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Resumen

Histéricamente han sido muchos los matematicos de todas las épocas que se han
sentido atraidos y fascinados por la existencia de grandes estructuras algebraicas
que satisfacen ciertas propiedades que, a priori, pueden contradecir a la intuicién

matematica.

El objetivo de la presente Memoria es el estudio de la lineabilidad de diversas

familias de sucesiones de funciones con propiedades muy especificas.

La Memoria se divide en 6 capitulos, donde los Capitulos 1, 2 y 3 se centran en
introducir la notacion basica y la terminologia principal de la teoria de la Lineabilidad

y de los modos de convergencia que usaremos a lo largo de esta Memoria.

En el Capitulo 4 comenzamos el estudio del tamano algebraico de dos familias de
sucesiones de funciones con distintos modos de convergencia en el intervalo unidad
cerrado [0, 1]: convergencia en medida pero no puntual en casi todo y convergencia

puntual pero no uniforme.

En el Capitulo 5 centramos nuestra atencion en el marco de las funciones inte-
grables (Lebesgue). Comenzamos con sucesiones de funciones integrables y distintos
modos de convergencia en comparacién con la convergencia en norma L', y finalizamos
el capitulo con el tamano algebraico de las familias de funciones no acotadas, continuas

e integrables en [0,400), y las sucesiones de ellas.
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Resumen Lin. Alg. Struc. Func. Seq. Spaces

Finalmente, en el Capitulo 6 trabajamos en el dmbito de las series de funciones,
obteniendo resultados positivos sobre el tamano lineal y algebraico de la familia de
sucesiones de funciones cuya serie asociada converge uniformemente pero no verifica

las hipétesis del Criterio M de Weierstrass.

Viil



Abstract

Historically, many mathematicians of all ages have been attracted and fascinated
by the existence of large algebraic structures that satisfy certain properties that, a

priori, contradict the mathematical intuition.

The aim of the present Dissertation is the study of the lineability of certain families

of sequences of functions with very specific properties.

The Dissertation is divided in 6 chapters, where Chapters 1, 2 and 3 focus on
introducing the basic notation and main terminology of the theory of Lineability and

modes of convergence that will be used along this Dissertation.

In Chapter 4 we begin with the study of the algebraic size of two families of
sequences of functions with different modes of convergence in the closed unit interval
[0, 1]: convergence in measure but pointwise almost everywhere and pointwise but not

uniform convergence.

In Chapter 5 we focus our attention on the setting of (Lebesgue) integrable func-
tions. We start with sequences of integrable functions with different modes of conver-
gence in comparison to the L'-convergence, and finish the chapter with the algebraic
size of the family of unbounded, continuous and integrable functions on [0, +00) and

sequences of them.
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Finally, in Chapter 6 we turn into the setting of series of functions, obtaining pos-
itive results about the linear and algebraic size of the family of sequences of functions
whose series converges absolutely and uniformly but does not verify the hypothesis of

the Weierstrass M-test.



Introduction

In the field of Functional Analysis, one of the branches that has experienced a
wider development in the past few decades is the theory of Lineability. In this branch
we can find the study of the existence of vector spaces inside spaces with a strong
non-linear setting, as well as the existence of linear algebras. This is precisely the

framework in which the present Dissertation is set.

The theory of Lineability started in 1966 with a paper of the Russian mathemati-
cian Vladimir I. Gurariy [30], where he proved that the family of continuous functions
in the closed unit interval [0, 1] that are nowhere differentiable contains, except for
the null function, an infinite dimensional vector space. The concept of lineability (ex-
istence of an infinite dimensional vector space) was coined by Gurariy himself. He
later partnered with R.M. Aron, F.J. Garcia-Pacheco, D. Pérez-Garcia, J.B. Seoane-
Sepulveda [6] and L. Bernal [15], taking into account the topological structure of the
space, its maximal dimension, and the existence of linear algebras, introduced the
concepts of dense lineability, spaceability, maximal lineability and algebrability (see

Chapter 2 for rigorous definitions).

In this sense, in 1999, V. Fonf, Gurariy and V. Kadets [28] proved that the previ-
ously defined family is spaceable in the space of continuous functions on [0, 1]. Later,
in 2013, P. Jiménez-Rodriguez, G.A. Munoz-Fernandez and Seoane-Sepulveda [35],
provided the first constructive proof of the c-lineability, that is, the existence of a

c-dimensional vector space of this family, where ¢ is the dimension of continuum.
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Finally, F. Bayart and L. Quarta [14] showed in 2007 the dense-algebrability of the
family of continuous and nowhere Hélder functions on [0, 1], which is a more restrictive

family than the initially considered by Gurariy.

Focusing our attention on the space of continuous functions with additional proper-
ties, the list of names that have dedicated their time to study the size of these families
under the point of view of Lineability increases considerably. In 2015, Bernal, M.C.
Calderén-Moreno and J.A. Prado-Bassas [17] proved that the family of continuous
functions f : [0,1] — R? whose image has non-empty interior and a zero-(Lebesgue)
measure boundary is maximal lineable and strongly algebrable, as well as the maximal
dense-lineability of the family of continuous functions f : [0,1] — R? whose image has

positive (Lebesgue) measure. Some related results can be found in [2] and [19].

But not everything is positive, as B. Levine and D. Milman [42] already showed in
1940. In particular, the family of continuous bounded variation functions on [0, 1] does
not contain a closed infinite dimensional vector space when we consider this family
as a subspace of the space of continuous functions endowed with the topology of the
uniform convergence. On the other hand, in 2004, Gurariy and Quarta [32] proved
that in some cases, even a large linear structure cannot be found. In particular, they
proved that the family of continuous functions on [0, 1] which admit one and only
one absolute maximum is 1-lineable but not 2-lineable. Moreover, if the closed unit
interval [0, 1] is replaced by the whole real line R, they showed that the previous family
turns out to be 2-lineable, while the family of the corresponding subset of continuous

functions vanishing at infinity is not 3-lineable.

In the setting of sequences of functions and modes of convergence of them, in 2017,
G. Aratjo et al. [4] showed the c-lineability of the family of sequences of (Lebesgue)
measurable functions f,, : R — R (n € N) such that (f,,), converges pointwise to zero
on R and f,(I) = R for any non-degenerate interval I C R and every n € N. More-
over, by considering the family of all sequences of (Lebesgue) measureable functions

fn:]0,1] = R (n € N) such that (f,,), converges in measure to zero but not pointwise

xii
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almost everywhere on [0, 1], they were able to prove the maximal dense-lineability of
this family in the vector space of sequences of (Lebesgue) measurable functions on

0, 1].

In the same year, A. Conejero et al. [27] focused their attention on the probability
theory setting, and they studied the lineability and algebrability of diverse problems,
with both positive and negative results about the size within martingales, random

variables, and certain stochastic processes.

Continuing within the framework of integrable functions, Munoz-Fernandez et al.
[44] proved, in 2008, the clineability of both the spaces LP([0,1]) \ L?([0,1]) for
1 <p<gq,and of LP(I) \ L(I) for 1 < ¢ < p and any unbounded interval I C R.
Some generalizations and extensions of these results can be found in [6], [15], [18],

9], [21], [22] and [39].

Regarding the existence of linear algebras, in 2009, Garcia-Pacheco et al. [29]
proved the existence of an infinite generated closed algebra contained in the family
of almost everywhere continuous functions f : I — R (being I C R an arbitrary
unbounded interval) that are not Riemann integrable. Moreover, they proved that
the family of continuous and bounded functions f : I — R that are not Riemann
integrable on an unbounded interval I C R is spaceable. In addition, for the fam-
ilies of functions that are Riemann integrable but not Lebesgue integrable, and the
ones that are Lebesgue integrable but not Riemann integable, they proved its line-
ability and spaceability, respectively. In this direction, Bernal and Ordénez-Cabrera
[19] showed in 2014 the maximal dense-lineability of the family of continuous and
Riemann integrable functions on [0, +00) which do not belong to LP([0,400)) for any

0 <p<+o0.

Going back to continuous functions, in the setting of sequences of functions there
are, up to our knowledge, only few and recent results concerning its lineability. In fact,

the first result is ascribed to Bernal and M. Ordénez-Cabrera [19] in 2014, when they

Xlil
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considered the family of sequences of continuous bounded and integrable functions
fn i R = R (n € N) such that || f,]lo — 400 (n = 00), sup {||fulli : n € N} < 400
but || f.]l1 # 0 (n — o), and proved its maximal lineability.

In the setting of series of functions, we can find a wide plethora of results concerning
the study of the divergence of the series and its algebraic size. Its origin goes back to
E. du Bois-Reymond (1873, see [40]), who was the first one to exhibit an example of
a continuous function f on the unit circle T whose Fourier series diverges at a point.
This was later improved in 1966 by J.P. Kahane and V. Katznelson (see [36],[38]),
extending the divergence to a set £ C T of (Lebesgue) measure zero. If we drop
away the continuity of the functions, in 1926 A. Kolmogorov [41]) was able to find a

function f € L'(T) such that its Fourier series diverges everywhere on T.

In 2005 Bayart [13] showed that the set of continuous functions on T whose Fourier
series diverges on a set £ C T of measure zero is dense-lineable. A year later, Aron
et al. stated its dense-algebrability. When F is countable, results on lineability of

divergent Fourier series with additional properties are obtained in [16] or [43].

Again Bayart [12], [13] showed that the set of Dirichlet series f(s) = Zann’s
n=1

that are bounded in the right half-plane and diverge everywhere in the imagin_ary axis
is lineable and spaceable. Together with Quarta [14], they were also able to establish
the algebrability.

In the setting of Banach spaces, A. Aizpuru, C. Pérez-Eslava and Seoane-Sepulveda
in 2006 [1], asserted that the set of unconditionally convergent but not absolutely
convergent series of any infinite dimensional Banach space is ¢-lineable. Moreover, the
set of sequences such that its partial sums are bounded but the series diverges is also
c-lineable. If we focus on the complex plane, in 2011 A. Bartoszewicz, S. Glab and
T. Poreda proved in [11] that the set of non-absolutely convergent complex series and

the set of divergent complex series with bounded partial sums are c-algebrable.

Xiv
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Following with sequences of real numbers, in 2013 Bartoszewicz and Glab [10]

showed that ¢\ U ¢, is densely strongly c-algebrable, where ¢y denotes the set of all
p=1

real sequences converging to zero, and £, is the set of all p-sumable real sequences.

Later, in 2017, Aratjo el al. [4] studied the linear structure of sequences of real
numbers such that its series fails the root and ratio test. Concretely, they show that
the set of sequences in ¢; that generate series for which the ratio or the root tests fail
and the set of sequences in w (the vector space of all real sequences endowed with the
product topology) that generate divergent series for which the ratio and the root tests

fail are c¢-dense-lineable in ¢; or w.

In the present Dissertation we generalize and extend some of the previous results.
In Chapter 1 we establish the main notation and basic definitions that are needed to

the correct development of this Dissertation.

In Chapter 2, definitions of the theory of Lineability are introduced, as well as
different relations among them, with some general results about the existence of these

linear structures.

In Chapter 3 we recall different modes of convergence in the setting of function
sequence spaces. We show the different relations among them, including counter-

examples when the reciprocals are not true.

Chapter 4 brings modes of convergence into the setting of Lineability. We focus our
attention on sequences of functions with different modes of convergence, and study the
size of these families under the point of view of Lineability, providing positive results
about the existence of both linear and algebraic structures. In particular, we show
the spaceability and strong c-algebrability of the family of sequences of (Lebesgue)
measurable functions f, : [0,1] — R (n € N) such that they converge to zero in
measure but not pointwise almost everywhere on [0, 1], extending the work in [4], and
the maximal dense-lineability, spacebility and strong c-algebrability of the family of

sequences pointwise but not uniformly convergent to zero on [0, 1], satisfying that for
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any € > 0 there is a measurable set £ C [0, 1] with m(E) < e such that esssup |f,,| — 0
(n — 00). e

In Chapter 5 we focus our attention on the setting of (Lebesgue) integrable func-
tions. First, we recall the convergence in L'-norm, and complete the results of
Chapter 3 with the existence of sequences of functions f,, : [0, +00) — R converging to
zero in measure but not in L'-norm, converging to zero in L!'-norm but not uniformly
on [0, +00), and converging to zero uniformly on [0, +0c0) but not in L'-norm. In fact,
we study the algebraic size of this last family, obtaining its maximal dense-lineability,
spaceability and strong c-algebrability. Later, we consider unbounded, continuous and
integrable functions and sequences of them, and show that they are Ny-algebrable and
maximal dense-lineable. We finish this chapter with some final remarks about the
maximal possible convergence of the sequences of functions, its growth and smooth-

ness.

Finally, in Chapter 6 we deal with series of functions, inspired in the previous
existing results about convergence of the series. In particular, we study the existence
of vector spaces and linear algebras inside the family of uniformly and absolutely
convergent series on a closed interval [a,b] C R that do not fulfill all the hypothesis of
the Weierstrass M-test.

Most of all the results exposed in Chapters 3, 4, 5 and 6 are original. The results
from Chapters 3, 4 and 5 are published in [24] and [25]. The ones from Chapter 6 are
collected in [26].

Xvi



Chapter 1

Preliminaries

1.1 Basic concepts and definitions

In order for this Dissertation to be as self-contained as possible, in this first Chapter
we include basic concepts and definitions with which we deal in this work, as well as

many results that will become useful while developing the upcomings chapters.

By N, Q, R and C we denote the set of all natural numbers, the set of rational
numbers, the real line and the complex plane, respectively. By K we will denote
indistinctly the set of real or complex numbers, that is, K = R or K = C. The
cardinality of N will be Ny, and the continuum ¢ will be the cardinality of the real line
R. The different concepts that we introduce next can be briefly consulted in [3], [49],
[53].

Let X # & be a set. An application d : X x X — [0,4+00) is a metric over
X if for any z,y,z € X we have d(z,y) = 0 & = = 0; d(z,y) = d(y,z); and
d(z,y) < d(z,z) + d(z,y). The pair (X,d) is called metric space. A topologic space

(X, 1) is metrizable if there exists a metric d over X which induces the topology 7,
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that is, the family of open balls
B(z,e) :={y e X : d(z,y) < &}, (x € X,e >0)

is a basis of 7. When X is a vector space and 7 is a topology on X where the singletons
are closed and compatible with the linear structure, that is, the applications of addition
+:(z,y) € X x X — z+y € X and product by scalars - : (\,z) e Kx X —» Az € X
are continuous, we say that (X, 7) is a topological vector space. A metric d defined on a
vector space X is translation-invariant if d(z+z,y+2) = d(z,y) for every z,y, z € X.
A metric space (X,d) is complete if every Cauchy sequence (x,,), C X is convergent
on X, that is, there exists x € X such that for every € > 0 there is N € N such that
d(x,,x) < € for every n > N. We denote by lim z, = z or z,, - x (n — o0) the

n—oo
convergence of a sequence (x,,), to an element x.

A topological vector space X which is metrizable by a translation-invariant metric
and complete is called an F-space. If, in addition, the F-space X is locally convex, we
say that X is a Fréchet space. Recall that a topological vector space is locally convex

if it is Hausdorftf and the zero element has a neighbourhood basis formed by convex

sets.

For any Fréchet space (X,d), the application || - || : X — [0,+00) defined as
2]l := d(x,0) is a seminorm, that is, [lz +y|| < [lz]| + [yl and [[Az|[ = |A] - ||| Tf,
in addition, ||z|| = 0 if and only if z = 0, we have that || - || is a norm and (X, || -||) is
a complete normed space, that is (X, || - ||) is a Banach space.

Let (X, 7) be a topological space. Given A C X we denote by int(A) and A the
interior and, respectively, the closure of A. We will use the following category concepts

to study the topological size of some sets. A set A C X is said to be:

(1) densein X if A= X;

(2) nowhere dense in X if int(A) = &;
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(3) of first category if A = U F,,, where each F}, is nowhere dense in X;

n=1

(4) of second category if A is not of first category; and

(5) residual if its complement A°:= X \ A is of first category.

A topological space (X, 7) is a Baire space if any countable intersection of dense
open sets is also dense in X.
Theorem 1.1 (Baire’s Theorem). Every complete metric space (X, d) is a Baire
space.

In particular, we have the following result.

Corollary 1.2. Let (X,d) be a complete metric space and A C X be a subset. If A
is of first category, then X \ A is dense in X.

1.2 Some classical spaces

In this Section we recall some well-known spaces which we will use in this work.

1.2.1 Continuous functions

Let [a,b] C R be a closed interval of the real line, where in R we consider always
the euclidean norm. We define C([a, b]) as the space of all functions f : [a,b] — K that
are continuous on [a, b]. This space becomes a separable Banach space when endowed

with the supremum norm || - || given by

| flloo := sup |f(x)], for every f € C(la,b)).

x€|a,b]
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The space of all sequences of continuous functions on [a,b] will be denoted by

C([a, b])Y, and it becomes a separable Banach vector space when endowed with the

norm [|(fn)nll == sup || falloo-
neN

For the interval [0,400), we can consider the space C([0,400)) of all functions
f 10, +00) — K that are continuous on [0, +00). Although it is not a Banach space,
it does become a Fréchet space when endowed with the compact-open topology. Recall

that for this topology we can consider the metric

oo

LS = gllson
d = — :
o) n=1 20 1+ [If = glloon’

where ||A[|so, := sup {|h(z)] : z € [0,n]} for any h € C([0,+00)) and n € N. We
have that f, — f (n — o0) in the metric d if and only if f,, — f (n — oo) uniformly
on compacta if and only if || f, — fllccn — 0 (n — 00).

1.2.2 Sequence spaces

The (P sequence spaces for 1 < p < +00

Let p € [1,+00). Given a sequence (z,), C K we define its fP-norm or simply

00 1/p
@0l = (Z Ixn|p> :
n=1

The sequence space P is defined as those sequences (z,), C K for which its ’-norm

p-norm as

is finite, that is,

= {(2p)n CK : [z, < 00},

and its becomes a (separable) Banach space when endowed with the || - ||, norm for

every 1 < p < +o0.
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The (> sequence space

For the case p = 400, the ¢*°-norm is taken slightly different. We define the
(>-norm, co-norm or supremum norm as

|Tn]|co := sup |z,
neN

The sequence space (> is defined as those sequences (z,,), C K for which its co-norm
is finite, that is,
0 = {(xn)n CK: ||zn]|leo < +oo}.

The pair (€%, || - ||oo) becomes a Banach space, whose elements are precisely those
sequences (x,), C K that are bounded. Moreover, the space (£, | - |l) is not
separable.

The ¢y and ¢y, sequence spaces

The family of all sequences (z,), C K converging to zero is denoted by ¢y, that is,

co = {(:En)nCK cx, — 0 (n—>oo)}.

Observe that ¢q is a subspace of />, since convergence of a sequence implies its
boundedness. Furthermore, if we endow ¢y with the supremum norm of />, we obtain

that (o, || ||« ) is a closed subspace of (£*°, || ||«), and hence it is also a Banach space.

If we consider the family cqg of all vanishing sequences, that is,

coo = {(zn)n C K : there exists N € N such that z,, = 0 for every n > N},

then g is a dense subspace of (¢, || - [|«). Indeed, for any = = (x,), € co, the
sequences w* = (W), = (z1,7,...,74,0,0,...) € coo verify

o — lloe = sup [ — 2] = sup .
neN n>k
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But z € ¢y, so given £ > 0, there exists N € N such that |z,| < € for every n > N.

Hence, ||w" — z||o < € for any k > N.
In fact, the set
{(rn)n C Q : there exits N € N such that r, =0 for n > N}

is also dense in ¢y, and hence, (co, || - ||oo) is separable.

1.2.3 The space L(X, u)

Let X # @ be a non-empty set. A family M of subsets of X is a og-algebra on X
if o, X € M; X\ A€ M whenever A € M; and every countable union of sets of M

is again a member of M.

An application g : M — [0,+00) is a measure on the o-algebra M if u(@) = 0;
and p (U An> = Zp(An) for every collection (A,), C M of pairwise disjoints
n=1 n=1

elements. The triplet 7(X , M, ) is called measure space over X.

A function f : X — K is measurable (with respect to the measure p) on X if for
every open subset B C K we have that f~!(B) € M. We denote by £°(X, 1) the set

of all measurable functions from X into K.

Given two functions f,g € L°(X,u) we say that f = g almost everywhere,
and we denote it by f ~ g, if there exists a measurable set A € M such that
u(A) = 0 and f = g on X \ A. This is a relation of equivalence, and we denote
by [f] :={g € L%X,u) : f ~ g} the equivalence class of a measurable function f,
and by L°(X, 1) the quotient space under this relation, that is,

LX) o= LYX, )/ ~ .

It is known that for any pair f and g of measurable functions such that f ~ g, the

Lebesgue integrals for f and ¢ in any A € M with respect to p are equals. So, the
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application || - ||; : L%(X, ) — [0, +-00] given by

1= [ 151 dn
X
is well-defined.

We define the space L'(X, ) as all the classes of measurable functions that are

integrable over X, that is,
LYX, ) = {f € LX)« [flls < +oo}.

