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y Joaqúın Marro que dirigieron y supervisaron el caṕıtulo 3, a la profesora
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que proporcionó la matriz estructural utilizada en el Caṕıtulo 6, a los pro-
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Resumen

This thesis applies the great advances of modern dynamical systems theory
(DST) to consciousness. Consciousness, or subjective experience, is faced
here in two different ways: from the global dynamics of the human brain and
from the integrated information theory (IIT), one of the currently most pres-
tigious theories on consciousness. Before that, a study of a numerical simula-
tion of a network of individual neurons justifies the use of the Lotka-Volterra
model for neurons assemblies in both applications. All these proposals are
developed following this scheme:

• First, summarizing the structure, methods and goal of the thesis.

• Second, introducing a general background in neuroscience and the global
dynamics of the human brain to better understand those applications.

• Third, conducting a study of a numerically simulated network of neu-
rons. This network, which displays brain rhythms, can be employed,
among other objectives, to justify the use of the Lotka-Volterra model
for applications.

• Fourth, summarizing concepts from the mathematical DST such as
the global attractor and its informational structure, in addition to its
particularization to a Lotka-Volterra system.

• Fifth, introducing the new mathematical concepts of model transform
and instantaneous parameters that allow the application of simple math-
ematical models such as Lotka-Volterra to complex empirical systems
as the human brain.

• Sixth, using the model transform, and specifically the Lotka-Volterra
transform, to calculate global attractors and informational structures
in global dynamics of the human brain.

• Seventh, knowing the probably most prestigious theory on conscious-
ness, the IIT developed by G. Tononi.

• Eighth, using informational structures to develop a continuous version
of IIT.
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• And ninth, establishing some final conclusions and commenting on new
open questions from this work.

These nine points of this scheme correspond to the nine chapters of this
thesis.



Chapter 1

Introduction

1.1 A network of individual neurons

Chapter 3 presents a numerically simulated neuronal activity model. This
model describes a neural network model consisting of excitatory and in-
hibitory neurons under stimulation by noise and fits into a familiar math-
ematical framework such as that of differential equations. As novelties it
includes a great temporal precision with a time step of 40 millionths of a
second and a noisy input as a variable parameter. It is also considered a
possible sinusoidal input signal that makes the model useful for revealing
stochastic resonance (SR) and analyzing phase transitions.

SR is a phenomenon in which an input signal that is too weak to be
detected can be increased by adding noise to the signal [1]. The noise can be
imagined formed by a wide frequency spectrum by means of, for example, a
Fourier transform. The frequency of the original signal and the corresponding
frequency in the noise will resonate each other, amplifying the original signal
without amplifying the rest of the noise thus increasing the signal-to-noise
ratio that makes the original signal more powerful. Therefore, there is the
apparent paradox that a certain level of noise could be useful to effectively
detect the original, previously undetectable, signal. This phenomenon is
especially prominent in systems with high susceptibility as is the case near
phase transitions.

In the neural network each neuron is fully characterized by a potential
or voltage membrane V which evolves in time —below a given threshold
for firing, Vth— according to a type of integrate-and-fire dynamics [2] under

10



CHAPTER 1. INTRODUCTION 11

various contributions, namely,

τ
dV (t)

dt
= −V (t) + Vin(t) + Vext (t) + Vnoise(t) + V0, (1.1.1)

where V0 = RI0 is a constant voltage term induced by a constant current I0

(so that R characterizes the neuron membrane resistance), and Vext stands
for an external well-defined weak signal that in practice is implemented as a
sinus (in order to trace it easily). These compete with a noise Vnoise, which
corresponds to uncorrelated signals, and it is assumed that such excitatory
inputs occur at times that are Poisson distributed. Furthermore, a main
contribution is the total signal Vin arriving to the given neuron from its
neighbor neurons.

This model includes a realistic balance between excitation and inhibi-
tion, based on real data from the human brain [3]. The noise term Vnoise is
interpreted as a noisy input arriving each neuron in the network that mimics
excitatory activity of other areas of the brain that are projected into the sys-
tem. The results show that the mean voltage averaged over the excitatory
neurons oscillates exhibiting different temporal patterns depending on the
noise intensity. Thus, the configuration of the model allows to deepen how
the oscillation patterns emerge and infer the precise role of noisy input in
causing familiar rhythms in the human brain. It is also shown how to use
the external signal Vext by a simple experiment to identify phase transitions
using the mechanism of SR.

It turns out that not only the alpha rhythms but also the beta, gamma
and ultrafast oscillations could be only different ways in which the same
noise is “filtered” by the neural network. That is, it can be proposed that
the cause of the waking brain waves is universal in this context, which allows
considering a unique mechanism for any of the voltage fluctuations mentioned
with only one relevant parameter. This is the intensity of the sum of all
inputs, whether noisy or constant, that reach the network from other areas
of the brain. Finally, the intensity of the input is accurately related to the
frequency of the resulting dynamical response.

An additional conclusion of this study is that in some phases of the activ-
ity the interplay between inhibition and excitation is similar to predator-prey
Lotka-Volterra model. Hence, here it is found one reason to apply the Lotka-
Volterra equations to calculate attractors that change over time in the global
brain dynamics in Chapter 6.
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1.2 Global brain dynamics

Global models on brain dynamics are based on systems of differential equa-
tions described on complex structural networks, and may include noise, delays
and time-dependent coefficients. The structural network is a weighted graph
whose nodes correspond to the system variables and whose links express the
strength of the influence of each variables on the others. A weighted graph
is a network where the links among nodes have weights assigned to them.
These weights are usually expressed by an adjacency matrix γij. These struc-
tural networks are based on the anatomy of the brain and are constructed
by the parcellation of its surface [4, 5, 6]. Thus, the model can be seen as
a dynamical system designed to simulate the activity of nodes connected to
each other in a network by an empirical or theoretical adjacency matrix.

For instance, one of the simplest is the Kuramoto model. According to
this model, the influence of one oscillator on another can be simulated as
a sine function of the phase difference between the two oscillators. It has
been used to simulate synchronization behavior in a wide variety of fields,
including biological systems and neural dynamics. Denoting by θi(t) the
phase of node i at time t, it then obeys the following differential equation:

dθi
dt

= ωi + k
n∑
j 6=i

γijsin(θj(t− τij)− θi(t)), i = 1, ..., n

where γij is the structural coupling strength from node j to node i, and k is
the global coupling strength which scales all connection strengths. The delay
τij between node j and node i is calculated using τij = Lij/v, where Lij is
the distance between nodes and v is the conduction velocity. fi = ωi/2π is
the intrinsic or natural frequency of node i.

In this and other models shown in Section 2.5 the dynamics is simulated
at each node, which is coupled to the others as specified in the anatomi-
cal structural network by a structural connectivity (SC) matrix γij. The
correlation between different nodes

rij =
cov(θi, θj)

σθiσθj

(where cov is the covariance and σθk is the standard deviation of θk(t)) defines
the functional connectivity (FC) both at a simulated level and with empirical
data [7, 8, 9]. Finally, the difference between empirical and simulated FC can
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be minimized by properly fitting the parameters in the differential equations
of each model.

However, the modern DST and the concept of global attractor have not
yet been applied to these global brain models. In this thesis a completely
different approach is presented for applying the DST. Instead of modeling
brain activity and using experimental data only to fit some parameters, the
dynamical evolution of the attractor landscape is reproduced from empirical
data. Nevertheless, a very simple model, the Lotka-Volterra equations,

dui
dt

= ui

(
αi − ui +

n∑
j 6=i

γijuj

)
, i = 1, ..., n, (1.2.1)

is needed to translate the activity of n brain areas into dynamical attrac-
tors. The Lotka-Volterra model is the simplest that allows to calculate the
global attractor of the system taking into account its SC. It should be borne
in mind that in this approach brain activity is not modeled but data pro-
cessing is performed. And this processing translates time series of activity
into time series of attractors. This dynamical attractor landscape had not
been calculated so far since the informational structure, although determin-
ing the dynamics and the curvature in the system’s phase space, is not easily
accessible from experimental data. To understand it better it is necessary to
introduce several concepts from DST.

1.3 Dynamical systems theory

Chapter 4 summarizes concepts of the mathematical DST as the global at-
tractor (GA) and defines its structure, called the informational structure (IS).
The framework in which the dynamical system is defined is the phase space
X which includes all the values of the dynamical variables.

The GA determines the asymptotic behavior of a dynamical system (DS),
i.e., it describes the past and future behavior of the system. The DS is
described by a semigroup of transformations S(t) : X → X in the phase
space X. The GA is defined as follows [10, 11, 12, 13, 14, 15]:

Definition. A set A ⊆ X is a GA for {S(t) : t ≥ 0} if it is

(i) compact,

(ii) invariant under {S(t) : t ≥ 0}, i.e. S(t)A = A for all t ≥ 0, and
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(iii) attracts bounded subsets of X under {S(t) : t ≥ 0} for the Hausdorff
semidistance; i.e., for all bounded B ⊂ X

lim
t→+∞

distH(S(t)B,A) := lim
t→+∞

sup
b∈B

inf
a∈A

d(S(t)b, a) = 0.

The structure of the GA can be described in terms of disjoint invariant sub-
sets and the trajectories that connect them. Therefore, the GA is associated
with a directed graph whose nodes correspond to disjoint invariant subsets
(typically, stationary points or periodic orbits, but could also contain invari-
ant assemblies with chaotic dynamics), and with directed connections to each
other when the corresponding disjoint invariant subsets are linked by solu-
tions of the DS. This directed graph is called Informational Structure (IS), a
network that describes all possible future behaviour of the system. It can be
also shown that if the DS supports a Lyapunov function, then all invariant
subsets of the GA can be ordered by connections related to their level of
attraction or stability.

The IS, the graph describing asymptotic solutions and possible transi-
tions between them, can be particularized to Lotka-Volterra systems. In the
example of Fig. 1.3.1 the disjoint invariant subsets are four stationary points.
Generally, it can be shown that the GA is the set of all bounded global so-
lutions, i.e, solutions that exists for all t ∈ R and are bounded in R. Thus,
in Fig. 1.3.1 the GA is comprised in the yellow area. The four stationary
points are partially ordered, i.e. they admit an order relationship in which
not necessarily all the pairs of elements can be compared. In general, two
invariant subsets can be compared if they are linked (or there exists a chain
of linked invariant subsets, starting in one and ending in the other, that links
both). Hence, they are ordered according to the direction of the solution (or
chain of solutions) that links both. In Fig. 1.3.1 the unstable (red circle)
and stable (blue diamond) points are maximal (source, only emitting arrows,
flux or flow) and minimal (sink, only receiving arrows, flux or flow) in this
ordering, respectively, with the other two stationary points (saddle points,
green squares) not being ordered one with respect to the other.

As a consequence of it, a succession of energy levels can be defined. The
highest energy level is formed by stationary source points that receive no
solution, unstable points. Then, each successive lower level is defined includ-
ing those stationary points that only receive solutions from the previously
defined higher levels. Thus, in Fig. 1.3.1 there are 3 energy levels: the trivial
solution, the saddle points, and the stable solution. The number of energy
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Figure 1.3.1: A, This is the two nodes structural network in which the Lotka-Volterra

(LV) system (1.2.1) in defined, where α1 = 0.71, α2 = 2.85, γ12 = 0.2 and γ21 = 0.1.

B, Solutions of that LV system in the phase space. The global attractor is the set of all

bounded solutions (yellow area). C, The Informational Structure (IS) is a new network

made by four nodes associated with the four stationary points and directed links associated

to linking solutions. The relation induced by the links is transitive in such a way that only

the minimal links to understand the connectivity between nodes are represented. Each

node of the IS can be represented as a subgraph of the original LV system where non-null

components of the associated stationary point are shown in black and null in grey. In this

example there are 3 energy levels: the trivial solution, the saddle points, and the stable

solution.
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levels (NoEL) will be an important parameter in the empirical data analysis
in Chapter 6.

A slightly more complex example with 4 nodes in the structural network
is shown in Fig. 1.3.2. The dynamics of system (1.2.1) generates an attractor,
which is a structured set of stationary points (or equilibria) for the system,
for which there exists a stationary point which is a stable solution represented
at the bottom of the right part of Fig. 1.3.2.

Colours in the nodes of the structural network (bottom left in Fig. 1.3.2)
go from dark blue (−3) to red (3) and represent αi values. Colours in the links
of the structural network also represent γij values. Fig. 1.3.2 (right) shows
the IS of the global attractor corresponding to the LV system on the left with
the given α and γ parameters. Note that the same system with different αi
and γij values generates different ISs. Let us remember that nodes in the IS
correspond to distinguished stationary points of the system. Each of these
nodes can be seen as a subgraph of the structural network corresponding to a
stationary solution. Black points represent non-zero values in the stationary
solutions (i.e., ui > 0 in the equilibrium) and grey point are zero values
(ui = 0). Now there are 5 energy levels: the trivial solution, three levels of
saddle points, and the stable solution.

The LV equations have been previously applied to neural dynamics. Thus,
in [16] these equations are derived from the conventional dynamics of a neu-
ral network with inhibition and self-inhibition. It has also been shown that
LV equations are capable of representing switching dynamics between dif-
ferent states of neural networks [17, 18]. In [19] the joint activity dynam-
ics of excitatory and inhibitory populations is analyzed employing a pair
of mutually interacting nonlinear differential equations. In certain condi-
tions these equations take the form of LV equations. These equations have
been also used to generate reproducible transient sequences in neural cir-
cuits [20, 21, 22, 23, 24]. In addition, Chapter 3 shows that the collective
behavior of a network of neurons is similar to a predator-prey model with
LV equations.

However, global brain dynamics does not converge or stabilize around
a fixed set of invariants as is the case of LV systems. Rather it could be
described as a continuous flow of rapid and irregular oscillations [25, 26]. It
is therefore appropriate to introduce new mathematical concepts here that
allow the application of simple mathematical models (such as Lotka-Volterra)
to complex empirical systems (such as the human brain). Therefore, instead
of describing the dynamics in terms of asymptotic behavior, the alternative
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Figure 1.3.2: Left: Parameters γij model the influence of uj over ui. Parameters αi

affect only to the dynamics of the node ui. The structural network of the LV system is given

by a set of nodes (in the figure, u1, . . . , u4) and their links. Right: The dynamics given by

(1.2.1) generates an informational structure (IS) whose nodes are the stationary solutions

of the corresponding system of differential equations. This IS controls the behaviour of

the system (all possible states of the system). There exists a hierarchy (energy levels,

represented by horizontal rows) between the points in the IS, with just one global stable

point and arcs (or links) between them, representing solutions going from one point to

another. For clarity, they have been removed all arcs that can be obtained by transitive

closure of those already represented.
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is to introduce the Lotka-Volterra transform (LVT) as a particular case of
the general model transform (MT).

1.4 Model transform (MT)

From the mathematical point of view, one of the main novelties of this thesis
is the MT (see chapter 5). This tool, which allows simple models to be
applied to complex empirical systems, can be seen as a generalization of
trivial concepts such as the curvature or the torsion of a curve. In these
trivial cases, the models used are the circumference or the helix that are
applied to any three-dimensional curve. But it does not mean that the entire
curve is being modeled by circumferences or helices. This is only done locally
in a small environment at each point of the curve. For this, in general, the
models used for MT are expressed by differential equations.

For the sake of simplicity, a model is defined as a system of n first order
ordinary differential equations but this definition can be extended to second,
third, etc., order ordinary differential equations or even difference equations.

Definition. Given a model u′i(x) = fi(u1, . . . , un; θi), i = 1, ..., n with n
parameters θi and a differentiable function û :

û : R→ Rn

û(x) = (û1(x), ..., ûi(x), ..., ûn(x))T , for all x ∈ R

ûi(x) ∈ R, for all i = 1, ..., n.

if the function fi is invertible with respect to parameter θi for all i = 1, ..., n
, it is defined the model transform of û(x) for that model as the functions
θ̂i(x) that fulfills:

θ̂i(x) = f−1
i (û1, . . . , ûn; û′i), i = 1, ..., n. (1.4.1)

If the model is a dynamical system (DS) instead of x ∈ R it is used
t ∈ R, and the parameters θ̂i(t) for any given time point t = t0 are called
instantaneous parameters in t = t0.

The new concept of MT not only unifies many trivial cases under the
same conceptual framework, but is potentially projectable in all fields of
knowledge in which any system, simple or complex, theoretical or empirical,
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defined in a network or not, can be characterized by variable parameters.
Each specific model opens different possibilities in countless practical and
theoretical applications. In the particular case of the LVT, the door to the
calculation of instantaneous attractors is opened.

Thus, let us consider the LV system of differential equations given by:

u̇i = ui

(
αi − ui + g

n∑
j=1

γijuj

)
, i = 1, ..., n. (1.4.2)

Definition. Given the values of the parameters g ∈ R+ and Γ = (γij) ∈ Rn×n

in a LV model (1.4.2), and given a function of time û:

û : R→ Rn
+

û(t) = (û1(t), ..., ûi(t), ..., ûn(t))T , for all t ∈ R

ûi(t) ∈ R+, for all i = 1, ..., n.

the Lotka-Volterra transform (LVT) of û(t) is defined as the function α̂(t)
that fulfills:

α̂ : R→ Rn

α̂(t) = (α̂1(t), ..., α̂i(t), ..., α̂n(t))T , for all t ∈ R

α̂i(t) =
˙̂ui(t)

ûi(t)
+ ûi(t)− g

n∑
j=1

γijûj(t), i = 1, ..., n.

and the numerical values of functions α̂i(t) for any t = t0 are called instan-
taneous growth rates.

1.5 Translating brain activity into attractor

landscape

In Chapter 6, the different levels of consciousness are characterized by ana-
lyzing the variability of the IS over time from global brain dynamics empirical
data. First, the SC matrix is obtained empirically and it is chosen as the
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interaction matrix of the DS. Then, the LVT is applied to calculate the in-
stantaneous parameter (alpha, the growth rate) that reproduces exactly the
filtered empirical signals.

Anyway, it is not necessary to see any MT as a way to obtain a set of
equations that reproduce exactly the experimental data, although in fact they
are obtained, but rather as a method to calculate the desired characteristic
properties of any empirical dynamical system in any small time interval.

Once the instantaneous parameter alpha is known, the stable stationary
point (or globally asymptotically stable solution, GASS) is calculated. It will
be shown that this GASS is a local attractor that is the only stable point in
the global attractor for LV systems. It can be shown that the linear com-
plementarity problem (LCP) from the theory of mathematical programming
are closely connected with the problem to find out a GASS in LV systems.

Given r ∈ Rn and a matrix M of order n, the LCP (see [27, 28]) consists
in trying to find (w, z) ∈ R2n , w = (w1, w2, ..., wn)T , z = (z1, ..., zn)T , such
that

w = r +Mz

w ≥ 0, z ≥ 0 and wizi = 0 for all i = 1, ..., n.

By solving the LCP, with ri = αi and Mij = −δij + g·γij where δij is the
Kronecker delta, the GASS, of the corresponding LV equations is obtained.
Furthermore, the LCP can be solved using an efficient linear algorithm even
in high-dimensional phase spaces (n = 90 for instance) called Complementary
Pivot Algorithm [27, 28].

Thus, the GASS by means of the LVT and the LCP answers questions
such as: How to calculate “where a system is going to” at all times? Or,
what is the point of the phase space that is attracting the system at each
time point? And how to calculate it in a way that takes into account the
structural relationship between the system variables? The LVT can answer
these questions so that “where the system is heading” is a specific stationary
point of the phase space.

Furthermore, the GASS allows to calculate the number of energy levels
(NoEL) of the corresponding information structure (IS) at each time point
(see Fig. (1.5.1)).

Finally, the differences between the NoEL distributions over time will
be evaluated to assess how different are the attractor landscapes of specific
conscious states. This allows these states (as awake, deep asleep, coma or
deep meditation) to be classified by statistical tests.



CHAPTER 1. INTRODUCTION 21

Figure 1.5.1: Changes in the parameters characterizing the dynamics of a LV system

produce changes in the corresponding informational structure. Top. Example for the

evolution in time of αi parameters of a system of four nodes; γ parameters are fixed.

Black bars select six different time points. Bottom. For a given LV system, different ISs

corresponding to the time steps shown above. At t = 25 and t = 114 there are 5 energy

levels, at t = 11, t = 50, , t = 85, and t = 146 there are 4 levels of energy. Always they

match the number of non-zero variables (black) of the GASS plus one.
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Flowchart in Fig. 1.5.2 illustrates all this process. The SC network is
expressed by the γij adjacency matrix needed for LVT. Through an auto-
mated anatomical labelling (AAL) atlas the brain is divided into 90 areas
by means of three-dimensional images called tractograms. Functional mag-
netic resonance imaging or functional MRI (fMRI) measures brain activity
by detecting changes associated with blood flow. When an area of the brain
is active, blood flow to that region also increases. The primary form of fMRI
uses the blood-oxygen-level dependent (BOLD) contrast. Thus the BOLD
fMRI signal is the function û(x) needed to calculate the LVT. By means of
the LVT and solving the LCP the GASS is obtained. Then the NoEL of
the corresponding IS is calculated at each time instant. Finally, in order to
classify different consciousness states as awake, asleep, coma or meditation
states a statistical hypothesis test is calculated. By using this test the differ-
ences between NoEL distributions will be evaluated to assess how different
are the attractor landscapes of these specific consciousness states.

Now some results are shown. In Fig. 1.5.3A the mean NoEL is higher
when the subjects are in asleep state for all of them except subject 12. Fur-
thermore, patterns regarding the variability of the distributions are estab-
lished. The standard deviations of the distribution of NoEL are calculated
in each subject for the two brain states. In Fig. 1.5.3B each point represents
a subject. For 17 (out of 18) subjects the standard deviation is larger for
awake than for deep asleep state. Again, the differences between the stan-
dard deviations of both brain states are very significant. There is only one
subject who shows a greater deviation when asleep.

1.6 Integrated information

The Integrated Information Theory (IIT) begins with a phenomenological ap-
proach to conscious experience [30]. It assumes that consciousness exists and
tries to describe it through its most obvious properties calling them axioms.
From these phenomenological axioms, the corresponding postulates are es-
tablished at the level of the physical mechanisms that produce the conscious
experience. These postulates are translated into quantitative measures of
different concepts related to consciousness from examples of simple concrete
networks where a discrete dynamic can be described (see chapter 7).

The IIT approach presumes that the conscious experience can be quanti-
tatively and qualitatively measured by means of the so-called integrated in-
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Figure 1.5.2: Flowchart illustrating the methods. For this study, the structural con-

nectivity (SC) network is used through an automated anatomical labelling (AAL) atlas.

The corresponding tractogram was obtained in a previous study [29]. It is assumed that

neural activity in different brain areas can be characterized using the model transform

for a cooperative Lotka-Volterra (LV) system constrained by the SC. The LV transform

is a mathematical operator that calculates the instantaneous growth rate of the filtered

empirical BOLD fMRI signals. Then the globally asymptotically stable stationary solu-

tion (GASS) and the number of energy levels (NoEL) of the corresponding informational

structure are calculated at each time instant. In order to assess how different the distribu-

tions of the NoEL for awake, deep asleep, coma or deep meditation states are, a statistical

hypothesis test is calculated.
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Figure 1.5.3: A, Average NoEL for a Lotka-Volterra transform with α(t) fitted to

empirical data of 18 subjects awake (blue) and deep asleep (red). Differences between the

means of both brain states are significant. B, Standard deviation of the NoEL for deep

asleep state as a function of NoEL standard deviation for awake state. Clearly, in 17 out

of 18 subjects the standard deviation is larger in awake than in deep asleep state. Again,

the differences between the standard deviations of both brain states are very significant.

formation assuming that, behind consciousness, there are essentially causal
phenomena. This fact links IIT with information theory and causality theory
[31]. At the mathematical level, the IIT approach is based on graphs whose
nodes are logical gates and from them calculates transition probabilities that
describe the causality between their consecutive discrete states [30]. How-
ever, the modern development of the DST is disregarded. In addition, the
practical application of IIT is very limited.

By contrast, Chapter 8 propose an easily implementable approach on
how the information and integration postulates of IIT could be interpreted
for a continuous dynamical system. IIT’s current mathematical framework
(IIT 3.0) is defined for discrete dynamical systems only. But this thesis, in
Chapter 8, not only presents a continuous (in time and in the values of the
variables) version for the concept of integrated information, but also employs
dynamics defined on networks taking advantage of the global brain dynamics
approach in which the whole brain can be represented as a network whose
nodes have a particular dynamics over time [32, 7, 33, 34]. Furthermore,
this continuous version proposes a highly formal mathematical formulation
complementing the theoretical framework of the IIT from the perspective of
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dynamical systems.
From this perspective, the basis for the proposed continuous approach is

again the IS of a DS, obtained from the system’s GA for all initial conditions.
The detailed description of the GA and its IS shows the cause-effect power of
a DS in a state and, therefore, can characterize the quantity and quality of the
information, and the way in which it is integrated. The presented approach
can be seen as a contribution to IIT, some of whose postulates are formally
applied to gradient dynamical systems (DSs in which a Lyapunov function is
defined). Then, a transition probability matrix (TPM) can be obtained for
the disjoint invariant subsets of the GA. The TPM is the starting point for
the information and integration computations.

These postulates will be applied to examples of LV systems. Finally, it
will be provided how the quantitative and qualitative characterization of the
integrated information depends on the geometry of the structural network
for different topologies.

1.7 Work in progress

The same process described for translating brain activity (time series of
BOLD signals) into attractor landscape (time series of attractors) can be
applied to different data sets. In Chapter 6 sleep data are used. But cur-
rently all this process is being applied to meditation data and coma data.
Some provisional results are shown in Section 9.6.



Chapter 2

Neuroscience background

2.1 Neurons and neurotransmitters

A typical neuron consists of a cell body (soma), dendrites, and a single axon.
Dendrites are branched extensions that propagate the stimulation received
from other neurons to the soma. An axon is a long projection that conducts
electrical impulses known as action potentials away from the soma. A synapse
is the connection linking neuron to neuron. Via the synapse signal flows in
one direction, from the presynaptic neuron to the postsynaptic neuron.

Membrane potential, or membrane voltage, is the difference in electric po-
tential between the interior and the exterior of a biological cell. With respect
to the exterior of the cell, typical values of membrane potential ranges from
–40 mV to –80 mV. If the membrane potential reaches the threshold poten-
tial, generally 5 - 15 mV less negative (higher) than the resting potential,
the neuron initiates (triggers) an action potential.

Excitatory neurons (as, for instance, pyramidal neurons) are defined as
neurons that triggers a positive change in the membrane of a post synap-
tic neuron they connect to, by means of an excitatory postsynaptic potential
(EPSP), a postsynaptic action potential that makes the post synaptic neu-
ron more likely to fire an action potential. An inhibitory neuron (as, for
instance, an interneuron) triggers a negative change in the membrane of the
post synaptic neuron by means of an inhibitory postsynaptic potential (IPSP)
which makes the postsynaptic neuron less likely to generate an action poten-
tial.

When the action potential arrives to the synapse, neurotransmitters act

26
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in only one of two ways: excitatory or inhibitory. A neurotransmitter influ-
ences trans-membrane ion flow either to increase (excitatory) or to decrease
(inhibitory) the probability that the cell with which it comes in contact will
produce an action potential. AMPA and NMDA are the most common neu-
rotransmitters associated with EPSPs in the brain, while GABA is the most
common one associated with IPSPs.

2.2 Connectivity and states

A connectome is a comprehensive map of neural connections in the brain.
White matter is the tissue through which messages (axons) pass between
different areas of grey matter within the central nervous system. Structural
(or anatomical) connectivity refers to the existence of white matter tracts
connecting different brain areas. Functional and effective connectivity are
neuroimaging terms. While functional connectivity (FC) only refers to sta-
tistical dependence (correlation) of the signal from different areas (that are
assumed to be structurally connected), effective connectivity brings in the
element of causation, i.e. a signal, activation in one area directly causes a
change or signal, activation or depression, in another area.

Regions of interests (ROIs) provide the structural substrates or nodes for
measuring brain connectivities. A brain atlas is composed of serial sections
along different anatomical planes of the brain where each relevant structure
is assigned a number of coordinates to define its outline or volume. Notable
examples include the Allen Brain Atlas, BrainMaps, and BigBrain. Auto-
mated Anatomical Labeling (AAL) is a software package and digital atlas of
the human brain used to obtain neuroanatomical labels for the locations of
ROIs in 3-dimensional space where the measurements of some aspect of brain
function were captured. The software projects the divisions in the brain atlas
onto brain-shaped volumes of functional data.

A connectivity matrix is a compact and systematic way to represent a
brain network. For example, whole-brain structural connectivity matrices
(SCMs) show direct structural connections between each pair of ROIs.

In neuroscience, tractography represents nerve tracts. The results are
presented in two- and three-dimensional images called tractograms. Diffusion
Tensor Imaging (DTI) is an imaging technique that can be used to evaluate
white matter and, hence, SCMs, in the brain. Using DTI, the orientation
and direction of white matter fiber tracts can be visualized and quantified.
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This method involves quantifying the orientation and directional uniformity
of water diffusion in brain tissue. In white matter, the mobility of water is
restricted in directions perpendicular to the axons oriented along the fiber
tracts, and thus the orientation and direction of these fibers can be traced.

In awake state it is called resting state, or task-negative state, when an
explicit task is not being performed. Sleep is traditionally subdivided into
different stages that alternate in the course of the night, mainly non-rapid-
eye-movement (NREM) and rapid-eye-movement (REM) sleep. NREM is
further subdivided into falling asleep (N1), NREM sleep (N2), NREM sleep
(N3). From N1 to N3, traveling brain waves are slower and more synchro-
nized. N3, the deepest stage of NREM, is referred to as deep or slow-wave
sleep.

2.3 Measuring Brain Signals: EEG and fMRI

An electroencephalogram or EEG, allows us to detect the activity of ensembles
of neurons using electrodes placed on the scalp. EEGs can detect changes
over milliseconds, which is excellent considering an action potential takes
approximately 0.5–130 milliseconds to propagate across a single neuron, de-
pending on the type of neuron. EEG reflects correlated synaptic activity
caused by post-synaptic potentials of cortical neurons. The ionic currents in-
volved in the generation of fast action potentials may not contribute greatly
to the averaged field potentials representing the EEG. More specifically, the
scalp electrical potentials that produce EEG are generally thought to be
caused by the extracellular ionic currents caused by dendritic electrical ac-
tivity.

Functional magnetic resonance imaging or functional MRI (fMRI) mea-
sures brain activity by detecting changes associated with blood flow. This
technique relies on the fact that when an area of the brain is in use, blood
flow to that region also increases. The primary form of fMRI uses the blood-
oxygen-level dependent (BOLD) contrast. This is a type of specialized brain
scan used to map neural activity in the brain by imaging the change in blood
flow (hemodynamic response) related to energy use by brain cells. This mea-
sure is frequently corrupted by noise from various sources; hence, statistical
procedures are used to extract the underlying signal. The technique can lo-
calize activity to within millimeters but, using standard techniques, no better
than within a window of a few seconds. Hence, fMRI has time resolution of
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a few seconds.
EEG measures the electrical activity of the brain directly, while fMRI

records changes in blood flow which is an indirect marker of brain electrical
activity. EEG can be used simultaneously with fMRI so that high-temporal-
resolution data can be recorded at the same time as high-spatial-resolution
data, however, since the data derived from each occurs over a different time
course, the data sets do not necessarily represent exactly the same brain
activity. There are technical difficulties associated with combining these two
modalities, including the need to remove the MRI gradient artifact present
during MRI acquisition and the ballistocardiographic artifact (resulting from
the pulsatile motion of blood and tissue) from the EEG.

2.4 Brain rhythms

Neural oscillations, or brainwaves, are rhythmic or repetitive patterns of neu-
ral activity in the central nervous system. Neural tissue can generate oscil-
latory activity in many ways, driven either by mechanisms within individual
neurons or by interactions between neurons. In individual neurons, oscilla-
tions can appear either as oscillations in membrane potential or as rhythmic
patterns of action potentials, which then produce oscillatory activation of
post-synaptic neurons. At the level of neural ensembles, synchronized ac-
tivity of large numbers of neurons can give rise to macroscopic oscillations,
which can be observed in an electroencephalogram.

Generally, brain rhythms -time and frequency variations and spectral con-
tent of voltage fluctuations or waves- in some way uncover activity during
both rest periods and specific events in which the subject is under stimu-
lus. Oscillatory activity in groups of neurons generally arises from feedback
connections between the neurons that result in the synchronization of their
firing patterns. The interaction between neurons can give rise to oscillations
at a different frequency than the firing frequency of individual neurons. Well-
known examples of macroscopic neural oscillations are alpha beta, gamma,
delta and theta activity. Intrinsic oscillatory behavior was encountered in
vertebrate neurons, but its functional role is still not fully understood. The
possible roles of neural oscillations include feature binding, information trans-
fer mechanisms and the generation of rhythmic motor output. Over the
last decades more insight has been gained, especially with advances in brain
imaging. A major area of research in neuroscience involves determining how
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oscillations are generated and what their roles are.
For both EEG and fMRI brain signals, a band-pass filter is a mathematical

tool or a device that passes frequencies within a certain range and rejects
(attenuates) frequencies outside that range.

2.5 Global brain dynamics and models

This Section summarizes models shown in [32, 35, 36].
Using fMRI in the resting state and during tasks, functions of the connec-

tome circuits are being studied. To understand how neural structures result
in specific functional behavior such as consciousness, it is necessary to build
theories that relate functions to anatomical connectivity. However, the bond
between structural and FC is not straightforward. Computational models of
whole-brain network dynamics are valuable tools to investigate the role of
the anatomical network in shaping FC.

