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Quasi-TEM Analysis of Multilayered,
Multiconductor Coplanar Structures
with Dielectric and Magnetic
Anisotropy Including
Substrate Losses
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anp RICARDO MARQUES

Abstract —In this paper, a quasi-TEM analysis of multiconductor

lines bedded in a layered structure involving lossy iso/
anisotropic electric and /or magnetic materials is achieved. Conditions
under which a quasi-TEM assumption is valid are theoretically deter-
mined. An efficient spectral-domain analysis is used to determine the
complex capacitance, [C), and inductance, [L], matrices characterizing
the transmission system. The computation of [L], when media charac-
terized for a fully general permeability tensor are present, is reduced to
the computation of an equivalent capacitance matrix. It is also shown
that most actual MMIC microstrip-type structures (where semiconduc-
tor substrates are present) and possible future applicati including
lossy magnetic materials can be analyzed by using the simple quasi-TEM
model. The validity of the results has been verified by comparison with
“full-wave” theoretical and experimental data on microstrip lines on
magnetic substrates and slow-wave structures.

I. INTRODUCTION

HE EVOLUTION in microwave systems points at
the complete integration of passive and active ele-
ments (MMIC). Microstrip-like transmission lines on
semiconductor substrates used in these kinds of circuits
should be conveniently characterized. The high conductiv-
ity of these substrates precludes the use of perturbational
techniques in order to take into account the effect of the
lossy material on the propagation characteristics. In par-
ticular, the important “slow-wave” modes supported by
metal-insulator-semiconductor (MIS) configurations
must be subjected to more detailed analysis [1]-[3]. The
use of magnetic materials in order to improve the behav-
ior of slow-wave lines has been suggested in [4], where the
authors develop a qualitative discussion on the subject.!
The cross section of the structure considered in this
work is shown in Fig. 1, where the elements of the
permittivity and permeability tensors of every layer, [e],
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"During the reviewing period, a paper dealing with planar transmis-
sion lines with anisotropic magnetic media was published [5].
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Fig. 1. Transversal section of a multilayer, multiconductor, coplanar

structure with dielectric and magnetic anisotropy including losses.

and [u];, respectively, are in general complex quantities:
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The imaginary parts of these coefficients display the ef-
fect of substrate losses.

Although most papers dealing with these structures
make use of the “full-wave” approach [1], [2], there is a
wide range of situations where the “quasi-TEM” assump-
tion is sufficiently correct [3]. The first purpose of the
present paper is to analyze the conditions under which
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the quasi-TEM approach can be considered valid, consid-
ering the presence of lossy electric or/and magnetic ma-
terials. After that, we provide an efficient method to
compute the characteristics of multistrip lines embedded
in a complex stratified lossy iso/anisotropic medium. For
this, we first state the way of obtaining the [L] complex
inductance matrix per unit length by solving an equivalent
electric problem and working out an equivalent complex
capacitance matrix per unit length, [C®?). Later we apply
the Galerkin method in the spectral domain to obtain
[C®9] and the complex capacitance matrix of the struc-
ture, [C]. Propagation constants and impedances are eas-
ily computed from these matrices. The imaginary parts of
the [C] and [L] matrices will account for the shunt
dielectric and series magnetic losses, respectively. A
mathematical appendix showing a technique to improve
the convergence of the integrals involved has been in-
cluded. In this way, a very general and efficient algorithm
to treat configurations such as those depicted in Fig. 1 is
developed, making clear the range of validity of such a
description.

II. VaLibrty or THE QuAasi-TEM APPROXIMATION

As was stated above, the analysis carried out on the
structure in Fig. 1 is based on the quasi-TEM approxima-
tion. In [6] and [7], this approximation is justified for
lossless substrates. In the context of this paper, it is
necessary to know the limitations of the approximation
when electric and/or magnetic losses cannot be ne-
glected.