In LY(X, p1), the application || - ||; defines a norm. In fact, there is no problem if we

consider powers of the functions.

1.2.4 LP(X,u) spaces of functions for 1 < p < 400

Let f: X — K be a measurable function on X. For 1 < p < +00 we define the

1/p
£l = (/le|de) .

The space LP(X, pu) will denote the collection of all measurable (classes of) functions

LP-norm or simply p-norm as

f such that || f||, < +oo. The pair (LP(X, ), || - ||,) becomes a separable Banach space
for every p € [1, +00).

1.2.5 L*(X, ) space of functions

Notwithstanding, in order to study the case p = 400 we have to be more precise.
If we try to reason as in the case of sequences of scalars, we see that the supremum
over the whole space is not well-defined among classes of measurable functions. For
instance, the functions f(x) = 1, and g(z) = 1 if z € [0,1] \ {1/n} (n € N) and
g(1/n) = n (n € N) represent the same class in L°([0,1],m) (where m denotes the
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Lebesgue measure), but sup f = 1 and supg = +00. So we need to consider a new
[0,1] [0,1]
concept, the essential supremum.

Let f: X — R be a measurable function, and define the set Sy by
Spi={aeR: u(f((a, +00])) = 0}.

It turns out that Sy collects the bounds of f except for a set of measure zero, that is,
o € Sy if and only if u({z € X : f(z) > ~}) =0 for all ¥ > «, and, in particular, if
f is bounded, sup f € S;.

We define the essential supremum of the function f as
esssup f = inf Sy.

If Sy = @, then esssup f = +o00, and we always have esssup f < sup f (even if f is
unbounded). Observe that, by the definition of 3 := esssupf, we have

uu1«@+am»—uQ2f1((ﬁ+%ﬂ“{)>

<2 (1 () -

Thus, p(f~* (esssup f, +oo]) = 0.

We have that esssup f = esssup g for any f, g € L°(X, u) such that f ~ g. Indeed,
if f(x) = g(z) for any x € X \ A, where u(A) = 0, then for any a € R,

{reX\A: |f@)]>a}) +u({zreA: |f@)] > })
{reX\A: ()] > a})

{re X\ A: |g@)] > o}) +u(fr € A : |g(x)] > a})
{e€X : [g(a)| > a}).

p({z € X ¢ |f(x)l > a}) =

So, S5 = 5, and esssup f = esssupg. In particular, the essential supremum is well-

defined in L°(X, p).
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We denote by L*>(X, ) the space of all (classes of) measurable functions f on X
such that || f]|e := esssup |f| < +o0.

Observe that the pair (L>(X, ), | - |leo) becomes a Banach space where its ele-
ments are usually called measurable functions essentially bounded on X. In fact, the
functions of L (X, ) are precisely those functions that are bounded except for a set

of measure zero.

Proposition 1.3. Let I C R be an interval, and f: I — R be a continuous function.

Then esssup f = sup f.

Proof. We know that esssup f < sup f. Assume, by way of contradiction, that
f:=esssup f <sup f =:v. Then, there exists a € (f,7) such that m({x e X :
f(z) > a}) = 0and a < . Then, we also have that m({z € X : v > f(z) > a}) =0.
Observe that {z € X : v > f(z) > a} = f~'((«,~)), which is a non-empty open set
in X. So, m(f~'((e,7))) # 0, which is a contradiction. O

It is immediate that we also have:

Corollary 1.4. Let I C R be an interval, and f : I — R be a continuous function

except for a finite number of points. Then esssup f = sup f.

1.3 Topology of sequence spaces

Let X be a topological vector space. We denote by XV the set of all X-valued

sequences, that is,

XY= {(x,), : z, € X for all n € N},

Over this space we can define the product topology 71 as the strongest topology that

makes every projection (that is (x,), — x, for all n € N) continuous, and V C X" is
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an open set for this topology if there are finitely many open sets Vi, Vs, ..., Vy of X
such that

VixVox - - VyxXxXx---CV.

If (X, d) is a complete metric space, then X" (with the product topology) is com-
pletely metrizable. Indeed, if we define, for instance,

o

1 (T, yn)

D n/n» n n anr 1 3/ N
((.Z' 3/ ot 2n 1+ d Inyyn)

for (n)n, (Yn)n € XV, it is clear that D((zn)n, (Yn)n) = 0 if and only if d(z,,y,) = 0
for any n € N; D((n)n, (Yn)n) = 0 and D((xp)n, (Yn)n) = D((Yn)n, (€n)n). In order
to see that D is a metric it only remains to show the triangular inequality. For this,

let us consider the function p : [0, +00) — [0, +00) given by

Clearly, p(z) is differentiable on [0, +00), and

1
(1+2)

p(x) = > 0,

so p(x) is increasing on [0, +00). In particular, as d(x,, y,) < d(xp, 2,) + d(2pn, yn) for

any n € N, we have

~d(@n, Yn)

1
D n)n; \Yn n - a . ny Yn
(@) (yn) ;2 Tr gy = 2 Pl )

n=1

[e.9]

1 d(n, z0) + d(zn,yn)
— 2" 1+ d(zn, zn) + (20, Yn)

IA
WE
2| -

- P(d(@n, 2n) + d(2,Yn)) =

N
I
—

o0

d(zp, 2,) 1 d(zn, Yn)

[
NE
3|~

L+ d(@n, 2) + d(zn,yn) 4= 2" 14 d(zn, 20) + d(20, Yn)

i
I

10
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=1 d(xn, 2n) 1 d(2n, Yn)
S ;Q_ 1+d(;pn’zn 2232_ 1+ d(2n, yn)
= D((zn), (2n)n) + D((20)n, Yn)n)-

Moreover, this metric is compatible for the product topology. Indeed, let V' be
a basic open set for (XN 7q1), that is, V = V; x Vo x -+ x Vy x X x .-+, with
Vi, Va, ..., V, are open sets in (X, d). Pick (z,), € V, so, z, € V,, for 1 <n < N and
there is €, > 0 such that By(z,,e,) C V,. Let € := min{zin e 1<n< N}. We
claim that Bp((z)n,e) C V.

For this, let (y,), € X" such that D((x,)n, (yn)n) < &. For any 1 <n < N,

1

@) € D)o ())<= € o

thus, y, € Bg(Tn,e,) (1 <n < N) and (y,), € V.

*En,

Reciprocally, fix (2,), € XY and ¢ > 0. Take N € N such that QLN < 5. Let

V=VixVyx- o xVyxXx-- where V, := By (2, 55) (1 <n < N). We claim
that V' C Bp((z)n, ).

2N
ixLy”)<icl(31:ny)<]\/-i—i. (1.1)
= on 1+ d(@n,yn) ~ = T 2N 2
On the other hand,
1 d(wa, Y. =1 1 e
ol on 1+dxf,yn EN: TN Sy (12)
So, by (1.1) and (1.2) we have that D((x,)n, (Yn)n) < € and we are done.

Finally, D is complete (see [53, Theorem 24.11]). Indeed, let (z*);, C XN be a
Cauchy sequence, where 2% = (zF),, for every k € N. Since d(xp, yn) < D(Zn)ns (Yn)n)
for all n € N, we have that for any fixed n € N, (2¥); is a Cauchy sequence in (X, d),

so, because (X, d) is complete, there is z,, € X with ¥ — 2, (k — o0).

11



Preliminaries Lin. Alg. Struc. Func. Seq. Spaces

Let z = (z,), € XY and let us see that D(z*, 2) — 0 (k — o0o). For this, fix e > 0

and take N € N such that
1 €
L_e 1.3
since ¥ — x, (k — o0), for 1 < n < N there exists K € N such that if £ > K we

have that
e2n

d(zF, z,) < —

(1<n<N). (1.4)
Now, for k > K,
k

N oo
1 d(z, @) L d(ay, )
D(* _ E :_ SRS S B L O S ik LY
(2%, ) 2n 1 +d(zf, x,) ! nzl\;—f—l 2 L dley,wn)

N 1 . 0o 1
SZQ—n-d(xn,xn)+ Z 7
n=1 n=N+1

cy L e,
on 9N 9N T 9 9 7

i
I

and we get that 2% — 2 (k — 00).

Assume that (X, d) is a complete metric space. Following the cases of ¢y, ¢oo and

(>, we denote by cy(X) the set of all sequences in X" convergent to zero, that is,
co(X) = {(zn)n € X" : d(z,,,0) = 0 (n — 00)},
and by cgo(X) the set of all sequences in X eventually vanishing, that is,
coo(X) := {(zn), € X" : there is N € N such that z, = 0 for every n > N}.
We can see co(X) as a subset of (XN, 1), but if we consider in c¢o(X) the metric:

oo ((Tn)ns (Yn)n) = iléIN) d(Tp, Yn),

we have that (co(X),ds) is also a complete metric space.

In addition, the set coo(X) verifies the following assertions:

12
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(1) coo(X)is dense in (XY, 7r7). Indeed, for any element z = (x,),, € X", the sequence

Wb = (W), = (z1, 29, ...,21,0,0,...) (k € N) does the job.

(2) coo(X) is dense in (¢o(X), dw), since for any (z,), € co(X), choosing the sequence

w* as before, we have that w* € co(X) for every k € N, and

dw((ws)na (Tn)n) = sup d(wlﬁa T,) = sup d(xy,0).
neN n>k+1

But (z,)n € co(X), so, given £ > 0, there exists N € N such that d(z,,0) < ¢ for

every n > N. Hence, dyo((w"),, (7,)n) < € for any k > N, and we are done.

13
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Chapter 2

Lineability

2.1 Introduction

Many mathematicians over History have been attracted and fascinated over the
existence of different mathematical objects fulfilling properties that are, a prior:, anti-
intuitive. This thought was plausible with the idea that was held until the end of
the 19th century, where the geometric behaviour of the graph of a given function
was thought to characterize the analytic behaviour of the same function. It was
then commonly believed that it was impossible to have a continuous function not
being differentiable at some set of points “big enough”. Nonetheless, this idea was
disproved by the German mathematician K. Weierstrass [52], providing the existence

of the so-called Weierstrass’ Monsters.

A new trend that has been growing attention of mathematicians all around the
globe for the past few decades focus on the study of large algebraic structures inside

[4

a (commonly) non-linear setting, where those “pathological” objects usually lie. In

fact, in [30], Gurariy provided a first (and very famous) example of this new branch.

15



Lineability Lin. Alg. Struc. Func. Seq. Spaces

Theorem 2.1. There exists an infinite dimensional linear space such that its non-null

elements are continuous nowhere differentiable functions on [0, 1].

Observe that the above theorem states that what was initially supposed to be an
isolated phenomenon, as Weierstrass pointed out with the existence of his Monsters,

has actually a big linear structure supporting it.

This new approach receives the name of Lineability, and the main terminology was
firstly introduced by Aron, Gurariy and Seoane-Sepilveda in [7], [32], [51], although
the essence of them can be found in [30] and [31]. In this new terminology Gurariy

showed that the set of Monsters is lineable.

2.2 Main definitions

Vector spaces and linear algebras are an example of some mathematical structures
which are, at first, unexpected to appear in spaces with a strong non-linear setting,
that is, their existence within families with strange or pathological properties is rather
unlikely. As commented before, Gurariy was the first one who provided such an
example, with the existence of an infinite dimensional vector subspace in the family of
continuous nowhere differentiable functions on [0, 1]. In this Section, the basic concepts
and definitions about existence of such linear structures are presented. The concepts of
lineability and spaceability are due to Aron, Gurariy and Seoane-Septlveda, although
these notions were treated before, under another terminology (see [7], [32], [51]). The
notion of maximal lineability (see Definition 2.2) was introduced by Bernal in [15].
Later, Gurariy partnered with Aron et al. coined the concepts of algebrability (see
Definition 2.4), which has its roots in the papers [8], [9], [51]. Finally, this definitions
were completed with the notion of strong algebrability, introduced by Bartoszewicz

and Glab (see [10]).

16
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Definition 2.2. Let X be a vector space and let A C X be a subset. Let k be a (finite
or infinite) cardinal number. We say that A is:
(1) r-lineable if there is a vector space M such that M C AU{0} and dim(M) = k;
(2) maximal lineable if A is dim(X)-lineable.

Although we speak about lineability of some subset A C X, this set does not need

to have a linear structure itself. In fact, the neutral or 0 element of X, or even the

sum of any of these objects would not have the “strange” behaviour.

The definitions of lineability can be completed if a topological structure is taken

into account, as the next definition shows.
Definition 2.3. Let X be a topological vector space and let A C X be a subset. Let k

be a cardinal number. We say that A is:

(1) spaceable if there is a closed infinite dimensional vector space M such that M C

AU{0};

(2) K-dense-lineable if there is a dense vector space M in X with M C AU{0}, and
dim(M) = k;

(3) maximal dense-lineable if A is dim(X)-dense-lineable.

If we replace linear spaces by algebras we have the notion of algebrability.

Definition 2.4. Let X be a vector space contained in some (linear) algebra. Let K be

a cardinal number. We say that A C X 1is:

(1) algebrable if there is an algebra B so that B C AU{0} and B is infinitely generated,

that s, the cardinality of any system of generators of B is infinite;

(2) k-algebrable if there is a k-generated algebra B with B € AU {0},

17
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(3) strongly k-algebrable if, in addition, the algebra B can be taken free.

If the structure of the algebra is commutative, the notion of strong k-algebrability
is equivalent to the existence of a generating system C of the subalgebra B C AU {0}
with card(C) = k and such that for any positive integer N € N, any non-constant

polynomial P in N variables, and any distinct f1, fo,..., f; € C, we have

P(fi, fo,-.., fn) € B\ {0}

2.3 On the relation between lineability, spaceability

and denseness

Given a subset A C X, whenever A is spaceable or algebrable, it is trivial that
A is also lineable. For the other definitions of lineability, in 2009 Aron et al. [6]
showed that there is actually no relation between the concepts of spaceability and

dense-lineability. We include the proof as appears in [5, Theorem 7.2.1].

Theorem 2.5.

(a) Let X be an infinite dimensional locally convez space. There exists a subset A C X
such that A is spaceable and dense in X, although it is not dense-lineable in X .

(b) Let X be an infinite dimensional F-space. There exists a subset A C X which is
lineable and dense in X, but which is not spaceable. If X is separable, then A can

also be chosen to be dense-lineable in X.

Proof. We will prove only the real case. For K = C, just change Q by Q + iQ in the

proofs.

(a) Take any vector u € X \ {0} and let Z := span({u}) = {cu : ¢ € R}. Since

dim(Z) = 1 and X is infinite dimensional, there is an algebraic complement Y of Z

18
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(that is, a linear subspace Y of X such that ZNY = {0} and X = Z +Y), satisfying
that Y is a closed subspace. Take

A=Y +{\u: XeQ}.

We will now show that A is our candidate of dense and spaceable but not dense-
lineable subset of X. Since Y C A and Y is a closed infinite dimensional subspace of
X (because X is infinite dimensional and dim(Z) = 1), the set A is spaceable. The
set A is also dense. Indeed, {A\u : A € Q} isdensein Z,s0 A=Y 4+ {\u: A€ Q}is
densein Y + Z = X.

Finally, let us prove that A is not dense-lineable. By way of contradiction, suppose
that M is a dense vector subspace of X contained in AU {0} = A. Take w € M and
write

w=yY+qu

with y € Y and ¢ € Q. Suppose that ¢ # 0. Then Tw € M C A; that is,
q
Ty /
—w =y +qu
q

with ¢ € Y and ¢’ € Q. Since X =Y + Z and Z is the algebraic complement of Y,
we infer that
, T ™

y=—-y and qJu=—qu,
q q

but this implies that 7 = ¢’ € Q, which is clearly false. Thus, ¢ = 0, and we get that
w=y+qu=y€Y,so, M CY, which (again) is a contradiction because Y is closed

and proper, and M is dense.

(b) Let us consider a Hamel basis B for X. Because dim(X) = oo, we always can
take a countably infinite subset {b, : n € N} of B. Let Y = span{b, : n € N} and
Z =span(B\ {b, : n € N}). It is clear that Z is the algebraic complement of ¥ and
that X =Y + Z. Let

A:=Y +spang(B\ {b, : n € N}),

19
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where spang(C') denotes the set of all finite linear combinations of elements of C' with

coefficients in Q. We claim that A satisfies the required properties.

First, A is lineable since Y C A. Note that spang (B \ {b, : n € N}) is dense in
Z,s0 A=Y +spang(B\ {b, : n € N}) isdense in Y + Z = X.

Finally, A is not spaceable. Indeed, suppose that M is an infinite dimensional
closed vector subspace of X contained in AU {0} = A. Now, we proceed similarly as

we did in part (a). Take w € M and write:
w=y+ab++ab

withy €Y, q,...,¢ € Qand b, --- ;b € B\ {b, : n € N}. Our aim is to show that

¢; = 0 for every j € {1,2,...,7}. Suppose not, and assume, without loss of generality,
T

that ¢; # 0. Then —w € M C A, that is,
a1

qﬁwzy'+q;ba+---+q;b;,
1

with s >r, v €Y, q,...,¢. € Q,and b,...,b. € B\ {b, : n € N}. Therefore,
,

y =Y,
q1

and
70 T
abl + LT Iy g Ll
4 q1
obtaining again the contradiction that = = ¢; € Q. Thus, all ¢;’s are 0, and, conse-
quently, M C Y. But this is impossible because dim(Y) = Ny and the cardinality of
any Hamel basis of M is uncountable (any infinite dimensional closed subspace of a

complete metrizable space has the cardinality of continuum).

To finish the proof, notice that if X is separable, then we can choose Y to be dense

in X, and therefore A is dense-lineable. n

Nonetheless, if we ask for some conditions, it is possible to find a positive relation
between lineability and dense-lineability. In order to do so, we introduce the following

definition (see [6]).
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Definition 2.6. Let X be a vector space and let A, B C X be two subsets. We say
that A s stronger than B if A+ B C A.

Under this situation, if we have lineability of some subset A C X and dense-
lineability of a subset B C X, it is possible to transfer the density from B to A.
This result was proved by Bernal [15]. Previously, Aron et al. [6] gave a version for
separable Banach spaces and, in fact, is often presented in the current literature in
many and vary forms (see [5], [20]). The proof included is an adaptation of the proof

on [15].

Theorem 2.7. Let X be a metrizable separable topological vector space and k be an
infinite cardinal. Let A, B C X be two subsets such that A is k-lineable and B is dense-
lineable in X. If A is stronger than B and AN B = &, then A is k-dense-lineable in
X.

Proof. Since X is separable, there exists a sequence (z,), C X such that the set
{z, : n € N} is dense in X. Now, A is s-lineable in X, so there exists a vector
subspace A; of AU {0} with dim(A4;) = k. Because dim(A;) = &k, there exists
{v; + 1 € I} C Ay \ {0} linearly independent such that A; = span{v; : i € I} and
card(I) = k. Moreover, k is an infinite cardinal, which means that we can split I into

infinitely many pairwise disjoint non-empty sets J,, (n € N), that is,

I = G I,
n=1

Fix n € N and 7 € J,. Because multiplication by scalars is a continuous operation in
a topological vector space, there exists ; > 0 such that d(g;v;,0) < 1/n, where d is

the translation-invariant distance that generates the topology of X.

On the other hand, B is dense-lineable in X, so there exists a vector subspace B,
such that By € BU {0} and By is dense in X. For every n € N, the denseness of B,
guarantees the existence of y,, € By such that d(y,,z,) < 1/n.
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Now, we define the elements
Tnji = Yn + E0;
for every n € N and 7 € J,,, and consider the vector space
M :=span{z,,; : n € N,i e J,}.
We are going to see that M is dense in X, M C AU {0} and dim(M) = k.
(1) Fix n € N and take some i,, € J,,. Let u,, :== z,,;,. We have that

d(Un, Tn) < d(Un, Yn) + A(Yn, Tn) = d(yn + €5, 05, Yn) + d(Yn, Tn)

1 1 2
n n n

But (x,), is dense in X, so (u,), is also dense, and the same is true for M.

(2) Fix € M \ {0}. There are scalars ¢y, ¢, ..., cs with ¢ # 0, and indices j, € [
(r=1,2,...,s) such that

T = C1T1 5, + Co2 jy + ...+ CsTs j,-
But by the definition of (z,,;),; we have that
T=C T Y2+ ...+ CYs + 1€,V + C2E4, V5, + ..+ CsE5,V5, =1 Yo T+ 20,

where yo = ciy1 + caya + ... + csYs and 2g = c1€5,05, + g, V5, + ...+ cs€5,05,. Recall
that y1, 42, ...,ys € By, which is a vector space, so yo € By C B U {0}. Analogously,
Vj,, Vjy, - .-, U5, € Ap, they are linearly independent, and c,¢;, # 0, so zp € A;\{0} C A.
Finally, = yo + 20 € (BU{0}) + A C A because A is stronger than B, and we have
M cC A.

