno de tipo Dirich-
let v condiciones iniciales. Por tanto, el sistema de control queda como sigue:

p(@) 02 u - pAu — (A + W)V(V - w) + (R, V)V]u = f + vy, en @,
u=0 sobre X, (11)
u(0) = up, Oru(0) =uy en {2,

donde las funciones p, u, A y R son dadas. Con respecto a este tipo de sistemas, se prueba en
[1] un resultado de controlabilidad exacta frontera basado en el método de los multiplicadores,
utilizado previamente en [45] también para el sistema de Lamé. Este resultado se establece para
un tiempo suficientemente grande y es vélido para operadores no necesariamente isotrépicos
pero con tensores R ‘pequetios’.

En este tltimo capitulo probamos el control exacto de (11), como consecuencia de una
desigualdad de Carleman global. Concretamente, fijados dos estados finales ug, u3, se prueba la
existencia de un control v tal que la solucién u de (11) verifica

u(-T)=ug y ug(,T)=u3 en Q
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para todo tiempo T > 0 que permita la existencia de una ciertas funciones peso (véanse Condi-
ciones A y B en el ultimo capitulo).
El contenido de este capftulo corresponde al articulo [32].

A continuacién, vamos a explicar con més detalle el desarrollo de cada uno de los capitulos
de esta memoria.

Controlabilidad a cero de la ecuacidén del calor lineal con condi-
ciones de contorno de Fourier

En la primera parte de esta memoria trabajaremos con el sistema

ye —Ay+B-Vy+ay=vl, enQ,

_g;yl_ +B8y=0 sobre X, (12)
y(0) = ° en Q0

y probaremos la controlabilidad a cero del mismo cuando 4° € LQ(Q) y los coeficientes a, By (3
son de clase L.

El primer resultado importante que demostramos es una desigualdad global de Carleman
para las soluciones débiles de problemas retrégrados de la forma

~pr—Dp=fi+V-fo enQ,
(Vo+ fo) n=f3 sobre X, (13)
o(T) = ¢° en £,

con fi € L2(Q), fo € L3(Q)N y f3 € L*(X). Obsérvese que se le puede dar ‘a priori’ un sentido
a la condicién frontera, puesto que la solucién débil de (13) verifica Vo + fo € QN y
V- (Vo + f2) € HH0,T; L*(9)).

Esta desigualdad es la siguiente:

Teorema 1 Bajo las condiciones anteriores, existen constantes N, 01, 02 y C dependientes de
Q) y w tales que, para todo A\ > X, para todo s > 5 = o1(e”>*T + T?) y para todo W e L?(Q), la
solucion débil de (13) satisface

/ /Q 6255 X2¢ [Vl? + 53 M €3 |o|?)de dt
45223 / / e~ 2% ¢2 || do dt
=

<C (//Q e 2 f12 + 2 A2€2|fo)?)dz dt

+s)\// e‘2sa§|f3|2dadt+s3)\4// e_23a§3|cp]2d9:dt>.
z wx(0,T) .

(14)
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Aqui, los pesos £ =¢&(z,t) y @ = a(z,t) vienen dados por

A (2) 2AInlloe _ A1) -
) =m ——— =
Sot) =gy oot HT —t) (15)
donde n° = n%(z) verifica
e C?(Q), 7°z)>0enQ, 7°z)=0sobre o, (16)

[Vn°(z)] > 0 en Q\ o/

y w' CC w es un abierto no vacio.

La prueba de este resultado estd inspirada en las ideas de [37]. Més concretamente, seguimos
una estrategia de dualidad que nos permite relajar las hip6tesis de regularidad impuestas sobre
los datos. Esto nos permite imponer sélo la hipétesis L™ sobre el coeficiente 8 = 3(z, ).

Para utilizar esta técnica, hay que basarse en una desigualdad de Carleman para un sistema
homogéneo asociado a (13). En concreto, se puede probar que las soluciones del problema

-q¢—Ag=g enQ,

g—q— =0 sobre %,
n
q(T) = q° en ),

con g € LHQ) y ¢° € L?(Q), satisfacen

I;A(g) <C (// e~ 28 |g[2da: dt + s3)\* // e 2sa g3 lql2 dx dt) , (17)
Q wx(0,T)

para elecciones de s y de A apropiadas. El término I x(g) estd dado por
Isn(q) = //Q e 2% ((s&) M lgs)® + 14aP) + s2%€ [Va® + °X* |gl?) du dt.

Una vez establecida esta desigualdad, miramos ¢ como la solucién por transposicién de (13),
es decir, la tinica funcién de L?(Q) que satisface

J[ otteae= [[ pienzaod [[ i) veanar

(18)
—}—//E fg(x,t)zdadt—k/ﬂcpo(x)z(x,T)dm vh € L*(Q),

donde z es, para cada h c L?(Q), la solucién del problema

zz—Az=h en(,

%’i— =0 sobre X,

z2(0)=0 en §2.
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Consideramos ahora el siguiente problema de minimos:

Minimizar E // e 2|2 4 573274 // e ¢=3 |2 dz dt
2\JJe wx(0,1)

sujeto a v € L2(Q) y

4

19
2z — Oz = s A*e 722830 401, en @, (19)
g% =0 sobre X,
z(0)=0, 2(T)=0 en .
Siguiendo las ideas de [37], llegamos al sistema de optimalidad

£(e—23a E*p) + 53/\46_23053])1“, — 83)\46—23a£3§0 en Q,

g__’% — O, aa_n(e—Zsa E*p) =0 sobre 2, (20)

(e Lp) g = (75 L) = O en ©,

donde £ y £* son los operadores £ = 8, — A y L* = —0; — A. Entonces, debido a la desigualdad
de Carleman (17), podemos probar que (20) (y por tanto (19)) admite una dnica solucién p y
que

D= —83 )\4 e—2.sa 53 p]lw y 7= 6_28a£*p

es la solucién de (19). Se prueba que esta solucién verifica la desigualdad

// e2sa|2|2dmdt+s—2x2// e¥ 72 |Vz2 da dt
Q Q

+s7IA7! / / e¥ e~ 1z dodt + 5307t / / €2 352 dr dt (21)
b wx(0,T)
< C(Q,w) 532 / / e 259 ¢3 | )2 duz dt,
Q

para ciertos s y A.
Elegimos ahora
h = 83)\46_23‘153(’0 + mw

en (18) y, teniendo en cuenta (21), deducimos que

s34 //Q e 25 53 |9012 dzxdt < C(Q,w) (//Q e 25¢ |f1|2 de dt
+5%)\2 //Q e~2sa§2|f212dzdt+sA//2 e ¢ | f3|2 do dt (22)

+5304 // o e 252 3| da dt)
wx (0,
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para s y A apropiados. Por dltimo, deducimos (14) directamente a partir de (22).

Como consecuencia del teorema 1, se deduce una desigualdad de observabilidad para el sistema
adjunto asociado a (12), esto es,

~pt—Dp =V - (pB)+ap=0 enQ,

(Ve+¢B) - n+8p=0 sobre ¥, (23)
o(T) = ° en .
De hecho, las soluciones de (23) verifican
// lp|? dz dt < K// |2 dz dt, (24)
Qx(T/4,3T/4) wx(0,T)
con una constante K de la forma
1
K =exp{C(1+ %+ lallZ® + 1B11% + 1811%))- (25)

El segundo resultado importante de este capitulo es la controlabilidad nula del sistema (12):
Teorema 2 Supongamos que a € L®(Q), B € L®¥(Q) y 8 € L®(X). Entonces (12) es con-
trolable a cero para todo T' > 0 con controles v tales que

ol 2wx 0y < K 190022 » (26)

con una constante K de la forma

~ 1
R =exp {01+ 1+ 1ol + 1B + 191 + T(lal + 1B + 1512 )} (20
donde C' = C(Q,w) es una constante positiva.

La deduccién de este teorema a partir de la desigualdad de observabilidad (24) es “standard”.

En el segundo capitulo de la memoria presentamos resultados de controlabilidad exacta a
trayectorias para una ecuacién del calor no lineal con condiciones de contorno de tipo Fourier
no lineales. Este constituye una continuacidn natural del primero. De hecho, los resultados
presentados en los teoremas 1 y 2 seran cruciales.

Controlabilidad exacta a las trayectorias de la ecuacién del calor
no lineal con condiciones de contorno de tipo Fourier no lineales

Con ayuda de los resultados enunciados en el capitulo anterior, vamos a deducir la controla-
bilidad exacta (global) a las trayectorias del sistema
Yt — Ay + F(y, Vy) =vl, enQ,
9y + fly) =0 sobre X, (28)
on

y(0) = ¢° en §,
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bajo ciertas condiciones de crecimiento en el infinito para las funciones F'y f. En esta situacion,
consideraremos datos iniciales % € L>®(Q). Algunos resultados de existencia, unicidad, regular-
idad y otras propiedades de las soluciones de problemas con la estructura de (28) pueden ser
~encontrados, por ejemplo, en [2], [3] ¥ [12].

Fijamos una trayectoria no controlada del sistema (28), es decir, una solucién 7 de

T — A+ F(7,Vy) =0 enQ,
o7
2y f@=0 sobre X, (29)
on
7(0) =7° en 2.
Imponemos las siguientes hipétesis:

7€ L*0,T; HY(Q)) n C°([0, T); L*(Q)) N LX(Q), T° € L™(Q). (30)

El resultado principal de este trabajo es el siguiente:

Teorema 3 Supongamos que F y f son funciones localmente lipschitzianas y verifican

m lF(S,p) - F(Tvp)[ — 0, (31)
ls|—o0 |s — 7 log3/2(1 +ls—7])

uniformemente en (r,p) € [-K, K] x RN para cada K > 0,
VL >0,3dM >0 tal gque
|F(s,p) = F(r,p)] < Ml|s —r|, |F(s,p) — F(s,9)| < M|p—q| (32)
V(s,r,p,q) € [-L,L]> x RN x RN

|f(s) = f(m) _
jsi=co |5 — r[log2(1 +|s —r[) 0 (33)

uniformemente en r € [—K, K| para todo K > 0. Entonces, fijado T > 0, tenemos la controla-
bilidad ezacta a las trayectorias § que verifican (30), con controles v € L®(w x (0,T)).

Antes de resumir la prueba del teorema 3, necesitaremos un resultado de controlabilidad
nula para el sistema lineal (12) con controles en L®(w x (0,T)):

Proposicién 1 Sea T > 0. Entonces, el sistema (12) es ezactamente controlable a cero con
controles v € L®(w x (0,T)). Ademds, podemos encontrar controles v satisfaciendo

“UHLoo(wx(o,T)) < eC QW) K(T,||a]lcos|| Blloo Bl ) “y0||L2(Q) , (34)

donde
K =1+1/T + ||al? + |BI% + 1812 + T(1 + [lalleo + 1 BliZ + 18112)- (35)
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La demostracién que presentamos de este resultado estd inspirada en la técnica utilizada en
[7] para regularizar controles. Indicaremos a continuacién las ideas principales de este argumento.

Sea 1 € L%(Q) y sean ' y w” dos abiertos con w” CC ' CC w. Entonces, utilizando
el teorema 2 con dominio de control w”, deducimos que existe 7 € L2(w” x (0,T)) tal que la
solucién y de (12) verifica §(T) = 0 y tenemos la estimacién :

H5||L2(w"x(o,:r)) < C2w) K(T|lalloo[| Blloo, [1Bllec) ||y0||L2(9)7 (36)
con K de la forma (35). Definimos ahora una funcién truncante n € C*°({0,T]) cumpliendo
n(t) =1 en (0,7/4), n(t)=0 en (37/4,T), 0<n(t) <1 en(0,T).

Consideremos la solucién x del sistema

xXt—Ax+ax+B -Vx=0 enQ,

%+ﬂx=0 sobre X,
x(0) =0 en .

Entonces w = y — nx cumple

W —AwW+aw+ B -V =-n'(t)x +7l,  enQ,

.@ +B8W=0 sobre X, (37)
on
w(0) =0, w(T)=0 en .

Introduzcamos ahora un abierto wp con ' CC wy CC w y una nueva funcién cortante £ que
verifica
£€Cwy), €=1end.

Entonces la funcién w = (1 — §) w verifica

wp—Aw+aw+ B-Vw=—7n(t)x +vl, enQ,

§—u—)+ﬂw=0 sobre X, .
on
w(0) =0, w(T)=0 en Q,
con
v=n'Ex+2VE - VF + AL — B - VED. (38)

Usando resultados de regularidad local para las soluciones del sistema (37), no es dificil deducir
que v € L®(w x (0,T)) vy que la funcién y = w + nx resuelve (con este control v) el problema
de controlabilidad a cero de (12) del modo indicado en la proposicién 1.

Otro resultado que se utilizard para demostrar el teorema 2 es una estimacion L™ de las
soluciones del sistema (12):
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Proposicién 2 Supongamos que v € L®(Q), y° € L*®(Q) y los coeficientes a, B, B estdn en
L. Entonces y € L*°(Q) y verifica

lylloo < eCT(HIaleaHIBIHIBIE) (11300, + | fllco) - (39)

con una constante C > 0 sdlo dependiente de 1.

Volvamos a la demostracién del teorema 2. Consideremos el sistema (28) que, tras el cambio
de variable ¥ = 7 + w, puede escribirse en la forma

wy — Aw + Fy(w, Vw; z, t)w + Fo(Vw; z,t) - Vw =v1, enQ,

g—: + F3{w;z,t)w =0 sobre %, (40)
w(0) = 3° — 5(0) en 0,
donde
(o st = PO T8 Vo) 1) - P00 (g
1
Fy=(Fn,...,Fan), Fypz,t) = /0 —g;(y(x,t), Vy(z,t) + Ap) dA (42)
j
Yy
Fg(s; CL‘,t) — f(y(J::t) + Si - f(y(a:,t)) (43)

paras € Ry p € RV.

De este modo, nuestra tarea consiste en demostrar la controlabilidad nula del sistema (40)
v, para hacer esto, nos restringimos (por densidad) al caso en el que las funciones F} tienen la
primera derivada continua.

La idea de la prueba es cldsica y se basa en un argumento de punto fijo en el espacio
Z = L%(0,T; H'()). Estas técnicas fueron introducidas en [52], en el contexto de la controla-
bilidad exacta de la ecuacién de ondas. Desde entonces, han sido aplicadas a un gran nimero
de problemas diferentes. En nuestro caso, para cada R > 0, consideramos la funcién Mg, con

~R sis<-—R,
Mgr(s)=1¢ s si ~R<s<R,
R sis>R

y los coeficientes ag ,, B, y OR,., con
agr.(z,t) = Fi(Mg(z2(z,t)), Vz(z,t); x,1),

B.(z,t) = F5(Vz(z,t);z,t)

Brz(x,t) = F3(Mg(z(x,t)); x, t).
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Sabemos que el problema de controlabilidad nula

w — Aw +ap,w+ B, - Vw =vl, en @,

8_w +Br,w =0 sobre X, (44)
on

w(0) =y’ - 5(0), w(T)=0 en {2,

tiene solucién, en virtud de la proposicién 1.

A continuacidn, elegimos una solucién particular del problema (44), procediendo como en
[25], es decir, trabajando en un intervalo temporal {0,7;] que hace que el control y el estado
asociado verifiquen

lvr,zll oo wx 0,7y < Cr 1wl 20y, (45)

lwr,zllz < Cr lw®|| L2y, (46)
Yy

[wr,zlleo < Cr W]l Loo(a), (47)
con

Cr = exp {C’(Q,w,T) (1 + ai/‘g +B*+ ﬁ%g)} ,
donde
ag = sup esssup |Fi(s,p;z,t)|,
[s|<R, peRYN (z,t)EQ
B = sup esssup |[Fa(p;x,t)|
peRY (z,t)€Q

y

Br = sup esssup |F3(s;z,t)|.
IsISR (zt)€D

Finalmente, definimos la aplicacién multivaluada Az que a cada z € Z asocia Ag(z) que
es el conjunto de estados wg , que satisfacen las estimaciones (46) y (47) correspondientes a
los controles vg, € L%(w x (0,T)) que verifican (45) y hacen que wg,.(T) = 0. Para terminar
la demostracién, basta probar la existencia de puntos fijos de Ag. Dividimos la prueba en dos
etapas:

» Demostramos primero que, para cada R > 0, Ag tiene al menos un punto fijo wg. Para
ello, utilizamos el teorema de Kakutani (véase [4]). La parte mas delicada de la aplicacién
de este resultado consiste en comprobar que existe un compacto K (que depende de R)
tal que Agr(z) C K, para cada z € Z.

» Por dltimo, demostramos la existencia de un R suficientemente grande tal que Mgr(wgr) =
wg. Esto probaria el resultado.
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Controlabilidad de sistemas N-dimensionales de Navier-Stokes y
de Boussinesq con N — 1 controles escalares

En la tercera parte de esta memoria, probaremos diversos resultados de controlabilidad para
problemas no lineales de tipo Navier-Stokes y Boussinesq.

e En primer lugar, trabajamos con el sistema controlado de Navier-Stokes

Yy — Dy + (¥, Vy+Vp=vlp, V-y=0 en@,
y=0 sobre %, (48)
y(0) = ¢° en Q

y probamos el control local exacto a trayectorias del mismo con la ayuda de N — 1 controles |
escalares.

Para poder imponer las hipétesis de regularidad necesarias sobre las condiciones iniciales,
definimos los espacios funcionales H, E y V, dados por:

H={weLl2QV:V-w=0enQ, w-n=0sobre 80}, (49)
H si N =2,
E =
LAQ)PNH siN=3

V={weHOQN:V.-w=0enQ}.

También deberemos suponer que el dominio de control O sea adyacente a la frontera 052, es
decir:

32° € 89, Je > 0 tal que O NN D B(z%e) NN (50)
(B(x%;¢) es la bola de centro z° y radio €).

Recientemente se ha probado que, con N controles escalares, se puede conseguir la contro-
labilidad local exacta a trayectorias (7,D) del sistema (48) que verifican

c>1 siN =2
e L@, 3, eL*0,T;L(QN 51
yer @, nelOnr@N (70 vs (51)
(véase [20] y [21]). Légicamente, estas hipdtesis también deberan ser impuestas aqui.
M34s precisamente, probaremos que para cualquier par (,p) que verifique
Ty~ A+ (T, V)§+VP=0, V-J=0 enQ,
(52)
7=0 sobre X,

y (51), existe § > 0 tal que, para cualquier y° € E satisfaciendo

ly° — 7(O)lle < 6,
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encontramos controles v de clase L? con vy = 0 para al menos un k y estados asociados (y,p)

verificando
y(T) = F(T) en Q. (53)
Obsérvese que, en esta situacién, tras el tiempo ¢ = T podemos dejar evolucionar el sistema

libremente; en efecto, éste seguird la trayectoria ‘ideal’ (7, D).
Para mayor claridad, enunciamos el resultado a continuacién:

Teorema 4 Supongamos que O satisface (50). Entonces, para todo T > 0, (48) es localmente
exactamente controlable en el tiempo T a las trayectorias (7,P) que verifican (51), con controles
v € L%(O x (0,T))N tales que vx = 0 para al menos un k.

La demostracién sigue los mismos pasos del resultado principal de [21] y se basa princi-
palmente en una desigualdad de Carleman adecuada para el sistema adjunto asociado a una
linealizacién de (48):

—pr—Ap—(Dp)y+Vr=g, V-9o=0 enQ,
p=0 sobre X, (54)
o(T) = ¢° en €,

con Dy = Vi + Vit Recordemos que fue probado en [21] que, si § cumple (51), existe una
constante C' > 0 tal que la siguiente desigualdad es cierta para todo ¢° € L2(Q)N:

( —25 ~
// e Tt (T — 1) 2|2 + 74T —t) " |Vy|?) dzdt
Q
—2a
—l—// e T T-07 t4 (T — t)* (|Ap)? + |@¢|?) dzdt
Q

45427
<C (// et =0 t=30(T — )70 |g|? dx dt
Q

—8a+6a
+ / / e @—nT =04 _ )64 5|2 dx dt
0o x(0,T)

(@ y & son dos constantes positivas). Aqui, hemos debido elegir Op C O, de modo que para todo
punto z € O, la recta {x + Rex} corte a 9Q en un punto de 8Oy para cierto k € {1,--- ,N}.
Obsérvese que esto es posible gracias a (50).

La desigualdad (55) usada en combinacién con la condicién de incompresibilidad de ¢, per-
mite probar una nueva desigualdad de Carleman donde no aparece el término lox|? a la derecha
(véase el lema 4 del capitulo 3).

Con la ayuda de esta tltima desigualdad de Carleman, podemos probar la controlabilidad
nula de un sistema linealizado con segundo miembro no necesariamente nulo:

(55)

w—Ay+ @ Vy+(y,V)g+Vp=f+vlp, V-y=0 enQ,
y=0 ‘ sobre X, (56)

y(0) = yo en 2.
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En concreto, en la proposicién 5 del capitulo 3 se prueba que, fijados f e 1° adecuados, tenemos
el control nulo de (56) con controles v cuya k-ésima componente es nula. Ademas, se consigue en
este resultado que el campo de velocidades asociado y decrezca exponencialmente a cero cuando
t — T~ . Para esto ltimo se usan la desigualdad de Carleman probada en el lema 4 del capitulo
3 y ciertos argumentos debidos a O. Yu. Imanuvilov (véanse por ejemplo [35] y [21]).

Por tltimo, con un argumento local basado en un teorema de la funcién inversa (véase el
teorema 8 del capitulo 3), se demuestra la controlabilidad local a trayectorias enunciada en el
teorema 4.

e En la segunda parte de este capftulo estudiamos las propiedades de controlabilidad del
sistema de Boussinesq:

y— Ay + (y, V)y+Vp=vlo+fey, V-y=0 enQ,

0 — A8 +y-VO=hlp en Q,

(57)
y=0, 68=0 sobre X,
y(0) =%, 6(0) = 6° en

en dimensiéon N = 2 y en dimensién N = 3.
Probaremos un resultado anslogo al teorema 4. Asi, fijemos una trayectoria no controlada
(¥,P,8), esto es, una solucién de

G- Ay + (G, V)§+Vb="0en, V-T=0 enQ,

0: —AG+7-VO=0 en @,
t i ] Q@ (58)
=0, =0 sobre 3,
7(0)=7°, B(0) =8 en Q.
Al igual que antes, supondremos que 7 verifica (51). Supondremos también que
_ _ c>1 if N =2
0 L®Q), 8;e€L*0,T;L°(Q : 59
(@, B e }0TiL() <a>6/5 ifN=3> (59)

El resultado que probamos es el siguiente:

Teorema 5 Supongamos que O satisface (50) con ny(z°) # 0 para cierto k < N. Entonces, para
cualquier T > 0, (57) es localmente ezactamente controlable en el instante T a las trayectorias
(1,7,0) que cumplen (51) y (59), con controles v y h de clase L? tales que vy = vy = 0.
En particular, si N = 2, tenemos el control ezacto local a trayectorias con controles v =0y

h e L0 x (0,T)).

Anslogamente a como ocurre en el pardgrafo anterior, todo reposa sobre una desigualdad de
Carleman ‘apropiada’ para el problema adjunto

—py— Ap— (Dp)Y+Vr=g+0Vy, V-p=0 enQ,
=AY -7 -V =q+ N en Q,
p=0, ¥v=0 sobre X,
o(T) =" »(T)=4° en Q.

(60)
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De hecho, se probé en [31] que si 7 y @ verifican respectivamente (51) y (59), entonces existe
una constante C > 0 de modo que, para todo (¢, 4%) € L2(Q)V x L?(Q), se tiene:

/ | TETIT =72 g 4 o) v
* //Q(’ 4T — 1) Vel + |Vp[2) dadt
[ T T = )¢ (D 1AV + ol + ) 1)

<c ( [ TET @ -7 (1o + o) do s
Q

—~8a+6a
+// e Tt =847 — )78 (|p|2 + [¢]?) da dt | .
OoX(O,T)

En esta desigualdad, se puede elegir de nuevo el mismo abierto Oy de antes. Luego, usando (50),
podemos obtener una desigualdad analoga, sin el término |pg|? a la derecha. Adems4s, en virtud
de la ecuacién del calor que aparece en (60), podemos poner la integral de |px|? en funcién de
integrales de |4|? y de términos dependientes de ¢ que pueden ser compensados con lo que hay
a la izquierda. La conclusién es una desigualdad en la cual sélo aparecen como términos locales
[¥|? y (en dimensi6n 3) |p2|? (si k= 1) o |p1|? (si k = 2) (véase el lema 7 del capitulo 3).
Ahora podemos seguir el mismo razonamiento que para el sistema de Navier-Stokes y deducir,
en primer lugar, que tenemos la controlabilidad nula de un sistema linealizado asociado a (57)
(proposicién 6) y, por tdltimo, la controlabilidad local exacta a trayectorias del sistema (57).

e El ultimo resultado de este capitulo concierne al siguiente sistema truncado de Navier-
Stokes con N = 2:

ye — Ay + (U, V)Ty(y) + Vp=vlo, V-y=0 en@,
y-n=0 Vxy=0 sobre X, (62)
y(0) = ¢° en O,
donde M > 0 es una constante.
El objetivo es probar la controlabilidad nula global para este sistema con controles en un
cierto espacio de Hilbert.

En concreto, para cada y° € H, probaremos que existen controles vle, con v perteneciendo

al espacio )
W ={V x z=(da2,-012) : z € L*(0,T; H(0)) },

tales que las soluciones asociadas (y, p) verifican
y(T) =0 en Q. (63)

Por el momento, no se sabe si es cierto este mismo resultado con condiciones de contorno de
Dirichlet.
El resultado que probamos es el siguiente:
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Teorema 6 Sea N = 2. Entonces, para todo T > 0 y todo M > 0, (62) es ezactamente
controlable a cero en el tiempo T con controles de la forma vlp, dondev € W.

La estrategia que seguimos para probar este resultado difiere de las utilizadas en las de-
mostraciones de los teoremas 4 y 5, pues en este caso resolveremos el problema no lineal a través
de un argumento de punto fijo. Méds concretamente, consideremos para cada 7 € L®(Q)? el

sistema
y—Ay+(y,V)i+Vp=vlp, V-y=0 enQ,

y-n=90, Vxy=0 sobre X, (64)
y(0) = ¢° : en |
y su adjunto, escrito en la forma
—pt —Ap =V x(F-Vx)Vy)=0, Ay=p enQ, ,
=0, p=0 sobre 3, (65)
p(T) = p° en .

Para las soluciones de este problema se puede de nuevo probar una desigualdad de tipo Carleman
(véase el lema 10 del capitulo 3), que nos conduce a una desigualdad de observabilidad:

O < C / /O o T o (66)

Baséndonos en esta desigualdad, se prueba la controlabilidad nula de (64). Ademds, la solu-
cién asociada tiene la regularidad siguiente:

y € L*(0,T; HX()®) N HY(0,T; H(2)?)

(proposicién 7 del capitulo 3). Esto permite probar que una adecuada ecuacién de punto fijo en
L?(Q)? posee soluciones. En consecuencia, nuestro problema de controlabilidad nula para‘(62)
posee solucién.

Controlabilidad del sistema de Lamé anisotropico

En la cuarta y ultima parte de esta memoria, probaremos la controlabilidad exacta del
sistema de Lamé tridimensional anisotrépico siguiente:

p(z)02 u— pAu— A+ p)V(V-u) + (R, V)V]u=f+vl, en@,
u=20 sobre %, (67)
w(0) = up, Fguu(0) = uy en Q,

donde las funciones f; ug y u; son dadas y w C §2 es un abierto no vacio.
Como se explicé en la introduccién, este sistema proviene del mas general (9)—(10) donde se
supone que los §; = 0 y por tanto

o =R+ (Vu)R+ A(tre)l + 2pue.
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En este trabajo, necesitamos imponer varias hipétesis de regularidad y positividad de R y los
coeficientes de Lamé. En concreto, supondremos que

P, Aa My RZJEC&(—Q)v VRZO, ,0>0; ,LL“‘R33>O, y /\+2:U‘_R33>O enQ, (68)

parat,7 =1,2,3.
La herramienta clave para establecer este resultado de controlabilidad es una desigualdad de
Carleman para las soluciones de sistemas andlogos de la forma

P2 u— pAu—~ A+ w)V(V-u)+[(RV)Viu=f enQ,
u=0 sobre 3, (69)
©(0) = Opou(0) = u(T) = Ogu(T) =0 en .

A continuacién destacamos los puntos fundamentales de la prueba de esta estimacion.
Definimos la funcién peso

b(z) = eﬂﬁ(m),

donde 7 > 0 y suponemos que ¥ verifica las hipétesis detalladas en la Condicién A que aparece
al principio de la segunda seccién del capitulo 4. En la prictica, esta condicién juega un papel
analogo al desempefiado por la condicién geométrica de Bardos, Lebeau y Rauch para la ecuacién
de ondas (véase [6]). Tenemos el siguiente resultado:

Teorema 7 Sea f € H(Q)® y supongamos que existe una funcién ¢ = ¢(z) con g—f sufi-
cientemente grande verificando la Condicion A y que los coeficientes de Lamé verifican (68).
Entonces existe 7% > 0 tal que para todo 7 > 7, existe s* > 0 de modo que toda solucion
ue L2(0,T; HA(Q)®) N HY(Q)? de (69) verifica

lully,@) < CUle™ sy + lullByq.) Vs> s* (70)

para cierta constante C > 0 independiente de s.

En el teorema 7, hemos utilizado la notacién @, para designar el dominio de control (Q. =
w x (0,T) con w C Q abierto no vacio). También hemos denotado

”“”%{LS(Q) :52/62|u|2dz+/62|Vu|2 dz,

[lullZ =/ 250 (52 5472l Doy 4 5| V(V x u)?
e ™ Jo. 7 (B )

+ 83|V x uf? + s|V(V - u)2 + sV -u|2) dz

2

2 2

U
S~

on? (72)

+s
Hl,s (2)

ou
sp¥
¢ c')n’

U 2 = 1l 2 +S ’
| ”yd,(Q) I “B¢(Q) L3(%)
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Explicaremos a continuacién cuél es la idea de la demostracién del teorema 7. Empezaremos
escribiendo las ecuaciones que verifican las funciones V. xuy V - u:

P(z,D)(V x u) = 02,(V x u) — pA(V x u) + (R, V)VT(V x u) (73)
=V x f+ Pu
P(z, D)(V - w) = 82,(V - w) — (A + 20)A(V -u) + (R, V)VT(V - )
=V-f+ Pu,
con P, y P, operadores diferenciales de segundo orden.
Obsérvese que no tenemos condiciones de contorno para V x u ni V - u. Utilizaremos una

desigualdad de Carleman probada en [49] que puede ser aplicada a las ecuaciones (73) y (74).
Esta desigualdad, escrita para V x u y para V - u, nos dice que

(74)

s|le*?(V x u)||%,1,s(Q)3 + s||e%?(V - u)n}’p,s(Q) <C (||es¢f||§{1,s@)3

2. 112 (75)
o |lese 8 Tsles 2 +luld, o) | Vs> s
on Hls(x)3 on L2(%)3
Usando ahora la identidad
Au=~-V x (Vxu)+V(V- u)
-y la condicién de contorno u = 0 sobre X, deducimos directamente que

oull? 0u

1l @) < C (I F sy +5 || +s|le? 5
lullys@ ( (@ 7 || s (s)s on? || L2z (76)

+||u||g¢(Qu)), Vs > so.

Para obtener (70), ser4 suficiente estimar los términos frontera de la expresién anterior. Con
este objetivo, definimos una nueva funcién peso ¢ que verifica p = ¢ sobre X:

- 1
p=e¥, con Y=19- sl + z4,
donde Z es un nimero suficientemente grande y £; es una funcién regular que verifica
;=0 sobre 8Q, £ >0en y V& #0 sobred.

En concreto, si denotamos ;72 al conjunto de los puntos de Q que se encuentran a una distancia
de 99 inferior a 1/Z2, podemos suponer que

o(z) < ¢(z) Yz € Q7 x (0,T). (77)

Para una funcién peso de este tipo podemos probar el siguiente resultado:



26

Lema 1 Con la notacidn anterior, tenemos que
lully, @ < C (e Fllmns @y + llulls,@u) Vs 2 so, (78)

para las soluciones u de (69) con soporte en 61/22 x [0,T1.

Supongamos por un momento que hemos probado el lema 1 y comprobemos que esto basta
para concluir la prueba del teorema 7.
Tomemos ¢ € (0,1/Z?%), con Z tal que se cumple (77). Entonces

o(z) < p(z) Yz € (Q:\ Q) x [0,T]. (79)
Definimos ahora una funcién truncante § € C2(£,) verificando 8 = 1 en Q, /5. Obtenemos que
la funcién fu verifica
POu)=6f + [P,0]u en @,
fu =0 sobre X,
(0u)(T) = Oy (Bu)(T') = (6u)(0) = 0z (6u)(0) =0 en 2.

Aplicamos pues la desigualdad (78) a fu y deducimos que

2 2 2

gs0 070
on?

sqb%

on +s

H13 (80 (0,T))3

< C (e FBpnsigye + 1€ 1P, sy + Ml o) Vs 2 50,

L2(89x(0,T))3 (80)

pues ¢ = ¢ sobre la frontera. Como el soporte de [P, 0]u estd contenido en Q¢ \ Q.5 x [0,T] y
© < ¢ en este conjunto (véase (77)), tenemos que

2
e® [P, Bull mrusige < C D € D%uflpagys Vs > 0.
jal=0

Esto termina la prueba del teorema 7.

Por lo tanto, en la prueba del lema 1 podemos restringirnos a la situacién supp v C Bs N
(€172 x [0,T]). En primer lugar, realizamos el cambio de variables

N =Ty,
Y2 = T2,
ys = 3 — £(z1,72),

que nos permite situarnos en un pequefio entorno del punto y* = (yo,0,0,0). Escribimos ahora

el stmbolo principal de las ecuaciones satisfechas por V X u y V - u en las nuevas coordenadas:
ps(y,€) = =€ + (6 — Ru)&} + (8 — Rn)& + {((BBs ~ R)G'IG}ES -
~2R126162 = 2351 (Rjs + £y, (8 — Rjs) — Ly ;Ra2)85s,

con
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7 para V X u,
o

A+2u paraV-u

G = (=by,, —ly, 1) (82)
Consideremos ahora un recubrimiento finito
{¢e S [¢ -l < bihicucmsn)
de la esfera unidad de R*
S ={C=(s5,8):*+E+EE+& =1}

Aqui, ¢ representa un punto de $%: A este recubrimiento le asociamos una particién de la unidad
{xv}1<v<m, extendiendo x, fuera de 53 por una funcién homogénea de orden 0 con soporte en

¢ <51}.

o) = {¢: |5 -

El lema 1 es entonces consecuencia del lema signiente:

¢

Lema 2 Seav* = (y*,(*) € 9G x S3. Entonces, si 6 y 61 son suficientemente pequerios, tenemos

SHZu"%p.s(g)Al + S(||2u||%{1,s(5g)4 + Hayazvniz(ag)‘t)

(83)
< C(l1e* fl3,s(gys + 12131 (gye)-

En esta desigualdad, hemos introducido el conjunto G = R3 x [0,1/Z%] y la funcidn z, =
(s, D"z, donde z = e**w. y w = (w',wp) es el par (V x u,V -u) escrito en la nueva variable
Y. )

Para demostrar el lema 2, distinguimos varios casos, segin que los simbolos principales de
V xuy V-u (definidos en (81)) se anulen o no en v*. En cada uno de los casos, las desigualdades
buscadas son, esencialmente, consecuencia de la desigualdad de Gérding (véase, por ejemplo,
[50]). Todos los detalles de la prueba se encuentran en la segunda seccién del capitulo 4.