First, in order to avoid confusion in the notation for
anisotropic media, let us consider two conductors, ¢, and
c,, embedded in an inhomogenous, isotropic, and lossy
medium. Both dielectric permittivity, é(r), and magnetic
permeability, fi(r), as well as the complex propagation
constant, y =8 — ja, will be complex quantities. A di-
mensional analysis of Maxwell’s equations will allow us to
establish the conditions under which the quasi-TEM ap-
proach is reasonable. By separating transversal and longi-
tudinal components of fields and operators (subscript ¢
stands for transversal component and [, is the unit vector
in the longitudinal direction), Maxwell’s equations are
written as

Vi X E, = - joi(r)H,l, (1)
V.E.= —jyE, — joi(r)l; X H, (2)
V,X H, = jwé(r)E,l, (3)
V,H, = jyH, + joé(r)l; X E,. (4)

In order to carry out the dimensional analysis, (2) is
integrated along a path from any point 4 of conductor c,
to any point b of conductor c,, and (4) is integrated along
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a path C surrounding a conductor, namely

0=—jy [ Erdi+jo [ a(r)H, (1;xdl)  (5)
0= —,'ygSCH,dz —jwéé(r)E,‘(Qxdt). (6)
For our purpose, we consider
['E-di~(EIyd (7)
JPa(r)H,- (1 x dl) ~ QA DAHIDE (8)
GH, dt ~ (| H,I)d (9
Pe(r)E, (1% de) ~ (E(r)E[D  (10)

where x~y denotes that the order of magnitude of
quantities x and y is the same, (-) denotes average
value, |-| denotes modulus, ||-|| denotes vector norm, and
d is the transversal characteristic dimension of the line.

Combing (5) and (6) and taking into account (7)-(10),
we obtain

UE.D ~ Iyl dIE D (11)
where
[yl ~ @y IA(r)DCIECr)) - (12)

Therefore, we can conclude that the range of validity of
the quasi-TEM approximation, (|E.|)/{||E,||) <1, is de-
termined by

(13)

PP S—
oV JA(r)D{IECr)D

Condition (13) is easily extended to the anisotropic case.
For it, we have to substitute 4(r) or é(r) in this expres-
sion for the largest element in the tensor permeability or
permittivity.

Next, we will consider separately the effects of dielec-
tric and magnetic losses on condition (13).

A. Dielectric Lossy Medium

In this case (13) becomes
1

(a(r)y
w[<u(r)><e(r)>\/:;e(—r;]

Two typical limit situations often arise in practice. The
first is (o (r))> < wX e(r))?. In this case (14) becomes

1

d<—— (15)
wy(p(r))e(r))

Equation (15) is the usual expression for the case of
lossless medium. The second limit situation is (o(r))* >
w*(e(r))?. In this case,

d< - (14)

1

€ —_— 16
N A ONCIC)) (16)
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Fig. 2.

Thus it is obtained that d < (8(r)), where § is the skin
depth.

The above situations are for a dielectric with small
losses and a semiconductor substrate respectively. In the
first case, condition (15) shows that the quasi-TEM model
is valid when the transverse dimensions are much smaller
than the wavelength, such as in the lossless case. When
the substrate is a semiconductor, quasi-TEM propagation
is in essence allowed if the skin effect can be neglected.

B. Magnetic Lossy Medium

If the medium is a demagnetized homogeneous and
lossy ferrite which is characterized by a scalar permeabil-
ity (see, for instance, [8] for an expression of this quantity),
(13) becomes

1061

velocity of light [6], via

1

[L]1==[C) " (18)

4

As is well known, if magnetic media are involved, this
simple relation does not hold. It is then necessary to solve
a magnetostatic problem for computing the [L] matrix.
However, [9] and [10] show the analogy between this
magnetic problem and other equivalent dielectric prob-
lems when the magnetic medium is isotropic. Therefore,
these works are not strictly applicable to the treatment of
important cases, such as partially magnetized or saturated
ferrites. In this section, the equivalence is extended to
magnetic materials characterized by a general permeabil-
ity tensor.

A. Isomorphism Between Magnetic and Dielectric Problems

Let us consider a general interface between two media
(see Fig. 2(a)), characterized by the relative permeability
and permittivity tensors [u,]; and [e,]; (i=1,2), respec-
tively, which can be complex quantities. Electric and
magnetic fields and potentials obey the following partial
differential equations and boundary conditions:

1) Electric Field:

Vo ([e,]: Vo, )= (i=1,2) (19)

¢, being the electric potential. For the dielectric inter-
face,

d<

T

where vy is the gyromagnetic ratio, 47 M, is the saturation
magnetization, and 4 and N are adjustable parameters
in the imaginary part of scalar permeability.

As was expected, the accuracy of the quasi-TEM model
decreases when frequency increases for both kinds of
media. Nevertheless, in MMIC technology the value of
the transversal distances and the range of useful frequen-
cies justify the use of the quasi-TEM approximation for
most practical cases.