(3) It only remains to prove that dim(M) = k. For this, it is clear that

card({(n,i) : n € N,i € J,}) = card (D Jn> = card(]) = k.

n=1
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So, if we prove that the vectors of {x,,; : n € N,i € J,,} are linearly independent we
are done. Indeed, assume by way of contradiction that ¢,z j, +cowa j, +. . .+ 5255, = 0
with ¢; # 0. As done before (and following the same notation), we have that yo+ 2o =
0, where yo € B; U {0} and 2o € Ay \ {0}. But then, yo = —29 € Ay \ {0}, since A, is

a vector space. Hence, we have that

which is a contradiction. O

Recall that, given two vector spaces X and Y with Y C X, the codimension of Y,
denoted by codim(Y'), is defined as the dimension of the algebraic complement of Y in
X, that is, the dimension of the vector space Z such that Z+Y = X and ZNY = {0}.
Having this definition in mind, the next result by Bernal and Ordénez-Cabrera (see
[19]) assures that, in the separable case, there is nothing to add in order to obtain
the dense-lineability from mere lineability. We include the proof as it appears in [5,

Theorem 7.3.3].

Theorem 2.8. Let X be a metrizable separable topological vector space and Y be a
vector subspace of X. If X \'Y is lineable, then X \'Y is dense-lineable. Consequently,
both properties of lineability and dense-lineability for X \'Y are equivalent provided

that X has infinite dimension.

Proof. 1t is evident that X \ Y is lineable if and only Y has infinite codimension.
Since X is metrizable and separable, it has a countable open basis {G,, : n € N}.
Assume that X \ Y is lineable. In particular, Y is a proper vector space of X, so
int(Y) = @. Hence X \ Y is dense and there is z; € G1\ Y. Since codim(Y') = oo, we
have span(Y U {z;}) & X. Then, int(span(Y U {z,})) = @, and it follows that there
exists x5 € G \ span(Y U {z;}). With this procedure, we get recursively a sequence

of vectors (z,)nen satisfying

zn € Gy \ span(Y \ {zy1,...,xp1}) (n € N).
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In particular, the set {x, : n € N} is dense. Now, if we define M := span{z, : n €

N}, then M is a dense vector space, and M C (X \ Y) U {0}.

However, even in the case of non-separability a similar result can be found in
[19] (see also [5, Theorem 7.3.4]), for which the Continuum Hypothesis needs to be

assumed.

Proposition 2.9. Let X be a non-separable F-space and Y be a closed separable

vector subspace of X. Then X \'Y is mazimal lineable.

Proof. Indeed, let Z be a vector space that is an algebraic complement of Y, so that

Z C (X \Y)U{0}. Note that, since Y is separable and X is not,
dim(Y) < ¢ < dim(X) = dim(Y") + dim(Z2).

If dim(Z) < Ny, then Z, and so X = Y + Z, would be separable, which is a con-
tradiction. Hence (assuming the Continuum Hypothesis), dim(Z) > ¢, which implies

dim(Z) = dim(X) (see, for instance [5, Corollary I1.3]), and the proof is finished. [

On the previous results, different relations between lineability concepts have been
studied. In order to get the lineability of a family with some “pathological” properties,
there is not a sufficient criterion which gives us the solution. Usually, it is necessary to
construct directly the basis of the vector space to preserve the pathological properties
under sums and products by scalars, although this property will not be consistent
under linear combinations. The case of spaceability is also studied in many cases by
a constructive method. However, there exist some results that provide the spacebility
directly. The main one was obtained by Kalton [37], and was later improved by Kitson
and Timoney [39]. The proofs of these results are large and very technical, and we
will not include them in this work. The interested reader can consult them in [5] and

[37).
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Theorem 2.10. Let X be a Fréchet space and'Y C X be a closed linear space. Then,

the complement X \'Y is spaceable if and only if Y has infinite codimension.

Theorem 2.11. Let Z, with n € N be a collection of Banach spaces and X be a
Fréchet space. Let T, : Z, — X be linear continuous mappings and Y be the linear

subspace generated by U T.(Z,). If Y is not closed in X, then the complement X \'Y

neN
18 spaceable.
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Chapter 3

Modes of convergence

3.1 Definitions and relations between convergences

When we study sequences of scalars (z,), C K, it is clear what does it mean for
the sequence to be convergent to some z € K. Indeed, we just have that for every
e > 0 we can always find some natural number N € N such that for every n > N the
elements x,, of the sequence are “near” the limit point z, that is |z, — x| < £. Even in
the case of topological spaces, this concept of convergence remains the same, just by
replacing |z, — z| < e with the corresponding condition z,, € U, where U is any open

set of the topology such that z € U.

However, if we consider sequences of functions f, : X — K (n € N), for some
non-empty set X, the amount of ways to approach a certain limit function f : X — K
increases considerably. Every student of Mathematics has seen some time the concepts
of pointwise or uniform convergence, but these are not the only ones. We will recall the
different modes of convergence of sequences of functions that will be studied. Although
there is a wide plethora of ways of convergence for a sequence of functions, we mainly

focus our attention on the ones that are related to the topic of the following chapters,
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measure spaces. A natural question that arises is how can we study the different

relations among them.

The most common known definitions of convergence are the pointwise and uniform

convergence.

Definition 3.1. Let f,, f : X — K (n € N) be functions defined on a non-empty set
X, and A C X. We say that:

(1) f. — f pointwise on A if for every x € A we have that f,(x) = f(z) (n — o)
on A, that is, if for each x € A, and for each € > 0, there exists N = N(x,e) € N
such that

[fulz) = f(z)| <e,  (n=N).
(2) fn — f uniformly on A if for each € > 0, there exists N = N(g) € N, such that

[fulz) = f(x) <& (n>N,zed)

Obviously, uniform convergence implies pointwise convergence, but the reciprocal
is false, as we will see in Section 3.2. From the definition of uniform convergence the

following equivalent characterization can be stated (see, for instance [3]).

Theorem 3.2 (Criterion of the Supremum). Let f,,f : X — K (n € N) be
functions on X. Then, the sequence f, — f uniformly on A C X if and only if

Sup |fu(z) = f(2)| =0  (n— o00).

These two modes of convergence only rely on the good structure of K. But if we
also care about some structure on X (as for example, a measure one), we get more
modes of convergence, such as convergence in measure, almost uniform convergence,

ete.
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Definition 3.3. Let (X, M, u) be a measure space. Let f,,f : X — K (n € N) be
measurable functions and A € M. We say that:

(1) fn — f pointwise almost everywhere (a.e.) on A, if there exists a measurable

subset B C A with u(E) =0, such that f, — f pointwise on A\ E.

(2) fn — f uniformly almost everywhere (a.e.) on A, if there exists a measurable

subset B C A with u(E) =0, such that f, — f uniformly on A\ E.

(3) fn — f almost uniformly on A, if for every e > 0, there exists a measurable set

E C A with u(F) < e such that f, — f uniformly on A\ E.
(4) fn. — f in measure on A, if for every ¢ > 0, we have that

p({r €A |fule) — f@) 2 €}) 20 (n— o).

In the same way that uniform convergence implies pointwise convergence, we have
the same relation with uniform a.e. convergence and pointwise a.e. convergence. Fur-
thermore, uniform convergence clearly implies uniform a.e. convergence, and pointwise
convergence implies the pointwise a.e. convergence, just by choosing I/ = &, that is,

we have the following (strict) implications:

Uniform a.e. Pointwise

Pointwise a.e.

Figure 3.1: Relations between pointwise and uniform convergences
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Yet, the reciprocal of this implications are not true (see Section 3.2 for counter-
examples). In fact, when we speak about convergence a.e. we only have uniqueness of

the limit if we understand it as for the exception of a measure zero subset.

Now, we would like to see if there is possible to find a relation among these new
modes of convergence, as we have done with the uniformly and pointwise convergence.
Recall that given a sequence (F,), C M, we define the limit superior and the limit

inferior, respectively, as

limsup E,, := ﬁ [j E,, liminf E,, := G ﬁ E,,

N—00 n—00
m=1n=m m=1n=m

which are both measurable sets.

Theorem 3.4. Let (X, M, pn) be a measure space. Let fp,f : X — K (n € N) be

measurable functions and A € M. We have the following implications:

(1) If fo — f uniformly a.e. on A, then f, — f almost uniformly on A.
(2) If fo — f almost uniformly on A, then

(2.1) f, — f pointwise a.e. on A;

(2.2) fn — f in measure on A.

Proof.

(1) Since f,, — f uniformly a.e. on A we have that there exists £ € M with u(E) =0
such that f,, — f uniformly on A\ E. So, for any ¢ > 0 we have that u(F) =0 < ¢,

and f, — f uniformly on A\ E. Hence, f, — f almost uniformly on A.

(2.1) Now, let’s suppose that f,, — f almost uniformly on A. Then, for every N € N
there exists a measurable set Ey C A with u(Ey) < %N such that f, — f uniformly
on A \ EN.
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N—oo

Consider the set F' = limsup Ey and denote by F}, := U Ey,so F = ﬂ F,.
N=m m=1

Thanks to the countable subadditivity of the measure ;1 we obtain that

pED) < 3 HlEN) < 3 55 = 5t

N=m N=m

Hence, u(F) < u(F,) < for every m € N, which leads to p(F) = 0.

2m—1

Furthermore, we also know that

A\ F =liminf (A\ Ey).
N—oo

Since f,, — f uniformly on A\ Fy, and then, in particular, also converges pointwise

to f on each A\ Ey, we conclude that f,, — f pointwise on A\ F.

(2.2) Now let’s again assume that f,, — f almost uniformly on A. For the convergence

in measure, given any € > 0 we have to prove that
p({z €A |fule) = f@) 2e}) =0 (n—o0).
For this, fix e > 0 and take § > 0. Since f, — f almost uniformly on A, there
exists some set £ € M with u(E) < § such that f, — f uniformly on A\ E.

Thus, for the prefixed € > 0, there exists N € N such that |f,(z) — f(z)| < € for
any n > N and z € A\ E. But this would imply, in particular, that:

{reA: |fulx)—f(x)]>e} CE for every n > N,

and hence

u({z € A - [fule) — fl2)] 2 €}) < p(E) <o
Thus, we have shown that given any § > 0, there exists NV € N such that for every
n > N we have that

p({z € A - |fulx) — f@)] > e}) <4
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that is,

p({z € A [fule) = f@)] 2}) 50 (0 o00).

and the convergence in measure is obtained. O

3.2 Counterexamples on the reciprocals

The reciprocals of the different implications among the modes of convergence that
have been introduced are not true in general. This will be clarified during this Section
with appropiated counterexamples on the modes of convergence. We start with the

easiest one, namely that pointwise convergence does not imply uniform convergence.

Example 3.5 (Pointwise % Uniform). Let f, : R - R (n € N) be the sequence

of functions given by

fulz) = %, (z € R,n € N).

ol filz) == o falz)=4%
1 |
1 1
2 2
2 1 1 9 2 1 1 2
it B
2 2
1 1
2 2

Figure 3.2: First terms of the sequence f,(z) =

38
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Firstly, we have that f,(x) — 0 =: f(x) (n — oo) pointwise on R. Yet, if we apply
Theorem 3.2, we obtain that

X
sup |fu() — f(@)] = sup 2 > 1,
z€R zeR T

which means that we cannot have uniformly convergence to the null function on R.

Although this is of the most typical examples of a sequence of functions converging
pointwise (to zero) but not uniformly, we want to point out a different example, since it
will be the germ of the proofs of some results in Chapter 4. Recall that if (X, M, ) is a
measure space and A C X, the characteristic function of A is the function y4 : X — R

defined as:
1 ifz e A,

b=y g, 2 A

Clearly, x4 is a measurable function if and only if A € M.

Example 3.6 (Pointwise # Uniform). For fixed n € N, denote by E, = [, 1]

n+l1’nl"’

Let f, :[0,1] = R (n € N) be the sequence of functions given by

fo(z) == xE, (2) (x € [0,1],n € N).

A fila) =X 0(@) A fala) = x1 1 ()
1 11 —

0 T 1 10 11 1
3 2 3 2
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Clearly, we have that f,(x) — 0 =: f(z) (n — o0) pointwise on [0, 1], because
1

fn(0) = 0 for all n € N, and for z € (0,1] there is N, € N such that N < x, thus
fn(z) =0 for all n > N,. However, :

sup |fn(x) — f(z)| = sup |xg,(z)] =1,
x€[0,1] z€[0,1]

and an application of Theorem 3.2 gives us the non-uniform convergence to the null

function on [0, 1].

Now we will focus on the modes of convergence that arises from the framework of
measures spaces. In order to present the different examples we will consider the mea-
sure space given by (R, £, m), where £ denotes the o-algebra of Lebesgue measurable

sets and m the Lebesgue measure on R.

From Theorem 3.4 we obtained that almost uniform convergence is a mode of
convergence between pointwise a.e. and uniformly a.e. convergence, but the reciprocal

of none of these implications are true. This will be shown in the next two examples.

Example 3.7 (Pointwise a.e # Almost uniform). Let f, : R — R (n € N) be

the sequence of functions given by

fol@) = “xme(®) +xe(@),  (z€RneN).

Clearly, we have that f,(z) — 0 pointwise on R\ Q, and since m(Q) = 0, we can

state the pointwise a.e. convergence of the sequence of functions (f,), to 0 on R.

Now we will prove that the almost uniform convergence to the null function cannot
be achieved. For this, let £ € £ be any measurable set with m(F) < +oo. Then, we
have that m(R\ (FUQ)) = 400. Hence, for any n € N, m((R\(EUQU[—n,n])) = +o0,
and in particular, there exists x,, € R\ (F'UQ) with |z,| > n, so

sup [£,(2) 2 [ful)] = 2205 1

z€R\E
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Thus, (f,)» cannot converge uniformly to 0 on R\ E, which means that the almost

uniformly convergence of (f,), to 0 on R cannot be obtained.

Example 3.8 (Almost uniformly = Uniformly a.e). For fixed n € N, denote by
E, = [—%, %] Let f, : R — R (n € N) be the sequences of functions given by

fo(z) = xE, (2), (x € R,n € N).

H-
H-

1 1 -

N
DN [ —
)

S
3

Trivially f, — x{oy pointwise on R. Let’s see that f, — xjoy almost uniformly
2
but not uniformly a.e. on R. Fix ¢ > 0 and take N € N such that N < g, so that

mEw) = m [~k A]) =2 <<

Furthermore, for every n > N it holds that E, C Ey, and then f,(z) = 0 for all
x € R\ Ey. Thus, f, — 0 uniformly on R\ Ey, and f,, converges almost uniformly

to xgoy on R (observe that x;o =0 on R\ Ey).

On the other hand, if f,, — X0} uniformly a.e. on R, thereis F € £ with m(E) = 0
such that f,, — 0 uniformly on R\ E. In this case, for ¢ € (0,1), there is N € N such
that for any n > N, |f.(z)| <e < 1lifx € R\ E. But f,(z) = x&, (), so this implies
that | f.(z)| = 0, and, hence, x € R\ E,. Thus

R\EcC [|(R\E,) =R\ Ey,

n>N
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and Ey C FE, which is a contradiction with m(E) = 0.

F. Riesz showed in 1909, and at the same time he introduced the convergence
in measure, the existence of a relation between the convergence in measure and the
pointwise a.e. convergence, as next the result states (see [48], [33] or [45, Theorem

21.9]).

Theorem 3.9. Let (X, M, ) be a measure space. Let f,,f : X — K (n € N) be
measurable functions. If f, — f (n — o0) in measure, then there exists a subsequence

(fur)k C (fu)n such that f,, — f (kK — 00) pointwise a.e. on X.

Since we can already obtain from the convergence in measure of a sequence ( f,,), to
f the existence of some subsequence ( f,,, ) such that it converges pointwise a.e. to the
function f, our first logical question would be if this convergence could be extended
to the whole sequence instead of just only for some subsequence. But the so-called
“Typewriter sequence” already states that this cannot be done, that is, in general, the
whole sequence (7},), C Lo([0,1]) cannot inherit the pointwise a.e. convergence to 0

of some subsequence (7}, ).

Example 3.10 (Measure # Pointwise a.e. (Typewriter sequence)). Let divide
the unit interval [0, 1] into infinitely many subintervals I,, of the form

| Jn gnt1
o [ ],

where for each n € N, the non-negative integers 7, and k, are uniquely determined by
n =2k 4+ 4, and 0 < j,, < 2%, We define the “Typewriter sequence” T}, : [0,1] — R
(n € N) by

T.(z) == xy,(x) = X[gn jn+1](x), (x €[0,1],n € N). (3.1)
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T1(x) = X[o,1)(7)

4
1
of 1 1 5 1"
4 2 4
® Tl = Xpy @) Ti(x) = Xy (@)
o 1 1 5 1 of 1 1 i
i3 1 4z 4
4 TESpye To(z) = X[y
o 1 1 3 1 o 1 1 5 1
i 2 1 ©o2 4
y Ts(x) = X[1.3] (z) ! Tr(z) = X[gl](x)
o 1 1 5 1 of 1 1 3 1
i 3 3 i 2 4

)

Figure 3.5: Firsts iterations of the “Typewriter sequence’
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Consider ([0, 1], £,m). It is clear that each T, is a measurable function for each

n € N. Observe that
m({z €[0,1] : T,(z) #0}) =m(l,) =0 (n — 00).

In particular, we obtain the convergence in measure of the “Typewriter sequence” to

the null function.

Yet, for any fixed z € [0,1], the sequence (7),(x)), takes infinitely many times
the value 0 and infinitely many times the value 1. Hence, the sequence (7, (z)),
can not be convergent to zero, and thus, the “Typewriter sequence” cannot converge
pointwise a.e. on [0, 1] to the null function. In fact, the sequence (7,,), does not

converge pointwise at any point on [0, 1].

Observe that as Riesz’s Theorem assures, there is a subsequence of (7},),, convergent
pointwise a.e. to zero, just taking (T, ) for n, = 2% (k € N). Indeed, T, (z) — 0
(k — o0) for all z € (0,1] and T,,,(0) = 1 for every k € N.

Example 3.11 (Pointwise a.e. # Measure). Let f, : R - R (n € N) be the

sequence of functions given by

fo(@) = Xpniy(®) (2 €R,neN).

A fl(x> = X[LZ](QU) A fZ(fE) = X[Q.,S](m) A f3($) = X[3,4}(5’7)

1 _— 1 _— 1 _—

Figure 3.6: First terms of the sequence fy,(z) = X[nnt1)(T)

We clearly have that f,(z) — 0 (n — oo) pointwise on R, and hence pointwise

a.e. on R. On the other hand, for any ¢ € (0,1) and for any n € N,

m({z €R : |fu(z)| > e}) =m([n,n+1]) =1,
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and m({z € R : |fu(z)] > €}) 4 0 (n — 00). Thus, (f,), does not converge to zero

In measure.

In order to finish this Chapter, we will provide an useful diagram where all the
different relations and implications among the studied concepts of convergence are

established.

Pointwise Pointwise a.e.

Measure

n/%

Uniform a.e. Almost uniform

Figure 3.7: Relation among modes of convergences
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Chapter 4

Lineability and modes of

convergerice

In this Chapter we continue with the study of the relations between the modes of
convergence. Specifically, we focus our attention on the size of the sets of “counter-
examples” of some of these relations. We divide the Chapter in two sections. The
first one is devoted to continue the study of the family of sequence of functions that
are convergent in measure to zero but not pointwise a.e. on [0, 1], which was already
carried out by Aradjo et al. in [4]. They showed the existence of a dense vector space
of dimension ¢, and we improve it to the existence of a closed infinite dimensional
vector space and a c-dimensional free algebra. In the second Section, we will study
precisely the family of sequences of continuous functions on the unit interval that are

pointwise convergent to zero but not uniformly.
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4.1 Measure vs. Pointwise a.e. Convergence

As we have seen in Chapter 3 (see Examples 3.10 and 3.11), there is no relation
between convergence in measure and pointwise a.e. convergence. Nonetheless, we have
already seen, thanks to Riesz’s Theorem (see Theorem 3.9), that the gap between these

modes of convergence is not as big as it appears to be.

In the case of a finite dimensional space X, this relation can be improved, as we

can see from the next result (see [46, Theorem 8.3]) due to Egorov.

Theorem 4.1. Let (X, M, ) be a measure space with u(X) < oco. Let f,, f: X — K
(n € N) be measurable functions. Then f, — f (n — 00) pointwise a.e. on X if and

only if f, — f (n — o0) almost uniformly on X.

From Theorem 3.4 we have that almost uniform convergence implies both pointwise
a.e. convergence and convergence in measure, where the reciprocal are not true in
general (see Example 3.7). However, in the finite dimensional case, Egorov’s Theorem
states one of the above reciprocal, namely that pointwise a.e. convergence implies
almost uniform convergence. In that case, from the relations among these modes
of convergence, we also infer that pointwise a.e. convergence implies convergence in

measure.

