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Probing the limits of correlations in an indivisible quantum system
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We employ a trapped ion to study quantum contextual correlations in a single qutrit using the 5-observable
Klyachko, Can, Binicioğlu, and Shumovsky inequality, which is arguably the most fundamental noncontextuality
inequality for testing quantum mechanics (QM). We quantify the effect of systematics in our experiment by
purposely scanning the degree of signaling between measurements, which allows us to place realistic bounds
on the nonclassicality of the observed correlations. Our results violate the classical bound for this experiment
by up to 25 standard deviations, while being in agreement with the QM limit. In order to test the prediction of
QM that the contextual fraction increases with the number of observables, we gradually increase the complexity
of our measurements from 5 up to 121 observables. We find stronger-than-classical correlations in all prepared
scenarios up to 101 observables, beyond which experimental imperfections blur the quantum-classical divide.
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Quantum contextuality speaks against the classical percep-
tion that the act of measurement merely reveals preexisting,
context-independent properties of the measured system. This
leads to correlations between observables which are stronger
than those in classical physics [1]. One way to test these
is to construct noncontextuality (NC) inequalities which are
constrained classically but violated by quantum systems. The
most famous of those is the Bell inequality on two spacelike
separated qubits [2,3]. However, contextuality can be ob-
served already in a single particle. In Ref. [4], Klyachko, Can,
Binicioğlu, and Shumovsky (KCBS) provided an inequality
with the lowest possible number of measurement settings
and the largest possible gap between quantum and classical
predictions [5,6]. It requires measuring N = 5 observables
in a three-level system or qutrit, the smallest quantum state
space in which such correlations can be observed. Beyond the
minimal instances, both the Bell and KCBS inequalities have
been generalized to larger numbers of observables [7].

In addition to demonstrating nonclassicality, the exact
value of contextual witnesses is of interest for many appli-
cations, such as certifying randomness [8] or constraining
the predictive power of beyond-quantum theories. Besides
practical uses, it is also interesting how close one can get
to the bounds imposed by the quantum theory. For such
quantitative purposes, the KCBS scenario and its multiob-
servable generalization are particularly important, since they
can exhibit correlations stronger than those available to any
other contextual scenario, including Bell tests (see detailed
arguments in [6,9]). Furthermore, it was recently shown that a
quantity called contextual fraction (CF) measures the amount
of computational power available in a quantum system in cer-
tain tasks [10]. We will show that as the number of observables
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N in the generalized KCBS scenario increases, CF is expected
to approach unity, which hints at potential large computational
power.

While experiments have already violated NC inequali-
ties in both Bell [11–13] and KCBS [6,14] scenarios, the
legitimacy of quantitative test of correlations has recently
been challenged based on signaling [15]. There is signaling
between two measurements M1 and M2 when, for at least
one input state, outcome statistics of M2 indicate whether
or not M1 was performed before. This is a “red flag” that
the assumption of compatible measurements, which underlies
the theory, has been violated. Tests aiming at saturating the
(Tsirelson) quantum bound of the Bell inequality [16,17] have
been called into question because of this issue [15], and
all existing KCBS tests show signaling as well [6]. Given
that NC inequalities can show a trade-off between signaling
and the amount of violation, thoroughly accounting for the
former is a major pending task and a subject of ongoing
theoretical efforts [18,19]. As a consequence, there is no
undisputed experimental evidence to date that the maximum
predicted by quantum mechanics (QM) for any NC inequality
can be reached [6,15]. Furthermore, while generalized Bell
inequalities (or Bell chained inequalities) have been violated
for up to N = 90 observables [17,20], existing tests of the
generalized KCBS scenario, where even stronger correlations
are possible, are limited to N � 7 [21].

In this Rapid Communication, we present experimental re-
sults which reach the QM bound of the KCBS inequality, and
which exhibit correlations beyond those accessible in a Bell
experiment [6,9]. We also extend the KCBS test to 5 � N �
121 and perform a measurement of the contextual fraction
in an indivisible system. We measure stronger-than-classical
correlations up to N = 101 observables and the largest CF =
0.800(4) for N = 31 [22]. We examine the assumptions of
compatible measurements [15,23] by purposely scanning the
degree of signaling in the experiment, thereby evaluating the
trade-off between signaling and violation in NC inequalities.
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FIG. 1. Left: “Qutrit sphere” spanned by arbitrary superpositions
of the type α|0〉 + β|1〉 + γ |2〉, where α, β, γ ∈ R and such that
α2 + β2 + γ 2 = 1. The directions along which projective measure-
ments are performed are indicated by states |ψi〉. When θ = θ5, states
connected by dashed lines are orthogonal. Experimentally relevant
rotations are shown in dark red (see text). Right: Predicted values of
S5 [Eq. (2)] and S

(ext)
5 [Eq. (4)] as a function of θ . The hashed region

above −3 shows the space where S
(ext)
5 is consistent with NC models.