III. EcquivALENCE BETWEEN MAGNETIC AND
DieLECcTRIC MEDIA

In the range of validity of the quasi-TEM assumption, if
the medium is nonmagnetic, the inductance matrix is
related to [C,], the vacuum capacitance matrix, and ¢, the

v4TM,

E =E,=(l;Xn) V¢, =(l;Xn) V¢, (20)
D, =D, = ([er]l 'th’el)'" = ([Er]z'vr¢ez)'" (21)
1
(17)
2
1 daM Y
)] +_}+A%ZJL;)
3 w
For the conductor interface,
E,=0=(l,xn) "V, (22)
Ps
D,=-p 9([5 ]1 V¢e1) ""_:~ (23)

0

2) Magnetic Field: Since field B has only transversal
components, B can be written as B=—1; X V,4,, where
A, is the z component of the vector magnetic potential.
With [n],=[x,];!, the equation for this component is

V. x[[nli-(15x V4, )] =0 (i=12). (24)
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By means of mathematical manipulation, the following
identity can be proved:

. —_—e— t-
() (6 x %A = oy < (e ] Wids)- (29)
Using (25), (24) can be rewritten as
[w.];
V| ————=VA4,,|=0 j = . 2
! |:det["'r]l e (l 1,2) ( 6)

Boundary conditions for the magnetic field are, for the
magnetic interface,
B, =B,,=(l3xXn)V,A,=(l;xXn) VA, (27)
Hy=H,=[[n];-(1,xV,4,,)] ¢

=[[77]2'(13XVzAzz)]'t~ (28)
Making use of (25), (28) becomes
[,)) B (w13
: aﬂzerAﬂ —W[&H;j;WAﬂ- (29)
For the conductor interface,
B,,=0=(l;xn)-V,A, =0 (30)

nX Hy=j,=nX[[n]-(I;x lezl)] =—pods- (31)
We can note that (1 is

o | e

det[l“'r]l

Comparing (19)-(23) with (26), (27), (29), (30), and (32),
we can note that these sets of equations are identical. So,
we can state an isomorphism between ¢, and A, by
means of the relation

'VzAzl =—HoJ,- (32)

le]i=—F—wl (=12). (33)

det[p,];
This isomorphism allows us to determine the magnetic
field, when the magnetic medium is characterized by a
general permeability tensor, by solving an equivalent elec-
tric problem.

B. Computation of [L]

Let us consider the structure in Fig. 2(b). The complex
inductance matrix coefficients are defined as

L;=—"
i Vh.=0
®,,; is the magnetic flux per unit length associated with
conductor i, which can be expressed as

= [ VA, dl= A,

(34)

(35)

Conductor 1 has been considered the zero magnetic po-
tential level.
We can rewrite (34) as
A
Lij __ zi
1

_¢ n ._[fLL]r_.VA
poZi\ 7 det[pn,] ¥

(36)
dt;

j
Vi.j=0
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where ¢, denotes integration around the jth conductor
boundary. On the other hand, if the [ P] matrix is defined
as the inverse of the complex capacitance matrix per unit
length, [P]1=[C]"', we have

¢zi
P;= (37)
4; Var.;=0
These coefficients can be written as
b
Pij == . (38)
foﬂ'lj'[ﬂ] 'Vpd’ej)dtj
J Va,.;=0

In subsection III-A it was proved that the magnetic
problem can be reduced to an electric equivalent one
simply by using the equivalent permittivity given by (33).
So, in order to compute [L] and taking into account the
form of (36) and (38), we can conclude that L;; = e u, P53,
where P2 is an element of the matrix [P*4]=[C*]™",
[C*9] being the complex capacitance matrix per unit length
when the permittivity tensors are given by (33). We can
finally write

[L]:GOILO[CEQ]_I- (39)

Therefore, from the above expression, we can say that
the calculation of the inductance matrix can be achieved
by computing an equivalent capacitance matrix.