In this Section we focus our attention on the unit interval, M = £ and pu = m,
that is, X = [0, 1] will be a space of finite measure, and, thanks to Egorov’s Theorem,
pointwise a.e. convergence is stronger than convergence in measure. Moreover, in
the setting of the space L°([0,1]) of all (classes of) functions f : [0,1] — K that are
Lebesgue measurable, the Typewritter sequence (T},),, C L°([0, 1]) (see Example 3.10),
gives us an example of a sequence of functions converging in measure to 0 but not
pointwise a.e. on [0, 1], so it is natural to ask if this is just an isolated phenomenon,

or if it is possible to construct an algebraic structure for these sequences of functions.
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’ Pointwise ‘ ’ Pointwise a.e. ’ Pomtw1se P01ntW1se a.e.
. \\ /
Measure‘ ’Umform / Measure
Uniform a.e. Almost uniform Uniform a.e. Almost uniform
(a) p(X) =o0 (b) pu(X) < oo

Figure 4.1: Relations among convergences in finite and infinite dimensional spaces

We will start by defining a proper metric in L°([0,1]) that will be useful later (see
[4], [45]). Consider the application p: L°([0,1]) x L°([0,1]) — [0, +0c0) given by

@ g
o= | T 17 @) — g ™

We have that p(f,g) > 0 for every f,g € L°([0,1]), and the equality holds if and
only if

@) —g@)l
T+ (@) — g()

a.e. on [0, 1],

or, equivalently, f = g a.e. on [0,1], and in the setting of classes of functions, f = g.

It is evident that p(f,g) = p(g, f) for every f,g € L°([0,1]), so it only remains to
prove the triangle inequality. For this, observe that as done in Section 1.3, the function
p(x) = : f_ - is strictly increasing on [0, 4+00). So, since |f(z) —g(x)| < |f(z)—h(z)|+
[h(x) — g(x)]. we obtain that p(|f () — g(@)]) < p(1 (x) — ()| +|h(x) - g(x)]), which
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leads to

U@ ), 1) @)+ ) @]
p(f’9>‘/o T 17(@) — g()] © S/o T 17(@) — h@)] + k() — g(a)]

U |f(@) - )] U () — g(a)]
S/o T4+ /(@) — k@) d“/o T+ [h(@) — g()] ™

Thus, p is a metric over L°([0,1]). Furthermore, the convergence in this metric p is
precisely the natural convergence for the measurable functions, that is, the convergence

In measure.

Lemma 4.2. Let p: L°([0,1]) x L°([0,1]) — [0, +00) be the metric defined as

[N @ =g
p(f’g)‘/o T 1/ () - g(0)] *

Then, p(fn, f) — 0 (n — o0) if and only if f, — f (n — 00) in measure.

Proof. For every n € N define the integral I,, by

bl
I "/0 T4 ] ™

Without loss of generality, we can assume that f = 0. Hence, it suffices to prove

that I,, = 0 (n — oo) if and only if, for every £ > 0,

m({z €[0,1] : [fu(z)| = ¢€}) =0 (n — 00).

Firstly, if f, — 0 (n — 00) in measure, by definition we have that, for fixed ¢ > 0,

m({z €[0,1] : [fu(z)| =¢€}) =0 (n — o00).
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Hence,

[ h@ (@) ful)
Ogh_AﬂHﬂme Am4+mmwmfﬁmlﬂnmﬂ$

()]
d — 7 d
S[;Ef'x+/ﬁgl+¢nuﬂ g
()]

—m({z € [0,1] : |ful) zg})+/f T

T
1+z

is increasing on [0, +00), so

P @) = T < o = 9l

for every x € [0, 1] such that |f,(x)| < &, and we have

But the function p(z) =

0< L, <m({z€[0,1] : |fulz)] > €}) —|—1L+€m({a: €10,1] : |fu(z)] < €})

<ml{e € [0,1) : lfulw) = 2}) + 1.

Now, by taking limit as n — oo, we obtain

0 < liminf I, <limsup [, < 1 2

n—ro0 n—00 +¢€

for each € > 0, thus I,, = 0 (n — 00).

Reciprocally, if I, — 0 (n — o), and again by the increasing condition of the

function p(z), for each € > 0, we have

1£.(2)] ()] :
I, = — —dx > ——dx > d
Am1+umw|x>/;§1+uum|x>/le+ex

= o m{e e 0.1 ¢ @) 2 ¢)).

So, by taking limit when n — oo, we have that
m({me 0,1] : |fu(z)] 25}) —0 (n — 00),

and we obtained the convergence in measure as desired. O]
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From now on, in this Section we will work with sequences of (classes of) functions
on the unit interval, that is, our framework will be the space L°([0, 1])N. Recall from

Section 1.3 that the metric D defined on L°([0, 1])N by

~ 1  p(fu,9n)

D((fo)ns (gn)n) = on m

is compatible with the product topology in L°([0, 1])Y. Recall that

(
(

Ja € L([0,1))" : p(fa,0) =0 (n — o0)}
L

co(L°([0,1])) n
Yn € LY([0, 1D : f, — 0 in measure}

{(fn
{fn

Define the family nP,.M ([0, 1]) of all sequences of functions in L°([0, 1])N conver-

ging to zero in measure but not pointwise a.e. on [0, 1], that is,

nPaeM([0,1]) := {(fu)n € co(L°([0,1])) : fn /> 0 pointwise a.e. on [0,1]}.

In 2017, Aradjo et al. [4] provided a first result about the topological and linear
size of nP,.M([0,1]). We include here the original proof for the sake of completeness.

Theorem 4.3. The family nP,.M([0, 1]) is mazimal dense-lineable in L°([0, 1)) with
the product topology.

Proof. Let (T,), € L°([0,1])N be the “Typewriter sequence” defined in Example 3.10.
Recall that we already know that (7},), € nP..M([0,1]). In order to find our desired
vector space we will start by extending each 7,, from the unit interval [0, 1] into the
real line R, just by defining 7,,(z) = 0 for every = ¢ [0,1]. Now, for every n € N,

consider the translated-dilated sequence (7},+),, given by
Toi(x) :=T,(2(x — 1)), (0,3) .z €R).

It is clear that (T},;), € L°([0,1])Y, and that also converges to zero in measure for

every t € (0,1/2). Let us consider the vector space M given by

M := span {(Tm)n cte (O, %)} .
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In a first step we are going to show that M C nP,.M([0,1])U{0}, and dim(M) =
dim(L°([0,1))Y) = ¢ (and the last equality holds because L°([0,1])Y is a complete
metrizable topological vector space, hence a Baire space). In order to see that the
elements of M are linearly independent, assume that there exist 0 < t; < ty <
e <ty < % and real numbers ¢, ¢y, . . ., ¢ not simultaneously zero (take ¢, # 0 for

example), such that
ATy, +c2Tng, +- -+ Ty, =0, (n € N).

In particular, by choosing n = 1 we have that

ATy () + Ty, (z) + -+ cThs, () =0,
for almost every x € [0, 1]. Since

The(z) = Th(2(z — 1)) = X0,1(2(2 — ) = X172 (@),
we have that the last equation can be written as
ClX[t1,t1+§] + CQX[tNQJF%] et csx[t&tﬁ%} =0, for almost every z € [0, 1].

But, for (almost) every z € (ts_l + %, ts + %}, we would obtain that

c1-04+c-0+4+--4+cs_1-0+c¢cs-1=c¢c,=0,

which would be a contradiction with ¢, # 0. This shows the required linear indepen-
dence. As dim (0,1) = ¢, we obtain that dim(M) = ¢. Moreover, since L°([0, 1])N is
a topological vector space endowed with the topology of convergence in measure, and

1

(T.¢)n converges to zero in measure for each ¢ € (O, 5), we get that every element

(Fn)n = (ClTn,tl + C2Tn,t2 +--+ csTmts)n € M7

is a sequence converging to zero in measure. Next, fix any sequence (F,), € M as
above, with 0 < t; <ty < -+ <ty < % and ¢g # 0. For all z € (ts,l +%,t5+%}, we
have that

F,(z) = Z ¢ Ty, (7) = Z e Th(2(x —t;)) = e, T, (2(z — t,)).
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For each x € (ts_1+1/2,ts+1/2], we have w := 2(x —t;) € (2(ts—1 —ts)+1,1] C [0,1].
Hence, since ¢5 # 0 and the sequence (7,,(w)), does not converge (as a sequence of
scalars) for any w € [0, 1], we derive that, for each = € (ts_l + %, ts + %] , the sequence
(F,), does not converge pointwise a.e. to zero. This shows that M C nP,.M([0,1])U
{0}. Thus nP,.M([0,1]) is maximal lineable.

Moreover, since the set coo(L°([0,1])) is dense in (L°([0,1])Y, D) (see Section 1.3),
nP.M([0,1]) N coo(LO(]0,1])) = @ (because the elements of coo(L°([0,1])) are point-
wise convergent to 0 on [0, 1]), and nP,.M([0,1]) is stronger than cy(L°([0,1])), an
application of Theorem 2.7 with A = nP,.M([0,1]), B = coo(L°([0,1])) and x = ¢
puts an end on the proof. O

Recall that coo(L°([0,1]) is also dense in co(LY([0, 1]) when endowed with the supre-

mum metric do.. In particular, analogously we can state:

Theorem 4.4. The family nPa.M([0,1]) is maximal dense-lineable in (co(L2([0,1])), dso)-

4.1.1 Algebrability and spaceability

With the maximal dense-lineability of this family we already have that these se-
quences of functions maintain a good structure under linear combinations. In the next
result we find that it also has a nice algebraic structure. But firstly, we will introduce

some useful notation and two technical lemmas.

Let us represent each N-tuple (r1,79,-+ ,7y) € RY by r, and set |r| := r| +ry +

coodryand r-s =115 + 1282 + - +TNSN.

Lemma 4.5. Let I C R be an interval, and let kq, ko, ..., ky be mutually different

real numbers (N € N). Then, the set of exponential functions
{efw ehew o knay (xel)

is a linearly independent set of functions.
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Proof. Observe that we can assume without loss of generality that 0 € I (if not, just
use a translation). Assume that a linear combination of these functions is zero, that

is, there exist Ai, Ag,..., Ay € R such that
AP 4 e 4 AyeVE = 0.
If we derive this equation N — 1 times, we get
MEYERT + NokbeP™ + o 4 ANKR ™" =0,  (0<p< N-1).

Now, by taking x = 0, we get the following Vandermonde system

(

M+ A+ 4 Ay =0
Aki + Aok 4 - + Anky =0

L MAY T kY T R ARy = 0
Thus, since {ki, ka, ..., ky} are mutually distinct, the only solution of the above sys-

tem is the trivial one and we are done. O

Lemma 4.6. Let I C R be an interval. Let H C (0,+00) be a Q-linearly independent
set. Then, the algebra A generated by the set of exponential functions

{e* . ce H} (x €1)

15 free.

Proof. Let F be an element of A\ {0}. Then, there exists a non-zero polynomial P
in N variables without constant term and mutually different ¢y, co,...,cy € H such
that

F(z) = Ple % e " ... e N").

Specifically, there exist a natural number N € N, a non-empty finite set J C N \
{(0,2,0)}, scalars o € R\ {0}, for j = (j1,J2,...,jn) € J,and ¢ = (c1,ca, ..., cn) €
HYV such that

F(x) = 3 ag(e P+ (7)o (e = 3 age 9

jeJ jeJ
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Since H is Q-linearly independent and J < N \ {(0,¥),0)}, the numbers {c-j :
j € J,c € HY} are non-null and mutually different. But Lemma 4.5 assures that the
family {e~(©¥)* . j € J,c € HV} is linearly independent, so F' # 0 (because oj # 0
for all j € J). O

It is well-known that the field R, as seen as a vector space over Q, has dimension c.
Hence, we always can find a Q-linearly independent set in R (or even inside (0, +00))

with cardinal ¢.

Theorem 4.7. The family nP,.M([0,1]) is strongly c-algebrable.

Proof. Let H C (0,+00) be a linearly Q-independent set with card(H) = ¢. For each
c € H, we define the sequence f. = (fen)n as

fC,n(x) =e . Tn(x>’ ($ € [O’ 1]?” € N)7

where (T5,),, € L°([0,1])Y is the “Typewriter sequence” defined in Example 3.10. Re-
call that

m({z €[0,1] : Tn(x) #0}) = 0 (n — 00), (4.1)
and that (75,),, does not converge to 0 pointwise a.e. on [0, 1].

Let B be the algebra generated by the family of sequences {f. : ¢ € H}, that is,
B is the family of all sequences (F,),, for which there exists N € N, mutually different
C1,C,...,cy € H and a non-zero polynomial P in N real variables without constant

term such that

Fn:P(fﬂ,naf(:g,na"~7ch,n)7 (TLGN)

Specifically, there exist a natural number N € N, a non-empty finite set J C N} \

{(0,M2,0)}, scalars aj € R\{0}, for j = (j1,ja, ..., jn) € J,and ¢ = (c1, ¢, ..., cn) € HY
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such that

Fo(z) = Z O‘ijLR(x)jl T fCN,n(x)jN

jeJ
jeJ jeJ

where in the last equality is crucial the fact that T,,(x) is a characteristic function, so

T, (z)? = T, (z) for any 3 > 0.

For each subset J C N} \ {(0,Y),0)} and each ¢ € H", consider the function
©e.s ¢ [0,1] = R given by
Ve y(z) = Zaje_(c'j)z.
jeJ
Since H is a Q-linearly independent set and oy # 0 (j € J), by Lemma 4.6, ¢¢, ()
is a non-null function. So, by (4.2), F,, is non-null for each n € N, and the algebra B

is free.

It only rests to prove that every non-zero element of our algebra B converges in
measure to zero but not pointwise a.e. on [0, 1]. Observe that the sequence (F,,(x)), =
(peg(x)T,(x)), converges to zero in measure because, for any € > 0, we have the

following inclusion
{z €[0,1] : |pes(z)Tn(x)] >} C {x €]0,1] : T,(x) # 0}.

By (4.1), the measures of the above sets go to zero when n — oo, and then F,, — 0
in measure. Finally, as ¢¢ j(z) is a finite linear combination of exponentials, we have
that . s(x) = 0 for finitely many points (specifically, at most card(.J) — 1 points, see
for instance, [47, p. 46]). Hence, (4.2) and the non-pointwise a.e. convergence of (7,),

to zero give us that (F},), does not converge to zero pointwise a.e. on [0, 1]. ]

Observe that while searching for a free algebra inside our family of sequences

of functions, we did not need to pay much attention to the topological structure of
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LO([0, 1])N. This is not the case anymore if we speak about dense-lineability, as Aratjo
et al. did previously in [4]. Now, by taking into account the topological structure of

LO(]0, 1), we are able to get spaceability of our family of sequences of functions.

Theorem 4.8. The family nP,.M([0,1]) is spaceable in (co(L°([0,1])), duo)-

Proof. The proof presented here is a constructive proof, which also heavily relies on

the “Typewriter sequence” defined previously on Example 3.10.

First, we start by dividing the set N into infinitely many strictly increasing and

disjoints subsequences (i(k,n))nen (k € N) such that

N= | {i(k.n)}.

k,neN
We can take for instance the subsequences (i(k,n)), given by

k(k+1)

i(k,n) = 5

+ (n — 1)k, (k,n € N).

For each k € N, define the sequence T'(k) = (T'(k,n)), as follows

X j41 ](x) if p = j 4 2ikm o < j < iltkm),

J
2i(k,m)’ 9i(k,m)

T(k,n)(z) =
0 elsewhere.

Roughly speaking, for fixed k£ € N, we preserve every term of the “Typewriter

sequence” where the support has length ﬁ for m € N, and change the rest to be
0. Similarly as the “Typewriter sequence”, it is straightforward that every sequence

T'(k) is convergent to zero in measure, since for every € > 0 it holds
{z €10,1] : |T(k,n)(z)| >e} C{x €0,1] : T(k,n)(z) # 0},

and the measure of the lasts sets goes to zero when n — co. Moreover, by construction
of the sequences T'(k), given any x € [0, 1], there are infinitely many terms of T'(k)(x)

where the sequence takes the value 0, and infinitely many terms where it takes the
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value 1, thus making it impossible for the sequence (T'(k,n)(x)), to be convergent to

Z€ero.

By construction, if k& # k’, then the sequences T'(k) and T'(k') cannot be both
simultaneously non-zero. This implies that, if we choose scalars \j, Ao, ..., Ay € R,

and consider the linear combination
MT(ky) + XNoT (ko) + -+ ANT'(ky) =0,

then for any 1 < jo < N and z € [0,1] we can always find some n;, € N such
that T'(kj,, nj,)(x) is non-zero but T'(kj,nj,) = 0 for j # jo. So, writing the linear
combination at the nj,-coordinate, we get that \;, T'(kj,, nj,)(x) = 0, whence \;, =0,

and we get that the set {T'(k) : k € N} is linearly independent.

Now, in order to prove the spaceability of our family of sequences of functions we
need to find some closed infinite dimensional vector space inside our family. For this,
let us define

M = spaa{T(k) : k € N}.

It is clear that M is a closed infinite dimensional subspace of (co(L°([0,1])), ds)-

It only rests to prove the non-pointwise a.e. convergence to zero of the members of
M. For that purpose, observe that every non-zero member of M is a finite or infinite
linear combination of sequences T'(k). More precisely, if F' € M \ {0}, there exists a
subset J C N and scalars A; € R\ {0} for every j € J, such that we can write

F=> NT(k).

jeJ
Fix jp € J and let
JO - {Qi(kjo,m) +] “m e N,O S ] < Qi(kjo,m)}.

By construction, F,, = X;,T(k;,,n) for every n € Jy, and so, for fixed z € [0,1],

Jo>

there are infinitely many natural numbers (at least every number in .Jy) such that
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F,.(z) = A\;, # 0, and infinitely many natural numbers such that F,(x) = 0. Hence

(Fy,), is not pointwise a.e. convergent to zero. O

4.2 Pointwise vs. Uniform Convergence

4.2.1 Definitions and first examples

In this Section we focus on two well-known different types of convergence, the

pointwise and the uniform convergence on [0, 1].

The fact that these two types of convergence are the most commonly studied when
working with sequences of functions allows us to provide easily many examples of
sequences of functions converging pointwise but not uniformly on [0, 1]. For instance,

we can just recall the sequence (f,), C L°([0,1]) defined on Example 3.6 given by
fule) = xia (), forevery n €N,

where F,, = [ L l}. Observe that, in particular, limsup F,, = @.

n+1’n
n—00

This is not only a coincidence for the sequence of functions (f,),, but rather a
shared property of many sequences of scalar multiples of characteristics functions that

are pointwise convergent to zero but not uniformly convergent on [0, 1].

Proposition 4.9. Let (X, M, i) be a measure space, and (o), be a sequence of non-
zero real numbers such that either (o), € ¢y or there exists M > 0 such that |a,,| > M

for n large enough. Let E,, € M\ {@} and f, = a,xg, (n € N). Then:

(1) fu — 0 pointwise on X if and only if (), € ¢o or limsup E,, = &.

n—oo

(2) fn — 0 pointwise a.e. on X if and only if (), € co or 1 (lim sup En) = 0.

n—oo

(3) fu — 0 uniformly on X if and only if (c,)n € co.
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Proof.

(1) Suppose that f, — 0 pointwise on X and limsup E,, # &. Let xy € limsup F,.

n—o0 n—oo

Then, for every n € N there exists m,, € N with m,, > n and z¢ € E,,,. So,
|, | = | fm, (20)] =0 (0 — 00). (4.3)
Hence (av,), cannot be far from zero, and by hypothesis, must converge to 0.

Conversely, for any = € X, |f.(2)| = |an|xEg, (x) < |au|. So, if (o). € o, then
fu(z) — 0. On the other hand, if limsup E,, = &, then there is ny € N such that

n—oo
x ¢ B, for all n > ng; hence, f,(x) =0 for all n > ny and we are done.

(2) Assume that f, — 0 pointwise a.e. on X and p (lim sup F, | > 0. Then, we

n—0o0
always can find zo € limsup E,, and f,(zo) converges to zero and we can finish as in

In fact, in (1) we have shown that if z ¢ limsup F,, then f,(z) — 0 (n — o0),

n—oo
and if x € limsup E,, then f,(z) — 0 (n — oo) if and only if (ay,), € ¢. So, it is

n—oo

clear that if («v,), € ¢ or u <1im sup En> = 0, then f, — 0 pointwise a.e. on X.

n—00
(3) Suppose that f, — 0 uniformly on X. Assume, by way of contradiction, that
oy, & co. Then, by hypothesis, there exist M > 0 and ny € N such that |a,| > M > 0
for all n > ng. But the uniform convergence of f,, allows us to get m > ng such that
|fa(z)| < & for all z € X and n > m. Therefore, f, = 0, and so E, = @ for all

n > m, which is impossible by hypothesis.