The dynamics emerges spontaneously from the interplay between brain
areas when these are embedded in the neuroanatomical network. By means
of whole-brain network models, constrained by realistic structural connectiv-
ity (SC), one can explore how large-scale interactions give rise to the sponta-
neous emergence of resting-state fluctuations. To investigate the spontaneous
dynamics of interacting brain areas at the whole-brain scale, it is useful to
go beyond the microscopic activity of individual neurons and consider in-
stead the mesoscopic behaviour of large populations of neurons, or neuronal
ensembles.

Although simulations of detailed models at the cellular level are becom-
ing computationally feasible, reduced neural-mass models, despite their low
spatial resolution, allow a comprehensive study of the large-scale interactive
dynamics with relatively low parametric complexity. This approach is moti-
vated by neuroimaging observations showing that neurons within a densely
connected neural ensemble tend to share the same physiological properties,
exhibit dense reciprocal interconnectivity and show strong dynamical corre-
lations. Neural-mass models can be extended to neural-field models, where
the expected state of a neuronal population becomes a function of both time
and position on the brain’s spatially continuous cortical sheet. Usually, how-
ever, models of whole-brain resting-state dynamics have represented brain
areas as isolated points in space (or point-masses).

Following different reduction lines, a number of studies have contributed
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for the understanding of resting-state dynamics using neural-mass models
coupled according to the brain’s anatomical architecture. All these models
rely on the assumption that resting-state activity arises solely from synap-
tic interactions between brain areas and disregard the role of physiological
signals (such as blood flow, vessel structure and cerebrospinal fluid) which
vary strongly across the human brain and even display very slow (< 0.1 Hz)
fluctuations.

The anatomic structural (SC) matrix expresses the density of fibers be-
tween those brain areas as derived from DTI based tractography. The whole-
brain computational model consists of n anatomically interconnected brain
areas (cortical and subcortical nodes). More specifically, the underlying em-
pirical anatomic SC matrix couple the local dynamics of each brain area to
emulate the empirically observed functional resting brain dynamics. In this
way, models explicitly link structure (anatomy) and function (BOLD signal).
The global coupling parameter is usually the control parameter with which
can be studied the optimal dynamical working region where the simulations
maximally fit the empirical data.

In the following, the main models of resting-state activity are reviewed.

2.5.1 Conductance-based biophysical model

Through a realistic anatomical structure [9] and using a biophysical neural-
mass model [37] the conductance-based model of neuronal dynamics [38]
includes as the main dynamical variable the mean membrane potential of
pyramidal cells V , which is governed by the conductance of sodium (gNa),
potassium (gK) and calcium (gCa) ions through voltage-gated channels, plus
the passive conductance of ‘leaky’ ions (gL). The total current flow across
pyramidal cell membranes is given by:

C
dV

dt
= −gCamCa(V −VCa)−gNamNa(V −VNa)−gKW (V −VK)−gL(V −VL)

where gion is the maximum conductance of each population of ions, mion

is the fraction of open ion channels (W for potassium ion channels), and
Vion is the Nernst potential for that ion species. All equations and parame-
ters are non-dimensional and normalized to neural capacitance C = 1. Each
voltage-gated channel opens when the membrane potential overcomes a given
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threshold, Tion. For a large population of ion channels, Tion assumes a Gaus-
sian distribution (with variance δion) and hence, the fraction of open ion
channels is given by the following (sigmoid-shaped) function:

mion = 0.5

(
1 + tanh

(
V − Tion
δion

))
.

The fraction of open potassium channels W is defined differently be-
cause these channels ‘relax’ from one state to another at an exponential rate.
Therefore, W is governed by

dW

dt
=
φ(mK −W )

τ

where φ is a temperature scaling factor and τ is the ‘relaxation’ time constant.
To introduce synaptic interactions between neurons within the same neu-

ral ensemble, the average firing-rates of excitatory (QV ) and inhibitory neu-
rons (QZ) is calculated and introduced as a feedback term subsequent to cell
firing to represent neurotransmitter release. At the cell soma, the membrane
potential triggers an action potential if it exceeds a threshold. Averaging
this over the ensemble of neurons and assuming once again a Gaussian dis-
tribution, the cell firing rates can be obtained by the following equations:

QV = 0.5×QV max

(
1 + tanh

(
V − VT
δV

))
,

QZ = 0.5×QZmax

(
1 + tanh

(
Z − ZT
δZ

))
,

where Qmax is the maximum rate of firing of the excitatory or inhibitory
neurons. The firing of each population feeds back onto the ensemble and
raises or lowers the membrane potential accordingly.

Excitatory to inhibitory and inhibitory to excitatory connections are mod-
elled as additional inputs to the flow of ions across the membrane channel,
weighted by functional synaptic factors, aei and aie respectively. In addition,
excitatory to excitatory connections are modelled with greater physiological
detail: the mean firing rate QV is assumed to lead to a proportional release
of glutamate neurotransmitter across the synapse, which diffuses onto two
classes of ligand-gated ion channels. On one side, AMPA receptors open ad-
ditional sodium channels, increasing the net conductance of sodium flow. On
the other, NMDA receptors open an additional population of voltage-gated
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calcium channels, increasing the maximum conductance of voltage-gated cal-
cium channels. Incorporating these specifications, the membrane potential
of excitatory (V ) and inhibitory (Z) is given by:

dV

dt
= −(gCa + rNMDAaeeQV )mCa(V − VCa)− (gNamNa + aeeQV )(V − VNa)

−gKW (V − VK)− gL(V − VL) + aieZQZ + aneIδ,

dZ

dt
= b(aiiIδ + aniV QV ),

where Iδ corresponds to ‘nonspecific’ subcortical excitation with amplitude I
modulated by a random noise component of amplitude δ added to both popu-
lations with weights ane and ani. aee scales the local excitatory-to-excitatory
synaptic strength and rNMDA denotes the number of NMDA receptors rela-
tive to that of AMPA receptors.

These equations depict the behaviour of one population of densely in-
terconnected excitatory and inhibitory neurons. To model interaction of N
coupled neural-masses it is necessary to introduce long-range excitatory pro-
jections between pyramidal cells. These long-range projections are modelled
to target the same populations of NMDA and AMPA receptors targeted by
the short-range excitatory projections. Representing each node with an index
n = 1, ..., N , the following equation describes the mean membrane potential
of pyramidal cells at position xn:

dV (xn)

dt
=

− (gCa + (1− c)rNMDAaeeQV (xn) + crNMDAaeeQV (xn))mCa (V (xn)− VCa)

− (gNamNa + (1− c)aeeQV (xn) + caeeQV (xn)) (V (xn)− VNa)

−gKW (V (xn)− VK)

−gL (V (xn)− VL) + aieZQZ(xn) + aneIδ.
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2.5.2 The FitzHugh–Nagumo model

The global brain dynamics can be simulated using FitzHugh–Nagumo equa-
tions [39, 40] coupled according to anatomical connectivity. Two state vari-
ables are defined, un and vn, representing the membrane potential and the
recovery potential correspondingly, for each node n. A parameter c scales
all connection strengths without altering the connection matrix Cnp nor af-
fecting the associated time delays ∆tnp. The following differential equations
describe the dynamics of the state variables, with corresponding additive
noise nu and nv:

u̇n(t) = g(un, vn) + c
N∑
p=1

Cnpup(t−∆tnp)+nu(t)

v̇n(t) = h(un, vn) + nv(t)

The functions g and h are defined as follows:

g(un, vn) = τ

(
−vn+γun −

u3
n

3

)
,

h(un, vn) =
1

τ
(un + α− βvn)

2.5.3 The Wilson–Cowan model

Wilson and Cowan [41] analyzed the properties of ensembles of excitatory
and inhibitory neurons using methods from statistical mechanics, based on
the mean-field approach. They considered a population of excitatory neurons
coupled with a population of inhibitory neurons. The model consists of a set
of differential equations that describe the time evolution of the mean level
of activity of a neural population, using a nonlinear sigmoid function to
represent the interactions between the populations. The activity of a pool of
excitatory (pyramidal) neurons without external input, E(t), is given by the
following equation:

τ
∂E(t)

∂t
= −E(t) + φ(E(t)),

where τ is the membrane time constant, −E(t) means that the activity decays
in time if no stimulation is received, and the last term takes into account the
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recurrent excitatory stimulation from all the neurons in the same pool. The
response function transforming the current into discharge rates is given by:

φ(x) =
c

1− e−a(x−b) .

Considering now the two populations of the Wilson–Cowan module are
coupled together, one with only excitatory neurons, E(t), and another with
only inhibitory neurons, I(t), the dynamics of such module is given by the
following 2 differential equations:

τ
∂E(t)

∂t
= −E(t) + φ (Ib + w+x(t)− I(t)) + δ(t),

τ
∂I(t)

∂t
= −I(t) + φ(wIE(t)) + δ(t),

where Ib is a diffuse spontaneous background input, and δ is additive inde-
pendent Gaussian noise with mean value zero. The noise level is given by
the variance δ2. To model the global brain network [7], N Wilson–Cowan
modules, each representing a cortical region, are coupled according to the
neuroanatomical connectivity, using the connectivity matrix Cnp and the de-
lays Dnp:

τ
∂En(t)

∂t
= −En(t) + φ

(
Ib +

N∑
p=1

αCpnEp(t−Dpn)− In(t)

)
+ δn(t),

and

τ
∂In(t)

∂t
= −In(t) + φ(wIEn(t)) + δn(t),

α regulates the global coupling strength and recurrent couplings were set to
Cnn = w+/α.

2.5.4 The Kuramoto model

The Kuramoto model has been used to simulate synchronization behaviour
in a wide variety of fields, including biological systems and neural dynamics
[42]. The reduction of a neural-mass dynamics to a phase oscillator is made
in an abstract way, supported by a number of experimental and theoretical
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studies showing that neural activity at the population level usually exhibits
oscillations with a moderate level of synchrony, due to a balance in the firing
rates of excitatory and inhibitory neurons, mainly in the gamma frequency
range (30–80Hz) [43]. According to the Kuramoto model, the behaviour
of coupled oscillators in nature can be modelled as a sine function of the
phase difference between the two oscillators. Without delays, coupled os-
cillators tend naturally towards synchronization, as long as the coupling is
sufficiently strong to engage phase interactions. However, in the particular
case of heterogeneous delays, like in the brain, has only recently begun to be
addressed theoretically [44].

Denoting by θn(t) the phase of node n at time t, it then obeys the following
dynamical equation:

dθn
dt

= ωn + k
N∑
p=1

Cnpsin(θp(t− τnp)− θn(t)), n = 1, ..., N

where Cnp is the structural coupling strength from node p to node n, and k is
the global coupling strength which scales all connection strengths. The delay
τnp between node p and node n is calculated using τnp = Lnp/v, where Lnp
is the distance between nodes and v is the conduction velocity. fn = ωn/2π
is the intrinsic or natural frequency of node n.

At the network level, the synchrony of a group of nodes N can be evalu-
ated by the order parameters R(t) and Φ(t), jointly defined by

R(t)eiΦ(t) =
1

N

N∑
n=1

eiθn(t);

where R(t) measures phase uniformity and varies between 0 for a fully desyn-
chronized state and 1 for a fully synchronized state, and Φ(t) represents the
phase of the global ensemble.

An unstable synchronization of subsets of brain areas (or functional net-
works), leads to slow fluctuations in the synchrony degree R(t). The intensity
of these fluctuations is given by the standard deviation of R, σR, which in-
dicates the degree of metastability of the system [45].

2.5.5 Node model in asynchronous state

This is a simplified model consisting in a linearized version of the Fokker–
Planck equation. Differently from the Kuramoto model described previously,
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this model builds on the assumption that local neural networks are in a sta-
ble asynchronous state where no oscillations develop. This model proposes
that the resting-state BOLD signal fluctuations are generated by slow, noise-
induced firing-rate deviations around the steady state and not by interactions
of fast oscillatory signals. As such, in this model, the fast oscillatory per-
turbations are neglected and only the slow frequencies (< 0.4 Hz) captured
by Balloon–Windkessel model [46] are considered. Therefore, the dynamics
can be approximately described by the exponentially decaying perturbations
responsible for the low-frequency part of neuronal activity. Consequently,
for each brain area n, the firing rate deviations rn(t) obey the following first
order stochastic differential equation:

τ0
drn
dt

= −rn(t) +
k

c1

N∑
p=1

Cnprp(t− τnp) + σηn(t), n = 1, ..., N

where k is the global excitatory coupling level between nodes (k > 0). Cnp
and τnp are the structural coupling strength and the conduction delay from
region p to region n, specified by the white matter connectivity. σ is the
noise level and the terms ηn(t) are uncorrelated white Gaussian noises with
zero mean and unit variance (< ηn(t) >= 0 and < ηn(t)ηp(t

′) >= δnpδ(t− t′),
where δnp is the Kronecker symbol and δ(t) denotes the Dirac delta function).

2.5.6 Attractor network of spiking neurons

In this model an increased degree of realism was introduced [26]. Each area
(or node) in the global brain network is modelled as a local spiking network
consisting of mutually interconnected populations of excitatory pyramidal
neurons and GABAergic inhibitory neurons. In other words, it is a network
of networks, specified by a large set of coupled equations describing each
neuron and synapse.

The local networks consist of integrate-and-fire spiking neurons with ex-
citatory (AMPA and NMDA) and inhibitory (GABA-A) synaptic receptor
types [47]. Neurons in each local network were divided into two popula-
tions: one of NE excitatory pyramidal and one of NI inhibitory neurons.
The neurons’ spiking activity was described by the classical Integrate-and-
Fire model, which specifies the membrane potential V (t) as a function of
the input currents coming from connected neurons and of external inputs.
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While the membrane potential of each neuron in the network is below a given
threshold Vthr, V (t) is given by the following equation:

Cm
dV (t)

dt
= −gm(V (t)− VL)− IM − gAMPA,ext(V (t)− VE)

Next∑
j=1

SAMPA,ext
j (t)

−gAMPA,rec(V (t)− VE)

NE∑
j=1

wjS
AMPA,rec
j (t)

−gNMDA
(V (t)− VE)

1 + λe−βV (t)

Next∑
j=1

wjS
NMDA
j (t)− gGABA(V (t)− VI)

NI∑
j=1

wjS
GABA
j (t).

When the membrane potential crosses the threshold Vthr, the neuron gen-
erates a spike. The spike is transmitted to other neurons and the membrane
potential is instantaneously reset to Vreset and maintained there for a re-
fractory time tref , during which the neuron is unable to spike. gm is the
membrane leak conductance, Cm is the capacity of the membrane and VL is
the resting potential. The membrane time constant is defined by τm = Cm/gm.
The synaptic input current is given by the last four terms of the equation, cor-
responding to glutamatergic AMPA (IAMPA,ext) external excitatory currents,
AMPA (IAMPA,rec) and NMDA (INMDA) recurrent excitatory currents, and
GABAergic recurrent inhibitory currents (IGABA) with the their respective
synaptic conductances gAMPA,ext, gAMPA,rec, gNMDA and gGABA. VE and VI
are the excitatory and inhibitory reversal potentials. The weight of recurrent
self-excitation wj is given by w+ = 1.55 within excitatory populations, and
w = 1 within inhibitory populations. The connections between excitatory
and inhibitory neurons are weighted w = 1.

The gating variables SIj (t) represent the fraction of open ion channels on
the membrane of neurons. For I = AMPA or GABA receptor types, the
gating variables are given by:

∂SIj (t)

∂t
= −S

I
j (t)

τI
+
∑
k

δ(t− tkj )

For NMDA synapses, the gating variables are specified as:

∂SNMDA
j (t)

∂t
= − SNMDA

j (t)

τNMDA,decay

+ αxNMDA
j (t)(1− SNMDA

j (t))
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∂xNMDA
j (t)

∂t
= − x

NMDA
j (t)

τNMDA,rise

+
∑
k

δ(t− tkj )

The sums over the index k represent all the spikes emitted by the presy-
naptic neuron j at times tkj . τAMPA and τGABA are the decay times for AMPA
and GABA synapses, and τNMDA,rise and τNMDA,decay are the rise and decay
times for the NMDA synapses. In addition, all neurons in the system re-
ceive an external background input representing the noisy fluctuations that
are typically observed in vivo arising from finite-size effects of the spiking
dynamics of the individual neurons. These fluctuations are represented by
uncorrelated Poisson spike trains with a time-varying rate νpext(t) governed
by:

τn
∂νpext(t)

∂t
= −(νpext(t)− ν0) + σν

√
2τnn

p(t)

where σν is the standard deviation of νpext(t) and np(t) is normalized Gaussian
white noise. Negative values of νpext(t) that could arise due to the noise term
are rectified to zero.

2.5.7 Dynamical mean-field models

This is a modified version of the mean-field model designed by [48], to de-
scribe the mean neural activity for each brain region, following the reduction
performed in [49]. The resulting neural mass equations are given by:

dSi
dt

= −Si
τS

+ (1− Si)γRi + σηi(t)

Ri =
axi−b

1− exp[−d(axi−b)]

xi = wJNSi + JNG
∑
j

CijSj + I0

where Si represents NMDA synaptic input currents and τS the NMDA decay
time constant; Ri are collective firing rates; γ is a kinetic parameter; a, b,
and d are parameters values for the input–output function; xi are the total
synaptic inputs to a region; JN is an intensity scale for synaptic currents;
w is the relative strength of recurrent connections within the region; and
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Cij are the entries of the SC matrix globally reweighted by a single scalar G
adjusted as a control parameter; σ is the noise amplitude; and η is a stochastic
Gaussian variable with a zero mean and unit variance. Finally, I0 represents
the external input and sets the level of regional excitability. Different sets
of parameters yield different neural network dynamics and patterns of FC
non-stationarity.

2.5.8 The linear stochastic model

In this model no neural mass dynamics are adopted. The neural activity of
each brain region was provided by a linear stochastic model [35], which can
be written as follows:

dri
dt

= −ri(t) +G
∑
j

Cijrj(t) + σηi(t)

where ri are activities of different brain regions and, as before, G is a scalar
used to rescale the weights Cij of the connectivity matrix, σ is the noise
amplitude and ηi are stochastic Gaussian variables with a zero mean and
unit variance.

2.5.9 Hopf whole-brain model

The Hopf whole-brain computational model consists of n anatomically inter-
connected brain areas (cortical and subcortical nodes). More specifically, the
underlying empirical anatomic SC matrix Cij couple the local dynamics of
each brain area to emulate the empirically observed functional resting brain
dynamics. In this way, the Hopf model explicitly link structure (anatomy)
and function (BOLD signal). As described in the literature [36], the whole-
brain dynamics are given by the following set of coupled equations:

dxj
dt

= (aj − x2
j − y2

j )xj − ωjyj +G
∑
i

Cij(xi − xj) + βηj(t), j = 1, ..., n

dyj
dt

= (aj − x2
j − y2

j )yj − ωjxj +G
∑
i

Cij(yi − yj) + βηj(t), j = 1, ..., n
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Where ηj is additive Gaussian noise with standard deviation β and ωj
is the intrinsic frequency. The anatomic structural matrix Cij, coupling the
local dynamics of nodes i and j, expresses the density of fibers between those
n brain areas as derived from DTI based tractography.

2.5.10 Final comments

As previously mentioned, the gap between SC and FC is not evident. These
models usually aims to function as a bridge-builder between SC and FC by
introducing the SC as initial data and calculating the FC from the simulation
results. The difference between the simulated FC and the empirical FC can
be minimized with an appropriate choice of model parameters. The values
of the parameters already fitted usually provide very relevant information on
the dynamic characteristics of the brain as a system.

Some models give results closer to empirical FC than others. Over the
past few years, a simplification of the models was observed giving, however,
increasingly better results. This is because the relevant information for the
calculation of the FC is in the term of coupling which include the SC γij.
It appears on all models and, in fact, during the completion of this thesis I
found that the model that manages to simulate more accurately the FC is
not even a differential equation but simply the matrix model:

ui = g
∑
j 6=i

γijuj + σvi

where g is a parameter of renormalization, σ is the noise level, and the vi
stand for uncorrelated Gaussian noise with zero mean and unit variance.
This spatial autoregressive model can be seen as the reduction of all the
previously explained models to the coupling term. This finding, however,
had been previously published ([35]) in 2014.

Other measures to assess the goodness of the models are metastability
and functional connectivity dynamics. For example, metastability is usually
measured with the standard deviation σR of the Kuramoto order parameter
R, where R is the module of the complex number 1

n

∑n
j=1 e

iθj .
However, what really expresses σR is a variability in the overall synchro-

nization of the system. In Chapter 6 a novel alternative is presented as a
measure of metastability, called structural metastability, which attempts to
assess the tendency of the system to change local attractors.



Chapter 3

Phase transitions in a network
of neurons

In this chapter it is studied a networked model of excitatory and inhibitory
neurons in which a random input generates brainwaves. Also, different types
of behavior are qualitatively identified as a noise parameter is changed. Ac-
tual types of rhythm (e.g., α,β and γ) waves are obtained as they are observed
in the brain, and the details of the involved complex phenomena are iden-
tified, including a precise relationship between the input intensity and the
frequency of the network collective response to it. It is also discussed on
the potentiality of this model to understand different brain mechanisms, and
sketched simple experiments to search for “stochastic resonances” that will
be able to locate main qualitative changes of mental behavior. This Chapter
is based on [50] published in April 2020.

3.1 Introduction

There has been a growing interest in investigating the occurrence of phe-
nomena associated with phase transitions and thermodynamic criticality
during the operation of neural media using some novel experimental tech-
niques, available connectome data and biological-inspired theoretical ap-
proaches [51, 52, 53, 54, 55]. In particular, it is now believed that a kind
of critical behavior of the brain, which mimics the essential characteristics
of phase transition phenomena, such as condensation and ferromagnetism,
is at the origin of the good processing observed throughout the brain of the

42



CHAPTER 3. PHASE TRANSITIONS IN A NETWORK OF NEURONS 43

signals that come from different areas and the senses [56, 57, 58, 55]. That is,
recently there has been definitive evidence that weak signals are transferred
optimally and even improved in a noisy environment when the system is in
a well defined region with a high susceptibility that occurs in the separation
of the phases of neuronal dynamics. This occurs mainly in those scenarios
in which the brain is shown just between qualitatively different types of be-
havior, and feasible procedures have been suggested to experimentally detect
phase transitions in the activity of real brains [53]. Following this promising
path, this chapter investigates the possibility of visualizing phase transitions
through measurements of brain activity that can be easily extracted using
EEG records. It also follows from this proposal how to design specific stimuli
to control these dynamic phases and eventually modify some of their prop-
erties, for example, in cases of dysfunction.

With that aim, here it is presented a numerically simulated neuronal ac-
tivity model. This model generalizes and formalizes a previous one [59] and
fits into a familiar mathematical framework such as that of differential equa-
tions. As novelties numerical simulations include a great temporal precision
with a time step of 40 millionths of a second and a noisy input as a variable
parameter. It is also considered a possible input signal that makes the model
useful for revealing and analyzing phase transitions. This model includes a
realistic balance between excitation and inhibition, based on real data from
the human brain [3]. The intrinsic noise term of the differential equation is
interpreted as a noisy input arriving each neuron in the network that mimics
the excitatory activity of other areas of the brain that are projected into the
system.

This configuration of the model allows to deepen how the oscillation pat-
terns emerge and to infer the precise role of noisy input in causing familiar
rhythms in the human brain. Thus, it turns out that not only the alpha
rhythms but also the beta, gamma and ultrafast oscillations could be only
different ways in which the same “noise” is filtered by the neural network.
That is, it can be proposed that the cause of the waking brain waves is uni-
versal in this context, which allows considering a unique mechanism for any
of the voltage fluctuations mentioned with only one relevant parameter. This
is the intensity of the sum of all inputs, whether noisy or constant, that reach
the network from other areas of the brain. Finally, the intensity of the input
is accurately related to the frequency of the resulting dynamical response and
it is shown how to use an external signal by a simple experiment to identify
phase changes using the mechanism of stochastic resonance (SR) [1].
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The close relationship between the oscillatory emergent behavior in this
system and the real brain waves such as those observed, for example, in EEG
recordings, suggests that the same SR experiments to detect the transitions of
phases modeled here mathematically can be performed in real brains design-
ing the appropriate psychophysical experiments. These experiments would
show the high susceptibility of brain activity to stimuli given in the presence
of the appropriate level of noise.

Finally, it is shown, in some phases of the activity, that the interplay
between inhibition and excitation in this model is similar to predator-prey
relationship in Lotka-Volterra (LV) model. Hence, here it is found one reason
to apply the LV equations in the global brain dynamics in Chapter 6 and in
Integrated Information Theory in Chapter 8.

3.2 Model and methods

The starting point is a regular two-dimensional network on a torus —in
which periodic boundary conditions avoid surface effects and simulate a larger
system— with N nodes each holding either an excitatory (E ) or an inhibitory
(I ) neuron as depicted in Left panel of Fig. 3.2.1. They interact with each
other such that any E excites one or more I s as long as the membrane voltage
of the former exceeds a given threshold potential, and when any I exceeds its
own threshold it will inhibit a group of E s (negative feedback). No delays are
considered, which might exclude very extensive networks, and both positive
feedback of E s (any E stimulating another E ) and negative feedback of I s
(any I inhibiting other I ) are also neglected. Furthermore, according to
histological data —showing that, in portions of the cortex, there are about
four times more excitatory than inhibitory neurons [60, 61, 62, 63]— the
E/I ratio is assumed here to be 4, so that any I neuron receives effective
excitatory inputs from 32 surrounding E s and any I neuron projects upon
12 surrounding E s, as illustrated in Left panel of Fig. 3.2.1.

3.2.1 Network dynamics

A dynamics of neurons in the network is considered such that first, it was
assumed that the membrane potential in the resting state of all neurons was
set to Vrest = −60mV , and that this potential can not decrease in the
course of hyperpolarization below Vmin = −80mV . Each neuron is fully
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Figure 3.2.1: Model features. Left panel: a portion of the actual network topology

(here in practice N = 180 nodes are considered), where filled circles stand for inhibitory

(I ) neurons and open circles represent excitatory (E ) neurons. In order to mimic biological

conditions (and following [59]), the largest of the two concentric circles drawn includes 32

E s which influence the I at its center, and the smallest concentric circle includes 12 E s

under the influence of that I . Right panel: an excitatory postsynaptic potential (EPSP;

topmost) and an inhibitory one (IPSP; lowermost) as modeled using the time-dependent

voltage functions V E(t) and V I(t) (see Subsection 3.2.1) for parameter values in [59],

namely, tmax = 4ms, ε = 0.3425V/s, η = −820V/s, τ1 = 16ms and τ2 = 26.3ms.

characterized by a potential or “voltage membrane” V which evolves in time
—below a given threshold for firing, Vth— according to a type of integrate-
and-fire dynamics [2] under various contributions, namely,

τ
dV (t)

dt
= −V (t) + Vin(t) + Vext (t) + Vnoise(t) + V0, (3.2.1)

where V0 = RI0 is a constant voltage term induced by a constant current I0

(so that R characterizes the neuron membrane resistance), and Vext stands
for an external well-defined signal that in practice is implemented as a sinus
(in order to trace it easily). These compete with a noise Vnoise, which cor-
responds to uncorrelated depolarizing signals from other areas of the brain,
and it is assumed here that such excitatory inputs occur at times that are
Poisson distributed with mean µ. This, which also characterizes the noise
distribution broadness, will be used as a principal parameter in this study.
Furthermore, a main contribution in (3.2.1) is the total signal Vin arriving to
the given neuron from its presynaptic (neighbor) neurons. In order to take
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phenomenological account of the observed dynamic behavior of synaptic con-
nections it is assumed that this may be written as

Vin(t) =

{
[Θ (t− tin)−Θ (t− tin − tmax)] ετ depolarizing inputs
ητΘ (t− tin) exp [− (t− tin) /τ ] hyperpolarizing inputs.

(3.2.2)
Here, tin is the time at which the presynaptic input occurs, the first line is
for the excitatory input of amplitude ετ and duration tmax arriving to the
neuron, and the second line stands for the exponentially-decaying inhibitory
input (decreasing η per unit time). Θ(X) is the Heaviside step function.

For V0 = Vext = Vnoise = 0, one may prove by exact integration of (3.2.1)
with (3.2.2) that the induced depolarizing and hyperpolarizing waves gener-
ated by a single input from an excitatory neuron and an inhibitory presy-
naptic one are, respectively,

V E(t) =


0 t ≤ tin
ετ1 {1− exp [−(t− tin)/τ1]} tin < t ≤ tin + tmax

λ exp [−(t− tin − tmax)/τ1] t > tin + tmax

(3.2.3)

and
V I(t) = η(t− tin) exp [−(t− tin)/τ2] , for t > tin, (3.2.4)

where λ ≡ V E (tin + tmax) = ετ1 [1− exp (−tmax/τ1)] and τ1 (τ2) is τ in (3.2.2)
for excitatory (inhibitory) inputs. That is, the absolute values of V E(t) and
V I(t) decay exponentially towards a membrane rest value after a time t = te
— being te = tin + tmax for V E(t) and te ≈ tin + 0.06 for V I(t) — with
respective characteristic times τ1 and τ2. These functions are illustrated in
Right panel of Fig. 3.2.1.

In order to reproduce the antecedent in [59] from this formalization, one
needs to discretize the above continuous dynamics by defining instants ti =
i∆t, i = 1, . . . , n, with ∆t a time interval. It is assumed to be ∆t = 40µsec
in practice. Then it is obtained from (3.2.1), for V0 = Vext = Vnoise = 0
and denoting Vi = V (ti), that this discretely evolves under the action of the
depolarizing and hyperpolarizing inputs, respectively, as

Vi+1 =


aEVi + ε∆t [Θ (i− iin)−Θ (i− iin − imax)]

aIVi + η∆tΘ (i− iin) exp [− (i− iin) (1− aI)]
(3.2.5)

where aE = 1 − ∆t/τ1, aI = 1 − ∆t/τ2 and iin is the time step at which
the presynaptic hyperpolarizing pulse occurs, that is, tin = iin∆t and imax =
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tmax/∆t = 100. One may generalize this expression to the cases of a train
of m depolarizing or hyperpolarizing pulses at temporal points i1, . . . , im by
writing, respectively:

Vi+1 = aEVi + ε∆t
m∑

k=1

[Θ (i− ik)−Θ (i− ik − imax)] , (3.2.6)

Vi+1 = aIVi + η∆t
m∑
k=1

Θ (i− ik) exp [− (i− ik) (1− aI)] . (3.2.7)

It should be noted here that several, either depolarizing or hyperpolarizing,
waves can occur at the same time step. Also noticeable is that the first
terms in these two equations correspond to the final exponential decreases
in absolute value toward the resting value of V after the last depolarizing
or hyperpolarizing pulses with characteristic time constants aE and aI , re-
spectively. Following [59] to prevent that during numerical simulations the
sum of depolarizing pulses in the second term of (3.2.6) makes the voltage
Vi to overpass its maximum value Vsat, a factor (Vsat − Vi) /Vsat is introduced
multiplying this term. Likewise, to prevent that the sum of hyperpolarizing
pulses in the second term of (3.2.7) makes Vi to go below its minimum Vmin,
a factor (Vmin − Vi) /Vmin is introduced. Therefore, the final dynamics for a
given neuron that receives m depolarizing pulses and l hyperpolarizing pulses
from the presynaptic neurons becomes

Vi+1 = aVi +
Vsat − Vi
Vsat

m∑
k=1

ε∆t [Θ (i− ik)−Θ (i− ik − imax)]

+
Vmin − Vi
Vmin

l∑
k=1

η∆tΘ (i− ik) exp [− (i− ik) (1− aI)] (3.2.8)

where a = aE or aI depending on whether the potential Vi after the last
received pulse is either above or below Vrest. On the other hand, for I neurons
which receive only depolarizing pulses from their presynaptic E neurons, the
final dynamics becomes

Vi+1 = aEVi +
Vsat − Vi
Vsat

m′∑
k=1

ε∆t [Θ (i− ik)−Θ (i− ik − imax)] . (3.2.9)
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Note that (3.2.1) involves the usual re-scaling V (t) → V (t) + 60mV of
the membrane potential in actual neurons [64] in order to get the neurons
membrane potential in the resting state Vrest = 0mV (instead of Vrest =
−60mV ). Then, the time evolution in (3.2.8) and (3.2.9) is also conditioned
by the fact that the neurons membrane potential is not allowed either to
decrease in the course of hyperpolarization below Vmin = −20mV (instead of
Vmin = −80mV ) nor exceed the saturation level Vsat = +90mV (instead of
Vsat = +30mV ) both limits within the known physiological range. Concern-
ing the model dynamics (3.2.8), note also that, for E neurons, the first sum
of its right-hand side is such that the times tk = ik∆t (k = 1, ...,m) at which
the depolarizing (excitatory) inputs arrive to these neurons from outside the
network are Poisson distributed; such term corresponds to Vnoise (see below).
Likewise, the second sum in (3.2.8) corresponds in this case to inputs from
I neurons that fire at times tk = ik∆t (k = 1, . . . , l) since E neurons only
receive inputs from inhibitory neurons in this model. On the other hand, in
the case of I neurons, the first sum in (3.2.8) corresponds to contributions
from E s in the network that fire at times tk = ik∆t (k = 1, . . . ,m′), and the
second term does not occur in this model since I neurons only receive inputs
from E s in the network and are isolated from the outside.

3.2.2 Inputs

The inputs Vext, Vnoise and V0 arrive only to the E cells since the I s play
the role of communication bridges among E s in this model. In particular,
only non-relay interneurons are considered, i.e., local or short-axon ones that
connect with other neurons but never with distant parts of the brain [65].
Therefore, the I s are isolated from external influences.