The inset shows how a finite number of experiments (here 5 × 104

per data point) leads to a necessary deviation from theory around θ5

(dashed line). The analytical formulas for the plotted curves are given
in [6].

This allows us to quantify and minimize systematic effects,
which we use to penalize our results in line with recent
theoretical proposals [19]. In these experiments we combine
high-fidelity unitary operations with high-precision projective
detection [24] to close both the individual-existence loophole
(by performing sequential, rather than simultaneous, measure-
ments [23,25]) and the detection loophole.

We encode the qutrit basis states |0〉, |1〉, |2〉 onto internal
electronic energy levels of a single 40Ca+ ion confined in a
cryogenic surface-electrode radio-frequency trap. Combina-
tions of coherent laser pulses resonant with |0〉 ↔ |1〉 and
|0〉 ↔ |2〉 transitions allow us to generate arbitrary single-
qutrit rotations. Quantum nondemolition measurements of
arbitrary observables are achieved with high fidelity by com-
bining these coherent rotations with discrimination of |0〉
from |1〉 or |2〉 using state-dependent fluorescence, allowing
the study of correlations between sequential measurements
[24]. Further details about the encoding, manipulation, and
detection of the qutrit are given in [6].

In a first set of experiments we perform sequences of pairs
of measurements along rays defined by a set of N = 5 states
|ψi〉 on a “qutrit sphere” of real superpositions of the basis
states (see Fig. 1). Explicitly, the pentagon states are given by

|ψi〉 = Ui |0〉 with Ui = R2i−2
z

(
2π

5

)
Ry (θ ), (1)

where Ry (θ ) represents a rotation by angle θ around |2〉
(associated with the y axis), and Rz( 2π

5 ) represents a ro-
tation by angle 2π

5 around |0〉 (associated with the z axis;
Fig. 1). Here i is a modulo 5 integer, with |ψ0〉 ≡ |ψ5〉 and
|ψ6〉 ≡ |ψ1〉. We define the measurement along direction |ψi〉
with outcome Ai as Mi = 2|ψi〉〈ψi | − 1. This means that if
the measurement outcome is Ai = 1, the state is projected
onto |ψi〉, whereas Ai = −1 projects onto an orthogonal
space spanned by |ψi−1〉 and |ψi+1〉, preserving the coherence

in that subspace [6]. When measurements of Mi and Mj

are conducted sequentially, with Mi measured first and Mj

measured second, we denote their respective outcomes as A
(1)
i

and A
(2)
j . Projective measurements are compatible when their

operators commute ([Mi,Mj ] = 0).
The KCBS scenario, in which measurements Mi and Mi±1

are compatible, arises when θ5 = arccos(5−1/4) ≈ 48◦ and
hence 〈ψi |ψi±1〉 = 0. In Fig. 1, this is indicated by dashed
lines joining pairs of states. In NC models the sum of correla-
tors is bounded from below:

S5(θ5) = S±
5 (θ5) =

5∑
i=1

〈
A

(1)
i A

(2)
i±1

〉
� S̄NC

5 = −3. (2)

This result is called the KCBS inequality [4] in either “normal
order” (S+

5 ) or “reverse order” (S−
5 ). According to QM,

S5(θ5) � S̄
QM
5 = 5 − 4

√
5 ≈ −3.944. (3)

This is independent of the order and the equality is obtained if
and only if the system is initialized to |0〉.

Note that miscalibration of the opening angle θ may result
in S5(θ ) < S̄

QM
5 (see Fig. 1). Such results do not reveal non-

classical effects, since outcomes of noncompatible measure-
ments can in general be explained by NC models. However,
unavoidable experimental imperfections will always lead to
some degree of incompatibility. This fact has been identified
as the main weakness of contextuality tests in local systems
and is often referred to as the “compatibility” or “finite-
precision loophole” [26].