Explicaremos ahora brevemente cémo se puede deducir €l lema 1 a partir del lema 2. De la
definicién de z,, tenemos directamente que

5”2“%{1,3@)4 + S(sznip,s(agy + Hayaz”%z(ag)‘t)
M
<Cs Z(Hzl/”?{l,s(g)tl + ”Zu”%(l,s(ag)zx + ”ay;;zl/“%?(agyl) (84)

v=1
< C’(l|es“’f||%1,s(g)3 + IIeS‘PUIlip,s(g)s).
Ahora usamos el resultado enunciado en la proposicién 4.2 de [39] y encontramos que

2
—2|a 3 2
2y e Dulagys < Cllle 1By + e ulliagp),
|er]=0
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con C una constante positiva independiente de s y de Z.

Usando la ecuacién diferencial en (69) junto con desigualdades de interpolacién, deducimos
que las normas [|e*?02 /|3, €3 Y €02, ull. ()* Pueden afiadirse a la izquierda de la dltima
desigualdad. Por tanto, combinando esto con (84), obtenemos que

2 .
Z 84—2|QII|QS¢DQUI|%2(Q)3 + S(”Z“%{l,s(ag)4 + ”8y32||%2(6g)4) S C”eswfuillvs(g)‘?' (85)
|aj=0

Finalmente, veamos que la desigualdad (78) se puede deducir a partir de (85), es decir, que
podemos acotar apropiadamente los términos frontera:

2
s ”ewaysuuip,s(ag)a y s Hewaiu”Lz(ag)a . (86)

Para ello, sélo usaremos la definicién de las variables y; y las condiciones de contorno de tipo
Dirichlet para u, En primer lugar, tenemos que

|0ysus] < |V x w)z—j| + €(6)|0y;u] sobre 0G j=1,2,

|Oysus| < |V - u| +¢e(6)]dy,u| sobre G,

lo cual nos dice que
|e*?0y,u| < |z1] + |22| + |24| sobre 0G. (87)

Ademsds, del mismo modo deducimos que

107 skl < 10y;(V X w)s—k| + €(8)|By5ul sobre 8G 5 =0,1,2, k= 1,2

|62

Y3

uz| <10y, (V - u)| + &(6)|0y;ysul sobre 8G 5 =0,1,2.

Luego :
e VEOy,ul < |VH¥z1| + |V zo| + |Vi 24| sobre 9G. (88)

Por dltimo,

|6§3uj] < 8y (V x u)a—j] + 10y, (V - u)| + €(0)|0ys Vyu| sobre 9G j =1,2

102,u3] < 9 (V X ol + 18 (V X w)s] + 104 (V - )] + (0)16,, Vyul - sobre 86,
lo cual conduce a la desigualdad
|eswa§3ui < |Vya1| + |Vy2zo| + |Vyza| + €(6)|e°¥8,, Viu|  sobre 0G. (89)

Podemos ver ya directamente que las estimaciones (87)-(89) implican la desigualdad deseada
para los términos (86).

Con esto, queda justificada la prueba del lema 1 a partir de la del lema 2.

Podemos ahora formular €l resultado principal de este capitulo:
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Teorema 8 En las condiciones del teorema 7, si la funcidn ¢ verifica ademds la Condicion B
(véase la seccion 8 del capitulo 4), se tienen las propiedades de controlabilidad siguientes:

e Dados f € L2(Q), (uo,u1) € HE(Q) x LA(Q) y (u2,us) € H(Q) x L*(Q), eziste un control
v € L?(w x (0,7)) tal que la correspondiente solucidén u de (67) verifica

w(T) =ug, Ozu(T)=u3z enfd -~ (90)

e Dados f € HY(Q), (ug,u1) € L*(Q) x H-HQ) y (ug, us) € LE(Q) x H1(Q), existe un control
v € H Y w x (0,T)) tal que la correspondiente solucidn de (67) verifica (90).

La demostracién del teorema 8 reposa sobre una desigualdad de observabilidad adecuada que es
consecuencia directa del teorema 7. Para més detalles, véase el capitulo 4.

Otros resultados

En esta seccién mencionaremos otros resultados relacionados con los que preceden (aunque
distintos), en cuya obtencién también ha intervenido el autor de la memoria.

En [19], se presenta una panordmica actualizada del papel que juegan las desigualdades
globales de Carleman en el contexto de la controlabilidad de ecuaciones en derivadas parciales. Se
presta especial atencién a las demostraciones de dichas desigualdades para funciones que verifican
ecuaciones parabdlicas de tipo calor o Stokes. Se tratan distintos casos segtin la regularidad
del segundo miembro y las condiciones de contorno impuestas sobre la solucién. También se
recuerdan algunos de los tiltimos avances con respecto a la controlabilidad de dichas ecuaciones.

En el trabajo [21] se prueba el control local a las trayectorias del sistema de Navier-Stokes.
Los resultados principales se habfan expuesto previamente en [20]. Estos trabajos constituyen
un paso previo a los resultados de [23] (que fueron anunciados en la Nota [22]), recogidos como
se ha dicho en el capitulo 3.

También, como etapa previa a uno de los resultados establecidos en (23], se prueba en [31] el
control local a las trayectorias del sistema de Boussinesq con ayuda de N + 1 controles escalares.

Por tltimo, otro trabajo a resefiar es [30], donde el autor prueba el control local a las
trayectorias de un sistema de Navier-Stokes con condiciones de contorno de tipo Navier no
lineales.
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Null controllability of the heat equation
with Fourier boundary conditions: The
linear case

E. Ferndndez-Cara, M. Gonzalez-Burgos, S. Guerrero y J.-P. Puel

Abstract

In this paper, we prove the global null controllability of the linear heat equation completed
with linear Fourier boundary conditions of the form g—z + By = 0. We consider distributed
controls with support in a small set and nonregular coefficients § = [§(z,t). For the proof of
null controllability, a crucial tool will be a new Carleman estimate for the weak solutions of the
classical heat equation with nonhomogeneous Neumann boundary conditions.

1. Introduction

Let & C RY be a bounded connected open set whose boundary 0€) is regular enough
(N >1). Let w C Q be a (small) nonempty open subset and let T' > 0. We will use the notation
Q=0x(0,T) and & = 90 x (0,7) and we will denote by n(z) the outward unit normal to
Q at z € 08). On the other hand, we will denote by C, C1, Cs, ... generic positive constants
(usually depending on Q and w).

We will consider the linear heat equation with linear Fourier (or Robin) conditions

y — Ay + B(z,t) - Vy + a(z,t)y = v(z,t)l, inQ,

0
a—z+ﬁ(x,t)y=0 on %, (1.1)
y(z,0) = 3°(a) in Q.

Here, it will be assumed that the coefficients a, B and 8 satisfy
a€ L®(Q), BeL®Q)N, BeLxX). (1.2)

On the other hand, we suppose that v € L?(w x (0,T)), 1, is the characteristic function of
w and 3° € L%(R). In (1.1), y = y(z, t) is the state and v = v(z,t) is the control. It is assumed
that we can act on the system only through w x (0,7).

An illustrative interpretation of the data and variables in (1.1) is the following. The function
y can be viewed as the relative temperature of a body (with respect to the exterior surrounding
air). The parabolic equation in (1.1) means, among other things, that a heat source vl, acts
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on a part of the body. On the boundary, ——g% must be viewed as the normal heat fluz, directed
inwards, up to a positive coefficient. Thus, the equality

Oy
“on By
means that this flux is-a linear function of the temperature. Thus, it is reasonable to suppose
that 3 > 0 (although this assumption will not be imposed in this paper).
The main goal of this paper is to analyze the controllability properties of (1.1). It will
be said that this system is null controllable at time T if, for each y° € L%(f), there exists
v € L*(w x (0,T)) such that the associated solution satisfies

y(z, Ty=0 in Q. (1.3)

The null controllability of linear parabolic equations has been intensively studied these last
years; see for instance (8], {7}, [5], [4] and [1].

In this paper, we will be concerned with (1.1), where the main difficulties arise from the
particular form of the boundary condition. Indeed, it has been shown in [5] and [2] that this is
more difficult to analyze than the case of Dirichlet boundary conditions, considered in (7], [5]
and [4]. :

More precisely, what has been proved until now is that (1.1) is null controllable with B =0
under the assumptions (1.2) whenever 8; € L*°(X). This was shown in [5]. However, it would
be important to prove the null controllability of (1.1) without this regularity hypothesis on 8
in view of applications to control systems with nonlinear boundary conditions.

The first main result in this paper concerns a Carleman inequality for a general (adjoint)
system of the form

—pt—Ap=fi(z,) + V- folz,t) nQ,
(Vo + fa(z,t)) -n= f3(z,t) on %, (1.4)
o(z, T) = ¢°(z) in Q,

where f1 € L?(Q), f2 € L*(Q)" and f3 € L?(Z). Observe that, as long as ¢ € L*Q), Vo+fa €
L*(Q)N and V - (Vp + fo) € H7(0,T; L?(€)), we can give a sense to the boundary condition
in the space H~1(0,T; H~1/2(6%)).

We present now this result:

Theorem 1 Under the previous assumptions on fi, fo and f3, there ewist X, o1, o2 and C,
only depending on Q and w, such that, for any A > A, any s 2 5 = o1(e? T + T2) and any
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¥ € L2(Q), the weak solution to (1.4) satisfies
// e 2 (s A2 [Vl + 52 M €3 ) ?)da dt
Q

+32A3// e~ 222 ol do dt ,
z
(1.5)
<C (// e 22| AP+ s2 M2 fol?)dx dt
Q

+s)\// e_2sa§[f3|2dadt+s3>\4// e~ 223l dadt | .
b)) wx(0,T)

Here, o = a(x,t) and £ = £(z,t) are appropriate positive functions, again only depending
on {2 and w. They are given below; see (1.13)-(1.14).

As a consequence of theorem 1, we can deduce an observability inequality for the adjoint
system associated to (1.1). More precisely, let us consider the backward in time system

—QOt—AQO—v(QDB(iL‘,t))—Fa(I,t)(,D:O in Qa
(Vo +¢B(z,t)) -n+ Bz,t)p =0 on %, (1.6)
o(x,T) = ©°(x) in Q,

where 0 € L2((2). It will be seen that, for some K of the form
K = CO+3+al 8 HIBIZ+181%) (1.7)

the solutions of (1.6) satisfy

// ol dz dt < K// o2 da dt. (1.8)
Ox(T/4,3T/4) wx(0,T)

Remark 1 In fact, (1.8) is not the unique way of saying that (1.6) is observable. It is indeed
more frequent to use other inequalities of the form

ot Oy <€ [ P (1.9)

for some C. The estimates (1.9) can be easily deduced from (1.8) and the energy inequalities
satisfied by .

The second main result in this paper concerns the null controllability of (1.1). It is the
following:

Theorem 2 Let us assume that (1.2) is satisfied. Then, for each T > 0, (1.1) is null controllable
at time T with controls v € L*(w x (0,T)). Moreover, one can find v such that

loll L2x oy < H 190 llz2 (1.10)
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with a constant H of the form

1 = oCOtE a2 +HIBIZHIBIZ AT (lal oo+ BIZ+1B1Z)) (1.11)

for some C = C(Q,w).

In the proof of theorem 2, the main tool is the estimate (1.8). This arises from a general
principle that asserts that the null controllability of (1.1) with controls in L(w x (0,T)) (de-
pending continuously on the data) is equivalent to the observability of (1.6). More details will
be given below.

In a second part of this work, which will appear in a forthcoming paper, we will consider con-
trollability questions for semilinear heat equations completed with nonlinear Fourier boundary
conditions of the form

2w =0 on %,

where f: R — R is locally Lipschitz-continuous. For the analysis of these systems, theorems 1
and 2 of the present paper will be crucial.

The rest of this paper is organized as follows. Section 2 is devoted to the proof of theorem 1. In
section 3, we deduce the observability inequality (1.8) and we prove theorem 2. For completeness,
we have included an Appendix, where we give a detailed proof of the standard Carleman estimate
for the solutions of the heat equation with homogeneous Neumann boundary conditions. (this
estimate was already proved in [5]; however, in this paper, a careful study of the dependence of
the constants on s, A and T is needed).

2. Proof of theorem 1

The main arguments used below are similar to those in [6]. This is related to a general
strategy which is used to relax the regularity assumptions on the various coefficients involved in
the problem. Here, it will allow us to proceed without any kind of regularity on the coefficient

B =B(z,1).
Let us recall the definition of a weak solution: we say that ¢ is a weak solution to (1.4) if it
satisfles

(@ € L*(0,T; H(2)) N C°([0, T; L*(92)),

*(Sot,U)(Hl(Q))/,Hl(Q)-l—/QVgo-Vvda:z/Qfl(:v,t)vdz

—/ fa(z,t) - Vodz + f3(z,t) vdo (1.12)
Q a0

ae. in (0,7), Yve HY(Q),
¢z, T)=¢(z) in Q

It is well known that, for f; € L3(Q), f2 € L*(Q)V, f3 € L*(Z) and ¢° € L%(Q2), (1.4) possesses
exactly one weak solution ¢.
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To prove the Carleman inequality (1.5), we will need two weight functions:

e)‘no(z) 62)‘”770”00 _ e>\7lo($) 1 13
£ t) = g+ olmt) = g (1.13)

Here, A > 1 is a parameter to be chosen below and n° = °(z) is a function satisfying
e C*Q), n°z)>0inQ, n°=z)=0ondQ, (1.14)

[Vn°(z)| > 0in Q\ o/,

where w' CC w is a nonempty open set. The existence of n° satisfying (1.14) is proved in [5].

For the proof of theorem 1, we will need an auxiliary result: a Carleman inequality for the
solutions to the heat equation with homogeneous Neumann boundary conditions. This is given
in the following result:

Lemma 1 Let f € L%(Q) be given. There exist \*, o* and C only depending on ) and w such
that, for any A > X*, any s > s*(\) = a*(e4)‘”"0”°° T+T?) and any ¢° € L2(Q), the weak solution
to

_‘Qt_Aq:f(m;t) in Q,

gg;:O on X,
o(2,T) = z) i

satisfies

Lalg<C (// e 22| f12 de dt + s\ // e 252 3 g2 da dt) , (1.15)
Q wx(0,T)

where we have used the notation

Lia(g) = //Q 7% ((s6) "M@l + 1Agf?) + sX%¢ [Vl + $°X*¢% [g]?) da dt.

This result is a particular case of lemma 1.2 of Chapter I in [5]. For completeness and also in
order to explain and justify the particular form of the constants \* and s*(\), we give a complete
proof in the Appendix, at the end of this paper.

Let us continue with the proof of theorem 1. We can view ¢ as a solution by transposition
of (1.4). This means that ¢ is the unique function in L?(Q) satisfying

//Q(phdwdt://Qfl(“”at)Zdwdt“//Qf2(33,t)-Vzdxdt

(1.16)
0 - 2
-i—//E fg(:v,t}zdadt—i—/Q o (z) z(z,T)dz Vh e L*(Q),



where we have denoted by z the (strong) solution of the following problem:

zt — Az = h(z,t) in Q,

0z
3= 0 on 3,
z(z,0) =0 in Q2.

We will argue as follows. Let us first estimate the second term in the left hand side of (1.5),
ie.

24 / / e 2 &% |o|* dz dt.
Q

(1.17)
To this end, we will deal with techniques inspired by the arguments in [6].

Thus, let us see that the term in (1.17) can be bounded by the right hand side of (1.5), i.e.

s3>\4// e~ g3 ot dedt < C(Q,w) (// e 25| f112 dz dt
Q Q

+32)\2//Q R [f2|2dmdt+s/\//2 e 2 ¢\ f312 do dt

(1.18)
+s3A4 / / e 2% e31p|? dr dt
wx(0,T)
for a good choice of the parameters ) and s.
Let us consider the following constrained extremal problem:
Minimize E // €25 2|2 4 573274 // e 73 |2 dz dt
2\JJq | wx(0,T)
subject to v € L%(Q) and
_ _ 334,250 ¢3 : (1'19)
2t — Az =35"Ne &l +vl, in @,
g% =0 on X,
z2(z,0)=0, 2(z,T)=0 in Q.

Here, s and X are chosen like in lemma 1.

By virtue of Lagrange’s principle and arguing as in [6], we are led from (1.19) to the next
optimality system, which is of fourth order in space and second order in time:

L(e™#* L*p) + Ate 223pl, = PNl 23y in Q,

(e *L*p) 4o = (€7 L*P) ey = 0 in Q.

Here, £ = 0; — A is the heat operator and £*
to (1.20) (in an appropriate sense), then

—8 — A is its formal adjoint. If p is a solution

T=—s3X e 223p1, and Z=e 2L (1.21)

41
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solve (1.19).
Let us show that (1.20) has a unique weak solution. To this end, we are going to rewrite this
problem as a Lax-Milgram variational equation. Let us introduce the space

Xo———{zGCQ(-Q):-g—Z:OonE}

and the norm || - ||x , with

lal% = // e™2% | L*q)? da dt + s°2\* // e™ 2% ¢3 g da dt
Q wx(0,T)

’

for all g € Xg.
Due to lemma 1, || - || x is indeed a norm in Xy . Let X be the completion of X for the norm
| - llx - Then X is a Hilbert space for the scalar product (-,-)x , with

(p,9)x = // e 2% (L*p)(L*q) da dt + s3A* // e 2 3 pgdade.
Q wx(0,T)
With this notation, system (1.20) is equivalent to find a function p € X such that

(pa)x =4q) Vg€ X, (1.22)

where

€(q)=s3)\4// e 223 pqdrdt Vge X.
Q

Of course, (1.22) is equivalent to another extremal problem

1
Minimize —2-(q, Q)x —£(q)
subject to g € X.
By virtue of lemma 1, one can easily check that £ € X’. Consequently, one can apply Lax-
Milgram lemma and deduce that there exists a unique solution to (1.20).
Let us now take
‘ h = s3Xte 2234 1+ 71,
in (1.16). This gives

53/\4// e 2 g3 ol dwdt=// fl?dmdt—// f2-Vzdedt
Q Q Q
+// f32dadt—// pvdzdl
b wx(0,T)

(recall that ¥ and Z are given by (1.21)). The idea of the proof of (1.18) is to bound 2z, VZ and
¥ in Q and the trace of Z on ¥ in terms of the left hand side of (1.23). For this purpose, we first
multiply the equation in (1.20) by p and integrate in @, which gives

(1.23)

llpl% < el llpllx
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and, consequently,

ol = [ e ardaarvs ot [[ e ppasa
Q wx(0,T)

(1.24)
< cﬁx‘// e 3102 d dt,
Q

for A > X(Q,w), s > 7(Q, w) (el T T2). This provides the desired bounds of Z and 71,, .
Let us now multiply the equation satisfied by Z by s~2A~2e25*¢~22 and let us integrate in
@. After integration by parts, we obtain:

L2y / / 62305—22|212dmdt+s—2x2 / / 2522 |\VZ? da dt
2 o ot 0

—s7IA7L // e?2e1yn . V|22 de dt
Q

—2572\7t / /Q e? 72 (v . V3) Zdz dt

= sA? / / EpZdrdt+ s 2\72 / / e** 253 dx dt,
Q wx(0,T)

sT2AT // e 72\ VP dodt — sTIAT // 23%- "|2dadt
— T em2y—2 Y r25a ¢—2) 1512
= 25 A //Q 87:(e E74) |z dz dt

—s7Ixt // V(227 |22 dx dt ' (1.25)
Q

whence

2572271 / / €2 ¢ 2’ . VZZdr dt + s)\? / EpZdrdt
Q Q

+572)\ 72 / / €2 ¢ 253 dx dt.
wx(0,T)

We need now some estimates concerning the weight functions in order to preserve explicit
bounds in s, A and 7. Notice that

_%(6230: §—2) _ —-2(T _ 2t) e—/\no 6230(3 e,—/\no (62)\“7]0“00 _ ez\n‘)) _ 5—1)

< CTe2sa(62)\||n°]|°° s+ 5—1) < CT se25e 62)\||770||°° ,
where we have taken s > CT?. More generally, observe that, for any fixed m, one also has

V(X E™)| < Cr(Q,w) s A 25 g™l (1.26)
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whenever s > C T2. Indeed, we have
V(e®*¢™) = 22 A VL €™(25 €+ m) < C(Q,w) eX* AE™(sE+ 1)

and, taking into account that
2

CséE>1 forsZE,

we directly get (1.26).
Turning back to (1.25), we obtain

0
sT2\72 // 2% =2 |22 dg dt — s7IA™! // e2ag=1 9N 122 o 0
Q b an
< C(0,w) (m-lx%wn"nm / / €2 312 g dt
Q
+// e2m|2|2dxdt+s—1x1// e? ¢z dr dt
Q Q
+572 // e g2 |2]2dacdt+52)\4// e 2% 2 |2 de dt

sTANT // 25"54[|2dxdt>+ ~sTINT // > ¢72|Vz? dz dt,

where we have taken s > C T?. Now, we take into account (1.27) and we deduce that

—2)\—2 // 23016 2 |v’z}|2 dr dt — -—1)\ // 230(&- 1 ’\12 do dt
< C(Q,w) (// > |Z2)2 dr dt + s>\ // e 25 3|2 de dt
Q Q
s34 / / e 731712 dz dt>
Q

for any A > C(Q,w) and any s > C(€,w) (2Nl T 4 T2).

(1.27)

From (1.14), this gives an estimate of the gradient and the trace of Z in terms of Z, 71,, and

@. In-view of (1.24), we now have

/ / e |22 d dt + s72A 2 / / e ¢72|V2)? da dt
Q Q

+s‘1/\"1// e?sael |a2dadt+s—3x4// e ¢=3 |5)? dz dt
p) wx(0,T)
< C(Q,w) sA? // e 25 &3 )2 da dt
Q

for A > C(Q,w), s > C(Q,w)(e2Mm’lee T 4 T2).
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It suffices to combine this inequality and the identity (1.23) to deduce (1.18).

Let us now show that

sA2// e~ 2% ¢ |Vl? dz dt < C(Q,w) (// e~ | 1|2 d dt
Q Q

+S2/\2 //;2 e—2sa'€2 |f2l2 dl‘dt-{-s)\//z e—2sa51f312 do dt (1.28)

+s3X¢ // o e~ 252 3 dxdt) .
wx (0,

To this end, we now have to use not only that ¢ is a solution by transposition but a weak
solution as well. More precisely, let us take

v = sA7e7200E (- o, 1)

in (1.12). Then, let us integrate in (0,T) and let us perform integrations by parts similarly as
we did before. We get:

~ls)\2 // e 2sag 2|<p|2 dx dt 4 s\? // e 2% |\Vol? da dt
2 0 ot Q

+5A2 // V- V(e %% ¢) pdz dt
Q
=3A2// e_2sa§f1<pdmdt—s)\2// fa- V(e ¢ ) dz dt
Q Q |

+5A2 // e~ 2% ¢ fapdo dt.
=

We integrate by parts again and we obtain

sA? / / e~ 2%¢ |Vp|? dx dt
Q

=398 [[ @ elePdsde- o3 [[ VoV ) pduar
Q Q
+5)\2 // e 2% fi pdrdt — sA? // fo - V(eTP*¢) pdzdt
Q Q

—sA2 / / fo- Ve 2% dpdt + sA\> / / e"25¢ fa pdo dt.
Q o
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In view of (1.26), we find:

sA? / / e~ % |Vy|? dr dt
Q
< C(Q,w) (Ts2)\262)‘”’70”°° // e &3 |o|? dz dt
Q

+s324 // 6_230‘53{90[2da:dt+// e | f1|2 da dt
Qe e

+s2>\4// e g2 ]go[zd:cdt-l-s)\Q// e ¢ | fyl* da dt
Q Q

s/\// e 25%¢ | f3)2 do dt + sA® // e ¢ o do dt)
= : z

1
+ =5\ // e~ 25%¢ |Vp|? da dt,

2 Q

where we have taken s > CT? and A > C. Making several simplifications, we easily see that

) _
sA? // 6_23"‘5\V90|2dxdt§0<s3)\4 // e 252 &3\ du dt
Q Q

+//Q 6_23"|f1|2dxdt+s2/\2//Q e~ 22 e2 | fo2 da dt (1.29)

+3A// e_23°‘§|f3|2dadt+s)\3// e~ ¢ o2 do dt),
\ P =

for s > C(e2M°lls T 4 T2) and A > C, whence (1.28) follows easily.

Let us finally estimate the trace of ¢ in terms of ¢ and V. Notice that
—52)3 // e 222 (V. V) pdz dt
Q

1 2y3 —2sa 2 010 2

== — dt
28)\//26 §6n|<p]da

+—;-s2>\3 // V- (e72 2 VnP) || dx dt.

Q

Taking into account (1.14), the following is found:

s2A3 // e 2522 |02 dodt < Cs? A3 // |V - (7222 Vn0)| ||* dz dt
z Q

+C (33,\4 / / e725% 3o d dt + sA? / / 6_230‘§|V<p]2dmdt>
Q Q

<C (sB/\4 // e~ 22 g3 o dz dt + sA? // e~ 2% |Vy|? d:vdt) ,
Q Q
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with s > C(T +7T?) and A\ > C.
This last inequality, together with (1.18) and (1.29), provides (1.5) and permits to achieve
the proof of theorem 1.

3. Controllability of the linear system

This section is devoted to prove theorem 2. This will be a consequence of the Carleman
inequality (1.5). ;

We will start with an explicit bound of the weak solution to the linear problem

yt~Ay—+—B(x,t)-Vy+a(a:,t)y=f(ac,t) iIlQ,

dy

= by 1.30
3 + Bz, t)y=0 v on X, ( )
y(z,0) = yo(x) in £,

where f € L%(Q), v° € L?(Q) and (1.2) is fulfilled. Then, we will use this result in combination
with (1.5) to deduce the observability inequality (1.8) for the solutions to (1.6). Finally, we will
end the proof of theorem 2 in a classical way, using this observability inequality.

Proposition 1 Under the previous assumptions, the weak solution to (1.30) satisfies the esti-
mate .

lylly < eCT QHllalleotiBISHIBIS) ()| £l 120y + 9%l 22e) (1.31)

for some constant C > 0. Here, Y is the usual energy space:
Y = L*0,T; H'(Q)) N C°([0, T); L*(%)).

Proof: The existence and uniqueness of a solution to (1.30) is well known. Furthermore, the
following identity can be deduced for each ¢ € (0,7') in a standard way:

1d ;
2 [a@oPas+ [ 19y 0P+ [ panlya)ldo
2dt Jq Q a0
+/ B(z,t) - Vy(z,t) y(z,t) de + / a(z, t) [y(z, t)|? dz (1.32)
Q Q
= / f(z,t)y(z,t) dz.
Q
We will now use the following trace estimate for the functions in H(€Q):

[ witas <o ( [+ 19 d:z:) v ( / m%) v s

Yu € HY(Q),

for some positive C = C(£2). This inequality can be proved arguing first for regular functions in
a dense subspace of H({2) and then passing to the limit. For a regular function u, (1.33) is very
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easy to establish when Q0 = RﬂY . Then, a standard localization argument leads to the proof in

the case of a general domain .
In view of (1.32) and (1.33), we have:

1d
14 / ly(z, ) dz + / Vy(a, O de

< —/QB(x,t)-Vy(;v,t) y(z,t) dr — /Qa(:c,t) ly(z, )| dz

+ /Q £z, 8y, 8) dz + C|Blloo G, Dl ey N Dl 22y
Combining this and Young’s inequality, we obtain:
8 gy + Ty DI
ge WA i) TV Pl o)
< O((1+ lalloo + IBIZ + IBIZ Iy ( D2y + 1 £ D)

for all t € (0, 7). From these estimates, it is not difficult to obtain (1.31).
This ends the proof.

The announced observability estimate is proved in the following result:

Proposition 2 For every ¢° € L?(Q), the associated solution to (1.6) satisfies the observability

inequality
// o> dzdt < K// lo|? da dt. (1.34)
Qx(T/4,3T/4) wx(0,T)

for a constant K of the form
1
K =exp{C(1+ 5+ all25® + 11 BlIZ + 118113)}- (1.35)

Proof: Let ¢° € L?(Q) be given. Notice that the corresponding ¢ solves (1.4) with
fi=—apeL*Q), fo=wBeLlPOT;LXD)Y), fs=-BpeL*(X)

Thus, we can apply theorem 1 to ¢ and deduce that

// 6_2“'(3)\2§|V<p|2+s3)\4§3l<p|2)da:dt+s2)\3// e™25% &2 |p|? do dt

Q by

< 0@ (ol [ ot asar+ 22 BIE [ eroeipPasa
Q Q

+s M IBI1% //2 e~ ¢ o do dt + s32* / e 2523 |2 da dt>

wx(0,T)

for any A > X and any s > g(e*M’lloT 4 T2),
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We will now try to eliminate the global terms in the right hand side of this inequality by
making a convenient choice of the parameter s.

Taking s > C T2 (|jal|24® + || BJ%,), we see that

o (2RI [[ e ol do s + ol [ e o da i)
Q Q
< ST // e 252 3 o2 du dt.
2 Q

On the other hand, taking s > C T?||8||%, , we find that

Cs)8I% // e ¢ |p|? do dt < %s2 A3 // e 252 ¢2 |2 do dt.
= 2

All this leads to the estimate

// e2sa g3 |<p]2 dedt<C // g 25 {3 |<p]2 dz dt,
Q wx(0,T7)

which holds for A > X and s > (el T+ T2(1 + ||a||Z2® + | B|Z, + I8I1%))-
Taking into account the properties of the weight functions as well as the choice of s and A
we have made, it is not difficult to realize that the function

t — exp (—23 méﬁ)(a(t)> min £(t)3

€ z€Q

reaches its minimum in (T'/4,37/4) at t = T/4 and that the function
t > exp <—25 min a(t)) max £(t)3
z€Q z€Q

reaches its maximum in (0,T) at t = T/2. With this, the previous Carleman inequality directly

gives
T T
// lo|? de dt < exp{ —2s <m1na( =) — mixa(z, —))}
Qx(T/4,3T/4) 2 zeQ

X mm{(m, ——) 3 max§ // |2 dx dt,
z€ wx(0,T)

for the same choice of the parameters s and A.
Now, taking A = X and s = 5 = 5(e#*I"°le T 4+ T2(1 + ||a}2® + | B|% + [|8]|%,)), we have

/ / o2 dz dt < C(Q, w) S F/T° / / liol? da dt,
Qx(T/4,3T/4) wx(0,T)

which gives (1.35) and (1.34).
This ends the proof of proposition 2.
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Let us now finish the proof of theorem 2. We will apply a well known argument that has
already been used in several similar situations (see [3] and [5]).
Let us introduce a function n € C*°(0,T'), with

n(t) =1 fort € (0,T/4), n(t)=0 fort € (3T/4,T)

and
In'(t)] < C/T for t € (0,T).

Let x be the weak solution of

Xt — Ax + B(z,t) - Vx +a(z,t)x =0 inQ,

Ox _ )
5, TO@)x=0 on ,
x(z,0) = y°(z) in Q.

and let us put y = w + nx. If y is the state associated to v, i.e. the solution to (1.1), then w

satisfies
wt — Aw + B(z,t) - Vw + a(z, t)w=—n'(t) x + vly, in Q,
%% + B(z,t)w =0 on %, (1.36)
w(z,0) =0 in Q.

Our task is to find a control v € L2 (w x (0,T)) such that the associated solution to (1.36)

satisfies
w(z,T)=0 in . (1.37)

After this, just taking y = w+mny we will have proved our result with a control in L?(w x (0, T)).
For each € > 0, let us consider the functional J, , with

1
R =5 [ lePdvdir el - [ dxodsa
2 JJuxo1) Q

v e L2(Q),

where, for each ¢° € L2(Q), ¢ is the solution to (1.6) associated to ¢°.
It is clear that
‘PO = JE(‘PO)
is a continuous, strictly convex and (in view of (1.8)) coercive function on L?(f2). Consequently,
it possesses exactly one minimizer ©0 and it is not difficult to check that ¢Q = 0 if and only if
the solution w to (1.36) associated to v = 0 satisfies || (-, T)|lL2) < €.
Let us denote by ¢, the solution to (1.6) associated to <p2, let us put

Ve = Pelu
and let us denote by w, the solution to (1.36) associated to the control ve. Then

lwe(-, Tl 120 < & (1.38)
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Indeed, it is not restrictive to assume that ¢? # 0. Accordingly, J; is differentiable at ¢ and

(Jé((pg),cpo)Lz(Q) =0 Ve L}(Q).

That is to say,

// pepdzdt + (¢ e ,sao)z,z(m—// n xpdzdt=0
wx(0.T) 12|l 2 Q
ch € L*(Q).

// Pe pdx dt ~ // 1 xpdzdt = (we(-, T),0%) 12(0) »
wx(0,T) Q »

)y Ve € LA(Q),

Since

we have
(we(-, T), ©°) 2 () = —(e
which implies (1.38).
Since Je(4Q) < J.(0) = 0, we also have

P
1020 22 ()

”UEH%Z(wx(o,T))

1/2 1/2
< (// |pe|? da dt) <// |77'X|2dwdt> .
Qx(T/4,3T/4) Qx(T/4,3T/4)

From proposition 2 and the definition of v., we deduce now that

) |
Iollaniomy < 5K ey (ff

and, using proposition 1, we have

1/2

vellz2wx o,y < CEY?lIxlly < H 9% 22(0) » (1.39)

where the constant H is as in (1.11).
Consequently, v1, and w, are uniformly bounded in the spaces L%(w x (0,T")) and

Z = {we L0, T; H(Q)) : w; € L2(0, T; H-(Q))},

respectively. Obviously, we can extract sequences converging weakly to a control vl,, and the
associated solution w of (1.36), with

w(z,T)=0 in Q.