It is assumed also that, trying to reflect better reality, during numerical
simulations of the model Vnoise is a randomly distributed series of EPSPs
corresponding to depolarization waves, and E cells receive only uncorrelated
inputs. This choice for the noise is based on reports showing that often
these series of action potentials are Poisson distributed [66, 67]. The noise
level parameter µ represents the mean value of action potentials per one
hundred time steps and per cell, i.e., each excitatory cell has a probability
pnoise = µ/100 per unit time of receiving a depolarization wave from outside.
Then, to numerically simulate a Poisson distribution of inputs with mean µ,
it is assumed that each E receives random inputs from n external neurons
with probability pnoise/n of firing per time step with n large enough so that
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such binomial distribution becomes a Poissonian one.
It is worth noting that the stimulus Vext does not in general refer to a

sensory stimulus, given that this system can be interpreted as a small brain
module with just a few hundred neurons, and Vext may have electrochemical
contributions from neurons or brain areas outside that module.

3.2.3 Firing threshold

The physiological properties of E and I neurons are here assumed to be the
same. In particular, following known facts [64], the firing threshold of both
are set at Vth (= 6mV in practice) above the resting membrane potential and,
after firing, the threshold is changed to Vsat in order to numerically simulate
the absolute refractory period during one hundred time units (ta = 4msec).
Also, to simulate the relative refractory period once the absolute refractory
period lasts, the threshold value is considered decreasing exponentially. That
is, after firing an action potential at tf we have

Vth(t) =

{
Vsat tf < t < tf + ta
6 + (Vsat − 6) exp [−κ (t− tf − ta)] tf + ta < t.

where a good fit to the typical threshold stimulus strength required to elicit
an action potential during the relative refractory period is achieved, for ex-
ample, with κ = 2msec−1. This assumption in the model differs from the
standard integrate-and-fire models [2] which assume a constant Vth, reset the
membrane voltage at Vrest during the absolute refractory period, and assume
lack of a relative refractory period.

3.3 Results

3.3.1 Phase transitions in network activity

One can analyze the network behavior through different dynamical out-
put variables, including: (a) the sum of membrane potentials of E neu-
rons; (b) the same for I neurons; and (c) the action potentials density
leaving the network via axons, i.e., the fraction of firing E neurons, i.e,
ρ(t) = (1/NE)

∑NE

i=1 s
E
i (t) where sEi (t) = 1, 0 if the E neuron is firing or not

at time t. Since the number of E s is dominant, (a) is identified with the
EEG signal which, therefore, is assumed to be the extracellular replica of the
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membrane time variation. This is a sensible assumption since EEG exper-
iments are expected to record at a site on the scalp the summed electrical
field potentials from all cortical neurons in a certain volume of tissue under
the electrode.
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Figure 3.3.1: (A) Example of the noisy time series that 12 × 12 E neurons receives

each one from n = 100 external E neurons from outside the network. In practice, the

number of external action potentials each E neuron receives each time step ti = i∆t is

computed from such distribution (B), and add this number to the number of depolarization

waves in the sum appearing in (3.2.8). (C) Emergent output as measured by the average

membrane potential of all the E neurons. Its features are shown in panel (D) including the

corresponding probability distribution and (in the inset) the sharp power spectral density.

Under the dynamics explained above, the system quickly reaches a steady-
state after few milliseconds —typically in around 100∆t steps— from any
initial condition. Although it will be more realistic to include also in the
average (a) the membrane potentials of the I neurons (in fact an EEG elec-
trode can detect E and I membrane potentials), their main effect will be the
appearance of a delayed phase and perhaps very small amplitude variations
in the resulting oscillatory wave.

Consider first the case in which Vext = V0 = 0 (and therefore I0 = 0) so
that the only input in Eq. (3.2.1) besides Vin is Vnoise. When this is imple-
mented as a Poisson distribution (Fig. 3.3.1A and B), the system responds,
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Figure 3.3.2: Dependence with network or module size for µ = 0.8. Dependence

of the power spectrum of the average membrane potential of the E neurons in the module

with the module size. The graph shows that the only effect of increasing the network size

is an overall decrease of the power for the whole range of frequencies. However the SNR

remains the same independently of the module size.

as illustrated in Fig. 3.3.1C and D, with a well-defined rhythm wave, in
spite of the wide range of frequencies in the input, in agreement with exper-
iments. That is, for a sufficiently large input mean (µ = 0.8 in the example
of Fig. 3.3.1) the two populations (E and I ) of neurons show coupled oscil-
lations producing collective coherent resonance, and the familiar α-rhythm
emerges. This is revealed, for instance, by the power spectral density of the
time series for the average membrane potential over all E neurons, which
shows a well-defined peak around 10.5 Hz in the inset of Fig. 3.3.1D. It is
remarkable that increasing the network size does not alter significantly the
emergence of the α-rhythm and its features as it is illustrated in Fig. 3.3.2. In
Fig. 3.3.1D is also illustrated that the steady state of the average membrane
potential of all E neurons has a distribution centered around Vrest = −60mV
that shows, for µ = 0.8, slightly more frequent deviations to lower values
produced by the IPSPs than deviations to higher values produced by the
EPSPs of the noisy input.

Since the model is able to generate rhythmic oscillations similar to alpha-
rhythm when neurons are subjected to a given noise level with the appropri-
ate characteristics, one can ask if with other noise level values other type of
brain rhythms can be generated. In other words, can other brain-rhythms
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Figure 3.3.3: Dependence with network or module size for µ = 0.6. Power

spectrum of the average membrane potential of the E neurons for different module sizes.

Again the graph shows that the effect of increasing the network size is only an overall

decrease of the power while the SNR remains the same.
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be considered as a form of filtered noise where the filter would be a relatively
small network with excitatory and inhibitory neurons? The authors in [59]
explored only the already mentioned case of µ = 0.8 which can originate
alpha waves, and the situation of µ = 0.6 where the coupling among the two
populations of neurons in the network is much worse.

It is reasonable, then, to explore the possibility of generation of other
brain rhythms with our simple model using µ as a control parameter. For
instance, the time series of the mean membrane potential for µ = 0.6 (see
Fig. 3.3.3) do not have the well defined periodicity nor, therefore, the acute
peak in the power spectral density in the inset of Fig. 3.3.1D and Fig. 3.3.2.
It shall be demonstrated below that such lack of periodicity for µ ∼ 0.6
corresponds to a phase transition between an asynchronous condition and a
synchronous one.

The different oscillatory phases that emerge in the collective behaviour
of our system as µ is varied are depicted in Fig. 3.3.4. It partially illustrates
the varied collective behavior that shows up as µ is increased adiabatically in
time. This reveals that, following a rather disordered phase (I) for µ . 0.5,
oscillations become well defined (phase II) after µ ≈ 0.6. As µ is increased
further, coherence is observed to decrease, as well as the synchrony among
E and I populations —in particular, it is observed that E neurons are first
triggered simultaneously, which induces firing of I s at the same frequency
but after a certain time lag. Asynchrony then sets in from µ ≈ 5 to µ ≈ 15
(phase III), with no collective well-defined frequency. However, coherence
and synchrony with a clear frequency are restored for µ & 15 (phase IV)
until µ > 25, when the noise is so high that it looses any biological meaning.

Thus, they may be considered phases of the system in thermodynamic
sense. To confirm this conclusion, instead of slowly varying µ now the noise
is maintained constant during each simulation. Repeating this operation for
different values of µ, the power spectra in Fig. 3.3.5 are obtained illustrating
different types of behavior. In summary, they may be defined:

Phase I, µ . 0.5 : asynchrony with low activity. The two subpopulations
of neurons act almost uncoupled. No well-defined oscillation frequency.

Phase II, 0.6 . µ . 5 : synchrony with broad collective oscillations of
the two subpopulations, which then oscillate coupled at a well-defined
frequency.

Phase III, 5 . µ . 15 : high activity with lost of the overall coherence.
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Ups and downs in the average membrane potentials of the two subpop-
ulations are such that the excitation does not “wait” for the end of the
inhibition in every period and vice-versa, so that the periodicity and
rhythm that characterize phase II are now lost.

Phase IV, µ & 15 : synchrony, namely, the E s are triggered almost simul-
taneously, and the same with the I s. This is because the threshold
is exceeded again in a short time (after each firing event and its sub-
sequent refractory period) which facilitates synchronicity (and reduces
the possibility of other type of behavior). This synchrony goes with os-
cillations of the average membrane potential with an amplitude lower
than in phase II but is more regular than these and shows a well defined
oscillation frequency, as revealed by the power spectrum.

Now, by way of illustration, they will be shown the familiar brain rhythms,
namely, α, β, γ and ultrafast oscillations in EEG recordings from actual
awake brains, have a well-defined correspondence with these rhythmic oscil-
lations of the average membrane potential in the model. To clearly uncover
this, extra runs are performed lasting 218 time steps (equivalent to 10.5 s)
for each of the 66 µ values in a geometric progression starting at µ = 0.5.
From such time series, both the average membrane potential and the fraction
of firing E population are collected, then computed the power spectra, and
searched for a maximum on each of them. The main results are summarized
in Fig. 3.3.6 where panel A depicts the frequency at which this peak occurs
as a function of µ. There is no evidence of any well defined frequency for
µ . 0.5 (phase I, not shown), nor for 5 . µ . 15 (phase III) which shows
abrupt jumps. However, during the intermediate region (phase II), the fre-
quency increases from 6Hz to 25Hz —thus describing the spectrum of α,
β and γ waves— and, finally (phase IV), this goes from 80Hz to 130Hz
—corresponding to high γ and ultrafast oscillations. The same is confirmed
by time series for the fraction of firing E neurons in Fig. 3.3.6D. This picture
becomes even more coherent and interesting when one realizes, as it turns out
to be the case, and it is developed below, that the passage from one behavior
to a contiguous qualitatively-different one is throughout a non-equilibrium
phase transition. The system in this way exhibits varied behavior with quite
efficient features and great economy.

By simple visual inspection the peaks in Fig. 3.3.6C can be seen higher
in the presence of coherent resonance, i.e., phases II and IV, than during
the asynchronous phases I (not shown since not a clear peak develops in fact
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here) and III. The behavior is similar for the fraction of firing E neurons in
Fig. 3.3.6F.

It was also studied the µ variation of the signal-to-noise ratio (SNR) at
the power spectra peak, i.e., its height divided by the average in a small range
around the peak. Even more clear than the spectra peaks, the SNR shows
maxima if coherence occurs (II and IV) and goes to minima in the asyn-
chronous phases (I and III). The same is confirmed by the power spectrum
of the time series for both the membrane potential in Fig. 3.3.6B and the
fraction of firing in Fig. 3.3.6E. Specifically, the maximum coherence value
is achieved in both cases around µ ' 1.3 (within phase II) and for µ & 20
(within phase IV), and it is also noticeable that the SNR maximum, for both
the global membrane potential and the fraction of firing neurons, is higher
for phase IV than for phase II.

Other interesting point to address is the characterization of different
phases transitions that emerge in our system by variations of suitable con-
trol parameters such as µ and I0. Particularly, there is interest in the tran-
sition between phases III and IV. Fig. 3.3.6A, for instance, reveals that this
is sharp, suggesting a thermodynamic-like discontinuous phase transition.
To address this, during simulations the system is run during 10s for each
µ value, as this parameter is varied adiabatically in geometric progression
while keeping I0 = 0. The final state of all the neurons is retained in each
run to serve as the initial state for the run at the next noise value, which
only differs in a small percentage from the previous one. Once the maxi-
mum µ is reached, the process is reverted, keeping again each final state as
the initial one during this noise reduction process. The resulting hystere-
sis cycle around transitions III↔IV is shown in Fig. 3.3.7A, which confirms
the discontinuous first-order-like nature of the phase transition. Such (even
small) hysteresis seems to reflect that the frequency of the global oscillations
is not well-defined in phase III; in fact, this shows no clear peak in the power
spectra, and the maximum used to compute hysteresis can depend on the
run conditions. However, when the frequency is well-defined, the round-trip
curves superimpose. Similar results are obtained for I0 = 50 in Fig. 3.3.7B,
but with the phase changes somewhat shifted to the left.

The fact that the same phases are obtained for different values of I0

suggests that the dynamic behavior of the system is robust to the type of
input (noisy or constant), and this is confirmed by moving I0 adiabatically
for µ = 0.5 (Fig. 3.3.7C) and µ = 1 (Fig. 3.3.7D). Note that phase I is not
shown, since for µ = 1 the system is at phase II even for I0 = 10, that
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phase III occurs for 180 ≤ I0 ≤ 700 and that, as expected, the phase changes
are shifted to the left relative to Fig. 3.3.7C because µ is now higher. The
conclusion is that the system is sensible to the total current arriving to the
network but not to the type of input. In other words, increasing the noise
and I0 tends to increases the excitability of both neuron populations but
the emergent behavior is rather due to the complex interplay between the
activity of E and I populations.

3.3.2 Stochastic resonance as a detector of phase tran-
sitions

In all previous simulations Vext has been set to zero. When we include the
input Vext = d sin(2πf t), with d small but nonzero, the behavior of the
system is affected. In general, even relatively small values of d induce a new
maximum at frequency f in the power spectra, as shown in Fig. 3.3.8 (right
column).

This peak can stand out more or less from the rest of the power spectra
depending on the value of d and on the level of noise µ in the system. The
emergent peak here reveals the existence of the so-called stochastic resonance
(SR) phenomenon [1]. That is, the propagation of a weak signal is enhanced
at certain intermediate level of noise while it is generally obscured at lower
and higher levels of noise. The SNR in the power spectra consequently in-
creases at those moderate values of the noise. As it was already shown [53],
this is just a consequence of the great susceptibility the cooperative system
exhibits in a region in which a phase transition occurs, so that it provides
a simple method to detect changes of qualitative behavior in these types of
systems.

In Fig. 3.3.9, the presence of SR phenomena in our system is illustrated
by plotting the SNR as a function of the level of noise µ for I0 = 0, for
both low-frequency (∼4 Hz) and high-frequency (∼40 Hz) inputs signals. In
agreement with the interpretation of stochastic resonance in [53], here it is
observed how SR peaks develop around the phase transitions described above.
For low-frequency signals (left graph) there are clear maximum at µ ≈ 0.6,
6 and 16 corresponding to the phase transitions I↔II, II↔III and III↔IV,
respectively. The SNR also shows a peak for µ ≈ 10 which corresponds to the
level of noise at which finite-size jumps between III↔IV occurs in simulations.
The emergence of this peak can be explained assuming that noise makes that
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these finite-size jumps of activity between both phases can be driven by the
weak stimulus, so an amplification of the weak signal occurs at such noise
level. Then, it is expected that such peak will disappear as the network size
is increased which will be an indication that the transition III↔IV is of first-
order type as simulations seams to indicate (see top graphs in Fig. 3.3.9).
For high-frequency signals (∼ 40Hz), only the transitions II↔III and III↔IV
are clearly marked by stochastic resonance peaks around µ ≈ 6 and 16, the
first hardly distinguishable and the last one very clear. The peak around
µ ≈ 0.6 is not appearing due to the fact that system oscillations at such level
of noise at a natural frequency of alpha range around 10Hz or less, which
is very small compared with the weak signal stimulation frequency (40Hz).
This is incompatible with the emergence of the SR where the stimulation
frequency must be very low compared with the intrinsic oscillation frequency
of the system. Note that this impediment does not occur for the resonance
peak around µ = 16 since for this case the intrinsic oscillation frequency of
the system is around 75Hz or larger which is bigger that the stimulation
frequency of 40Hz, so conditions for the emergence of SR still hold. The
transition II↔III occur around µ ≈ 0.6 with system oscillations of frequency
around the stimulation frequency, so this is the reason why the SR peak
around µ ≈ 0.6 is not so clearly depicted. Also remarkable in this high-
frequency stimulation case is the presence of an additional resonance peak
around µ ≈ 2.5 (marked with “*” in Fig. 3.3.9) which corresponds with
a range of frequencies ∼ 25 − 30Hz, and it could indicate the exact limit
between β (with intrinsic frequency between 12 to 30Hz) and γ brain waves
(with intrinsic frequency larger than 30Hz) as experimental psychologists
and neuroscientists have widely described (see for instance [68, 69, 70]). This
overall behaviour should also be discernible in actual EEG experiments.

3.4 Discussion

3.4.1 Summary

Here, it have been extended a previous work for the generation of alpha brain
waves in a balanced neural network [59], to a more general scenario where
other types of brain waves can be also generated only as a consequence of
the mean noise level that neurons in network are receiving. In addition to
signals from other neurons (Vin) , and from outside the network —which are
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globally portrayed here as a Poisson noise (Vnoise) which is characterized by
the parameter µ— this model Eq. (3.2.1) includes a constant current I0 and
a small external input signal Vext. The main findings may be summarized as
follows:

• First, previous results [59] are confirmed using a more precise dynamics
including a smaller time step during the model time integration. Con-
trary to [59] this fact results in a slightly lower but more precise degree
of coherence, since it was observed that large time step artificially in-
creases the coherence (data not shown).

• Second, in this way, four different “phases” or qualitative types of dy-
namic behavior are identified in the model. As µ is increased, this
exhibits oscillations that are too weak in amplitude so that any coher-
ence is precluded (phase I), coherent resonance and synchrony (phase
II), asynchrony showing abrupt jumps in the corresponding frequency
curves (phase III), and coherence and synchrony with a well-defined
frequency again (phase IV).

• Third, in phase II, the system precisely includes the frequency spectrum
of α, β and low γ waves of actual EEG recordings, and phase IV covers
the frequencies corresponding to high γ and ultrafast oscillations.

• Fourth, the highest coherent resonance, as revealed by the power spec-
tra peak and the corresponding SNR, is for phases II and IV, while the
lowest one occurs in the asynchronous phases I and III.

• Fifth, the average amount of electrical impulses arriving to the network
per unit of time —parametrized as µ— is essential to characterize the
different phases, more than the nature, either constant or noisy, of the
input.

• Finally, stochastic resonance is revealed, e.g., by SNR, locating changes
of qualitative behavior when the system receives a signal. It is con-
firmed that this fact may provide a powerful tool to investigate phase
transitions in mammals’ and other brains using simple techniques such
as EEG recordings or simple experiments as devised in [53].
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3.4.2 Unified mechanisms for the generation of waves
in the awake brain

The above picture indicates that a single unified mechanism can generate
rhythms which are similar to the familiar awake brain rhythms, in the sense
that we do not need a mechanism for alpha waves, another mechanism for
beta waves, etc; the same mechanism explains different types of brain waves.
In this way, it is possible to generate brain waves with random input, and
that the brain-rhythm frequency and amplitude are mainly dependent on
the mean value of the input (mean rate of noisy or constant incoming action
potentials) reaching the network from outside.

3.4.2.1 Unified mechanism with conduction delays

It is worth noting that this mechanism is not the only one proposed to gen-
erate brain oscillations. In [71], R. Miller proposes a unifying mechanism
of alpha, beta and gamma waves extending the Wennekers-Palm model de-
veloped in [72]. One of the main objectives to achieve by the use of the
Miller unified mechanism is to explain the results reported in [73]. Accord-
ing to [73], while local synchronization during visual processing evolved in
the gamma frequency range, synchronization between neighboring tempo-
ral and parietal cortex during multimodal semantic processing evolved in a
lower, the beta1 (12-18 Hz) frequency range, and long range fronto-parietal
interactions during working memory retention and mental imagery evolved in
the theta and alpha (4-8 Hz, 8-12 Hz) frequency range. Thus, a relationship
seems to exist between the area or extent with functional integration and the
synchronization-frequency. This relationship could be explained according
to Miller [71] by the fact that the introduction of conduction delays in long
corticocortical axons – that can last for several tens of milliseconds even for
conduction distances of ∼10 mm – could easily convert gamma frequency
oscillations to beta frequency ones (with cycles times ranging from 30 to 70
ms), and the same process for more widely-dispersed interactions could pro-
duce activity in the active cortex in the alpha range (cycle time 77–125 ms)
or even into the theta range. However these conclussions are poorly demon-
strated and its argument would only be correct if all the axonal connections
of a given network were approximately of the same length. This is a strong
assumption, it is more reasonable to think that in a wide region there will be
axonal connections of very different length. Therefore, if the conduction de-
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lay were the determining parameter it would be difficult to achieve coherence
in a relatively large region of the brain. In the presence of conduction delays
the dynamic of the network becomes more complex and the particular case
of heterogeneous delays, like in large areas of the brain, has only recently
begin to be understood theoretically [44]. In addition, electrical stimulation
of V1 induces enhanced γ-band activity in V4, whereas V4 stimulation in-
duces enhanced α-β-band activity in V1 [74], when it is supposed that the
conduction delays are approximately the same from V1 to V4 than from V4
to V1. Moreover in the Wennekers-Palm model [72], the input is a combi-
nation of white noise and an external current that is constant over time but
varies spatially. This external current is maximum in the central neuron of
the one-dimensional network and decreases in a Gaussian way towards the
extremes. However, neither Wennekers-Palm nor Miller argue that input
may vary. Therefore, none of them studies the frequency of the oscillations
as a function of the overall intensity of the input.

3.4.2.2 Unified mechanism here proposed

Here it is proposed a unified mechanism that does not require allude to the
conduction times between neurons for long-distance interactions. In this
proposal the relevant parameter is the intensity of the sum of all the in-
puts reaching the network from outside which allows to describe different
dynamical behaviors in the system.

The modular nature of the brain is increasingly established [75] in such
a way that small modules or networks exhibit great internal connectivity.
Therefore, each module may be a small network similar to the one studied
here and maybe in some of the dynamical phases described here, where the
oscillatory frequency is a function of the external input. Furthermore, it is
sensible to assume that, in a large region of interconnected neurons, an input
from other modules will not affect all the neurons, since otherwise it might
induce an anomalous high physiological level of activity. On the average,
one should expect the parameter µ to be low. Only high µ is possible when
inputs eventually reach small local regions. Within this scenario, the results
suggest that large synchronized regions receive small inputs, and therefore
will oscillate in the α regime, while small local synchronized regions receiving
a large input will oscillate synchronously in the γ range. This scenario is thus
compatible with the empirical results in [73].

On the other hand, this study predicts that small regions (modular net-
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works) that receive a large amount of input oscillates at the gamma frequency.
Since it has been observed that sensory and cognitive-perceptual processes
are associated with γ oscillations [76, 77] can be suggested that these pro-
cesses affect specific modules receiving high input, while regions not involved
in those processes would receive small or no input.

3.4.3 Consciousness

Some authors associate consciousness with coherent γ oscillations in differ-
ent parts of the brain, and thus explain episodes of attention [78]. In the
light of these results, it can be hypothesized that the transition III→IV here
presented could be related to the emergence of awareness of memories as-
sociated with the modules that reach the corresponding input, a hypothesis
that could be tested experimentally. In fact, all the 40-70 Hz frequencies
could be included in phase IV choosing adequately model parameter values.
In particular, this network model may easily involve a small random delay
of small variance in all the connections, a topology different that the one
in Fig. 3.2.1A, and/or vary the parameters of the EPSP and IPSP waves in
Fig. 3.2.1B to achieve this.

A more recent theory of consciousness is the Integrated Information The-
ory (IIT) [30] (its continuous dynamical system version is developed below
in Chapter 8). In such theoretical framework, the state of certain elementary
mechanisms (each one of them could be represented by a small network or
module as described in our work) influences the probability distributions of
different configurations of immediately past or future states in certain brain
regions, denoted respectively, as Cause Core and Effect Core regions. The
possible states of each elementary mechanism are two: on and off. In this
theory both states in each mechanism influence the computation of the level
of consciousness associated with those states. This requires that the infor-
mation of a mechanism being in a certain state must be communicated to
the rest of the mechanisms with which it is integrated. The results of this
Chapter could support this theory, since in the network model here proposed
there are two phases with very different levels of activity but both with a syn-
chronicity that could facilitate the communication with other mechanisms.
Thus, phases II and IV would be equivalent to off and on states of the IIT.
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3.4.4 Robustness

In the present model the values of ratio η/ε, the refractory times and all
other parameters like τ1 and τ2 have been chosen to properly reproduce a
small module in a realistic way. It has been checked, however, that the
presented results and conclusions are robust against small variations of these
parameters’ values. In particular, the main conclusion of this Chapter, i.e.
the existence of a unified mechanism for the generations of oscillatory waves
in the module as a function of the noisy input is not dependent on these
parameters’ variations.

3.4.5 Extension

The present model can be easily extended to other complex networks topolo-
gies including, e. g., scale-free and small-world features. Note, however, that
such topologies in general involves several order of magnitude and therefore
very large networks sizes, that, as it has been demonstrated here, is not a
requirement for the emergence of the oscillatory behavior similar to brain
waves reported in the present work. Both the scale-free and the small-world
networks may be appropriate for the efficient transmission or diffusion of the
waves to other brain areas but are not necessary here for the generation of
the waves.

3.4.6 Relationship with Lotka-Volterra model

It is well known the population dynamics of predator and prey species. As
the prey population increases, there is more food for predators and, after
a slight lag, the predator population increases as well. As the number of
predators increases, more prey are captured, and as a result, the prey pop-
ulation starts to decrease. Then, after another lag, the predator population
decreases as well and it allows prey population to recover after a certain time.
Thus, the cycle starts again. In Fig. 3.3.8A the cyclic fluctuations of average
membrane potential of both neuron populations, I and E, mimics the popu-
lation dynamics of predators and preys. As the average membrane potential
of E neurons increases, I neurons receive more action potentials. Hence,
after a slight lag, the voltage of I neurons increases as well and the mem-
brane potential of E neurons decreases. As a result, the voltage of I neurons
decreases as well after a certain time. It allows the membrane potential of
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E neurons to recover after a lag and this cycle also starts again. It is sen-
sible to assume that the same predator-prey Lotka-Volterra (LV) equations
that model population dynamics can model average membrane potential of
neurons populations.

Thus, in [16] a neuroecological LV equation for mean firing rate is de-
rived from the conventional membrane dynamics of a neural network with
lateral inhibition and self-inhibition. In [19] the joint activity dynamics of
excitatory and inhibitory populations is analyzed employing a pair of mutu-
ally interacting nonlinear differential equations. In absence of a voltage leak
for individual neurons, and for negligible synaptic transmission delay, these
equations take the form of LV equations. It has been also shown that LV
equations are capable of representing switching dynamics between different
states of neural networks [17, 18]. And, finally, they have been used to gen-
erate reproducible transient sequences in neural circuits [20, 21, 22, 23, 24].

In the case of large-scale brain dynamics (see Section 2.5), because the in-
hibitory interneurons are local or short-axon ones and connect with other neu-
rons but never with distant parts of the brain [65], the whole brain anatom-
ical network would entail a cooperative relationship among brain areas for
LV model.
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Figure 3.3.4: Some characteristics of the different dynamical phases that emerge as µ

is varied. Panel A shows the adiabatic temporal variation of µ during the experiment,

from µ = 0.1 increasing by a factor 1.00002 every time unit ∆t. The resulting dynamic

behaviour is illustrated in panel B showing V (t) , and this is detailed in panel C for µ

('0.2, 0.9, 10 and 17, respectively) within the four regions of different behavior. Note how

oscillations are too weak for µ . 0.5 (phase I) to speak about actual coherence resonance,

while they are clear for µ & 0.6, and coupling is observed best around µ = 1.5. Thereafter,

coherence begins to decrease and the synchronization between the E and I populations

decreases. Between µ ≈ 5 and µ ≈ 15 there is an asynchronous phase (III) in which

frequency cannot be defined. However, coherence and synchrony are restored and the

frequency is well-defined again for µ & 15 (phase IV).
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Figure 3.3.5: Criterion to define the non-equilibrium phases. Power spectrum

for the average membrane potential of all E neurons for increasing levels of noise µ =

0.2, 0.9, 10 and 17; characterizing each one of the non-equilibrium phases described in the

neural network module. The presence or not of the power spectrum peak has been taken

as a criterion to define the corresponding phase. Note that in the phase III there is not a

clear sharp peak, but instead a plateau of maximum frequencies (see blue curve), or there

are multiple low amplitude and broad peaks (data not shown) due to the presence of a

competition of different frequencies characterizing the behavior of phase III.
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Figure 3.3.6: Panel A: Frequency at the power spectra peak of time series for the mean

membrane potential as a function of µ for I0 = 0. There is asynchrony for 5 . µ . 15

(phase III) and regions of coherent resonance before µ ≈ 5 (phase II) and after µ ≈
15 (phase IV). Panel B: Signal-to-noise ratio (SNR) of the peak at the power spectra.

The highest values occur again for phases II and IV, and the minimum ones during the

asynchronous phases (I and III). Panel C: The height of the peak at the power spectra,

which is highest for phases (II and IV) due to coherent resonance. Panels D, E and F:

Same as in panels A, B and C, respectively, but for the time series of the fraction of firing

E neurons, which confirm the results on the left.
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Figure 3.3.7: Study of hysteresis as a function of µ (left) and I0 (right). Panel A:

Frequency at which the peak of the power spectra for the mean membrane potential occurs

(as µ is increased and decreased adiabatically with I0 = 0). The two curves superimpose

where the frequency is well defined. Panel B: The same but for I0 = 50, confirming

the phases in A, but shifted to the left. Panel C: The frequency in A but as a function

of the constant input I0 for µ = 0.5, which confirms the same phases and shows that

210 6 I0 6 750 is an asynchronous region in which frequency is not well-defined. Panel D:

Same as in panel C but for µ = 1 showing the same but with changes now shifted to the

left relative to panel C because µ is now higher.
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Figure 3.3.8: Case of µ = 10 showing the effect of adding (right column) a small signal

Vext = d sin 2πf t to each E neuron. The left column is for d = 0 while the right one is

for d = 25 and f = 40Hz. Top panels show the mean membrane potential of E (green

line) and I (violet line) neurons with (panel E) and without (panel A) the external signal.

Panels B and F depict the corresponding (membrane potential) power spectra for the I

neurons in both situations, and panels C and G show the same for E neurons. At the

bottom, panels D and H illustrate the corresponding power spectra of the fraction of

firing E neurons. The signal only slightly modifies dynamics but a clear peak emerges at

frequency f .
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Figure 3.3.9: Emergence of stochastic resonance in the system in Fig. 3.2.1, for I0 = 0,

when a weak sinusoidal input Vext of low frequency (f ∼ 4Hz) (left graph) and high

frequency (f ∼ 40Hz) (right graph) affects each E neuron. SR peaks appear around the

phase transition points (vertical dashed lines at µ = 0.6, 6 and 16) depicted in the top

panels. Note in the left graph that the jump corresponding to the change of behaviour

in simulations between phases IV and III (see top panel) appears around µ ≈ 10 (see red

vertical dashed line) that coincides with the larger resonance peak for large level of noise.

Secondary resonance peaks occurs around this maximum for µ ≈ 6 and 16. In the right

panel, however, such maximum does not show. Also, the low noise resonance peaks around

µ ≈ 0.6 is neither appearing and the only ones are those around µ ≈ 6 (poorly seeing) and

16 (very clearly depicted). Different SNR curves here were obtained after averaging over

100 trials and computing the power spectra over a time series of 218ms for each trial.



Chapter 4

The global attractor and its
structure

4.1 Dynamical systems background

Dynamical systems theory (DST) is an area of mathematics which describes
the behavior of the dynamical systems (DSs), usually by employing differen-
tial equations or difference equations. When differential equations are em-
ployed, the theory is called continuous dynamical systems theory [79] and
when difference equations are employed, is called discrete dynamical systems
theory [80]. The main goal of the DST is to understand the long-term quali-
tative behavior of states in a system which can be deterministic or stochastic.
Many studies regard French mathematician Henri Poincaré as the founder of
DST. Poincaré published two classical monographs, New Methods of Celestial
Mechanics (1892–1899) and Lectures on Celestial Mechanics (1905–1910).
In them, he successfully applied the results of their research to the problem
of the motion of three bodies and studied in detail the behavior of solutions
(frequency, stability, asymptotic, and so on). Aleksandr Lyapunov developed
many important approximation methods. His tools, which he developed in
1899, make it possible to define the stability of sets for ordinary differential
equations. He created the modern theory of the stability of a DS.

The DSs often involve several variables and are usually nonlinear. Gener-
ically the phase space of the DS comprises the values of the dynamical vari-
ables. In a variety of settings, very complicated behavior is observed even
though the equations themselves are only “slightly nonlinear”. Thus, the

70
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simple algebraic form of the equations does not mean that the dynamical
behavior is simple: in fact, it can be even chaotic [81, 82, 83].

Intuitively, an attractor is a set toward which a system tends to evolve
for a wide variety of starting conditions of the system. System values that
get close enough to a stable attractor remain close even if slightly perturbed
[84].

In finite-dimensional systems, the evolving variable may be represented
algebraically as an n-dimensional vector. The attractor usually is a compact
region in n-dimensional space. An attractor can be a point, a finite set of
points, a curve, a manifold, or even a complicated set with a fractal structure
known as a strange attractor [84]. Describing the attractors of chaotic DSs
has been one of the achievements of chaos theory. A trajectory of the DS
in the attractor does not have to satisfy any special constraints except for
remaining on the attractor, for all time. The trajectory may be periodic
or chaotic. If a set of points is periodic or chaotic, but the flow in the
neighborhood is pushed away from the set, the set is not an attractor, but
instead is called a repeller. The equations of a given DS specify its behavior
over any given period of time. To determine the system’s behavior for a
longer period, it is often necessary to integrate the equations, either through
analytical means or through iteration, often with the aid of computers. DSs
in the physical world tend to arise from dissipative systems. Dissipation may
come from internal friction, thermodynamic losses, or loss of material, among
many causes. The dissipation and the driving force tend to balance, killing
off initial transients and settle the system into its typical behavior.

The theory of global attractors (GAs, see Section 4.2 for formal defini-
tions) for semigroups defined on finite or infinite dimensional spaces has
been developed in the last four decades [10, 11, 12, 13, 14, 15]. Once a global
attractor (GA) is obtained, the question arises if it has special regularity
properties, a particular shape, etc...