IV. CoMPUTATION OF THE COMPLEX
CAPACITANCE MATRICES

Under the quasi-TEM approximation, the structure of
Fig. 1 is fully characterized by the complex capacitance
and inductance matrices per unit length, [C] and [L). The
physical meaning of the real and imaginary parts of the
[C] matrix is discussed in [11]. Similarly, the real part of
[L]is the usual inductance matrix, and the imaginary part
is a series resistance matrix related to the magnetic losses.
Nevertheless, as stated above, the evaluation of the [L]
matrix is reduced to the determination of an equivalent
capacitance matrix [C®]. In consequence, the analysis to
determine the characteristic parameters of the line is
based entirely upon the calculation of complex capaci-
tance matrices. Therefore we will be interested in the
complex capacitance matrix per unit length of a structure
such as the one shown in Fig. 1, but without magnetic
substrates (since the magnetic part of the problem is
replaced by an electric equivalent problem). This matrix
relates the complex charge vector @ to the voltage vector
V as follows: Q =[C]-V.

If all the elements of the voltage vector are set to zero
except the jth, which is set to unity, then the jth column
of the capacitance matrix is equal to the charge vector,
Q) =C,;(p.j=1, -+, N,; the superscript j indicates which
conductor is excited). Therefore, the evaluation of [C] is
the evaluation of N, charge vectors corresponding to
different excitations. To find the charge distribution on
the Mth interface and obtain these charge vectors @/, we
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have to solve the following operator equation:
Gp=¢
p=0 (40)

where p = p(x) and ¢ = ¢(x) are, respectively, the charge
distribution and the potential on the Mth interface (the
potential is zero except in the excited strip, which is set to
unity), and £p = [© G(x,x)p(x)dx’, G(x,x') being the
Green’s function for y = h,,

The Galerkin method is used to solve the above inte-
gral equation. If we consider

outside the surface of the strips

N,
p(x)= Z_‘. p,(x)

where
. Wp Wp
p,(x)#0 if cp—7<x<cp+7

and p,(x) is expanded in the finite base of functions
Wp = {ppO’pph‘ ' ',Ppr}, then
N, N

c

p(x)=% ¥ ab.p,.(x

p=1n=0

(41)

(Subscript p or g will refer to the strip and subscript n or
m to the basis function.)

Carrying out the Galerkin method, we find the follow-
ing system of linear equations: b’/ =[I']a’, where b}
(pgm»®;) are the elements of the vector b’ and qupn
(Pgm»#p,,) the elements of the [I'] matrix (q,p=
L--+,N; myn=0,---,N;). The [T'] matrix does not de-
pend on the excitation of the strips. According to the
notation used,

- Nf . 3 t .

Ci=0l= ¥ alpyind:)=(6)'([T17') (8). (42)

p=0

This equation is a general expression for the complex
capacitance coefficients in terms of the complex Green's
function and the different basis functions. If the following
well-known basis functions are chosen:

X "Cp
T"[ w,,/z)

Pon(X) = (43)

(T,, being the Chebyshev polynomials) and the Parseval
identity is used, we will have

. W
By = BaiBmo 5 ™ (44)
and
w,_w
qupn=(_]) jmﬂ_Z 2P 2‘7
f ( )G(a)] ( > )e"’(‘ Dda  (45)
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where J,(-) stands for the Bessel function of order k. In
order to find the complex Green’s function in the spectral
domain, G(a), the algorithms developed in [12] have been
slightly modified to include the effect of a fully general
permittivity tensor (see Appendix I).

At this point, it is very important to consider the
numerical efficiency in computing the [, ,, parameters.
If a direct numerical integration is tried (for instance, the
Simpson or Romberg method), the slow convergence and
the oscillations of the integrand in (45) make the compu-
tation time, in standard computers, too long to become
practical. Therefore, it is necessary to apply some numeri-
cal integration scheme which provides a fast computation.
In this paper, an appropriate asymptotic treatment joined
with residue calculus techniques (see Appendix II) has
allowed us to reduce the computation time. We have
typically obtained a ratio between the time employed by
direct integration and by these schemes of about 50.

V. REsuLTs

In this section, before generating reliable data, we are
going to check the efficiency of the method reported in
this paper. First, since our analysis makes use of a numer-
ical scheme, we must be sure that the computed values
converge when the number of basis functions increases.
Second, we need to verify that these values are correct.
To ensure the convergence of the numerical method, we
will study the influence of the number of basis functions
on final numerical data for a variety of significant struc-
tures. The validity of the results will be checked by
comparison with experimental and theoretical (full-wave)
data obtained by other authors. Once all this has been
done, we can use our programs with confidence to study
several structures with semiconductor and magnetic sub-
strates.