The reciprocal is immediate because of the fact that |f,(z)| < |a,| for all n € N
and every z € X. O

Remark 4.10. Observe that, similarly as in part (1) of the above Proposition, if we
have any sequence (,), of measurable functions, it can be proved that (v, - Xg, )n
converges pointwise to zero on X if limsup E, = &. Indeed, it would exists nyg € N

n—oo

such that x ¢ E,, for every n > ng. Hence, ¢, (z) - xg,(z) = 0 for all n > ny.
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Thanks to Proposition 4.9 we can construct a huge number of sequences of mea-
surable functions being pointwise convergent but not uniformly convergent on X. In
particular, we will focus our attention again on the space L°([0, 1])Y. Furthermore, not
only are we interested in the existence of such sequences of functions, but we also want
to precise the amount of these sequences of functions in L°([0,1])Y, in both a linear
and algebraic sense. In fact, although in Proposition 4.9 we were initially interested
in the uniform convergence versus the pointwise convergence, we will ask for stronger

modes of convergence than this last one.

Recall (see Definition 3.3) that given (f,), € £°([0,1))Y and f € £°([0, 1]), we say
that f, — f almost uniformly on [0, 1] if for every € > 0 there exists a set E € [0, 1]
with m(E) < e such that f,, — f uniformly on [0,1] \ E; and f,, — f uniformly a.e.
on [0, 1] if there is £ C [0, 1] with m(E) = 0 such that f,, — f uniformly on [0, 1]\ E.
Uniform a.e. convergence can be trivially adapted to L°([0,1])Y, but almost uniform

convergence should be slightly adapted to classes of functions.

Since the sets of null measure are not important for the classes of functions, and the
concept of essential supremum (see Subsection 1.2.5) gives us the supremum except
for sets of null measure, in L°([0, 1]) we can rewrite the almost uniform convergence

in terms of the essential supremum (see condition (b) in the next definition).

We define the family of sequences of functions which we are interested in.

Definition 4.11. A sequence of measurable functions f, : [0,1] = R (n € N) is said

to belong to the family nUP..(]0,1]), whenever it enjoys the next properties:

(a) fn — 0 pointwise a.e. on [0, 1],

(b) for any € > 0 there is a measurable set E C [0,1] such that m(E) < ¢ and

esssup | fn| = 0 (n — 00),
0,1\E

(¢) (fu)n does not converge (to zero) uniformly a.e. on [0,1].
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Observe that the sequence defined in Example 3.6, that is,
fal@) = x1 1 (), (e €[0,1,neN),

is an example of a sequence of functions in nUP ([0, 1]). We know that it is pointwise
but not uniformly convergent to zero on [0, 1], but it also satisfies condition (b) in
Definition 4.11, because for any € > 0, there exists ny € N such that nlo < 5. So, for

any n > ng and = > %, fu(z) =0, and esssup f,(z) =0 (and m ([O, %D =:<e).
xe(%,l]

4.2.2 Lineability results

We already know that nldP,.([0, 1]) # &, so it is natural to ask for its size in terms
of Lineability. For this, the next result states that not only are there many elements

in the family ndP,.([0, 1]), but they also behave nicely under algebraic combinations.

Theorem 4.12. The family nUP..([0,1]) is strongly c-algebrable.

Proof. As in the proof of Theorem 4.7, let H C (0,+00) a Q-linearly independent set
with card(H) = ¢. For each ¢ € H we define the sequence F(c) = (F(¢,n)), by

F(e,n)(x) = e D74 xp (2),

where F,, = [ L l} as in Example 3.6.

n+1’n

Let B be the algebra generated by the family of sequences {F(¢) : ¢ € H}. Now,
because each xp, is a characteristic function, any non-zero member (£},), of B is of

the form

Fy(x) = (Z aje—<°'j>"“"“>z-”) Xz, (%), (4.4)

jeJ
where, for some N € N, J C N} \ {(0, "),0)} is a non-empty finite set, a; € R\ {0}
for je Jand c € HY.
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It is trivial that finite linear combinations of exponentials are measurable, so from
(4.4) and Remark 4.10, it follows that F},(z) is pointwise convergent to zero. Moreover,
condition (b) of Definition 4.11 also holds. For every € > 0, there exists ny € N such

that % < § for any n > ng. Hence, for any = € (%, 1), F,(x) = 0. So, esssup|f,| =0
(5:1]

for any n > ng and we get (b).

Finally, observe that for fixed n € N, we have that x € [%H, %] if and only if
w := n((n+ 1)z — 1) € [0,1]. Recall that the essential supremum of a continuous
functions, except finitely many points, coincides with its supremum (see Corollary

1.4). Then:

esssup |F,(x)| = sup

jeJ

0<z<1 0<z<1
= sup E aje” DDz — g, E e (e
1 1
I STSn | jes 0sw=ljes

But this last amount does not depend on n and, in addition, it is positive, because
a; # 0 (j € J) and, by Lemma 4.6, the Q-linearly independence of H implies the linear
independence of the set {e=(¢9)*: ¢ € H, j € J}. Thus, (F,), does not converge (to

zero) uniformly a.e. on [0, 1] and the proof is finished. O

Theorem 4.13. The family nAP ([0, 1]) is spaceable in L°([0, 1])N.

Proof. Consider the sets E,, := [n%rl, ﬂ . Let us divide N into infinitely many pairwise

disjoint subsequences {(i(k,n)), : k € N}, such that i(k,n) < i(k',n) for k < kK’
(again, as in the proof of Theorem 4.8, i(k,n) := @ + (n — 1)k does the job). For

each k € N, define the sequence S(k) = (S(k,n)), := <XEi(k,n)>

First of all, we are going to prove that {S(k) : k € N} is a linearly independent
set. Indeed, let Ai,...; Ay € R and pairwise different ki, ks,...,kxy € N such that

o8



Lin. Alg. Struc. Func. Seq. Spaces Modes of convergence

N
Z A;S(k;) is the null sequence. Then, for every n € N and every z € [0, 1], we have
j=1

kn,n
But, by construction, if (k,n) # (k',n') then i(k,n) # i(k',n’), s0 Ejgn) N Eigy ) is
either empty or a singleton. Then, for 1 < j < N we always can find
i € Eikym) \ ﬂ Bk, m)
1<v<N
v
and applying (4.5) at © = z;, we get that \; =0 for 1 < j < N.

Let M :=span{S(k) : k € N}. It is clear that M is an infinite dimensional closed
subspace of L°([0, 1])N. We claim that every non-zero member of M enjoys properties

(a), (b) and (c) of Definition 4.11.

Given F = (F,), € M \ {0}, there exist a strictly increasing sequence (k;); C N

and a sequence (a;); C R (not identically zero), such that F' = ZajS (k;) (because
j=1
F is not really a series, since all S(k;) have pairwise disjoint support) and, without

loss of generality, we may assume that oy # 0.

For every j,n € N, it is clear that

1 1
(ejom) ik, m)
So, for any z € [0, 1], there is a number ng € N such that F,(z) = 0 for all n > ny.

0< : — 0 (n — 00). (4.6)

Hence, F, is convergent to 0 in [0, 1] and we have (a). Moreover, given € > 0 there is
ny € N such that g, ) C [0,€/2]. Since i(ky,n) < i(k;,n) for every ky < k; and
n € N, and from (4.6), we obtain that Ejy, ) C [0,£/2] for every n > n; and every
j € N. Hence, F,(z) = 0 for every n > ny and every = € (¢/2,1], and we get (b).

Finally, (c) holds because, for every n € N, we have that

esssup |F,(x)| > esssup |F,(z)| = esssup |anS(ky,n)| = |as| #0
0<z<1 TE€E; (k) n) z€E; (k) n)
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It is a direct consequence of both Theorems 4.12 and 4.13 that the family nldP,. ([0, 1])
is c-lineable. But again bringing up the topological structure of L°([0, 1])¥, and taking
into account that any complete separable metric topological vector space has dimen-
sion at most ¢, with an application of Theorem 2.7 we can prove also the maximal

dense-lineability of this family.

Theorem 4.14. The family nlUP ([0, 1]) is mazimal dense-lineable in L°([0, 1])N.

Proof. Following the notation of Theorem 2.7, let A = nidP.([0,1]), B = coo(L°([0,1])),
and Kk = ¢. We already have that A is maximal lineable, and B is dense-lineable in
LO([0, 1)) (see Section 1.3). Moreover, AN B = @, because the elements of B are
uniformly convergent to zero on [0, 1], and A is stronger than B, because adding ele-
ments of B does not altere the sequence for n large enough. Now, an application of

Theorem 2.7 finishes the proof. n
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Chapter 5

The space L'(]0, +00))

In this Chapter we will focus our attention on the space L'(]0, +00)) of all (classes
of) Lebesgue measurable functions that are integrable over [0,4+00). Recall that it
becomes a Banach space with the L'-norm (see Subsection 1.2.3). In Section 5.1
we are interested in the behaviour of the L!'-norm of a sequence of functions “in
contrast” to other modes of convergence defined in the last chapters. In Section
5.2 we provide linear structures of integrable functions which are continuous but not
bounded. In Section 5.3 we translate the study of lineability to sequences of the
previous functions with an adequate and natural convergence. The last Section focus

on some final remarks about the best possible convergence of the sequences, its growth

and smoothness.
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5.1 Convergence in L'(X, )

If we consider a general measure space, we define the L!-convergence as follows.

Definition 5.1. Let (X, M, u) be a measure space. Let fn, f : X — K (n € N) be

measurable functions. We say that f, — f (n — oo) in L'-norm on X, if

|meﬂhaAmﬁﬁmhw (n - o0).

In this section we will study the relationship among the convergence in L!'-norm

and other modes of convergence.

5.1.1 Measure vs. L' convergence

As next result shows, the convergence in L'-norm is stronger than the convergence in

measure.

Theorem 5.2. Let (X, M, ) be a measure space. Let fn,f : X — K (n € N) be
measurable functions. If f, — f (n — o0o) in L'-norm, then f, — f (n — o00) in

measure on X.

Proof. Fix ¢ > 0 and n € N. Then

0<u({re X Ih@) - f@Iz) = [ tdu

{lfn—rl2e}
1 1
< _'|fn_f‘d/i§_ |fn_f’d,u’
{lfn_f|25} 8 6 X
1
= —[|fo = fll-
g

Thus, if f, = f (n — o0) in L'-norm we have that

p({r € X ¢ ful@) — f@)] 2 €}) =0 (0 o00).

that is, f, — f (n — 00) in measure on X. O

62



Lin. Alg. Struc. Func. Seq. Spaces The space L'([0, +00))

The reciprocal is not true, as the next example shows.

Example 5.3 (Measure # L!'-norm). Let f, : [0,+00) — R (n € N) be the

sequence of functions given by

folx) = nX[L 2] (x), (x € [0,400),n € N).

21\ filz) = X[1,2]<1’) 21\ folz) = 2X[%J]<x)
1 1
o 1 1 2 0 1 1 2

Figure 5.1: First terms of the sequence f,(x) = OE g](l‘)

Clearly, f, — 0 =: f pointwise on [0, 4+00). Now, given any ¢ € (0,1), we have

that
m({z € [0,+00) : |fu(z) — f(z)] > e}) <m ([2,2]) = 1

n

So, we also have that f,, — 0 in measure. Nonetheless, let us compute its L'-norm:

+o0 %
an—f|h=/0 \fn(:cwx:[ ndz=n-2 -1,

Thus, we do not have convergence of the sequence (f,), to 0 in the L'-norm.

5.1.2 Uniform vs L' convergence

Observe that there is no relation between uniform convergence and convergence in

L'-norm, as the next two examples show.
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Example 5.4 (L'-norm = Uniform). Let f, : [0,1] — R (n € N) be the sequence
of functions of Example 3.6 given by

fn('r> = XEn(I) (n S N,I € [07 1])7

where E, = [, 1] for all n € N. We already know that this sequence converges

n+1’n
pointwise but not uniformly to f := 0 on [0, 1]. But,

1

an—fﬂlz/j tde=m (21, 1]) = ——= =0,  (n— ).

n+1

So, we obtain that f,, — 0 in L'-norm.

For the other relation, observe that this cannot happen in a finite measure setting.
Indeed, if we have that f,, — f uniformly on X with u(X) < 400, then we also have
the convergence of the integrals, hence the L'-norm convergence. So, we will work

with measurable functions defined on [0, 4+00).

Example 5.5 (Uniform # L'-norm on infinite measure spaces). Consider the

sequence of functions f, : [0,+00) — R (n € N) given by

fulz) = %X[o,n](x), (x >0,n €N).

v filz) = X[O,l](x) A folz) = %X[oz](z)

DO | —
[\

>
>

0 1 2 0 1 )

Figure 5.2: First terms of the sequence f,(z) = %X[O,n} ()
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Each f, is a measurable function, and f,, — 0 uniformly on [0, +00) (just take into

account that |f,(z)] < 1/n for all x > 0). Furthermore, if we compute the L'-norm

—+o00 n 1
Vollr = / fule)| dz = / Lar=1,
0 o N

and f, cannot converge to zero in L'-norm.

of each f,,, we obtain,

The last sequence is a classical example of a sequence of functions in L°([0, +00))N
converging uniformly to zero but not in L!'-norm, and it will be the germ of the proofs

of all results in this Subsection.

But before, let us collect all the relations between the different convergences.

Measure ‘ ’ Uniform ’ ’ Pointwise a.e. ’ Measure
Uniform a.e. Almost uniform Uniform a.e. ’ Almost uniform
(a) 1(X) = o (b) u(X) < 0

Define the family nL'U([0, +00)) of all sequences of (classes of ) Lebesgue measur-
able functions that are uniformly convergent to zero on [0, +00) but not in L'-norm,

that is,

nLU([0,400)) := {(fa)n € L°([0, +00))" :  f, — 0 uniformly on [0, +o0)
and [ falli 7 0 (n — 00)}.

65



The space L'([0, +00)) Lin. Alg. Struc. Func. Seq. Spaces

From the previous Example 5.5, we already have that this family is non-empty. In
the next results we will state which is its algebraic size in terms of Lineability. But

before we need an auxiliary result.

Lemma 5.6. For any non-void set H C (0,400) the family of sequences

(), o=}

is linearly independent.

Proof. Take a finite linear combination of elements of the family, that is, fix N € N,

C1,C2y ...,y € H (¢p < g < -+ <en)and A, Mg, ..., Ay € R, and assume that, for
all n € N,
1 1 1
VLIRS W EES W (5.1
net nez neN

But it is a well-known result of Pdélya (see for instance [34, Corollary 3.2] or [47,

pp. 46-47]) that the “generalized polynomial”
p(x) := Mz + Az + - -+ Ay

has a finite number of zeros (at most N — 1). So, the only possibility for (5.1) to be
true for all n € Nis that Ay =y =--- = Ay =0. O

Theorem 5.7. The family nL'U(]0, +00)) is strongly c-algebrable.

Proof. Let H C (0,+00) be a Q-linearly independent set with card(H) = ¢. For every
¢ € H, consider the sequence of functions f, := (f..)n € L°(]0, +00))N given by

1

Jen() = EX[&B"](CU) (x> 0,n €N). (5.2)
For any c € H,
1 1
sup  |fen(r)| = sup —X[0,e"] ()| = — =0 (n — 00),
x€[0,+00) z€[0,400) | T n
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and applying Theorem 3.2, the sequence f. is uniformly convergent to zero. Further-

more, it does not converge to zero in L'-norm, since for every ¢ € H, we have

+00 1
lfealler = [ o)

n

dr = — — 400 (n — 00).
nC

Let B be the algebra generated by the family {f. : ¢ € H}, which is a linearly
independent family by Lemma 5.6. We claim that B is a free algebra such that any
non-zero member is a sequence uniformly convergent to zero in [0, 4+00) but not in

L'-norm.

Let F' = (F,), € B\{0}. Similarly to Theorems 4.7 and 4.12, there exist a natural
number N € N, a non-empty finite set J C N) \ {(0, "), 0)} and scalars o5 € R\ {0},
for j = (j1,72,.--,7n) € J such that, for every n € N and x > 0,

Fal@) = D2 3 e @)’ fen ()7 = (Z a%) xwer(@),  (53)

jeJ jeJ
where the fact of x| being a characteristic function is crucial again in the last

equality.

By the Q-linearly independence of H, the numbers c - j are mutually distinct and
non-null. Moreover, a; # 0 (j € J), hence by Lemma 5.6 the numbers

1
Z Q; ncj

jeJs

can be zero at most for a finite number of n. In particular, (F},), is a non-null sequence
and the algebra is free. Furthermore,
sup | F, (m)|<2|a-|i—>0 (n — o0)
>0 n — y J ,,,Lc~j :
= j

So, F = (F},), is uniformly convergent to zero on [0, +00). Finally,

00 1 1,
0 jeJ jeJ
which concludes the proof. n
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Since LY(]0, +00))Y with the product topology is also a complete metrizable (hence
Baire) space and the family nL'U([0, +00)) is c-algebrable, we obtain the next corol-

lary about its linear size.

Corollary 5.8. The family nL'U([0,+00)) is mazimal lineable.

Observe that, although every non-zero sequence of the algebra B constructed in the
proof of the previous theorem does not converge to zero in L'-norm, all the functions
are, in fact, integrable on [0, +00). Hence, B\ {0} C L'([0, +00))N. Observe also that
for any (F,), € B\ {0} we have sulr\]) | Frll1 = +o0.

ne

In 2014, Bernal and Ordénez [19] considered the space C'BL, of all sequences
of continuous, bounded and integrable functions f, : R — R (n € N) such that
| falloo = 0 (n — o0) and sup || f,|l1 < +o0, that is, their supremum norm converges

neN

to zero and the sequence of L'-norms is uniformly bounded. Moreover, they proved

that

[(fa)nll :=sup || falloc + sup || full1
neN neN

defines a norm on C'BL,, under which it becomes a Banach space. Now, consider the
family F of all sequences of functions (f,), of CBL; such that || f,||1 # 0 (n — o0).
In [19, Theorem 4.16 | Bernal and Ordénez establish the spaceability of the family F
in CBL,

As a consequence, this family is also maximal lineable. However, the point with the
family F that Bernal and Ordoénez considered is that this family turns out to be smaller
than the family nL'U([0,+00)), that is, F C nL'U([0,+00)), while the topology of
CBL, is finer than the product topology of L!([0,+00))N. As a consequence, the
spaceability of the family n£'U/([0, +00)) cannot be directly derived from [19, Theorem

4.16], because not every open set in L'([0, +00))N turns out to be also open in CBLs.
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Again in [19], Bernal and Ordénez, just by considering the map 7 : ¢>* — CBLj
given by

Bz —k+1) fk—1<z<k+3i (1<k<n),

T(an) = { 22 (z — k) if k+ 3 <k (1 <k<n),

n

0 otherwise,

for any sequence (a,,),, € £*°, constructed an isomorphism 7" between the non-separable
space (> and its image. Thus, T'(¢*°), and so C'BLs, are not separable, which means
that the maximal dense-lineability of the family F cannot be obtained as an appli-
cation of Theorem 2.7. But, in this setting, taking into account that the product
topology of L'([0, +00))N actually makes L'([0, +00))Y separable, the next result can

be proven.

Theorem 5.9. The family nL'U([0, +00)) is mazimal dense-lineable in L*(]0, +o00))N
with the product topology.

Proof. Both from Bernal and Ordénez result or directly from Theorem 5.7 (at this
moment we do not care about the topology), we know that the family nL'U([0, +00))
of the hypothesis is ¢-lineable. The space L'([0,+00))Y, endowed with the product
topology, is a separable complete metrizable topological vector space, so its dimension

1S c.

Moreover, as seen in Section 1.3, the vector space coo(L'([0,+00))) of vanishing
sequences of functions of L!([0, +00)) is dense in L([0, +-00))Y with the product topo-
logy. In addition, nL'U([0, +00)) N coo(L ([0, +00))) = @ because every sequence in
coo(L*([0, +00))) converges to zero in L'-norm, and nL'U([0, +00))+coo (L1 ([0, +00))) C
nLU([0, +00)).

Now, applying Theorem 2.7 with A = nL'U([0, +00)), B = coo(L' ([0, +00))), and

k = ¢, we get the maximal dense-lineability. O]
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In order to state the spaceability, it turns out that we must take into account not
only the product topology but also the property of the sequences of being uniformly

convergent to zero on [0, +00). For this purpose, let
Zy == {(fa)n € L0, +00))" : f,, = 0 uniformly on [0, +00)}

endowed with the next F-norm

1l
fnnZ::Sup fnoo+ _L
L N < 1A
It is straightforward that (71, || -||z,) becomes a complete separable metrizable locally

convex topological vector space, hence a Fréchet space, whose topology recover both
the product topology inherited by || - ||; and the uniform convergence to zero. This is

the right framework to state the spaceability.

Theorem 5.10. The family nL'U([0, +00)) is spaceable in (Zy, | || z,)-

Proof. Let us divide the interval [0, +00) into infinitely many sequences of pairwise
disjoint intervals (except, possibly, for the extremes). For every N € N and every

M=1,...,N, let

N-1 N-1

. . MM —1 . . MM +1

Iny = Z](N—J)Jr%,ZJ(N—J)JF%
j=1 j=1

Observe that for each M € N, the interval Iy 5 has always length M.