Many of the DSs that arise in Physics, Chemistry or Biology are often
generated by a partial differential equation or a functional differential equa-
tion and thus the underlying phase space is infinite-dimensional. Usually
these systems are either conservative or exhibit some dissipation. Intuitively,
in the last case, one can hope to reduce the study of the flow to a bounded
(or even compact) attracting set or GA, that contains much of the relevant
information about the flow and often has some finite-dimensional character.

The aim of this Chapter is to introduce a mapping between a DS and
a graph describing the structure of its GA. The GA is a compact invariant
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subset of the phase space with the property that it is globally attractive and
its structure can be given in terms of disjoint subsets and the trajectories in
phase space connecting them. Thus, GA may be identified with a directed
graph which nodes corresponds to disjoint invariant subsets (typically, sta-
tionary points or periodic orbits, but it could also contain invariant sets with
chaotic dynamics), and which directed connections exists if and only if the
nodes are linked by solutions of the DS. The resulting directed graph is called
the Informational Structure (IS), a network describing all the possible future
evolution [85] (an introductory example was shown in Section 1.3).

4.2 Global Attractor

The phase space X represents the framework in which the dynamics described
by a semigroup of transformations S(t) : X → X is developed. Given a
phase space X a dynamical system (DS) on X is defined as a flow or family
of non-linear operators {S(t)}t∈R+ , where S(t)u ∈ X describes the dynamics
of each element u ∈ X. In particular, u(t;u0) = S(t)u0 is a solution of the
DS at time t with initial condition u0. Although t is positive (t ∈ R+) there
are solutions for s ∈ R: a general or global solution associated to S(t) would
be ξ : R → X such that ξ(t + s) = S(t)ξ(s) for all s ∈ R, t ∈ R+. A orbit
initiating at u0 is the set {S(t)u0 : t ∈ R+} ⊂ X.

u∗ ∈ X is an equilibrium point (also stationary point or stationary solu-
tion) for the semigroup S(t) if S(t)u∗ = u∗, for all t ≥ 0. A stationary point
is the simplest instance of global solution associated with S(t).

Mathematically, an stationary point u∗ ∈ X is said to be stable if for any
neighborhood U of u∗, there exists a neighborhood W of u∗ such that any
orbit initiating in W at time t = 0 remains in U for all t ≥ 0. It is said
to be asymptotically stable if it is stable and the orbit converges to u∗. If
u∗ is not stable, it is said to be unstable. The basin of attraction of u∗ is
defined by the set of points u0 satisfying u(t, u0) → u∗ as t → +∞. When
the basin of attraction of u∗ is the whole phase space or at least its interior
and u∗ is stable, u∗ is said to be globally stable. When a stationary point is
asymptotically and globally stable it is called globally asymptotically stable
solution (GASS).

The Global Attractor (GA) describes all the future scenarios of a DS and
is an important concept in DST. The GA is defined as follows [10, 11, 12, 13,
14, 15]:
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Definition. A set A ⊆ X is a GA for {S(t) : t ≥ 0} if it is

(i) compact,

(ii) invariant under {S(t) : t ≥ 0}, i.e. S(t)A = A for all t ≥ 0, and

(iii) attracts bounded subsets of X under {S(t) : t ≥ 0} for the Hausdorff
semidistance; i.e., for all bounded B ⊂ X

lim
t→+∞

distH(S(t)B,A) := lim
t→+∞

sup
b∈B

inf
a∈A

d(S(t)b, a) = 0.

Observe that (ii) can be interpreted as showing that an attractor has a proper
intrinsic dynamics. Moreover, (iii) points that this set is determining all the
future dynamics on the phase space X.

Stationary points are the minimal invariant objects inside a GA. It is
easy to show that every invariant set is a subset of the GA [11].

A global attractor is a set which does not depend on initial conditions,
with an intrinsic proper dynamics, composed by a set of special solutions
(global solutions). Moreover, the GA has the following properties [15, 14]:

(a) It is the maximal invariant set in the phase space.

(b) It is the smallest closed attracting set.

(c) It is made of bounded complete solutions, i.e., solutions that exists for
all time t ∈ R, and so giving information for the asymptotic past of
the system. In fact, the GA can alternatively be defined as the set of
all bounded solutions.

(c) Generically, its structure is described by invariant subsets and connect-
ing global solutions among them.

4.3 Informational Structure

Generically, the GA can be described by isolated invariant sets (typically
stationary points, periodic orbits [86, 87, 88, 89], but also chaotic dynamics
[90, 91, 92]) and connecting global solutions among them [93, 86]. Those
connections among invariant sets describe its structure [94, 95]. In the case
of gradient systems the GA is isomorphic to a ordered directed graph.
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Definition. An undirected graph is an ordered pair G = (V, L) comprising
a non-empty set V of vertices (or nodes) together with a set L of unordered
pairs or edges joining 2-element of V . A directed graph or digraph is a
graph in which edges (named arcs) have orientations, that is to say, edges
are ordered pairs: L ⊂ V × V .

4.3.1 Disjoint family of isolated invariant sets

In all the following definitions it will be considered that a DS on X with
semigroup {S(t) : t ≥ 0} is given.

Definition. A global solution ξA,B : R→ X connects a set A to other set B
if and only if

limt→−∞ dist(ξA,B(t), A) = 0 and limt→+∞ dist(ξA,B(t), B) = 0.
Two sets are connected when there is a global solution that fulfills the

above. If there is no such global solution, they are not connected. Oε(Ξ) is
called uniform neighborhood with radius ε > 0 of a set Ξ if for all elements
u ∈ Ξ, Bε(u) := {x ∈ X | d(x, u) < ε} is contained in Oε(Ξ).

An invariant set Ξ ⊂ X is an isolated invariant set if there is an ε > 0
such that Ξ is the maximal invariant subset of Oε(Ξ).

Definition. A disjoint family of isolated invariant sets is a family {Ξ1, ..., ΞN}
of isolated invariant sets with the property that, Oε(Ξi)

⋂Oε(Ξj) = ∅ ,
1 6 i < j 6 N for some ε > 0.

4.3.2 Generalized dynamically gradient systems

Definition. Consider a DS with a disjoint family of isolated invariant sets
Ω = {Ξ1, ..., ΞN}. Let

δ0 =
1

2
min

16i<j6N
d(Ξi, Ξj) > 0

Let ε0 < δ0, Ξ ∈ Ω and ε ∈ (0, ε0). An ε-chain from Ξ to Ξ is a subset
{Ξl1 , ..., Ξlk} of Ω, together with points {y1, ..., yk} in X and {t1, σ1, ..., tk, σk}
in R such that, 0 < σi < ti, 1 6 i 6 k, k 6 n, d(yi, Ξli) < ε, 1 6 i 6 k, Ξ =
Ξl1 = Ξ lk+1

, d(T (σi)yi,
⋃n
i=1 Ξi) > ε0 and d(T (ti)yi, Ξli+1

) < ε, 1 6 i 6 k.
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Definition. Ξ ∈ Ω is chain recurrent if there exist a fixed ε0 > 0 and an
ε-chain from Ξ to Ξ, for each ε ∈ (0, ε0).

Definition. Let Ω = {Ξ1, ..., ΞN} a disjoint family of isolated invariant
sets and assume that it possesses a GA A. {S(t) : t > 0} is a generalized
dynamically gradient semigroup relative to Ξ if the following conditions are
satisfied:

(G1) For any global solution ξ : R→ A, there are 1 6 i, j 6 N such that

lim
t→−∞

dist(ξ(t), Ξi) = 0

and
lim
t→∞

dist(ξ(t), Ξj) = 0.

(G2) Ω = {Ξ1, ..., ΞN} has no chain recurrent sets.

Definition. If each Ξi consists only of a single stationary point, the semi-
group is a dynamically gradient semigroup.

Definition. A homoclinic structure associated with Ω = {Ξ1, ..., ΞN} is a
subset {Ξl1 , ..., Ξlk} of Ω (k 6 N) together with a set of global solutions
{ξj, 1 ≤ j ≤ k} such that

lim
t→−∞

dist(ξj(t), Ξlj) = 0

and
lim
t→∞

dist(ξj(t), Ξlj+1
) = 0

for 1 ≤ j ≤ k, and Ξlk+1
:= Ξl1 .

Theorem. [93] Let {S(t) : t > 0} be a semigroup with a disjoint family of iso-
lated invariant sets Ω = {Ξ1, ..., ΞN} and a global attractor A. If {S(t) : t > 0}
satisfies (G1), then (G2) is satisfied if and only if A has no homoclinic struc-
tures.

With this result the concept of generalized dynamically gradient semi-
groups can be redefined in the following equivalent way [93]:
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Definition. Let {S(t) : t > 0} be a semigroup with a disjoint family of iso-
lated invariant sets Ω = {Ξ1, ..., ΞN} and a GA A. {S(t) : t > 0} is a gen-
eralized dynamically gradient semigroup relative to Ω if:

(G1) For any global solution ξ : R→ A, there are 1 6 i, j 6 N such that

lim
t→−∞

dist(ξ(t), Ξi) = 0

and
lim
t→∞

dist(ξ(t), Ξj) = 0.

(G2´) There is no homoclinic structure associated to Ω.

4.3.3 Morse decomposition

Next it is introduced the notion of a Morse decomposition for the attractor A
of a semigroup {S(t) : t > 0}, starting with the notion of attractor–repeller
pair.

Definition. Let {S(t) : t > 0} be a semigroup with a GA A. A non-empty
subset A of A is a local attractor if there is an ε > 0 such that ω(Oε(A)) = A.
The repeller A∗ associated to a local attractor A is the set defined by

A∗ :=
{
x∈X : ω(x)

⋂
A = ∅

}
.

The pair (A,A∗) is called attractor–repeller pair for {S(t) : t > 0} . Note
that if A is a local attractor, then A∗ is closed and invariant.

Definition. Given an increasing family ∅ = A0 ⊂ A1 ⊂ · · · ⊂ AN = A, of
N + 1 local attractors, for j = 1, ..., N , define Ξj := Aj

⋂
A∗j−1. The ordered

N -tuple Ω = {Ξ1, ..., ΞN} is called a Morse decomposition for A [86, 93].

An equivalent definition of Morse decomposition for the attractor A of a
semigroup {S(t) : t > 0} is the following:

Definition. Let {S(t) : t > 0} be a semigroup with a GA A. The ordered
N -tuple Ω = {Ξ1, ..., ΞN} is called a Morse decomposition forA if Ξ1, ..., ΞN

are disjoint, compact and invariant subsets of A satisfying that for a given
global solution ξ : R→ A

1. either ξ(t) ∈ Ξi, for all t ∈ R and some i = 1, ..., N ;
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2. or there exist 1 6 i, j 6 N such that

lim
t→−∞

dist(ξ(t), Ξi) = 0

and
lim
t→∞

dist(ξ(t), Ξj) = 0.

Note that the local attractors are ordered by inclusion, differently from
the obtained Morse sets, which are disjoint [86, 96, 97, 98, 99, 100].

Definition. The unstable set of an invariant set Ξ is defined by

W u(Ξ) = {z ∈ X : there is a global solution ξ : R→ X for S(t)
satisfying ξ(0) = z and such that limt→−∞ dist(ξ(t),Ξ) = 0}.

Remark. Reminding that Ξ is invariant it is easy to show that Ξ ⊂ W u(Ξ).

Definition. The stable set of an invariant set Ξ is defined by

W s(Ξ) = {z ∈ X : such that limt→+∞ dist(S(t)z,Ξ) = 0}.

With a Morse decomposition Ω = {Ξ1, ..., ΞN} a sequence of local at-
tractors can be constructed setting

Ai = Ξi ∪
[
i−1⋃
j=1

W u(Ξj)

]
.

And the GA A can be written as the union of the unstable manifolds related
to each set in Ω, i.e,

A =
N⋃
j=1

W u (Ξj) . (4.3.1)

When Ξj are equilibria u∗j , the attractor is described as the union of the
unstable manifolds associated to them

A =
N⋃
j=1

W u
(
u∗j
)
.
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4.3.4 Gradient systems

Definition. A semigroup {S(t) : t > 0} with a GA A and a disjoint family
of isolated invariant sets Ω = {Ξ1, ..., ΞN} is a gradient semigroup with
respect to Ω if there exists a continuous function V : X → R such that
[0,∞) 3 t 7→ V (S(t)u) ∈ R is decreasing for each u ∈ X , V is constant in
Ξi for each 1 6 i 6 N , and V (S(t)u) = V (u) for all t ≥ 0 if and only if

u ∈
N⋃
j=1

Ξj. V is called Lyapunov function respect to Ω.

It has been proved in [93] that a semigroup {S(t) : t > 0} is a gradient
semigroup with respect to Ω if and only if it is a dynamically gradient semi-
group with respect to Ω. Essentially, this important result says that, given
a disjoint family of isolated invariant sets Ω = {Ξ1, ..., ΞN} for a semigroup
S(t), the dynamical property of being dynamically gradient, the existence of
an associated ordered family of local attractor-repellers and the existence of
a Lyapunov functional related to Ω are equivalent properties.

4.3.5 Informational Structure: a definition

This description shows a geometrical picture of the GA of a dynamically
gradient system, in which all the stationary points or isolated invariant sets
(Morse sets) are ordered by connections related to its level of attraction [101]
or stability. Thus, a consequence of it is that the GA is isomorphic to a
directed graph:

Definition. If each of the Ξi is associated with a vertex or node from the
graph, and there is a directed edge from the vertex associated to Ξi towards
the vertex associated to Ξj if and only if there is a global solution that con-
nects Ξi to Ξj the resulting directed graph is called Informational Structure
(IS) [85, 102].

4.4 Energy levels

Any Morse decomposition Ω = {Ξ1, ..., ΞN} of a compact invariant set A
leads to a partial order among the isolated invariant sets Ξi; that is, an order
between two isolated invariant sets Ξi and Ξj can be defined saying that Ξi
precedes Ξj (Ξi ≺ Ξj ) if there is a chain of global solutions

{ξ`, i ≤ ` ≤ j − 1} (4.4.1)
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with
lim
t→−∞

dist(ξ`(t), Ξ`) = 0

and
lim
t→∞

dist(ξ`(t), Ξ`+1) = 0.

This implies that, given any dynamically gradient semigroup with respect
to the disjoint family of isolated invariant sets Ω = {Ξ1, ..., ΞN}, there exists
a partial order in Ω .

There exists a dynamical description of a generalized dynamically gradi-
ent semigroup by reordering the corresponding isolated invariant subsets to
obtain a totally ordered family of isolated invariant sets that is referred to
as energy levels [101]. This new family of isolated invariant sets is a Morse
decomposition of A with fewer invariant sets but in such a way that it still
gives us a Lyapunov function that is constant only in the solutions lying in
the original isolated invariant sets. In a certain sense, this decomposition is
the coarsest decomposition which still gives us a Lyapunov function which is
constant only in the solutions lying in the original isolated invariant sets. In
[101] (see also [99]) it is shown that there exists another Morse decomposition
given by the so-called energy levels N = {N1,N2, · · · ,Nq}, q ≤ N.

Let us consider

M1 := {Ξl∈Ω : there is no element Ξ∈Ω that preceeds Ξl}

and, for any integer k ≥ 2,

Mk := {Ξl∈Ω: ifΞ∈Ω and Ξ ≺ Ξl then Ξ∈Mk−1} .

Note that, by definition, Mk ⊂Mk+1.
Now they are defined the sets

N1 :=
⋃

Ξ∈M1

Ξ

and
Nk :=

⋃
Ξ∈Mk\Mk−1

Ξ ,

for all k ≥ 2.
Each of the levels Ni, 1 ≤ i ≤ q is made of a finite union of the isolated

invariant sets in Ω and N is totally ordered by the dynamics defined by
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(4.4.1). The number of energy levels (NoEL), q, is a very important param-
eter in the data analysis (see Chapter 6). Indeed, the associated Lyapunov
function has strictly decreasing values in any global solution linking two dif-
ferent level-sets of N and any two elements of Ω which are contained in the
same element of N (same energy level) are not connected.

4.5 Specific study for the Lotka-Volterra model

In this Section they are shown the concepts of stationary solutions, GASS,
GA, IS, Morse decomposition and energy levels in the well-known particular
case of the Lotka-Volterra (LV) systems.

4.5.1 The Lotka-Volterra model

Many of real phenomena can be described by a set of key nodes and their
associated connections, building a network [103, 104, 105]. In this way, a real
situation can be simulated using an abstract graph describing its underlying
architecture. Let us suppose that each node i is associated with a single
variable ui. It is used u to denote the vector of variables. Consider the
continuous DS

dui
dt

= fi(ui) +
n∑
j=1

Aijhij(ui, uj), i∈{1, ..., n}, (4.5.1)

for a general model for n nodes where A = [Aij] is the network adjacency
matrix and hij(ui, uj) gives the effect of network neighbors on each others’
dynamics.

A particular case of that is the Lotka-Volterra (LV) model, extensively
used in population dynamics ([106]) but also in neuroscience as shown is
Subsection 3.4.6. For a general model for n nodes, it is defined a system of
n differential equations given by:

dui
dt

= ui

(
αi − ui + g

n∑
j=1

γijuj

)
, i = 1, ..., n, (4.5.2)

where the matrix Γ = (γij) ∈ Rn×n is referred to the interaction-matrix and
g ∈ R+ is a parameter that modulates the coupling strength between the
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different nodes of the network. In matrix formulation, (4.5.2) reads as

du

dt
= u (α− u+ gΓu) , (4.5.3)

with Γ ∈ Rn2
and α ∈ Rn, where the product and the identity are assumed

component by component. Originally LV model comes from populations
dynamics and its solutions are restricted to positive values, so the phase
space for (4.5.3) is the positive orthant, which is an invariant set,

Rn
+ = {u = (u1, . . . , un) ∈ Rn, ui ≥ 0, i = 1, . . . , n}. (4.5.4)

The interaction matrix Γ has diagonal entries equal zero, that is, it does
not consider the interaction of a node with itself. To guarantee the global
stability of the system (given Γ and under certain conditions on the parameter
g) it is necessary to include the so-called logistic term −ui in (4.5.2) or −u
in (4.5.3) (which would be equivalent to introduce in gΓ a main diagonal −1,
see section 4.4).

Given an initial data for (4.5.2), sufficient conditions for the existence and
uniqueness of global solutions are well-known (see, for instance, [106, 107]).
The following theorem ensures the existence of a positive solution if g is
smaller than a value given in the result.

Theorem 4.1. [107] Let be ui0 with i = 1, ..., n a vector of positive com-
ponents and g < 1/ρ(Γ), where ρ(Γ) is the spectral radius of Γ. Then, the
system (4.5.2) has a unique bounded solution ui(t) with i = 1, ..., n in any
time t > 0 with ui(t) = ui0 in t = 0 and besides, it is positive.

Remark. The spectral radius of a matrix M , denoted by ρ(M), is the modulus
of the eigenvalue with the biggest modulus; ρ(M) = maxλ|λ(M)|, with λ(M)
eigenvalue of M .

4.5.2 Stationary solutions for the Lotka-Volterra model

The set of equations (4.5.2) defines a dynamics on a structural graph with
n nodes, taking one equation for the description of the dynamics on each of
the nodes.

Theorem 4.2. Each stationary point u∗ = (u∗1, u
∗
2, ..., u

∗
n) of (4.5.2) consists

of a unique combination of null and non-zero variables.
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Proof. It has to be proved that given I a subset of M = {1, ..., n} such that
u∗l = 0 if and only if l ∈ I the solution u∗ is unique. Each stationary solution

holds u∗i

(
αi − u∗i + g

n∑
j=1

γiju
∗
j

)
= 0 for i = 1, ..., n, so for each i it can either

hold u∗i = 0 or

αi − u∗i + g
n∑
j=1

γiju
∗
j = 0. (4.5.5)

For any k /∈ I and due to (4.5.5) it is obtained

u∗k = αk + g
n∑
j /∈I

γkju
∗
j

which univocally defines a positive number since it cannot be zero by defini-
tion of I and cannot be negative because u∗ ∈ Rn

+. Therefore the solution u∗

is univocally defined by I.

4.5.3 Globally Asymptotically Stable Solution (GASS)
in the LV model

In this Subsection it is shown that the linear complementarity problem (LCP)
and its complementary cones in the theory of mathematical programming
are closely connected with the problem to find out a globally asymptotically
stable solution (GASS) in LV systems.

4.5.3.1 Complementary cones

Definition. X in Rn is called a cone if, for any x ∈ X and t ≥ 0, tx ∈ X
holds. If X is convex, it is called a convex cone.

Definition. Given B ∈ Rm×p, it is defined pos(B) as

pos(B) = {q ∈ Rm : q = Bv for v ∈ Rp
+} .

Columns of B, B.i, for i = 1, ...p, are defined as the generators of pos(B).
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Definition. Column vectors of M ∈ Rn×n, written as M.j, and columns
of identity matrix I ∈ Rn×n written as I.j, generate the complementary
pair of column vectors {I.j,−M.j} for j = 1, ..., n. If B.j ∈ {I.j,−M.j}, for
j = 1, ..., n, the set (B.1, ..., B.n) is defined as a complementary vector set.

Definition. Let M of order n×n and (B.1, ..., B.n) a complementary vector
set.

pos(B.1, ..., B.n) = {y : y = α1B.1 + ...+ αnB.n; αi ≥ 0}
is called a complementary cone.

C(M) is the set of all complementary cones associated with M. Given M ,
there exist 2n complementary cones in C(M) since each column B.j has two
possibilities: I.j or −M.j.

4.5.3.2 Linear Complementarity Problem (LCP)

Given r ∈ Rn and a matrix M of order n, the Linear Complementarity
Problem (LCP) (see [27, 28]) consists in trying to find (w, z) ∈ R2n , w =
(w1, w2, ..., wn)T , z = (z1, ..., zn)T , such that

w = r +Mz

w ≥ 0, z ≥ 0 and wizi = 0 for all i = 1, ..., n.

Observe that the LCP (r,M) is equivalent to find a cone in C(M) containing
r, i.e., to get (w, z) ∈ R2n satisfying

Iw −Mz = r

w, z ≥ 0 (4.5.6)

wjzj = 0, for j = 1, · · · , n.

Thus, wj is associated with column vector I.j and zj to −M.j (see [108,
28]).

Existence and uniqueness of solution to the LCP depends on the stability
of the matrix M.
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4.5.3.3 Stability of matrices

Definition. A ∈ Rn×n is said to be stable if all associated eigenvalues has
negative real part.

Definition.

a) A is positive semi-definite (negative semi-definite), if uTAu ≥ 0 (uTAu ≤
0) for all u ∈ Rn. It is positive definite (negative definite) if uTAu > 0
(uTAu < 0) for all u ∈ Rn\ {0} .

a) A belongs to class Sw or is Lyapunov-stable (see [109]), A ∈ Sw, if there
exists a diagonal positive matrix W such that WA+ATW is negative
definite.

b) A is called negative dominant diagonal, A ∈ NDD if there exist n
positive numbers vi > 0 such that

−viaii >
n∑
i 6=j

|aij|vj, i = 1, . . . , n.

Recall that a minor of a matrix A is the determinant of some smaller square
matrix, cut down from A by removing one or more of its rows or columns.
If I and J are subsets of {1, ..., n} with k elements, then [A]I,J is the k × k
minor of A that corresponds to the rows with index in I and the columns
with index in J . If I = J , then [A]I,J is called a principal minor.

Definition. A is said to be a P -matrix, A ∈ P , if all principal minors of A
are positive.

A matrix A in Sw implies −A to be a P− matrix ([107]).
Sufficient conditions for A to be in Sw are shown in the following result

(see [110]): A belongs to Sw if any of the following conditions hold:

(i) A is negative diagonal dominant;

(ii) A is negative definite.
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4.5.3.4 Existence, uniqueness and linearity of solutions for the
LCP

Next result (see [28]) gives existence and uniqueness of solution for the (LCP).

Theorem. The LCP (r,M) possesses a unique solution r ∈ Rn if and only
if M is a P -matrix.

The following results are important in order to see the continuous depen-
dence between r of the LCP (r,M) and its associated solution, which will be
crucial to observe the dynamical behaviour of ISs.

Definition. A class of convex cones in Rn is a partition of Rn if
i) Each cone has a nonvoid interior.
ii) The union of all cones is Rn.
iii) Each pair of the interior of cones is disjoint.

Theorem. Let M be a matrix of order n. The class of complementary cones
C(M) is a partition of Rn if and only if M is a P -matrix.

Definition. Given a m × n matrix {aij} and a m × 1 column vector {bi}
a convex polyhedra in Rn is the set of solutions to the system of linear
inequalities:

n∑
j=1

aijxj ≤ bi, i = 1, 2, ...,m

Definition. A function f : U ⊂ Rn 7→ Rm is linear by parts, if f is continu-
ous, U is the union of a finite number of convex polyhedra Pi, and f is linear
on each Pi.

Theorem. Suppose that the LCP(r,M) has a unique solution z. Then the
function L : Rn → Rn defined as L(r) = z is linear by parts (see [28]).

4.5.3.5 LV and LCP: GASS

Consider the stationary point u∗ = (u∗1, u
∗
2, ..., u

∗
n) of the LV equations ex-

pressed in the general way:

dui
dt

= ui

(
bi +

n∑
j=1

aijuj

)
, i = 1, ..., n, (4.5.7)



CHAPTER 4. THE GLOBAL ATTRACTOR AND ITS STRUCTURE 86

Recall that here bi = αi and aij = −δij + g·γij where δij is the Kronecker
delta. In a stationary point dui

dt
= 0 for i = 1, ..., n and by (4.5.4) u∗i ≥ 0. So

any stationary point u∗ holds that:
u∗i ≥ 0,

u∗i

(
bi +

n∑
j=1

aiju
∗
j

)
= 0, i = 1, ..., n.

(4.5.8)

There exists a relationship between looking for one specific stationary
solution of the LV systems and the solution of a LCP , as shown by the
following result:

Lemma. The LCP (−b,−A) where b = (b1, b2, ..., bn)T and A = [aij] is equiv-
alent to find a nonnegative u∗ stationary point of (4.5.7) satisfying:

bi +
n∑
j=1

aiju
∗
j ≤ 0 for i = 1, ..., n. (4.5.9)

Proof. It is enough to take

z = u∗ and w = −b− Au∗,

so that M = −A and r = −b and thus it holds w = Mz + r, w ≥ 0, z ≥ 0
and wizi = 0, for all i = 1, . . . , n.

Definition. u∗ satisfying (4.5.9) is called a saturated equilibrium point.

In this way, LV equations (4.5.7) has a unique saturated equilibrium point
for each b ∈ Rn if and only if −A is a P −matrix.

Definition. For a nonnegative stationary solution u∗ = (u∗1, u
∗
2, ..., u

∗
n) I and

J are defined as subsets of N = {1, ..., n} such that u∗i = 0 for i ∈ I and
J = N\I.

And it is also defined

Rn
I =

{
u = (u1, u2, ..., un) ∈ Rn

+ |ui ≥ 0 for i ∈ I and uj > 0 for j ∈ J
}
.

(4.5.10)
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Note that Rn
I = int(Rn

+) if u∗ > 0, i.e, if J = N .

The following important result (see [110]) now gives us the global stability
of saturated equilibria for LV systems:

Theorem 4.3. Suppose A ∈ Sw. Then the LV system (4.5.7) possesses a
saturated stationary point u∗ for each b ∈ Rn which, moreover, is globally
asymptotically stable in Rn

I .

It assures existence and global asymptotic stability of the stationary point
for (4.5.9) (see [107]).

Note that if A ∈ Sw, every principal submatrix of A also belong to Sw.

And finally (see [107]):

Corollary. If A ∈ Sw, then the LV system and all its associated subsystems
possess a unique globally asymptotically stable solution (GASS) for each b ∈
Rn.

Theorem 4.4. The system
du

dt
= u (α− u+ gΓu) with Γ a symmetric matrix

has a GASS if g < 1/ρ(Γ).

Proof. Let us write the system (4.5.3) u′ = u (α− u+ gΓu) as u′ = u (α + Au) ,
where the product and the identity are assumed component by component
and A matrix is given by A = −I + gΓ. It is needed to prove that A ∈ Sw
because for these matrices there exists a unique GASS (see corollary). But
if g < 1/ρ(Γ), then −1 + gλ(Γ) < 0, being λ(Γ) an arbitrary eigenvalue of
Γ. Let us remember that symmetric matrices have real eigenvalues. So, A is
negative definite, and belonging to Sw trivially.

Theorem 4.5. Suppose A ∈ Sw. Then the LV system (4.5.7) possesses a
global attractor A ∈ Rn.

4.5.4 IS, NoEL, Morse decomposition and cones in a
gradient LV system

If g < 1/ρ(Γ) in
du

dt
= u (α− u+ gΓu) where A = −I + gΓ, or simply, if A

in
du

dt
= u (α + Au) is Lyapunov-stable:
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(i) There is a GASS in the positive cone, and a Morse decomposition which
consists of the finite set of all stationary points U∗ := {u∗

1, u
∗
2, ..., u

∗
m} .

(ii) The semigroup associated with the equations u′ = u (α + Au) , is a
gradient semigroup with respect to U∗, so the IS is associated with the
GA is a directed graph in such a way that just one of the stationary
points in the positive cone, Rn

+, is a globally asymptotically stable
solution (GASS) .

(iii) This GASS can be interpreted as the lower end of the IS if it is repre-
sented with the directed links going from up to down (see Fig. 4.5.1).

(iv) What particular cone in C(−A) contains −α is equivalent to find the
cone in C(A) containing α.

(v) This α ∈ Rn will be in a specific cone which determines what is the
unique combination of null and non-zero variables in the GASS, the
single stationary point that is globally asymptotically stable.

(vi) Each stationary point in U∗ has a unique combination of null and non-
zero variables (see section 4.2). So the IS is isomorphic to a subgraph
of the directed hypercube [0, 1] n. This hypercube has 2n vertices (or
nodes) and 2n−1n edges (or links) where each directed link goes to the
vertex nearest (0, 0, ..., 0) to the vertex nearest (1, 1, ...1). See Fig. 4.5.1
where n = 4 and the subgraph of the hypercube [0, 1] 4 is the proper
hypercube [0, 1] 4 in this particular case.

(vii) The intersections of the cones where α moves, and which cover all
Rn, are phase transition zones. Being close to a vertex, or an edge,
or a face, will indicate that with a slight change in the parameter α
(actually, each of the n components of α), the solution is going to
behave in a very different way (the topology of the IS changes, i.e., at
least one component in the GASS changes from null to non-zero or vice
versa) in the future [111, 112]. Note that the continuous dependence
on the parameters such as on the strength of connections [113] in this
characterization of the IS allows to understand the appearance of phase
transitions.

(vii) Recall that as the DS is defined on a graph, two different graphs are
defined: A the proper graph on which the DS is defined (structural
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network) and B the IS. In the particular case of the LV model there
is also an unique subgraph of the structural graph associated to each
stationary point (nodes of B) since each stationary point has a unique
combination of null and non-zero variables and the corresponding sub-
graph would be the one that includes the nodes corresponding to the
non-null variables and does not include any other node (it could be said
that it is an attracting subgraph, see Fig. 4.5.1). Thus, the GA and
its corresponding directed graph, the IS, can be understood as a new
dynamical network describing all the possible feasible future networks
[114, 115].

(vii) Each energy level is formed by stationary points with the same number
of non-zero components. The number of energy levels (NoEL) equals
the number of non-zero entries in the GASS plus one. The first level of
energy (associated with a source, a node or vertex with only outgoing
edges) is always comprised of the trivial solution (all variables equal
zero), while the last energy level includes only the GASS (associated
with a sink, a node or vertex with only incoming edges). Depending
on α and A all the components of the GASS could be non-zero and
the number of energy levels would be n+ 1. In some cases even the IS
could be complete, i.e., including 2n stationary points, for instance, as
in Fig. 4.5.1.
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Figure 4.5.1: A, Structural network of a 4-dimensional (n = 4) Lotka-Volterra (LV)

system given by (4.5.2). B, α and gΓ values in this example. C, Informational Structure

(IS): the global attractor GA is isomorphic to a directed graph. Each of the stationary

points is associated with a vertex or node from the graph, and there is a directed edge

from the vertex associated to one stationary point A towards the vertex associated to

the stationary point B if and only if there is a global solution that connects A to B.

That edge is directed because there is a Lyapunov function which is decreasing across the

global solution that connects A to B. In this example the IS is a new network made by

sixteen nodes (2n, the maximum possible) associated to the sixteen stationary points and

directed links associated to linking solutions. The relation induced by the links is transitive

in such a way that only the minimal links to understand the connectivity between nodes

are represented. Each node of the IS can be represented as a subgraph of the original LV

system where non-null components of the associated stationary point are shown in black

and null in grey. There are 5 energy levels.



Chapter 5

Model Transform

A novel mathematical formalism called model transform (MT) is proposed
here for characterizing dynamical systems (DSs) evolving in time. The dy-
namical activity of complex systems defined on networks depicts a compli-
cated energy landscape that changes over time. Integrating the underlying
structure of the system with the local node dynamics a particular case of
MT can be analytically computed, the Lotka-Volterra Transform (LVT). It
opens the door to calculate instantaneous global attractors (IGAs) for de-
scribing landscapes of attractors that change over time and to calculate the
associated directed graphs, the dynamical informational structure (DIS) for
any empirical system on a network. Thus, this is the first approach that
consider non-stationary or time depending landscapes of attractors, and in
Chapter 6 it will be proved that this framework is useful for studies of con-
sciousness.

5.1 Introduction

In Section 2.5 the main models of global brain dynamics were shown. All
of them include free parameters (i.e, parameters to be fitted) as the global
coupling strength, for instance. These parameters are usually fitted minimiz-
ing differences between functional connectivities (FCs, assessed by applying
Pearson coefficient correlation) with both empirical and simulated data. An-
other criterium for parameters’ fitting, in addition to FC, is metastability
(assessed using Kuramoto order parameter).