We have thus proved the existence of a control v € L?(Q) such that (1.10) and (1.37) are fulfilled.
This ends the proof of theorem 2.
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Appendix: Proof of lemma 1

We divide the proof in three steps:
1 - First, we set ¢ = e™°* ¢ and we prove the following inequality:

/ /Q (s7H €7 (hl? + JAWPR) + 5 A2 € [Vpf? + 57 A% €2 pP?) o
—253 A3 // |vn°12§3a—"0|¢|2dadt—4s,\2/ |vn0|2§@¢dadt
—4s /\// 5' do dt+2s/\// o —— ¢ |Vy|? do dt

+2// —wtdadt—2s )\// o —— §[¢|2d dt
gc(//@ e~ 2% | £12 dr dt + 53 N4 //wX(OT) £3|1,b|2dcz:dt>

for A > C(Q,w) and s > C(Q, w)(T el 4 T2),

2 - Then, we set 1/; = e7%% g and we prove that

// SLENGR 4 |ADR) + 5 X2 E[THE + 5P A ER PR dodt
O - 90 -
+25% X3 //Z |vn°|2§3ain|¢;2dadt—4s,\2 /[: |Vn0|2£%¢dodt
+4s)\// —§ —
0 - 2 L O 2 o
+2//2%¢tdadt+2s )\//E ata—n§]¢| do dt
gc(// e 2% | fI2 dx dt + s3 A // 53|¢|2dmdt>
Q wx(0,T)

on° - 712
dodt—2sA —¢|Vy|*dodt
by 87’&

(1.40)

(1.41)

for any A > C(,w) and s > C(Q,w) (el T 4- T2). Here, £ and & stand for the functions

e—M(@) Mmoo _ =20 (z)

(l‘ t) -(T'_—t)_ y &((E,t) = t(T—t)

3 - Finally, we add the previous two inequalities and we come back to the original variable .
This will give the desired inequality (1.15).
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STEP 1: Let us put ¢ = e **gq. Since —q; — Ag = f, we also have
My + May = F, (1.42)

where

My =25 X2 E |V + 25 A E V" - Vo — ¢,
Motp = —s2 222 |\Vn° Py — Ay — sy 9,
F=e2f—sXeA Y +5sX2€|Vn°2 .
From (1.42), we have that

1M1pl[72 gy + | MatbllFa(gy + 2(M1%h, Ma) 12(@) = 1F 72y - (1.43)

The main idea is to expand the term 2(Miy, May)12(g) and use the particular structure
of a and the fact that s is large enough in order to obtain large positive terms in this scalar
product. Denoting by (M;y),; (1 < i < 2,1 < j < 3) the j-th term in the above expression of
M, we find that

(M), Myp) 2y = D (Mi)s, (Ma%);) 12() -

1<i,j<3
Let us compute each of these terms.

First, we have
(M1)1, (Mawh)1)2(g) = —25° A //Q |Vn°|* €2 9[* dz dt = A.
Then, |
(), (M) = <25\ [ [ (VPP (900 ) ptwat
= 353\ // (V04 &3 [9|? da dt + 53 A3 // AR |Vn? €3 |y)? da dt
Q- Q
4253 A3 // 8i77° Bijno ajT]O 53 |¢|2 dz dt
Q
o
~s3 )3 // |vn°|253-a—n-|¢|2dadt= By + By + B3 + By.
=

We clearly have that A+ B, is a positive term. As a consequence of the properties of n (see
(1.14)), we have

314 014 ~3 2 3A4 3 2dd
EP //Q!anélwl ddt> Cs //Qem 2 di

—C 3 / / €3 1w dz dt
w'x(0,T)
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for some C' = C(f,w). The first of these last two integrals will stay in the left hand side and
the second one will go to the right.

The boundary term By will also stay in the left hand side, while By and Bs will be absorbed
by simply taking A > C(Q,w).

We also have

(1003, (M) gy = 2 [ /Q VP2 €2 g s dt

=~52/\2// ]Vn0|2§€t[¢|2dxdt§C32A2T// & Y2 dx dt,
Q Q

which is also absorbed by taking A > 1 and s > C(Q,w)T.
Consequently, we obtain

(Myp, (Ma)1) 2@y = (M) + (Mrgp)z + (Mry)s, (Mav)1)12(0)

0
> O 53\ //Q &y dwdt - 5° A7 //Z viPe %% ol do dt (1.44)

—C s\ // &3 |¢)? da dt,
w'x(0,T)

for any A > C(Q,w) and s > C(Q,w) T.
On the other hand, we have

Mi)r, (M. 20y = —25 A2 VP2 € Ay de dt
(M), (Ma)2) () = —25 //{52 79°) o
9
=~23/\2/[2 |Vn0|2§5%z/)dadt+2s>\2//Q [Vn0|2 & |Vep|? de dt

+4s)\2// amoaijnogajwdxdwsﬁ// VP2 & Vil - V)2 da dt
Q Q

=Ci+Co+Cs3+Cy.
We will keep C; and C; in the left hand side. For C3 and Cy, we have

03gcsxl//ngy?dxdt+Cs//Q§|v¢|2dxdt

and

Cy < 082/\4// €2 |¢l2da:dt+0/\2// |Vap|? dz dt.
Q Q
Therefore, by taking s > C T2, we find that

cl+02+03+c42—25v// |vn°|2gg—:f¢dadt

=

+25 A2 // IVnd|2§|V¢|2dxdt—Csz X‘// €2 || dz dt (1.45)
Q Q

_ 2 2
C’//Q(s£+/\ ) V|2 da dt.
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We also have

((My)2, (Mat)2) 12(g) = —25 A / /Q £(Vn° - Vo) Ay dx dt

_ on , | oy
+25>\2// §|Vn°-V1/J|2dxdt+s)\// EVR° . V|VY|? dx dt
Q Q

=D1+Ds+ D3g+ Dy.

2
do dt 4 2s )\ / / 0in° & By Oy dz dt
Q

As before, we will keep the boundary integral D; in the left hand side. Also,
Dy < CsA// €| Vy|? dz dt.
Q

Moreover, D3 > 0. After some additional computations, we also see that
0 2 an° 2
Dy=3s\ EVN - V|VY|*dzdt = s A &E— |Vy|“dodt
Q b3 8n

—s)\2//Q lvn°|2§|vw|2da:dt—s)\//Q An° €|Vy|? da dt
= Da1 + Dygg + Da3 .

Now, we keep once more Dy in the left and we notice that Dys can be bounded in the same
form as Ds.

Consequently,
by Bn an
0
+s A // ?17_. £ |vw|2 do dt — 5)\2 // |V770|2§|V1M2 dax dt (1.46)
s On 0 '

——C’s)\//Q§|V7J)|2dxdt.

Additionally, we find that

((Ml'(/))?n (M2¢)2)L2(Q) = /-/Q vy Ay dxdt

._-//E g—:fwtdadt=E,

which will stay in the left hand side.

(1.47)
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From (1.45)-(1.47), we deduce that
(M1y, (Mah)2) 2(g) = (M1)1 + (Mi)2 + (May)s, (M2y)2)12(0)

> 5 \? // |V770[2§|V¢[2dccdt—25)\2/ |vn°|2§g%¢dadt

——25)\ E]

dodt+s A// §|V¢|2d dt

+//25;1/1tdadt—032/\4/-/6952\¢l2dxdt
—G//Q(sA5+A2)1V¢|2da:dt

for any A > 1. Hence, we have the following for any A > C(Q,w) and any s > C(Q,w) T%

(M1, (M2v)2) 12() 2 C's)\z/ £V dz dt

—25)\2// |Vn°2 ¢ 5”b¢dadt 2s A// ‘ do dt
(1.48)
on° 2 oy
+s)\/[: o & V| dmdt—l—//z o Py do dt
—052)\4// 2 |y|2drdt — C s\ // £ |Vy|? dz dt.
: Q w'x(0,T)
Let us now consider the scalar product
(My)1, (Mah)s) 12(q) = —25° A2 / / (V71 i & [ da dt
@ (1.49)

< C(Q,w) Ml 52 327 / & y|? dx dt,
Q
Obviously, this will be absorbed by the term in s3A* in (1.44) if we take A > 1 and s >

O(Q, w) 62)‘”770”00 T

Furthermore,

(M), (M) 120) = -2 [ / o€ (V0 - V) da dt
=—s ,\// Qp —— §|¢[2dadt+s 22 // o VP12 € 9|2 da dt

+ 52\ // Vay - VP & |o|? dz dt + 5% A // o AP € 9|2 dz dt.
Q Q
With X > 1, the last three terms in the left hand side can be bounded by

C(Q, w) Mlee 2327 / €3 |yl da dt.
Q
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Thus, we have

(M1e)2, (M2v)3)12(q) = —5 A// o £|¢|2d dt
(1.50)
—C Ml g2 /\2T/ €3 || de dt
Q

Finally, we have

((wa)s,(Mzw)a)Lz(Q)=s// o e 1 dz dt
¢ (1.51)
< Ce””""“ws:n?/ € [y d dt,
Q

since

ay < C Moo 2(1 4 T2 ¢) < C 2P lloo T2 63,
From (1.49)-(1.51), we deduce that, for A > C(Q,w) and s > C(Q,w) 2"’ T, one has

(M1, (M2v)3) 12(g) = (M) + (Miy)2 + (M), (M2v)3)12(q)

1.52
_>_G—Cs3)\2// €3 ||? du dt, (1.52)

where

0
G:—sQ)\//Eat%nT—l-flv,blzdadt.

Taking into account (1.44), (1.48) and (1.52), we obtain

(M1, May) 2y = C / /Q (s X2 E VY + s° XN &3 p]?) dzdt

0
—33,\3// |vn°|2§3ai|w]2dadt—2s,\2// |Vn°l2§8—¢wdcrdt

—9s )\// gl do dt—i-s)\// 5 §1V¢|2d dt
//—wtdadt—s A// at—§[¢|2dadt

_ 2 2 3463 (012 d d
C//w/x(o,n(“ £V + 5° M€ [P?) do d
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for any A > C(,w) and s > C(Q, w) (el T 4+ T2). Using (1.43), this gives

181391122y + 1M23] 72y + / /Q (s A2 €|V + 8* M €3 |yl?) da dt

+2(Bs+C1+ D1+ D+ E+G) < C (IFlida(q

{LsA?//u}/X(OT)g]w]?ddes3 Xi//ufx(on ¢ lez)dwdt)
5C’(//Qe‘zw]f[2dxdt+52/\4//Q§2|w|2d9:dt |

+3A2// §|V1/)|2da:dt+s3)\4// €3 |w|2)dxdt>.
W' x(0,T) w'x(0,T) )

Thus, we also have

1Ml 320y + 1Mo T2 () + / /Q (s X |VY + s° M &3 [yf?) de dt

+2(By+C1+ D1+ Dy +E+G)<C (// e~ 2% |f|? dz dt (1.53)
Q

+s)2 // E|VYPdrdt + s3 X4 // £3 [¢)?) dz dt>
w! x(0,T) W' x(0,T)

for A > C(Q,w) and 5 > C(Q,w)(e2A’lee T 4 T2),
The next step is to try to add integrals of |At|? and |44|? to the left hand side of (1.53).
This can be made using the expressions of M;v (i = 1,2). Indeed, we have

st //Q £t |1/)t|2dxdt50<s)\2 //Q§|V¢|2da;dt

+sA4 //Q &) dx dt + |]M1'l/f”]242(Q))

and

571 //Q ¢! |A¢;2dxdtgc(s3,\4 //Q €3 9|2 de dt

1572 ANIllos //Q &3 |9 de dt + lIMzwll?ﬂ(Q))
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for s > C'T?. Accordingly, we deduce from (1.53) that
] (7 P + 1802 + 5 02 € 196 + 55 X €2 u?) d
Q

+2(Bs+C1+ D1 +Dun+E+G)<C <// e | f|? de dt (1.54)
Q

+5 A2 // E|VY|2 dz dt 4+ s° X4 // €3 19)?) dx dt>
w'x(0,T) w' x(0,T)

for A > C(Q,w) and s > C(, w) (e llee T 4 T2).
We are now ready to eliminate the second integral in the right hand side. To this end, let us
introduce a function 8 = 6(z), with

peCiw), #=1ind/, 0<6<1

and let us make some computations:

s A2 // E|VY|Pdrdt < s\ // 0 ¢ | V|2 dr dt
w’'x(0,T) wx(0,T)
= —sA? // 06 AY Y dedt — s N2 // €(VO- V) bdxdt
wx(O,T) wx(O,T)

)3 0, ded -1 LAy dx dt
sA //WX(O’T)eg(vn Vy)pdzdt < s //WX(O,T)E |AY| dz

+C <s3)\4 // €3 |Y|? da dt + s A* // §|¢[2dmdt>,
wx (0,T) wx(0,T)

where we have used that A > 1. In view of this estimate, we deduce that the integral on |V4)|?
of the right hand side of (1.54) can be suppressed if the last integral is performed in the slightly
greater set w x (0,7"). From (1.54) and this remark, we deduce (1.40).

STEP 2: The proof of (1.41) is very similar to the proof of (1.40). We will only sketch the main
points.
We start from the identity ) o
My + Moy = F,
where o . - o
My =25 X2 |V 2 Eqp — 2s NEVRL - Vb — 4y,
My = ~s* N[V €29 — A — s,
F=efrsXEAL Y+ s\ VP2 €.
We then have

1M 32 ) + | M3 ) + 2(Mih, M) gy = 1Pl F2g) - (1.55)
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After a lengthy computation, we find that
(b, )10y 2 C [ [ (sNEIVIP +6° 04 17 d
Q
+2(By4+C1+ D1+ Dy + E+G)
—0// (s\2EIVPE + 3N E3 1)) da dt
w'x(0,T)
for any A > C(Q,w) and s > C(Q,w) (2"l T 4 T2), where
-~ ~ O -~
Ba=s0 28 [[ (9P €0 S (iR do
b Bn

C~’1=—23/\2//Z[V770|2£g—fz/;dadt,
51225)\//%%
// Yidodt, G =s? /\//at & 9|2 do dt.

This, together with (1.55), gives

~12 0 5 ’
) dodt, Dy = —s)\// O £\ dsdt,
8 b 8n

n

1M1 22 + I1M2Bli32g) + [ [ (s N EIVHP +5° 2\ €3 [9]%) da dt
@ Iy

+2(By+ C1 + Dy + Du + B +G) < O (I1F3aq) (1.56)

+5 A2 // E|VY[2dadt + 2 M\ // & my?)dxdt) .
w'x(0,T) w’' x(0,T)

With similar arguments to those in the first step, we can now assume that, in (1.56), || F||? 12(Q)

is replaced by
// e 25 | f|2 dx dt

and || M), 2g) + ||M21/)||L2(Q) is replaced by
// sTLEN (G + [ADP) de dt.
Q

Finally, for A > C(Q,w) and s > C(Q,w) T? large enough, we can replace the integrals of | V4|
and [1|? in the right hand side by

3 \¢ €3 12012 dz dt.
: //wx(O,T)E le :
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This yields the estimate (1.41).
STEP 3: Now, let us add the inequalities (1.40) and (1.41) and let us check that all the integrals
on X can be simplified, so that there will only remain integrals in Q

Since n° = 0 on 09, we have
£=¢ a=a and ¢=1vY on. (1.57)
Consequently, Bs + By =0and G+ G =
Let us see that . v
oY o
Y- Yy 1.58
on an " > ( )
From the definitions of ¥ and ¥, we have
3 (1.59)

Op = e (9ig+ s A0’ €q), 0 = e= (g — s XD Eq),

whence .
Bw 87} _ oY 67] —sd

b sag = s ¥
5, = SA f 5 SA—— § e °%gq on

and we certainly have (1.58). 5 5
We deduce from (1.57) and (1.58) that C1 +C1 =0, D1+ Dy =0and E+E =0
e 0 —

On the other hand, since ¢ satisfies a zero Neumann condition and 7° = 0 on 0§2, we also

have
IVy[> =|VY* onZ,
whence Dy + Dygy = 0.

With all this, we obtain
[ € 109 E R + AT dedi

s A2 V| + €|VY[?) de dt
s //Q(éi W +EIVHP) da
453 [[ (0P + 89 duat
Q
314 3 2 c31.712 dz d
so<s A //NX(O’T) (€2 wl? + &2 [9f7) dwas

+ / /Q (e 4 7 25%) | f]2dxdt>,

for A > C(Q,w) and s > C(Q,w)(eMN°llee T 4 T2),
From the definitions of £, £, a and &, we have
£<¢ e <e™ nQ,

(1.60)
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so (1.60) yields

//Q ((sO) 7 (e +1A%?) + s A2 ¢ [Vl + s M €3 |9)?) dedt

<cC (// e 2| f|2 dedt + s X4 // §3|w|2da:dt>,
Q wx(0,T)

for any A > C(Q,w) and s > C(, w) (el T 4 T2),
We finally turn back to . For the moment, we have

st //Q €71 (Jwel* + | AY[?) dxdt

45 )2 //Q§|V¢|2dxdt+s3)\4 //Q e 252 3 g|? dx dt (1.62)

<C (// e 25| 12 da dt + s> A4 // e 25 g3 |q|2da:dt>.
Q wx(0,T)

Using (1.59), we find that

s \2 // e ¢|Vgltdodt < C s\ // € |V|? dz dt
Q Q
+C 83\ // e~ 25 g3 |g|? dz dt.
Q

Accordingly, the previous integral of |Vq|? can be added to the left hand side of (1.62):

571 //Q 71 oy da dt + 571 //Q §‘1|A¢-|2dxdt

+5 22 // ¢|Vql2dedt+ s X4 //Q e~ 22 €3 1q)? da dt
Q

<C (s // g2 gl |q|2d:vdt+// e—23a|f|2d:cdt>.
wx(0,T) Q

For Agq, we use the identity
Ay =e**(Ag+sAAn Eq+ s X2 |VRPPEq
+2s A EVRY - Vg + s2 X2 V0122 q)

st // e 2t |Aq[2d9:dt§0<s_1 // Y Ay2 da dt
Q Q
+5\? // e 2% ¢ || dz dt + s \* // e3¢ g2 dz dt
Q Q

+s)\2// e~ 2% ¢ |Vq|? da dt + s° \* //Q g2 g3 ]q|2dxdt).
Q

(1.61)

and we obtain
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Finally, for g;, we get

st // T 1|qt|2dmdt<CQw)< // e l? ddt
+s e4/\”7] ”c(ﬁ) T2 // e—2sa 63 |q|2 dr dt) ,
Q

where we have used the identity
@ = e** (Pt + s ).

Thus, taking A > 1 and s > C’(Q,w)(e”‘”"O”C(ﬁ) T + T?), we are able to introduce all terms of
I5A(g) in the left hand side of (1.62). This yields (1.15) and concludes the proof of lemma, 1.
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Exact Controllability to the trajectories of
the heat equation with Fourier boundary
conditions: The semilinear case

E. Fernandez-Cara, M. Gonzdlez-Burgos, S. Guerrero y J.-P. Puel

Abstract

‘This paper is concerned with the global exact controllability of the semilinear heat equation (with
nonlinear terms involving the state and the gradient) completed with boundary conditions of
the form g% + f(y) = 0. We consider distributed controls, with support in a small set. The null
controllability of similar linear systems has been analyzed in a previous first part of this work.
In this second part we show that, when the nonlinear terms are locally Lipschitz-continuous and
slightly superlinear, one has exact controllability to the trajectories.

1. Introduction

Let ¢ RY (N > 1) be a bounded connected open set whose boundary 8Q is regular
enough (for instance 92 € C?). Let w C Q be a (small) nonempty open subset and let T > 0.
We will use the notation @ = Q x (0,T) and £ = 8Q x (0,T) and we will denote by n(z) the
outward unit normal to {2 at the point z € 6.

We will consider the semilinear heat equation with nonlinear Fourier (or Robin) boundary
conditions

ye— Ay + Fy, Vy) =vl, in@Q,
g.% +fly)=0 on X, (2.1)
y(x,0) = y°(x) in Q.

Here, we assume that v € L?(w x (0,T)) (at least), 1, is the characteristic function of w,
¥ e L®(Q) and F: Rx RN — R and f: R — R are given functions. In (2.1), y = y(z,t) is
the state and v = v(z, t) is the control; it is assumed that we can act on the system only through
w x (0,7).

For the existence, uniqueness, regularity and general properties of the solutions to problems
like (2.1), see for instance [1], [2] and [7]. An illustrative interpretation of the data and variables
in (2.1) is the following. The function y = y(z,t) can be viewed as the relative temperature
of a medium (with respect to the exterior surrounding air) subject to transport and chemical
reactions. The parabolic equation in (2.1) means, among other things, that a heat source vl
is applied on a part of the body. On the boundary, ~%n’i can be viewed as the normal heat fluz,
inwards directed, up to a positive coefficient. Thus, the equality

Oy

_8_n=f(y)
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means that this flux is a (nonlinear) function of the temperature. Accordingly, it is reasonable
to assume that f is nondecreasing and f(0) = 0.
A simplified linear model which was considered in a previous paper [10] is the following:

yt — Ay +a(z;t)y + B(z,t) - Vy=vl, in@Q,

Oy

- = 2.2
5, TA@t)y=0 on X, (22)
y(z,0) = y°(z) in Q,

Here, it is assumed that the coeflicients a, B and 8 satisfy
a€L®(Q), BeL®QY, pfeL™(E) (2.3)

and, for the reasons above, it is also natural to assume that § > 0 (although this assumption
was not used in [10]).

The main goal of this paper is to analyze the controllability properties of the nonlinear system
(2.1). More precisely, we will try to reach exactly uncontrolled solutions of (2.1), i.e. functions
Y = Y(z,t) satisfying

yt_Ay+F(yny)=O inQ)

% +f(m) =0 on %, (2.4)
¥(z,0) =7°(=) in Q.

It will be said that (2.1) is (globally) ezactly controllable to the trajectories at time T if,
for any solution of (2.4) with ‘suitable’ regularity and any y® € L°(Q), there exist controls
v € L?(w x (0,T)) and associated solutions y € C°([0, T]; L*(Q)) such that

ylz,T) =7y(z,T) in Q. (2.5)
Here, by suitable regularity we mean the following:
g€ L0, T H () nCO(0, T, L*(@) N L=(Q), §° € L¥(Q). (2.6)

The controllability properties of semilinear time-dependent systems have been studied in-
tensively these last years. See for instance [16], [13], [17], [5], [11] and [11], where nonlinearities
of the form f(y) are considered. See also the general treatise [14]. In particular, for parabolic
systems completed with Dirichlet boundary conditions, nonlinear terms f(y, Vy) depending on
both the state and the gradient have been taken into account in [9] and [6]. For the similar linear
system (2.2), the null controllability was analyzed more in detail in [10]. In the case of (2.1),
some partial results have been given in [5]. ‘

Our main result concerns the global exact controllability to the trajectories of (2.1). It is the
following:

Theorem 3 Let us assume that F and f are locally Lipschitz-continuous and satisfy

sl—oo |s — 7| log3/2(1 +ls—1|)
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uniformly in (r,p) € [-K, K] x RVNVK >0,
VL >0, 3M > 0 such that ‘
]F(s,p) - F(T7p)l < MlS - T‘: ‘ [F(S,p) - F(sr(-Z)l < Mlp - Q| (28)
Y(s,7,p,q) € [-L,L]*> x RV x RV

and

ORI 29)
ls|o0 |s — 7| log"/2(1 +|s — r|)
untformly in r € [-K, K|YK > 0. Then, for each T > 0, the nonlinear system (2.1) is ezactly
controllable to the trajectories at time T with L™ controls.

Remark 2 Conditions (2.7)-(2.9) are satisfied if F and f are globally Lipschitz continuous.
Notice that (2.7) means that the function F can only be slightly superlinear in s, uniformly in
p. In the similar case of Dirichlet boundary conditions, it is known that conditions like these are
sharp. Indeed, for instance, when F does not depend on p and

|[F(s) = F(r)l ~ |s = r|log’ (1 +|s — 7)), 8>2,

due to blow-up phenomena, the system fails to be controllable whenever w # Q (see [11]). On the
other hand, (2.9) is also a slightly superlinear growth assumption for f. It would be interesting
to know whether a more superlinear f leading to blow up in the absence of control can also be
an obstruction for the null controllability of (2.1). But this question does not seem obvious and
remains open.

Remark 3 A result proved in [5] says that when F =0, f is smooth near zero and
f(s)s>0 VseR, (2.10)

the nonlinear system (2.1) is null controllable for large T'. That is to say, under these assumptions,
for each y° € L2(1) there exist T(y°) > 0 and controls v in L®(wx (0, T') such that the associated
states y satisfy

y(z,T(%%) =0 in Q.

By inspection of the proof of theorem 3, we see that the same result holds for (2.1) with F =0
whenever f is locally Lipschitz-continuous and satisfies the good sign condition (2.10).

For the proof of theorem 3, we will first establish a null controllability result for (2.2) (see
proposition 3 below). This will be used, together with an appropriate fixed point argument, to
deduce the desired result.

This strategy was introduced in [16] in the framework of the exact controllability of the
semilinear wave equation. See also [5] and [11] for similar results concerning the approximate
and null controllability of the semilinear heat equation with Dirichlet or Neumann boundary
conditions.

Our null controllability result for (2.2) is the following:
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Proposition 3 For every T > 0, system (2.2) is null controllable at time T, with controls in
L®(w x (0,T)). More precisely, for each y° € L*(Q), there exists v € L®(w x (0,T)) such that
the associated solution to (2.2) satisfies y(z,T) = 0 in Q. Furthermore, the control v can be
found satisfying

”U|]L°°(wx(O,T)) < eCEOWK(T llalloo,l| Bllos,l1Blloo) ”y0||L2(Q) , (2.11)

For the proof of proposition 3, we first introduce a control L?(w x (0,7)) which leads the
solution of (2.2) to zero at time T'. In a second step, arguing as in Section 2 in [4], a regularizing
argument will lead to the desired L* control.

The rest of this paper is organized as follows. In Section 2, we prove proposition 3. Section 3
is devoted to the proof of theorem 3. For completeness, we have also included an Appendix
where the proof of a rather technical local regularity result is given in detail.

In the sequel, C denotes a generic positive constant only depending on Q and w.

2. A null controllability result for the linear system

In this Section we present the proof of proposition 3.

Let y° € L2(Q2) be given and let us introduce two open sets «’ and w”, with w” CC w' CC w.
Then, we can use the main result in [10] (theorem 2) with control region w” x (0,T) to deduce
the existence of a control ¥ € L?(w” x (0,T)) such that the associated solution to (2.2) verifies
y(z,T) = 0in Q and also the estimate

C(Qw) K(T)[|alloo:[| Bllco, 1Bll0

191l L2 0,y S € M0l L2y (2.13)

where K is of the form (2.12).

Let us denote by ¥ the state associated to v. We now introduce a cut-off function n = 7(t)
satisfying ,
ne C®([0,T)), n(t)=1in(0,T/4), n(t)=01in (37/4,T)

and c
0<n®) <1, ()l < — n(0,T)

and we denote by x the solution to the system

Xt — Ax +a(z,t) x + B(z,t) - Vx =0 inQ,
g—erﬁ(w,t)x:O on X,

X((E, 0) = y0($) in Q.
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Then, the function w = y — 5y satisfies

Wy — AW + a(z,t) W + B(x,t) - Vo = —n/(t) x + 0l,»  in Q,

ow ~
a—n-i-ﬁ(fv,t)w—o on X,
w(z,0) =0, w(z,T)=0 in Q.

Our aim is to construct a control v € L®(w x (0,T)) which drives the solution of (2.2) to
zero at time ¢ == T. To this end, we will need a local regularity result for the solutions to linear
heat equations with L* coefficients a and B. This will be used below for the functions x and w
and reads as follows:

Lemma 2 Let us denote by Y the space L?(0,T; HY(Q)) N CO([0,T); L%(Q)). Let y € Y be a
solution to the equation
v~ Ay+a(e,t)y+ Bz,t) Vy = 1, (2.14)

where a € L(Q), B € L=®(Q)N and f € L*(Q). Let O C Q be a nonempty open set and assume
that f is L™ in the cylinder O x (0,T). Then

y € L®(5,T; Whe(0")

for any 6 € (0,T) and any nonempty open set O’ CC O. Furthermore, there exists a positive
constant C(O') such that the following estimate holds:

”y”L‘x’((S,T;Wl,oo(O/)) < C(Ol) (T1/2 + TN/?)X

(2.15)
(14671 + Jlalloo + 1Blloo) " (

lylly + 1l 0x0,1))) -

The previous regularity also holds with § = 0 if, besides (2.14), we have y(z,0) = 0 in Q. In that
case, one has an estimate similar to (2.15) without the term in J.

This lemma is implied by well known parabolic regularity theory. For completeness, its proof
is given in an Appendix, at the end of this paper.

Let us now consider an open set wy with w’ CC wy CC w and a cut-off function &, with
£€C3(wy), €=1linuw/
and let us set w = (1 — &) w. Then we have:

we — Aw +a(z, ) w+ B(z,t) - Vw = —1/(t) x + vl in Q,

ow

—_— = on Z,
5, + Bz, t)w =0

w(z,0) =0, w(z,T)=0 in Q,

with
v=n'Ex+2VE-VE + ALW ~ B - VEW. (2.16)
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Let us remark that supp v C w x [0, T]. Therefore, if we prove that v € L®(w x (0,T)), we will
have that the function y = w + nx solves (together with v) the null controllability problem for
(2.2).

Thus, let us check that v € L*(w x (0,7)) and let us estimate its norm in this space:

e The regularity of the first term in the right hand side of (2.16) is implied by the interior
regularity of x not only in space but in time as well. From lemma 2 with @ = w, we deduce that
X € L®(wp x (§,T)) with supp & C wy CC w (we even have x € L®(8, T; W, (w))) and

loc

)N+1

x| oo wox (59 < C (T2 +TN2) (14671 + flafloo + 1Blloo)  lxllys

recall that Y = L2(0,T; H1(Q)) n C°%([0, T]; L*(Q)).
Consequently taking for instance § = T/8, since ' = 0 in (0,7/4), we get
7 € XNl poo(ux(oryy < CT™H(TY2+ TN2)x

_ : N+1
(1+77 + llafloo + 1 Blloo)

xlly-

o The regularity of the other three terms in the right hand side of (2.16) is related to the
interior space regularity of w. Thus, let us introduce w; with wo CCwy CCw and let us apply
lemma 2 with O = w; \ w”. This gives W € L=(0,T; Wh®(wp \ ) and the estimate

“’[DHLOQ(O’T;WLDQ(WO\J/‘)) <C (T1/2 + TN/2)X
(1 + llalloo + IBlloo)™™** (1@ ly + [l xl 200 w1 x 0.

whence
[ 112VE- VB + AT — B - VEB|| poun (o) < CTH2 +TN?)x
{ (1 + llelloo + 11Blloo)¥** (I1Tlly + " Xl| oo or x(0,7))-
Putting the previous estimates together, we find that v € L™ (w x (0,7)) and

[vll oo x (o)) < CA+TV1)x

~ oN+3 (2.17)
(14T + Jlalloo + | Blloo) ™ (|

lally + llxlly)-

At this point, notice that for any f € L?(Q) and any y° € L?(f) the solution y to the linear
system
y— Ay +a(z,t)y+ B(z,t)-Vy=f inQ,

Qg. + ,6(337t) Yy = 0 on 2, (2'18)
on
y(z,0) = y°(z) in Q2

satisfies
lylly < e€T+lalleoHNBIZHIBIZ) (| £l 20y + 1401l 22())-
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For a detailed proof, see for example proposition 1 in [10].
This can be used to estimate ||w||y and ||x|ly in terms of ||7]|L2(ux(0,r)) and ”yOHLZ(Q). In
view of (2.17), we see that -

1]l oo 0,9) < L (101 22 xomy) + 15° 1 22(e), (2.19)

where IN+3
L=CT'A+TNY) (14T +lallos + [ Blloo) ™ x

exp{C T(1 + flalleo + | BlIZ, + 18113}
Combining this estimate and (2.13), we finally obtain that

[ ]| Loo (s 0,7y < €€ K TollalloorllBllowaliBlloo) 100 1o (2.20)

where K is given by (2.12).
This ends the proof of proposition 3.

3. Controllability of the nonlinear system

In this Section we will prove theorem 3. The following auxiliary result will be needed:

Proposition 4 Let us assume that, in (2.18), we have f € L®(Q) and y° € L®(Q). Let us also
assume that the coefficients a, B and 3 satisfy (2.3). Then y € L*°(Q) and

lylleo < O T(1+lalloo I BliZ+1B12) (;|y0||oo + 11 flloo) - (2.21)
for some C = C().
Proof: We will consider two different situations:

CASE 1 - We will first assume that @ > 1 and 8 > 0 and we will establish (2.21) in this case. In
fact, we will show that, under these assumptions,

ylloo < 15°llco + 1l flloo- : (2.22)
To this end, let us introduce the system

2zt — Az +a(z,t) z+ B(zx,t) - Vz=h inQ,

g%—i—ﬂ(m,t)z:»k on X,
2(z,0) = 2%(2) in Q,

where h € L®(Q), k € L®(X) and 2° € L°°(Q) and let us show that, if h, 2% and k are
nonnegative, then this is also the case for z.
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Indeed, by multiplying the equation satisfied by z by z_(+,t) (the negative part of z(:,t)) for
each ¢ € (0,7) and integrating in 2, after several simplifications, we find:

%%Aki%mwwﬁLWL@ﬁFm

+ /89 B(z,t) (z-(z,t) + k(z,t)) z2—(z,t) do + /Qa(m, t) |z (z,t)|? da
=—Lhmﬂh@@m—43@ovh@wawom
From this identity, in view of the positiveness of a, h, 8 and k, we easily deduce that
G | ie-@nPae < 1Bl [ a0 i

whence z > 0 in Q.
Now, let M > 0 be a large constant (to be chosen below). The function z = M — y satisfies

zt — Az +a(z,t) 2+ B(z,t) - Vz=qa(z,t) M - f inQ,

O Be,t)z=Ble, ) M on %,
z(z,0) = M — °() in Q.

Therefore, if we take
M > méx{ || fll ooy, 1W°ll oo}

we can apply the previous argument and deduce that y < M. In a similar way, one can deduce
that y > —M and, consequently, |y| < M. This proves that whenever a > 1 and 8 > 0, the
estimate (2.22) holds.