The loophole can be addressed by making use of “extended
inequalities” [19,23]. These are modifications of NC inequali-
ties that do not require perfect compatibility. Such inequalities
have been used in previous experiments [25,27], but they only
allowed one to disprove classical models satisfying additional
(and often rather arbitrary) assumptions. In contrast, recent
approaches extend the traditional notion of contextuality to
account for possible experimental imperfections, and still
allow one to disprove general NC theories. Notably, within
the “contextuality-by-default” framework [19] the KCBS in-
equality can be extended to

S
(ext)
5 (θ ) =

5∑
i=1

〈
A

(1)
i A

(2)
i±1

〉 + 5∑
i=1

εi � S̄NC
5 = −3, (4)

where εi = |〈A(1)
i 〉 − 〈A(2)

i 〉|, and thus
∑5

i=1 εi quantifies sig-
naling between measurements. Note that this inequality can
be used for both normal and reverse order measurements. The
intuition behind εi is as follows: ideally, the average outcome
Ai of measurement Mi is the same whether it is performed
before (〈A(1)

i 〉) or after (〈A(2)
i 〉) another measurement and so

εi = 0. Should, however, the first measurement distort the
second, 〈A(1)

i 〉 
= 〈A(2)
i 〉 and so εi > 0.

S
(ext)
5 (θ ) is plotted in Fig. 1 (red dashed line), showing that

within this extended framework a finite range of θ leads to
results inconsistent with NC models (hashed region). Aside
from systematic effects, some amount of signaling is expected
purely due to shot-noise-limited statistics (otherwise known
as quantum projection noise). This means that experimental

050102-2



PROBING THE LIMITS OF CORRELATIONS IN AN … PHYSICAL REVIEW A 98, 050102(R) (2018)

FIG. 2. Sequential measurement of observables Mi and Mj . Red
lines illustrate the parts of the sequence where the ion is hot and/or
outside the computational basis. In the pump stage, the ion is Doppler
cooled and pumped into the S1/2 manifold, which includes state |0〉.
In the detect stage, the state is projected either onto the {|1〉, |2〉}
manifold (without affecting its motional state), or onto the S1/2

manifold (heating it back to the Doppler limit). In the cool SP stage,
the S1/2 states are ground-state cooled and pumped into |0〉, while
states |1〉 and |2〉 remain unaffected. Each unitary Ui is decomposed
into a sequence of (2i + 1) coherent rotations on |0〉 ↔ |1〉 and
|0〉 ↔ |2〉 transitions. Every sequence produces outcomes A

(1)
i and

A
(2)
j , from which we calculate the correlator A

(1)
i A

(2)
j . For every

setting, the measurement is repeated 10 000 times.

results are expected to systematically deviate from S
(ext)
5 (θ )

for a finite number of measurements (Fig. 1, red dashed line).
All experiments in this work follow the sequence depicted

in Fig. 2. We start by cooling the ion’s motion close to
the ground state to suppress the effect of finite motional
temperature on the fidelities of coherent control operations
[24]. We then optically pump the system to |0〉 and perform
a measurement Mi followed by a measurement of Mj=i±1.
Projective measurements along |0〉 are performed by applying
a fluorescence state-detection pulse, followed by ground-state
cooling and optical-pumping pulses [6]. If the ion fluoresces it
is projected onto |0〉 and cooled back close to the ground state;
if it does not, it is projected onto the subspace spanned by
states |1〉 and |2〉, without affecting their relative amplitudes
or the motional state [24]. A projective measurement along
|ψi〉 = Ui |0〉 is composed of a coherent rotation U

†
i , followed

by a projective measurement along |0〉 and a rotation back Ui

[6,24]. This allows us to treat each measurement as a block
that is executed in the same way regardless of preceding or fol-
lowing measurements [28]. Qutrit rotations are decomposed
into individual laser pulses using Eq. (1), with

Ry (θ ) = R1

(
2θ,

π

2

)
, (5a)

R2i−2
z

(
2π

5

)
= R2

(
π,

π

2

)
R2i−2

1

(
4π

5
,
π

2

)
R2

(
π,−π

2

)
, (5b)

where Rn
k (θ, φ) (k = 1, 2) is a matrix representing the effect

of a resonant pulse on the |0〉 ↔ |k〉 transition with angle θ

FIG. 3. Results of the KCBS measurement as a function of the
opening angle θ . Each data point results from 10 000 measurements
on each of the five correlators 〈AiAj 〉, either in normal (j = i + 1)
or reverse order (j = i − 1). Blue and dashed red lines represent
theoretical expectations for S5 and S

(ext)
5 , respectively (see Fig. 1,

right). Note that all measurements of S
(ext)
5 violate the NC bound

of S̄NC
5 = −3. Error bars here and in the remainder of the Rapid

Communication show the standard error in the mean, with sample
standard deviation obtained directly from the data [6].

and phase φ, repeated n times [6]. Experimentally, these pa-
rameters are adjusted by changing the laser-pulse amplitude,
duration, and phase with an acousto-optic modulator.