Nevertheless, the structure of the global attractor is not so well known

91
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for none of the studied models as for the case of the Lotka-Volterra model.
Another benefit of the LV model is the existing equivalence between obtaining
the Globally Asymptotically Stable Solution (GASS) and solving a linear
complementarity problem (LCP) as shown is Subsection 4.5.3. The LCP can
be solved using an efficient algorithm even in high-dimensional phase spaces
called Complementary Pivot Algorithm [27, 28].

Let us remember that the number of energy levels (NoEL) equals the
number of non-zero entries in the GASS plus one. If, for instance, n = 90 in
the LV equations there are up to 290 = 1.238×1027 stationary points, each one
a unique combination of binary variables. Hence, it is impossible to assess
all of them and the alternative is to characterize the IS considering its NoEL.
Thus, the GASS is assesses using the Complementary Pivot Algorithm and
the NoEL is calculated as the number of non-zero entries in the GASS plus
one. No similar algorithm is known to calculate the GASS in other models
of global brain dynamics.

In addition, Chapter 3 showed a collective behavior of a network of neu-
rons similar to a predator-prey model with Lotka-Volterra equations. Previ-
ously, in [16] a neuroecological LV equation for mean firing rate was derived
from the conventional membrane dynamics of a neural network with lateral
inhibition and self-inhibition. In [19] the joint activity dynamics of excita-
tory and inhibitory populations was analyzed employing a pair of mutually
interacting nonlinear differential equations. In absence of a voltage leak
for individual neurons, and for negligible synaptic transmission delay, these
equations take the form of LV equations. It has been also shown that LV
equations are capable of representing switching dynamics between different
states of neural networks [17, 18]. And, finally, they have been used to gen-
erate reproducible transient sequences in neural circuits [20, 21, 22, 23, 24].

However, real global brain dynamics does not converge or stabilize around
a fixed set of invariants as is the case of cooperative LV systems with logistic
term studied in Chapter 4. Rather empirical brain dynamics could be de-
scribed as a continuous flow of rapid and irregular oscillations [25, 26, 50]. It
is therefore appropriate to introduce new mathematical concepts here that
allow the application of simple mathematical models (such as Lotka-Volterra)
to complex empirical systems (such as the human brain). Therefore, instead
of describing the dynamics in terms of asymptotic behavior, the alternative
is to introduce the Lotka-Volterra transform (LVT) as a particular case of
the general model transform (MT).

To this end, the LV equations applied for global brain dynamics will in-
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clude the interaction of n coupled neural-masses introducing only long-range
excitatory projections between areas through the structural connectivity ma-
trix (SCM). This is because the inhibitory interneurons are local or short-
axon ones and connect with other neurons but never with distant parts of the
brain [65]. Thus, the whole brain anatomical network entails a cooperative
relationship among brain areas as usual for the other global models.

5.2 Model Transform and Instantaneous Pa-

rameters

For the sake of simplicity, here a model is defined as a system of n first order
ordinary differential equations but this definition can be extended to second,
third, etc., order ordinary differential equations or even difference equations.

Definition. A model is a system of n first order ordinary differential equa-
tions with n parameters θi:

u′i(x) = fi(u1, . . . , un; θi), i = 1, ..., n (5.2.1)

where fi : Rn+1 → R, and x ∈ R.

Definition. Given a model 5.2.1 and a differentiable function û :

û : R→ Rn

û(x) = (û1(x), ..., ûi(x), ..., ûn(x))T , for all x ∈ R

ûi(x) ∈ R, for all i = 1, ..., n.

let us define the auxiliary function f̂i : R→ R , f̂i(θi) = fi(û1, . . . , ûn; θi) for alli =
1, ..., n . If f̂i is invertible for all i = 1, ..., n , it is defined the model transform
of û(x) for model 5.2.1 as the functions θ̂i(x) that fulfills:

θ̂i(x) = f̂−1
i (û′i), i = 1, ..., n. (5.2.2)

If the model (5.2.1) is a model of a dynamical system (DS) instead of
x ∈ R it is used t ∈ R, and the parameters θ̂i(t) for any given time point
t = t0 are called instantaneous parameters in t = t0.
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Remark. In practice, (5.2.2) will be solved for θ̂i(x) which makes sense, for
instance, when experimental data of the ui variables are known, and therefore
also the u̇i(t) are. Typically u(t) is the solution of the equation given θi but
now the situation is the opposite. The model transform is defined in such a
way that given the initial empirical values û(t) the equations (5.2.1) would
fit exactly all the empirical data û(t) (see next theorem). Nevertheless, it
is very important noticing that the model equations are not being assessed
as a model (in next theorem it is shown that choosing θi = θ̂i(x) the model
fits always perfectly the empirical data) but the corresponding x-dependent
parameters θ̂i(x) are being looked for to study them.

Theorem 5.1. Given the model (5.2.1) and given a differentiable function û,
û : R→ Rn, if θ̂i(x) for all i = 1, ..., n are the model transform of û(x) for that
model, then û(x) is the solution of u′i(x) = fi(u1, . . . , un; θ̂i(x)), i = 1, ..., n
for initial conditions u(x0) = û(x0) for any x0 ∈ R.

Proof. Substituting u = û(x) in fi(u1, . . . , un; θ̂i(x)), for i = 1, ..., n, fi(û1, . . . , ûn; θ̂i(x))
is obtained that given (5.2.2) is exactly û′i by definition of inverse function
f−1.

5.2.1 Trivial examples

The most trivial example of model transformation is the slope of a curve at
a point. The model would be the differential equation u′(x) = m where m
is the parameter of this model. It is obviously a straight line model that
is trivially invertible and given a function û : R → R, û(x), for x ∈ R the
transform is m̂(x) = û′(x) which is the well-known slope m̂ of the curve û(x)
at each point x.

Another trivial example is instantaneous velocity. In this case the model
is a uniform motion in a straight line, a trivial dynamic system, defined by
the three differential equations x′i(t) = vi, i = 1, 2, 3. Given a function x̂ :
R→ R3, x̂i(t), i = 1, 2, 3, for t ∈ R, the transform is v̂(t) = x̂′(t). Thus, in
this case the instantaneous parameters are the components of instantaneous
velocity.

In the case of a dynamic system defined in Rn with any orbit γ̂(t) a
circumference model can be applied in Rn

g(t) = Acos(θ(t)) +Bsin(θ(t)) + C
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where C ∈ Rn is the center of the circle and A,B ∈ Rn are two perpendicular
vectors of module ρ (that is, A ·A = B ·B = ρ2 and A ·B = 0). Finding the
derivatives:

|g′|2 = ρ2(θ′)2

g′ · g′′ = ρ2θ′θ′′

|g′′|2 = ρ2((θ′)4 + (θ′′)2)

and removing θ′ and θ′′ in this system:

|g′|6 = ρ2(|g′|2|g′′|2 − (g′ · g′′)2) (5.2.3)

that can be seen as a circumference differential model if the definition of
model is generalized to include second order differential equations. Thus,
when ρ is a constant only the circular paths in Rn match that equation.
However, the model transform can be computed for any orbit γ̂(t) for that
differential circumference model and we get:

ρ̂(t)2 =
|γ̂′|6

|γ̂′|2|γ̂′′|2 − (γ̂′ · γ̂′′)2

or,

ρ̂(t) =
|γ̂′|3√

|γ̂′|2|γ̂′′|2 − (γ̂′ · γ̂′′)2

where the instantaneous parameter ρ̂(t) in this model transform is the well-
known expression of the radius of curvature in this case. Note that the curve
γ̂(t) does not have to be a solution to the model (5.2.3).

As a last example of simple model transform that generates well-known
expressions, let us start from the phase space R3 and an orbit γ̂(t), to which
a helix model is now applied in R3:

g(t) = Acos(θ(t)) +Bsin(θ(t)) + Ckθ(t)t+D

where D ∈ R3 is a point of the helix axis, A,B,C ∈ R3 are three mutually
perpendicular vectors, A and B with module ρ and C module 1. Finding the
derivative and removing ρ, θ, θ′ and θ”, it is obtained:
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g′ · (g′′ × g′′′) = τ |g′ × g′′|2 (5.2.4)

where τ = k
ρ2+k2

.

The expression (5.2.4) can be seen as a differential model of helix if the
definition of model is generalized to include third order differential equations.
Thus, when τ is a constant only the helix-shaped paths in R3 match that
equation. However, the model transform can be computed for any non-
restricted trajectory γ̂(t) for that differential model and it is obtained:

τ̂(t) =
γ̂′ · (γ̂′′ × γ̂′′′)
|γ̂′ × γ̂′′|2

where the instantaneous parameter of this model transform τ̂(t) is the well-
known expression of the torsion of the curve γ̂(t) in R3.

Therefore, the slope of a curve in a point, the instantaneous velocity, the
curvature and the torsion are the simplest particular cases of MT when trivial
models are applied. It will be shown that in complex empirical systems the
application of simple but non-trivial models can provide relevant information
of the system through the corresponding instantaneous parameters.

5.2.2 Kuramoto Transform

A non-trivial example of a model transform can be shown using the Kuramoto
model. It is a mathematical model of a DS used to describe synchronization
of a large set of coupled oscillators:

θ′i(t) = ωi + g
n∑
j=1

aij sin(θj − θi), i = 1, ..., n. (5.2.5)

where θi are the phases of each oscillator, g is the global coupling, and aij is
the adjacency matrix which express the connectivity among oscillators. Each
of the oscillators is considered to have its own intrinsic frequency ωi.

All the n equations (5.2.5) are trivially invertible with respect to param-
eters ωi, hence:

Definition. Given the values of the parameters g ∈ R+ and A = (aij) ∈
Rn×n and given a function θ̂ such that:

θ̂ : R→ Rn
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θ̂(t) = (θ̂1(t), ..., θ̂i(t), ..., θ̂n(t))T , for all t ∈ R
θ̂i(t) ∈ R, for all i = 1, ..., n.

the Kuramoto transform of θ̂(t) for model (5.2.5) is defined as the functions
ω̂i(t) that fulfills:

ω̂i(t) = θ̂′i(t)− g
n∑
j=1

aij sin(θ̂j(t)− θ̂i(t)), i = 1, ..., n.

and the numerical values of functions ω̂i(t) for any t = t0 are called instan-
taneous intrinsic frequencies.

5.2.3 Lotka-Volterra Transform

Another particular case of DS model is the associated with the Lotka-Volterra
equations. Thus, let us consider the LV system of differential equations given
by:

u̇i = ui

(
αi − ui + g

n∑
j=1

γijuj

)
, i = 1, ..., n. (5.2.6)

Definition. Given the values of the parameters g ∈ R+ and Γ = (γij) ∈ Rn×n

in a LV model (5.2.6), and given a function of time û:

û : R→ Rn
+

û(t) = (û1(t), ..., ûi(t), ..., ûn(t))T , for all t ∈ R
ûi(t) ∈ R+, for all i = 1, ..., n.

the Lotka-Volterra transform (LVT) of û(t) is defined as the function α̂(t)
that fulfills:

α̂ : R→ Rn

α̂(t) = (α̂1(t), ..., α̂i(t), ..., α̂n(t))T , for all t ∈ R

α̂i(t) =
˙̂ui(t)

ûi(t)
+ ûi(t)− g

n∑
j=1

γijûj(t), i = 1, ..., n.

and the numerical values of functions α̂i(t) for any t = t0 are called instan-
taneous growth rates.
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Remark. Again, notice that in the previous expression have been solved for
αi which makes sense, for example, when the experimental data ûi(t) are
known, and, therefore, also ˙̂ui(t). Usually u(t) is the solution of the equation
given α(t) but now the situation is the opposite. LVT is defined in such a
way that given the initial empirical values of û(t) the LV equations would
fit exactly all the empirical data û(t). Nevertheless, it is very important
noticing that the LV equations are not assessed as a model (it was proved
that choosing the suitable α(t) the fitting is always perfect) but looking for
the corresponding LVT to study them.

5.3 Instantaneous global attractor and Dy-

namical informational structure

Because the instantaneous parameters of a given model depend on time, for
that model of dynamical system and for each t ∈ R a global attractor, GAt,
and its associated IS, It, are obtained.

Thus, the instantaneous global attractors (IGAs) are a continuous time
series of GAs that characterizes the dynamics in each time value. The IGAs
is defined as a continuous flow

B : R→ P

B(t) = GAt ∈ P , for all t ∈ R

where P is the set of all possible GAs.
Correspondingly, the Dynamical Informational Structure (DIS, see [85,

102]) is a continuous time series of ISs associated to GAt in each time point.
The DIS is defined as a continuous flow

D : R→ G

D(t) = It ∈ G, for all t ∈ R

where G is the set of all possible graphs. Note that D expresses a continuous
movement of structures (see Fig. 5.3.1).
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Figure 5.3.1: Dynamic Informational Structures. Changes in the parameters char-

acterizing the dynamics of a LV system produce changes in the corresponding informational

structure. Actually, these changes can be proved to be continuous with respect to time

when parameters change continuously, for LV model. Top. Example for the evolution in

time of αi parameters of a system of four nodes; γ parameters are fixed. Black bars select

six different time points. Bottom. For a given LV system, different ISs corresponding to

the time steps shown above.
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5.4 Discrete model transform (DMT)

In practice both ûi(t) and ˙̂ui(t) will be empirical signals that are measured
as time series, that is, their values are known for discrete values of time
t = tk = k·∆t where ∆t is the temporal step between measurements and
k = 1, ..., T where T is the length of a given data time series. Hence, the
notation will be ui,k = ûi(t = tk = k·∆t) and θi,k = θ̂i(t = tk = k·∆t). The
simplest discrete version of the equation (5.2.1) for a DS model is:

ui,2 − ui,1
∆t

= fi(u1,1, . . . , un,1; θi,1), i = 1, ..., n (5.4.1)

ui,k+1 − ui,k−1

2·∆t
= fi(u1,k, . . . , un,k; θi,k), i = 1, ..., n k = 2, ..., T − 1

(5.4.2)
ui,T − ui,T−1

∆t
= fi(u1,T , . . . , un,T ; θi,T ), i = 1, ..., n (5.4.3)

and, solving for θ, the corresponding discrete model transform (DMT):

θi,1 = f−1
i (û1,1, . . . , ûn,1;

ui,2 − ui,1
∆t

), i = 1, ..., n

θi,k = f−1
i (û1,k, . . . , ûn,k;

ui,k+1 − ui,k−1

2 ·∆t ), i = 1, ..., n k = 2, ..., T − 1

(5.4.4)

θi,T = f−1
i (û1,T , . . . , ûn,T ;

ui,T − ui,T−1

∆t
), i = 1, ..., n

where θi,k with i = 1, ..., n and k = 1, ..., T is the one which actually builds
the empirical signal ûi,k in the following approximate solution (Euler method)
of the model equations:

ui,2 = ui,1 + ∆t·fi(u1,1, . . . , un,1; θi,1), i = 1, ..., n

ui,k = ui,k−2 + 2·∆t·fi(u1,k, . . . , un,k; θi,k), i = 1, ..., n k = 3, ..., T (5.4.5)

and knowing the empirical ui,1 for i = 1, ..., n as initial conditions.
n is the number of nodes in the model and each different i from 1 to n

corresponds to a different node. At each time step k there is a θi,k column
with n components, so, finally a temporal series of T different 1×n columns
is obtained.
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5.4.1 Discrete LVT

As a particular case of DMT it is shown here the discrete LVT. Both ui(t) and
u̇i(t) will be, in practice, empirical signals that are measured as time series.
Again, their values are known for discrete values of time t = tk = k · ∆t
where ∆t is the temporal step between measurements and k = 1, ..., T where
T is the length of a given data time series. The simplest discrete version of
the equation (5.2.6) is taken:

ui,2 − ui,1
∆t

= ui,1

(
αi,1 − ui,1 + g

n∑
j=1

γijuj,1

)
, i = 1, ..., n (5.4.6)

ui,k+1 − ui,k−1

2·∆t
= ui,k

(
αi,k − ui,k + g

n∑
j=1

γijuj,k

)
, i = 1, ..., n k = 2, ..., T−1

(5.4.7)

ui,T − ui,T−1

∆t
= ui,T

(
αi,T − ui,T + g

n∑
j=1

γijuj,T

)
, i = 1, ..., n (5.4.8)

and, solving for α, the corresponding discrete LVT:

αi,1 =
ui,2 − ui,1

∆t·ui,1
+ ui,1 − g

n∑
j=1

γijuj,1, i = 1, ..., n

αi,k =
ui,k+1 − ui,k−1

2∆t · ui,k
+ ui,k − g

n∑
j=1

γijuj,k, i = 1, ..., n k = 2, ..., T − 1

(5.4.9)

αi,T =
ui,T − ui,T−1

∆t · ui,T
+ ui,T − g

n∑
j=1

γijuj,T , i = 1, ..., n

where αi,k with i = 1, ..., n and k = 1, ..., T is the one which actually builds
the empirical signal in the following approximate solution of the LV equations
following Euler method:

ui,2 = ui,1 + ∆t · ui,1
(
αi,1 − ui,1 + g

n∑
j=1

γijuj,1

)
, i = 1, ..., n
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ui,k = ui,k−2+2·∆t·ui,k−1

(
αi,k−1 − ui,k−1 + g

n∑
j=1

γijuj,k−1

)
, i = 1, ..., n k = 3, ..., T

(5.4.10)
and knowing the empirical ui,1 for i = 1, ..., n as initial conditions.

Again, n is the number of nodes in the system and every different i from
1 to n corresponds to a different node.

At each time step k the ui,k data define a αi,k column with n components,
and thus, it is finally obtained a temporal series of T different informational
structures. This time series of ISs is a particular case of DIS.

5.5 Discussion

It was desirable to take advantage of the well-known informational structure
(IS) of the Lotka-Volterra (LV) model. Using LV equations the global at-
tractor (GA) and the number of energy levels (NoEL) of the IS are easily
computed by means of the efficient Complementary Pivot Algorithm. No
similar algorithm is known to calculate the globally asymptotically stable
solution (GASS) in any other model of global brain dynamics.

Nevertheless, the empirical global brain dynamics could be described as
a continuous flow of rapid and irregular oscillations and does not converge
or stabilize around a fixed set of invariants as is the case of LV systems. It
was therefore appropriate to introduce new mathematical concepts in this
Chapter that allowed the application of simple mathematical models (such
as LV model) to complex empirical systems (such as the human brain).

The slope of a curve at a point, the instantaneous velocity, the curvature
and the torsion are examples of differential properties of trajectories in the
phase space that arises when those trajectories are compared to trivial models
(a straight line, the uniform motion in a straight line, the circle and the helix)
in a small neighborhood of a point of the trajectory. When these differential
properties are assessed for non-trivial models the Model Transform is defined.

A model was defined as a system of n first order ordinary differential
equations but this definition can be extended to second, third, etc., order
ordinary differential equations, difference equations, or other formulations of
a theoretical dynamical system.

Therefore, instead of describing the dynamics in terms of asymptotic be-
havior, the alternative is to introduce the Lotka-Volterra transform (LVT) as
a particular case of the general model transform. The main models of global



CHAPTER 5. MODEL TRANSFORM 103

brain dynamics include free parameters which are usually fitted minimizing
differences between FCs or metastability with both empirical and simulated
data. Comparatively, using the MT (or the LVT) the empirical and sim-
ulated data are exactly the same and the parameters are now functions of
time.

In the MT the model is solved for parameters which makes sense, for
instance, when empirical time series of the model variables are known. Typi-
cally the solution of a model is assessed given fixed parameters, but, contrary
to this, in the MT the situation is just the opposite. The MT is defined as
the time dependent parameters with which the model equations fit exactly
the empirical data. Nevertheless, it is very important noticing that the model
equations are not being assessed as a model. In other words, the model could
be very simple compared to complex empirical time series.

Because the instantaneous parameters of a given model depend on time,
for that model of dynamical system and for each time point a global attrac-
tor and its associated IS are obtained resulting a continuous movement of
structures.

Thus, in complex empirical systems the application of the Lotka-Volterra
Transform (LVT) can provide relevant system information through the cor-
responding instantaneous parameters. Thus, for dynamical activity of com-
plex systems defined on networks and integrating γij, the underlying struc-
ture of the system, with the local node dynamics, ûi(t), the Lotka-Volterra
Transform (LVT) can be analytically computed. Changes in the parame-
ters characterize the dynamics of the LV system and produce changes in the
corresponding GA. It opens the door to calculate instantaneous global at-
tractors (IGAs) for describing landscapes of attractors that change over time
and to calculate the associated directed graphs, the dynamical informational
structure (DIS) for any empirical system on a network.

In practice the empirical signals are measured as time series, that is,
their values are known for discrete values of time. At each time step the
data define a column matrix, and, finally, it is obtained a temporal series
of different informational structures. These time series of ISs is a particular
case of DIS.

In next Chapter it will be proved that the LVT is useful for studies of
consciousness. This approach also opens the door to use the MT for different
models of global brain dynamics as, for instance, the Kuramoto model for
computing instantaneous intrinsic frequencies in different brain areas. In this
and other research fields the applications of the MT promise countless.



Chapter 6

DIS from LVT characterize
brain states

The dynamical activity of the human brain depicts an extremely complex
energy landscape that changes over time. Nevertheless, using the model
transform defined in Chapter 5 the attractors landscape can be character-
ized. Specifically, the Lotka-Volterra transform combining the anatomical
structure of the brain and the local node dynamics allows to characterize the
brain state by the time variability of its dynamical informational structure.
This variability of instantaneous attractors can be considered as a measure
of the metastability of the system and is therefore called structural metasta-
bility. In this Chapter it is demonstrated that this mathematical formalism
serves to distinguish quantitatively and rigorously between different brain
states, e.g., awake from deep sleep. This theoretical framework is potentially
relevant for the development of biomarkers in translational applications in
the context of clinical patients with damaged consciousness levels as in coma.
This Chapter is based on a paper currently submitted [116].

6.1 Introduction

Neural correlates of consciousness (NCC) refer to the minimal brain activity
required for conscious thought and a good body of literature has addressed
the problem [78, 117, 118, 119, 120, 121, 122]. During the recent years, an
increasing interest in finding mechanistic explanations of brain states has
led to the search of NCC. The model transform (MT) approach studied in

104
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Chapter 5 is used here to distinguish between different states of the human
brain, so that it can be determined whether a person is undergoing some
form of conscious experience. Indeed, sensitive and specific biomarkers would
allow us to assess the level of consciousness of healthy subjects undergoing
different stages of sleep, the effect of anesthesia or psychedelic drugs like
LSD, subjects prevented from any form of communication due to language
disorders, and crucially in coma patients [123, 124, 125, 126, 127].

DSs cover from simple dynamics, as global convergence to a stationary
point, to the much richer one usually referred as chaotic dynamics [91, 92, 128]
and dynamics of catastrophes [129]. The human brain is a high dimensional
system that does not converge or stabilize around a fixed set of invariants.
It seems close the door to calculate attractors. Let us remember that from
the dynamical systems theory (DST), the global attractor (GA) determines
the asymptotic behavior of the dynamical system (DS), i.e., it describes
the past and future behavior of the system (see Chapter 4). Specifically,
Lotka-Volterra (LV) is a well-known system of first-order nonlinear differen-
tial equations used to describe the dynamics of biological systems in which
several species interact. LV is the simplest model that allow to calculate
with a efficient algorithm the structure of the GA. The GA for this model
consists of the equilibria and the heteroclinic connections among them as
it was studied in Chapter 4. The informational structure (IS) of this GA
can be computed and, under some conditions, there exists a hierarchical or-
ganization with several levels of equilibria sets or energy levels ordered by
connections in a dynamically gradient fashion.

The MT is the door leading to apply all this framework to empirical
data. Using a particular case of MT, the Lotka-Volterra Transform (LVT),
the brain activity is here described as a continuous flow of different GAs and
a corresponding flow of ISs. In a complex empirical system as the brain the
application of the LVT studied in Chapter 5 can provide relevant informa-
tion through the corresponding instantaneous parameters. Thus, for empir-
ical global brain dynamical activity the LVT can be analytically computed
by integrating its anatomical structure and the local node dynamics. The
anatomical structure is obtained from tractography-based Diffusion Tensor
Imaging (DTI) and the nodes are taken to be the regions of interest (ROIs)
([4, 5, 6]) in a volume-based human brain atlas as usual ([32, 7, 33, 34]).

The variability of the DIS is assessed assuming a time-varying or in-
stantaneous growth rate parameter, which yields a time-varying GA. This
variability of instantaneous attractors can be considered as a measure of the
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metastability of the system and is therefore called structural metastability.
By means of the LVT, the instantaneous global attractors (IGAs) can be used
for describing time dependent landscapes of attractors, to calculate the as-
sociated directed graphs, the dynamical informational structure (DIS), and
to assess the number of energy levels (NoEL) in different brain states. The
innovative view of the time-varying DIS relies on the fact that an asymptotic
attractor, the IGA, is being computed at every time instant. Thus the IGA
is the GA the system would achieve in the limit assuming a particular fixed
value of the growth rate parameter.

In this Chapter conscious states are crucially associated with the struc-
tural metastability.. In particular, it is demonstrated that this approach can
distinguish between well-defined consciousness levels like the one associated
with wakefulness and deep sleep (N3 stage) in empirical BOLD fMRI signals
(see Section 2.3). Hence, characterizing the variability in time of the DIS by
means of the number of energy levels (NoEL, see Section 4.4), different levels
of consciousness can be identified. This is particularly relevant for the case
of patients in coma.

6.2 Models and methods

6.2.1 Empirical data and filtering

In order to compare conscious and unconscious characteristic states, data
from 18 healthy subjects are used. Specifically, these empirical data are
BOLD signals from fMRI in resting state and deep asleep phase (N3). The
dataset comes from a set of fifty-five subjects (thirty-six females, mean ±
SD age of 23.4 ±3.3 years) who fell asleep during a simultaneous EEG-
fMRI recording previously described in [130], where only the 18 subjects
who reached stage N3 sleep (deep sleep) were selected. The mean duration
(±standard deviation) of contiguous N3 sleep epochs for these participants
was 11.67 ± 8.66 min. fMRI data was recorded at 3T (Siemens Trio, Er-
langen, Germany) simultaneously with EEG data using an MR-compatible
EEG cap (modified BrainCapMR, Easycap, Herrsching, Germany), and sleep
stages were scored manually by an expert according to the AASM criteria
(AASM, 2007). fMRI data was realigned, normalized and spatially smoothed
using SPM8 (www.fil.ion. ucl.ac.uk/spm), (see [130] for full acquisition, pre-
processing and sleep scoring details). Helmut Laufs (Christian-Albrechts-
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University Kiel) designed and supervised the EEG-fMRI experiments includ-
ing EEG and BOLD data (pre-)processing together with Enzo Tagliazucchi
(University of Buenos Aires) and sleep scoring.

Empirical BOLD signals are normally band-pass filtered to remove the
contribution of noise. Cardiac (with frequencies around 1–2 Hz), respiratory
(around 0.3 Hz), motion-induced and their temporal aliasing noises need to
be regressed out from the fMRI BOLD signals [131]. Different filters have
been proposed in the literature to obtain the most reliable results [132]. For
instance, the range 0.04 − 0.07 Hz is ideal according to [133]. Nevertheless,
in this study a particular look is taken at this process to better illustrate
differences between attractors in resting state and in the deep sleep. Thus,
all the possible filters below the Nyquist frequency are considered to search
of the one that best fits the purpose of showing differences. Hence, data were
band-pass filtered, first in the range 0.04 − 0.07 Hz, and then all possible
ranges.

6.2.2 Dimensional weights in LVT for BOLD signal

The fMRI technique relies on the fact that cerebral blood flow and neuronal
activation are coupled. In this work the BOLD signal is considered as an
indicator of activity in each brain area, but before applying the discrete LVT
(see Subsection 5.4.1) they are calculated:

-First, the z-scores of the BOLD signal:

z =
x− µ
σ

where x is the BOLD signal, µ is the mean of the sample and σ is the standard
deviation of all samples.

-Then let us add a constant b:

ū = z + b

choosing b in order to obtain ū > 0 since due to biological reasons LV equa-
tions do not make sense for negative values (see Subsection 4.5.1) and the
LVT is undefined for ū = 0.

-Finally, since the LV equations used in thesis are non-dimensional, before
empirical data are substituted in them a characteristic tc and uc must be
determined and substituted the non-dimensional values t = t̄/tc and u = ū/uc
(where t̄ and ū are dimensional values) in the non-dimensional LV equations:
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du

dt
= u (α− u+ gΓu)⇒ tc

uc

dū

dt̄
=

1

u2
c

ū (ᾱ− ū+ gΓū)

⇒ uctc
dū

dt̄
= ū (ᾱ− ū+ gΓū)

If uctc is called h, the LVT is now:

ᾱi = h
ū′i
ūi

+ ūi − gΓū

where h and g are the weights of the terms ū′/ū and Γū which represent,
respectively, the local activity and the global coupling. Both weights must
balance the information coming from the local activity and the external cou-
pling data of each node. In practice, a double fitting of h and g can be
computed optimizing the paired difference test between asleep and awake
subjects.

6.2.3 Structural connectivity matrix

The interactions between 90 brain areas were scaled in proportion to their
white matter structural connectivity to generate a whole-brain network model.
For this study, it is used the structural connectivity between the 90 auto-
mated anatomical labelling (AAL) regions obtained in a previous study [29]
averaged across 16 healthy young adults (5 females, mean ± SD age: 24.75
± 2.54). Briefly, for each subject, a 90×90 structural connectivity matrix
Γ=[γij] was obtained by applying tractography algorithms to Diffusion Ten-
sor Imaging (DTI) following the same methodology described in [134] where
the connectivity γij between regions i and j is calculated as the proportion
of sampled fibers in all voxels in region i that reach any voxel in region j.
Since DTI does not capture fiber directionality, γij was defined as the av-
erage between γij and γji. Averaging across all 16 participants resulted in
a structural connectivity matrix (SCM) Γ = [γij] representative of healthy
young adults. Morten L. Kringelbach (University of Oxford) provided SCM
measurements. The different brain areas in the neuroanatomical connectivity
matrix are ordered in such a way that homotopic regions in the two cerebral
hemispheres were arranged symmetrically with respect to the center of the
matrix (see Fig. 6.2.3).
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Figure 6.2.1: Structural connectivity of the Human Connectome. A, Corti-

cal regions index of 90 regions from the Automated Anatomical Labeling (AAL) atlas

with region labels on the left side and (C) homotopic regions on the right side. B, Struc-

tural connectivity matrix. Contra-lateral (homotopic) regions are symmetrically arranged.

The anti-diagonal reveals the existing connections between contra-lateral regions. D, 2-

dimensional representation of the network structure (view from above), the nodes repre-

senting anatomical regions placed at their central coordinates.
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6.2.4 Measuring energy levels from fMRI data

The brain dynamics is a continuous flow of quick and irregular oscillations
([25, 26, 50]). Hence, instead of describing it in terms of asymptotic behavior,
an alternative consists of introducing the Lotka-Volterra transform (LVT) to
yield the corresponding dynamical informational structure (DIS), defined as
the ISs (the structures of stationary points and solutions connecting them)
indexed continuously by time. This more dynamical view of the problem
allows to characterize the rich behavior of the brain.

The different levels of consciousness will be characterized by analyzing
the structural metastability. (see Fig. 6.2.2 with the flow of steps applied
and Fig. 6.2.3 for a more detailed flowchart). First, the structural connectiv-
ity matrix obtained from empirical tractography-based DTI is chosen as the
interaction matrix of the dynamical system (DS). Then, the Lotka-Volterra
Transform (LVT) is applied to calculate the growth rate α (instantaneous
parameter). After solving the linear complementarity problem (LCP) the
globally asymptotically stable solution (GASS) and the number of energy
levels (NoEL) of the corresponding Informational Structure (IS) are calcu-
lated at each time point.

In Fig. 6.2.4 it is shown a simple 4-dimensional example of how the num-
ber of energy levels (NoEL) changes as a function of time in a structural
network with connectivity parameters:

gΓ =


0 0.238218 0.111796 0.195597

0.163211 0 0.0450021 0.223199
0.141685 0.0952128 0 0.182694
0.109297 0.18679 0.0118409 0


At t = 22 there are 2 energy levels, at t = 76 there are 3 energy levels, at
t = 105, t = 122, and t = 150 there are 4 levels of energy, and at t = 54 there
are 5 energy levels. Always they match the number of non-zero variables
of the GASS plus one. The first level of energy (associated with a node or
vertex with only outgoing edges) is always comprised of the trivial solution
(all variables equal zero), while the last energy level includes only the GASS
(associated with a node or vertex with only incoming edges). Depending
on α and gΓ the informational structure can be complete, i.e., including 2n

stationary points when the number of energy levels is n + 1 (for instance,
Fig. 4.5.1).

It is important to clarify that the LV equations are not used to model the
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Figure 6.2.2: Flowchart illustrating the methods. For this study, the structural con-

nectivity network is used through an automated anatomical labelling (AAL) atlas. The

corresponding tractogram was obtained in a previous study [29]. It is assumed that neural

activity in different brain areas can be characterized using the model transform for a co-

operative Lotka-Volterra (LV) system constrained by the structural connectivity. The LV

transform is a mathematical operator that calculates the instantaneous growth rate of the

filtered empirical BOLD fMRI signals. Then the globally asymptotically stable stationary

solution (GASS) and the number of energy levels (NoEL) of the corresponding informa-

tional structure are calculated at each time instant. In order to assess how different the

distributions of the NoEL for awake and for deep asleep are, a statistical hypothesis test

is calculated (see Fig. 4.5.1 for a more detailed flowchart and explanations).
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Figure 6.2.3: A more detailed flowchart than Fig. 6.2.2 illustrating the methods. First,

the structural connectivity between 90 standardized brain areas is used through an au-

tomated anatomical labelling (AAL) atlas. The corresponding tractogram was obtained

in a previous study [29] through diffusion tensor imaging (DTI) providing an structural

connectivity network. It is assumed that neural activity in different brain areas can be

exactly reproduced in the model transform of interacting species in a cooperative Lotka-

Volterra (LV) model constrained by the structural connectivity and a global coupling

strength parameter value. With these constraints, the LV transform is a mathematical

operator that calculates the instantaneous growth rate parameter. Then solving the linear

complementarity problem the globally asymptotically stable stationary solution (GASS)

and the number of energy levels (NoEL) of the corresponding informational structure are

calculated at each time instant. This process is repeated for each subject data in resting

state and in N3 state. In order to assess how different the distributions of the NoEL for

awake and for deep asleep are, a statistical hypothesis test (Wilcoxon test) and the Jind

are calculated. Finally, these results are used to fit the initial values of the global coupling

parameter and even the extreme values in the frequency range used for filtering.
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Figure 6.2.4: A, Structural network of a 4-dimensional (n = 4) Lotka-Volterra (LV)

system given by 5.2.6 (see main text for gγ values in this example). B, Evolution in time

of αi parameters of a four-node system. In this example αi are periodic functions of time.