CASE 2 - We will now prove (2.21) for general L™ coefficients a and S.
Let v € C2(0) be a function satisfying

. Oy |
> — - oo <_ 1;
v2>0in Q, 5, S |8]loc on 082, ||| (2.23)

IV¥lleo < CliBllsss  1D*¥lleo < ClIBIIZ-

We give here a sketch of the proof of the existence of such a function . To this end, let § > 0
be a parameter (depending on ) such that

z € Q5 v dist(z, 0Q)

is C2, with Qs = {z € Q : dist(z, dQ) < §}. We distinguish two cases.

Let us first assume that || 3lcc = 1/8. Then we take v(z) = 1 in Q\Qs, y(z) = ||6]c dist(z, 00)
in Q¢ with e = 1/(2||8]|c) and a regularization of v in Q5 \ Q. This gives the desired properties
for .
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On the other hand, if ||8]|ce < 1/6, we take v(z) = 6 ||B]leo in Q\Qs, ¥(z) = ||B]lco dist(z, 0Q)
in Q5/2 and a regularization in {25 \ Q5/. This also provides a desired function in this case.

Let us now set § = e?(®) y. Then 7 satisfies

U — AT +ad(z,t) T+ Bz, t) - Vi=e@f  in Q,
@ + B(gj,t) 7=0 on X, (2.24)
on

§(x,0) = 7™ 10(z) in 2,

where
a@=a+Ay—|Vy]’ - BV,

B = B+ 2V, B:ﬂ——alzo(mz.
on
Notice that, from the inequalities (2.23) satisfied by -, we know that
la+ Ay —|Vy> = B- V4| < C1 (lalleo + | BllZ + 18]%,) in @
for some Cp > 0.

Now, let us set

7=e (1 (lalleo+1BlIZ+H8113)+1)t 7.

Then y satisfies

T — AT+ a(z, )+ (B(z,t) +2Vy(z) - Vi =f inQ,

%—}—E(az,t}ﬂ:O on X, (2.25)
Uz, 0) = 7™ 10 (z) in ,
where
G=a+ Ay~ |V = B-Vy+C1{lalle + 1BI% + I811%) + 1,
]'Fz o~ (C1 (lalleo +IBIZ+18l1Z)+1)t+7(2) f
and

B=p.
Since a > 1 and 5 > 0, we can apply Case 1 to 3. This provides the estimates
¥lloo < 18llo < €& T(HleleoHIBIZHIBIE) (3010 + || o),

whence we deduce (2.21).
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Let us now start with the proof of theorem 3. Let ¢ € L>°(f2) and 7 be given and assume
that 7 satisfies (2.6) and (2.4) in the weak sense. Let us consider the nonlinear system

wy — Aw + Fy(w, Vw; z, t)w + F»(Vw; z,t) - Vw =vl, inQ,

w + F3(w;z,t)w = 0 on X, (2.26)
on
w(z,0) = y°(z) — F(x,0) in Q,

where we have used the notation

Fy(z,t) + 5, Vy(s,t) +p) — FH(,1), Vi, t) + p)

Fi(s,pz,t) = y : (2.27)
1
Fy=(Fa,...,Fan), Fay(pa,t) = /0 %(ﬂ(x,t),vy(x,t) + Ap) dA (2.28)
J
and
F3(s;z,t) = fGz,t) + 52 —J(=,t) (2.29)

for se Rand p € RV,
We will prove that there exist a control v € L®(w x (0,T)) and an associated solution to
(2.26) such that
w(z,T)=0 in Q. (2.30)

With this control and the state y = w + 7, we will have solved the exact controllability problem
for (2.1) and we will have thus proved theorem 3.

We will first assume that the functions F' and f are continuously differentiable. Then, by a
density argument, we will be able to prove the result in the general case.

3.1. The case in which F and f are C!

The idea of the proof is well known: we introduce an appropriate (set-valued) fixed point
mapping and we check that it possesses at least one fixed point; this will be a solution to the
null controllability problem associated to (2.26).

Let R > 0 be given and let us introduce the following function:

—R ifs< —R,
Mg(s) =< s if —R<s<R,
R if s > R.

Let us denote by Z the Hilbert space Z = L?(0,T; H'(f)) and let us set for each R > 0 and
each z € Z
ar,(x,t) = F1(Mg(z(z,t)), Vz(z,t); z, 1),
Bz(.’L',t) = F2(VZ(Iat); 'Tyt)

and
Br,:(z,t) = F3(Mpg(z(z,1)); z,1).
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Consider the linear null controllability problem

wt_Aw'*‘aR,z(mat)w'*‘Bz(x’t)'vw:vlw in Q,

ow

hufind = 2.31
an + Br(z,t)w =0 on X, ( )
w(z,0) = y°(z) — ¥(=,0) in Q,

together with (2.30).
From (2.6), (2.8) and the fact that f € C}(R), we have

ap; € L®(Q), B.ecL®@Q)", Br.c L)

Consequently, in view of proposition 3, (2.30)-(2.31) can be solved with controls in L(w X
(0,7)).
We are now going to select a particular solution to (2.30)-(2.31) constructed as in [11]. To

do this, we first set Tp = min{T, a};l/g} > 0, where

ap = sup esssup |Fi(s,p;z,t)|.
|s|<R, peRN (z,t)€Q

We can follow the steps of Section 2 and construct a control vg, € L*(w x (0,Tg)) such
that the solution wg , to (2.31) in Q x (0,Tg) verifies

wr,:(z,Tr) =0 in Q.

The estimates we have been able to establish in propositions 3 and 4 written for vg . and wg
with final time Tg will now give

IvR2 | L (W 0,7m)) < Cr I1wPllL2@), (2.32)
lwr, 2l L2(0,70;51 () < Cr ”wO”L2(Q) (2.33)
and
lwr,zll Lo (ax (0.7R)) < Cr 1w’ llzoo () (2.34)
where —
CRr = exp {C(Q,w,T) (1 + a?%/3 +B" + 5%3)} ,
B = sup esssup |Fa(p;z,t)]
pERN (z,t)EQ
and

Br = sup esssup |F3(s;z,t)|.
[sISR (z,t)€X

In fact, the estimates obtained in the previous section imply (2.32)—(2.34) with Cg replaced
by Cr(z), where
Cr(z) = exp {C(Qw) (1+T7" + Tr+ llar<1%° + 11 B:I%
HIBR.211% + T (larelloo + 1Bz l1% + 18R M%) } 5
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but taking into account the definitions of Tg, ar, B and Bg it is clear that Cr(z) < Cg for all
z€Z.

At this moment, we can extend by zero the functions vg . and wg, for t € (Tg,T). In this
way, we will have built a control vg , and an associated state wg , satisfying (2.30)-(2.31) and

vR,zll oo wx(0,19) < Cr 1w’ |20, (2.35)
lwr:llz < Crllw’llrzg) (2.36)

and
lwrelloo < Cr [[w°]| Loo(cr)- (2.37)

We will now introduce a set-valued mapping leading to the solution to our controllability
problem.

We first consider the set of admissible controls Ar(z). By definition, this is the set of controls
VR, € L®(w x (0,T)) which lead the solution to (2.31) to zero at time T and satisfy (2.35).
Then, for each 2 € Z, we denote by Ag(z) the set of states wg , associated to the controls
VR,z € AR(z) furthermore satisfying (2.36) and (2.37). In view of the arguments above, Ag(z)
is a nonempty subset of Z.

The plan of the rest of the proof is the following:

= We will first see that, for each R > 0, Ap possesses a fixed point wg. This will be implied
by Kakutani’s theorem.

s Then, we will find R > 0 (large enough) such that Mp(wg) = wg. At this level, the use
of proposition 4 will be crucial.

As a consequence, for large R, the fixed point wr of Ag will be, together with some vy €
L*(w x (0,T)), a solution to (2.30)—(2.31).

Thus, let us recall Kakutani’s fixed point theorem (see, for instance, [2]):

Theorem 4 Let Z be a Banach space and let A : Z — Z be a set-valued mapping satisfying the
following assumptions:

1. A(z) is a nonempty closed convex set of Z for every z € Z.
2. There exists a nonempty convezr compact set K C Z such that A(K) C K.
3. A is upper-hemicontinuous in Z, i.e. for each o € Z’ the single-valued mapping

z+— sup {(0,Y)z z (2.38)
yeA(2)

1S upper-semicontinuous.

Then A possesses a fized point in the set K, i.e. there exists z € K such that z € A(2).
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Let us check that Kakutani’s theorem can be applied to Ag.
That Ar(z) is a nonempty closed convex set of Z for every z € Z is very easy to verify.

Let us prove that Ap maps a compact set into itself. In fact, let us see that Ar maps the
whole space Z into a fixed convex compact set Kg.

Our argument will be the following: we choose an arbitrary sequence {z,,} in Z and a sequence
{wn} with w, € Ag(z,) for all n and we prove that {w,} possesses a strongly convergent
subsequence.

Thus, let the sequences {2} and {wy,} be given. From (2.35)-(2.37), the equations satisfied
by the functions w, and the fact that ||ag ;,|lco < ar, | Bz.llo < B and ||BR,z, [leo < Br for all

n = 1, we deduce the existence of subsequences {w,s} and {v,/} such that

wy — w  weakly in Z,

Wp g — wy  weakly in L2(0,T; H~1(Q))

and

Uy — v weakly-x in L®(Q)

as n’ — oco. We can also assume that the coefficients associated to z, converge weakly-* in
L>(Q) and L*°(X). Thus, we can pass to the limit in the weak formulations satisfied by wy:
and deduce that w and v satisfy

wy — Aw +a(z,t) w+0(z,t) =vl, inQ,

g—:—kﬂ(x,t)wzo on X,
w(z,0) = w’(x) in Q

for some a € L*(Q) and 8 € L*(Z), where 0 € L%(Q) is the weak limit of B, , - Vwy in L*(Q).

After substraction of the equations satisfied by the functions w,s and w, we find that

( (W — w)t — A(wy —w) = a(z,t) w — arz,, (T, 1) Wy
+0(z,t) — B: ,(z,t) - Vwy + (v —v) 1o in @,
N wr — w)
on
(W — w)(z,0) =0 in Q.

+ﬁR,Zn/($7t) Wry -,B(x,t)sz on E:
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Consequently,

T
%/ﬂ|(wn,-w)(x,T)|2dx+/0/Q|V(wn,—w)(x,s)|2dxds

T
= / / (,B'LU - ﬁR,zn/ w'n,’) (wn’ - w)(m, S) do ds
0 JoQ
T
+/ / (ew = agr,,, wy) (wy — w)(z,s) deds (2.39)
0JQ
+ /T/ (0 = B, - Vwn) (wn — w)(z,5)dzds
0JQ

+ /0 T/w (v =) (wy — (3, 5) dz ds.

We are now going to check that all the terms in the right hand side of this last equality tends
to zero. Among other things, this will imply that

Wy — w  strongly in Z. : (2.40)
e The first term in the right hand side converges to zero, since
wy — w  strongly in L%(X)

and consequently
PRz, wn — Bw  weakly in LQ(E).

Indeed, the strong convergence of w,s is an immediate consequence of the compact embedding
of the space

{ze L*0,T; H*(Q)) : z € L*(0,T; HY()) }

in L2(0,T; H*(Q)) for all s € (1/2,1) and the fact that the lateral trace operator is well defined,
linear and continuous from L?(0,T; H*(Q)) into L*(%).

* The convergence of the other three terms in the right hand side is a consequence of the
weak convergence in L?(Q) of a Rz, Wy and B, , - Vwy, the weak convergence in L*(wx (0,T))
of vy and the strong convergence of w, in L?(Q).

We have thus seen that {w,} possesses a strongly convergent subsequence and, consequently,
AR maps the space Z into a fixed compact set.

It remains to check that Ag is upper-hemicontinuous. Thus, assume that o € Z’ and let a
sequence {z,} be given, with z, — z strongly in Z. We must prove that

limsup sup (o,w)zz < sup (o,w)z z.
n—+0o WGAR(ZH.) wEAR(z)

Let {2z} be a subsequence of {z,} such that

limsup sup (o,w)z z= lim sup (o,w)z z.
n—+00 weAp(zn) W=+ weAp(z,)
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Since each Ag(z,/) is a compact set of Z, for every n’ we have

sup (o, w)z .z = (0, Wn) 2z 2
wEAR(z,)
for some w,s € Ag(z,/). On the other hand, since all the states w, belong to the same compact
set K, at least for a new subsequence (again indexed by n’), we must have (2.40). We will now
prove that w € Ar(z). This will achieve the proof of the upper hemicontinuity of Ag.

Indeed, we can assume that the weak limits of the coefficients associated to 2, are a R,z B
and fg,., since z,, converges strongly in Z towards z and therefore the coefficients a Rz, an,
and Br,., converge almost everywhere (observe that we are using here the C? regularity of F
and f).

On the other hand, it can be assumed that the contrals v, converge to a function v weakly-x
in L*®(w x (0,T)). Then, w solves (2.31) and w(T) = 0. Moreover, since inequality (2.35) is
independent of n, v also satisfies (2.35). Therefore, v € Ag(z). Consequently, it is immediate
that w is the solution to (2.31) associated to the control v.

This shows that w € Ag(z) and, therefore, Ag is upper hemicontinuous.

In view of these arguments, Kakutani’s theorem can be applied and we deduce that, for each
R >0, AR possesses at least one fixed point wg that belongs to Z and L>®(Q).

Our aim is now to find R > 0 such that
lwrlleo < R.

This will be a consequence of the estimates we know for wg and the properties satisfied by the
functions F;. '
From (2.37), we obtain

”wR”oo < eC(Q,w,T)(l+aya+—B—2+512a) ”wolloo- (2.41)
On the other hand, from (2.8)—(2.9) it is also clear that, for every € > 0, there exists C; > 0

such that

2/3
<ess sup |F1(s, p; x,t)[) < elog(l+|s])+C. VseR,VpcRY,
(=.t)eQ

2
esssup | Fa(p;z,t)] | <C. VpeRY, (2.42)
(z,t)eQ

2
<esssup |F1(s;x,t)]> < elog(l+|(s])+C VseR.
(z,t)ex

Consequently, it is also true that, for every € > 0, there exists C. > 0 (independent of R) such

that )
a2® + B® + g% <elog(1+ R) + Ce.
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These estimates, together with (2.41) and the definitions of ar, B and (g, lead to the
following inequality:

[walleo < C(Qw,T,e) (1 + R)CETIe |10

Accordingly, taking £ > 0 small enough to satisfy C(Q,w,T)e < 1, we can ensure that, for
R > 0 sufficiently large (depending on Q, w, T and ||y — °|| e (q)), one has

lwrlleo < R.

This ends the proof of theorem 3 when F and f are C' functions.

3.2. The general case

We will now assume that f and F" are locally Lipschitz-continuous functions satisfying (2.7)-
(2.9).

Let us introduce the functions p' € CX(R x RY), p? € CX(RY) and p? € CP(R), with
p? >0, supp p* C B((0,0);1), supp p* C B(0;1), supp p* C [-1,1] and

//RxRNpl(s’p)deP=/RN PQ(P)dP=/Rp3(s)ds=1.

Let us consider, for each n > 1, the associated mollifiers
pn(s,p) =n"N* pl(ns,np),  pi(p) =n"p*(np) V(s,p) € R x RY
and
p3(s) =np*(ns) VseR

and the regularized functions _
Fin=p,*xF, (i=1,2,3)

(the functions F1, Fy and F3 were defined in (2.27)—(2.29)).
These functions satisfy the following:

eForeachn > 1, Flpn :RxRY xQ—R, Fpp : RY xQ— RY and F3, : R x X+ R are
Caratheodory functions (respectively continuous in (s, p), p and s and measurable in (z,1)).

o If we set
Fu(s,p;z,t) = Fia(s,p;x,t)s + Fan(p;z,t) - p

and
fn(s;z,t) = F34(s;2,1)s,

then the asymptotic properties (2.8) and (2.42) remain true uniformly in n. In other words, for
any L > 0, there exists M > 0 (independent of n) such that

|[Fo(s,p) — Fu(r,p)| < Mls — 7|, |Fn(s,p) — Fu(s,9)| £ Mlp—4|
V(S’T7p)q)€[— y ] XRNXRN.
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Moreover, for each € > 0, there exists C; > 0 such that

¢ 2/3
<esssup ]Fln(s,p;a:,t)|> < celog(l+]s))+C. VseR,¥peRY,
(z,t)eQ

2
(ess sup | Fan (p; x,t)l> <C. VpeRY,
(z,t)eQ

2
esssup |Fan(s;z,t)| | < elog(l+]s])+Ce Vs€eR,
(z,t)eT

for each n > 1.

e Irom the definitions of F,, and f,, we also have that
Folzn,Vap; ) — Fi(2,V2;-)z + F2(Vz;+) - V2 weakly in L2(Q)

and
fa(zn; <) — F3(z;-)z  weakly-* in L*®(X)

whenever
zn — 2z weakly-* in L°(Q) and strongly in L2(0,T; H'(Q)).

As a consequence, we can argue as in Subsection 3.1 and deduce that, for each n, there exists
a control v, € L*(w x (0,7T)) such that

Wnt — AWy + Fr(wn, Vup; x,t) = vply  in Q,

Ot + falwniz,t) =0 on %, (2.43)
on
wn(z,0) = wo(z) in Q
and
wp(z,T) =0 in Q. o (2.44)

In view of the properties satisfied by the functions F;,, the estimates we have established in
Subsection 3.1 are independent of n. Accordingly, at least for a subsequence, we also have
vy, — v weakly-* in L*(w x (0,T)),
wn s — we  weakly in L2(0,T; H1(Q))
and
wp, — w  weakly-* in L®(Q) and strongly in L2(0,T; HY(Q)).

Thus, we can pass to the limit in (2.43) and find a control v € L®(w x (0,T’)) such that the
associated solution to (2.26) satisfies (2.30).
This ends the proof of theorem 3.
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Remark 4 The proof of theorem 3 can also be achieved by applying another fixed point argu-
ment. More precisely, we can first introduce a small parameter £ > 0 and find a control v, such
that the solution of (2.1) satisfies

Ny, T) =g, T)||L2 <e.

This can be made by previously solving an approximate controllability problem for the linear
system (2.31) with the control of minimal norm in L”(w x (0,T')) for p large enough and, then,
using Schauder’s theorem. Since all the estimates we can establish are uniform in £, we can pass
to the limit as € — 0 and deduce the desired result.

Appendix: Proof of lemma 2
Let us introduce N + 1 open subsets of O satisfying
ON=0CcCcOy_1CC..CCOCCOyCCO.

We will also consider subintervals of (0,7") of the form (6/(i+1),T) for 0 <i < N.

We will strict our considerations to the proof of lemma 2 in the case where no initial condition
is imposed. The result concerning a vanishing initial condition will follow readily from the
argument below.

We are first going to see that

y € L®°(6/(N +1),T; H(O)) and Ay e L*(§/(N + 1), T; L*(O0)),

with an estimate of the associated norms independent of T. To this end, let & € C?(O) and
no € C*([0,T]) be two functions satisfying

) C .
fo(@) =110 0o, m(®)=1in (=2, T), m(0) =0, [mst)| <5 in (O.7)

(of course, C depends on N) and let us introduce the function yo = 79 &oy. Then

Yot — Ayo=fo in@Q,
1o =20 on 3,
yo(z,0) =0 in Q,

where :
fo=mb f+mntéoy—2mVé Vy—mnldéy

~amnéoy—mé B-Vy—mno(B-V)y.
We have fo € L?(Q). Consequently, Ayg € L%(Q), yo € C°([0,T); H§(S?)) and appropri-

ate estimates are satisfied. Indeed, by multiplying the equation satisfied by yo by —Ayo and
integrating with respect to z in €2, we find

%%Hvyo(-,t)“%z +/Q |Ayo(z,t) 2 dz = —/Q fo(z,t) Ayo{x, t) dx. (2.45)
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Since
I follz2 < C (Ifll2 + (L + 67" + flallco + 1Blloo) i) ,

we easily obtain from (2.45) that
Iollcoqo, 3y + 1A%l 2@y < C (I fllLe + (1+ 67 + lalloo + 1Bllco) lully) - (2:46)
Clearly, the same estimate holds for

Iyl oo (s /(1) m3.(00)) + 1Y L2(0 x (8/(v+1),1)) -

Let us now try to improve the local space regularity properties of y. To this end, we will use
the following lemma:
Lemma 3 Let us set pg = 2, let p; be defined by

111
pi  pi-1 2N

for 1 <i< N —1 and let us set py = +00. Let us denote by X; the space
Xi=L®((i +1)5/(N + 1), T; WhPi(0;))
for 0 <4 < N and suppose that y € X;_1 for some j. Then we also have y € X; and
lyllx; < CONTY? | flloo + D(T, 6, llalloo: | Blloo) 1yl x;- ),

where

DT, 5, alloos 1Blloo) = (T4 + TV/2)(1+ 51 + alloo + [ Bllo)- (2.47)
Proof of lemma 3: Let us introduce £; € C2(0;-1) and n; € C1([0,T]), with
() =1in 05, n;(t) =1in [(7+ 1)§/(N +1),T),
nt) = 0in 0,50/(V + 1)}, Inga(t)] S 5 im (0,7)
and let us put y; =n; & y. ’fhen y; satisfies the following:

yit—ADy; = f; inQ,
=0 on % (2.48)
y;(z,0) =0 in Q
with
fi=Tlixn+ 2+ 13,

where
fin=n&f, fia=ms&v—ni A&y —an;&y—ni(B-VE)y,

fig=—2n;VE - Vy—mn;§ B-Vy.
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From the fact that the system (2.48) is linear, we see that y; can be written as the sum of three
solutions to similar systems with right hand sides f; 1, f;j2 and f;3. Let us respectively denote
them by y;1, yj2 and y; 3. We are now going to deduce estimates of y;, in X; for 1 <k < 3.

To this end, we will use the usual representation of y;j provided by the semigroup S(t)
associated to the heat equation with homogeneous Dirichlet conditions, say

wkun==A S(t — ) fix(- 8) ds

for all ¢t € (0,7).
Since f € L*°(Q), we can write

t
1030 Olyaosiay S C [ (6= 92 a9l s
Therefore, from Young’s inequality we find that y;1 € L*(0,T; W1%i(Q)) and

13,0 oo 0w iws gy < C T2 il oo o, ()
< CO) T2 |||l oo (ox (0,1 -

Taking into account that f;2 € L*°(0,T; LPi-1(2)) with

o0 ifj>N-1,
P =P (arbitrary in (1,4+00)) if j = N =1,
j-1=
2N
A i 1
N—j=1 ifj< N ,

we see that f;2 is not worse than f;; and, again,

t
352, Dllwaos @y < € [ (6= 92 Ufzale sy ds

for all ¢t. From Young’s inequality and the assumption y € X;_1, we also get y;2 €
L*>(0,T; WhPi (1)) and
195,20l oo (0.1 ws @y S CTH? Hfj’Q”.Loo(o,T;L”;—l(Q))
< C(ONTY2 (14671 + |lalloo) lyllx, s -

In the definition of f;3, we find Vy.
Consequently, we can only ensure that f;3 € L%(0,T; LP:-1(Q2)). Since

N( 1 _1)_1__§
2 \pi-1 pi/) 2 4

we have

1
353 Ol ay < C | (€= 91550, 9)l12s-2(0
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and now Young’s inequality gives y;3 € L*(0,T; W1Pi(Q)) and
”yj,3”Loo(oyT;W1,z7j ) < CT1/4 ||fj,3|lL°°(O,T;Lpi—1(Q))
< C(O) TV (1 +|Blloo) Iyl ;s -

Putting the estimates of ||y kl| e (O.T:Wh3 () together and taking into account the defini-

tions of 7; and &;, we obtain the desired inequality for [|y||x;.
This concludes the proof of lemma 3. OO

Since we already had y € Xy, we deduce from lemma 3 that y € Xy and
Iyllxy < CONTY? || flioo + D(T, 8, llalloo, l| Blloo) 19l x-1),

where, D is given by (2.47).
We can apply lemma 3 subsequently for j = N, N —1,...,1. The estimates we find yield

lyllxy < CTY?(1+ DV Y fllLooox 0,y + DV llyllxo)-
This, together with (2.46), yields
lyllxy < C(TY? +TN?)D(T, 6, alloo, | Bllo)™ (I fll = 0x 0,7 + l¥ll¥);

which is exactly (2.15).



Bibliografia

(1

2]

3]

[5]

[6]

[7]

[10]

[11]

[12]

H. AMANN, Parabolic evolution equations and nonlinear boundary conditions, J. Diff. Equ.
72 (1988), p. 201-269.

J. ARRIETA, A. CARVALHO AND A. RODRIGUEZ-BERNAL, Parabolic problems with non-
linear boundary conditions and critical nonlinearities, J. Diff. Equ. 156 (1999), p. 376-406.

J.P. AUBIN, L’Analyse non Linéaire et ses Motivations Economiques, Masson, Paris 1984.

O. BODART, M. GONZALEZ-BURGOS, R. PEREZ-GARCIA, Insensitizing controls for a semi-
linear heat equation with a superlinear nonlinearity, C. R. Math. Acad. Sci. Paris 335 (2002),
no. 8, p. 677-682.

A. DouBovA, E. FERNANDEZ-CARA AND M. GONZALEZ-BURGOS, On the controllability
of the heat equation with nonlinear boundary Fourier conditions, J. Diff. Equ. 196 (2)
(2004), p. 385-417.

A. DouBova, E. FERNANDEZ-CARA, M. GONZALEZ-BURGOS AND E. ZUuazua, On the

controllability of parabolic systems with a nonlinear term involving the state and the gradi-
ent, SIAM J. Control Optim. Vol. 41, No. 3 (2002), p. 798-819.

L. EvANS, Regularity properties of the heat equation subject to nonlinear boundary con-
straints, Nonlinear Anal. 1 (1997), p. 593-602.

C. FABRE, J.P. PUEL AND E. ZuAzUA, Approzimate controllability of the semilinear heat
equation, Proc. Royal Soc. Edinburgh, 125A (1995), 31-61.

L.A. FERNANDEZ, E. ZuAzua, E., Approzimate controllability for the semilinear heat
equation involving gradient terms, J. Optim. Theory Appl., 101 (1999), no. 2, 307-328.

E. FERNANDEZ-CARA, M. GONZALEZ-BURGOS, S. GUERRERO AND J.P. PUEL, Null con-
trollability of the heat equation with boundary Fourier conditions: The linear case, to appear.

E. FERNANDEZ-CARA AND E. ZUAZUA, Null and approzimate controllability for weakly
blowing up semilinear heat equations, Ann. Inst. H. Poincaré, Anal. non linéaire, 17 (2000),
no. 5, 583-616.

A. Fursikov, O.YUu. ImaNuviLov, Controllability of Evolution Equations, Lecture Notes
#34, Seoul National University, Korea, 1996.



90

[13] I. LasiECKA AND R. TRIGGIANI, Eract controllability of semilinear abstract systems with
applications to waves and plates boundary control, Appl. Math. & Optim., 23 (1991), 109
154.

[14] I. LASIECKA AND R. TRIGGIANI, Control Theory for Partial Differential Equations: Con-
tinuous and Approximation Theories, Cambridge University Press, Cambridge 2000.

(15] J.L. Lions, Contrélabilité Ezacte, Perturbations et Stabilisation de Systémes Distribués,
Vol. 1 et 2, Masson, Collection RMA, Paris 1988.

[16] E. ZuAzUA, Ezact boundary controllability for the semilinear wave equation, in “Nonlinear
Partial Differential Equations and their Applications”, Vol. X, H. Brezis and J.L. Lions
eds., Pitman, 1991, 357-391.

(17] E. ZuAzua, Ezact controllability for the semilinear wave equation in one space dimension,
Ann. LH.P., Analyse non Linéaire, 10 (1993), 109-129.



Capitulo 3

Some controllability results for the
N-dimensional Navier-Stokes and
Boussinesq systems with N — 1 scalar
controls



92

Some controllability results for the

N-dimensional Navier-Stokes and
Boussinesq systems with N — 1 scalar
controls

E. Fernandez-Cara, S. Guerrero, O. Yu. Imanuvilov y J.-P. Puel

Abstract

In this paper we deal with some controllability problems for systems of the Navier-Stokes and
Boussinesq kind with distributed controls supported in small sets. Our main aim is to control
N-dimensional systems (IV + 1 scalar unknowns in the case of the Navier-Stokes equations) with
N — 1 scalar control functions. In a first step, we present some global Carleman estimates for
suitable adjoint problems of linearized Navier-Stokes and Boussinesq systems. In this way, we
obtain null controllability properties for these systems. Then, we deduce results concerning the
local exact controllability to the trajectories. We also present (global) null controllability results
for some (truncated) approximations of the Navier-Stokes equations.

1. Introduction

Let QCRYN (N=2or 3) be a bounded connected open set whose boundary 05 is regular
enough (for instance of class C?). Let O € Q be a (small) nonempty open subset and let 7' > 0.
We will use the notation @ = Q@ x (0,7T) and ¥ = 9Q x (0,T) and we will denote by n(z) the
outward unit normal to 2 at the point x € 91.

On the other hand, we will denote by C, C1, Cy, ... various positive constants (usually
depending on Q and O).

We will be concerned with the following controlled Navier-Stokes and Boussinesq systems:

v — Ay +(y,V)y+Vp=vlp, V-y=0 inQ,

y=0 on %, (3.1)
y(0) = ¢° nQ
and
vi—Ay+ (y,Vy+Vp=vlp+0ey, V-y=0 inQ,
6 —A0+y-VO=rl in @,
i Y © (3.2)
y=0, 6=0 on X,

y(0)=14°, 6(0)=¢6° in €
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(in both dimensions N = 2 and N = 3).
For N = 2, we will also consider the following approximation of the Navier-Stokes system
with boundary conditions of the Navier kind:

Yyt — Ay + (v, V)Tu(y) + Vp=vlp, V.-y=0 inQ,
yn=0 Vxy=0 on X%, (3.3)
y(0) = ¢° in Q,

where M > 0, Tas(y) = (Tm(y1), Tar(y2)) and Ty is given by

-M ifs<—M,
Ty(s) =14 s if —-M<s<M,
M ifs> M.

In systems (3.1), (3.2) and (3.3), v = v(z,t) and h = h(z,t) stand for the control functions.
They act during the whole time interval (0,T) over the set 0. The symbol 1 stands for the
characteristic function of O and ey is the N-th vector of the canonical basis of RV,

The controllability of Navier-Stokes systems has been the objective of considerable work
along the last years. Until now, the best results have been given in [6], where a strategy based
on the methods in {12] and [13] has been followed. Recently, the techniques in [6] have been
adapted in [11] to cover Boussinesq systems (see also [3], [4], [7] and [9] for other results).

This paper can be viewed as a continuation of [6]. We will present some new results that
indicate that the N-dimensional systems (3.1) and (3.2) can be controlled, at least under some
geometrical assumptions, with only N — 1 scalar controls in L2(Q x (0,T)). We will also prove
that the two-dimensional system (3.3) can be controlled with controls of the form vlo where v
is the curl of a function in L2(0,T; H}(O)).

Along this paper, we will have to impose some regularity assumptions on the initial data. To
this purpose, we introduce the spaces H, E and V, with

H={wel)Q":V.-w=0inQ, w-n=00nd0}, (3.4)
H N =2
| L4QP*NH ifN=3

and

V={weH QN :V -w=0inQ}.

e For system (3.1), we will assume that the control region O is adjacent to the boundary
0Q (see assumption (3.10) below) and we will deal with the local ezact controllability to the
trajectories. More precisely, our task will be to prove that, for any bounded and sufficiently
regular solution (7, D) of the uncontrolled Navier-Stokes equations

7=0 on %, (3.5)
5(0) =7° in Q,
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there exists § > 0 such that, whenever 4% € E and
Iy’ -7l < 6,
we can find L? controls v with vy, = 0 for at least one k and associated states (y,p) satisfying
y(T) =7(T) in Q. (3.6)

Notice that, under these circumstances, after time ¢ = T' we can switch off the control and
let the system follow the ‘ideal’ trajectory (,P).

e Lor the Boussinesq system (3.2), we will assume that O is adjacent to 9§ near a point
2% such that ng(2°) # 0 for some k < N. We will also be concerned with the local exact
controllability to the trajectories. Now, a trajectory is a bounded and sufficiently regular solution

(7,5,6) of )
@’t*Aﬂ—F@,V)ﬂ%-Vﬁ:QeN, Vyzo ana
[

—-A0+ (F-VO=0 in Q,

_(y Q (3.7)
y=0, =0 on X,
5(0) =7°, 8(0)=8" in Q.

The goal will be to prove that there exists § > 0 such that, whenever (y°,6°) € E x L%(Q)
and

0 -0
1(W°, 6% — (7,8 ) gxrz <6,

we can find L? controls v and h with v; = vy = 0 and associated states (y,p,0) satisfying
y(T) =g(T) and 8(T) = 6(T) in Q. (3.8)

In this context, the results established in [11] will be fundamental.
Notice that, in particular, when N = 2, we try to control the whole system (3.2) with just
one scalar control h.

e As long as (3.3) is concerned, our goal will be to prove the (global) null controllability.
That is to say, for each 4 € H, we will try to find controls of the form v1e, where v belongs to
the Hilbert space

W ={Vxz=(022,-012): 2z € L0, T; HY(O)) },

such that the associated solutions (y,p) satisfy
y(T) =0 in Q. (3.9)

Observe that in this system the boundary conditions are of the Navier kind (for their physical
meaning, see for instance [10]). This and the fact that N = 2 will be essential in the arguments
presented below.

Similarly to the previous situation, an extension by zero of the control after time ¢ = T will
keep (y,p) at rest.
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As mentioned above, some hypotheses will be imposed on the control domain and the tra-
Jjectories. More precisely, we will frequently assume that

32° € 8Q, 3¢ > 0 such that O N AN D B(z0¢) NoQ (3.10)

(B(z%;¢) is the ball centered at z° of radius ¢),

o >1 ifN=2
7eLoQN, g,er2oT;o@N) |7 3.11
ye (Q) ’ ytEL(07 ) ( ) ) 0'>6/5 1fN=3 ( )
and
- - o>1 ifN=2
9™ i 2 S Lo(Q ' . 3.12
€ (Q): tEL(O,T, ( )) (0’>6/5 lfN=3> ( )

Let us now present cur main results in a precise form. The first one concerns the local exact
controllability to the trajectories of system (3.1):

Theorem 5 Assume that O satisfies (3.10). Then, for any T > 0, (3.1) is locally exactly con-
trollable at time T to-the trajectories (§,B) satisfying (3.11) with controls v € L*(O x (0,T))¥
such that v = 0 for at least one k.