In the KCBS study we scan the degree of incompatibility
between observables by changing the pentagon opening angle
θ and measuring each pair of observables 10 000 times in
both normal and reverse order. We determine the experimental
value of θ using

θ = 1

2
arccos

(
N∑

i=1

〈
A

(1)
i

〉
N

)
. (6)

The measured witnesses S5(θ ) and S
(ext)
5 (θ ) are displayed

in Fig. 3, together with theoretical expectations for an ideal
experiment. Table I shows the results of this procedure for
the value of θ measured to be closest to θ5 ≈ 48◦ in each
scan. The results of S5(θ5) exhibit a systematic shift of 1.6
standard deviations from the ideal QM prediction. This can
be attributed to imperfections in qutrit rotations, primarily
due to vibrations of the closed-cycle cryostat where the ion
trap sits. For the extended witness S

(ext)
5 (θ5), statistical errors

dominate. The data point closest to compatibility violates the
KCBS inequality (2) by 65 (67) standard deviations in the
normal (reverse) order. In addition, all measured data points
violate the extended KCBS inequality (4) by up to 25 standard
deviations [29].

Recent theoretical developments allow for a unified treat-
ment of different NC inequalities and consequently justify a
direct comparison between contextuality and Bell tests [9].
Within the formalism of exclusivity structures [6], KCBS and
its generalization (odd N -cycle NC inequalities [7]) corre-
spond to the most fundamental exclusivity scenarios, which
are building blocks of all other NC inequalities. Bell exper-
iments (even N -cycle NC inequalities) produce correlations
that cannot saturate those available due to their exclusivity
graph. The largest amount of contextuality available to Bell

050102-3



M. MALINOWSKI et al. PHYSICAL REVIEW A 98, 050102(R) (2018)

TABLE I. Experimental results for the KCBS experiment for the
points closest to the compatibility angle θ = θ5 in both normal and
reverse order in Fig. 3.

Order i j 〈Ai〉 〈Aj 〉 〈AiAj 〉
Ideal ≈−0.105 ≈−0.105 ≈−0.788

Ideal total S5 ≈ −3.944, S
(ext)
5 ≈ −3.888

1 2 −0.106(10) −0.107(10) −0.786(6)
2 3 −0.111(10) −0.092(10) −0.793(6)
3 4 −0.107(10) −0.112(10) −0.775(6)

Normal
4 5 −0.102(10) −0.107(10) −0.787(6)
5 1 −0.100(10) −0.121(10) −0.774(6)
Total S5 = −3.915(14), S(ext)

5 = −3.864(34)

1 2 −0.113(10) −0.096(10) −0.786(6)
2 3 −0.111(10) −0.101(10) −0.787(6)
3 4 −0.106(10) −0.103(10) −0.784(6)

Reverse
4 5 −0.093(10) −0.118(10) −0.783(6)
5 1 −0.102(10) −0.097(10) −0.798(6)
Total S5 = −3.937(14), S(ext)

5 = −3.890(34)

scenarios would correspond to S5 ≈ −3.828 (green dashed
line in Fig. 3, [6]). Close to compatibility we can resolve
values of S5 surpassing this bound.

In a second set of experiments we expand the above pro-
cedure to correlation measurements between any odd number
N > 5 of states on the “qutrit sphere.’ Generalizing the KCBS
construction given in Eq. (1), we define the N -gon states by

|ψi〉 = Ui |0〉 with Ui = R(i−1)(N−1)/2
z

(
2π

N

)
Ry (θ ). (7)

Pairwise compatibility 〈ψi ||ψi±1〉 = 0 occurs when θ = θN =
arccos

√
cos(π/N )

1+cos(π/N ) . The N -cycle NC inequality [3,30] reads

SN =
N∑

i=1

〈AiAi+1〉 � S̄NC
N = −N + 2. (8)

Measurements on the initial state |0〉 violate this inequality
maximally, leading to

SN � S̄
QM
N = N − 3N cos(π/N )

1 + cos(π/N )
. (9)

Finally, an inequality for the extended witness S
(ext)
N can be

derived in full analogy to inequality (4) [6].
In order to make a connection with chained Bell tests