Changes in the parameters governing the dynamics produce changes in the corresponding

informational structures (ISs). C, Dynamic Informational Structures: different ISs corre-

sponding to the time steps shown above. For the cooperative LV system each energy level

is formed by nodes associated with stationary points with the same number of non-zero

components. The number of energy levels (NoEL) q changes over time also, but equals

the number of non-zero entries in the GASS plus one.
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temporal evolution of the brain, but as a model for computing a model trans-
form (MT) and obtaining the temporal evolution of the GA and associated
DIS. Thus, for LV equations the MT is the LVT and, in practice, the func-
tions ûi(t) (see Section 5.2) are empirical values from filtered BOLD signals
obtained using fMRI in the form of discrete time series ûi,k. The instanta-
neous parameters can be used to identify the DISs of the system, consisting
of the temporal evolution of the IS.

In next Subsection is shown that, in order to assess the differences between
the distributions of the average NoEL (q) and decide which conscious state
the subject undergoes, statistical tests, namely Wilcoxon and Jind (Fig. 6.2.3)
are applied as defined in (6.2.1).

6.2.5 Identifying brain states: paired difference test
and J index

To assess differences in the DIS between wakefulness and deep sleep, the non-
parametric Wilcoxon signed-rank test is used. That is a paired difference
test, typically used when the same subject is measured before and after
a treatment and that determines if two paired samples were selected from
populations having the same distribution. Also, the paired Student’s test can
be used when the population can be assumed to be normally distributed, but
enough data to know if that holds in this case is not provided so the Wilcoxon
signed-rank test will be used. Let us consider two quantitative descriptors of
the DIS, the time average of NoEL (q) and the standard deviation of NoEL
(σq), both calculated for each participant in the two brain states. The p-
value of a paired and two-sided test is obtained for the null hypothesis that
the distribution of average NoEL (or their standard deviation) presented the
same median during awake vs. deep asleep subjects. Here, a small p-value of
that null hypothesis means that q (or σq) are significantly different for awake
and asleep subjects.

In addition to the p-value in the Wilcoxon test another measure called
Jind is defined:

Jind =

ns∑
i=1

(qas,i − qaw,i)
ns∑
i=1

| qas,i − qaw,i |
(6.2.1)
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where ns is the number of subjects , qas,i is the value of q for subject i
while asleep and qaw,i is the value of q for subject i while awake. Then,
Jind =1 (Jind =−1) if the mean NoELs is larger (smaller) for deep sleep than
wakefulness for all subjects and Jind ' 0 if q did not depend on the brain
state, that is to say, if the null hypothesis holds. Jind can also be defined for
σq or for any other parameter.

Jind is not really the result of a paired difference test but a new measure
of association between a categorical variable (for example, the brain state)
and a quantitative variable (for example, the mean of the NoEL). It applies
to paired data sets and measures the separation between one set of data and
another. It is similar to a paired case of the Cohen’s d index. (Cohen’s d is
an effect size used to indicate the standardized difference between two means
and can be used to accompany reporting of t-test and analysis of variance
results.)

It is important not to mix up the signed-rank test with the rank sum
test, both from Wilcoxon. This last test assumes that the two samples are
independent while the first, which is used here, is for paired samples.

6.3 Results

Sleep is traditionally subdivided into different stages that alternate in the
course of the night [120], mainly non-rapid-eye-movement (NREM) and rapid-
eye-movement (REM) sleep. NREM is further subdivided into falling asleep
(N1), NREM sleep (N2), NREM sleep (N3). From N1 to N3, traveling brain
waves are slower and more synchronized. N3, the deepest stage of NREM, is
referred to as deep or slow-wave sleep. The differences between sleep (closed
eyes, stopped behaviour and absence of response to stimuli) and awake (fre-
quently opened eyes, body movement and response to the environment) are
very well known. However, it has recently been shown that when wakefulness
is prolonged, characteristic OFF periods of the slow wave of sleep can appear
locally [135]. In the same way during sleep the frequency of these decreases
as the sleep goes on. Therefore it would be expected that, at the level of
the global brain in which this study is conducted, some of the characteristics
of both states are shared while the differences have to be established in a
statistical way.

From the brain’s spacetime dynamics point of view, effective connectivity
is reduced in slow wave sleep compared to wakefulness. Nevertheless, the
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effective connectivity does not disappear during the sleep state, but it is
through statistical measures averaged over time and over several subjects
that we make such conclusion. It is in this regard that we can affirm that
the brain exhibits greater connectivity and less stability during wakefulness,
suggesting that the spread of activity increases in this brain state [136].

6.3.1 Impact of coupling strength and filtering

6.3.1.1 Impact of coupling strength

The structural connectivity matrix obtained from empirical tractography-
based DTI is chosen as the interaction matrix Γ of the dynamical system
(DS). Then, the Lotka-Volterra Transform (LVT)

α̂i = h
û′i
ûi

+ ûi − gΓû

is applied to calculate the growth rate α̂i (instantaneous parameter) that re-
produces exactly the filtered empirical BOLD fMRI signals. But the strength
of the connections between pairs of nodes is controlled by the coupling
strength parameter. Changes in coupling strength g leads to changes in the
LVT, and have therefore an impact on the distribution of NoEL. Fig. 6.3.1A
shows the impact of g on the ISs’ ability to differentiate between the two brain
states. The gap between awake and deep asleep measures changes as a func-
tion of g. A vertical dashed line showing the maximum value (g < 0.36743)
ensuring global stability is included (see Theorem 4.4). The Pearson linear
correlation coefficient between the two curves (−0.9781) corroborates that
the Jind basically measures the same as the Wilcoxon test (although Jind is
more intuitive and easier to calculate). The optimal value is g=0.29 in both
tests and that is, henceforth, the value chosen for calculations. Note however
that the gap between awake and asleep is not restricted to this value. Indeed,
the range of g in which the differences between the distributions of energy
are manifest (p-values below 1% or 10−2) is very broad: from g=0.05 to the
red dashed line where the global stability of the system is not guaranteed.
In that same interval Jind remains above 72% (Jind = 0.72). In other words,
the gap between the awake and deep asleep measures are robust, as they
do not depend on a specific value of g. In addition it is verified that the
suggested method does not offer good results when g tends to zero or when
g approaches the maximum limit guaranteeing stability of the system.
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Figure 6.3.1: A, Fitting of the coupling strength parameter g taking as an optimization

criterion the minimization of the p-value of the Wilcoxon test and the Jind maximization,

both for means, as optimization criteria. The red dashed line delimits the region in which

global stability is guaranteed. In both cases the optimum value is g=0.29. B, Fitting of

the filter used taking as an optimization criterion the minimization of the p-value of the

Wilcoxon test and the Jind for the samples of both, q and σq. Both, the Wilcoxon test

p-value and the Jind are functions of the ends of the filtering range (see Fig. 6.3.2 for a

2D version of the graphics and more details in caption).
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A similar analysis was done for h = uctc and the optimal value was 105.

6.3.1.2 Impact of filtering

Thus far, all calculations have been made filtering the data in the interval
0.04 − 0.07 Hz [133]. Fig. 6.3.1B and Fig. 6.3.2 shows the results of the
Wilcoxon test and Jind index for the means q and the standard deviations
σq of the NoEL assuming different filter ranges. At high frequencies, noise
is not filtered and the DISs of the two brain states are very similar, the
p-value is high and the Jind is small. For q the filter range with minimum
p-value is 0.077 − 0.096 Hz (p = 2.3323·10−4). For σq, the filter range with
minimum p-value is 0.077− 0.106 Hz (p = 2.3323·10−4) and the second best
is 0.077 − 0.096 Hz (p-value= 2.7642·10−4). For σq, the filter range with
maximum Jind is 0.077 − 0.106 Hz (Jind = 0.9954) and the second best is
0.077− 0.096 Hz (Jind =0.9813). Therefore, the filtering range 0.077− 0.096
Hz is chosen. When the signal is filtered in this range the difference between
the distributions of NoEL and, therefore, between the DISs of awake and
asleep subjects is maximum. The values obtained for most filters (wide filters,
narrow filters or even filter absence, i.e. 0.0 − 0.24 Hz where 0.24 Hz is the
Nyquist frequency) are good enough (Jind > 0.75 and p-value< 0.01) to
sustain that these results can not be attributed to a specific filter, but rather
that the hypotheses here proposed, in general, are true even for the unfiltered
signal. Only high-pass filters provide negative results (Jind < 0.4 and p >
0.2). The results do not depend on a specific filter and the conclusions are
again robust in this regard.

6.3.2 Statistical analysis of structural metastability.

Through the LVT the time-varying vector α̂ is calculated for every subject
in both brain states. Through the LCP the GASS is calculated.

Fig. 6.3.3 shows a 60-seconds long sample of the NoEL as a function of
time for one subject in awake state and deep sleep state. The large and the
small number of energy levels are more frequent in awake than in deep asleep
conditions. Furthermore the average NoEL seems higher for deep sleep state
than for awake state. A similar graphic is shown in Fig. 6.3.4 but using
a different filter. To confirm the latter the NoEL distributions for the 18
subjects in both conditions are studied.
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Figure 6.3.2: 2D version of Fig. 6.3.1. Fitting of the filter used taking as an optimization

criterion the minimization of the p-value of the Wilcoxon test and the Jind for the samples

of both, q and σq. Since fMRI data are collected with time to repetition (TR) in the

order of 2.08 sec the Nyquist frequency, 0.24Hz, is the frequency upper limit. The points

below and to the left of the principal diagonal are meaningless since the lower end of the

interval can not be greater than the upper limit and the worst value of the scale has been

arbitrarily assigned to them. Both, the Wilcoxon test p-value and the Jind are functions

of the ends of the filtering range. All values lower than 10−2 (< 1%, green, orange or

yellow) are acceptable from the point of view of hypothesis contrast. Near the principal

diagonal the width of the filter is narrower so it will be easier to locate the frequencies

that characterize the awake state compared to deep asleep state. For the samples of q̄

the filter with maximum Jind (0.9948) was 0.08− 0.1Hz. As in the fitting of the coupling

strength parameter g, the Wilcoxon test and the Jind measurements correlate, since the

two graphs of each column are quite similar.
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Figure 6.3.3: A 60-seconds long sample of the number of energy levels (NoEL) for one

subject in deep asleep and awake states. Empirical data was band-pass filtered in the range

0.077− 0.096 Hz and g=0.29. In practice both the BOLD signal data and the NoEL are

evaluated as time series, that is, for discrete values of time (∆t = 2.08 seconds). Only

for this figure and Fig. 6.3.4 the discrete data were interpolated using cubic spline. This

sample shows greater variability for awake than for deep asleep condition. This variability

of instantaneous attractors can be considered as a measure of the metastability of the

system and is therefore called structural metastability . Furthermore, the average NoEL is

higher for deep asleep than for awake condition (see Fig. 6.3.4 for a similar graphic using

a different filter).
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Figure 6.3.4: Similar graphic than Fig. 6.3.3 but using a different filter. Again subjects

in awake condition show greater structural metastability than for deep asleep condition.

In this graphic the Y-axis is inverted: as it is said in Discussion if it is used as a reference

the energy of the unstable trivial solution (0, 0, ..., 0) and take into account that when

the number of levels increases, the stability of the GASS grows and its energy decreases,

the average energy of the deep asleep state is less than the awake one. So, although the

average number of energy levels (NoEL) is higher for deep asleep than for awake condition

again the average energy in awake state is higher. In this 100-seconds long sample of the

NoEL for a different subject in both states empirical data was band-pass filtered in the

range 0.04 − 0.07 Hz (in Fig. 6.3.3 the range was 0.077 − 0.096 Hz). Again g= 0.29. In

practice both the BOLD signal data and the NoEL are evaluated as time series, that is,

for discrete values of time (∆t = 2.08 seconds).
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In Fig. 6.3.5A, generally, the NoEL increases when the components of al-
pha grow, where alpha components are calculated using the LVT. Fig. 6.3.5B
shows the distribution of energy for every subject in awake and in sleep con-
ditions back to back. Fig. 6.3.6 is the same plot than Fig. 6.3.5B but non-
smoothed. For both conditions the value q = 91 is the most frequent one,
whereas q = 90 is the second most frequent. When q=91 the corresponding
ISs have the maximum NoEL (the GASS has all the 90 components different
from zero), i.e., the attractor (the GASS) is comprised by the whole brain
(all brain areas are active).

This whole brain attractor, which is more frequent in awake than in deep
asleep conditions, is a consequence of hubs when simultaneously increasing
their activity. Generally, NoEL distributions for awake are very different
from those for deep asleep phase in every subject. There seems to be a
tendency for extreme values of NoEL to be more frequent when the subject
is awake than when asleep, while in the medium-high values of NoEL the
opposite holds. The pattern observed is that awake distributions (blue) are
more homogeneously distributed among all the possible values of q, whereas
asleep distributions (red) tend to have higher values (> 45) of NoEL. In
general, this pattern is repeated in most of the subjects, however there is a
striking inter-individual variability. Note that for subject 12 the tendency is
reversed and the distributions for the two brain states are almost symmetric.
Apart from this case, the distributions of energy in awake and in sleep states
are clearly different for every subject.

In order to draw general conclusions beyond the inter-individual differ-
ences, the average distribution of the 18 subjects is calculated in the awake
state and the average distribution of the 18 subjects in the sleep state
(Fig. 6.3.5C and Fig. 6.3.7). Although in all cases the highest NoEL is
frequent, the most interesting patterns are observed when the frequencies for
the maximum values q ∈ [80, 91], are not taken into account.

When looking at the frequencies below 80, the probability grows linearly
with the NoEL for the sleeping condition, whereas it shows almost a constant
behaviour for the awake condition with q ∈ [1, 80], as it can be seen from
Fig. 6.3.5C and Fig. 6.3.7 (red and blue respectively). The pattern typically
observed is that the distribution for the awake state is more homogeneous
along all the possible NoEL values. ISs with extreme NoEL values, that is,
low (< 28) or very high (90 or 91), are more frequent in awake subjects as
suggested by the sample of Fig. 6.3.3.

In Fig. 6.3.8A the error bars were calculated according to error=σq/
√
T .
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Figure 6.3.5: A, Number of Energy Levels (NoEL) as a function of the 90 alpha com-

ponents on average. Each dot represents a time point of a subject in a brain state. B,

Distribution estimations of the NoEL for 18 healthy subjects in awake and in deep asleep

states back to back. The smoothing was made using the kernel density estimation, i.e.,

a non-parametric way to estimate the probability density function. Inferences about the

population are made based on a finite data sample (see Fig. 6.3.6 for the non-smoothed

histograms). The NoEL was obtained from filtered data between 0.077−0.096 Hz. C, Av-

erage distribution over the 18 subjects in awake and deep asleep conditions (see Fig. 6.3.7

for the non-smoothed histogram and the back to back probability density estimation).
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Figure 6.3.6: It is the same plot than Fig. 6.3.5B but non-smoothed. They are shown

the back to back histograms of the distributions of the NoEL for 18 healthy subjects in

awake and in deep asleep states. Each bar comprises 3 energy levels. The NoEL was

obtained from filtered data between 0.077− 0.096Hz and g = 0.29. The pattern observed

is that awake distributions are more homogeneously distributed among all the possible

values of energy.
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Figure 6.3.7: A, Non-smoothed back to back histogram of the average distribution over

18 subjects in awake and deep asleep conditions. Each bar corresponds to one energy level.
Energy levels were obtained from filtered data between 0.077 − 0.096 Hz and g = 0.29.

The pattern observed is that asleep distributions tend to have higher values (> 45) of

NoEL. B, This distribution estimations is the smoothed back to back histogram of the

average distribution over 18 subjects in awake and deep asleep conditions. The smoothing

was made using the kernel density estimation, i.e., a non-parametric way to estimate the

probability density function. Inferences about the population are made based on a finite

data sample. Energy levels were obtained from filtered data between 0.077−0.096 Hz and

g = 0.29. It is the same plot than Fig. 6.3.5C but back to back. Informational structures

with low (< 28) and very high (> 87) numbers of energy levels are more frequent in awake

subjects.
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Figure 6.3.8: A, Average number of energy levels (average NoEL) q̄ for a Lotka-Volterra

transform with α(t) fitted to empirical data of 18 subjects awake (blue) and deep asleep

(red) (Jind =0.9948, p = 2.3323·10−4). Differences between the means of both brain states

are significant. The error bars are calculated according to error = σq/
√
T where σq is

the standard deviation of the NoEL and T is the length of the data series. B, Standard

deviation of the NoEL for deep asleep state as a function of NoEL standard deviation for

awake state. The standard deviation is the same for awake and for deep asleep state along

the red line. Clearly, in 17 out of 18 subjects the standard deviation is larger in awake

than in deep asleep state (Jind = −0.9813, p-value= 2.7642·10−4). Again, the differences

between the standard deviations of both brain states are very significant (see Fig. 6.3.9

for a similar graphic using other filter).
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Therefore, in those subjects in which the time series were shorter (shorter
time in deep sleep or less awake time) the error bars are overlapped. With
filtering in the range 0.077− 0.096 Hz for all subjects except subject 12 the
mean NoEL q, is higher when the subjects are in asleep state. In order to
assess how different q is for awake and for deep sleep subjects, the signed-rank
test Wilcoxon is used (see Subsection 6.2.5) and obtained p = 2.3323·10−4.
In addition, the Jind index defined in (6.2.1) is calculated and gotten Jind =
0.9948. Recall that Jind = 1 when q is larger for all subjects in sleep state.
Note that there are up to six subjects for whom the two error bars do not
overlap.

Then, patterns regarding the variability of the distributions are estab-
lished. The standard deviations of the distribution of NoEL (structural
metastability) are calculated in each subject for the two brain states. In
Fig. 6.3.8B each point represents a subject. For 17 (out of 18) subjects the
standard deviation is larger for awake than for deep asleep state, Jind =
−0.9813 and p = 2.7642·10−4. Again, the differences between the standard
deviations of both brain states are very significant. There is only one subject
who shows a greater deviation when asleep. In Fig. 6.3.9 it is shown the same
with filtering in the range 0.04− 0.07 Hz.

This may be clearly explained recall from Fig. 6.3.5C that, whereas the
standard deviation for the awake conditions shows an almost constant be-
haviour, with values of q homogeneously distributed for all levels of energy,
the standard deviation for the deep asleep condition increases almost linearly
with the levels of energy, with a greater concentration in the larger values of
NoEL.

Next, it is studied which ones are the active areas (non-zero components)
in the attractor (GASS). Given that, on average, the attractor of the asleep
is more populated (larger NoEL) than that of the awake ones, most of the
brain areas tend to appear more frequently in the asleep attractor than in
the awake attractor. In other words, as q is greater in the sleeping subjects,
the general tendency is that each area of the brain is more frequently present
in the sleeping attractors than in the awake attractors, despite some excep-
tions. As shown in Fig. 6.3.10AB, the frequency of appearance of an area in
the GASS are calculated for each subject and each brain state and average
over all subjects. Then, the difference between the frequencies in awake and
in deep sleep state are calculated for each subject and area (Fig. 6.3.10C).
Most of the areas show less presence in the attractor of the awake than in the
attractor of the deep sleep. But there are some exceptions shown in warm
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Figure 6.3.9: Standard deviation of the NoEL for deep asleep state as a function of

NoEL standard deviation for awake state with filtering in the range 0.04 − 0.07 Hz. The

standard deviation is the same for awake and for deep asleep state along the red line.

Clearly, in 16 out of 18 subjects the standard deviation is larger in awake than in deep

asleep state. In Fig. 6.3.8B the filter was 0.077 − 0.096 Hz and in 17 out of 18 subjects

the standard deviation was larger in awake. So, the results depend on the filter but the

general resolution remains the same.
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Figure 6.3.10: Frequencies of appearance of each area in the globally asymptotically

stable solution (GASS) in deep asleep (A) and in awake (B) states averaged over all

subjects. C, Difference between the averaged frequencies of appearance of each area in

the GASS in both states. This difference is expressed in standard error units where the

standard error is estimated by the interpersonal variability. Most areas have cold colors,

i.e., greater presence in the attractor of the deep sleep.

colors, i.e., greater presence of the area in the awake attractor (see Fig. 6.3.11
for differences subject by subject, again finding striking inter-individual vari-
ability but in the majority of cases warm colors are exceptional).

Taking into account the averaged results (see Fig. 6.3.10) for the 18 sub-
jects, 14 areas (out of 90) have this opposite tendency (see Fig. 6.3.10). 12
out of these 14 are actually six pairs of homotopic zones, i.e., pairs of ar-
eas that occupy symmetrical zones in each hemisphere. These six pairs of
areas are the olfactory, the calcarine (V1), the cuneus (basic visual), the
lingual (visual letters), the occipital superior (visual), and the paracentral
lobule (motor-sensory), all of them in both left and right hemispheres. Fur-
thermore, the fusiform in the left hemisphere (facial recognition) and the
supplementary motor area in the right hemisphere (control movement). Due
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Figure 6.3.11: Difference between the frequencies with which each area appears in the

GASS in awake and in deep asleep states for the 18 subjects. This difference is expressed in

standard error units where the standard error is estimated by the intrapersonal variability.

Given that, on average, the attractor of the sleeping condition is more populated (greater

number of energy levels) than that of the awakened ones, most of the brain areas tend to

appear more frequently in the attractor when subject are sleeping, i.e., most areas have

cold colors.

to their specific functions, in all cases, it makes sense that these areas are foci
of attraction in the conscious state. See Fig. 6.3.11 for individual differences.

6.4 Discussion

The Lotka-Volterra transform (LVT) have been used for characterizing the
time-varying attractors landscape depicted by the dynamical activity of the
human brain. In this rich and complex landscape, finding the energy levels
of the informational structure (IS) of a global attractor GA could be seen
as identifying the maximum stability in a landscape that changes with time.
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This novel method allows to distinguish between different conscious states of
the human brain, with potential relevant clinical applications.

This variability, called structural metastability, was assessed in the human
brain by analyzing the time-varying IS, the graph associated with the GA of a
dynamical system (DS). This approach was based on the Lotka-Volterra (LV)
transform for collaborating species in a whole-brain framework. The growth
rate parameter α was assumed instantaneous and therefore time-varying,
and a time series of ISs was obtained. Hence, the LVT allows to compare
the corresponding dynamical informational structures (DISs) in awake and
in deep asleep conditions.

The first remarkable thing from these results is that the inter-individual
variability shown by the subjects, is greater than what would be expected be-
forehand (see Fig. 6.3.5B). The human brain is characterized by a surprising
inter-individual variability in neuroanatomy and function that is reflected in
large individual differences in human cognition and behaviour [137]. In this
study, although general, neural signatures of consciousness and brain state
biomarkers have been found. This diversity is undoubtedly one of the marks
of our species.

Here, it was shown that the ISs can be used for the study of brain dynam-
ics, and to compare and distinguish between different brain states. Indeed,
the main conclusion of this study is that the ISs corresponding to the LVT
of the brain activity of subject in awake vs. in deep asleep conditions show
significant differences. Before seeing the probability density estimates in
Fig. 6.3.5BC, unimodal distributions such as Gaussian distributions could
be expected. At least it would be reasonable to expect two similar distri-
butions but with different maxima. However, not only the means of the
number of energy levels (NoEL), q, are different, but also the distributions
themselves. Besides the very high frequencies obtained for the highest val-
ues of q in both distributions, the frequency of the asleep’s NoELs increases
almost linearly with q, while that of the awakened remains almost constant
in most q.

On the other hand, the ISs with the highest NoEL, and therefore possibly
those with the highest number of nodes and vertices, are the most repeated
for both awake and asleep subjects. In addition, in the awake state the
maximum NoEL is more frequent than in sleeping condition. Recall that
this attractor or globally asymptotically stable solution (GASS) has all the
components different from zero, that is, it consists of the active complete
brain (the 90 active areas) which implies a high degree of effective connectiv-
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ity. Therefore these results agree with the fact that during slow-wave sleep
effective connectivity decreases [136].

Generally, the extreme number of energy levels are more frequent in awake
than in deep asleep conditions as shown in Figs. 6.3.3, 6.3.5 and 6.3.8B. These
results are an effect on the global level of a group of local nodes with a num-
ber of links that greatly exceeds the average (hubs) driving the dynamic
system when these nodes simultaneously increase or decrease their activity.
It suggests a highering of the capability of the conscious brain to integrate
information and a increased capacity to amplify local perturbations while
slow-wave sleep is associated with a diminished level of information inte-
gration [138, 139, 140, 141]. This result is compatible with the integrated
information theory of consciousness [119, 142, 143, 30, 122], which states
that consciousness corresponds to the capacity of the brain to integrate in-
formation. Other studies have shown that integration is impaired during
unconsciousness [144, 145]. These results show also a decrease of time vari-
ability in deep asleep condition that could be associated with a decrease in the
differentiation of brain activity. It is related, according to the information-
integration theory, to diminished conscious awareness [119].

It is worth mentioning that here it have not been observed any NoEL
or IS that is exclusive of a particular brain state. Any NoEL or IS can be
found for any of the two states, and it is only through its time variability (or
structural metastability) that the differences between the brain states can be
assessed. However, considering the medium-high values of q characteristic of
the sleeping condition, the awake brain can reach these values during some
intervals, analogously to a prolonged wakefulness, the characteristic OFF
periods that can appear locally [135].

The mean NoEL q, is higher when the subjects are in asleep state as
shown in Fig. 6.3.8A. However, if it is used as a reference the energy of the
unstable trivial solution (0, 0, ..., 0) and take into account that when the
number of levels increases, the stability of the GASS grows and its energy
decreases, the average energy of the deep asleep state is less than the awake
one.

Given that energy levels can be interpreted not only in terms of energy
but also of attraction or stability (see Subsection 4.3.5), on average, the
sleepers ISs are more stable. The lower stability of the awake state can also
be inferred from the greater variability of the NoEL (structural metastability)
in that state according to these results. All this agrees with other studies in
which authors claim that, using very different methodologies, that the brain
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exhibits less stability during wakefulness [136].
The conscious state is usually associated with complexity in different

ways. Different measures of the dynamic complexity of a network have been
proposed. For instance, in [146], given a network its pair-wise correlation
matrix reflects the degree of interdependencies among the nodes. When the
nodes are disconnected or close to independence (equivalent to a small g), no
complex collective dynamics emerge and the distribution of cross-correlation
values are characterized by a narrow peak close to low values. When the col-
lective dynamics are close to global synchrony (equivalent to a large g) and
the distribution of cross-correlation values has a peak near highest value.
It is not a complex state either because all nodes follow the same behav-
ior. Complexity emerges when the collective dynamics are characterized by
intermediate states, between independence and global synchrony and it is
characterized by a broad distribution of correlation values or interdepen-
dencies among the node values, so the functional complexity is reflected in
the variability of the associated distribution or structural metastability. This
variability can be defined as normed entropy or as the difference between dis-
tribution and uniform distribution quantified as the integral of the absolute
value of the difference, for instance. So, dynamic complexity is associated
with more uniform distributions.

Although these distributions are not of cross-correlation values but of
NoEL, the underlying idea is the same. The pattern of statistical distribution
of NoEL in awake (Fig. 6.3.5C) can be interpreted as a sign of complexity.
Here, it have been shown that in non-conscious subjects the probability of a
concrete q increases with q. On the contrary, when the subjects are conscious
the frequency remains almost constant with q ∈ [1, 89].

A greater unpredictability of the conscious brain dynamics can also be
considered because there is maximum entropy and minimal information about
the state subsequent to the current one. Unpredictability is one of the fea-
tures of complexity and the chaotic dynamics. On the contrary, in deep sleep
state it is very likely to find the system in medium-high NoEL informational
structure and it restricts the repertoire of possible dynamics in this state.

In these results the complexity of the awake state is reflected not in more
complex ISs but in the variability of different ISs in this state. Taking the
standard deviation as a measure of NoEL distribution variability, Fig. 6.3.8B
would show that the functional complexity of an awake subject is higher,
except for one case, than in the same subject when deeply asleep.

It should be underlined that although a fitting was made to obtain the
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optimal h and g, the usefulness of this method is not restricted to a narrow
range of values of h and g, neither to a particular filtering range, as shown
by the results reported in this study.

This proposal can be interpreted as a method to calculate the empirical
“ghost” attractors of the resting state suggested in [26]. These multi-stable
attractors correspond to distinct foci of high firing activity in particular brain
areas. But, at the edge of certain bifurcation in the model used in [26], they
do not exist as stable fixed points yet since they are either saddle points,
or regimes with close to zero flow in the phase space. However these states
could be easily stabilized when needed in a given task context or for a given
function.

The concept of DIS can also serve as the abstract object to describe
multistability [34] or metastability [147, 148] and can be a useful tool to
analyze the functional connectivity dynamics [149]. For instance, in [25] a
detailed study of different attractor repertoires is studied for a global brain
network for which a (local, global and dynamic) Hopfield model is defined.
Note that, depending on parameters, the authors observe the bifurcation of
dozens or even hundreds of stationary hyperbolic fixed points, which basis
of attraction and stability properties has to be analyzed in an heuristic way
by simulation of thousands of realizations related to initial conditions. The
comparison with empirical data occurs at the edge of multistability. All
of these phenomena could naturally enter into a broader global approach,
by the study of an abstract formulation of their associated GAs, creating
a network of attractors and their connections (ISs), and their dependence
on parameters to better understand transitions of structures. Hence, this
continuous approach for DIS could also lead, fitting them to real data of
brain activity, to a useful tool to analyze metastability.

A theory of consciousness called Integrated Information Theory (IIT)
[30, 119, 142, 143, 122], which will be studied in next Chapter, attempts to
identify the essential properties of conscious experience through five axioms:
intrinsic existence, composition, information, integration and exclusion. The
IS, the mathematical structure proposed in this thesis will be employed to
asses the level of integrated information in Chapter 8. Specifically, in Section
8.4 the IS will be used to show the dependence between the topology, the
value of the parameters and the state with respect to its level of integration,
so pointing for a small world configuration of the brain [150].



Chapter 7

Integrated Information Theory

This chapter summarizes the Integrated Information Theory (IIT) of con-
sciousness, as presented in [30]. The authors start from axioms that express
the indubitable truths of a phenomenological experience and formalize them
in postulates that define the characteristics that physical mechanisms must
meet to generate subjective experience. Next, the postulates are used to de-
fine new concepts such as intrinsic information and integrated information.
Applying the postulates both at the level of individual mechanisms and at
the level of mechanism systems, the IIT affirms that an experience is totally
equivalent to a maximally irreducible conceptual structure (MICS), and that
the set of elements generated by said structure constitutes a complex. Ac-
cording to the theory, a MICS specifies both the quality of an experience and
its quantity of integrated information ΦMax.

7.1 Introduction

The creators of the integrated information theory (IIT) consider that it is not
enough to conduct empirical studies of the neural correlates of consciousness
(NCC). The scientific study of consciousness requires a theoretical approach
to explain, infer and predict different aspects of this field of research. For
example, why is consciousness generated by the corticothalamic system, or
at least some parts of it, but not by the cerebellum, although the latter
has even more neurons? There are cases such as newborn babies, animals,
patients with brain damage, in which it is not possible to state strongly if
there is awareness, how much and of what. In such cases, verbal reports

135
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cannot be used to establish the presence and nature of consciousness, nor to
the neural correlates of consciousness established in healthy human adults.
There is also the case of increasingly sophisticated machines that reproduce
human cognitive abilities and how can we assess the level of awareness of
these machines?

IIT is an attempt to characterize consciousness both in quantity and in
quality [119, 142, 143]. It approaches the relationship between consciousness
and its physical substrate by first identifying the fundamental properties
of experience itself: existence, composition, information, integration, and
exclusion. IIT then postulates that the physical substrate of consciousness
must satisfy these very properties.

This theory analyze systems of mechanisms to determine if they give
rise to consciousness, how much of it, and of which kind. The fundamental
principles of IIT, such as integration and differentiation, can provide a par-
simonious explanation for many findings concerning the neural substrate of
consciousness as reviewed previously [119, 142].

Nevertheless, applying this approach to brains is unfeasible for several
reasons: i) One would need to extend the theoretical treatment to continuous
variables. ii) The perturbation of the brain across all its possible states is
unfeasible. iii) Variables recorded in experiments do not correspond to the
optimal spatial and temporal grain for the theory. iv) To calculate ΦMax is
unfeasible for more than a dozen elements.

Furthermore, this theory is incomplete: i) There is a lack of relationship
between MICS and phenomenology. ii) It is assumed that the “micro” spa-
tiotemporal grain size is optimal, but it really needs to be established. iii) It
is not explained how meaning originates through concepts within MICS. iv)
The relationship between the MICS and the environment is not one of “in-
formation processing”, but rather one of “matching” between internal and
external causal structures [119, 143]. v) IIT treats integrated information
and causation as the same thing.