The second main result concerns the controllability of (3.2). It is the following:

Theorem 6 Assume that O satisfies (3.10) with nk(xo) # 0 for some k < N. Then, for any
T >0, (3.2) is locally exactly controllable at time T to the trajectories (7,5, 0) satisfying (3.11)~-
(3.12) with L? controls v and h such that vy = vy = 0. In particular, if N = 2, we have local
ezact controllability to the trajectories with controls v=0 and h € L*(O x (0,T)).

The last main result we present in this paper is the following:

Theorem 7 Let N = 2. Then, for any T > 0 and any M > 0, (3.3) is null controllable at time
T with controls of the form vlo, where v e W,

For the proofs of these results, following a standard approach, we will first deduce null
controllability results for suitable linearized versions of (3.1), (3.2) and (3.3), namely:

yt—Ay+(ﬂ,V)y+(y,V)§+Vp=f+vllo, vy:O ll’lQ,

y =0 on %, (3.13)
y(0) =3° in Q,
pu—Ay+ @G Vy+(y,V)T+Vp=f+vlo+08ey inQ,
V-y=0 in @,
O~ A+ -VO+y -V =k+hlo in Q, (3.14)
y=0, #=0 on 2,

y(0) =¢°, 6(0)=6° in Q
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and
yp—Ay+(y, V)i+Vp=vlp, V-y=0 inQ,
y-n=0, Vxy=0 on X, (3.15)
y(0) =y0 in .

Then, appropriate arguments will be used to deduce the controllability of the nonlinear
systems (3.1)—(3.3).

Remark 5 When N = 3, it is very natural to ask whether a result similar to theorem 5 holds
with controls having two zero components. In general, the answer is no. In fact, it seems difficult
to identify the open sets 2 and O such that one has null controllability for all T > 0 with
controls of this kind. This is unknown even for the classical Stokes equations for which, up to
now, the unique known results concern approzimate controllability; see [15].

Remark 6 Assume that N = 2. The arguments in [6] implicitly show that, under hypotheses
(3.11), we can find controls v1p with v € W such that the associated solutions to (3.1) satisfy
y(T) =7(T). Observe that the assumption (3.10) on the control domain is not necessary here.

This paper is organized as follows. We will first establish all the technical results needed in
this work in Section 2. Section 3 will deal with null controllability results for the linear control
systems (3.13)—(3.15). Finally, the proofs of theorems 5, 6 and 7 will be given in Section 4.

2. Some previous results

In this Section we will establish all the technical results needed in this paper. More precisely,
we will present and prove the required Carleman estimates for the backward systems (3.18),
(3.19) and (3.20), given below.

To do this, let us first introduce some weight functions:
e3/4mln°llse _ cA(min®lles+n°(2))

t4HT — t)* ’
eMmn® [loo +1°(2))
N ) e5/4mn’lleo _ gA(m+1) 17%]le0
Ol(t) = ggga(ma t) = t4(T _ t)4 )
e5/4dminllee _ pAm|1°llco

alz,t) =

(3.16)

a*(t) = mix a(z,t) =

z€eQ t4(T - t)4 ’
~ , At , Al
£(t) =I;r1€a§x§(x,t)= AT ¢ (t)’—:inelgf(ﬂ?,t)—m,

where m > 4 is a fixed real number. Here, 7° is a function verifying

e C?@), VA’ >0inQ\0, n°>0inQ and n°=0 on 0Q (3.17)
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with Qg a nonempty open subset of O that will be determined below. For any Oy, the existence
of such a function 7P is proved in [8]. Remark that these weights have already been used in [6]
and [11].
We will be dealing in this Section with the adjoint systems to (3.13), (3.14) and (3.15), that
is to say
—pt = Dp—~(Dp)F+Vr=g, V-o=0 inQ,
p=0 on %, (3.18)

@(T) = ¢° in Q,

ot —Dp— (D) G+ Vr=g+0Vy, V.p=0 inQ,

- —AY-F-Vyy=q+ in Q,
Yt — DY =7 -V =q+pN (3.19)
p=0, ¥v=0 on X,
oT) =0, B(T) =y in 0
(where Dy = Vi + V') and
—pt—Dp=VX([F-Vx)Vy)=0, Ay=p inQ,
y=0, p=0 on %, (3.20)

o(T) = p° in Q,

respectively. Here, g € L2(Q)V, q € L*(Q), ¢° € H, ¢° € L*(Q) and p® € H71(Q) (of course,
@n stands for the last component of the vector field ¢).

2.1. New Carleman estimates for system (3.18)

In this paragraph, we will establish some new Carleman estimates for the solutions of (3.18).
We will assume that © and 7 satisfy (3.10)—(3.11). To fix ideas, we will also assume for the
moment that N = 3 and ny(z%) # 0 (z° appears in assumption (3.10)).

The desired Carleman inequalities will have the form

I(p)<C <// P2 9| de dt + // p3 (Ip2l? + lal?) dwdt) ,
Q Ox(0,T)

where I(y) contains global weighted integrals of |¢|2, |V¢|?, etc. and p; and p2 are appropriate
weights that vanish exponentially as t — T. This will suffice to prove in Section 3 the null
controllability of (3.13) with controls v1e satisfying v; = 0.

Lemma 4 Assume that N = 3, ny(z%) # 0 and O and 7 verify (3.10)~(3.11). Then there exists
a positive constant C' such that, for any g € L*(Q)* and any ©° € H, the associated solution to
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(3.18) satisfies:

I{p) —// Ao -1 2T - )72 o2 dz dt
+// e FT—17 YT — )74 | Vl?) dz dt
Q

~2a
+// eFT-0% 4T — t)* (|Ag|? + |p]?) dz dt - (3.21)

=165+145 )
/ / e HEE (72T )71 (o] +[iof?) dxdt>.
Ox(0,T)

Here, @ and @ are constants only depending on Q, O, T and § satisfying 0 < @ < & and
8a —~ 7a > 0.

Proof: Let us first recall a Carleman inequality for the solutions of (3.18) which has been proved
in {6] whenever (3.11) is fulfilled:

s34 // e25%631|? da dt + s\ // ~2ae|V |2 dr dt

57 / /Q e3¢ (g ? + | Agl?) dr dt

< Co(1 +T2) <515/2/\20 // e—4sa+2sa*§15/2lg'2 da dt
Q

+316/\40 //O on e——83&+65a"é\16’(p’2 dx dt> )
0 XY,

Here, s > 5o and A\ > \g are arbitrarily large and Cp, sg and Ao are suitable constants depending
on §2, Oy, T and 7 ; see theorem 1 in [6].

Recall that an inequality like (3.22) had already been proved in [12] using stronger properties
on 7 than (3.11).

It is immediate from (3.22) that, for some Cy, @ and a depending on , Op, T and 7, we
have:

(3.22)

( -2
/ e T T-0% (17T — )72 |2 + 74T — )74 |Vo|?) daz dt
Q
=20
+// T (T — 1)t (|0gf + lpel?) ded
<o (// eFE—0T =30(T _ §)=30 |92 d dt

+ / / e FEo0% 14T _ )84 o2 dgdt | .
©ox(0,T)

(3.23)
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Indeed, it suffices to choose

& = s (65/4/\mlln°lloo - eAmun"uoo) ,
(3.24)

=}

= sg (esmxmunf’uw - ex(m+1>||n°um>

and C; = Cy(1+ Tz)séﬁ)\‘ioem}‘(m“)”"O||°° with A > Ag. Notice that 0 < & < @. Moreover, it can
be assumed that 8a — 7& > 0 (it suffices to take A large enough in (3.24)).
We will apply (3.23) for the open set Oy C O defined as follows. We choose x > 0 such that

n(z) #0 Vz € B(z% k) NOO NN
and we denote this set by I';. Then, we define
Oo={z€Q:z=wtTes,w ey |7 <70}, (3.25)
with &, 7% > 0 small enough so that we still have
Oo C O and dp:= dist(0p, 00N N) > 0. (3.26)

Observe that, with this choice, each P € gy verifies that one of the two points where the
straight line {P + Re;} intersects 9 belongs to 00y.
Once O is defined, we apply inequality (3.23) in this open set and we try to bound the term

~86 464G
// e @=0T 84T _ )78, |2 dx dt
Oox(0,T)

in terms of local integrals of ¢ and 3. _

To this end, for each (z,t) € Oy x (0,T) we denote by I(z,t) (resp. l(z,t)) the segment that
starts from (x,t) with direction e; in the positive (resp. negative) sense and ends at 0O0p. Then,
since g is divergence-free, it is not difficult to see that

o0 = [ (Oar + Oup0)un 0, 0,0)
I(z,t)
for each (x,t) € Op x (0,T). For simplicity, let us introduce the notation

—8a+6a
B(t) = e @=0T 7T — )78 vt € (0, T).

Applying at this point Holder’s inequality and Fubini’s formula, we obtain

/ / B() [or? dz dt
Qo x(0,T)

2 4 183p3|H) dyy | dxd
SC2//coox(o,T)ﬁ(t) (/1(35,15)(182%02' + [033]%) yl) z dt

(3.27)
=0 // (182602]% + |0303]%) ( [ B(t) dﬂ?l) dy dzodzsdt
Oox(0,T) (n)

< Gy / / B(t)(1B2paf? + 193032 dz dt,
OoX(O,T)
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where I(y1) stands for the segment I(y1, z2, 73, ). Then, we introduce a function ¢ € C?(®) such
that
¢(=1inQy, 0<(¢<L1

and ((z) = 0 at any point = € O satisfying dist(z,00 N Q) < dop/2 (do was defined in (3.26)).
This and the fact that |y = 0 imply

/ / B(t) |Gspn[? daz it < / / ¢ B(t) |Brpi]? dz it
Oox(0,T) Ox(0,T)

1
=5 [ dcsolePasa- [[ o) okepidoar
Ox(0,T) Ox(0,T)

for i = 2,3. Finally, in view of Young’s inequality and regularity estimates for ¢; in Q (p; €
H?(Q) and ||¢i| g2 < C||Agil|2), we also have:

I 0wl
Oox(0,T)
< Cq // e zzl?ﬁ_ftl)‘lzat*lm(T — 1) 132 | 2 da dt
ox(0,T)

-2
- / / e T-0Tt4(T — 1)* | Ap;|? dz dt,
103 JJg

*t3e

which, combined with (3.23) and (3.27), yields (3.21).

Let us now present another Carleman inequality for (3.18) with weight functions not van-
ishing at time ¢t = 0:

Lemma 5 Assume that N = 3, ni(z°) # 0 and O and § verify (3.10)~(3.11). Then there exist

positive constants C, @ and & with 0 < & < @ and 8& — 7Ta > 0 depending on Q, O, T and
such that, for any g € L*(Q)? and any ©° € H, the associated solution to (3.18) satisfies:

( —2a
// e (0(8) 12 |2 + £(t) 4 |Vl?) de dt
Q .

—4&42%
<C (/ e w0t L(t)730 |g|? dx dt (3.28)
Q

—165+14G
+ / / e (O £(t) 72 (ool + stl"')dxdt) :
Ox(0,T)
where £ is the C1 function given by

T2
o) = { q for0st<T/2, (3.20)
t(T—-t) forT/2<t<T.
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To prove (3.28), it suffices to use (3.21) and the classical parabolic estimates for the Stokes
system satisfied by ¢. The argument has already been used in (8], [12] and [6] in several similar
situations, so we omit it for simplicity.

For completeness, let us state the similar result that can be established when N = 2. Here,
we assume again that ni(z%) # 0.

Lemma 6 Assume that N = 2, n1(z°) # 0 and O and 7 verify (3.10)~(3.11). Then there exist
positive constants C, & and & with 0 < & < @ and 8a — 7@ > 0 depending on Q, O, T and g
such that, for any g € L*(Q)? and any ¢° € H, the associated solution to (3.18) satisfies:

// TR (6(8) 2l + £() ™ [Vpl?) da
Q
—4842a
] <c <//Qe i 0(t)~% |g|? dz dt (3.30)

—16a+14a
+// e T ()12 o2 dxdt |,
Ox(0,T)

where £ is the function given by (3.29).

2.2. New Carleman estimates for system (3.19)

In this paragraph, we will establish suitable Carleman inequalities for the solutions of (3.19).
To this end, our approach will be similar to the one in subsection 2.1.

Thus, we will assume again that N = 3 and ny(z°) # 0 and we will prove an estimate of the
form

2 2 2 2 2 2 d d ,
K(w,w)§0<//Qp3(lgl g )d””//(gx(m”‘* (lo2l? + [9%) da t>

where K(p,9) = I(p) + I(¢) (I(¢) has been given in (3.21)) and p3 and ps are appropriate
weights. This will be used in Section 3 to find controls v1p and hlp with v; = vz = 0 leading
to the null controllability of (3.14).

Lemma 7 Assume that N = 3, n1(z°) # 0 and O and (7,0) satisfy (3.10)—(3.12). Then, there
exist positive constants C, @ and & depending on Q, O, T, i and § with 0 < a@ < @ and
16& — 15& > 0 such that, for any g € L*(Q)3, q € L*(Q), ¢° € H and ¥° € L%(Q), the
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associated solution to (3.19) satisfies:

I(<p)+1(¢) <C (// et t"30 ~ )70 g% dx dt

—326+-30
// e A (T- t)4 t—252( _ t)—-252 ‘QI2 dr dt

/ / W 19T )1 o2 g g
Ox(0,17)

—320+3
// (T— t)4 t—268( _ t)—268 Iw'Q dodt ).
Ox(0, T)

Proof: Let us first recall a Carleman inequality for the solutions of (3.19) which has recently
been proved in [11] whenever (3.11)~(3.12) are fulfilled:

N [[ e + P dds
Q

(3.31)

+oX // e (|Vl? + [Vy|?) da dt
Q
sl //Q e221 (|2 + 2 + |Ap|? + |AY[?) dz dt (3.32)

< 05(1 +T2) <815/2/\28 // 6—456—1—25&*?5/2(!9’2 + ’q{Q) do dt
Q

+316/\56 //O on 6—85&—%630[*5—16('90'2 + |¢|2) d.’L‘dt) )
o X{Y,

Here, s > 51 and A > A; are arbitrarily large and Cs, s; and \; are suitable constants depending
on Q, Oy, T, § and 6; see proposition 1 in [11]. The proof of this inequality follows the same
arguments employed in [6] to prove (3.22) and can be achieved without any further regularity
onvy or 0.

It is clear from (3.32) that, for some Cs, @ and & depending on Q, Oy, T, 7 and 8, we have:

// eFTT L IHT — 1) 2 (g o 9f?) da ds
+// e?‘<T——t>—“'t_4(T—t)“4(|Vs0l2+ |V [?) da dt
// el T — )" (|Ap® + |AYP + o + [ ]?) dzdt (3.33)

—4ai2a
<G (// e @01t =30(T — )= (|g|? + ||?) dz dt
Q

[ R ST ) (g + [yl da dt) .
O x(0,T)
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Indeed, it suffices to take @ and & as in (3.24) and
Cs =Cs5(1+ Tz)s%s/\‘:’ﬁem)‘(m‘*l)”ﬂo||oo

with A > A;. We thus obtain 0 < & < @ and, choosing A large enough, 16 — 15a& > 0.
We apply (3.33) for the open set Op defined in (3.25). Then we can argue as in paragraph 2.1
and deduce that

—8a46a
0ox(0,T)
—1601 14 ,
< 07 // t4(T—1t) t—132( __t)-132 (1@2!2"“[(,03! )dxdt
le(OT)

b [ FTTAT - 0t (Dol + |Agal?) do
Q

where O; is an appropriate nonempty open set verifying
OpC O, CO, d:=dist(0,00N0N) >0

This inequality combined with (3.33) yields:
J | TR 7 (o )
+//Qe?‘<;T2—aWt'4(T — 74|Vl + |Vo|?) da dt
+ [ /Q T LT — 1) (Al + AL + [if? + [uaf?) do
< Cjy (//Q ef‘%—%azt—w(T — )30 (|9 + 1q)?) dz dt
[ HEF T I (o o o) e
©1%(0,T)

—8a+6a
+// eB @07 =047 _ )84 |y 2 dx dt | .
0x(0,T

Our last task will be to estimate the integral

—166+14&
// e tZI(TL)Z t—132(T _ t)_132 |@3|2 dx dt
le(O T)

(3.34)

in terms of €/(p3) and local integrals of ¢ and ¢. To do this, we set
Bu(t) = e%i-?%_‘tl—)ﬁ@ 182 _ =182

and we introduce a function ¢ € C%(O) such that

(=1in0;, 0<(¢<1
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and ¢(z) = 0 at any point z € O satisfying dist(z, 00NQ) < dyi/2. From the differential equation
satisfied by v (see (3.19)), we have

// By(t) lpal? dz dt < // Bu(t) ¢ lisl? de dt
01 x(0,T) 0Ox(0,T)

(3.35)
=// B1(t) Cps(—he — A — 7 - Vi — q) dz dt.
Ox(0,T)

To end the proof, we perform integrations by parts in the last integral and pass all the derivatives
from 1 to p3:

e First, we integrate by parts in time taking into account that 81(0) = 8:1(T) =

// Cosprdzdt
Ox(0, T)

// 51tt)C<P31/)dmdt+// Br(t) sy dadt (3.36)
Ox(0,T) Ox(0,T)

-32a+430T
< eI(ip3) + Cy(e) / / e -t 78T )28 )2 g 1.
Ox(0,7)

e Next, we integrate by parts twice in space. Here, we use the properties of the cut-off
function ¢ and the Dirichlet boundary conditions for w3 and -

// t) ¢ p3 At da dt
Ox(OT)

= // Bu(t) (A w3 = 2V( - Vipz — ( Apg)p dz dt (3.37)
Ox(0,T)

—32a+-30@
< el(pa) + Cuale) [ . T)e—ﬁ@—» £20(T - )28 | 2 g d.
X

e We also integrate by parts in the third term with respect to z and we use the incompress-
ibility condition on F:

—// Bi(t) C 37 - Vi da dt
Ox(0,T)

// 7 (93 VC+( Vig)pdzdt (3.38)
Ox(0, T

~326430@

< el(ps) + Cni(e) / [ 0 R et
Ox(0,T)



105

e We finally apply Young’s inequality in the last term and we have:

L swcma
Ox(0,T)

o (3.39)
—32a+430a
< el(ps3) + Cra(e) / / e BT-0% 7B _ Y7252 |g|2 d dt.

Ox(0,T)

From (3.34), (3.35) and (3.36)~(3.39), it is easy to deduce the desired inequality (3.31).

Arguing as in subsection 2.1, that is to say, combining the previous result and the classical
energy estimates satisfied by ¢ and %, we can deduce the following Carleman inequality:

Lemma 8 Assume that N = 3, n1(z°) # 0 and O and (7,0) satisfy (3.10)~(3.12). Then, there
exist positive constants C, @ and & depending on Q, O, T, § and 0 with 0 < @ < @ and
16 — 15a > 0 such that, for any g € L*(Q)3, q € LQ(Q) W0 € H and ¢° € L%(Q), the
associated solution to (3.19) satisfies:

(] <t ol + o) + )4 (Tl + 190)) e

<C <// e xoa E(t)_?’o lg|? da dt

—32& o
/ / —%—em £(t)~22 |q|? d dt (3.40)

—16a+l
// WOT L) ol da dt
Ox(0, T)

—32a430&
+ / / i £(2) 28 |42 da dt> :
0x(0,T)

where the function £ was defined in (3.29).

The similar result that can be established when N = 2 is the following:

Lemma 9 Assume that N = 2, ny(z°) # 0 and O and (7,0) satisfy (3.10)~(3.12). Then, there
exist positive constants C, @ and & depending on Q, O, T, ¥ and 6 with 0 < a < & and
16a — 15& > 0 such that, for any g € L2(Q)%, ¢ € L*(Q), ©° € H and ¢° € L), the
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associated solution to (3.19) satisfies:
( —2&
[ 6T @02 el? + 1P + 60 (Vo + 1VpP) det
Q
—4&4200
gc(/ e @ o)~ |g|? d dt
Q

—32a+430c
// e 1 0(t)2 g da dt

/ / e wot T g(t) 78 |y da dt) .
Ox(0,T)

2.3. An observability estimate for system (3.20)

In this paragraph, we will prove an observability estimate for the system

—pt—=Dp=VXx([F -Vx)Vy)=0, Ay=p inQ,
7:0, p:O on E,
p(T) = p° in Q.

This estimate will be implied by a Carleman inequality of the form

swn<c [[ P,
Ox(0,T)

where S(V+) contains several global weighted integrals involving Vv (see (3.43)).

(3.41)

(3.42)

Lemma 10 Assume that N =2 and g € L>(Q)2. There exist three positive constants C, 5 and
A depending on Q, O, T and § such that, for any p° € H™1(Q), the associated solution to (3.42)

satisfies:

( S(V7y) := s*A // e 252 ¢4y dr dt
Q

s)\Q// e~ 2% ¢|Vpl? da:dt+s3)\4// e~ 2523 p|? da dt
Q Q

< CsPA\8 / / e~ 252£5|Vy|? dz dt,
Ox(0,T)

for any s > 5 and any A > \. Recall that o and & were defined in (3.16).

(3.43)

Proof: Along the proof, s; and A; (j > 2) will denote various positive constants that can

eventually depend on , @, T and 7.
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Let Oy be a nonempty open set satisfying Oy CC O and let us apply to p the Carleman
inequality for parabolic systems with right hand sides in L?(0,T; H~1(f2)) proved in [14]:

sA? // e 2% ¢|Vp|2 da dt + s\ // e 252€3|p|? dx dt
Q Q

< (32A21|@|120 / /Q e B2V (V x )2 do dt (3.44)

+s3)4 // e 293 p|? dx dt | ,
Oox(0,T7)
for any s > s9 and X > Xo.

Observe that, here, the assumption p° € H71(Q2) may seem too weak to apply this result.
Indeed, (3.44) can be proved as in [14] whenever p € C1(Q) and, by a continuity argument, also
for the solutions of problem (3.42) for which the left hand side of (3.44) is finite. This is our
case, since one can ensure that p € L?(Q) as soon as p° € H™1(Q) (for instance, taking into
account the definition of p as the solution by transposition of (3.42)).

Once (3.44) has been justified, let us first estimate the last integral in its right hand side.
Thus, let ¢ € C?(0) be a cut-off function satisfying

(=1in0), 0<(¢<L1 and (=0 on00.
We have:

S At / / e 2| AP dwdt < s° A / Cem P Aqy P drdt
Oox(0,T) Ox(0,T)
= —s3)\4 / / e 22E3(V( - V) Ay d dt
Ox(0,T)

—3s3)\5 / / Ce22g3(Vn - Vy)Avydzdt

Ox(0,T)
+254)\5 / / Ce Zoagd(Vn° . Vy) Ay dz dt

Ox(0,T)
—s3\ / / Ce2%¢3(VAy - V) dx dt.

Ox(0,T)

Now, we apply Young’s inequality several times and we obtain

s3a // e~ 25%¢3 | Ay |2 daz dt
OoX(O,T)

< Cha(e) s°X° / / e™252¢5\ V|2 dz di
Ox(0,T)

+e (s‘o’/\4 // e"23d§3|A'y|2 dx dt + s\? // e 2%V Ay |? da dt) ,
Q Q
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for s > s3 and A > A3 and for any small positive constant . Combining this, the fact that
p = Ay and (3.44), we get

sA2 // 6"2“’§|Vp|2dwdt+53/\4// e~ 25283\ p|2 da dit
Q Q

< Ois (fxznynzo / /Q eV (V x )2 da dt (3.45)

+557\8 //O o e~ 25|y ? d:rdt)
XY,

for any s > s4 and A > A4 »
Finally, we are going to estimate the first integral in the right hand side of (3.44). To this
end, let us notice that, for j = 1 and 2 and almost every ¢ € (0, T), the function 9;7(t) satisfies:

A7)(t) = 8jp(t) in Q.

Let us apply the main result in [13] to 9. This yields the existence of two numbers 7 > 1
and A > 1 such that

N /Q ¥ M*10;v12(t) dz + 72\? /Q 22|V (97) [ (¢) da
< Cig <T/Qe2""n|8jp|2(t) dz + 44 /(9 2™ 0;7|%(t) dz (3.46)
+7202 €¥7)[0;4(t) ||§11/2(an))
for7>7and A > X Here, we have introduced the function 7, with
n(x) = .
In fact, the inequality one can find in [13] contains local integrals of |9;7|? and |V(8;7)|? in the
right hand side. But it can be written for a smaller set ¢ CC O. Using localizing arguments

together with the fact that we actually have a global weighted integral of |A(8;7)|? in the left
hand side, (3.46) is easily found.

Following the same steps of [6], we set

_ S
T — 1)t

) &5/4Nm)| 1o
exp { — S_t4(T—t)4

0
; Pmlnles

we multiply (3.46) by
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and we integrate in time over (0,T). This gives

stat //Q e~ 25%410,]% d dt + s2\* //Q e~ 25221V (057) | dx dt

<Cir (s / / e~2%¢|9;p|* dz dt + s* A / / e~ 25¢4 9,42 da dt
Q Ox(0,T)
vz [T _2satexy5)2 2
[ e €0y oy
for s > s5 and A > \. Combining this estimate and (3.45), we have

stad / / e 25%640;91% dz dt + sA\? / / e 259 ¢V p|? dx dt
Q Q

T
+sixt [ /Q e~ dudt < Cig <s5/2A2 | e @ 10 e

+s°28 //O o e“2s°‘§5|V'yl2 dxdt)
X t

for any s > sg and A > A5. On the other hand, the boundary term can readily be bounded using
the continuity of the trace operator:

1057 (O 3/2 00y < CrollEy(®)Zz + IV (B (DI2)-
Furthermore, since v|y = 0, we know that there exists a positive constant Cpg such that
V(0572 < CoollAy(¢)ll2  a-e. in (0,T) for j =1,2.

Consequently,

st / / e~ 226419;4? dz dt + sA? / / e 2% |V p)? dx dt
Q Q

45304 // e~ 22e3pl2 da dt < Cyy 35)\6/ e~ 25265\ |? dz dt
Q ox(0,T)

for s > sg.
This implies (3.43) and ends the proof of lemma 12.

Remark 7 An almost immediate consequence of the Carleman estimate (3.43) is the following
observability inequality:

2
H(V)O)2: < C / /O oy T (3.47)

In fact, this is what will be used in Section 3 to prove the null controllability of system (3.15).
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3. Null controllability of the linearized systems (3.13), (3.14)
and (3.15)

3.1. Null controllability of (3.13)
We are dealing here with the following system:

y—Ay+ @ V)y+ @, V)g+Vp=f+vlp, V-y=0 inQ,

y=0 on L, (3.48)
y(0) =¢° in Q,
where O satisfies (3.10) and 7 satisfies (3.11). Our goal will be to find a control v such that

y(T) =01in Q.
Let us introduce some weight functions:

2a-a

Balt) = exp {2(%4-} (0P, Bs(t) = exp {W} o
™ Balt) = exp{§‘ﬁj:,(;ﬁ7'°7 }f(t)%

(recall that £ was defined in (3.29)) where @ and @ are the constants provided by lemma 5 when
N =3 and lemma 6 when N = 2. Recall that, in particular, 0 < @ < @ and 8a — 7Ta > 0.
Of course, we will need some specific conditions on f and y° to get the null controllability
of (3.48). We will use the arguments in [6].
Thus, let us set
Ly =Yt — Ay -+ (y7 V)y + (y) V)‘y‘ (349)

and let us introduce the spaces
Ez = {(y,p,v) : (4,v) € Bo, £7*B2(Ly + Vp — vlo) € L*(0, T, H (") }
when N = 2 and
Es = {(y:pv) : (3,v) € Eo, £28%y € L*(0,T; L*(Q)°),

04Ba(Ly + Vp — vlp) € L2(0,T; W H5(Q)) }
when NV = 3, where

Eo={(y,v) : B3y, Bavlo € LX@Q)", v1 =0,

¢28,/%y € L*(0,T; V) N L0, T; H) }.
It is clear that Ey is a Banach space for the norm || - ||y, where
(v, 0, )|z, = (183932 + 1Bavlolli

_ -2 21/2
16728 2y 0 vy + 1€7285 0l o070

1/2
+]|64Ba(Ly + Vp — vllo)lliz(o,T;H—n)
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and )
Iy, 2, V)|l Es = (183 yll32 + [1Bavloll7e

— -2 41/2
1728 2l 2a 0 vy + 17285 2l 0 0.7:00)
16726 Yl o 12y

—4 2 1/
2Ly + Vo ~ vl0)Eao 1))

Proposition 5 Assume that n1(z0) # 0 and O and T verify (3.10)-(3.11). Let y° € E and let
us assume that

L0, T; HY(Q)?) if N =2,
L2, T; W—18(Q)%) if N =3.

Then, we can find a control v such that the associated solution (y,p) to (3.48) satisfies (y,p,v) €
Ey. In particular, vi =0 and y(T) = 0.

Bif € {

Sketch of the proof: The proof of this proposition is very similar to the one of proposition 2
in [6], so we will just give the main ideas. For simplicity, we will only consider the case N = 3.
When N = 2, the proof is even easier.

Following the arguments in [8] and [12], let us introduce the auxiliary optimal control problem

(
inf 1( / / \Bs y|*dzdt + / / |ﬂ4v|2d:vdt>
2 Q Ox(0,T)

subject to v € L?(Q)3, supp v C O x (0,T), v1 =0 and

T Ly+Vp=f+vlp in Q, (3.50)
V-y=90 in @,
y=20 on %,

{ y(0)=¢% y(T)=0  inf

Notice that a solution (g,p,7) to (3.50) is a good candidate to satisfy (¥,D,7) € E3.

For the moment, let us assume that (3.50) possesses a solution (¥, p,?). Then, by virtue of
Lagrange’s principle, there must exist dual variables Z and g such that

7=062(L*2+Vg), V-Z2=0 inQ,
n=0, 5i=-6;2% (=23 in0x(0,T), (3.51)
z=0 on X,

where L* is the adjoint operator of L, i.e.
L'z = -z — Az~ (D2)7.
At least formally, the couple (Z, q) satisfies
a((z,9), (w, h)) = (G, (w, h)) VY(w,h) € P, (3.52)
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where Py is the space
Po={(wh)€CXQ)*: V- w=0 w=0on5, / Wz, ) dz = 0}
o
and we have used the notation

o{(3,0), (w, b)) = / 052 (L2 + V4) - (L*w + Vh) da dt
// z2w2+23w3)dxdt
Ox(0, T)

T
G, w ) = [ (OOt + [ - w(O)da,

Conversely, if we are able to “solve” (3.52) and then use (3.51) to define (g, p,v), we will
probably have found a solution to (3.50).

Thus, let us consider the linear space Py. It is clear that a(-,-) : Py x Pp — R is a symmetric,
definite positive bilinear form on Py. We will denote by P the completion of Py for the norm
induced by a(-,-). Then a(-,) is well-defined, continuous and again definite positive on P.
Furthermore, in view of the Carleman estimate (3.28), the linear form (w,h) — (G, (w,h))
is well-defined and continuous on P. Hence, from Lax-Milgram’s lemma, we deduce that the

variational problem
a((Z, 6)7 (w, h)) = (G’ (w’ h’))
Y(w,h) € P, (Z,9) € P,

possesses exactly one solution (Z, q).
Let % and ¥ be given by (3.51). Then, it is readily seen that they verify

// G219\ d dt + // B2|o]%dx dt < +o0
Q 0x(0,7)

and, also, that 7 is, together with some pressure 7, the weak solution (belonging to L(0,T; V)N
L™>(0,T; H)) of the Stokes system in (3.50) for v = 7.

In order to prove that (7,p,7) € Ej, it only remains to check that £72 ,82/ %4 is, together
with £72 1/ D, a weak solution of a Stokes problem of the kind (3.48) with a right hand side
in L2(0,T; W L6(€2)%) that belongs to L*(0,T; L*2(Q2)3). To this end, we define the functions

and

(3.53)

yr =1L 251/2A p* =72 1ﬂffamd fr=L 2ﬂ1 2(f+A]l(9) Then (y*, p*) satisfies
Ly* + vp* = f* + (£—2ﬂ2_1/2)t gv V. y* =0 in Qa .
¥y =0 on X, (3.54)
y*(0) = (008 (0)y” in Q.

From the fact that f* € L2(0,T; H=1(Q)3) and y° € H, we have indeed
y* € L*0,T; V)N L*®(0,T; H).

Finally, we deduce that y* € L*(0,T; L'2(Q2)3) from lemma 2 in [6]. This ends the sketch of the
proof of proposition 8.
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3.2. Null controllability of system (3.14)

In this paragraph, we will establish the null controllability of the linear system

Y~ Dy+ @ V)y+ [y, V)g+Vp=f+vlp+bey inQ,
V-y=0 in @,
6~ AO+75-VO+y-VO=Fk+hlp in Q, (3.55)
y=0, 6=0 on X,
y(0) =¢°, 6(0)=¢6" in ,

where O satisfies (3.10) and 7 and @ satisfy (3.11) and (3.12), for suitable right hand sides f
and k.

The arguments we present here are completely analogous to those in [11] and subsection
3.1 of this paper, so that we will only give a sketch. Thus, we restrict ourselves again to the
three-dimensional case with ni(z%) # 0.

Let us introduce the weight functions

o]

Bs(t) = exp {W} €8P, Bo(t) = exp {%ﬁ} o),

o) = { 5 ey, a(t = e { T Ly

and

Bo(t) = exp {1652(%55} 2()134,

where the constants @ and & are furnished by lemma 8 when N = 3 and lemma 9 when N = 2
(and, in particular, 0 < & < @ and 16a — 15a > 0).
Let us set
Po=0,—-A0+7-V8 (3.56)

and let us introduce the spaces
Ey={(y,p,8,v,h) : (y,8,v,h) € Ej,
74 8s(Ly + Vp —vlp) € L*(0,T; H1(Q)?),
4B5(PO+y- VO —hlp) € L*(0,T; HH(Q)) }
when N = 2 and
E‘3 = {(y7p$ 9)1—)7 h) : (y,@,v, h) S EOa
07287y € L0, T; L3 ()%,
¢4Bs5(Ly + Vp — vlp) € L*(0,T; W H8(Q)?),
074B5(PO+y - VO — hlp) € L*(0, T; H~Y(Q)) }
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when N = 3, where
Eo={(y,0,v,h) : (Bsw)s, Br 0, (Bsvlo)s, Bohlo € LAQ) (1 <i < N),
v =uy =0, 072852y € L2(0,T; V) N L(0, T; H),
02820 € L2(0, T; HA(Q)) N L*=(0, T; LX) }.
It can be readily seen now that Eo, Eg and Eg are Banach spaces for the norms
Iy, 0,v, M)l g, = (186 yll32 + 118760122 + 185 w122
+18s 22 + 1167285 Y1220 1wy + 167285 Y2 o 0,1

—21/2 _9,1/2 1/2
+“£ 2 5/ 9“%2(0’{11;1.16) + ”f 2 5/ 9||%°°(0,T;L2)) ’

1.2, 6,, W15, = (I, 0,0, W),
+[1€Bs(Ly + Vp — Ulo}ll%?(o,T;H—l)

—4 5 2 1/2
He45(P +y - VO ~ Mo) 2o 1))

and
—2 ,1/2
12,00, Mz, = (1w, 0,0, 1%, + 167285 %013 40,1102

+ 4 Bs(Ly + Vp — U]lO)”2L2(o,T;W—1,6)
4 7 2 1/2
H1€74B5(PO +y - V8 ~ hLo) 301
Proposition 6 Assume that ny(z°) # 0 and O and (7,0) satisfy (3.10)~(3.12). Let y° € E,
60 € L2(Q) and let us assume that
L0, T; HH(Q)?) x L*(0, T H7HQ))  if N =2,
L20,T; W—b8(Q)3) x L2(0,T; H™1(Q)) if N =3.