For every k € N, define the sequence G(k) = (G(k,n)), = (%XIkJrnfl,n)n' It is
straightforward that every sequence G(k) converges to zero uniformly in [0, +00) but
not in L'-norm (observe that ||G(k,n)|; = 1 for all n € N). Moreover, the family
{G(k) : k € N} is linearly independent because of the disjointness of the (interiors of

the) supports of all functions included in it.

Now, an application of Kalton criterion of spacebility (see Theorem 2.10) with
X=2Zrand Y = {(fu)n € X : ||falh = 0 (n — o0)} (which is closed in X by a
standard topological argument) finishes the proof. m
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Remark 5.11. Sequences of nL'U([0,+00)) are, by definition, not convergent to
zero in L'-norm. But, in fact, by the construction of the algebra B of the proof of
Theorem 5.7, the sequences of L!-norms of every non-zero member of B diverges to
infinity. However, every sequence of the closed vector space given by the spaceability of
CBL, is uniformly bounded in L'-norm. Thus, it is natural to ask about the algebraic
genericity of the family of sequences (f,,), € L'([0, +00))N such that sup || f.[l1 < +o0,
fn — 0 uniformly on [0, 4+00) and || f.|1 7 0 (n — o0). "

5.2 Unbounded functions in C'L(]0, +00))

In this Section we will focus our attention on the space C'L*([0,4+00)) of all con-

tinuous and integrable (classes of) functions on [0, 4+00), that is,
CL'([0,+00)) = L([0, +00)) N C([0, +00)).

This space becomes a topological metrizable vector space when endowed with the

natural translation-invariant metric given by

Hf_guoo,n
L+ 1f = glloon’

dew(£.9) = 17— ol + 3 5 (5.4)
n=1

Note that doz1-convergence means L!-convergence plus uniform convergence on com-

pacta.

The necessary condition of convergence of series of scalars states that if a series
is convergent, then its general term must tend to zero. Now, turning into the setting
of integrable (and even continuous) functions, one may think that something similar
should happen, namely, that if f is integrable on an unbounded interval (say [0, +00)),
then it must tend to zero somehow. However, this is far from being true. Our in-
tuition would be actually correct if the function f also verifies that the limit of f(z)
(x — +00) exists, or even if the function is decreasing over the interval. Nonetheless,

this affirmation is false in general.
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In the next example we show a classical undergraduate construction of an un-
bounded, continuous and integrable function on [0, +00) that will play a fundamental

role during this section.

Example 5.12 (Triangular Function). For each n € N, consider the triangular
functions T, : [0, +00) — R given by

(

1
n(2"x + (1 —n2"t))  ifz e {n Tt n),

T,.(z) = _ on+l n+1 : L 5.5
(x) n(=2""x 4+ (1 + n2"t)) 1fx€{n,n+2n+1}, (5.5)

0 otherwise,

Observe that, for each n € N, the function T},(x) “draws” the isoceles triangle of

height n and basis 2% centred at the point z = n.

A A
2 2
T(x) Ty(x)
1 1
0 31 5 2 0 1 15 2 17
4 4 8 8

Figure 5.4: First terms of the “triangles“ T},(x)

Now, we will define the function f : [0,+00) — R by joining all the previous

“triangles” of the functions 7,,, that is,

fla) =) T.(). (5.6)

This is a formal infinite series, but due to the disjointness of the supports of the
triangular functions for fixed = > 0, there is at most one non-zero summand. Observe
that now, the functions f(z) “draws” all the triangles given by the functions T, for

n € N, together.
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p .
@) = S Th(o)
|
0 5 1 5 517
4 4 8 8

Figure 5.5: Triangular function f(x)

Clearly, the continuity of each T), (n € N) and the construction of f allows us to
state the continuity of the function f. Furthermore, f is integrable on [0, 4+00), since

its L'-norm can be computed as follows:

+oo | X o0 400 00 n
o= [ X n@ o= [ near =Y =1 < 4.
0 n=1 n=1"0 n=1

Hence, we have that f € CL'(]0,400)). Finally, if we consider the sequence (z,, :=

n), C R of all positive integers, we have that
f(z,) = f(n) =n— 400 (n — 00),

S0,

limsup | f(z)| = +o0.

T—+00

Thus, f(x) is an example of a continuous, unbounded and integrable function on

[0, +00).

Remark 5.13. Observe that, with a similar construction of the triangles in (5.5)
we could prefix the value of || f||; in (0, +00), just adjusting the size of the triangles.
Indeed, given a > 0, we can consider the functions 7, ,(x) := «-T,,(z) for every x > 0

and n € N.

Since || Thalli = @ || Thll1, if we define the function F, as in (5.6), we obtain that

[Fally = a.
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In view of Example 5.12, we introduce the family nBCL* ([0, +00)) of all continuous,

unbounded and integrable functions on [0, 400), that is,
nBCL ([0, 4+00)) := {f € CL'([0,+00)) : limsup|f(z)| = +oo}.
T—>—+00

Observe that from Example 5.12 we already have that nBCL'([0, +o0)) # @.
Furthermore, given any a > 0, Remark 5.13 assures the existence of a function F, €
nBCL ([0, +00)), which provides us with card(nBCL ([0, +00))) = ¢ (observe that,
if a # B, then F, # Fp). So, in terms of cardinality we know that there are many
functions in the family nBCL' ([0, +oc)) but, although nBCL' ([0, +00)) has as many

elements as C'L'([0,00)), it is not a vector space itself. For this, let us just take f(z)

and e~® — f(x), where f € nBCL'([0,+0c0)). This linear combination would result in

f(@)+ (e = f(x) = ¢ * ¢ nBCL([0, +00)).

Thus, the natural question that now arises is what the meaning of “big” would be

when looking for lineability within nBCL ([0, +00)).

The following result gives us a positive answer. Remember that, given a vector

subspace M C nBCL([0,4+0o0)) U {0}, its maximal dimension is c.

Theorem 5.14. The family nBCL' ([0, +00)) is mazimal lineable.

Proof. We are looking for a vector subspace M of dimension ¢ such that M C

nBCLY ([0, +00)) U {0}.

Consider the “triangles” (T,), given in Example 5.12. Observe that the mini-

mum distance between (the supports of) any two triangles 7,, and T, is g, and the

1

maximum length for the support of T;, is 5.

So, for any s,t € [O, %), we have that the supports of the corresponding triangles
T, (z —t) and T,,(x — s) are disjoint for any pair n,m € N, n # m.
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On the other hand, for any s,t € [0, %) with s < t, there exists N € N such that

2% <t —sfor any n > N. In particular,

n -+ +s<n-— +1

2n+1 2n+1

and the supports of the triangles T, (x — t) and T, (z — s) are disjoint for any n > N.

For each t € [0, 1) we define the function f; : [0, +00) = R by

fi(z) = ZTn(x — 1),

where we understand T,,(z —t) = 0 for x — ¢t < 0.

As in Example 5.12, we have that f; € nBCL'([0,+00)) for any ¢ € [0, 1) and, so,

M :=span{f, : t € [0,3)}

is a vector subspace in C'L([0, +00)). It only remains to prove that dim(M) = ¢ and

the unboundedness of each F' € M \ {0}. Let F € M, that is,

Fz) = e1fu () + cafin(2) + -+ esfi(2),  (220),

where 0 < t; <ty < --- <ty <1/8 and ¢,¢a,...,¢, € R. Assume that some ¢; is

non-null (without loss of generality we can assume ¢, # 0).

Let N € N be large enough to get the disjointness of T, (z — t;) with any other
T(x—t;),i=1,2,...,s—1,n> N. Then, for any x,, :==n+ts (n > N),

F(xn) = c1fo(@a) + c2fi(Tn) + -+ + s fo. (an) = 5 1.
Hence, F' # 0, the set {ft cte [O, %)} is linearly independent, and dim(M) = .

But also,

|Fo(xn)| = |esln — +o00 (n — 00).

Thus, F' is unbounded and the proof is finished. n
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In order to determine the dense-lineability of the family nBCL'([0,+0oc)), the
topological structure of C'L'(]0, +00)) needs to be taken into account. Recall that a
polygonal in [0, +00) is a continuous function consisting of finitely many affine linear

mappings on compact subintervals of [0, +00). We state the next auxiliary lemma.

Lemma 5.15. The family B of all functions of the form
p(z) if 0 <z <n,

by (@) = @(n—l—v—x) fn<z<n+r,

0 if x >n+7,

where p(x) is a polygonal in [0, +00), n € N and~y > 0, is dense in (C'L*([0, +00)), dcrr).

Proof. 1t is obvious that B C C'L'(]0,00)). We are going to see that B is dense in
CL'([0,4+00)). Let f € CL*(]0,+o0)) and £ > 0. Since f is integrable, there is N € N
such that

o0 00

22—1,?<% and /|f(a:)\da:<%. (5.7)

k=N-+1 N
By using uniform continuity, it is easy to see that the set of all polygonals is dense in

(C([0, N]), || * |lo), €ven with the property that the approximating polygonal matches
with the approximation function at the extremes of the interval. Consequently, we

can take a polygonal p(z) in [0, N] such that

PN) = F(N)  and = bl < o 659
Now define v := Then,
6(1+1f(N)]) \ (M)
— 1 ||f_pr7||oon
depi (f, b — ————— +||f—b
cr(f, PN’Y 22 1+f — p7N,7||oo,n If P,N,’YHI
<If- pHmNZ—+ Z / o)\ da
k= N+1
N+ N o0
+/ f(a:)—%(]\f—x—i-’y)} dx+/ |f(x)|dx (5.9)
N N+
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But, by (5.8),
N+vy N4y
/ f(x)—@(N—x—i—v)‘dx:/ f(x)—M(N—anv)‘dx
N v N g
N+ N+
S/N |f(x)|da:—|—/N @|N—x+7|dz
400
< [ire@ae+ L (5.10)
Now, by (5.7), (5.8), (5.9) and (5.10),
N
dep (f b)) < 6%-22%+%+6%-N+%+|f(m|.7+%<6.%:57
k=1

N
1

because Z? < N, and by the definition of v, we have |f(N)| -y < =. Hence, the

k=1

set B is dense in CL'([0, +00)). O

| ™

Now, with the application again of Theorem 2.7, we can obtain the maximal dense-

lineability of our family nBCL' ([0, 4+-00)).

Theorem 5.16. The family nBCL ([0, +-00)) is mazimal dense-lineable in C' L' ([0, +00)).

Proof. The family B defined in Lemma 5.15 is a vector space (indeed, any linear combi-
nation of polygonals is again a polygonal, even if the vertex do not match) and is dense
in CL'([0,+00)), so, in particular, B is dense-lineable in C'L*([0, 400)). By Theorem
5.14 we already have that the family nBCL' ([0, +-00)) is maximal lineable. By the con-
struction of the family B, any function of B is bounded, so nBCL* ([0, +00))N B = @.
Moreover, nBCL' ([0, +00)) + B C nBCL ([0, +00)), because any function in B has
compact support. Finally, an application of Theorem 2.7 with A = nBCL([0, +00)),
B and k = ¢ gives us the maximal dense-lineability of nBCL* ([0, +00)). O

We have already seen that there exists a dense c-dimensional vector space M C

nBCL ([0, +00)) U{0}, which means, that our family nBCL'([0, +00)) behaves “well”

7
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under linear combinations. Let us see that this can also be extended to algebraic
combinations, which would lead into the algebrability of the family nBCL([0, 4+-00)).
But, before we start with this, we need some notation, since the argumentation here

differs a little bit from the one carried out in the proofs of Theorems 4.7 and 4.12.

Definition 5.17. Let N € N. Given a (monic) monomial in N variables

N
m(z1, To,...,TN) = fo“,
i=1
where a; € NU{0} foralli =1,2,..., N, and an increasing sequence of prime numbers

P = (p;):, we define the P-index of m by

N
anP<m) = m(p17p27 cee 7pN) = l_Ipza2
=1

Remark 5.18. Observe that we can always state a bijection between any increasing
sequence of prime numbers and the whole sequence of primes, so, by the uniqueness
of the factorization theorem, given a natural number n € N, there is only one way

of expressing it as product of powers of prime numbers, that is, there is an unique

factorization
N
n=1]»"
i=1
N
and this number is the P-index of the monomial m(xy, zs, ..., zy) = H x;". This fact

i=1
allows us to state a bijection between N and the set of all monic monomials. So, given

a monomial m, it is uniquely described by any of its P-index.

Thanks to this, we will be able to find an algebra of dimension ¥, inside the family

nBCLY([0,+00)).
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Theorem 5.19. The family nBCL' ([0, +00)) is strongly No-algebrable.

Proof. For any n € N and p > 1, we consider the “triangles” on [0, 400) given by

nP(2" Mz + (1—n2"))P  ifz € [n— 57,n),
Top(x) = ¢ nP(—2" 2 + (L+n2" )P ifz € [n,n+ 5],

0 otherwise,

and we define the functions g, : [0, 4+00) — R as:

gp(z) = Z Top().

In fact, each T, , draws a “curved triangle” whose basis lies in the z-axis, has height

nP, and the other sides are convex (p > 1) functions.

Because of the disjointness of the supports of the triangles T, ,(z) (n € N), the
functions g, are well defined and continuous on [0, +00). Furthermore, we can easily
bound their L'-norm. Observe that, for each p > 1 and n € N, the “triangle” T,,,, is
continuous on [n — #’ n + 2,1%] and infinite differentiable on (n — 2,1%, n—+ #) \

{n}. In fact, if z € (n — 527, 1),

— n+1/on+1 n+1 1
T, ,(r) = pnP2 FL(2n g 4 (1 — p2ntl))P=l > 0,
= 2n+42 (9n+1 n+1 _9
T, ,(xr) = p(p—1)nP2 F2(2nH g 4 (1 — n2nth))P=2 >,

and if x € (n,n—l—ﬁ),

_ n+1 n+1 n+1 —1
T, ,(r) = —pnP2 (=2t + (1 4+ n2n )Pt <0,
_ 2n+2 1 n+1 -2
T (r) = p(p—1)nP2 (=2 + (14 n2n )P > 0,

so the triangles T;, ,(x) are always “inside” the real triangles of basis [n — #, n+ Qn%}

and height T, ,(n) = n”. Hence

00 00 00 nP
ol = 3= [ Taplorie < 3= g < 00
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So, g, € CL'(]0,00)). Now, by evaluating g, on the sequence of positive integers
x, = n for every n € N, we get that

Gp(Tn) = gp(n) = nP — +oo (n — o0)
which yields g, € nBCL' ([0, +00)) for all p > 1.

Let P = (p;); be the increasing sequence of all prime numbers which are greater

than 3, and let us define for each j € N the function F; as

Z n logp] = Jlogp, (x)

Note that (Fj); € nBCL'([0,+00)). Let B be the algebra generated by (F});, that is,

B = {P(Fl, ..., Fx): Pisa polynomial in N variables without
constant term, N € N}.

We are going to prove that B is the desired infinitely generated algebra. Let m(zq,...,zx) =
N

H z;" (a; € NU{0}) be a non-constant monomial. Hence

m(Fi. @) = [[ A =] (Z Tn,log@i)(a:)) .

For each n € N and each z € [n — #, n) we have

m(Fl,..., H nlog(pl

l_N[ ( 2”+1 + (1 - n2n+1))}10g(pi)>ai

=1
= [n (2712 + (1 — n2nt1)) ] Zim el

= [n (272 + (1 — n2nt1)) ] elndetm)
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Analogously, for each = € [n, n + 2,1%], we get
_ n+1 n+1y) 1log(indp(m))
m(Fy, ..., Fy)(z) = [n(=2""2 + (1 + n2"™))] :
So

m<F17 - 7FN> = Glog(indp(m))- (511)

In particular, m(Fi,...,Fy) € nBCLY([0,+00)), and trivially B C CL([0, +00))
(because continuity and integrability are stable under finite linear combinations). It
only remains to prove that (F}); forms an algebraic independent set and that any
element of B is not bounded. In order to prove these properties, let us take a non-

trivial algebraic combination
l
F(z) = P(Fy,...,Fy)(x) =Y Ami(Fy, ..., Fy)(x).
i=1
For each n € N, we have by (5.11) that
l
F(n) = P(Fy,...,Fy)(n) =) Am/sindtmo), (5.12)
i=1

By Remark 5.18, all exponents of the right hand part of (5.12) are positive and
pairwise different, so |F'(n)] — +oo (n — o0). In particular, F' = 0 if and only if
A\ = 0 for every i = 1,...,l, and the algebra B is free. Hence, F' € nBCL" ([0, +0)),
and B C nBCL' ([0, +00))U{0}. Thus, nBCL ([0, +00)) is strongly Rp-algebrable. [

We finish this section stating that the family nBCL'([0,400)) is not only alge-

braically large, but also large in a pure topological sense.

Theorem 5.20. The family nBCL' ([0, +00)) is residual in CL'([0, +00)).

Proof. Note that C'L'([0,00)) is Baire because, as it is easy to see, the distance dg 1

given in (5.4) is complete. Indeed,

CL'([0,00)) \ nBCLY ([0, +00)) = | ] An,
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where for each n € N,
A, = {f € CL'([0,00)): |f(z)] <nforallz>0}.

Since uniform convergence on compacta implies pointwise convergence, it is clear that
each A, is closed in CL!([0,00)). Moreover, given f € A, and ¢ > 0, it is also easy
but cumbersome to construct a function g € C'L' ([0, +00)) such that der:(f,9) < €
but |g(zo)| > n for some z¢ > 0 (just “cut” a small enough part of g around z, and
substitute it by a linear affine function joining continuously ¢ to the point (xg,n+1)).
This implies that every .A,, has empty interior, so that C L' ([0, +00))\nBCL ([0, +00))
is of first category, which proves that nBCL' ([0, 4-00)) is residual. O

5.3 Sequences of continuous, unbounded and inte-

grable functions

Until this point we have focused our attention on the algebraic structure of the fam-
ily nBCL(]0, +00)) of continuous, unbounded, and integrable functions. In this Sec-
tion we will step up and consider sequences of functions of the family nBCL' ([0, +o0))
with additional properties on its convergence. For this, let us introduce some useful
notation. The family nBCL}([0, +00)) will denote all the sequences of continuous,
unbounded and integrable functions on [0, +00) converging to zero in the metric dgp1,

that is:

nBCL([0,+00)) := {(fn)n € CL'([0,400))" : f,, € nBCL([0, +00)) for every n € N
and dcri(fn,0) = 0 (n — oo)}
= {(f)a € coCLY([0,+00))) = lim_|f,(2)] = +o0 for all n € N}.

Recall that convergence to zero in the metric do1 means that

+oo
il Y o Tl g (s )
2 T [ fulls
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that is, we have convergence to zero in the L!'-norm and uniformly convergence on

compacta.
The next example shows that the family nBCL{([0, +00)) is not empty.

Example 5.21. Let T}, (n € N) be the triangular function already defined in Example
5.12. In order to construct our sequence of functions (f,), € nBCLS([0, +00)) we will
truncate the series given by the triangles, that is, for every n € Nlet f, : [0,400) — R
be defined as:

fal) =) _Ti(x)  (z>0).

Clearly, (f,)n C nBCL'([0,+00)). On the other hand, since each f,(z) is the tail of a
convergent series in C'L!([0, +00)) (see Example 5.12), we have that (f,), converges

to zero in the metric dez1 as n — oco. Thus, (f,), € nBCLS([0, +00)).

As in the case of single functions, we can prove the existence of a free-generated

infinite dimensional algebra inside our family nBCLS([0, +00)).

Theorem 5.22. The family of sequences nBCLY([0, +00)) is strongly Ro-algebrable.
Proof. Using the notation of the proof of Theorem 5.19, for each j,n € N, let

Fjn(z) =Y Thiogny) ().
k=n

Let B, be the algebra generated by the sequences {(F},), : j € N}. Following the

same argument as in Theorem 5.19 and taking the monomial

m(zy,...,TN) :Hxio‘i,
we have for each n € N and x > 0, that

m(Fip, ..., Fya)(z) = Z T Jog(indg (m)) () (5.13)
k=n
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Therefore, the sequence m((F1n)n, - - - (Fnn)n) is the sequence of tails of a convergent

series (in the topology generated by dcr1) and we have that
dCLl(m(FLn,...,FN,n),O) — 0 (n—>oo)

In particular, m((Fyn)n, - - > (Fnn)n) € nBCLy([0, +00)).

Finally, let (F,,), be a non-trivial algebraic combination of the sequences (F},),
(7 € N), that is, for each non-zero polynomial P in N variables without constant term

and each n € N, we consider

l
Fu(x) = P(Fipn, ..., Fxa)(@) =Y Ximi(Fip, ..., Fya)(@),
=1

where the \;’s are not simultaneously zero.

For each n € N and each k > n, by taking (5.13) into account, we obtain
l
Fo(k) = P(Fyp, ..., Fya)(k) =) Akloetndztmo),
i=1

Now, continuing in the same way as on the proof of Theorem 5.19, we get that
|F,(k)| — 400 (k — o0), hence By C nBCL([0,+00)) U {0} and By is a free al-
gebra. Thus nBCL,([0, +00)) is strongly Rg-algebrable. O

An immediate consequence from the algebrability of nBCLj([0, +00)) is that mere

lineability can be easily obtained.