Hereafter, the axioms and the postulates of IIT are presented. Then, the
mathematical formalism is provide. The key constructs of IIT are introduced
first at the level of individual mechanisms, which can be taken to represent
physical objects such as logic gates or neurons, then at the level of systems
of mechanisms, such as computers or neural architectures. The Models Sec-
tion ends by presenting the central identity proposed by IIT, according to
which the quality and quantity of an experience is completely specified by a
maximally irreducible conceptual structure (MICS) and the associated value
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of integrated information ΦMax.

7.2 Models

7.2.1 Axioms, postulates, and identities

Here axioms mean self-evident truths about consciousness – the only truths
that cannot be doubted and do not need proof. Postulates instead are as-
sumptions about the physical substrates of consciousness.

7.2.1.1 Axioms

-EXISTENCE: Consciousness exists. Paraphrasing Descartes, “I experience
therefore I am”.

-COMPOSITION: Consciousness is compositional. Within the same ex-
perience, one can see, for example, left and right, red and blue, a triangle
and a square, a red triangle on the left, a blue square on the right, and so
on.

-INFORMATION: Consciousness is informative: each experience differs
in its particular way from other possible experiences.

-INTEGRATION: Consciousness is integrated: each experience is (strongly)
irreducible to non-interdependent components.

-EXCLUSION: Consciousness is exclusive: each experience excludes all
others – at any given time there is only one experience.

7.2.1.2 Postulates.

-EXISTENCE: Mechanisms in a state exist. A system is a set of mechanisms.
-COMPOSITION: Elementary mechanisms can be combined into higher

order ones.
The next three postulates apply both to individual mechanisms and to

systems of mechanisms.

Mechanisms -INFORMATION: A mechanism in a state generates infor-
mation only if it constrains the states of a system that can be its possible
causes and effects – its cause-effect repertoire. The more selective the pos-
sible causes and effects, the higher the cause-effect information cei specified
by the mechanism.
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-INTEGRATION: A mechanism can contribute to consciousness only if
it specifies a cause-effect repertoire (information) that is irreducible to inde-
pendent components. Integration/irreducibility ϕ is assessed by partitioning
the mechanism and measuring what difference this makes to its cause-effect
repertoire.

-EXCLUSION: A mechanism can contribute to consciousness at most
one cause-effect repertoire, the one having the maximum value of integra-
tion/irreducibility ϕMax. This is its maximally irreducible cause-effect reper-
toire (MICE, or quale sensu stricto (in the narrow sense of the word, [142])).
If the MICE exists, the mechanism constitutes a concept.

Systems of mechanisms -INFORMATION: A set of elements can be
conscious only if its mechanisms specify a conceptual structure – i.e. a con-
stellation of points in concept space, where each axis is a possible past/future
state of the set of elements, and each point is a concept specifying informa-
tion. The higher the number of different concepts and their ϕMax value, the
higher the conceptual information CI that specifies a particular constellation
and distinguishes it from other possible constellations.

-INTEGRATION: A set of elements can be conscious only if its mecha-
nisms specify a conceptual structure that is irreducible to non-interdependent
components (strong integration). Strong integration/irreducibility Φ is as-
sessed by partitioning the set of elements into subsets with unidirectional
cuts.

-EXCLUSION: Of all overlapping sets of elements, only one set can be
conscious – the one whose mechanisms specify a conceptual structure that
is maximally irreducible (MICS) to independent components. A local max-
imum of integrated information ΦMax (over elements, space, and time) is
called a complex.

7.2.1.3 Identities

According to IIT, the maximally irreducible conceptual structure (MICS)
generated by a complex of elements is identical to its experience. Thus,
there is an identity between phenomenological properties of experience and
informational-causal properties of physical systems.

The constellation of concepts of the MICS completely specifies the quality
of the experience. Its irreducibility ΦMax specifies its quantity. The max-
imally irreducible cause-effect repertoire (MICE) of each concept within a
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MICS specifies what it contributes to the quality of the experience, while its
value of irreducibility ϕMax specifies how much the concept is present in the
experience. Thus, the maximally irreducible conceptual structure specified
by a complex exists without the need for an external observer, from its own
intrinsic perspective.

7.2.2 Mechanisms

7.2.2.1 Existence

Within the present framework, “mechanism” simply denotes anything having
a causal role within a system, for example, a neuron in the brain, or a logic
gate in a computer. In principle, mechanisms might be characterized at
various spatio-temporal scales, down to the micro-physical level, although
in what follows, it is assumed that mechanisms are the ones mediating the
strongest causal interactions.

One particular set of elements will be considered as a “candidate set”
for IIT analysis, whereas the remaining elements are considered external and
treated as background conditions. This means that they are not considered
as variables internal to the set over which to perform perturbations, but
rather as fixed, external constraints. For the purpose of IIT analysis, this
means that the connections from the outside elements are not noised and
their state is kept fixed.

The mechanisms determine the transition probability matrix (TPM) of
the candidate set, which specifies the probability with which any state of
the set transitions into any other state under the background conditions.
If the system is deterministic, the values in the TPM will be 0 or 1, but
nondeterministic systems can also be considered. At the current time step
t0, the mechanisms are in a state s0. The TPM specifies which past states
could have led to the current state and which future states it could go to,
out of all possible states of the set.

7.2.2.2 Composition

The composition postulate states that elementary mechanisms can be struc-
tured, forming higher order mechanisms in various combinations. By com-
bining the elementary (first-order) mechanisms, higher order mechanisms can
be constructed. Pairs of elements form second-order mechanisms, and three
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elements together form a third-order mechanism. The elements inside the
candidate set, but outside the mechanism under consideration, are treated
as independent noise sources. The power set of possible mechanisms is formed
by, altogether, the elementary mechanisms and their combinations.

7.2.2.3 Information

In IIT, information is both causal and intrinsic.
Information from the own system intrinsic perspective can be quantified

by considering how a mechanism in its current state s0 constrains the system’s
potential past and future states more or less selectively depending on its
input/output function and state. The constrained distribution of past states
is called cause repertoire of the mechanism. When the cause repertoire is
maximally selective it corresponds to maximum information.

The probability distribution of past states that could have been potential
causes of the state of one mechanism is its cause repertoire. The probability
distribution of future states that could be potential effects of the state of
one mechanism is called effect repertoire. The set of elements over which
the cause and effect repertoires of a mechanism are calculated is called its
purview. If the purview is not over the full set, the elements outside of the
purview are unconstrained.

The amount of information that one mechanism in a state specifies about
the past, its cause information (ci), is measured as the distance D between
the cause repertoire and the unconstrained past repertoire.

Just like cause information (ci), effect information (ei) of one mechanism
in a state is quantified as the distance between the effect repertoire and the
unconstrained future repertoire.

The unconstrained future repertoire (ufr) is not simply the uniform dis-
tribution of future system states. While the unconstrained past repertoire
corresponds to the distribution of past system states with unconstrained out-
puts, the unconstrained future repertoire corresponds to the distribution of
future system states with unconstrained inputs. Therefore, ufr is obtained
by perturbing the inputs to each element into all possible states.

To quantify information, the distance D between two probability distri-
butions is evaluated using the earth mover’s distance (EMD) [151], which
quantifies how much two distributions differ by taking into account the dis-
tance between system states. This is important because, from the intrinsic
perspective of the system, it should make a difference if two system ele-
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ments, rather than just one, differ in their state. As indicated by its name,
an intuitive interpretation of the EMD is that it measures the minimum
cost of transportation that arises when one probability distribution has to
be transformed into another. In this view, a probability value is associated
with a certain amount of “earth” that is moved across a certain distance,
the distance from one state to another. The cost of transportation is then
the amount of “earth” moved times the distance by which it is moved. The
distance between binary states is measured by the Hamming distance, which
counts the number of places by which two strings differ. For instance, the
Hamming distance between the states ABC = 000 and ABC = 111 is 3;
the distance between ABC = 010 and ABC = 100 is 2. The EMD is in
principle extendable to account for non-binary states, as long as a distance
between the individual states is given, which is an intrinsic property of the
mechanisms under consideration.

Finally, having calculated ci and ei for a mechanism in a state, the total
amount of cause-effect information (cei) over a purview is the minimum of
its ci and ei.

The motivation for choosing the minimum can be shown considering, first,
an element A that receives inputs from the system but sends no output to
it. In this case, the state of element constrains the past states of the system
– A has selective causes within the system (ci > 0), but not the future states
of the system – A has no selective effects on the system (ei = 0, what A
does makes no difference to the system). Put differently, the system cannot
“observe” A and thus has no access to A’s cause information.

Similarly, consider an element A that only outputs to the system but does
not receive inputs from it, being controlled exclusively by external causes. In
this case, the state of element A constrains the future states of the system
– A has selective effects on the system (ei > 0), but not the past states
of the system – A has no selective causes within the system (ci = 0, what
the system might have done makes no difference to A). Put differently, the
system cannot “control” A and thus has no access to A’s effect information.

This principle can be called “intrinsic information bottleneck principle”.
As illustrated by these two limiting cases, each mechanism in the system
acts as an information bottleneck from the intrinsic perspective: its cause
information only exists for the system to the extent that it also specifies
effect information and vice versa.
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7.2.2.4 Integration

Integrated information is generated by the whole mechanism above and be-
yond the information generated by its parts. At the level of an individual
mechanism, the integration postulate says that only mechanisms that spec-
ify integrated information can contribute to consciousness. This means that,
with respect to information, the mechanism is irreducible. Similar to cause-
effect information, integrated information ϕ (“small phi”) is calculated as
the distance D between two probability distributions: the cause-effect reper-
toire specified by the whole mechanism is compared against the cause-effect
repertoire of the partitioned mechanism. Of the many possible ways to par-
tition a mechanism, integrated information is evaluated across the minimum
information partition (MIP), the partition that makes the least difference
to the cause and effect repertoires. The connections between the parts are
“injected” with independent noise.

Using the EMD again, the distance D between the cause-effect repertoire
specified by the whole mechanism and its MIP is quantified, taken separately
for the past and the future (cause and effect repertoires).

The total amount of integrated information of a mechanism in its current
state over a purview is the minimum of its past and future integrated infor-
mation, as with information. Hereafter, integrated information ϕ is always
evaluated for the MIP. Mechanisms that do not generate integrated infor-
mation do not exist, according to IIT, from the intrinsic perspective of a
system.

7.2.2.5 Exclusion

The exclusion postulate at the level of a mechanism says that a mechanism
can have only one cause and one effect, those that are maximally irreducible;
other causes and effects are excluded. The core cause of a mechanism from
the intrinsic perspective is its maximally irreducible cause repertoire (one
cause thus means a probability distribution over the past states of one par-
ticular set of inputs of the mechanism). To find the core cause of a mechanism
in a state, one needs to evaluate ϕcause for all past purviews of the power set.
The core effect is assessed in the same way: it is the maximally irreducible
effect repertoire of a mechanism. A mechanism that specifies a maximally
irreducible cause and effect (MICE) constitutes a concept or, for emphasis,
a core concept.
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Each concept of a mechanism in a state is thus endowed with a MICE,
which specifies what the concept is about (its quale “sensu stricto”), and
its particular ϕMax value, which quantifies its amount of integration or irre-
ducibility. Finally note that the exclusion postulate is applied to the possible
cause-effect repertoires of a single mechanism (elementary or higher order).
Exclusion does not apply across mechanisms within a set of elements, since
elementary and higher order mechanisms can have different causal roles (con-
cepts) in the set, as emphasized by the composition postulate.

7.2.2.6 Summary

An individual mechanism generates information by specifying both selective
causes and effects (information), that it needs to be irreducible to indepen-
dent components (integration), and that only the most irreducible cause-
effect repertoire of each mechanism should be considered (exclusion). This
allows to introduce the notion of a concept: the maximally irreducible cause-
effect repertoire of a mechanism.

7.2.3 Systems of mechanisms

In this part, the postulates of IIT are considered at the level of systems of
mechanisms, and show how the requirements for information, integration,
and exclusion can be satisfied at the system level.

7.2.3.1 Information

At the system level, the information postulate says that only sets of “differ-
ences that make a difference” (i.e. a constellations of concepts) matter for
consciousness. All the mechanisms which generate non-zero integrated infor-
mation specify concepts. The set of all concepts of a candidate set constitutes
its conceptual structure, which can be represented in concept space.

Concept space is a high dimensional space, with one axis for each possible
past and future state of the system. In this space, each concept can be
symbolized as a point, or “star”: its coordinates are given by the probability
of past and future states in its cause-effect repertoire, and its size is given by
its ϕMax value. If ϕMax is zero, the concept simply does not exist, and if its
ϕMax is small, it exists to a minimal amount.
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At the system level, the equivalent of the cause-effect information (cei) at
the level of mechanisms is called conceptual information (CI ). Just like cei,
CI is quantified by the distance D from the unconstrained repertoire of past
and future states puc, which corresponds to the “null” concept (a concept
that specifies nothing).

The distance D from a constellation C to the “null” concept can be mea-
sured using an extension of the EMD, which can be understood as the cost of
transporting the amount of ϕMax of each concept from its location in concept
space to puc. CI is thus the sum of the distances between the cause-effect
repertoire of each concept and puc, multiplied by the concept’s ϕMax value.
Thus, a rich constellation with many different elementary and higher order
concepts generates a high amount of conceptual information CI. By contrast,
a system comprised of a single elementary mechanism generates a minimal
amount of conceptual information.

In sum, concepts are considered (metaphorically) as stars in concept
space. The conceptual structure C generated by a set of mechanisms is thus
a constellation of concepts – a particular shape in concept space spanned by
the set’s concepts. The more stars, the further away they are from the “null”
concept, and the larger their size, the greater the conceptual information CI
generated by the constellation C.

7.2.3.2 Integration

At the system level, the integration postulate says that only conceptual struc-
tures that are integrated can give rise to consciousness. As for mechanisms,
the integration or irreducibility of the constellation of concepts C specified
by a set of mechanisms can be assessed by partitioning a set of elements and
measuring integrated conceptual information Φ as the difference made by the
partition (“big phi”, as opposed to “small phi” ϕ at the level of mechanisms).

Partitioning at the system level amounts to noising the connections from
one subset S1 of S to its complement S − S1. As for mechanisms, whether
and how much the constellation of concepts generated by a set of mechanisms
is irreducible can be assessed with respect to the minimum information par-
tition (MIP) of the set of elements S. This corresponds to the unidirectional
partition that makes the least difference to the constellation of concepts (in
other words, the minimum “difference” partition). To find the unidirectional
MIP, for each subset S1 one must evaluate both the connections from S1 to
S − S1 and the connections from S − S1 to S1 and take the minimum MIP.
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This corresponds, at the level of mechanisms, to finding the minimum of the
MIPs with respect to the cause and the effect repertoires. Therefore a set of
elements S and its associated constellation is integrated if and only if each
subset of elements specifies both selective causes and selective effects about
its complement in S. Similar to integrated information ϕ for a mechanism,
integrated conceptual information Φ for a set of elements is defined as the
distance D between the constellation of the whole set and that of the parti-
tioned set. Hereafter CMIP

→ denotes the constellation of the unidirectionally
partitioned set of elements.

The extended EMD between the whole and the partitioned constellation
corresponds to the minimal cost of transforming C into CMIP

→ in concept
space. Through the partition, concepts of C may change location, lose ϕMax,
or disappear. Their ϕMax has to be allocated to fill the concepts in CMIP

→
with an associated cost of transportation that is proportional to the distance
in concept space and the amount of ϕMax that is moved. Any residual ϕMax is
transported to the “null” concept (puc) under the same cost of transportation.

Since Φ is always evaluated over the MIP, a superscript MIP is not nec-
essary, as it was not for ϕ.

The motivation for integration at the system level can be illustrated by
a set of elements subdivided into two independent subsets of elements, each
with its independent set of concepts. Therefore, a minimum partition be-
tween the two subsets makes no difference and integrated conceptual infor-
mation Φ = 0. Since the set is reducible without any loss, it does not exist
intrinsically – it can only be treated as “one” system from the extrinsic per-
spective of an observer. By contrast, a set is irreducible because each part
specifies both causes and effects in the other part. Two other possibilities
are that a subset specifies causes, but not effects, in the rest of the set or
only effects, but not causes. In the case of unidirectional connections the
subset is integrated “weakly” rather than “strongly” (in analogy with weak
and strong connectedness in graph theory), which means that the subset is
not really an “integral” part of the set, but merely an “appendix”.

7.2.3.3 Exclusion

The exclusion postulate at the level of systems of mechanisms says that
only a conceptual structure that is maximally irreducible can give rise to
consciousness – other constellations generated by overlapping elements are
excluded. A complex is thus defined as a set of elements within a system
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that generates a local maximum of integrated conceptual information ΦMax

(meaning that it has maximal Φ as compared to all overlapping sets of el-
ements). Only a complex exists as an entity from the intrinsic perspective.
Because of exclusion, complexes cannot overlap and at each point in time,
an element/mechanism can belong to one complex only. Once a complex has
been identified, concept space can be called “qualia space,” and the constel-
lation of concepts can be called a “quale ‘sensu lato”’. A quale in the broad
sense of the word is therefore a maximally irreducible conceptual structure
(MICS) or, alternatively, an integrated information structure.

To determine whether an integrated set of elements is a complex, Φ must
be evaluated for all possible candidate sets (subsets of the system). All sets
that include elements not integrated with the rest of the system have Φ = 0.
Single elements are not taken into account as candidate sets since they cannot
be partitioned and thus cannot be complexes by definition.

7.2.3.4 Identity between an experience and a MICS

The central identity proposed by IIT is that an experience is identical with
the maximally irreducible conceptual structure (MICS, integrated informa-
tion structure, or quale “sensu lato”) specified by the mechanisms of a com-
plex in a state. Subsets of elements within the complex constitute the con-
cepts that make up the MICS. The maximally irreducible cause-effect reper-
toire (MICE) of each concept specifies what the concept is about (what it
contributes to the quality of the experience, i.e. its quale “sensu stricto”).
The value of irreducibility ϕMax of a concept specifies how much the concept
is present in the experience. An experience (i.e. consciousness) is thus an
intrinsic property of a complex of elements in a state: how they constrain –
in a compositional manner – its space of possibilities, in the past and in the
future.

7.3 Limitations and future directions

Transcranial magnetic stimulation has been used in combination with high
density electroencephalography in several different conditions, with loss of
consciousness being observed [126]. The creators of the IIT interpret this fact
as an experimental confirmation that the fall and recovery of consciousness
are associated with the fall and recovery of information integration.
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Nevertheless, the authors of the theory admit that applying the details
of this approach to physical systems of interest, such as brains, is unfeasible
for several reasons: i) One would need either to discretize the variables of in-
terest or to extend the theoretical treatment to continuous variables. ii) For
biological systems, one is usually limited to observable system states, and the
exhaustive perturbation of a system as the brain across all its possible states
is unfeasible. iii) Variables recorded in most neurophysiological experiments
may not correspond to the spatial and temporal grain at which integrated
information reaches a maximum, which is the appropriate level of analysis.
iv) The present analysis is unfeasible for systems of more than a dozen el-
ements or so. This is because, to calculate ΦMax exhaustively, all possible
partitions of every mechanism and of every system of mechanisms should be
evaluated, which leads to a combinatorial explosion, not to mention that the
analysis should be performed at every spatio-temporal grain.

The creators of the IIT 3.0 admit also that this formulation is incomplete:
i) They do not discuss the relationship between MICS and specific aspects of
phenomenology, such as the clustering into modalities and submodalities, and
the characteristic “feel” of different aspects of experience. ii) They assumed
that in their examples the “micro” spatio-temporal grain size of elementary
logic gates updating every time step was optimal. In general, however, for
any given system the optimal grain size needs to be established by examining
at which spatio-temporal level integrated information reaches a maximum.
iii) While emphasizing that meaning is always internal to a complex they
do not discuss in any detail how meaning originates through the nesting
of concepts within MICS. iv) In IIT, the relationship between the MICS
generated by a complex of mechanisms, such as a brain, and the environment
to which it is adapted, is not one of “information processing”, but rather one
of “matching” between internal and external causal structures [119, 143]. v)
IIT 3.0 explicitly treats integrated information and causation as one and the
same thing, but the many implications of this approach need to be explored
in depth in future work.



Chapter 8

A dynamical system approach
for IIT

It is possible to make an approach to the concept of integrated information
from dynamical systems theory (DST). The DST can contribute to the In-
tegrated Information Theory (IIT) by the mathematical rigor of a field in
which, since the time of Poincaré, a huge amount of results have accumu-
lated. This Chapter starts from a mechanism in a particular state as in the
IIT. However, here the mechanism is a continuous dynamic system described
by a system of differential equations. It could be said that this chapter
presents a continuous version of the concept of integrated information. For
this purpose, a continuous dynamical system defined on a network is consid-
ered. The information structure (IS, see Chapter 4), which is the internal
structure of the Global Attractor (GA) of the system, allows to associate a
transition probability matrix (TPM) and develop a measure for the level of
integrated information in the system. This Chapter is based on [85].

8.1 Introduction

Dynamical Systems Theory (DST) and graph theory meet naturally when
the dynamic system is defined on a network. The temporal evolution of the
system can be described with specific magnitudes in each node of the network
and the links describe the strength of the influence of some nodes on others
[103, 104]. The strength of these links can be expressed mathematically by
an adjacency matrix. Therefore, the starting point is any structural network,
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including a parcellation of the brain, which has an intrinsic dynamic. It was
seen in Section 2.5 that for the dynamics of the brain, the collective behavior
of a group of neurons can be represented as a node with a particular dynamics
over time [32, 7, 33, 34].

This chapter presents a continuous version, in the dynamical variables
and in time, of the calculation of the level of integrated information that a
dynamical network has. The concept of integrated information comes from
the Integrated Information Theory (IIT) that was studied in Chapter 7. The
theoretical framework of the IIT is complemented here from a dynamical
systems perspective through the strict mathematical formulation allowed by
the DST. In other words, the basis for a continuous mathematical approach to
IIT is developed by introducing a dynamical system on a network. Here the
emphasis is placed on the concept of Information Structure (IS) of the Global
Attractor (GA) that characterizes the dynamics of the system (see Chapter
4). The detailed description of the IS allows to evaluate the cause-effect
power of a mechanism in a state and, therefore, to calculate the quantity
and quality of the intrinsic information, and how it is integrated.

Thus, the level of information of a DS on a network in a state is going to
be given by the global amount of deformation of the phase space caused by
the intrinsic power of the GA. The geometrical characterization of the GAs
as ISs can provide both the quality of the related information and, in par-
ticular, the shape in which it is integrated in the whole system, allowing to
measure the level of integrated information it contains. This IS depends on
the parameters of the underlying equations. From this continuous approach,
first definitions can be introduced for postulates of existence, composition,
information and integration for a mechanism in a state. There is still a
gap to the more elaborated formal definitions from IIT 3.0 [30] (see Section
Discussion), including the composition and exclusion postulates. Further-
more, the method developed in next Section only applies for dynamically
gradient dynamical systems. However, this framework naturally leads to a
study on the continuous dependence between the topology of the network
and the level of integrated information for a given mechanism (see Section
Topology of a LV mechanism and Integrated Information).

In short, in this Chapter, first, some of the IIT postulates associated here
with a given set of differential equations are formally presented. Then, these
postulates apply to a Lotka-Volterra system. Finally, it is studied how the
quantity and quality of the integrated information depends on the geometry
of the underlying structural network.
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8.2 An gradient DS approach to IIT

The starting point in this approach is a system of connected elements where
a dynamics is defined. This dynamical system on a network is called, here,
a mechanism. The method developed in this section only applies for dynam-
ically gradient dynamical systems. In addition, composition and exclusion
postulates in IIT allow to consider mechanisms given by any subset of the sys-
tem. Here, this approach only focus on the mechanism given by the whole
system or network. The amount of information of the mechanism can be
characterized by the GA.

The state of a mechanism is given by the state of its nodes. If those
nodes take real values, the state is given by a vector of real numbers. A
mechanism in a state has cause-effect power, meaning that it conditions the
possible past and future states of the mechanism. The cause-effect power
of a mechanism in a state can be found by looking at its (local) attracting
invariant sets. Typically, these are stationary points or periodic orbits [86,
87, 88, 89], but it could also contain invariant sets with chaotic dynamics
[90, 91, 92]. Following IIT, the amount of information on the IS made by
these invariants will be measured, in the sense of its power to restrict the
past and the future states. In IIT language, this is intrinsic information:
differences (state of a mechanism) that make a difference (restricted set of
possible past and future states, see Chapter Integrated Information Theory
and [30]).

In this section a preliminary version of IIT postulates is defined: exis-
tence, composition, information, integration and exclusion. It is not tried to
mimic or generalize the concepts of IIT 3.0 (see Section Discussion), where
they appear in a more elaborated fashion, allowing finer computations and
insights. For example, IIT considers the integrated information of each sub-
set of a mechanism (candidate set), while here always the whole mechanism
is considered.

8.2.1 Existence: mechanisms in a state

Here, the mechanism contains a set of nodes with links representing the
influences between them. On nodes a DS is defined driven by the set of
general differential equations:

u′i(t) = fi(u1, . . . , un) (8.2.1)
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where fi : Rn → R and for i from 1 to n. The fi are assumed to include
information about structural connectivity of the network and all the details
of the dynamics of the system.

It is supposed that the dynamics (8.2.1) generates an attractor, which is
also a structured set. The informational structure (IS) is the structure of
the GA of the mechanism driven by (8.2.1). Note that the same mechanism
with different values of the parameters in fi generates different ISs. Nodes in
the IS correspond to isolated invariant sets, but usually these sets are simply
isolated points in the phase space or distinguished states of the mechanism.
In that case, they are called states of the IS. Each of these states will be, in
all the examples in this Chapter, a stationary solution of (8.2.1).

8.2.2 Cause-effect power of a mechanism in a state

The cause-effect power of nodes (i.e., stationary points or, equivalently, states)
in an IS is represented by defining transition probability matrices (TPMs).
Given that the attractor captures the behaviour of all bounded solutions
looking to the future (t → +∞) and to the past (t → −∞), for each state
two matrices are introduced, one with the transitions to the future and the
other to the past. The procedure is analogous for both distributions.

Local dynamics on each node (stationary solution) in the IS can be
described by the associated eigenvalues and eigenvectors when linearizing
(8.2.1) on nodes [128]. Indeed, given f : Rn → Rn by

u′i(t) = fi(u1, . . . , un)

the associated n×n Jacobian matrix is given by J = (Jij)1≤i,j≤n ∈ Rn2
, with

Jij(u) =
∂fi
∂uj

(u), 1 ≤ i, j ≤ n.

On each node (state of the IS) u∗ ∈ Rn, the eigenvalues λi and associated
eigenvectors are calculated, normalized to one, wi = (wi1, · · · , win) ∈ RN for
matrix J(u∗). The exponential of negative eigenvalues gives the strength of
attraction towards the node. The exponentials of positive eigenvalues give
the the strength of repulsion from the node, and the repulsion directions
are given by the associated eigenvectors of this node. To take into account
the influence of the wi, vi = abs(wi), the absolute value of wi is considered.
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Thus, if u∗ is a saddle node with associated eigenvalues λi = λi(u
∗) > 0, the

n-dimensional vector −→
Rp(u∗) =

∑
λi>0

λiv
i, (8.2.2)

and the repulsion rate from u∗ as

Rp(u∗) = exp(
∑

1≤k≤n

−→
Rp(u∗)(k)). (8.2.3)

are defined. In the same way, if u∗ is a saddle node with eigenvalues λi =
λi(u

∗) < 0, −→
Att(u∗) =

∑
λi<0

−λivi, (8.2.4)

and so the attraction rate to u∗ is given by the exponential of the sum of the
n-components of vector Att(u∗), i.e.

Att(u∗) = exp(
∑

1≤k≤n

−→
Att(u∗)(k)). (8.2.5)

Heuristically, this functional on positive eigenvalues reflects the exponential
divergence of trajectories in the unstable manifolds being pushed out from a
neighborhood of its associated node; the functional on negative eigenvalues
of a node describes the exponential convergence of trajectories in the stable
manifold being attracted to the node. Thereby, it reflects the degree to which
the saddle fixed points (nodes) locally attracts, or repels trajectories to create
a chain with the other nodes in the GA.

Here, the aim is to give a mathematical measure on connections between
IS-nodes (i.e., between vertices in the IS). Note that they are just considered
the strengths which are directly pushing to create a link between nodes, given
by the repulsion rates around all the intermediate nodes and the attraction
rate to the final node. This is not the only option and the attraction rates
between intermediate nodes could have been considered. This fact would
not produce any relevant difference to the treatment used here. Specifically,
starting at IS-node u∗i which is connected in the future to u∗j , with i < j, it
may be passed through the local dynamical action of all intermediate nodes
u∗i+1, . . . u

∗
j−1 between them. In this way, to measure the strength connection

(to the future) (Sfut) from u∗i to u∗j the repulsion action of u∗i given by (8.2.3),
the (exponential) repulsion from all intermediate nodes, are summed. Finally,



CHAPTER 8. A DYNAMICAL SYSTEM APPROACH FOR IIT 153

the (exponential) attraction from u∗j given by (8.2.5) is added. Thus, the
strength of the connection (to the future) from u∗i and u∗j can be written as

Sfut(u
∗
i , u
∗
j) = c

j−i−1∑
k=0

Rp(u∗i+k) + Att(u∗j),

where constant c is a corrector term for the difference between the dimension
of the unstable manifold of u∗i and the stable manifold of u∗j , and is given by

c = 2dim(Wu(u∗i ))−dim(Ws(u∗j )).

To measure connections in the past the signs of attraction and repulsion
values are changed: starting at IS-node u∗j which is connected in the past
to u∗i , with j > i, and passing through the local dynamical action of all
intermediate IS-nodes u∗j−1, . . . u

+
i+1 between them. In this way, to measure

the strength connection (to the past) from u∗j to u∗i , once we have changed
signs, the (exponential) attraction of u∗j , the (exponential) attraction from
all intermediate nodes and finally the (exponential) repulsion dynamics from
u∗i are summed.

The normalization of these values so that their sum is 1 allows a natural
translation into probability distributions associated to each state, one for
the past and another for the future. Thus, to build the TPM for the future,
noted as TPMfut with entries TPMfut(i, j) it is made

pf (u∗i , u
∗
j) =

Sfut(u
∗
i , u
∗
j)∑

k≥i Sfut(u∗i , u
∗
k)
,

with pf (u∗i , u
∗
j) = TPMfut(i, j).

8.2.3 Information

Inspired by IIT, the level of information of a mechanism in a state is compared
both for the past (cause information) and the future (effect information).

In order to introduce the formal definitions, consider an IS with N nodes
{u∗1, . . . , u∗N}. Also,

#∗u∗i = |{u∗j | 1 ≤ j ≤ N, u∗i ⊆ u∗j}|
#̂∗u∗i = |{u∗j | 1 ≤ j ≤ N, u∗j ⊆ u∗i }|
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#∗u∗i is the number of points in the informational structure accessible from

u∗i to the future (supersets of u∗i ) and #̂∗u∗i the number of accessible points

from u∗i to the past (subsets of u∗i ). Here the expression u∗i ⊆ u∗j means that
a stationary solution u∗j can be reached from u∗i .

8.2.3.1 Cause information.

Cause information measures the different probability distributions to the past
obtained by considering the knowledge of just the structure (unconstrained
past, pup) and the structure in the current state (cause repertoire, pcr). The
probability distribution for unconstrained past, pup, is obtained by consid-
ering that any node u∗j can be the actual one with the same probability.
Formally,

pup(u∗i ) =
1

N

N∑
j=1

pp(u∗i , u
∗
j) (8.2.6)

where cause repertoire is directly defined by pp in the TPM (past)

pcr(u∗i , u
∗
j) = pp(u∗i , u

∗
j), (8.2.7)

and
pp(u∗i , u

∗
j) = TPMpast(i, j).

Cause information is the distance between both probability distributions.
Earth mover’s distance EMD (or Wasserstein metric) [151] is used, so that

ci(IS) = EMD(pup, pcr) (8.2.8)

8.2.3.2 Effect information.

Effect information is computed analogously to those presented for cause in-
formation. Formally,

puf (u∗i ) =
1

N

N∑
j=1

pf (u∗i , u
∗
j) (8.2.9)

per(u∗i , u
∗
j) = pf (u∗i , u

∗
j) (8.2.10)

ei(IS) = EMD(puf , per) (8.2.11)
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8.2.3.3 Cause-effect information.

Finally, the cause-effect information of the informational structure is the
minimum of cause information and effect information,

cei(IS) = min{ci(IS), ei(IS)}. (8.2.12)

8.2.4 Integration

Information is said to be integrated when it cannot be obtained by looking at
the parts of the system but only at the system as a whole. The integration of
an informational structure can be measure by trying to reconstruct it from
all possible partitions.

As mechanisms with a dynamical behaviour are considered, when a par-
tition P/P of a mechanism with nodes {u1, . . . , un} is considered, the IS is
computed by taking apart from the dynamics of each ui the nodes outside
the same partition. Partitions are computed for a mechanism at a given state
u∗ = (u∗1, . . . , u

∗
n), so in the equation for ui, any node uj in the other partition

is given the constant value u∗j .

To measure integration, all partitions with non empty P and P are con-
sidered. Cause and effect repertoires are calculated for all of them, follow-
ing (8.2.6) and (8.2.9). The partition with the cause repertoire closer to the
cause repertoire is MIP cause, the minimum information partition with re-
spect to the cause. The partition with the effect repertoire closer to that is
MIP effect.

Finally, integration φ is given by the minimum of φcause and φeffect, where
φcause is the distance between the cause repertoires of the whole mechanism
and MIP cause, and φeffect is the distance between the effect repertoires of
the whole mechanism and MIP effect. Both distances are calculated using
EMD.