Then, we can find controls v and h such that the associated solution to (3.55) satisfies (y,p,6,v,h) €
En. In particular, vy = vy =0 and y(T) = 6(T) = 0.

4611, k) € {

We omit the proof of this proposition, since it is essentially the same as the one of propo-
sition 2 in [11] and follows the steps of proposition 5 above. As we have already indicated, the
main ideas come from the paper [12].

3.3.  Null controllability of system (3.15)

In this paragraph, we will prove the null controllability of the linear system

u—Ay+ (y,V)g+Vp=vlp, V-y=0 inQ,
y-n=0, Vxy=0 on X, (3.57)
y(0) = ¢° in Q,
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where N =2 and 5 € L®(Q)?.
For this purpose, we first rewrite this system using the streamline-vorticity formulation.
Thus, setting w = V X y, we have

wi—Aw+ VX (VX 6, V)T) =V x (vlo), Ap=w inQ,
$=0, w=0 on X, (3.58)
w(0) = V x ¢° in Q.

Proposition 7 Assume that y° € H and § € L*®(Q)%. Then, there exist controls vlp with
v € W such that
lvllz2 < Cli°lla | (3.59)

and the associated solutions of (3.57) satisfy
y € L2(0,T; HY (%) n C((0, T); L*(Q)?), e € L*(0, T; H™H()?), (3.60)
and y(T') = 0, with
Iyl z2o7;z1) + Wl coo,mz2) + lwell 20,751y < Clivllar- (3.61)

Proof: We first establish the null controllability property for y. This can be done in several
ways. One of them is the following. We first define for each € > 0 the functional

1 ,

0P =5 [ 19 xaPdsde 920l + (7 X D080
0x(0,T)

V1° € Hy(Q),

where v is given by (3.42) with p° = Ay € H1(Q).

It is not difficult to see from the observability inequality (3.47) that this functional possesses
a unique minimizer 72 € H}(Q) (see, for instance, [5]). Now, from the necessary conditions for
Je to reach a minimum, we have

Vv x40 0
V X v)1o) - (V x ) dedt + e(-em——rie—,V X v
//Q(( 7e) o) - (V % 7) (”nyg”m )i (3.62)

H(V X )(0),1%)12 =0 ¥ € HY(Q).

Thus, setting ve = (V x 7:)1p and putting 7° = 72, we find from (3.47) and (3.62) that (3.59)
holds for v, for some C independent of e:

IV % Yell L20x 0,1))2 = Vel L2(ox 0,12 < C- (3.63)

Let us denote by (we,e) the solution to (3.58) for v = v.. Then, taking into account the
systems satisfied by (p,7v) and (we, ¥¢), we deduce that

//Qv X (velo)ydz dt + (V x 1, (V x $)(T)) 1z

—((V x7)(0),5%)2 =0 ¥7° € Hj(Q).
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Combining this and (3.62), we obtain
I(V X %) (D)l 2 < e (3.64)

From (3.63) and (3.64) written for each € > 0, we deduce that, at least for a subsequence,
ve — v weakly in L2(O x (0, T))?, where the control v1¢ is such that the corresponding solution
(w,v) to (3.58) satisfies

(Vxy)(T)=y(T)=0 in Q.

Since v € L*(O x (0,7))%2 and V -v = 0 in O x (0,T), we necessarily have v € W (from De
Rham’s lemma applied to (ve, —v1)).

In order to obtain the desired regularity for y, we will consider again the equations satisfied
by ¢ and w and we will check that

e L0, T; HA(Q)) N GO0, T); HA(Q)) and % € L3(Q), (3.65)

with appropriate estimates.

For simplicity, we will only present the estimates. The rigorous argument relies on introducing
a standard Galerkin approximation of (3.58) with a ‘special’ basis of HZ(€2) (more precisely, the
basis formed by the eigenfunctions of the Laplacian-Dirichlet operator in Q) and deducing for
the associated approximate solutions the estimates below.

Thus, let us multiply the first equation in (3.58) by % and let us integrate by parts. We find

that %/Q|v¢(t)12dx+/ot/n!A¢|2d$dT:/0t/ov'(vXw) dx dr

t
- [ [ x99 - (v x ) dwdr + 5HTHOI

for all t € (0, 7). If we integrate by parts in the last integral, we also have
t \
- [ L@ %) 99 (v xv)dzar
0

- /Ot/g((v x ) - V)(V x §) - gda dr.
Since 1¥|s = 0, we deduce that
¥ € L2(0,T; H2(Q)) N L™®(0, T; H3 (Q)) (3.66)
and
191l 220,73 2) + 19l Lo o503y < CllY°l L2 (3.67)
Now, let us introduce for each ¢ the function ¥*(t) = A7 4 (t), i.e. the solution to

—AH(E) = p(t) in Q
P*(t) =0 on Of.
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Observe that, whenever 1(t) € L?(Q), this function satisfies ¢*(t) € H*(Q) N HL(£2) and

19" @l zrz < Cllebe(£)l] 2 (3.68)

Then, we multiply the first equation of (3.58) by ¥* and we integrate by parts. This gives

//Q|1/Jt|2da:dt=//Q(qu)wtd:cdt——//Q((Vx¢).v)(vXw*).ydl_dt

+// v (V x 9*)dzdt.
0x(0,T)

Using that v € L?(Q)? and we already have (3.67) and (3.68), we conclude that 1 € L%(Q) and

1l z2 < Cllyliza. (3.69)

From (3.67) and (3.69), we immediately obtain (3.65), (3.60) and (3.61).
This ends the proof of proposition 9.

4. Proofs of the controllability results for the nonlinear systems

In this last Section, we will give the proofs of theorems 5, 6 and 7. For the proofs of theorems 5
and 6 we employ an inverse mapping theorem, while a fixed point argument is used for theorem 7.

4.1. Proof of Theorem 5

We also follow here the steps in [6].
Thus, we set y = J+z and p = P+ x and we use these identities in (3.1). Taking into account
that (7,D) solves (3.5), we find:

Lz+ (2,V)z+Vx=vlp, V-z=0 inQ,
z=0 on %, - (3.70)
2(0) =4 -7° in Q

(recall that L was defined in (3.49)).

This way, we have reduced our problem to a local null controllability result for the solution
(z,x) to the nonlinear problem (3.70).

We will use the following inverse mapping theorem (see [1]):

Theorem 8 Let By and Bs be two Banach spaces and let A : By — By satisfy A € C1(By; Ba).
Assume that by € By, A(by) = do and also that A'(by) : By — Ba is surjective. Then there
exists 6 > 0 such that, for every d € By satisfying ||d — dol|B, < 9, there exists a solution of the
equation '

A()=d, beB.

We will apply this result with B; = Ey,
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L2(07462;0, T, H-}(Q)*) x H if N =2,
27 L2400, T; WLS(Q)3) x (HNLAQ)Y) N =3
and
A(z,x,v) = (Lz+ (2,V)z + Vx — vlp,2(0)) VY(z,x,v) € En.

From the facts that 6“2521/23; € L*(0,T; L'2(9)3) and A is bilinear, it is not difficult to check
that A € C(By; B2); more details can be found in [12] or [6].
Let by be the origin in B;. Notice that A’(0,0,0) : By — Bz is given by

A'(0,0,0)(z,x,v) = (Lz + Vx —vlo,2(0)) V(z,x,v) € En

and is surjective, in view of the null controllability result for (3.13) given in proposition 8.
Consequently, we can indeed apply theorem 8 with these data and there exists § > 0 such
that, if ||2(0)||g < 6, then we find a control v satisfying v = 0 such that the associated solution
to (3.70) verifies 2(T") = 0 in Q.
This concludes the proof of theorem 5.

4.2. Proof of theorem 6

Again, we follow here the ideas of [11]. _

Therefore, we set y =7+ z, p=7+ x and 6 = § + p, so from (3.2) and (3.7), we find:
Lz+ (2,V)z+Vx=vlp+pen, V-z=0 inQ,
Pp+(2,V)p+2z-V8=hlp in Q,
z=0, p=20 on %,
2(0) =" -7° p(0) =6°-8(0) in

(3.71)

(L and P were respectively defined in (3.49) and (3.56)).
We are thus led to prove the local null controllability of (3.71). To this end, we will use
again theorem 8, which was presented in subsection 4.1. Using the same notation as there, we

set B = Epn,
By = L*(£7485;0, T; H™H(Q)3) x H x L*(Q)

ifN=2and
By = L2065, 0, T; W=15(Q) x H™1(Q)) x (L4(Q)3 n H) x L*(Q).

if N=3.
Let us introduce A, with

A<Z7X’pava h) = (AI(Z,X,,O» U))A2(z7p7 h),Z(O),p(O)),
Ai1(z,x,0,v) = Lz + (2,V)z + Vx —vlo ~ pen

and ~
Aa(z,p,h) =Pp+ (2,V)p+2z-V8—hlp
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for every (z,x,p,v,h) € En.

Using the fact that €“2ﬂ;/22 € L*(0,T;L*%(Q)3), it can be checked that A; is C*. Then,
since €"2ﬁ;/2p € L2(0,T; H'(Q)) N L*(0,T; L*(Q)) and this space is continuously embedded in
L4(0,T; L3(9)), we deduce that

C*Bs(2,V)p =V - (zp) € L*0,T; W~ 112/5(Q)) ¢ L*(0, T; H}())

and, consequently, A is well-defined and satisfies A € C'(By; Bs).

The fact that A’(0,0,0,0,0) : By — Bs is onto is an immediate consequence of the result
given in proposition 6. :

As a conclusion, we can apply theorem 8 and the null controllability for system (3.71) holds.

4.3. Proof of theorem 7

Let us recall the nonlinear system we are dealing with:

Yy — Ay + (v, V)Tu(y) + Vp=vlo inQ,

V.y=0 in @,
y-n=0, Vxy=0 on X,
y(0) = ¢° in Q.

In this case, we are going to apply Kakutani’s fized point theorem (see for instance [2]):
Theorem 9 Let Z be a Banach space and let A : Z — Z be a set-valued mapping satisfying the
following assumptions:

e A(z) is a nonempty closed convex set of Z for every z € Z.
o There exists a convexr compact set K C Z such that A(K) C K.

o A is upper-hemicontinuous in Z, i.e. for each o € Z' the single-valued mapping

Z > 8Sup <0’, y>Z’,Z (372)
yeA(2)

1§ upper-semicontinuous.
Then A possesses a fized point in the set K, i.e. there exists z € K such that z € A(z).

In order to apply this result, we set Z = L?(Q)? and, for each z € Z, we consider the

following system:
yi —Ay+ (y, V)Tu(z) + Vp=vlo in@Q,

V-y=0 in @, (3.73)
y-n=0, Vxy=0 on X,
4(0) = ¢° in Q.

Then, for each z € Z, we denote by A(z) the set of controls vlp with v € W that drive
system (3.73) to zero and satisfy (3.59). Finally, our set-valued mapping is given as follows: for
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each z € Z, A(z) is the set of functions y that solve, together with some p, the linear system
(3.73) corresponding to a control v € A(z).

Let us check that the assumptions of theorem 9 are satisfied in this setting. The first one
holds easily, so we omit the proof. Next, the estimates (3.60) and (3.61) tell us that the whole
space Z is actually mapped into a compact set.

Let us finally see that A is upper-hemicontinuous in Z. Assume that o € Z’ and let {z,} be
a sequence in Z such that z, — z in Z. We have to prove that

limsup sup (o,y)z/,z < sup (0,¥y)z z. (3.74)
n—00  yEA(zn) yEA(2)

Let us choose a subsequence {z,s} such that

limsup sup (o,y)z.z= lim sup (o,¥)z 2. (3.75)
n—00  yEA(zn) =00 yeA(z,)

From the fact that A(z,) is a compact set of Z, for each n’ we have

sup (o,y)z,z = (0,yn) 2,2
y€A(z,)

for some y,s € A(zp). Obviously, it can be assumed that
2 (z,t) — 2(z,t) ae. (z,t) €Q (3.76)
and
v — v weakly in L2(Q)? (3.77)

with v € A(z). Furthermore, since all the y,/ belong to a fixed compact set, we can also assume
that

Yt — Yy In Z.
This, together with (3.75)—(3.77) implies that y € A(z). As a conclusion, (3.74) holds and the
proof of theorem 7 is achieved.
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Remarks on the controllability of the
anisotropic Lamé system

S. Guerrero y O. Yu. Imanuvilov

Abstract

In this paper we establish a Carleman estimate for the elasticity system with residual stresses.
As an application of this estimate we obtain exact controllability results for the same system
with locally distributed control.

1. Introduction

Let us denote z = (z9,z’), where zg (resp. z’) stands for the time (resp. spatial) variable.
This paper is concerned with global Carleman estimates for the Lamé system

3
pO2ui — > Op(oy) =fi inQ,1<i<3, (4.1)
7=1

where  is a bounded domain with boundary 0Q € C3, Q@ = (0,T) x Q, u(z) = (uy,uz,u3) is
the displacement, f = (f1, f2, f3) is the density of external forces and o;; is the stress tensor:

Tij = Qijnk(T) O, Uk
On the boundary, we equip the Lamé system with zero Dirichlet boundary conditions:
u=0 on X,

where we have denoted £ = (0,T) x 99Q.
We introduce the following standard assumptions on the coefficients a;;nk

QAijhk = Qjikh = Qhkij, (4 2)
aijnkXij Xen > @XijXij VX € RY with X;; = X5,

where « is some positive number.
In this paper we will strict to the case of the anisotropic Lamé system with residual free

stresses R:
o =R+ (Vu)R+ A(tre)I + 2ue + B1(tre)(trR)I + Ba(trR)e

(4.3)
+ B3((tre)R + tr(eR)I) + Ba(eR + Re),
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where

1 t
€= i(Vu + (Vu)®)

and
V-R=0 in Q. (4.4)

We will assume for simplicity that 81 = B2 = 83 = 84 = 0 and therefore
o =R+ (Vu)R + A(tre)I + 2pe, (4.5)

for some A, 4 and R. We will impose the following regularity and positivity assumptions on the
Lamé coefficients

Py A\ 1, Rij € C*Q), p>0, pu—R33>0, and A+2u—~ Rs3 >0 in , (4.6)
fori,j=1,2,3.

The first goal of this paper is to establish appropriate global Carleman estimates for the
Lamé system. For displacements u with compact support, such estimates were obtained in the
previous works [27], [25], [18]. More results are available for the isotropic Lamé system. Thus,
in the stationary case we refer to [8] and [31] for displacements with compact support and
[17] for displacements satisfying Dirichlet boundary conditions. For the nonstationary isotropic
Lamé system, see [10] for displacements with compact support and [14]-[16] in the other case.
In this paper we have extended the techniques in [15] to consider the anisotropic Lamé system
(4.1) with o given by (4.5). Our Carleman estimates will hold for displacements u satisfying zero
Dirichlet coditions on Z.

The last section of this paper is devoted to the exact controllability of the Lamé system. To
our best knowledge, the first observability result for the Lamé system was proved in [24] using
multipliers of the form (z; — x?)%‘i, which led to the observability inequality

2

Ju o

E(t) = /Q (ulVul® + (A + p)|divu*)dz < C =

(0,T)xTo

when the Lamé coefficients u and A are constants. Here, E(t) is the energy. The control is exerted
at (0,T") x I’y where 'y C 99 and homogeneous Dirichlet boundary conditions are assumed for
u. Further results have been deduced in {1] for the anisotropic Lamé system by essentially the
same multipliers method. Several questions concerning the approximate controllability and the
uniqueness of the Lamé system were studied in [10] by means of Carleman estimates. They
obtained approximate controllability with a control distributed over any open subset of the
boundary for a sufficiently large time. A series of important results have been obtained quite
recently in [5]—[7]. In particular, a “logarithmic type” energy decay estimate has been proved
in the case where the geometrical control condition of Bardos, Lebeau, Rauch is not fulfilled.
An interesting result was also proved in [32], for the isotropic Lamé system with the locally
distributed control v of the form x,,v , where v = (vi,...,v,) and v, = 0. Under some geometric
assumptions on the domain D he established the approximate controllability for the isotropic
Lamé system.
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Several works are devoted to the construction of dissipative “feedback” boundary conditions
for the Lamé system. In [2], dissipative boundary conditions of the form o(u)n+ Au+ BOu =0
were introduced on the controlled part of the boundary I'y. Under some geometric conditions
on I'g, they established the exponential decay of the energy

1 1
E(t) = 5 /Q(Iatu[2 + Uije,-j(u))dx + 5/[: AIu[ZdS < e~wt
0

for the anisotropic Lamé system. In the isotropic case, stabilizing boundary feedbacks were also
constructed in [13] and [26] but under less restrictive geometrical assumptions.

A closely related question is the control and stabilization of layered plate models. Concerning
the control of thermoelastic systems, the uniform stabilization of thermoelastic Reissner plates
were proved in [21] using thermal and mechanical boundary feedbacks. In [20], the same au-
thor proved the exact controllability of the mechanical component of a thermoelastic Kirchhoff
plate using mechanical boundary controls. In one-dimensional cases, this was improved to exact
null controllability (of thermal and mechanical components) by the mechanical variable on the
boundary in {12]. In [22], this result was extended to the case of a three-dimensional thermoelas-
tic Lamé system with a mechanical distributed control on a neighborhood of the boundary. In
[4], a related result for the boundary control of a thermoelastic Kirchhoff plate was established,
but with no restriction on the size of the coupling constant.

In the last part of this paper, we will present a controllability result for the anisotropic
Lamé system with distributed controls supported by @, = wx (0, T'), where w C 2 is a nonempty
open set.

Notation: Let z = (x¢, z’), where zg = ¢ stands for the time variable. We denote by H?*(Q)
and H'*(Q) the Hilbert spaces H2(Q) and H(Q) with the norms

2
HUH%ZS(Q) = Z 54—2|a|”Dau“%2(Q)
|a=0

and
[ =32/ IUI2dﬂc+/ |Vul® dz,
HY(Q) 0 Q

respectively.
We also introduce the following norms:

lul2, g = /Q 2 (0,100 5201 D2 4 5{V(V x w)?

(4.7)
+5°|V x uf® +5{V(V - w)P + 5°|V - uf’) da
and 2 2u)?
Ou u
2 inl2 s$ P 48
+ +5 € ?
3,0 = lulli, @) + 5 |le* 5 HLo(®) n? || 2 o

where ¢ is a given function.
In the sequel, we will denote by &(d) a positive function such that

lim(;_,0+ &'((S) = (.
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2. A Carleman estimate for the anisotropic Lamé system

Let us consider the following anisotropic Lamé system completed with Dirichlet boundary

conditions:
P(z, Dyu = p(z')82,u — L(z,D)u = in Q,

u=20 on X, (4.9)
u(-,T) = 9gou(,T) = u(-,0) = dyu(-,0) =0 in Q,

where

L(z,D)u = pAu+ (A +p)V(V-u) - (R, V)V']u

Here, f and u are three-dimensional vector fields functions and R is a symmetric matrix-valued
function, whose components will be denoted by '

u= (uj)?zh f= (f,])_?———l and R= (Rjk)‘?,k——-l'
Let & = (éo,&1, &2,&3) = (&, &'). We introduce the symbols
{ Pi(2,€) = p(a")EE — ()& + & + ) + (RO,
p2(x,€) = p(z)&§ — (M2') + 2u(a”)) (€] + €5 + £3) + (R(z)§)E.

For any two smooth functions w(z,{) and z(z, €), let us introduce the formula for the Poisson
bracket ‘

3
{w,2z} = Z(agjw O;2 — Og; 2 Og;w).

=0

Through this paper we will assume the existence of a function 1 satisfying the following
condition:

Condition A There ezists a function ¢ € C3(Q) such that
* [Vatdlgra, # 0
o {pj, {pj, ¥} }(z, &) >0 for all (z,€) € (Q\ Qu) x R* with £ # 0 such that

and

o {pj(z,& — isVy(z)), p;(x,& + isVy(x))}/(2is) > 0 for all € € R*\ {0} and s € R\ {0}
satisfying
Py, +i5VY(2)) = (Vepy(,€ + isV(2)), V(@) = 0, & € Q\Quy j = 1,2

On the boundary, the following is required:

pi{z,Vii(z)) <0 Vze ddx (0,T)
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and

(A +2p) ad’ ZRﬁ,—aﬂm and u ZR,g-—<o

Vz € (380 \ Ow Bw) x (0, T).

Let thus fix a function ¢ satisfying the previous conditions and let us set
o) =™ vreq
for some positive parameter 7 which will be chosen later on.

Theorem 10 Let f € H(Q)® and let (4.2), (4.4) and (4.6) hold. Suppose there exists a function
v satisfying condition A and such that its normal derivative is large enough. Then, there ezists
T* > 0 such that, for any T > T*, there exists s* > 0 such that

lally,@) < CUleElmrsgy + lullsy ) Vs > s (4.10)

for some C > 0 independent of s and for any solution u € L?(0,T; H*(Q)3) N HY(Q)? of system

(4.9).

Proof: Let us first write down the equations verified by V x u and V - u:
Pu(z,D)(V x u) = 82,(V x u) — pA(V x u) + (R, V)VT(V x u) @1

=V xf+ Pi(z,D)u

and
Pyiau(z, D)(V - 1) = 32,(V - 1) = (A + 2u)A(V - u) + (B, V)VI(V - u) (4.12)
=V -f+ Pz, D)u, .

where the {P;} are second order differential operators.
In this situation, we are able to apply the Carleman estimates obtained in [28] and [9] to the
equations (4.11) and (4.12). Combining them, we obtain

373(H¢3/2€s¢(v X ‘1)”%2@)3 + ||¢3/263¢(V ‘ u)”%Z(Q)C’*)
+s7([1672e*(V - w)llFn gy + 1672 (V x W3 gy9)

ot /2391 du ?

< s¢f S¢Da
C (Ile By + Y 1€ D%ul|Zaigy + 57 7 | 2y

|| <2

¢3/263¢6(atgu) 2 (413)

oniza(ys
+57(0 2V (V - 0)[32(gys) + P67 2% (V x 0, V- u) 12,y

R +57)|¢' 2V (V x u)||72(q, )0

2
+ (87)4‘2’“'II¢2“°"e”D“uH§2(QW)3) VT > 10, Vs > so(7),
la]=0
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where C' is independent of s and 7. We recall that the definition of || - || 5,(q) was given in (4.7).
Now, from the well known identity

Au= -V x (V xu)+V(V-u),

we can use the Carleman inequality proved in [11] for the case of a (simpler) elliptic equation
with homogeneous Dirichlet conditions and combine this with (4.13), so we deduce in a standard
way that

s'7%1 0% el L2gys + T30 Vul 32 g + THe DPullF2 gy

oul?
< C |[63¢f”?{1 Q)2 + ”esd’Daulliz Q)3 + 8T ¢1/263¢—
(@) |t§§:2 @ on L2(T)3
2
4373 ¢3/265¢a_(8§2.1_1_2 + 31’”¢1/263¢V(V X 11)“%2(@”)9 (4'14)
on L2(E)3

+57| ¢ 2e5¢V(V - u)“%Z(QW)g) + 5373|9323 (V x u, V - u)“%?(Qw)‘i

2
+ Z (57')4“2|°‘|H¢2_]a‘eso‘D°‘u||i2(Qu)3 V1 > 1, s> s1(7).

|a|=0

Taking 7 large enough the global term in the right hand side concerning u can be absorbed.

On the other hand, from this point of the proof we forget about the dependence on 7 and
possible powers of ¢ (which is a regular function) in our inequalities, since it will not be crucial.
Consequently, for the moment, we have

2 2 2

e

Ju
@
o on?

an +s

Hl,s(Z)S

lally,@) < C e Ell31s (s + s
’ ( @ Lazy (4.15)

+IIUII%¢(QM)) Vr 21, s 2 si(7).
The norm || - ||y, (@) was introduced in (4.8).

The goal will be now to estimate the previous boundary terms. For this purpose, we consider
another weight function ¢ such that ¢ = ¢ on X. For instance, let us take

. ~ 1
=€ with =1 - 5l + zZe,
where Z is a large positive number and #; is a regular function verifying
£L1=00n0Q, £,>0inQ and V£ #0 on 00.

Moreover, if we set

Q72 = {2’ = (z1, 22, 23) € Q : dist(a',00) < 1/2%},
/
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we can suppose that the function £; is chosen such that
p(z) < p(z) Vo € Dy x (0,T)

provided Z is large enough.
For this new weight function, we will be able to prove the following lemma:

Lemma 11 Under the previous conditions, the following inequality holds

lully,@) < C (lle*fllgrs gy + ulls, ) Vs > so, (4.16)

for functions u verifying
suppu C 72 x [0,T].

Let us suppose that lemma 11 holds and let us deduce theorem 10 from it. Suppose that Z
is already fixed such that (4.16) holds and take ¢ € (0,1/22). Then we have

p(x) < d(z) Yz € (Qe\ Q) x [0,T]. (4.17)

Let us now introduce a cut-off function 6§ € C?({) such that § = 1 in Q, s2- Then, it readily
follows that the function fu fulfills the following system

P(z,D)(6u) = 6f + [P, 6](z, D)u in @,
fu=20 on 2,
(B0)(, T) = Bag (6w)(, T) = (Bu)(-,0) = By (Bu)(-0) =0 in 2

Consequently, we can apply estimate (4.16) to fu and deduce that

2 82 2

u
s U

es"’@
on?

an

S + s

HL5(00x(0,T))3

L2(89x(0,T))3 (4.18)
< C (1681 1.0igps + [P, Blulpne g + 0l () Vs 2 50,

since ¢ = ¢ on the boundary. Next, we observe that the support of the function [P,0]u is

contained in Q¢ \ Q)3 x [0, T], while ¢ < ¢ in that set (see (4.17)). Thus,

2
€ [P, Olull s < C D Ne*® D™l pags Vs > 0.
|a|=0

Finally, we put this together with (4.18) and (4.14) and we obtain the desired inequality (4.10).
This ends the proof of theorem 10.
Proof of Lemma 11: Assume that suppu € B; N ([0,T] x &4 /z2) and that the small part of

the boundary where we are working on is given by the equation

T3 = €($1, :L'z).
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Without lack of generality, the function £ € C2 can be taken to satisfy
V'2(0,0) = (£s,,£x,)(0,0) = 0.
In order to work in an appropriate frame, we perform the change of variables
1 =z,
Y2 = Z2,
y3 = z3 — £(T1, T2)

and we set ¥* = (10,0, 0,0). Let us denote by w = (w/, w4) the functions V x u and V- u in the
new coordinates. Then, some simple computations show that, in the new variables, the main
symbols of equations (4.11) and (4.12) are

Pa(y,€) = =& + (B — Ru1)&f + (8 — Ra2)&3 + {[(BE3 — R)G')G}¢2
—2R1261&2 — 2 E?=1(Rj3 + £y, (8 — Rjj) — £y;_; R12)€;€3,

~ where

7 for V x u,
B A+2u forV-u

and
G= (—fyw _£y2) 1)t- (4'19)

Let us set some other standard ingredients in the microlocal analysis frame. Thus, we consider
the unit sphere in R4, say

SF={(=(s¢): "+ +&+& =1}
and the following associated finite covering:
{CeS:|¢- ¢l < thewemisn)

with ¢} € S3. To this covering we associate the partition of unity {xv}1<v<m, extending x, out
of $3 like a homogenous function of order 0 with support contained in the conic neighborhood

<51}.

In order to finish the proof, we need another lemma:

0<51)={c:|%-c:

Lemma 12 Let v* = (y*,¢*) € 0G x S3 be fired and suppx, C O(81). Then, for sufficiently
small 6 and 61, we have '

sl gys + 512 s ogys + 1357 l32a)0) < CUIEPEpnngy + lalldnsgy)-  (4:20)

Here, we have denoted G = R? x [0,1/2?] and z, = X, (s, D")z, with z = e*¥w.
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Let us suppose that lemma 12 holds. Then we have

5||Z”§11,s(g)4 + S(HZ“%[Ls(ag)ét + ”ayazui'z(ag)‘z)
M
<Cs Z(“Zu”%lys(g)‘t + ”Zu”%{l,s(ag)ét + Hayazt/“iz’(agy) (4.21)

v=1

< C(lleEl 30y + e ull3rz, gys)-
Let us now use the result stated in proposition 4.2 of [14]:
2
A Z 84—2|a|”esch;z,u“%2(g)3 < C(|Ieswfl|§{1v3(g)3 + ”eswu“%ﬂ's(g)s)’
|al|=0

where C is independent of s and Z.

From the differential equation in (4.9), we deduce that [|e*?92 u||?, () can be added to the

left hand side of the previous inequality. The same can be said of ||e5¥2

2 o
yoylu“Lz(g)a in view of
well known interpolation arguments. Consequently, we have

2
Z Y e Dulfagyn < Clle™El3pagpe-
|a|=0

Combining this with (4.21), we obtain:
2
. s e Do ulLa gy + s(lal e oy + 19n2NTaogy) < Clle“Eliagy  (4.22)
|a]=0
Let us finally see that we can deduce inequality (4.16) from (4.22). To do this, we just have
to provide ‘good’ estimates for the terms
2 2 12
s l€*¥Bysulfy1,09gys  and s ||eS¢ay3u|[L2(6g)3 .

From the definition of the y variables in terms of = and the Dirichlet boundary condition on
u, we see that the following estimates hold:

|0ysui] < UV x u)3—;] +€(6)|Oyu| on G for j=1,2,

|Oysus| < |V - ul +€(6)|dysu| on 9G.

These two estimates tell that

[€*¥0y,u| < |z1| + |22] + 24| on OG. (4.23)
Additionally,
102 s uk] < 18y;(V x w)3_i| +€(6)|By,y5ul on G for j=0,1,2,k=1,2
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and
|3§jy3u3| <0y, (V- w)| +€(6)|0y;y5u| on 0G for j=0,1,2,

whence we deduce that v
|e*PVi8y,u| < |V¥21| + | V2| + [ViI24| on 6G. (4.24)
Finally, we have
|a§3uj1 < 0y (V x u)z—4| + |ay].(vk- u)| +€(6)|0y,Vyu| on 0G for j=1,2

and
|02, us] < 18y, (V x w)2| + 8y, (V x whr| + |8y, (V - )| +&(6)|8ys Vyu| on 86,

which lead to the estimate
|ewa§3u[ < |Vya| + [Vyze| + |Vyza| +€(8)|€°8,, ViZu|  on 8G. (4.25)
One can readily see that (4.23)-(4.25) imply that
2
€05l ogys + o010 < Clllzlioagy + 1357l 22(a)e)

as we wanted to prove.

As a conclusion it suffices to prove lemma 12, so the rest of this section will be dedicated to
it. :
Proof of lemma 12: Let us introduce the notation

D =D+1isVe.

Then the main symbol of the differential operator Pg(y, ID) is

Ps,s(Y,5,8) = — (o + istpyo)2 + (8- Ri)(é1 + z's<py1)2
+(B8 = Ra2) (&2 + ispy,)* + {[(BEs — R)G'|G}H(& + ispy,)?
—2R12(61 +ispy, ) (€2 + ispy,)
—230 1 (Rj3 + £y,(B = Rjj) — bys_;R12) (& + isipy, ) (3 + isipys)-

(4.26)

We recall that G = (—£,,, —£,,, 1)*. The roots of this polynomial with respect to the {3 variable
are
Ty, s,€) = —ispy, + a5 (y,5,€), (4.27)

where
371 (Rya + £y, (B — Ryj) — byy_; Rag) (& +isey,) £ /75y, 5, €)
[(BEs — R)GY|G

+ _
aﬁ——
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and
2
r3(y,s, &) = (Z?:l(R]B + £y, (8 — Rjj) — Lys_; R12) (&5 + iscﬁyj))
~[(BE3 = R)GYG(— (6o + ispy)? + (8 — R11) (€1 + ispyy)? (4.28)
+(8 — Ra2) (&2 + 150y, )2 — 2R12(&1 + ispy, ) (&2 + i50y,)).-

It will be useful for the sequel to factorize Pg, as the product of two first order operators.
This is made in the following proposition:

Proposition 8 Let 8 € {u, A+ 2u} and |rg(y)| = C > 0 for all v € (BsNG) x O(261). Then,
for any function v such that supp v C Bs NG, we have :

PB,S(yv D)UV = [(,BEg - R)Gt]G(Dy3 - Fg(yv S, D,))(Dya - Fg(y’ S, DI))vV + Tﬂ,sv"’
where T@s 18 a continuous operator
Tg,s : H(G)° — L2(G)°.

Once this decomposition can be done, one would desire to obtain appropriate estimates of some
norms of v,. More precisely, let ¥ satisfy

(Dy, —T5(y,8, D)0, =4q, 9ly=1/22 =0, supp? C BsNG.
We can then prove the following:

Proposition 9 Let 8 € {u, A+ 2u} and |rg(v)| = C > 0 for all v € Bs x O(24). Then,

~ 112 2
3””1/“1,2(39) < C||(1||L2(ag)7
for some positive constant C independent of s and Z.

Proposition 8 and proposition 9 can both be proved as in [14].

The next step will be to obtain a Carleman inequality for a function satisfying our (second
order hyperbolic) differential equation but with no imposed boundary conditions. This will be
fundamental to obtain the desired estimate (4.20). Indeed, let w satisfy

Ps(y, D)w=g in G, suppw C Bs x [0,1/2?).

Let us denote by P(-, D) the adjoint operator of Pg(-, D) (8 € {u, A+ 2u}) and let us set

Pg(-,D)—}—PE(-,D) D)zpﬁ(')D)_PE('aD).

L+:ﬂ(’D) = 2 ! _:ﬁ(.’ 2

We have
Ly p(, D)w+ L_5(, D)yw = g.