A. Convergence Analysis

In order to study the convergence of the method, a
variety of convergence patterns similar to the ones shown
in Fig. 3 have been generated. The relative error is
computed taking as reference value the result obtained
with a large number of basis functions (N;=7). For
practical dimensions we have concluded that no more
than three basis functions are needed to obtain very
accurate results. Worst cases always correspond to off-
diagonal elements of the capacitance matrices, and even
for these elements errors are below 3%. The larger the
absolute values, the smaller the relative errors; therefore,
diagonal elements are always computed with an error of
less than 1%. On the other hand, we have found that
odd-order functions are required to take into account
strongly coupled structures, and even-order ones are more
significant for large W /h, ratios (for instance in Fig. 3).

B. Numerical Results and Discussion

We now compare our values with experimental data,
when these are available, and with theoretical ones ob-
tained by full-wave analysis [2], [13]. Our purpose is to
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show how nowadays in most interesting practical cases of
MMIC technology, a full-wave analysis is not necessary to
obtain accurate values. The full-wave analysis is much
more involved than the quasi-TEM one, requiring more
computer capability. With the asymptotic behavior we
have introduced, it is possible to use a PC, and the
scheme reported here could be suitable for CAD pur-
poses. Nevertheless, a rigorous full-wave analysis must be
carried out in order to establish the frequency behavior
when quasi-TEM assumptions are not valid. Next, we
present examples of particular structures. First, microstrip
on demagnetized lossless ferrite substrates is analyzed in
Fig. 4. We can see that in proximity to the resonance
frequency, the quasi-TEM approximation is not yet valid.
This fact was expected, because around this frequency
condition (13) is not fulfilled. For the rest of the frequen-
cies, the agreement is good. In Fig. 5 we represent the
cross section of a coupled slow-wave MIS configuration.
For this structure, we plot the slow-wave factor and the
attenuation constant in Fig. 6. In this figure, some experi-
mental results corresponding to the single strip case [2]
have been included for comparison purposes. Even- and
odd-mode characteristics tend to these results when the
strips are weakly coupled (s — «). The agreement with
both analytical full-wave and experimental data is very
good in the whole frequency range considered.

Second, we are interested in the application of our
programs to slow-wave ferromagnetic microstrip lines such
as those discussed in [4] (FM and FMS). In [4], these
structures are studied by means of a qualitative parallel-
plate waveguide model. Since the dimensions and charac-
teristics of the structures analyzed in that paper obey
condition (13), we can perform a more accurate study by
using the quasi-TEM approximation. Fig. 7 shows the
slow-wave factor and the attenuation constant for mi-
crostrip lines in which the lower layer in Fig. 5 is consid-
ered to be either a demagnetized ferromagnetic substrate
(FM) or a demagnetized ferromagnetic semiconductor
substrate (FMS). We have chosen several values of the
constant A4 in (17) (the larger the value of A, the bigger
the losses in the ferromagnetic substrate) to show how the
magnetic losses affect the above features. Our results
exhibit the same qualitative shape as those in [4], but we
can notice that for usual values of A4 (in [8], A ~1072),
these structures do not offer the important slow-wave
effects reported in [4]. Magnetic losses should be much
greater than the actual ones to obtain outstanding slow-
wave behavior. Also, we have computed the slow-wave
factor and the attenuation constant for three different
microstrip lines: MIS, demagnetized FMS, and saturated
FMS. (Expressions for the Polder tensor when the sub-
strate is magnetically saturated parallel to the z axis can
be found in [14].) Slight differences between the curves
corresponding to the magnetic structures and the MIS
one have been found for most geometries. In Fig. 8, this
can be checked for a particular geometric configuration.
We can note how the shape of the curves is due mainly to
the conductivity of the substrate. Therefore, the mere
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presence of magnetic losses in the substrates has little
influence on the improvement of slow-wave effects with
respect to the presence of electric ones. In proximity to
the resonance frequency (0.6 GHz for the demagnetized
FMS and 6 GHz for the saturated FMS), the permeability
tensor elements have higher values. This leads to the
discrepancies observed in this range of frequencies.

VI. ConNcLusioNs

A short review of the most relevant points developed in
this paper follows.

* A qualitative theoretical justification of the quasi-
TEM model has been achieved. This concerns the
application of this model to the most practical MMIC
transmission lines.

* The computation of the complex inductance matrix

per unit length, for structures characterized by a

general permeability tensor, is reduced to the compu-

tation of an equivalent complex capacitance matrix.

A simple and numerically efficient algorithm to com-

pute the complex capacitance matrix of very general

microstrip-like configurations has been developed.