Corollary 5.23. The family of sequences nBCLy ([0, +00)) is Ro-lineable.

In this case we could only infer the Ry-lineability, since we obtained Rgp-algebrability.
Nonetheless, by a direct approach, it is easy to attain the maximal dimension of the

space C'L'(]0, +o00))N.
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Theorem 5.24. The family of sequences nBCLY([0, +00)) is mazimal lineable.

Proof. As in the proof of Theorem 5.19, for each t € [O, %) and each n € N we define

the functions

far(z) =) Ti(x—t)  (x>0),

and consider the set M, given by

My := span {(fnt)n t e [0, %)} )

Following the same argument as in Theorem 5.14, we have that each f,; is a con-
tinuous, unbounded and integrable function on [0, +00), that is, f,,; € nBCL ([0, +0))
for all t € [0, %) and n € N, and that the sequences {(fn,t)n S te [O, %)} are linearly

independent.

In addition, it is clear that the whole series f;(x) := ZTk(x — t) is conver-
k=1

gent, both in Lj-norm and uniformly on compact sets of [0, +00), so in dcri. Hence

dori (fre,0) — 0 (n — oo) for all ¢ € [0,5), My C nBCLy([0,400)) U {0} and

nBCL([0, +00)) is maximal lineable. O

Yet, in order to obtain the maximal dense-lineability, we need to establish a proper

framework and the topology to be considered there. We consider the sequence space
co(CLY ([0, 400))) := {(fn)n € CLY([0,4+00)) : depi(fn,0) = 0 (n — 00)},

endowed with the distance d., given by

oo ((fr)n, (Gn)n) = supderr (fu, gn), (5.14)

neN

for all (f,)n, (gn)n € co(CLY([0,4+00))). We know that (co(CL([0,400))),dw) is a
complete metric topological vector space, and thus, using again Baire’s Theorem, we

have that its dimension is ¢.
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We define the set By as

By = {(bn)n . exists ng € N such that b, € B for all n < ng and

b, =0 for all n > no},
where B is the dense subset of C'L'([0,+00)) defined in Lemma 5.15.

Lemma 5.25. The space By is dense in (co(CL'(]0, +00))), ds).

Proof. First, it is clear that By C co(CL([0, +0))), since B C CL'(]0, +00)). Now,
let (fn)n € co(CL' ([0, +00))). Given & > 0, there is ng € N with dop1(f,,,0) < € for all
n > ng. Furthermore, the denseness of B in C'L'(]0, +00)) guarantees the existence of
bi,...,by,—1 € B such that dopi(fn,bn) < e (1 <n <mng—1). Finally, define b,, :== 0

for n > ng. It is clear that (b,), € By and, by construction

doo((fn)m (bn)n) = sup dCL1 (fna bn) = maX{ max dC’L1 (fna bn)a sup dCLl(fn7 0)} <g,

neN 1<n<no—1 n>ng

and we are done. O]

Theorem 5.26. The family of sequences nBCLY([0, +00)) is mazimal dense-lineable
in co(C'LY([0, +0))).

Proof. We already have the maximal lineability of the family nBCL}([0, +00)) from
Theorem 5.24 and, by Lemma 5.25, By is a dense vector subspace of co(C'L' ([0, +00)))
(hence, dense-lineable). Moreover, each function b, of a sequence (b,), € By is
bounded and b, = 0 for n big enough, so Byy + nBCL([0, +00)) C nBCL;(]0, +00)),
and By N nBCLY([0, +00)) = @. Finally, Theorem 2.7 tells us that nBCLy([0, +00))

is maximal dense-lineable in co(C'L(]0, +00))). O
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5.4 Final remarks

5.4.1 Maximal possible convergence

Observe that, in the above proofs, when we deal with the family nBCL;(]0, +00)),

and we consider the sequences (f,,+), given by

Futl@) = fule =) = 3 Tl — 1),

for t € [0, é), x € [0,400) and n € N, we only checked them to be in our space of
functions ¢o(C'Ly([0, +00))), that is, they had to converge to zero in L'-norm plus
uniformly on compact sets of [0, +00). We want to comment that the convergence to

zero can be strengthen.

Let ([0, 400), £, m) be the Lebesgue measure space. Recall (see Definition 3.3) that
a sequence of functions (f,), converges almost uniformly (on [0, +00)) to a function
f if, for every € > 0, there exists a set E C [0, 4+00) with m(E) < € such that f, — f
uniformly on [0, +00) \ E.

In this line, all the sequences (f,,+)n constructed in the proof of Theorem 5.19 and
Theorem 5.22 not only converge to zero uniformly on compacta on [0, +00), but also
converge almost uniformly to zero on [0, +00). Indeed, following the notation used in
this proof, and denoting by E, the support of each function f,;, we obtain, because

of the pairwise disjointness of the supports of the T}’s, that,

By, := supp(fy) = supp (Z Ty (v — t)) = |J supp(Ti(z — 1))

k=n k=n
o 1 1
= <k+t—%,k‘+t+ﬁ>
k=n

Clearly, for each natural number n € N we have that E, ; C E,. Furthermore,

0<m(E,) < 2—k—>0 (n — 00).
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So, given any € > 0, there is N € N such that m(Ex) < € and f,,;(x) =0foralln > N
and all z € [0,400) \ Ey, that is, the sequence (f,+), converges almost uniformly to

zero on [0, +00).

On the other hand, it is clear that we cannot ask for the uniform convergence to
zero, because each (f, ), is unbounded. The next proposition will tell us that almost
uniform convergence is the “highest” level of convergence we can get. Remember that,
in order to have the uniform a.e. convergence of (f,),, we need to find a measurable

set E C [0, +00) with m(E) = 0 such that (f,), converges uniformly on [0, +00) \ E.

Proposition 5.27. Let (f,), € C(]0,+0)) such that f, — 0 (n — o00) pointwise on
[0, 4+00) and each f, is unbounded. Then f, # 0 (n — o0) uniformly a.e. on [0, +00).

Proof. By way of contradiction, assume that there exists a set £ C [0,400) with
m(E) = 0 such that f, — 0 (n — o00) uniformly in [0,400) \ E. Then, for ¢ = 1,
there exists ng € N such that for all n > ng and all z € [0,+00) \ E it holds that
[fn(@)] < 1.

Since f, is unbounded for each n € N, there exists z, € [0,+00) such that
|fo(zn)| > 2, s0 z, € E, for n > ny. Now, the continuity of each f, and the fact
that m(F) = 0 guarantee the existence of points w,, ¢ E but near enough to z,, (note
that m(E) = 0 implies the denseness of [0, +00) \ E) such that |f,(w,) — fu(z,)| < 3.

But then, for n > ng we get

1

3
L2 | falwa)] = |fa(@n)l = fa(wn) = falwn)] > 2= 5 =,

which is a contradiction. O]

As a consequence, we cannot obtain uniform a.e. convergence to zero of any se-
quence of nBCL,(]0, +00)). Observe that Theorems 5.22 and 5.16 could be rewritten

as follows.
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Theorem 5.28. The family of sequences (f), C CL'([0,+00)) such that

(a) fn is unbounded on [0,+00) for every n € N, that is,

limsup |fu(2)| = 400, (n € N),

T—00

(b) fn — 0 (n — o0) almost uniformly on [0, +00),

(¢) fn# 0 (n— o0) in L'-norm [0, +00),
is strongly No-algebrable and mazimal dense-lineable in co(CL ([0, +00))).

We have that condition (a) implies in particular that the sequence (f,), does not
converge uniformly to zero on [0, +00), and by Proposition 5.27 the uniformly a.e.
convergence is also not possible, that is, if we have convergence in dgp1 to zero of
a sequence of unbounded functions (f,), € CL'([0,+00)), the maximum degree of
convergence can be the almost uniform convergence to zero on [0,+00). So, in this

sense, this result is sharp.

5.4.2 On the growth

When we deal with the families nBCL' ([0, +o0)) and nBCLy ([0, +00)) of functions
and sequences of functions, respectively, in the proofs of the results we look for suitable
triangles: for their height and for their basis. Roughly speaking, the height let us
control the unbounded behaviour, and the basis maintain the integrability. Now,
the question is if we could ask for a stronger unboundedness. Recall that, given
a continuous and non-decreasing function « : [0,+00) — [1,400), we say that a
function f € C([0,+00)) has growth « if

lim sup |£(=)]
T——400 Oé(l’)

:+OO
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We define the family nBCL"* ([0, +00)) as the collection of all unbounded functions
f € CLY(]0,00)) that have growth a, that is,

nBCLY ([0, +00)) := {f € nBCL' ([0, +0c0)) : f has growth a}.

We can easily construct an example of this family, just by modifiying the triangular

function of Example 5.12.

Example 5.29. Let o : [0,400) — [1,+00) be a continuous and non-decreasing

function. For each n € N, we consider the triangular functions T, , : [0, +00) — R

given by
( ) 1
na(n)(2"a(n)z + (1 — na(n)2"™))  ifz e [n T ez n),
Thalz) = na(n)(—2""a(n)z + (1 4+ na(n)2"™)) ifz € |n,n+ L
’ a(n)2n+t ]’
0 otherwise,

\

Define the function f, : [0, +00) — R by joining all the previous “triangles” of the

functions 7, o, that is
fal) = Thal(x).
n=1

Similarly to Example 5.12, f, is continuous and integrable. In fact,

[e.9]

= [t na(n) )
ol =3 | Tuala) i - > g = i < oo

n= n=1

Moreover, if we consider the sequence (x,,), C R given by z, = n for every n € N,

we have that
fa(zn) B na(n)

alz.)  a(n)

=n — +00 (n — 00),

which means that

|fa(2)]

lim sup ——— = +o0.
r—+00 Oé(;U)

Thus, the above constructed function f, is an example of a continuous, unbounded

and integrable function on [0, +00) with growth a.
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Adapting the proofs of Theorems 5.14 and 5.16 with the function f, of the above

example, we get the next result about the linear structure of nBCLY*([0, 4+-00)).

Theorem 5.30. Let  : [0,400) — [1,+00) be a continuous and non-decreasing
function. The family nBCL"([0,+00)) of continuous and integrable functions on

[0, +00) with growth « is mazimal dense-lineable in C'L*([0, 4+00)).

Proof. Let a : [0,400) — [1,+00) be a continuous and non-decreasing function. We
look for a vector subspace M of dimension ¢ such that M C nBCL"* ([0, +o0)) U {0}.
Following the steps of the proof in Theorem 5.16, consider the triangular function f,

given in the Example 5.29 and the vector subspace

M :=span{fa; : t€[0,3)},

where f,; are the modified functions. The linearly independence and the integrability
of each member of M follows the same argument as the previous proofs. It only remains
to show that every finite linear combination has still growth «, and the unboundedness
of each mentioned linear combination ¢; for, + - -+ ¢sfar,. Note that we can assume
cs # 0. Since ty > t; for all t = 1,2,--- s — 1 and a(n) > 1, there is N € N such
that the support of the triangles T), ,(x — t;) is disjoint with the support of the rest
of triangles T,, o(x — t;) forany n > N, i=1,...,s — 1.

Thus, by taking for any n > N the point z, := n + t,, we have

|1 fat, (Tn) + Cofary(Tn) + -+ + Csfar,(n)| = |cs|na(n) — +oo (n — 00).
Thus, we obtain that
|1 fon(@n) + 2faps(Tn) + -+ + s far(@n)] _ |es|na(n)

() = ) = |cs|n — 400 (n — 00).

Hence, the family nBCL"*([0, +0c0)) is maximal-lineable.

In order to obtain the maximal dense-lineability we just have to consider A =
nBCLY ([0, +00)), B as the dense subset given in the proof of Theorem 5.16 and
k = ¢, and apply Theorem 2.7. O
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Theorem 5.31. Let o : [0,4+00) — [1,400) be a continuous and non-decreasing

function. The family nBCL“* ([0, +00)) is strongly Ro-algebrable.

Proof. Let o : [0,400) — [1,4+00) be a continuous and non-decreasing function. For
any n € N, p > 1, we consider the “triangles” on [0, +00) given by
(na(n))P(a(n)2"z + (1 — na(n)2" )P ifz e [n R — n) ,
Tonp(®) =S (na(n))P(—a(n)2" 'z + (1 + na(n)2"H))P ifz € [n, n+ W] ,

0 otherwise,

and we define the functions g, : [0, +00) — R as:

Gap(@) = Y Tanp(2).
n=1

Let P = (p;); be the increasing sequence of prime numbers greater than 3, and let us

define for each j € N the function Fj, ; by
Foj (z) == Z Tam»logpj (z) = Jarlog p; (@).
n=1

Note that (F,;); C nBCL"([0,+0)). Let B, be the algebra generated by (F,;);,
that is,

B, = {P(le, ..., Fyn): Pisapolynomial in N variables without
constant term, N &€ N}.

Following the same steps as in Theorem 5.19 we obtain that B, is the desired

infinitely generated algebra in nBCL* ([0, +00)). O

Observe that these two last theorems are both a generalization of Theorem 5.16
and Theorem 5.19, just by taking the growth function as a(z) = 1. Furthermore, we
can now select a wide plethora of families of continuous and integrable functions with
a nice algebraic structure that grow exponentially or even faster, for which we just

have to choose a(x) = e” or a(z) = ¢ or even “bigger”.
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This generalization is not only focused on the family nBCL([0,4o0)) of func-
tions of Section 5.2, but also for the family of sequences of functions nBCL([0, +o0))

converging to zero that have growth a.

Furthermore, from Proposition 5.27, we know that the optimal mode of conver-
gence that we can achieve for these sequences is the almost uniform convergence (to

zero) on [0, +00), and we can state the next result.

Theorem 5.32. Let o : [0,+00) — [1,400) be a continuous and non-decreasing
function. The family of sequences (fn)n of continuous and integrable functions on
[0, +00) with growth « such that f, — 0 (n — 00) in L*-norm and almost uniformly

on [0, +00) is maximal dense-lineable in co(CL* ([0, +00))) and strongly No-algebrable.

5.4.3 Smoothness

In the previous sections of this Chapter we have been choosing triangles at some
specific points, and defining them as zero elsewhere in order to obtain continuity of our
functions and sequences of functions. For this purpose we can use instead of triangular
functions the next ones:

| [ S
1—(2n+1(z—n))>2 ] 1 1
n-e (@nHi(@—n) 1fx€(n—w,n+m)

0 otherwise,

For every n € N, each ®,, is integrable, |®,(z)] < nin (n — 5,7 + 5057), Pu(n) =n,

and of class C* on [0, 400). So, we can then define the family

nBC® L ([0, +00)) := nBCL ([0, +00)) N C*([0, +00)).
Again, slightly modifications on the triangular functions allow us to get “smooth”
functions and not only continuous (observe that every function in Section 5.2 is not

differentiable, for example, at any vertex of the triangles).
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Theorem 5.33. The family nBC™®L ([0, +00)) of unbounded and integrable functions

on [0,4+00) of class C* is maximal lineable.

Proof. Following the steps of the proof of Theorem 5.14, consider the vector space M
given by
M = span{ft cte [0,%)},

where f; is the infinite sum of the ®,,’s traslated to the right by the factor ¢ € [O%).
It is obvious that every finite linear combination of elements of M is of class C* and
integrable, hence it only remains to prove the unboundedness of each member of M.
Let us assume that there are 0 < t; <ty < -+ <ty < % and scalars ¢q,co,...,cs € R
such that ¢, # 0, and there exists N € N with min{t; —¢; : i =1,2,...,s — 1} > QLN
Hence, by taking for any n > N the point x,, = n + t5, we have

11
1 fu(@a) + eafiu(wa) + - + o fu(@a)] = Jeslne -E" 197 = foo (n — o0).

Thus, the family nBC>*L(]0, +00)) is maximal lineable. O

This result can be also extended to sequences of functions, using a similar con-

struction as in the one provided in Theorem 5.24.

Theorem 5.34. The family nBC®LL([0,+00)) of sequences (f,), of unbounded and
integrable functions on [0,+00) of class C* such that f, — 0 (n — o) in L'-norm

and almost uniformly on [0, +00) is mazimal lineable.

Proof. Following the same steps as in Theorem 5.24, and using the exponential-like
functions defined at the beginning, we define the sequence f,; for every n € N and

t e [0,%) as

Faa(@) =D Op(z —t).

k=n
So, if we consider the vector subspace

My := span {(fnt)n rte [07 %)} ’
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we have that each f,; is of class C*, unbounded and integrable on [0,4+00). In
addition, it is clear that the whole series Z @, () converges to zero both in L'-norm

k=1
and almost uniformly on [0, +00). Thus, nBC®L}([0, +00)) is maximal lineable. [
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Chapter 6

Anti M-Weierstrass sequences of

functions

6.1 Concepts and examples

In the previous chapters we have considered sequences of functions with different
properties, and we studied the linear and algebraic size of these families. Now, we will

turn our attention into series of functions.

Let X # @ be a non-empty set, and f, : X — K (n € N) be a sequence of

functions. Usually, when the uniform convergence of the series of functions Z fn(2)

n=1

has to be studied, the first tool one thinks about is the well-known Weierstrass M-test
(see for instance [3, §9.6]).

Theorem 6.1 (Weierstrass M-test). In the above conditions, if there exists a se-

quence (M,), C (0,+00) such that ZM" < 400 and |fu(x)] < M, for every x € X

n=1

and every n € N, the series an(x) is absolutely and uniformly convergent on X.

n=1
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However, the reciprocal is false in general, that is, it is possible to find series of
functions that are uniformly convergent but do not satisfy all the hypothesis of the
Weierstrass M-test. More precisely, the condition about the majorant sequence can
be dropped without losing the uniform convergence of the series of functions. The

upcoming example (see [23, Chapter 1, Example 10]) will show this situation.

Example 6.2. Let f,, : [0,1] = R (n € N) be the sequence of (continuous) functions
given by

1, 11
o 2n+l fre | —, —
—sin (2"t rr) if x (2n+1, Qn) :

. 1 1
0 1f$€|io,W:|U|i2—n,1:|

Since f,(x) > 0 for all z € [0,1], the normal convergence of the series and the

fn(w) =

absolute convergence are equal for this series.

If 2 € (0,5) \ {27 : n € N}, there is a unique ny € N such that z € (577, 35 ) -
So,

Zn ) = Fool) = - sin?(2'0 )

To
As f,(z) = 0 elsewhere, we get the absolute convergence of our series for any z € [0, 1].

In order to obtain the uniform convergence we will apply the Cauchy’s Criterion
for series (see for instance [3, §8.8]). Fix n,p € N and = € [0,1]. As for the whole
series, there is at most one n, € N with n + 1 < n, < n + p such that f, (x) # 0,

and, in this case,

n—+p

> )

k=n+1

1 1 1
< |\In < —< < —.
@) € = S g <

for every n,p € N and every = € [0, 1].

1
Now, given any € > 0, there is N € N such that — < ¢ for every n > N. So, for
n
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every n,p € N with n > N,

n+p

> fulx)

k=n+1

1
= <&,
n

and we have the uniform convergence of the series on [0, 1].

Finally, for any n € N,

1 0
50 || falloo = and > lfalloe = +00.
n=1

A sequence of functions as given in Example 6.2 will be called an Anti M-Weierstrass

sequence. Concretely:

Definition 6.3. Let f, : [a,b] — R (n € N) be a sequence of continuous functions
on [a,b]. We will denote by AMW([a,b]) (or just AMW, if there is no possibility

of confusion on the interval) the family of Anti M-Weierstrass sequences on |a, b,

that is, the family of sequences (f,)n such that Z fn(x) is absolutely and uniformly

n=1

convergent on |a,b], but Z | fulloo diverges.

n=1

Thanks to Example 6.2 we already know that AMW([0,1]) # @. In order to look

for more general examples we introduce the following helpful family.

Definition 6.4. Let F be the family of all sequences of continuous functions u,, : [a,b] — R
such that:

(a) The supports are pairwise disjoint, that is,

supp(tn) N supp(um) = 9, n #m,
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(b) The sequence (||un||oo)n s bounded and far from zero, that is,

0 < inf [|tun]]oo < sup||un||eo < +00.

Observe that any element of this family F allows us construct a series of functions

with a very concrete convergence.

Lemma 6.5. Let (u,), € F and (a,), C R. Then:

(a) The series Z anun () converges absolutely on |a, b].
n=1
(b) The series Z anun () converges uniformly on [a,b] if and only if (a,)n € co-

n=1

(¢) The series Z |antnlleo < 400 if and only if (an)n € 41.

n=1
Proof.

(a) The absolute convergence of the series is immediate, since the disjointness of the
supports of the u,’s implies that, for a fixed zg € [a, b], either w, (z¢) = 0 for all n € N,
or there exists only one ny € N such that z¢ € supp(u,,), and

[e.9]

Z |@ntin(20)| = |angtn, (20)] (< 400).

n=1
(b) Firstly, consider the case when (a,), € co. Because (uy), € F, then M :=

sup |[tn]loe € (0,+00). Given any e > 0, there exists N € N such that |a,| < 57 for
neN
any n > N.