After several computations involving integration by parts, we get

IL+,5( DYwl|F2(gy + 1L 5(, D)wlZ2() + Re /g[L+,ﬂ,L—,6]wdy+Eﬁ(w) = llgllZ2(gy, (4-29)
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with g(w) = (Zé + Z% (w), where 2}3 can be written as 2;’1 + 2[1,’2 + 2[13’3 with

5l (w) =s /ag(ﬁ — Ra3)*(y") ey () (1055 w)* + 5203, [w]?) dyf, (4.30)
S5 = [ (8- Ran)6")es6") [l - st u?
—{B—-Ry1 — R%3 V(18 2 .2 2/ x 2
11— 7 W) 10y wl® = s%0y, () wl]*)
B — Rs3
o (4.31)
= (8- Ra = 5B ) )0l - 6 0l
R R * * *
#2 (Ruat T2 ()00 00 - P04
and
Eé"g(w) = —25Re ./BQ ((8 — R33)(y™)0y;w — R130y, w — Ra30,,w)
Ry
)00 = (8= Ras = 58 ) () (1)
33
= (4.32)
~ (B —R2 - _2;’233) (%) s (") Bypw
RisR
+ <R12 + _ﬂ—_i_?’—Rz;) (v*) (pys (¥*) Oy, w + oy (y*)ayle)> dy'
and
£3w) < e(0)s (Iwlne(og) + 10mwlizcog)) (4.33)
with £(6) — 0 when § — 0. In (4.30) and (4.31), we have used the notation
Ris . Ry

Bgy = — 2 ()8, — ——2—(y*)By, + Oys- (4.34)

B — Rss B — Rs3
In fact, the expréssions of Ly g(-,D)w and L_ g(-, D)w are

Ly 5(y, D)w = 0w + s*gjow — (B — Ru) (05, w + s°pf, w)
— (8 — Raa) (8%, w + s%¢2,w) — (B — Ra3)(0Z,w + 5% w)
+ 2R12(8§1y2'w + 32<py1 Py W) + 2R13(8§1y3w + S2<py1 PysW)
+ 2Rp3(82,,,w + 20y, 0y w)
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and
L p(y; D)w = s (=08 (yow) — PyoOyow + (8 — R11) (O, (y, w) + oy, Oy, w)

+ (8 — R22) (0, (g, w) + 03y Oy w) + (B — R33) (Oys (0ys W) + Py Oy w)
= R12(0y; (91 ) + 0y, Oy w + Oy, (103, w) + Py, 0y w)
— R13(0y; (¢, w) + @y, Oy W + Oy (g W) + @y Oy w)
— R23( 0y, (s w) + ©ys Oy w + Oy (yaw) + 0y Oy w)) -

One just has to integrate by parts, keeping the boundary terms in order to conclude that

Zp(w) = Bh(w) + Th(w),

where Eé(w) is given by (4.30)—(4.32) and Z% verifies the estimate (4.33).
Using (4.29), one can prove in the same way as in Appendix II of [14] that the following
inequality holds:

sllwllsrteg) < L0 DYwlZagy + L=, DYwliZag) + Re ([Lig, L g, w)iag)
+sCl|lwllp2(ag)l|Oyswll 2286y V5 = s0-
Combining this with (4.29), we get
CusllwliFp. gy + Zp(w) < CalgllFaig) + sllwllz2(og) 10 wliz2(66)) Vs 2 so. (4.35)

Having this inequality in mind, we will prove lemma 12 distinguishing several cases according
to the values of rg(y*) (recall that v* = (y*,¢*)):

e First Case: r,(v*) =0, rayo2,(v*) # 0.

® Second case: 7y 9,(7") =0, r,(v*) #0.
e Third Case: r,(7*) # 0, ray2,(7*) # 0 or ru(v*) = ragp2u.(y*) = 0.

2.1. First Case: r,(7v*) =0, razou(7*) # 0.

In this situation, taking § and &; small enough, one can suppose that
P2, (M= C >0 Yy = (y,¢) € Bs x (O(61) N {[{| = 1}). (4.36)

Let us start applying estimate (4.35) to z, = x.(s, D’)e*?(V xu). Recall that w = (W', wyg) =
(V x u,V - u), where the differential operators are taken in the y variables. This yields

5”22”%1,3(9)3 + E}L(ZL) < 5(5)5(“%”3{1,439)3 + llay3ZL||2L2(ag)3) (4.37)
+ C(“es‘pf”%'l.s(g)s + ||Z”%p,s(g)4),
with T (z}) given by (4.30)-(4.32). Let us rewrite the boundary terms in the form

Su(@) = ZpN(z,) + 5,2(2,) + 5,.5(2), (4.38)
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with
pHz) =s /é)g(u = Ra3)*(y")ogs (") (105,20, |* + s%0%, 12, 1%) dyf
L) = s /3 = Bo) 4 ) 0°) (1Bl ~ 6 )l
R R%B * a 12 2,2 * | / 2)
—\# Bu— o ) (0100 - 57y, ()l
R R%3 * 3 712 2 2 * /|2)
—(# B W )(10pz,|° — 570y, (¥")lz,
R R * * *
+2 (R12 + ﬁﬁ%) (y") (02, Oy 2, — 329%1 (V" )eu(y )z, 2| dy'
and

£.%(z),) = —2sRe /a ((1 = R33)(y")Oys2, — Ri3(y*)8y, 2, — Raa(y*)0y,2,)
G

R2
X (@yo(y*)aon’y - (u — Ry — —28 > (¥*) oy, (¥*)0y, 2,

p— R33
(4.39)
R R%3 > *) *)a /
- (u— 2= T (¥*)py2 (y*) Oy 2,
+ (Rar + ) () s 4102, + (y*)awz;)) ay'
v M — Iz
Taking into account (4.28), we observe that
0 =Rer,(v") = RB{(61)? = ("0 ()2 + R§:((6)% — (™0 (8)?]
+2R13(y") Ras () 6163 — (5) 041 ()0 (v7)]
—(u = Ra3) (y*){[=(&)* + (5040 (¥))%] + (b — Ra1)(w*)[(€)* — (5™ oy, ()]
+(u = Ra2) (y")[(63)% — (5"03a (¥7))?] = 2Ru2(y™) (€7 65 — (5%) 0y (¥ )opy ()]}
Consequently,
[Remu()] < e(81)(s* + [6of* + [&11* + 12l?) vy = (y",5,€) € O(d1).
Since ~
B =5 [ (5= Ran) ()07 Reruly', s €I
we readily deduce that
22 (2) < e(01)sllzy 13,0 agy2- (4.40)

Also, from r,(7*) = 0 we find that
60> < C(® + [&1]* + &)%) V(s,0,61,82) € O(61) (4.41)
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for a positive constant C, provided d; is small enough.

In order to estimate E,lj‘q’(z,’,), we will have to distinguish again whether s* is equal to zero
or not.

Taking into account (4.36), an application of proposition 8 provides the identity
Pryous(y, D)zay = [(A+ 2u) B3 — R)G*]G(Dyy — Txy9, (4,8, D))z, + T2,
for some T € L(HY*(G); L*(G)), where we have put 4
20y = (Dys = T4, (v 5, D))z
Then, proposition 9 applied to zZ ., yields

8[| (Dy; — a;\r+gu)z4,ulli2(ag) < (”ewa?{l,s(g)s + ”Z”%LS(Q)‘!)' (4.42)

Case 2.1.1: s* #0
We recall here the expression of Imr, (v*):

0 =Imru(v*) = 26" {RE3(y")eu, ()€1 + R33(¥" )y ()63
+Ru3(y") Raa(y") (0 (¥7)ET + 3 (47)83)
—(1 = R33)(y") =040 ()65 + (1 = Ru1) (") (0 (¥7)E7)
(1 = Ro2) (y*) (g2 (y*)€3) — Ra2(y*) (103, (W")ET + 03 ()€1}
so we have
Imru(7)] < e(61)(s* + [&ol® + & + &) Yy =(y",5,€) € O(8).
Then, a similar argument to the one above leads us to estimate the term E,lj?’(zf,):
£L3(21) < £(61)(12, I rne 00ys + 1957l 220y (4.43)
Therefore, from the expression of £,(z,) (see (4.30)—(4.32)), (4.40), (4.43) and the positiveness
of £,'(z)), we deduce that
T (z,) > CS(HZIUH%{I’S(ag)‘?' + ”31/32;/”%2(69)3)

for some positive constant C. Here, we have used Condition A (at the beginning of section 2)
on ¢, it — Raz > 0 (see (4.6)) and the fact that s? > C(&2 + &2 + &3) in O(61). Combining this
and (4.37), we get

S(HZL”%p,s(g)s + ”Z:/H%rl,s(agﬁ + ”ay3z:/“%2(ag)3) < C(Hes‘pf”%p,s(g)a + |IZII%[1,3(Q)4), (4.44)

In order to estimate the boundary norms of 24 ,, we will use the boundary Dirichlet conditions
and the equations of the Lamé system written on 8G. Indeed, from the two first ones, it is not
difficult to deduce that

Dy, 2] < C(1E] + sl | + [Vyz,|) +£(8) (slzu] + V2| + 10y20)
on 0G, for 7=1,2
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and from the third one
|Dys 24| < C(|e*°f] + slz)| + [Vi'2,| + | Dy, 2| + | Dy 24,))
+<(6)(slzu] + [V2,] +10y2]) on 8G.

Now, using that A 4+ 2u — Raz > 0 along with the Dirichlet boundary conditions, we have

“Dy324,u”%2(3g) < C(”ewf”%:z(ag)s + HZL“%l,s(ag)a + ”61;3211”%2(3@4)

(4.45)
+E(6)(”ZV“%{1,S((SQ)4 + ”ayszV”%2(ag)4)'

In addition, combining (4.45) and .(4.42), we find an estimate of the L? norm of z4 and its
tangential derivatives on 9G:

slizawllinsagy < CUeE s g + slizlins gy + slzuliEneogys + 19wzl 7256)0) (4.46)
+5(5)5(”zvn%{1,s(ag)4 + ]|3y32y||%2(6g)4).
Indeed, in view of (4.36), we can apply Géarding’s inequality after (4.42) and obtain (4.46).
Finally, (4.46) and (4.45) give an estimate of the normal derivative of z4, in the L? norm:

3“2411’”%1&(8@ + 8”81/324,””%2(89) < C’(Hes‘Pf“%Il,s(g)s + 3||Z”%11,s(g)4 + 3“%“?{“(69)3 (4.47)°

+3||8yaziz”%2(ag)4) + 5(5)5(”21/”:;11,s(ag)4 + ]|5y3z,,||%2(39)4).

This and (4.44) provide the desired inequality (4.20). This ends the proof of lemma 12 in this
case.

Case 2.1.2: s* =0
We first remark that, thanks to the Dirichlet boundary conditions, we have

3”'23,1/”?11;(39) < 5(5)5(qu|ﬁ{1,s(ag)4 + Hayan”%?(ag)‘l)' (4.48)

Once the tangential derivatives of z3, are bounded, an application of (4.35) for w = 23, also
gives an estimate for its normal derivative (see the expression of Ei(z;,,y) in (4.30)-(4.32), (4.34)
and (4.33)):

5123013 (0g) + 1005 28.0/122(5g)) < €(O)5(l12u 11,0000 + 19uavllT2(06)4) (4.49)
+ C (e 131,0 gy + 120131100 gye)-

We next deal with the terms Zt(zl,l,) and Zb(zg,,). In fact, (4.40) together with (4.41) and
the fact that oy, is large enough yields

E}a(zj,l/) 2 s(|{(n — R33)0y; 2,y — (R130y, 250 + R238yzzj,U)||%2(ag) + 52”zj,u“%2(3g))
- C(Hewf'”%{l,s(gy + ||Z||12L11,s(g)4) - 5(5)3“V;ZJ’,UI‘|%2(BQ)

for j =1,2.
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An application of (4.37) taking into account (4.49), leads to the inequality

2
s> (I(w = Rs3)dys 250 — (R138y, 230 + R3Oy 2) 3200y + 5723w 132 (60))
i=1

+3Hz{/”i2(g)3 + 5(l|z3,l/“12t11,s(ag) + ”ayszB,V||%2(ag))
2
Cllle* Uz gys + N2l gye) + (03 2 IV 20 72ag)-
j=1

At this point of the proof, we divide it into two subcases:

o Case 2.1.2: A) Ruz(y")&] + Ras(y™)€3 =0

(4.50)

In this situation, inequality (4.50) readily provides an estimate for the normal derivatives of

21, and zg, in L%(G), so we deduce that

2
5 Z(Hayazj,u”%%ag) + 52“Zj,u||2Lz(ag)) + SHZLH%Q(QP
j=1

+5(”23,UH%11,3(3g) + “aysz&uuiz(ag))

2
Clle** £ (gye + 12l 3negye) + €8s D 1Vyzinliaa0)-

Jj=1
On the other hand, the two first equations of our Lamé system provide

“(M - R33)8’y322,y + 2R13ay1 22v + 2R236y222,1/
=F+ ()\ +2u — R33)8y124,,/,

(1 — R33)0y;21,0 — 2R130y, 21, — 2R230y, 21,4
= Fy + (/\ +2u — R33)8y224,l,,

with F1 and F; satisfying estimate

SI1F5122006) < CUIEE2mgys + 12l30,0(g)0)
+E(5>S(HZV“3{I,S(3Q)4 + |‘8y3ZVH%2(6g)4) ] = 1,2

Consequently, this combined with (4.41) show that the term

sllzau 1.5 og)

(4.51)

(4.52)

(4.53)

can be added to the left hand side of (4.51). The same happens for the normal derivative of z4,,

after an application of (4.42).
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In this way, we have

2
s Z(||ayazj,u|]%2(ag) + 32”%#“%}(@9)) + Snzllﬁz‘(g)s

=1
4
+s Z(“Zj,u”fqus(ag) + 118452501 2 20g)) (4.54)
=3
2
< C(lle*# 30 gys + 12l Frs (gys) +€(8)s D IVyziwllagag)-
=1

Next, in order to estimate the tangential derivatives of z1 , and z3,, we use (4.41) together
with the fact that estimate (4.49) also holds for ‘

Op 21y + Oy22,, and Oy, — Oy 22,0 (4.55)

Let us briefly say why (4.49) holds for 8y, 21,, + Oy, 22, and Oy, z1,, — 0y, 22, For the first one,
it suffices to realize that the definition of z = V x u implies that V - z = 0 while for the second
one we use the fact that we already have estimates for all the norms of z4, and the following
expression for the third equation of the Lamé system:

(>‘ +2u - R33)8y3z4,u - 2R13ay1 24y — 2R23ay2z4,u
= F3+ (1 — R33)(Op 22,0 — Oy21,),

(SI & )
& =&

is nonzero (observe that the situation £ = £ = 0 is not possible in case 2.1.2), we can bound
the tangential derivatives of z;, and 2z, as in (4.54). As a conclusion, we deduce inequality
(4.20) and we conclude the proof of lemma 12 also in this case.

(4.56)

where F3 satisfies estimate (4.53).
Finally, since the determinant of
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e Case 2.1.2: B) Ri3(y*)& + Ras(y*)é5 #0
In this second subcase we will first obtain estimates for the norms of z4, (getting profit of
the estimates of 9,2, given by (4.50)) and then for those of z,,.

Applying (4.42), we have that
sl1(Bgs — /Taran ™t (us s, D,))Z‘i,u”iz(ag) < (“ewf”%p,s(g)s + “Z”%{Ls(g)‘i) (4.57)
+€(5)3(||Zu”%11,s(ag)4 + ||ayszu|l%2(ag)4)-

Then, the third equation of the Lamé system (see (4.56)) implies that
(vixvaa (y,5,D') — Ru3dy, — Rosdyy)za, = (b — Ra3)(8y, 220 — By 21,) + Fu, (4.58)

with Fy satisfying estimate (4.53).
We are now going to express z1, and zz, in terms of z4,, using the two first equations of
the Lamé systems, written in the form (4.52):

R130y, 22, + Rasdyp 220 = Fs + (A + 214 — Rs3)0y, 24,
ngaylzl,,, -+ R238y221,,, = Fy — (/\ + 2u — R33)3y224,,,.
Here, F5 and Fg satisfy estimate (4.53) and so we have taken into account (4.50) in order to
estimate Oy, 21, and Oy, 22,,. Since Ri3(y*)& + Ras(y*)E5 # 0, we have
(A +2u — R33)(y")3 - 3
57
R13(y*)é1 + Ras(y*)é2

(4.59)

Zew = (—1)F + B

Plugging this into (4.58), we obtain

(A + 2 — Raa)(p — Ra3) (& + 5%)) 5. =B
Z4p = I'8.
R1361 + Ro3éa

This directly gives an estimate of the the L? norm of z4, and its tangential derivatives in the
following way:

( Toaton (5%,€') — Ri3é1 — Roséa —

5|124,u“§{1,s(ag) = (“ewf‘“%{l‘s(g)s + “Z”%{Ls(g)ﬂ + 5(5)5(“Zu“§11,s(3g)4 + “ayszV“i?(ag)4)'

Now, (4.57) also provides an estimate for the normal derivative of z4,, so for the moment we
have:
2

s Z(“aﬂszj,u“%%ag) + 52”33',””%2(69)) + 5”2;1”%2(9)3
=1
s . ; (4.60)
+s Z(“zj,VHHlvs(Bg) + 10250 2280y
j=3

< C(lle* 31 gy + 1201, gya) + (05012 l3rnsogys + 1955701 22(50y0)

Finally, we use the same argument as in (4.55) in order to deduce that the tangential deriva-
tives of 21, and 23, are also bounded. Since 9y,21,, and Jy; 22, are already bounded, the normal
derivatives of z;, and 23, are too.

As a conclusion, we also obtain (4.20) in this situation.
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2.2. Second Case: 7,(7*) # 0, ra42.(7*) =0
In a way similar to above, one can take § and 41 to be small enough so that
lru(MI 2 C >0 Vy=(y,{) € Bs x O(61). (4.61)

In this situation, condition )42, (7*) = 0 also provides the estimate (4.41).
We distinguish now two different situations depending on s*.

Case 2.2.1: s* =0
First, we can suppose that

035 (u") > T(ru(v%)/5)/(24/ Re(ru(+*))),
since g, is large enough.

Under these hypotheses, we can take § and d; small enough and suppose that
—Imfff(y,() > Cs V’Y = (yaC) € B5 X 0(51)7

since pg, > 0 (see the expression of I‘fj in (4.27)).
Consequently, we can apply proposition 8 in two different ways and deduce that

Pus(y, D)z, = [(uB3 — R)G'|G(Dys — T (y, 5, D)) wif + TiFwf
= ((uEs — R)G'|G(Dy, — Tf (y, 5, D"))w,” + T, ow, ",
with T, € L(HY(G)3, L?(G)?). Here, we have set
W;/i = (Dy, — Fi:(y,s,D,))Zi,.
Next, we apply proposition 9 and we get the following estimates:
sllwi 12200 < CUIE I35 (g + 2l 00 (gye)- (4.62)
On the other hand, since
‘ W, =Wt =2ym(y,s, D), on g
and r,(v*) # 0, we can apply Gérding’s inequality and obtain from (4.62) that
sllz |30 (agys < CUUle**E 11,0 (gys + 120171 gys)-
Again, (4.62) indicates that the normal derivative of z,, is also bounded:
s(lzul 310 a6y + 10020 l17200)8) < CUlE*El3ra(gye + I2lIFn.0(gys)- (4.63)

Next, we can estimate 0y, 24, and Oy,24,, by means of the two first equations of the Lamé system
(see (4.52)). This, together with (4.41), provides the estimate

sllza il og) < Clle** i gy + I217.0ig)e) (4.64)

+ szl agy + 19us2l1Z2 004
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Finally, the third equation of the Lamé system (see (4.56)) gives an estimate of the normal
derivative of z4,. Combining this, (4.64) and (4.63), we deduce the desired inequality (4.20).

Case 2.2.2: s*#0
We first apply estimate (4.37) to z4, and get

slleap i) + Thizulzar) < CUe g + 2l Esge) (4.65)

+ 5(5)5(”24,,,”?{1,3(3@ + ”aysz‘lﬂ/“%?(ag))'

We recall that we may write

1,1 1,2 13
2}\+2N(Z4,u) = Do, (7a0) + TXFo, (24,) + E370,(24,0),

where Z}\’j‘_%(zél,,,) (1 <i < 3) corresponds to the expressions given just after (4.38) with A +2u

instead of u and z4, instead of z,.

2 (24.), we use that 7a;2,(7y*) = 0 and we obtain

In order to estimate 2,1\ o

IS5 2 (74| < €(81)sllza, 30 gy
Also, from 7x12,(7*) = 0 and (4.41), we obtain for small é; that

2
Rig

s _ s
A+ 24— Rs3

) " )om e

Oy (¥™)éo (/\ +2u~ Ry —

2
- ()\ +2u — Rog — L) yp (V)62

A+ 2u — R
Ri3Ra3 . . .
+ (Rt B ) 47 (06706 + 90 06

<e(B)(s* +E+€&5) Ve O(a),
which yields
582 (0] < £00)5(128,0 00 0g) + 19528 35(0)):
Consequently, we have '
Shagu(zap) 2 —e(61)s( 24,0130 (96 + 100024122 0g)
+5(32”Z4,v”i2(ag) + ||5g324,uH%2(ag))»
From the fact that s* # 0, we also deduce that
Shrou(zaw) = s(lzaulltregag) + [18ys 24,0 172 (ag)):
which, together with (4.65), gives
5“24)11||§{1.s(g) + 5(”24,:/”%11,3(3@ + |[3y3z4,u”%,2(ag))

i : (4.66)
< C(lle™*flizsigys + Ialliga(gys)-
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In this situation, estimate (4.48) also holds. Furthermore, we can apply proposition 9 to 23, so

we deduce
slz3. 3. 0g) + 18s73,0l17200g)) < Clle*E N0 igys + 12l 1 g)e) (4.67)
+€(6)S(”ZV”%II,3(BQ)4 + ”ayszuniz(agy)- :

The next step will be to estimate the functions 21, and z3,. To this end, we first observe
that the case where

VTa(Y") — Ras(§1 +is"py,) — Roa(§3 + 187 py,) # 0 (4.68)

directly provides estimate (4.20); indeed, the two first-equations in (4.9) can be rewritten as

(\/’F,;(y, 3, D/) - R13(Dy1 + 7;390111) - R23(Dy2 + is(pyz))ZZ,y = Fy
and
(\/ﬁ(y, S, D/) - R13(Dy1 + iS‘Pyl) - R23(Dyz + is<py2))21,y = Fyo

respectively, with Fy and Fg satisfying estimate (4.53).

To prove this, it suffices to take into account (4.66) and proposition 9 applied to 2z, and
22,,. Now, from (4.68), we can apply Gérding’s inequality to the two previous equations and
we find out estimates of the HY norm of 21, and 22, on 8G. Finally, again an application of
proposition 9 also provides the estimate of the normal derivative of 21, and z3,.

Outside the particular situation (4.68), we distinguish another two cases:

o If (& + sy, (%)% + (€5 +ispy (¥7))? # 0

In this case, we are going to represent (21 ., 22,) in terms of z4,, and we will then use estimate
(4.66).

In order to do this, let us introduce the following differential operator:

M(y, S, DI)(ZL,,, 22’,,') = (Dyl 21 -+ Dyzzzy,,, (,u, — 'R33)(Dy1 22, — Dyzzly,,)) (4.69)
From the third equation of our Lamé system, we have

(1 — R33)(Dy, 22,y — Dy, 21,1)

(4.70)
= ()\ +2u — R33)Dy324’,, — 2R13Dy124yy — 2R23Dy224,,, + 11

where F1; satisfies estimate (4.53).
Then, since the divergence of a curl is identically zero and we have estimate (4.49) for Oy, 23 .,

we find that
SHDyle,v + Dyazzvniz(ag) < 5(5)3(l|zu"%p,s(3g)4 + lI%ZuII%z(ag)d (@71)
+ C(“ewfnip.s(g) + “Z“%p,s(g)zt)

The principal symbol of the operator M is

( &1 + is‘ﬂyl 52 + iS(Pyz >
— (= R33) (€2 +ispy,) (b — Raz)(& +ispy) /7
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which has a nonzero determinant at the point v* because of the hypothesis made in this case.
Therefore, we deduce that there exists a parametrix of this operator such that
(21,0, 220) = M7 (y, 8, D) (Dy 21,0 + Dy 22,0, (1 = Ra3) (D, 22,0 — Dy 21)) + T210, 22,),

with T e S~1.

Consequently, if we use the identity (4.70) and we combine estimates (4.71) with (4.66), we
find

2

SZ ”Zj,u”%(l,s(ag) < C(|‘63¢f||§11,s(g)3 + ”Z”fql,s(gyt) + 5(5)3(“21/”%11,3(39)4 + ||8y3zul!%2(ag)4).
j=1

Finally, the estimate of dy,z;, (j = 1,2) comes from proposition 9 applied to 21, and 20,. As a
conclusion, we have

2
s D _Ulziwllirsag) + 10wz 32(a0)) < CUIE™E0(gys + 1200 gye)
j=1
+e(8)s (|2l 51 agys + 10320 ll72(56)2)
which, combined with (4.66) and (4.67), gives (4.20).

o If (ET + is*@yl (y*))2 + (55 + iS*SDyz(y*))z =0
After an application of estimate (4.37) to z1, and z3,, we obtain that
SHZj,vnip,s(g) + E}L(zj,l/) < 5(5)3(||Zj,VH%11,s(ag) + “ayszj,u“%?(ag)) (@72)
+C(|]es‘f’f|[%11,s(g)3 + ||z||§11,s(g)4) for j =1,2,

where Z}L(z]-,,,) are given just after (4.38).
Let us estimate E}f(zj,,,). First, we rewrite it in the form

Si(zjw) = s /8 g(u — R33) ()5 (") [1000230” = 5705 (") 1250

R2 « "
= (At 2= Ru = ) 008 - P )P
—(rx+2u-R B N 5, o2 — 202 (y*) |z %)
2 22 N+ 24 — Rag (¥*)(10yy 25,0 5 Py \Y )1Z50
2 <Rlz . M) ) Oz O zi — 50 (80 (4|5 2| '
A+ 2u — Ras ’ ’ '

+s /aQ(u — R33)(y")egs [(A+ 1) (185,20 * + 182> — 5700, ()| 20|

=522, (y")|2ziwl®) — (A + 20 — Raz) ™' (y") (R3(v™) (10y, 25,017
—5%02 (¥ 250 1%) + Ris(y*) (18ya201* — $%0%, ()20 ?)
+2R13(y") Raz(y™) (8y1zjyvayazjyu - 32903/1 ‘Pyz[zjﬂ/lz))] dy’

= Jg(zj0) + J5(250),
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where

Ja(zjp) = s /a g(u — Ra3) (y")egs (") [0y ziul* — 8262, (¥") |z

R? N «
= (20 R = B ) )il = 5 )
—,\2-R——-—-——R§§—— V(Busziw |2 — 5202 (47)]250[)
+ I 22 )\_*_2“ _ R33 (y )(I y2ZJ,V| S wyz(y )’2.7:”
Ri3Rs3 . . 2 " W 12| du
P2\ et 5 T R (") (O 2w Oyaziw — 5~y (U7 )Py (V7)) 23w [ | Ay

and
Js(210) = T (z50) = Jalziw).
From Re(ryy2,(7*)) =0, we deduce that
| Ja(z)| < (81)5012j0 | 2o (ag)- (4.73)

Let us now estimate Js5(z;,,); we observe that

J5(zjp) = s /R (= Raa)(y")og (u°) [(A + ) (61 + &5 — 893, (v7)
—5%08,(¥")) = (A + 2 — Raz) ™! () Re (Rus(y*) (61 + ispy, (v7))
+Ros(y") (62 + is0n (W) ] [ 21 déo.

We first realize that, since ry49,(v*) = 0 and
VTR = Rual&] +is*0y) — Ras(€3 +i5"pya) = 0,

we have

Re (Ri3(y*) (€] + ispy, (%) + Raa(y*) (65 + is9 (v™)))?

= (A+2u — Ra3)(A+ p)(y*) Re (6] + sy, ())® + (63 + 1501 (u"))?) -
Then, it is readily seen that J5(z;,) can be bounded as in (4.73). Consequently,

| 52 (230)] < eGDslziulfres o0y (474)

On the other hand, the term E,ljl(zj,,,) provides estimates for

C*S(Haﬂszj,v”%?(ag) + 32||Zj,u”%2(ag))a

with C* large (since ¢y, is too). Then, since s* # 0, we also have estimates for the tangential
derivatives of z;, (that is to say, for ||z;. |3, @y =1 2)-and hence for the normal derivative
too.

Finally, the fact that C* is large is used for estimating E};B’(zj,,,).

As a conclusion, from (4.66)—(4.67) and (4.72)-(4.74), we deduce the desired inequality (4.20).
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2.3. Third Case: r,(v*) # 0 and 7y19,(7*) #0 or r,(v*) = raz2.(v*) = 0.

It is in this paragraph where we will use Calderon’s method. The ideas we develop here are
similar to those in [15].

Let us introduce the variables U = (Uj)gzl, given by

(Uy,Uz,Us) = A(s, D')(e**u), (Us, Us,Us) = Dy, (€’ u),

where A is the pseudodifferential operator with symbol (1 + s? 4 |¢|2). With these notations,
we can rewrite the Lamé system (4.9) as

Dy, U=K(y,s,DYU+F inR3x[0,1/2%,
(U1, Uz,Us) =0 on {y3 = 0}, (4.75)
U=0 on {y3 = 1/22},

where F' = (0, e**f) and K(y, s, D’) is a pseudodifferential operator whose principal symbol is

_ 0 A Es .
Ki(y) = ( ATKATY ATYKG, ) i50ys B

Here, we have set

A= (A +u)GG" + [((nEs — R)G")G| B3,
K= —(A+ 06" + [(€o0 + isipy,)* — ((uE3 ~ R)E*))E3, | (4.76)
Kis = —()\ + M)(&Gt + th) - 2((,U,E3 - R)et)GEg,
with 8 = (& + sy, , &2 + 150y, 0)'. Recall that G was defined (also as a column vector field) in
(4.19). :
In this context, one can check that the eigenvalues of the matrix K coincide with F% (given

in (4.27)).
Let us consider again several situations:

Case 2.3.1: 7, (v*) = 0 = ra12,(7")

Then, the expression of rg indicates directly that Im(I‘%(('y*)) < 0 for B € {u, A+ 2u}; this
comes from the fact that ¢g, > 0. Consequently, the eigenvalues of the matrix Ki have negative
imaginary parts and we can suppose that

Im(T5 (7)) < =C¢| Vv € Bs x O(61).
Now, using standard arguments (see, for instance, Chapter 7 in [19]), we obtain that
1w Uliagys < CUle™El3ne(gys + e ul3isigps):
From this inequality, estimate (4.20) is readily deduced.

Case 2.3.2: 7,(7*) # 0, rarou(7*) # 0 and 7, (v") # rayau(Y")
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In this situation, the matrix K; has four eigenvalues which are given by (4.27) and the
corresponding eigenvectors:

v = (6" + g, GIATY, 09, (0 + 05,0, GHAT),

+ + 4 a1yt + + ko4 ~1yt (4.77)
vy = (vap, v Ay ), vs = (v, v AT )
with
V3 = (b 0F — 0g, — Ly, 0 + 01, 0)AT
and

2

vii = (@ (61 — 4y, @), i (B2 = £yp0s), — D (6 — by, ) )AL,
j=1

Observe that {vf, vgt} is a basis of the orthogonal space to the vector 8 + aﬁG.

Let us take the symbol S(7) in the form S = {v;,v3,v3,v7, vy, v3} and let us extend it as
an homogeneous function of order 0 and of class C® in the ¢ variables. Now, U is determined
by (4.75). Let us introduce W = S~!(y, s, D')U. Then, system (4.75) takes the form

DysW = K(y,s,D"YW +T(y,s,D'YW +F,
where K is a diagonal matrix and T € L*(0, 1; L(HY*(R3)3); H1*(R3)3). A standard argument
for pseudodifferential systems allows to estimate the last three components of W as follows (see
for instance [19]):

sl|(Wa, W, WS)“%{l,s(ag)s < C(|]es‘f’f|]§11,s(g)3 + ||es"”u||§12,3(g)3). (4.78)

Finally, the first three components can be bounded in terms of the last three by means of the
first-squared 3 x 3 matrix.inside S, which is

0, ~ a;\:zl}yl —0y + Kyzoz;: a:(ﬁl — by, a:)Al_i
Al—l 0y — 0‘}\:2“5?;2 01 — fyl aff a%’(Gz - Em aI)Ag )
a:\{-—l—2u 0 - Zj:l(ej — 4y, 0‘:{) Aq

This yields
sl (W1, Wa, Wa)[[ 31,006y < CUEElF10(gys + €% ullFizi(g)),

which, in combination with (4.78) and (4.35), provides (4.20).

Case 2.3.3: 7,(7*) = rag2.(7v*) #0
The argument needed to prove estimate (4.20) in this case coincides exactly with the one
developed in [15].

This ends the proof of Lemma, 12.
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3. Controllability of the Lamé system.

In this section we obtain some exact controllability results for the Lamé system with controls
locally distributed over the cylinder @, = w x (0,T).

First, we need a Carleman estimate similar to (4.10) but with the right hand side in the
spaces L2(Q) and H~1(Q). In order to prove such an estimate, we need a pseudoconvex function
1 which satisfies the additional condition:

Oo¥(-,0) >0, Opy(,T) <0 Vzell (4.79)
We have the following result;

Theorem 11 Let f € L2(Q)? and assume that (4.2), (4.4), (4.6) and (4.79) hold true. Suppose
there exists a function 1 which satisfles condition A. Then, there exists 7* > 0 such that, for
any T > T*, there erists s > 0 such that

HUHHl,s(Q)B < C'(|]es¢f”L2(Q)3 + Hu[|H1,s(Qu)3) Vs > s (480)

for some positive constant C' independent of s and for any solution u € H*(Q)3 of (4.9).

Next, we consider a situation with the function f in the space H~1(Q).

Theorem 12 Let f = f_; + Zi:o Or, fic, where fo,f1,f2,f3 € L?(Q)% and assume that (4.2),
(4.4), (4.6) and (4.79) hold true. Suppose there exists a function ¥ which satisfies condition A.
Then, there exists T* > 0 such that, for any 7 > 7%, there exists s* > 0 such that

3

lullz2@p < CUle* - alla-1qp + Y Ne 2y + lullguye) Vs> s (4.81)
k=0

for some positive constant C independent of s and for any solution u € L*(Q)3 of (4.9).