This algorithm could be used as a CAD tool, since an

appropriate numerical treatment makes it possible to

achieve tolerable CPU times.

* The efficiency of the algorithm has been demon-
strated by the agreement with experimental data and
with theoretical results obtained by means of much
more involved full-wave computations. Slow-wave
structures such as MIS, FM, and FMS configurations
have been successfully analyzed with this algorithm.

APPENDIX |

Following [12], the Green’s function in the spectral
domain for the structure shown in Fig. 1 is

G(a) w(a)+ Hy(a) = Gyp(a)

where

gj,j—l(a)gj—l,j(a)
H,'ivl(a)

1—1,'[(0‘) = gjj(a) -

j=2 M
H{(a) zgll(a)

express the contribution of the layers below the interface
M, and

gj.j+1(a)§j+1.j(a)
Hjs+1(a)

Hi(a) =§,(a)—
j=N-2,-\M

Hy_(a) = §N—1,N—1(0‘)

express the contribution of the layers above the inter-
face M.

The meanings of the functions which appear above are
explained in [15]. The generality of the permittivity ten-
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( ) Present method, (-—--) [13], (+ + +) experimental values.
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800 um for (1) and s=160 wm for (2). ( ) Present method,
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sor, where all the components can be different and com- with
plex, leads to some differences with respect to the expres-
sion of these functions given in [15]. We have now . )
R.— €,y + €y
- i i i i i i
& () ; e;x~e;y+ejj;’—e;r‘ 2el,
2
€ 2
Similarly,
+ e;yasi coth(aS;h;)
5 i+1 jaR; . 1h;
; —&iivla)=—¢€,)'aS;,  csch(aS,,  h,,  )e/ Rivihin
+5;;lasi+1coth(asi+lhi+l) 60g1.1+1( ) yy i+1 ( i+1 1+1)
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1074, N=1. For saturated FMS, Hy=2500 Oe. AH =75 Oe,
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and
1 - .
:gi,i—l(a) = —¢, aS;csch(aS;h;ye >Rk,
0

On the other hand, it is easy to check that the asymp-
totic behavior of the Green’s function is

~ K,
Gla)» — for @ >
24
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where
1
as = M M+1
JK+ €8, T €57 Syt
and
M M+1 M M+1
K—eyx+exy — €y T €y
2

This asymptotic behavior for the Green’s function is used
in Appendix II in order to accelerate the convergence of
integrals.

ApPENDIX 11

In order to obtain the value of the coefficients T, ,,, it
is necessary to calculate the following integrals:

w Wy Wy
Zgmpn = [_wf,,(a—zli )G( a)Jm(QTq )em(c,,—cp) da.
We choose as the asymptotic behavior of the integrand,

A

"o\ W jate,—cp)
Y G, (a)J, a— e

with
Kas .
o ( wq) ifg=p
- —acoth|a—
Gas(a) = 2 2
KHS .f
—_— #p.
acoth(a) ta=p

(K, is defined in Appendix 1.) Now we will separate the
computation of Z into two parts in such a way that

qmpn
Zompn = Zympn T Zgmpn- The first term will be

Zippn= | 9[ a2 )[G(@) = Gun(@)]

w
7 _2) jalea=p) doy.
m(a 5 )¢ a

It will converge fast because the integrand is practically
zero when |a|>4. Then, by means of any numerical
integration method, the computation time of this term is
very short. The second term is

Zippn = I du(aW, /2)G (@) ], (aw, /2) €™ da,

and two cases are considered. The first is where g = p:

. © Wq K‘” Wq
qupn=[ Jn("‘?) W, W, Jm(a7)da.
e Tacoth (a;)

This integral can be normalized and then it will not
depend on the dimension of the structure, so integrals of
this kind are computed just once and then tabulated. The
second case is where g # p:

w, w_ o\
Jn(a—p)Jm(a—q)e’““q'cr”sinh(a)
zr =K, [ 2 2 da
amen ) _ g acosh (a) '
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These coefficients are calculated by applying residue calculus and choosing the appropriate integration path in
the complex field. After some manipulations,

Z "
qmpn k

K‘” Nmtn d W
277(4j) Z [m(ak7
=1

Here a, =(2k —1)/2)m and [, is the modified Bessel
function of order m.

These series converge very rapidly. In practice, just four
or five terms are necessary for a very good approximation
(five to seven significant digits).

f10]

[11]

[12]

(13]

(14]

[15]
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