Thus, as for each = € [a, b] there is at most one nyg > N such that = € supp(uy,),

Z Aty ()

Hence, the uniform convergence of the series on [a, b] is obtained.

€

SMMIE

= | g Uno ()]
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Reciprocally, as the series is uniformly convergent, we have a,u,(x) — 0 (n — c0)

uniformly on [a, b]. Because (u,), € F, then L := inl{I ||tun|loo > 0. Given any € > 0,
ne

there is ng € N such that |a,u,(z)| < - L for every x € [a,b] and every n > ng. But

for any n > ng, there exists x,, € [a, b] such that w,(z,) > L, hence
|an| _ |anun(‘rn>| < e-L =g,
|t (20)] L

and a, — 0 (n — oc0).

(c) As (up)n € F, we have

0<L:= 1nf [|tn]loo < sup ||tn]]eo =1 M < 400,

neN
and then,
0<L-|an| < llantnlloc < M -a,] < 400, (n € N).
Thus, by comparison test, (a,), € ¢ if and only if (||a,un||s)n € ¢1- O

As a consequence of this lemma, whenever we have a sequence of functions (u,), €
F and a sequence of coefficients (a,), € co \ ¢1, the sequence of functions (a,uy,)n
belongs to the family AMW([a,b]). In particular, it allows us to provide a wide

plethora of sequences of functions with this behaviour.

Examples 6.6.

1. The first example of an Anti M-Weierstrass sequence given in Example 6.2 can be
rewritten in terms of Lemma 6.5. For this, for every n € N and z € [0, 1] we just
have to consider

and  u,(v) = sin?(2"

S|

a, = mj)x< 1 i)(a:)

on+1°2m

2. For any interval [a,b] we can also adapt this example. For this, consider the se-

quence u, : [a,b] — R (n € N) of continuous functions given by
sin (2”7T (x — a) — 7T) ifx € I,
b—a
Up(x) =
0 elsewhere,
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where [, = ((Qn;l)ﬁb, (2n_21,f_11)a+b> for every n € N.

The I,,’s are pairwise disjoint, and so the u,’s have disjoint support. Furthermore,

since ||uy|| = 1 for all n € N, we immediately obtain that (u,), € F.

Finally, thanks to Lemma 6.5, whenever we choose a sequence a = (a,), € ¢ \ 0

o0
we will have absolute and uniform convergence on [a, b] of the series Z Aty (T

n=1
and there will not be a mayorant sequence, since for
(2" 2 —1Da+b
Ty = = €I,
we have that
. (T

Aty (T,) = a, sin <§> = Qy,

and the series Z a,, diverges. Thus, the sequence (a,uy,), € AMW([a,b]).
n=1

In the above examples, the element of F comes from the sinus function, but it is

possible to consider any other continuous functions.

Example 6.7. Let f € C([a,b])\ {0}. Let A := (), be any sequence of scalars such
that

a=0 <oy < <Oy <a,<--+—b (n — 00).

For each n € N we define the function u®/ : [a,b] — R by

r T — Qgp— .
f(a) - — 2 if © € |asgn—2,asn-1]
Q3n—1 — A3p—2

T — A3p—1

f(a—l—(b—a)-

) lf T € [Oé3n_170é3n]
Q3p — A3p—1

A3py1 — X :
b)  ——m it x ¢ [Oésn,Oéan]
Q3p+1 — A3p

0 otherwise.
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Observe that with this construction we are adjusting the graph of f into the inter-
val [az,_1, a3y, and extending it continuously and affine-linearly to zero in the left

and right intervals. It is clear that v/ € C([a,b]); supp(ud’) C (azn_2,@3n41)
A fo

for each n € N, so the supports of the u’/’s are pairwise disjoint; and |[ul/]|o =

|| f]lee € (0,400) for any n € N. So, trivially, (u2/), € F. Thus, whenever we

n

choose a sequence of coefficients (a,), € ¢\ £1, the sequence of functions (a,u’/), €

)
n

AMW([a, b]) for every continuous function f. In particular, card(AMW([a,b])) = ¢.

Observe that if f = 0, with the same definition, v/ = 0 for any n € N. But in
this case, (u/), € F. The above example let us define the following application.

n

Proposition 6.8. Let A := (), be any sequence of scalars such that
a=a <y < - < Qp1 <ap<---—b (n — 00).

Then, the application

Jv: Cab) —»  Fu{o)
/ = jA(f) = (uﬁ’f)na

1s well-defined, linear, injective, and satisfies the following properties:

(1) ud (azn_1) = f(a) for anyn € N and any f € C([a,b]);
(2) supp(u’) C (asn_2, a3n11) for any f € C([a,b]) and any n € N.

(3) For anyn € N there exists a linear affine transformation 1, such that 7,([asn—1, as,]) =

[a,b] and ud) = for, for each x € [azn_1, 3] and each f € C([a,b]).

(4) [t ]|os = ||| for any n € N and any f € C([a, ).

Proof. By Example 6.7 we have that J, is well-defined (even for f = 0), and we
have the properties (1) to (4). The injectivity follows from the definition of u®/ in

[a3,1, 3,]. Finally, the linearity is clear, because of the linearity of the piecewise
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linear affine transformation, concretely, for any f, g € C([a,b]), A\, € R, ¢ € [a, b] and

T(z) = sx + t, we have

(Af +ng)(e) - (st +1) = A(f(c)) - (sz + 1)) + p(g(c)) - (sz +1).

O

From Proposition 6.8, if C is a linear vector subspace in C([a, b]) with dimension

Kk, then Jx(C) is a linear vector subspace in F U {0} with dimension .

6.2 Lineability within AMW

Observe that in Example 6.6, we were able to find many Anti M-Weiertrass se-
quences just by changing the sequence of coefficients (a,), € ¢\ ¢1 or the sequence of
functions (u,), € F. In particular, the possibility to focus on either the coefficients

or the functions will allows us to find concrete linear structures in both cases.

Theorem 6.9. Let M be a linear vector subspace such that M C (¢co \ £1) U {0} and
dim(M) = k. Let {(a%),}icr be a generator system of M with card(I) = k. Then for

any prefized sequence of functions (u,), € F, the subspace
M = {(anun)n i (an)n € M}

is a linear vector subspace of dimension k, generated by {(a’ u,)n bicr, such that M C

AMW U {0}.

Proof. Observe that for any sequence (a,u,), € M, there exists {\;};c; C R such
that, for any n € N,

i
ap = E Aidy,.

So,
apun () = (Z /\ia;> up(z) = Z i’y (1) (x € |a,b]). (6.1)

el el
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But (un)n € F, 80 ||tn||es > 0 for all n € N. In particular, (a,u,), = 0 if and only if
Ai =0 for any ¢ € I. Hence (6.1) and Lemma 6.5 give us trivially the statement. [J

Theorem 6.10. Let (ay), € ¢o\ ¢1 be a prefized sequence of scalars. Let U be a linear
vector subspace of dimension k, generated by {(ul),}icr with card(I) = &, such that

Uc FU{0}. Then
U = {(anun)n : (up)n € U}

is a linear vector subspace of dimension k, generated by {(a,u’)),}ier, such that U C

AMW U {0}.

Proof. We have that any sequence (a,u,), € U can be written as

Aty (T) = ay, - Z Nl (1) = Z Niaput (1) (x € [a,b], n € N),
icl i€l
where {\; };cr C R. Observe that because (ay,), & ¢1 there are infinitely many n such
that a,, # 0, so (a,uy), = 0 if and only if \; = 0 for any i € I. As in the above proof,
because of U C F U {0} and by Lemma 6.5, we are done. O

In particular, if in Theorem 6.9 we fix a sequence of functions (u,,), € F, and given
a vector space of dimension & in (¢y \ ¢1) U{0} we are able to construct a vector space
of the same dimension in the family AMWU{0}. In the same way, if in Theorem 6.10
we fix a sequence of coefficients (a,), € ¢y \ {1, and given a vector space of dimension
k in F U {0} we explicitely obtain (again) a vector space of the same dimension in
AMWU{0}. As a consequence of both theorems we obtain the following result about

the linear size of the family of Anti M-Weierstrass sequences.

Corollary 6.11. The family AMW is maximal lineable.

Proof. Using Theorems 6.9 and 6.10 we can give two different proofs of the maximal

lineability of the family AMW.
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(1) Let
M :=span{ (%) :ce(0,1)}.

It is clear that M C ¢y \ ¢;. By Lemma 5.6, it turns out that dim(M) = ¢. Now,
taking a sequence of functions (u,), € F (for instance, some of the ones previously

defined in Examples 6.2 or 6.6), an application of Theorem 6.9 gives us the maximal

lineability of the family AMW.

(2) Let A := (), be any sequence of scalars such that
A= << <Oy <ap<---—b (n — 00).
Consider the vector space U C F U {0}
U :=span {Jx(z°) : c € (0,+00)}.

By Proposition 6.8, J, is linear and injective, so dim(U) = .

Now, taking a sequence of coefficients (a,), € ¢y \ ¢1 (for instance, a, = % does
the job), an application of Theorem 6.10 gives us the maximal lineability of the family

AMW. O

With this last result, we conclude that the family AMWV attains its maximum
dimension in terms of Lineability. However, in order to find a dense vector space we
need to take a suitable topology to work with. For this, recall that co(C(]a, b])) denotes
the family of all sequences of continuous functions on [a, b] converging to zero in the
supremum norm, which becomes a separable Banach space when endowed with the
natural norm ||(f,)n]| := sup || fulleo- Clearly, AMW C ¢o(C([a,b])), so we can focus
our attention on density gfsperties of the family of Anti M-Weierstrass sequences of

functions.

Theorem 6.12. The family AMW of Anti-M Weierstrass sequences is mazimal
dense-lineable in co(C([a,b])).
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Proof. From Corollary 6.11, the family AMW is maximal lineable. Now, the space
coo(C([a, b])) of all sequences of continuous functions on [a, b] that are eventually van-

ishing, that is,
co0(Cla, b)) = {(fu)n C C(la,b]) : there exists N € N such that f, =0 for alln > N}

is a dense-lineable subset of ¢o(C([a,b])). For a fixed (f,), € AMW, each sequence
(gn)n C co0(C([a, b])) only modifies a finite number of components of (f,),. So (f, +
gn)n € AMW, and AMW + coo(C([a,b])) € AMW. Moreover, it is clear that
co0(C([a,b])) N AMW = @, because every sequence in cyo(C([a,b])) has trivially a

convergent series of supremum norms.

Now, an application of Theorem 2.7, with A := AMW, B = ¢y(C([a,b])) and
K = ¢, gives us the maximal dense-lineability of AMW in ¢y(C([a,b])). O

6.3 Algebrability within AMW

In the previous Section we have seen the existence of many linear structures inside
the family AMW. Moreover, this could be done focusing our attention in the linear
structures of the families of sequences of coefficients in ¢y \ ¢; and of the sequences
of functions in F separately. Now, our interest is to see if this can be translated
into algebraic combinations, that is, we look for the existence of (free) algebras in the
family AMW. Before we start looking for the existence of such structures, we need

to state two technical lemmas that will help us in this search.

Lemma 6.13. Let U be a free algebra in C([a,b]), generated by U = {u;}icr. Then,
for any family P = {p;}ics of polynomials of degree exactly 1, the set Up := {p;ou;}icr

is a generator system of a free algebra in C([a,b]).

Proof. Let Up be the algebra generated by Up. Let us see that Up is free. By
hypothesis, p;(z) = ayx + 5; with «;, 5; € R, o; # 0, for each i € I. For any F € Up,
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we have

) = A (w (@) (on(un (@)™, (€ [a,b])

jeJ

where J C NY \ {(0, ¥, 0)} is finite, \; € R\ {0}, j = (j1,...,jn) € J. So,

Z Ailoqus () + B)" - - - (anun (@) 4+ Ba)™™

jeJ
J1 2 (v
j1—11 In N—IN
=SS (et 3 ()t (oo
jeJ =0 IN=0

zzi IZOA (( ) (ozlul(x))jl_ll)---<jN)( %V-(aNuN@))jN‘lN))

l
jeJ 11=0 N

Yy (A 11 (j”>6’ ol V<x>ﬂ‘v-lv>.

jeJ 11=0 In=0

N .
But U is free, so if F' = 0 then, /\J.H <?u
v=1

v

)le/u .O[{;V_l" =0 for aIIYj = (]177]]\7) €J

and [, =0,...,5,, k=1,... N. Iﬂparticular, by taking I =0 for any k =1,..., N
N

we obtain A; - (H a,{”) = 0 for any j € J, and we are done because «; # 0 for all

v=1

1€ 1. U

Lemma 6.14. Let (a,), € ¢\ Uﬁp. Let P be a polynomial with real coefficients and
p=>1
without constant term. Then

(P(ap))n € o\ 41

Proof. Let P(x Zp] "7 where t € N, p; € R (0 < j < m), py # 0. Then,
7=0
because (a,), € ¢y we have (P(ay,)), € cg. Moreover, (al,),, & {1, so there are infinitely

many n such that a!, # 0 (without loss of generality we may assume a,, # 0 for all
n € N), and

P

i 1 (@n

n—o0 ’at |

[po| > 0.

ZW

= lim
n—oo
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Thus, the result follows from the comparison test. ]

Observe that in Lemma 6.13, if we start from a free algebra in C([a, b]), then every
affine combinations of its elements generates again a free algebra in C'([a,b]). On the

other hand, in Lemma 6.14, if we start from a sequence of coefficients (a,,), € ¢\ Uﬁp
p=1
(so, in particular, (a,), € ¢o \ ¢1), any algebraic combination is an element of ¢ \ ¢;.

This results allow us to find algebras in AMW.

Theorem 6.15. Let (a,), € co \ Uﬁp be a prefixed sequence of scalars. Let G :=
p=1
{gi}icr be a (minimal) generator system of a free algebra in C([a,b]). Let A = (a,)n C

la,b] such that a = ay < g < -+ < Qp < Qpyy < --- = b (n — o0). Consider the
family
U = {(anul)n : (u})n = Tn(igi + 1},

where y; == ﬁ if gi(a) # 0 orv; :=1ifg;(a) =0. Then U is the (minimal) generator
system of a free algebra in AMW U {0}.

Proof. Let A be the algebra generated by U, that is, (F,), € A if there exist N € N,
mutually different (u?), = Ja(vigi +1), 7 = 1,..., N, and a non-zero polynomial P

in N real variables without constant term such that

E, = P(ayul, a,u?, ... a,ul) (n € N).

n’

Therefore, there exist a non-empty finite set J C NI \ {(0,*),0)} and scalars )\; €
R\ {0} for j = (j1,...,Jn) € J such that for each n € N and each z € [a, b],

Folw) = 3 X)) - (@) (™

jeJ

= > Al (Ta(aapr + 1)(@)" -+ (Talanpy +1)(@))™. (6.2)

jeJ
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But, by the definition of Jj (see Proposition 6.8(3)), for each n € N there is a
linear affine transformation 7,, such that 7,[as,_1, as,] = [a,b] and Ja(vig; + 1)(z) =

(vigi + 1) (7 (2)) for any x € [ag,—1,a3,) and any ¢ = 1,..., N. So, for any n € N,

Fy(z) = Z /\ja‘fy((%gl + 1) (@) - (g + 1) (7 ()N T € [azn-1, 03n].
jeJ
Therefore, if F,, = 0 in [a, b], and in particular F,, = 0 in [a3,_1, a3,
> Nal((ngr + Dw)Y - (g + D@)P¥ =0 wefab].  (6.3)
jieJ

Now, as {g; }icr generates a free algebra in C'([a, b]), by Lemma 6.13, {~;g;+1 : i € I}
is also a generator system of a free algebra, so from (6.3) and the fact that there are
infinitely many a, # 0 (this is true because a,, ¢ ¢; for example), we get A\; = 0
for j € J and the algebra A is free. Observe that trivially we also obtain that the
dimension of A is the dimension of the algebra generated by {g¢;}:c; in C([a,d]).

It only rest to show that A € AMW U {0}, that is, that any non-null sequence
(F,)n as above is Anti M-Weierstrass. Observe that, again by the definition of the
application Jj (see Proposition 6.8(2) and (4)), we have:

supp(u’,) C [azn_2, 3n11], (1<i< N,neN), (6.4)

and,

1l ||oo = ||7i9s + 1||o € (0, 400) for each i =1,..., N and n € N. (6.5)

Therefore, by (6.4),

supp(ul - u) N supp(ul, - ul) = @ for n# m, (6.6)

m

and, by (6.2), we have the absolute convergence of Z F,,.. Now, by (6.5),

n=1

sugIIUiWUiVHoo = lmg1 + oo+ [lvgny +1|Joc =: € € (0,00),  (6.7)
ne

110



Lin. Alg. Struc. Func. Seq. Spaces Anti-M Weierstrass

and, since (a,), € ¢y, and similarly to Lemma 6.5(b), by (6.2), (6.6), and (6.7), the
series ZFn(a:) converges uniformly on [a,b]. Finally, again by the definition of J

n=1
(see Proposition 6.8(1)),
u' (3,-1) = vigi(a) +1=:6=1or2foranyi=1,...,N and any n € N.  (6.8)

Now, by (6.2) and (6.8), for each n € N,

| Oésn 1 | = Z )\ Cln Oé3n 1) (anUN) Oésn 1 Z )\ il lJ
jeJ jeJ
But (a)n, € co\Ufp, so by applying Lemma 6.14 to the polynomial p(z Z Y oMl I,
p>1 jeJ
we have
ST Elo = Y [Fulasa1)| = 3 Ip(an)] = +oo.
n=1 n=1 n=1
Thus (F,), € AMW, and we are done. O

Theorem 6.16. Let L be a free algebra in ¢y \ {1 generated by {(a’)n}icr. Let (uy), €
F. Then the algebra A generated by {(a’un)nticr is a free algebra in AMW U {0}

with the same dimension than L.

Proof. Let (F,), € A. Then, for any x € [a,b] we have,

=D Alagun(@))t - (a) un(2) ¥

jeJs

= 3 () @) (@)
jeJ
where N € N, J c N) \ {(0,22,0)} non-empty and finite and \; € R\ {0} for any
i=01,...,in) € J.

As (up), € F, L := ing ||tn||loo > 0 ; moreover, any u, (n € N) takes the value 0 in
ne

[a,b]. Then, by continuity of w,’s and the intermediate value property, for any n € N
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there is z,, € supp(u,) such that w,(z,) = L. Hence

|Fn(xn)| - Z )\j(a:l)jl ce. (le.:[)jN . L|.1|

jeJ

(n € N) (6.9)

If (F,), =0, by (6.9), for each n € N

Z NP (@) (@ )v | = 0.

jeJ

But L is free, so )\ij = 0 for every j € J, and because L > 0, we get that \; =0
for all j € J, and A is also free. As £ C cp, then ((al)*---(al)iV), € ¢y for any

i=(1,...,jn) € J. Trivially, (u), € F for any p € N. Hence, (F},), is a finite linear

combination of products of sequences in ¢ \ ¢; and sequences <ul§‘> € F. Now, by
n

o0

Lemma 6.5, we have the absolute and uniform convergence of the series Z F.(x). It

n=1
is only rest to show that (||F,||ec)n & €1 to obtain (F,) € AMW and finish the proof.
By (6.9),

Sl = 3 o)l = 3 (SN (ah) - (@] = o0,
n=1 n=1 n=1 | jeJ

n

because L is a free algebra in ¢ \ ¢1, and so (Z NLB- (al)r .. (aN)jN> gt O
jeJ "

Finally, observe that (a,), € ¢, if and only if (a?), € ¢;. In particular, £ is an

algebra in ¢ \ ¢; if and only if £ is an algebra in ¢ \ U ¢,. In [10], Bartoszewicz and
p=1

Glab showed the existence of a free algebra £ in ¢q \ U ¢, such that the cardinality of

p=1
any system of generators is the continuum. In fact they consider the algebra generated
by {(logﬁ) CcE€ H}, where H C (0,+00) is a Q-linearly independent set, and
n>2

card(H) = ¢. So, we can obtain the next result about the algebrability of the family
AMW.
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Corollary 6.17. The family AMW is strongly c-algebrable.

Proof. As in Corollary 6.11, we will give two different approaches.

(1) By Bartoszewicz and Glab result [10, Theorem 2|, take the algebra £ generated
by the family { <log%n>n>2 CCcE€ H}, where H C (0, 400) is a Q-linearly independent
set, and card(H) = ¢, and one of the sequences of functions (u,), € F (for instance
any sequence of Example 6.2 or Example 6.6), an application of Theorem 6.16 gives

us the strong c-algebrability of the family AMW.

(2) Consider now the free algebras generated by {z¢: c € H} or {e* : ¢ € H} in
C([a,b]) (where H C (0,+00) is a Q-linearly independent set and dim(H) = ¢), and

the sequence of coefficients (a,), € ¢\ U ¢, given by a,, = @ for n > 2. Then, an
p>1

application of Theorem 6.15 gives us (again) the strong c-algebrability of AMW. O
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