The proofs of theorems 11 and 12 rely on theorem 10 and are similar to the proofs of the similar
results presented in [14]).
Next, we consider the controllability problem

Pu=f+x,v in@Q, u=0 on 3,
{ X @ (4.82)

u(-,0) =up, OJzu(-,0)=ur in Q.
Here f,ug,u; are given functions and v is a control. Recall that the operator P was defined in
(4.9). Suppose that two target functions ug and ug are given. We have to find a control v such

that
u(-,T) =uz, Iyu(-,T)=uz in Q. (4.83)

Condition B. Suppose that there exists t* € (0,7") such that

min_ (', t*) > méx{ méx ¢(z’,0), méx ¢(z’,T)}.
= €Q\w ' eQ\w =’ EQ\w
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Before presenting the main result of this section, let us remind a well known result on the
solvability of the Lamé system

Pp= i , =0 on %,
{ p=q inQ, p n (484)

p(,0) =po, Ozp(,0)=p1 in Q.
We have the following:

Theorem 13 Assume that (4.2) and (4.6) hold. Then, if q € L%(Q)3, po € H{{(Q)? and p1 €
L2(Q)3, problem (4.84) possesses ezactly one solution p € H(Q)3.

Furthermore, if 9 € HY(Q)3, po € L?(Q)3 and p1 € H~Y(Q)3, problem (4.84) possesses
ezactly one solution p € L?(Q)*.

Now, we state the main result of this paper:

Theorem 14 Assume that (4.2), (4.4) and (4.6) hold. Suppose that there ezists a function v
which satisfies condition A, condition B and (4.79). Then if f € L*(Q)3, uo € HE(Q)? and
w, € L2(Q)3, there exists a solution (u,v) € HY(Q)® x L*(Q.)® to the controllability problem
(4.82)~(4.83). -

Furthermore, if £ € H71(Q)3, up € L%*(Q)% and uy € H1(Q)3, there ezists a solution
(u,v) € L3(Q)3 x HY(Q.)? to (4.82)—(4.83).

Proof. Let € be a sufficiently small positive number such that t* € (¢, 7 — €) and set

M = min (', t*) > méx{ méx (2 ¢), méx P(z’,T —€)}
' eQ\w ' eQ\w z'eN\w

We introduce a cut-off function x(zo) € C§°([0,T]) such that x| - = 1. Let p be a solution
to the system

Pp(z) =p(z)02,p—-Lp=q inQ,
p(z) = p(z")05,p—Lp=q inQ (4.85)
p=0 on X.
Then the function p = x(zo)p satisfies the equation
Pp(z) = xq — [x, 62 in Q,
B(z) =xa—[x,05]p inQ (4.86)
p=0 on X.

Note that [x, 02 ] is a first order operator with coefficients having support in [0, €] U[T —¢, T] x Q.
Therefore, we have the following a priori estimates:

M
1D 02,1pe 2@y < e IIpllanys: 1 5 IPe™ Il m-1(@)s < e IIPllL2@)s-
Additionally, we apply Carleman estimate (4.10) to the equation (4.86) and we obtain that
1Bl res (e < Cllle*®allgre-1(gye + 1Bl oy + €Y 1Pl r-+(g)e)-
Note that, for any sufficiently small € > 0 there exists a §; > § such that
e M| |(p(, %), BzoP(-, ) | ()2 x 251 ()2
< CIIBl ey + lle*®all ga-1(gys + 1Bl pres(@uys + M| p|l gr1-x(gy2)-
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Since §; > ¢, taking the parameter s sufficiently large in the previous inequality thanks to
the theorem 13, we arrive at the observability estimate

Pl Qs < Cllallmr-1(g)s + IIPllax@u)3)-

This observability estimate can be readily converted into the controllability result stated in
our theorem by the well known HUM method (see [24]).
This ends the proof of Theorem 14.
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Apéndice: desigualdad de Carleman
para el sistema de Stokes
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Desigualdad de Carleman para el sistema de
Stokes

En esta seccién presentamos un resumen de la demostracién de la desigualdad de Carleman
para el problema de Stokes con condiciones de Dirichlet que ha sido probada con detalle en [2].
Hemos visto que es esencial para el desarrollo de la tercera parte de esta memoria, correspondi-
ente al trabajo [3].

Para a € L*°(Q)", introducimos el siguiente sistema retrégrado de ecuaciones de tipo Stokes:

—pt—Ap—Dypa+Vr=g enQ

Vip=0 en @,
4 (A.1)
=20 sobre X,
o(T) = ¢° en .
Aqui hemos denotado
Dy = Vo + V'
Las siguientes hipétesis de regularidad tendrén que ser impuestas sobre a:
L= @)Y L*0,T; L7 ()N) o>l siN=2 (A.2)
ac , a € , T . .
S o>6/5 siN=3

Probaremos una desigualdad del tipo

J[ Aaaietaasc [ Aeprdd
Q wx(0,T)

para toda ¢° € H, donde C > 0 es una constante que s6lo depende de 2, w, T y a.
Para probar esto, en primer lugar definimos las funciones peso que utilizaremos. La funcién
peso bésica es n° € C2?(Q), que verifica

"’ >0enQ, 7°=0sobred, |Vn°>0enQ\w,

con w; CC w un abierto no vacfo. La existencia de una tal n° est4 probada en [4]. Ahora, para
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ciertos nimeros positivos s y A, definimos

e5/4xmln° oo _ pA(mlin®lleo+n°(2))

a(z,t) = t4(T — t)4 )
eMmlin®lloo+n°(2))
é((l?,t) - t4(T__t)4 ’

e3/mln’lleo _ oA(m+1) In°lle

a(t) = gg_g O!(l', t) = t4(T _ t)4 ’ (A3)

S/l oo _ Amln®lle

a*(t) = méx a(z, t)

zet - (T - )" ’
~ , APl , Al
f(t)—f;leagﬁ(x,t)— AT § (t)—glel_gf(-’f,t)—m,

é\(t) — s)\e—sag’ o(t) = 515/46—2584-50:*515/4’

donde m > 4 es un ntmero fijo.
Por comodidad, durante la prueba usaremos la notacién

(s, hig) = 571 / /Q e (042 + | Agl?) da dt

+5\?2 // e 25%¢| V| dz dt + s\ // e 259¢3 |2 da dt.
Q Q

El resultado principal de esta seccién es el siguiente:

Teorema 1 Supongamos que a verifica (A.2). Entonces existen tres constantes positivas C, 5o
y Ao tales que para todo ©° € H y toda g € L*(Q)Y, la solucidn de (A.1) verifica

I(S,A;gO) <C (815/2/\20 // e—-4sa+2sa?é\15/2igl2 dz dt
Q

+ 5640 // on 6—836—!—6301*%\16[(’0'2 dx dt> ’
wx(0,

para todo X > Mo(Q,w, T, a) y todo s > 5(Q,w, T).

(A.4)

Observacién 1 En el teorema anterior es posible conocer de qué forma dependen N ySodeT
y de a. En concreto, se prueba en (2] que

_ —_— B\ a 2
>\0 = )\(1 -+ “a“oo -+ ||at||%2(0,T;L,(Q)N) + e)\TH ”oo)

y
5o = 35(T* +T%),

donde X y 5 son constantes positivas que dependen de Q y de w.
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La estimacién (A.4) es una nueva desigualdad global de Carleman que ha sido demostrada en
[2] con un método novedoso, si bien la prueba obedece al esquema marcado por O. Yu. Imanuvilov
en [6]:

PRIMERA PARTE: Consideramos (A.1) como un sistema de N ecuaciones parabdlicas y uti-
lizamos la desigualdad de Carleman para la ecuacién del calor con condiciones de Dirichlet. Una
prueba de ésta se puede encontrar en [4]. Esto proporciona una estimacién de la velocidad en
funcién de la presién:

I(s,\;9) < C (// o A t)lwl2d$dt+// #io,8) (12 + g >dwd¥>

(véase (A.7) mds abajo).

SEGUNDA PARTE: Tomando el operador divergencia en la ecuacién satisfecha por ¢, obte-
nemos la ecuacion eliptica verificada por la presién 7. Usando la desigualdad de Carleman para
las soluciones débiles de problemas elipticos probada en [7], deducimos una estimacién de la
presién en funcién de su traza sobre la frontera y de la velocidad:

//Q p2(z,t) |72 dedt < C (//WX(O,T) p2(z, t)|n|? da dt
[ w009 ozt + [ BNy )
QPG ’ 14 g 0 p7 H/2(8Q)

(véase (A.11)). Seguimos ahora las ideas de [6] y usamos resultados de regularidad para el sistema
de Stokes para acotar la traza de la presién. Combinado con lo anterior, esto nos dard

(5,0 0) < C <//><(OT Rz, 8) ([l + )da:dt-i—// 2(z,) ]g|2da:dt>

(desigualdad (A.15)).

En lo que queda de prueba, nos centraremos en estimar el término local de la presién. En
virtud de la ecuacién que verifica ¢, la tarea consiste en conseguir estimaciones adecuadas de
integrales locales de Ay y 4.

TERCERA PARTE: En un primer apartado, indicaremos cémo se acota localmente Ayp. Esta
es una desigualdad cldsica y no conlleva argumentos de dificultad importantes, de ahi que no
hagamos la prueba detallada. '

CUARTA PARTE: A continuacién, demostraremos la estimacién local de ;. En ella, des-
compondremos nuestra solucién ¢ (salvo un peso dependiente de t) en otras dos soluciones de
problemas de tipo Stokes. En ambas podremos razonar para realizar acotaciones locales de sus
derivadas en tiempo, valiéndonos exclusivamente de resultados de regularidad de las soluciones
del problema de Stokes.

Antes de comenzar la prueba del teorema, 1, haremos un comentario que nos sera de utilidad.
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Observacién 2 Sean ¢° € H y g € L*(Q)" dados y sea (i, ) la correspondiente solucién
de (A.1). Sabemos que ¢ € L?(0,T;V) N C°%([0,T); H). Sea v € C([0,T]) una funcién tal que
7(T) = 0. Entonces (§, ) := (¢, yr) resuelve el sistema

—Pt—AP—Dga+VT=v9—7¢p enQ,

V-g=0

V-3 en Q, "
p=0 sobre %,

e(T)=0 en Q.

Por tanto, podemos decir que (@, 7) es una solucién fuerte de (A.5). En particular,
n(t) € H'(Q), o) e HQY, v @) e L2Q)"

para casi todo t € (0,7).

Estimacién de Carleman para la ecuacién del calor
Aplicamos la desigualdad de Carleman habitual para la ecuacién del calor con segundo
miembro en L?(Q) a la ecuacién satisfecha por @;, que tiene como segundo miembro

Gi=g;+ (Dcpa)i — o4,

La consecuencia es que existen tres constantes positivas C1(2,w), Ao(Q,w) > 1y s0(,w) >0
tales que

I(s, i) < Cy ( [ 9P +1Dpal +19n7?) da d
Q

+5304 / / or e~ 252€3|p)2 da dt)
w1 X(U,

paratodo A > Xy y todo s > so(T7+T8). De hecho, para probar (A.6) basta con seguir las ideas
de [4] teniendo en cuenta que

(A.6)

€ <CT® and |y < CTEY?

para cierta C' > 0 independiente de A y después razonar como en [1].
Ahora, eliminamos el término de Dy a en la derecha de (A.6), usando que

C1|Dpal* < Csllall2£ Vel < £s2%|Vel?,

1
2
para A > A\ (Q,w)llalleo ¥ 5 > 51(R,w)T®. Deducimos que

15, 9) < Ca ( / /Q e~ (g2 + |Vr[?) da dt

+830 / / or e 223 p)? dz dt)
w1 XU,

(A7)
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para todo A > A2(Q,w)(1 + |lalleo) ¥ todo s > s2(Q,w)(T7 + T8).

Localizacién de la presién

En este apartado acotaremos la integral de |V7|? a la derecha de (A.7) en funcién de un
término local de |r[?, la norma en H'/2 de la traza de 7 y otros dos términos globales de |g|? y
[Vip|?; éste tltimo serd absorbido més adelante con I(s, A; ).

Esto serd conseguido con la ayuda de una desigualdad de Carleman aplicada a la ecuacién
eliptica que verifica la presién; esta desigualdad se probé en (7].

Concretamente, aplicando el operador divergencia a la primera ecuacién de (A.1), tenemos

An(t)=V - (Dpa+g)(t) enQ, (A.8)

para casi todo ¢t € (0,7). Obsérvese que el segundo miembro de (A.8) pertenece a H(Q).
Usando la Observacién 2, también sabemos que m(¢) € H'(£2). Aplicamos entonces el resultado
principal contenido en [7] (véase la desigualdad (2.10) en dicha referencia), el cual nos dice que
existe una constante C';1(Q,w) > 0 y dos niimeros A>1,7>1tal que

[ emvatpas <t (+ [ miope + Lo ds
“ & (A.9)

+r 2 O oy + | VAP + NP0 o

para todo A > X y todo 7 > 7, donde 7 est4 dada por
n(z) = AMME e Q.

La integral local de |V7|? en (A.9) puede ser acotada a costa de tener |7|? en un abierto wy mas
grande: w) CC wy CC w. Para ello, consideremos una funcién ¢ € C2(ws) tal que

((z)=1lenw;, 0<L(¢<1

e integremos por partes varias veces:

/ 2V (t)|? dz < / 2TV R(E) - Vr(t) do

_ _% /W2 V(e2™¢) - Vir(t)|? dz — (AT (t), C(8)) =1 (wn), H} (w2) (A.10)

=5 [ AET)|n(t)] du

2 Ju
—-<62ﬂ7v ’ (DSO a+ g) (t)’ Cﬂ.(t))H—l (wa),H} (w2)

Como

|A(e¥™¢)| < 2Com2A%0%™  en wo
para A > Xo(Q,w) y cierta constante C2(Q,w) > 0, podemos acotar el primer término de la
derecha de (A.10) por

6272)\2/ 62”’772|7r(t)]2 dz.
w2



163

Integramos de nuevo por partes en el otro término. Obtenemos que
~(¥V - (Dp a + g) (1), CT(8)) 51 (wp), 1} (wa)
= [ 970 (Dea+ gt do
wy

+/ e*™¢(Dp a+ g)(t) - Vr(t) dx

<Cy (7’2)\2/ X2\ n(t)|? dz -i-/
w2

w2

#7(Dpal? +19)(0) do

+1 / 2|V R(D)2 da

2 Juwsy
para cierta constante 54((2,0}) > 0, pues
[V(e2™¢)] < C3(Q,w)TAne*™  en wo
para A > A\ (Q,w). A partir de (A.10), tenemos ahora que
/ ¥ Vr(t)2dz < Cs (7‘2)\2/ 22\ (t)|? dx
Wi w2
+ [ Emppa + o)) de )
w2

para A > A2(€2,w), lo cual, junto con (A.9), nos da

[ emvn(op az < T ( [ emDog? +1aP)e) ds
Q Q

+T1/262T[|7T(t)”§_11/2(aﬂ) + 7'2)\2/ 62”’772]77(t)l2 d:v) ,

w2

paraA> Ay 7 > F.
Para conectar esta estimacién eliptica con (A.7), tomamos

_5
(T — 1)

&/l
exp ¢ — s—t4(T—t)4

e integramos con respecto a t en (0,7). Obsérvese que, para que esta eleccién de T sea mayor

(o}
;e mlnllos

multiplicamos la expresién por
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que 7, bastara tomar s > (7/28) T® y entonces obtenemos

// e\ Vr|? dedt < Cr (s // e~ 2%%¢|g|? dx dt
Q Q

T
+s//Q e“2sa§lDwa|2dxdt+81/2A e (f*)1/2||77(t)“§{1/2(39) dt (A.11)

+52\? // e~ 222112 dg dt)
ng(O,T)

para todo A > N\, y todo s > 3o7°8.

Tal y como comentamos al comienzo, seguimos ahora las ideas de [6] para acotar la traza de
7. En concreto, usaremos estimaciones fuertes para las soluciones de sistemas de Stokes.
Definamos las funciones

90* - 81/4e—sa* (f*)1/4% T = sl/4e—sa* (5*)1/471_,
que satisfacen el sistema

—p; — A"+ Vr*=g" enQ,

V.p*=0 en @,
©*=0 sobre X,
©*(T) =0 en &,

con
g* — 31/4e~sa*(£*)1/4g+ 81/4e—sa*(§*)1/4D(pa _ 81/4(6—30/‘(5*)1/4)“0.

Usando propiedades de regularidad bien conocidas para el sistema de Stokes (véase por
ejemplo [8}), deducimos que ¢* € L?(0,T; H2(Q)N N V) N L®(0,T;V), of € L*(0,T; H), n* €
L2(0,T; HY(Q)) v, también, que estas funciones estén acotadas en esos espacios por la norma L?
del segundo miembro. En particular,

//(|7r*|2+|V7'r*|2) dxdtg@// 19" % da dt
Q Q

¥, €n consecuencia, tenemos que
T 2
JREC]
< Cv‘g <81/2 // e~ 2sa" (5*)1/2|g|2 dx dt
Q
+51/2“a“go// e—-2sa*(€*)1/2lv(pl2 dz dt
Q

w2 [ /Q (e (€ ) Plof da ).

(A.12)
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Teniendo en cuenta la definicifon de a* y de £* (véase (A.3)), vemos que las dos primeras
integrales de la derecha de (A.12) pueden acotarse por

// ~2sag(g12 di dt + sllal|%, // 6250 |Vo|? d dt,
si s > 5 T8.

Finalmente, obtenemos una estimacién de la derivada en tiempo del peso e3¢ (£*)1/4:

(75 (€)%, = e (=saf (€4 + 1/4(€7)¥4g)
< Croe™ (sT(€")3/? + T(")/?) < Crie™* sT(¢")*/?,

para cierta constante Cy; > 0 independiente de ); aqui se ha elegido s > 5;78. Con esto,
podemos acotar el tltimo término de (A.12). Teniendo en cuenta (A.11), obtenemos:

// —2sa|v7r|2dzdt<cu< // e~ 25%¢|g|? da dt

+s||a“20// e~ 2% V|2 dx dt + 52T // e~ 25263 p2 da dt (A.13)
Q Q

+52\2 // e 22|72 da dt
sz(O,T)

para todo A > Ag y todo s > 53T8.
Ahora, combinamos esta desigualdad con (A.7) y llegamos a que

I(s5,);0) < C3 ( 3xd / / e 252¢3 |2 d dt
1X OT

+52)\? // e 25262112 dy dt + s// e 2% g2 dz dt (A.14)
sz(O,T) Q
+5%/2772 / / e~ 2523\ p|2 da dt + s)lal)’, / / e—2w§|w|2dxdt)
Q Q

para A > A3(1 + [lalloo) ¥y § > s3(T7 + T8).
A continuacién, absorbemos los dos ultimos términos de (A.14) tomando s > s4T* y A >
Adllalloo de modo que

Dot —

53’ C13”‘7‘“00 = 2)‘2

Por tanto, obtenemos la desigualdad
I(s, ;) < Cy <s3)\4 // e~ 253 o2 de dt
wlx(O,T)

+52)2 // e~ 226212 do dt + s// e~ 2%¢|g|? do dt
sz(O,T) Q

(A.15)
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para A > As(1+ [|alloo) ¥ 5 > s5(T4 + T8).

Como anunciamos al comienzo, el resto de la demostracién tiene como objetivo la eliminacién
del término local de la presién que aparece a la derecha de (A.15). Podemos mencionar dos
grandes dificultades para llevar a cabo esta tarea: el hecho de estimar localmente la presién de
un problema de Stokes como (A.1) en funcién de términos locales que sélo dependen del campo
de velocidades es bastante delicado; también lo es que tengamos que tratar con funciones peso
que dependen de la variable z.

Por consiguiente, en primer lugar reemplazaremos la funcién peso por otra que sélo dependa
de t. Esto nos permitird reducirnos a estimar una integral de |Vr|? en vez de |7|2. Entonces,
teniendo en cuenta la ecuacién que verifican ¢ y , el objetivo serd acotar integrales locales de

|Ap|? y |42

De hecho, las definiciones de &, £ y 8 (véase (A.3)) dan directamente

5202 // e~ 252e2 |12 dy dt < // l§|2|7r|2 dz dt.
wex(0,T) w2 x(0,T)

Podemos tomar 7(¢) cumpliendo

/w (t) de =0

para cada t € (0,T). Asi, usando la desigualdad de Poincaré-Wirtinger, sabemos que existe

Cs > 0 tal que
// 8122 d dt < C // 02|V |2 da dt.
UJQX(O,T) ng(O,T)

De la primera ecuacién de (A.1), deducimos por tanto que

222 // 2502 12 go it < C (// 012192 du dt
w2 % (0,T) wa X(0,T)
+// |§|2IALp|2dxdt+// 1012|012 da dt (A.16)
wex(0,T) wax(0,T)

ol [/ o PVl dt) |
w2 X (U,

Estimacioén local de |Ap|?
En este apartado vamos a indicar cémo se puede acotar el segundo término a la derecha de
(A.16). Sea w3 un abierto no vacio tal que

wy CCwz CCw

y sea p € D(ws) una funcién verificando p = 1 en wo.
Pongamos R
u(z,t) = 8(t)p(z)Ap(z,t) en RY x (0,T).
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Aqui, hemos supuesto que u se extiende por cero fuera de ws. El objetivo serd acotar la integral

/ / luf? de dt.
sz(O,T)

Veamos qué ecuacién del calor verifica u. Para ello, aplicamos el operador de Laplace a la
ecuacion satisfecha por ¢ y tenemos en cuenta (A.8); obtenemos

(Ap)e — A(Ap) =f en@Q, (A.17)

donde
f=ADya)+48g—-V(V-(Dga)) = V(V-g).

A partir de (A.17), deducimos

us—Au=F en RN x(0,7),
(A.18)

u(0) =0 en RV,

con
F= @\pf + a’pALp - 2§Vp -VAp — 5ApAgo.

Obsérvese que F € L2(0,T; H 2(RM)Y) y que a priori sabemos que u € L*(RN x 0, THN
(Observacién 2). De la propia ecuacién de (A.18), deducimos que u; € L3(0,T; H 2(R¥ ™),
luego u(0) tiene sentido. Ademds, es posible probar que el sistema (A.18) posee una tunica
solucién en esta clase.

Ahora, reescribimos F como la suma de derivadas segundas de g, DT y ¢ més el resto de
términos. En concreto, escribimos F = F; + F5, con

F1 = 8A(p(Dya)) +8A(pg) — 8 V(V - (p(Dy a)))
~BY(V - (pg)) +8'Ape)

Fy = —20Vp-V(Dya) - 0Ap(Dpa) —20Vp- Vg
~00pg +8V(Vp- (Dpa)) +6Vp(V - (Dpa))
§V(Vp -g)+ §Vp(V .g)—20"Vp- Vo
—§'Apcp — 2§Vp -VAp - 5ApAcp.
Nétese que Fy € L2(0,T; H-2(RM)N), mientras que Fy € L%(0,T; H~*(RM)N). A conti-

nuacién, definiremos y estimaremos dos funciones u! y u? en L2(RY x (0,T))" cumpliendo

P Aut = F RN x (0,7T),
{ut = 0.7) (A.19)

u'(0) =0 en RN

para ¢ = 1,2. Por tanto, bastara con estimar las integrales

/ / |[u?|? dz dt.
wax(0,T)
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Para la primera de ellas, definimos u; € L2(R" x (0,T)) como la solucién por transposicién
de (A.19) para i = 1. En otras palabras, u; es la \nica funcién de L2(R" x (0,T)) que verifica
para cada h € L2(RY x (0,T)) la igualdad

// ul - hdzdt
RN x(0,T)
=// B (g + Dypa)) - Az) da dt
RN x(0,T)

- // gp(Dgo a)-V(V-z)dcdt (A.20)
RN x(0,T)

—// bpg - V(V - 2) dz dt
RN x(0,T)

+// §'p<p-Azdxdt,
RN x(0,T)

zz—Az=h enRN x(0,T),
z2(0)=0 en RV,

donde z es la solucién de

(A.21)

A partir de la definicién, no es dificil obtener la estimacién L% de u; (para més detalles,

véase [2]):
// [ul|? da dt < // |ut|? d dt
wa X (0,T) RN x(0,T)
<6 (// |§g|2dxdt+// 18702 de dt (A.22)
w3 x(0,T) w3 x(0,T)

+// 10Dy al? dxdt> ,
w3 x{0,T)
con Cy(w) > 0.

Para realizar la estimacién de ug, basta definirla como la solucién débil de (A.19) para ¢ = 2
(puesto que F» € L2(0,T; H~Y(RY))). Directamente, deducimos

// ([W?? + |V} dz dt < Cy </ 10 0|? da dt
w2 x(0,T) w3x(0,T)

+//w3x(0’T) 1012(1g> + | D al® + |<P|2)da:dt) .

Naturalmente, esto también es consecuencia de que ug es la solucién de (A.19) en el sentido del
semigrupo asociado a la ecuacién del calor en RY; para més detalles, véase [2].

(A.23)
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En definitiva, combinando esto con (A.22), llegamos a que

i I512|A<pl2dwdt353<// 6" 2 f? d it
w2 x(0,T) w3x(0,T)

+ // 1012(191* + | D al? + |¢|?) dz dt) .
ng(O,T)

Estimacién local de |y;|?

Este paragrafo contiene la parte mas complicada de la prueba. Resumiremos el argumento
que estd desarrollado en su completitud en [2].

Sean (Y1,q1) y (¥2, ¢2) las soluciones respectivas de

-1t — AY1 — Dpra+ Vg =0g enQ,

(A.24)

V- =0 en @, (A.25)
Y1 =0 sobre X,
Y (T) = en 2
y /
—2¢ — Ay — Dippa+Vga = -0 en@Q,
Vide=0 e Q (A.26)
P2=0 sobre X,
Yo(T) =0 en
(6 se defini6 en (A.3)). Por la unicidad del sistema de Stokes, tenemos que
bp=11+v2 y Or=q +q.
Luego debemos acotar el término
// 1012 |¢|? do dit = // 072101216 |? d dt
w2 x(0,T7) wex(0,T) (A27)

— 8—11/2)\2 // e—25a*+25a\g—11/2|w1,t + w2’t _ 0/()0,2 dr dt.
w2 x(0,T)

A continuacién, acotamos las integrales locales asociadas a 1+ y ¥2,.

La estimaci6n del término e =25 +2s8¢=11/2|y) ;|2 se hard en realidad en Q x (0,T) y sin la
ayuda de la funcién peso. En concreto, es ficil ver que la funcién peso

e~ 2s¢ +2sa§—11/2

estd uniformemente acotada en (0,7). Ahora, aplicamos estimaciones de regularidad para el
sistema de Stokes (véase, por ejemplo, [8]) a (A.25) y deducimos que

¥y € L0, T; H2 Q)N n HY (0, T; LAH(Q)Y)
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* 3T all2
le,tlliz(@w + Wluiz(o,T;m(Q)N < CH{1 + [laf)Ze ™ ”°°)”99”%2(Q)N-

Luego, tenemos

5—11/2/\2 // e-—2.sa*+2s&g—11/2|w1,t|2 dx dt
wax(0T) (A.28)

sC§(1+Ilallioecé‘T"a”io)//Q|9|2|g|2dxdt.

En lo que se refiere a la estimacién de 13, indiquemos que en el transcurso de la prueba
necesitaremos acotar la segunda derivada en tiempo de 5. Esto serd posible bajo las hipétesis
de regularidad sobre a impuestas en (A.2).

En concreto, integrando por partes dos veces con respecto a t, obtenemos

5—11/2/\2 // e—2$0¢*+2sag—11/2‘¢27t12 dx dt
sz(O,T)
1 PPN
— _8—11/2/\2 // (6—2301 +23a£—11/2)tt|w2,2 dz dt (A29)
2 wax(0,T)
5117252 // 6_2”*”5&5_11/21&2,“ Ay da dt.
w2 x(0,T)

De nuevo, no es dificil ver que la funcién peso

(8—11/2)\26—2501*4-25&5—11/2)“

estd acotada uniformemente.
Introduzcamos la funcién

g = 8—11/2)\—-46——2.%!*+23&2—11/2

y acotemos el segundo término de la derecha de (A.29). Usando la desigualdad de Holder,
deducimos que

~\6 / / 8% 1ho 11 da dit
W2X(O,T)

< )‘6”6*1/’2,2%“L2(O,T;Lr(wg)1")“7/’2|]L2(01T;Lr’(W2)N) (A.30)
1 1
< 510l i 0, minr ) + 53 M2 L0 71 vy

donde 6/5 <r<osiN=3yl<r<osiN=2(csedefini6 en (A.2)).
Acotemos en primer lugar el tltimo término de (A.30). Sea ¢ € C?(ws) tal que

supp( Cws y (=1enws.
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Entonces,

||¢2||iz(oyT;Lr/(w2)N) < CZ“A(C%)||%2(0,T;L2(u3)N)
= Cillv2 ¢ + 2V - Vo + CAYsl32(0 112 (ws) )

pues H2(w3)N N Hi(wz)V se inyecta continuamente en L™ (w3)™, para todo 7’ < co.
En este punto, podemos aplicar la estimacién local obtenida en el pardgrafo anterior a
]|CA¢2||2L2(O’T; L2(ws)N)" De hecho, como 2(T) = 0, basta aplicar la desigualdad (A.24) con

w=19,0=1y g=—0¢. Esto da
2
[|¢2”L2(0’T;L7" (w2)N)

< C(1+ fal2) / / (9af? + (Va2 + 10 0f?) da dt.
w3x(0,T)

De las definiciones de %; y 2, también deducimos que
[¥2l® + |Vl < 2090 * + |Vl + 1P (ol + [Vl?)).

Como consecuencia, si vemos 11 como la solucién débil de (A.25) y usamos estimaciones globales,
llegamos a

2l 0 v gy < G301+ llalZ) <eC?T“““%°||9guiz(Q)~

s e iPePsar+ [[ |9|2|Vs0|2dwdt>~
w3 x(0,T) w3 (0,T)

Por dltimo, digamos cémo se puede obtener una cota del término de 124 en (A.30).
Consideramos €l par (¢,q) = (0*at,0%*qga:). Se puede probar (por ejemplo, usando un
argumento de densidad sobre a) que este par verifica

(A.31)

—~py — A —Dypa+Vg=G enQ,

V=0 @ (A.32)
Y=0 sobre X, ,
Y(T)=0 en 2,

donde
G=—0"0"p— 000, + 0*Dipaar — (8*) Yot

Con el objetivo de estimar 1; en L2(0, T; L™ (Q)"), primero acotamos el término de transporte
(D a) en el mismo espacio. De hecho, si miramos 1 como la solucién débil de (A.32), deducimos
que ¥ € L*(0,T;V) y

19l 20,750y < CzeCiTlals |Gl 20,751 (Q))s (A.33)
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luego tenemos la misma cota para || Di|| L2(Q)N-
Tras diversas estimaciones de cierta complejidad, se puede demostrar que

0*Dipg ar € L*(0,T; L™ (Q)N)
Yy que
16" Dbz aell L2 0,12 (™)
< Cio latl oo, zyzo@yny T2 (1 + |aflZ,) (16" Aal 12y
(") Aol L2y + (6% 2)sll L2g@yw + 1((0%) 2)ill L2y
+1676" Al 2y + (670" 0)tll L2 (yn )-

(A.34)

La prueba detallada de esto se encuentra en la etapa 6 de la prueba del teorema 1 de [2].
Bajo estas condiciones, podemos aplicar el teorema 2.8 de [5] para deducir que ; €
L2(0,T; L7(Q)N), junto con la estimacién

Ml Lz zr vy < CHUIG 20, 0m@)) (A.35)

para cierta constante C7; > 0 que depende de Q pero no de 7. Como L"(f2) se inyecta continua-
mente en H (), de (A.33) y (A.35) deducimos que

* * * 2 *
10" 2 2tll 20,7 Lm @)y S Cra(1 + llalloo)eCTs T (1676”0 120y

H0* 0 pell L2y + 1187) Y2 ll r2iyn + 16" D2 atll 120 sy vy)-
Usando (A.29)-(A.31) y esta tltima desigualdad, tenemos

8—11/2/\2 // 6—2sa*+2362—11/2l¢2’t|2 dx dt
Wy X 0 T)

< Cla(1 + llallZ)eCisT 1o (X12(Jl0g)2, g

A.36
1001220, 7, 0200 + 10010 7200y + 10V 0 mpouyy) 3O)

‘*‘“9*9”90”22(@1\1 + ”9*9/@1&“%2(@)1\1 + ’|(9*),¢2,t“%2(Q)N

+1[8" D)o at”%ﬁ(o,T;L’(Q)N)) ’

Para obtener la estimacién de la derivada en tiempo de ¢, combinamos (A.27), (A.28) y
(A.36) y obtenemos que

/ / 182 01]? e dit
(.(J2X(0 T

< Cio(1 + llallZ)eCir Il (X12(og)2, g

~ A37
+”690“%2(0,T;L2(w5)1") + HHIQOHEF(O,T;LZ(UJS)N) + IIQVSD”%2(O’T;L2(“;5)N)) ( )

188" 0l 2a gy + 1678 0il 2 g + 18"V elBa

+”9*D¢2 at”iZ(O,T;Lr(Q)N)) .
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Para acabar, en primer lug:ir usamos la expresién de 12 = —ii1 + O junto con la estimacién
(A.28) para 1. Esto nos lleva a la desigualdad

// 0202 d
w2 x(0,T)

< Ol + lall&) aelZa(o o gy eCEo 71N
(m(lleglliz(@w 16002 2(07.22 0y

16PN 20,722 (05)%) + 10V 2N E2(0, 1312 sy (A.38)
HL+TY)(10°0 0l 52 gy + 1678032y

+H(07) 01T 2 igyn + 1076”0l T2y + 16040720y

IO Dl 2y + 108|220y + 1601 22
+||6’*9’<Pt||%2(Q)N + “(9*)19%“%2@)1\/)) -

Teniendo en cuenta la definicién de las funciones peso (véase A.3) y haciendo una buena
eleccién de los pardmetros s y A, obtenemos

C4Cs // 1012|042 de dt
wa x{0,T)

< Céko)\zo(“eg”%z(Q)N + “&P“iz(o,T;Lz(%)N) + W‘P[liz(o,T;Lz’(ws)N)

1
+”9V(‘0“22(O,T;L2(W5)N)) + 51(37 >‘; 30)'

Finalmente, combinamos esta desigualdad con (A.15), (A.16) y (A.24) y llegamos a que

I(s,A9) < CoA% (1109)172(0pw + 1001 720,112 () ¥
( 2@ (0,T5L2 (ws) ™) (4.30)

H102l 20,712 gy + HGV@HQH(O,T;LQ(L«%)N)) ’

de donde deducimos (A.4) casi directamente.

WSTERATIONE
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