[22,31], we use the CF,

CFN = SN − S̄NC
N

S̄NS
N − S̄NC

N

, (10)

to quantify the strength of nonclassical correlations. Here,
S̄NS

N is the minimum value of SN allowed for nonsignal-
ing measurements. For N -cycle NC inequalities, S̄NS

N = −N ,
which is also the algebraic limit of the expression. When
positive, the value of CF quantifies the potential performance
of measurement-based quantum computers [10] and can be
used to constrain possible extensions of QM [32]. A property
of N -cycle NC inequalities is that CFN → 1 as N → ∞. In

FIG. 4. Results of measurements of N -cycle witnesses. Solid
and dashed lines show QM expectations for relevant quantities
(red dashed line includes shot noise), and hashed regions below
0 correspond to results explainable by classical models. The top
plot illustrates the fractional gap between quantum and classical
witnesses, which decreases for large N . Our data shows contextuality
up to N = 101 (N = 61) for SN (S(ext)

N ). The bottom plot shows
the calculated contextual fraction. Ideally the system becomes fully
contextual at N → ∞, but experimental imperfections lead to CF <

0 for large enough N . We measure CF31 = 0.800(4). Error bars are
generally smaller than the point size.

other words, the system tends to become fully contextual as
the number of observables increases. Chained Bell experi-
ments have observed contextuality with N up to 90, measuring
CF as large as CF36 = 0.874(1) [17]. Here we complement
those studies by measuring odd N -cycle NC inequalities up
to N = 121, while quantifying systematic effects which can
compromise experiments on photonic systems [15].

The number of pulses and duration for these experiments
both grow as N2. In order to shorten the experimental run
time we concatenate U

†
j Ui to Ui−j , rather than performing the

full pulse sequence corresponding to U
†
j Ui [6]. This precludes

the blocklike structure of individual measurements [28], but
leads to relevant time and infidelity reductions for large N .
All measurements were performed in normal (as opposed to
reverse) order, with every correlator measured 10 000 times.

The measurement results are shown in Fig. 4. We identify
stronger-than-classical correlations in all prepared scenarios
up to N = 101 (N = 61) for the bare (extended) witness.
Beyond that, our results are consistent with NC models.
The largest measured value is CF31 = 0.800(4). We have not
found a consistent theory model for calculating the CF in
the presence of finite signaling, so the plot includes only the
results for the bare witnesses. The complete table of results, as
well as further experimental details, are available in [6]. These
results show contextuality in a system with 101 observables.
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Moreover, the measured contextual fraction is larger than in
other experiments closing the detection loophole [20].

While QM predicts that CFN will approach unity as N

increases, any finite error rate per measurement will cause
CFN < 0 for sufficiently large N . This is why the experimen-
tally measured values of CF do not grow indefinitely with N ,
but rather fall off above N = 31 and eventually become neg-
ative. Since CF > 0 certifies quantum advantage, one way to
interpret this transition is as classical behavior emerging from
a quantum system. While quantum-to-classical transitions are
usually considered within the decoherence framework [33],
this interpretation cannot be applied here, since measured
decoherence in our system occurs over timescales much
longer than the duration of our experimental sequences (see
[6]). An alternative framework, first proposed in [34], states
that quantum-to-classical transitions can occur purely due to
measurement fuzziness. Conceptually, as N grows, different
measurement directions can no longer be resolved from one
another, leading to results which could have had a classical
origin. A previous analysis of Bell inequalities [35] has shown
that such a transition toward classicality occurs in an other-
wise perfect quantum system if unitary operations are non-
ideal, whereas it does not if the final projection is coarsened.
Since in our experiment the errors in qutrit rotations dominate
over detection errors, we conjecture that we observe the same
phenomenon here. Although this effect is also present in
previous chained Bell tests [17,20], here the link to quantum-
to-classical transitions is discussed in a different context.

The experiments we have performed suggest that nonclas-
sical correlations as strong as predicted by quantum mechan-
ics can be observed in nature. Using this as a starting point,
experiments should aim at closing the compatibility loophole
without extending the notion of contextuality, which can be
accomplished by using multiple entangled qutrits [36]. A fur-
ther interesting study would be to carry out experiments using
the operational definition of contextuality described in [18].
Initial work has already been carried out with photonic sys-
tems to study the monogamy relation between contextuality
and nonlocality [37], as well as alternative definitions of

contextuality [38]. Comparable experiments on a trapped-
ion platform would facilitate closing the detection loophole.
Further work is also needed to understand how contextual
witnesses measured in the presence of imperfections relate to
advantages in computational tasks.
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