8.2.5 Exclusion

Consciousness flows at a particular spatio-temporal grain, and this is the
base for the exclusion postulate in IIT 3.0 [30], which is not developed here
(see Section Discussion). Nevertheless, in this approach, given a mechanism
with many nodes, it may happen that not all of them are simultaneously
contributing to the conscious experience. While φ = 0 for the whole mech-
anism, it may happen that for some submechanism φ > 0. Indeed, it may
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be the case that several submechanisms of the same given mechanism are
simultaneously integrating information at a given state. Nevertheless, this
approach could be capable of adapting to the exclusion postulate.

On the other hand, consciousness flows in time, but the way it evolves is
slower than neuronal firing. In our approach, small changes in the parameters
of the system do not always imply a change in the IS. Thus, the level of the
conscious experience could be at the level of the IS while parameters could
relate with neuronal firing level.

8.3 Application to Lotka-Volterra systems

A Lotka-Volterra (LV) system is a particular case of dynamically gradient
DS. Under some conditions on parameters, there exits a finite number of
equilibria (then, with trivial recurrent behaviour) and directed connections
between them, generating an hierarchical organization by level sets of equilib-
ria ordered by connections (see Fig. 8.3.1) in a dynamically gradient fashion
[114, 115]. Hence,

fi(u1, . . . , un) = αiui − u2
i +

∑
1≤j≤n
j 6=i

γijuiuj, i = 1, . . . , n,

and the mechanism contains a set of nodes with links representing the
influences between them. A LV system is defined driven by initial conditions
and the set of differential equations:

u′i(t) = αiui(t)− ui(t)2 +
∑
1≤j≤n
j 6=i

γijui(t)uj(t) (8.3.1)

for each node ui from 1 to n (in Fig. 8.3.2, n = 5). Values αi are relative to
each node. Values γij represent the influence of node uj over ui.

8.3.1 Existence

LV mechanisms like in Fig. 8.3.3 are considered.
By Theorem 4.1 proved in [107] given positive initial conditions ui0 with

i = 1, ..., n and g < 1/ρ(Γ), where ρ(Γ) is the spectral radius of A, then the
system
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Figure 8.3.1: A. A Lotka-Volterra (LV) mechanism (graph) of two nodes where a system

of two differential equations given by (8.3.1) is defined, one for each node, using the given

values for the α and γ parameters. B. The Informational Structure (IS) is a new complex

network made by four stationary points (equilibria) and directed links defined by global

solutions. Each stationary point of the IS is a state associated to a subgraph of the

original mechanism (non-null existing nodes are shown in black). The actual state of the

mechanism corresponds to a state of the IS, highlighted in dark red at the figure (the

state where both u1 and u2 have a value greater than 0). C. (background) The associated

directional field describing the tangent directions of trajectories inside the IS. The two

straight lines (in orange and yellow) are the nullclines associated to the system and they

intersect in three stationary points (except (0, 0)): one is a semitrivial stationary point in

the X axis; the second is a semitrivial stationary point in the Y axis. The last one is the

stationary point with two strictly positive values. All of the stationary points constitute

the nodes of the IS. The informational field can be globally described by the sum of the

stability and unstability influences of each continuous stationary solution passing when

going to one node to other in the IS. D. The measurement of the amount of information

to link any pair of nodes allows to define a Transition Probability Matrix (TPM) with the

probability for each state of going to any other. States of the IS are denoted by the list of

nodes having a value greater than 0. State (0) represents the node of the IS with both u1

and u2 equal to 0.
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Figure 8.3.2: A. Lotka-Volterra (LV) mechanism with five nodes u1, · · · , u5 representing

five interacting components represented as a graph. B. α values and γ values (position (i, j)

in the matrix represents the influence of node uj over ui) are the parameters defining the

dynamics of the system. C. Nonlinear system of five equations to calculate the stationary

points of the LV dynamical system (DS). D. Informational Structure (IS) associated to

the mechanism. Observe that the IS is a new complex network made by directed links,

related to dynamics, of subgraphs of the original one. Each node in the IS contains a

stationary point of the DS. Nodes of each subgraph with a value greater than 0 are shown

in black. Grey nodes have value 0. Arrows in the IS relates to the cause-effect power of

each state, going from one state to another. The relation induced by the arcs is transitive,

but only the minimal arcs to understand the dynamics of the IS are represented.



CHAPTER 8. A DYNAMICAL SYSTEM APPROACH FOR IIT 159

Figure 8.3.3: Existence. Left: The LV mechanism and the α and γ parameters.

Parameter αi affect only to the dynamics of the node ui. Parameter γij models the

influence of uj over ui. Right: The dynamics given by (8.3.1) on the mechanism generates

an informational structure (IS) with nodes the non-negative solutions of the corresponding

system of differential equations.
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dui
dt

= ui

(
αi − ui + g

n∑
j=1

γijuj

)
, i = 1, ..., n, (8.3.2)

(where Γ = (γij) ∈ Rn×n and g ∈ R+) has a unique solution ui(t) with
i = 1, ..., n in any time t > 0 with ui(t) = ui0 in t = 0 and besides, it is
positive.

By Theorem 4.2 Each stationary point u∗ = (u∗1, u
∗
2, ..., u

∗
n) of (8.3.2)

consists of a unique combination of null and non-zero variables.
Finally by Theorem 4.5 was shown that ifA ∈ Sw the LV system u′ = u (α + Au)

possesses a global attractor A ∈ Rn.
When g = 1 then A = −I + gΓ = −I + Γ. In all examples of this

Section (and Section 8.4) A is always chosen negative diagonal dominant
(A ∈ NDD) which is sufficient condition (see [110]) for A to be in Sw as
shown in Subsection 4.5.3.3.

Thus, the existence of a global attractor for A ∈ NDD assures the exis-
tence of the IS of the system.

8.3.2 Cause-effect power

Let us remember that for each state two matrices are introduced, one with
the transitions to the future and the other to the past.

Fig. 8.3.4 and Fig. 8.3.5 contain the transition probability matrices for
the informational structure of Fig. 8.3.3 (right) by looking, respectively, at
the future and the past.

Figure 8.3.4: Transition Probability Matrix for the future of the IS in Fig. 8.3.3.

States (nodes) in the informational structure are represented (with paren-
theses as notation) by the list of elements (nodes of the mechanism, Fig. 8.3.3
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left) with a value greater than 0.

Figure 8.3.5: Transition Probability Matrix for the past of the IS in Fig. 8.3.3

The state with no elements greater than 0 (trivial solution) is represented
by (0). Recall that in LV systems a stationary solution u∗j can be reached
from u∗i if and only if the set of nodes with values greater than 0 in u∗i is a
subset of the set of nodes with values greater than 0 in u∗j . The above can
be expressed as follows: u∗i ⊆ u∗j .

8.3.3 Information

Fig. 8.3.6 shows the distributions involved in the calculation of cause-effect
information in state (u1, u3) of the informational structure in Fig. 8.3.3 (that
is, the state in which only u1 and u3 have a value greater than 0).

8.3.4 Integration

Let us remember that partitions are computed for a mechanism at a given
state u∗ = (u∗1, . . . , u

∗
n), so in the equation for ui, any node uj in the other

partition is given the constant value u∗j . So, the IS for the partition P/P is
not computed by using (8.3.1) but

u′i(t) =



αiui(t)− ui(t)2 +
∑
uj∈P
uj 6=ui

γijui(t)uj(t) +
∑
uj∈P

γijui(t)u
∗
j if ui ∈ P

αiui(t)− ui(t)2 +
∑
uj∈P
uj 6=ui

γijui(t)uj(t) +
∑
uj∈P

γijui(t)u
∗
j if ui ∈ P

(8.3.3)
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Figure 8.3.6: Information in state (u1, u3). Cause and effect probabilities of both

the structure (unconstrained repertoire given by (8.2.6)) and dynamics (cause repertoire

from (8.2.7)) are compared by using EMD. Cause-effect information (cei) is the minimum

of cause information (ci) and effect information (ei).
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The informational structure of the partition contains the set of stable points
of (8.3.3) together with the transition probability matrices for them, as de-
fined above.

Fig. 8.3.7 shows the minimum information partitions for the informational
structure of Fig. 8.3.3. The MIP cause is {u1, u3}/{u2, u4} (Fig. 8.3.3ABC)
and MIP effect is {u1, u2, u4}/{u3} (Fig. 8.3.3DEF).

Fig. 8.3.8 shows the calculation of φ for the system of Fig. 8.3.3 in state
(u1, u3).

8.3.5 Exclusion for LV systems

Let us remember that the exclusion postulate in IIT 3.0 [30] is not developed
here (see Section Discussion). Probably, to the extend that LV model fits
to describe brain dynamics, integrated information is related to the values
given by α and γ parameters in (8.3.1). Those parameters may be associated
with intensity on connectivity (γij) and growth rate parameters (αi) which
change at a slower flow than neuronal firing (see Chapter 6 and [30]). In this
approach, small changes in the parameters do not always imply a change in
the informational structure, if parameters move within the same cone (see
Chapter 4 and [27, 28]). This fact might explain how a conscious experi-
ence may persist while neural activity is (chaotically) changing. However,
when change moves the parameters to a different cone the IS suffers a phase
transition on its structure, so changing the level of integrated information.

8.4 Topology of a LV mechanism and Inte-

grated Information

Although ISs and mechanisms possess quantitative and qualitative major
differences on the structure and topology of both networks, it is clear that
ISs possess an strongly dependence of their mechanisms’ topology. To show
this dependence (but no determination) between mechanism and associated
ISs, the continuous evolution of integrated information is modeled for sim-
plified LV mechanisms. This is probably one of the virtues of this continuous
approach to integrated information. In particular, they are considered the
cases of totally disconnected mechanisms, lattice ones, the presence of a hub,
and totally connected mechanisms, showing the key functions of the topol-
ogy and strength of connections with respect to integrated information. To
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Figure 8.3.7: Minimum information partition (MIP) for state (u1, u3). (A-C):

Partition {u1, u3}/{u2, u4} of the system in Fig. 8.3.3 with the cause repertoire closer to

that of the complete system for state (u1, u3) (Fig. 8.3.6). The ISs in A and B correspond

to the submechanisms {u1, u3} and {u2, u4}, respectively. Nodes in the IS C are those in

the Cartesian product of A and B. States of the ISs are highlighted in pink, observe that

only u1 and u3 have values greater than 0 in the state of each IS, as the partition is for

state (u1, u3). (D-F): Partition {u1, u2, u4}/{u3} with the effect repertoire closer to that

of the whole system for state (u1, u3).
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Figure 8.3.8: Calculation of φ for state (u1, u3). Cause and effect repertoires of the

MIP (partitions for past and future) are compared to the repertoires of the informational

structure of the complete system. The integration of the system is given by φ, the minimum

of φcause and φeffect. Left: The cause repertoire of the MIPcause (Fig. 8.3.7, top) at state

(u1, u3). It is compared by using EMD with the cause repertoire of the whole system

(Fig. 8.3.6, top left) resulting φcause = 0.000208394. Right: φeffect is calculated in an

analogous way.
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allow the comparison of the different topologies, the reference values of the
LV parameters for αi is 1.6 and for γij is 0.1. The behaviour of φ-cause and
φ-effect when some of these parameters change is shown for the different LV
mechanisms.

8.4.1 Totally disconnected LV mechanisms

The way the cause-effect power of a disconnected LV mechanism is defined
always leads to null integration for the level of information. Integrated in-
formation is positive only if the parts are connected in the mechanism, also
showing the dependence on the value of integrated information related to the
continuous change on the strength of the connecting parameter.

Fig. 8.4.1 shows an example of a disconnected mechanism. There are two
groups of nodes {u1, u2} and {u3, u4, u5}. Connections are only inside each
group but not from one group to the other. The consequence is that the IS of
the mechanism behave like the Cartesian product of the ISs of the partition
(left and right ISs in Fig. 8.4.1).

The connections between u2 and u3 can be set, looking at the integration
in different states of the mechanism (Fig. 8.4.2). As expected, when γ23 =
γ32 = 0 there is no integration.

8.4.2 Cyclic LV mechanisms

Now let us consider a LV mechanism of 5 nodes {u1, u2, u3, u4, u5} with all
αi values equal to 1.6. Connections γij create a cycle so that all of them are
0 except {γ12, γ23, γ34, γ45, γ51} that have the same value. Fig. 8.4.3 shows
the changing level of integration of the mechanism in states (u1, u2, u3) and
(u1, u3, u5) as the strength of the connections grows up. min(φ-cause, φ-effect)
is 0 when connections are 0, then it grows up to some maximum and then
return to 0.

8.4.3 Small world LV mechanisms: presence of hubs

Fig. 8.4.4 shows a LV mechanism where node u3 has the role of a hub con-
necting all other nodes. Fig. 8.4.5 shows the integration of the system in two
different states as the value of α3 changes. Observe that in this case φ-effect
is more sensible than φ-cause to small changes on the strength of the hub
connection.
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Figure 8.4.1: A Totally disconnected LV mechanism. Top: Disconnected mechanism.

Left and right: Each of the partitions in the disconnected mechanism has an associated

IS. The nodes of the IS of the whole mechanism (not represented in the figure) correspond

to the Cartesian product of both smaller ISs. For example, the values for nodes u2 and

u3 in the state (u2, u3) of the whole IS are the same that their values at states (u2) and

(u3) of the left and right ISs, respectively (states highlighted in pink). Bottom: αi and

γij values for the mechanism.
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Figure 8.4.2: Integration of the LV mechanism in Fig. 8.4.1 as the value of the con-

nections between u2 and u3 is increased. Values of φ-cause and φ-effect are shown. The

resulting φ = min(φcause, φeffect) at each point is the minimum of both values. Top:

Integration in state (u1, u3). Bottom: Integration in state (u2, u3, u4).



CHAPTER 8. A DYNAMICAL SYSTEM APPROACH FOR IIT 169

Figure 8.4.3: Integration in a cyclic LV mechanism. Top: Integration in state

(u1, u2, u3). Bottom: Integration in state (u1, u3, u5). Note that the level of integrated

information is not only a consequence of the topology of the mechanism (a lattice one in

this case), but also on the strength of the connecting parameters and the particular state.

In case of state (u1, u2, u3) the three nodes with a positive value are consecutive and in

(u1, u3, u5) while u1 and u5 are linked in the cycle, u3 is separated.
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Figure 8.4.4: A LV mechanism with a hub node u3. Values of parameters αi and γij

are shown at the right, with α3 = x acting as a variable.

8.4.4 Totally connected LV mechanisms

Let us consider now a totally connected mechanism of 5 nodes with all γij
values equal to 0.1. Fig. 8.4.6 shows how integration changes as the αi values
change. It is observed that, even for a totally connected mechanism, inte-
grated information is a delicate measure which generically does not hold with
positive values. In both states, when αi values are greater to 2, integration
(φ-effect) is 0.

8.5 Discussion

This preliminary approach to the notion of integrated information from ISs
leads to a continuous framework for a theory inspired by IIT, in particular
in order to define integrated information of a mechanism in a state. The
detailed characterization of ISs comes from strong theorems in DSs theory
about the characterization of GAs (see Chapter 4). The description of causa-
tion in an IS by integrated information is a novelty. Indeed, the definition of
TPMs between equilibria in the GA by the strength of eigenvalues and direc-
tion of eigenvectors associated to these and intermediate equilibria produces
a global analysis of the level of information contained in a particular DS. The
same procedure for partitions of the associated mechanism allows a prelimi-
nary measure for integration. It seems also very clear the close dependence
between the topology of a mechanism, the actual value of the parameters
and the current state with respect to its level of integrated information, so
pointing for optimality for a “small world” configuration of the brain [150].

The ability to mathematically represent human consciousness can help
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Figure 8.4.5: Integration in different states of the hub LV mechanism of Fig. 8.4.4 as α3

increases. Top: Integration in state (u1, u3). Bottom: Integration in state (u1, u2, u3).
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Figure 8.4.6: Integration in a totally connected LV mechanism. Parameters γij are all

equal to 0.1. The evolution of φ-cause and φ-effect when αi values go from 0 to 3 is shown

for two different states.
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to understand the nature of conscious processes in human mind, and the
DSs approach may indeed be also a correct tool to start this trip towards a
complementary mathematical approach to consciousness. In Chapter 6 was
shown that ISs allow to associate the processes underlying consciousness to a
huge variability or structural metastability in the changing set of continuous
flow structures. However, it is still far to the aim of describing a conscious
experience with the actual development, which will be continued in the near
future. Postulates for IIT associated to ISs have been introduced, and, in
particular, a first approach for definitions of information and integration,
leading to the introduction of measures as cei (cause-effect information) or
φ (integrated information of a mechanism) have been developed. Recently, a
further step in this direction has been developed in [102] where a continuous
approach from DST has been used to describe postulates of IIT.

However, in order to make this approximation comparable to the latest
published IIT version for discrete dynamical systems of this theory [30], a
series of additional developments are required: In Chapter 7 the exclusion
postulate is applied to the causes and effects of the individual mechanisms,
so that only the purview that generates the maximum value of integrated
information intrinsically exists as the core cause (or core effect) of the can-
didate mechanism that generates a concept. In fact, a concept is defined
as a mechanism in a state that specifies a maximally irreducible cause and
effect, the core cause and the core effect, and both specify what the con-
cept is about. The core cause (or effect) can be any set of elements, but
only the set that generates the maximum value of integrated information in
the past (or future) exists intrinsically as such. This Chapter is a simplified
particular case in which the candidates to core cause and effect, the candi-
date set to be a concept and the complete system match. But in general
they will be different sets. In addition, elements outside the candidate set
should be treated as background conditions. On the other hand, the parti-
tions in this work isolate one part of the system from another for any instant
of time. However, in line with [30], partitions should be performed in this
way: two consecutive time steps are considered (past and present or present
and future) and the elements of the candidate mechanism in the present are
joined to the elements of the candidate to core cause in the past (or core
effect in the future) to form a set that will be separated in two, so that in
each of the parts there may be elements of the two time steps or not. It is
also necessary to distinguish between mechanisms for which the value of φ
for each concept or quale sensu stricto is calculated, and systems of mech-
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anisms for which Φ for each complex or quale sensu lato is calculated. For
the later a conceptual structure or constellation of concepts is defined as the
set of all the concepts generated by a system of mechanisms in a state. It is
necessary to specify how the conceptual information (CI) and the integrated
conceptual information Φ of that system and its corresponding constellation
of concepts are calculated. To this aim an extended version of the earth
mover’s distance (EMD) is used. When the exclusion postulate is applied to
systems of mechanisms, the complexes are defined as maximum irreducible
conceptual structures (MICS), that is, local maxima of integrated conceptual
information. To do this, unidirectional partitions should be used to verify
that integrated conceptual structures are formed and see if apart from the
major complex, and in a non-overlapping way, minor complexes are formed.

Note that, actually, the notion of concept in [30] have not exactly been
generalized to this continuous and dynamical approach. Thus, the path
to define, for instance, conceptual structures, MICS or Φ from all possible
partitions and subsystems in a mechanism might be clearly introduced.

This approach provides many open questions and possibilities for future
work. Three key problems arise at this stage, showing the necessity for a
really interdisciplinary work in the area: the necessity to define the level
of information of a global attractor (a totally new question in DSs theory),
which notion of information better suits to study consciousness, and how this
concept of information is related to causality [152] on past and future events.
It would be interesting to find the intrinsic representation of cause-effect
repertoires and a measure to assess the quantity and quality of integrated
information encoded in the informational structure. It is also needed to
represent the evolution in continuous time of this information, and to find a
way to measure the strength of attraction and repulsion through measure and
dimension of stable and unstable sets and their intersections. Finally, use this
notion to define the measure of integrated information compliant with IIT’s
Φmax and described the dynamics of this measure, by also creating computer
codes for the informational structures evolution.

ISs are really grounded in the topology of their associated mechanisms.
In a very natural way, it can be combined the (continuous) relation between
structural networks and ISs. A huge further research is probably deserved on
this subject, not only in neuroscience, but in the huge area of dynamics on
complex networks. This approach also opens the door to the development of
a theory on the dependence of the structure of ISs on parameters and on the
topology on the complex graphs supporting them. To this aim, it is needed
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a theory on phase transition of attractors and applications to empirical data.



Chapter 9

Final Discussion

9.1 A network of neurons

A model aimed at explaining brain rhythms is presented in Chapter 3. Model
simulations are performed where different phases are found. Chapter 3 dis-
cusses the different types of qualitative behaviour (i.e., phases) that this
model exhibits. Fig. 3.3.5 shows explicitly and quantitatively some of the
differences among different phases in terms of the presence or not of main
peaks in the power spectrum of characteristic time series of different phases.

There are two key ingredients in the model: a balance between excitatory
and inhibitory neurons in the system as is observed in the cortex [153], and
a noisy input to each neuron in the network that mimics the excitatory
activity from other brain areas that project into the system. Thanks to these
two ingredients, the system can exhibit different oscillatory behaviour with
precisely the features of brain waves of the awake state (alpha, beta, gamma,
and ultrafast oscillations). Consequently, such oscillatory states follow from
the same mechanism by just varying the total noisy input. It is therefore
unnecessary to appeal to “delays” depending on the size of the brain area
involved to explain the different types of brain waves, as other authors do.

The main conclussions of Chapter 3 are that, on the one hand, a single
mechanism could be behind the familiar brain rhythms and, on the other,
that such waves are related to the general phenomena of non-equilibrium
phase transitions, where a system is known to be highly susceptible, efficient
and adaptable. This is compatible with specific mechanisms that might act
during the generation of brain oscillations while cognitive functions occur.

176
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However, a one-to-one correspondence between different type of brain oscil-
lations and cognitive functions cannot be stablished in fact, there are many
more different cognitive processes than types of brain waves [154]. It seems
sensible to assume that similar brain waves in the same frequency band can
contribute to different cognitive functions depending on the particular brain
area in which they were originated and on their particular temporal fea-
tures [154]. For example, while local synchronization during visual process-
ing evolves in the γ range, synchronization between neighboring temporal
and parietal cortex during multi-modal semantic processing may evolve in
a lower β range, and long range fronto-parietal interactions during working
memory retention and mental imagery in the θ and α ranges [73]. That is, a
relationship exists between the area or extent with functional integration and
synchronization frequency. It have been proposed ([71]) that this relation-
ship could be due to conduction delays in long corticortical axons. However,
this argument requires that all axonal connections of a given network were
approximately the same length, which is a too strong assumption for regions
of arbitrary extension. Recognizing that brain oscillations could be related
to many biological oscillations [155] – as heart rate, heart rate variability,
breathing frequencies, fluctuations in the BOLD signal, and others – the
proposal presented in Chapter 3 does not require any hypothesis concerning
conduction times or too speculative assumptions concerning the coupling of
the brain activity with any type of body oscillations. This proposal is that,
given the modular structure of the brain [75], it may be imagined small net-
works with a great internal connectivity, each as the one shown here and
perhaps in some of the dynamical phases described in Chapter 3. Further-
more, it is sensible to assume that, in a large region of interconnected neurons,
an input from other modules will not affect all the neurons, since otherwise
it might induce an anomalous high physiological level of activity. On the
average, one should expect the parameter µ to be low and only high inputs
eventually reaching small local regions. Within this scenario, the results from
Chapter 3 suggest that large synchronized regions receive small inputs, and
therefore will oscillate in the α regime, while small local synchronized re-
gions receiving a large input will oscillate synchronously in the γ range. The
scenario shown is thus compatible with the one in [73].

However, many models have been proposed to explain brain rhythms.
What is special about this model? The model includes realistic assumptions
concerning the cortical activity in the human brain, mainly the two key in-
gredients previously mentioned. Moreover, this is a quite explicit, almost mi-
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croscopic, model including the precise dynamics of excitatory and inhibitory
neurons in a small (e.g. cortex) network. In addition, it includes excitatory
inputs in the form of a noisy depolarizing voltage from other brain areas,
which should be expected to be a basic ingredient in the relevant scenario.
Finally, what is more original and relevant in this study is, as said above,
that all the brain waves of the awake state can be explained by the same
mechanism only by varying the total noisy input. Moreover, since the model
contains the precise dynamics of neurons in a network, simulations include
the computation of all interactions between neurons with a great precision
(a time step of 40 millionths of a second). Contrary to usual mean-field or
rate models used by other authors for EEG modelling, our model allows for
a precise and realistic explanation of emergent collective phenomena, such
as the oscillatory phases and the stochastic resonances signalling phase tran-
sitions. Finally, this exceptionally small time-step integration of our model
ensures avoiding artifacts, such as non-real synchronies, in particular for high
intensity noisy inputs.

There is another question that arises regarding the number of neurons
necessary to explain brain rhythms. The core of this model consider 180
neurons, namely, 36 inhibitory ones and 144 excitatory ones. Then, each
of the 144 excitatory neurons connects to 100 external excitatory neurons.
They provide the noisy input according to a Poisson distribution. Therefore,
this model involves in fact the activity of 100× 144 + 180 = 14580 neurons.
Anyway, in Fig. 3.3.2 and Fig. 3.3.3 it is studied the effect of several different
system sizes on the emergence of oscillatory behaviour in the system, demon-
strating that such oscillatory behaviour can emerge with the same features
for different networks sizes.

On the other hand, the two-dimensional topology is not essential to ob-
tain the results. The scheme illustrated in Fig. 3.2.1 is just an easy 2D
representation of the system to clearly show that there is a balance between
excitation and inhibition as in the human cortex, and in addition it includes
an explanation of how synaptic connections in the system are considered.
In this sense in the network there is not a particular spatial topology with
neurons located in particular spatial locations.

It could seem more natural to model brain modules by scale free networks
or perhaps small-world networks with large number of synapses (for instance,
104). In fact, scale-free topologies has been described in the functional net-
work of the brain (see [51]) and small world features have been described
in the topological network of growing neuronal cultures (see [156]). Never-



CHAPTER 9. FINAL DISCUSSION 179

theless, working with such topologies implies to consider several orders of
magnitude and therefore very large network sizes. On the contrary, in Chap-
ter 3 it was demonstrated that such large networks sizes are not needed to
generate oscillatory behavior similar to brain waves, and with a smaller order
of magnitude (including only hundreds of neurons) such waves can emerge.
Hence, both the scale free and the small-world networks may be appropriate
for the transmission or diffusion of the waves to other brain areas but are
not necessary here for the generation of the waves.

It should be clear that only alpha, beta, gamma waves and ultrafast
oscillations may be considered as noise filtered by the networked system.
For example, delta or theta waves are not explained by this model. On the
other hand, “considered as noise filtered” means that while the input of the
system is a Poissonian noise in which there is no defined frequency, only its
intensity, the collective behaviour of the network is an oscillation with a well-
defined frequency in the phases II and IV, and that this frequency depends
on the intensity of the input noise. Then, that different brain waves could
be produced by the simple mechanism analysed and proposed in Chapter
3, is an interesting and original hypothesis that might be of interest for
neuroscientists due to its simplicity and generality and that could be easily
tested with appropriate experiments. The hypothesis presented in Chapter
3 is that the origin of brain rhythms is in the oscillatory activity of small
modules or networks of excitatory and inhibitory neurons strongly connected
to each other and weakly connected to the outside (such is the definition of
modules). Depending on the amount of input these modules receive (the
amount of input received is given by the topology and activity of the rest of
the brain) they can respond with oscillations of the alpha, beta or gamma
type.

Another question arises here: Can the brain be considered as a stochastic
system? Although the brain itself could not be considered as a stochastic
system, its activity can be influenced by different sources of noise, for in-
stance channel noise that can affect neuron excitability, fluctuations in the
concentration of different ions inside and outside of the cell, that can also
affect to the excitability of the neurons, and also it is clear that sensory in-
puts can have an important noise component [157]. The effect of such noisy
sources can induce, for instance, spontaneous firing during the down state of
the cortical activity (see for instance [158]) or the spontaneous transitions to
the up state [159]. On the other hand, even assuming that such noisy sources
are not present and the brain is pure deterministic still the hypothesis of a
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noisy inputs can be considered here due to the lack of knowledge about the
activity coming from other brain areas and the heterogeneous complex topol-
ogy of the rest of the brain, and that affects the dynamics of the considered
module. Therefore, it is of interest and reasonable to consider the influence
of a noisy input in the response of a module or small network of neurons as
considered in Chapter 3.

A last question: Is this a model for Local Field Potentials (LFPs) or
for Electroencephalography (EEG)? LFPs are extracellular signals, meaning
that they are generated by transient imbalances in ion concentrations in the
spaces outside the cells, that result from cellular electrical activity. LFPs are
local because they are recorded by an intracraneal electrode placed nearby
the generating cells. They are potentials because they are generated by the
voltage that results from charge separation in the extracellular space. They
are field because those extracellular charge separations essentially create a
local electric field. The system in Chapter 3 is a small brain module with
just a few hundred neurons. Hence, may it be (to some extent) considered
as LFPs? In such a case a model of LFP (even simple) should be incor-
porated in the equations. It is true that, contrary to the LFP, the EEG
signals are contaminated by muscular activity and the scalp electrode can
be influenced by a larger number of neurons, and that the LFP constitute
more ideal signals for detailed analyses. But despite their differences, EEG
and LFP signals display the same type of oscillations during wake and sleep
states (see [160]) so an explanation for the oscillations found in LFP signals is
also an explanation for the EEG signals. The LFP and the EEG displays the
same essential features: for instance, during wakefulness, both are dominated
by low-amplitude fast-frequency desynchronized activity [161]. Furthermore,
prevalent models of LFP are based in the hypothesis of synchronized synap-
tic currents arising on cortical pyramidal neurons through the formation of
dipoles [162, 163]. Nevertheless, in the last years it has been published ev-
idence of strong monopolar components in neurons [164, 165, 166]. Thus,
the current models of LFP have to profoundly revise and therefore, it is not
certain that including an LFP model in the equations makes the network
model more reliable. Instead of it, the model is simplified assuming that the
EEG signal is an extracellular reflection of the sum of the membrane poten-
tials of the network neurons, since synaptic events may propagate over large
distances in extracellular space and be recordable as far as on the surface of
the scalp, where they participate to the genesis of the EEG.

Finally, some spatial effects as the relative effectiveness of synaptic en-
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trances depending on their location along the soma-dendritic membrane or
axonal delays could be important aspects to include in future works. How-
ever, Chapter 3 demonstrates that such information could be not too much
relevant for the emergence of different oscillatory behaviour. In some way
our results conclude that the spatial extent of the network is not relevant for
the emergence of oscillatory waves in the modules. Moreover, although the
results are not generalized to any size of the network, it is likely that it can
extend the size of the network and obtain similar results as long as the net-
work connectivity also increases according to its size. In fact, Fig. 3.3.2 and
Fig. 3.3.3 show with larger network sizes that the brain waves still emerge
with the same features that those with smaller networks sizes. Hence, it can
be concluded that increasing the size will not affect dramatically the reported
emergence of oscillatory behaviour. The only observed difference is a slightly
decrease in the amplitude of the power spectrum that can be due to the fact
that in the study only the size of the module was increased and not the am-
plitude of the noise input, that in all cases corresponds to inputs from 100
excitatory neurons. In any case, the noise power in the power spectra is also
decreased, so the signal-to-noise ratio (SNR) remains the same.

Let us notice that in Chapter 3 the studied network includes several
hundred neurons, and each neuron fulfills an integration and firing model.
The collective behavior of the network can be seen as an EEG model, and
phase transitions due to different degrees of synchronicity in the network
are observed depending on the input. The network address these inputs
with different frequencies ranging from 6 Hz to 120 Hz. On the contrary,
in Chapter 6 the study is on a much larger scale, at the global level of the
brain. Instead of modeling the brain, empirical data are used, which are
now BOLD signals from fMRI. The frequencies are always below 0.24 Hz
and the observed phase transitions are now due to the cone changes of the
instantaneous parameter in the model transform.

9.2 Dynamical systems theory

As of Chapter 4, the Dynamical Systems Theory (DST) and its application to
the brain global dynamics and IIT rise to prominence in this thesis. Within
the DST, the concept of Global Attractor (GA) and its structure are specially
studied, but also the energy levels and, in a Lotka-Volterra model, cones and
phase transitions.
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In Chapter 4, the phase space represents the framework in which the dy-
namics is developed. Given a phase space it is defined a dynamical system
(DS) which describes the dynamics of each element of the space. The Global
Attractor (GA) describes all the past and future scenarios of a DS and has
a proper intrinsic dynamics. Furthermore, every invariant set is a subset of
the GA, which is the maximal invariant set in the phase space, the smallest
closed attracting set, and is made of bounded complete solutions. Generi-
cally, the GA structure can be described by isolated invariant sets (typically
stationary points, periodic orbits but also chaotic dynamics) and connecting
global solutions among them. Those connections among invariant sets de-
scribe its structure. Next the notion of a Morse decomposition is introduced
for the GA of a semigroup starting with the notion of attractor–repeller pair.
The local attractors are ordered by inclusion, differently from the obtained
Morse sets, which are disjoint. With a Morse decomposition a sequence of
local attractors can be constructed and the GA can be written as the union
of the unstable manifolds related to each set in the Morse decomposition.
A semigroup with a GA and a disjoint family of isolated invariant sets is a
gradient semigroup with respect to this family if there exists a continuous
Lyapunov respect to this family. So, a DS is called gradient if there is some
continuous real-valued function which is strictly decreasing on non-constant
solutions.

A semigroup is a gradient semigroup with respect to a disjoint family of
isolated invariant sets if and only if it is a dynamically gradient semigroup
with respect to this family. Essentially, this important result says that, given
a disjoint family of isolated invariant sets for a semigroup, the dynamical
property of being dynamically gradient, the existence of an associated ordered
family of local attractor-repellers, and the existence of a Lyapunov functional
related to this family, are equivalent properties.

This description shows a geometrical picture of the GA of a dynamically
gradient system, in which all the stationary points or isolated invariant sets
(Morse sets) are ordered by connections related to its level of attraction [101]
or stability. Thus a consequence of it is that the GA is isomorphic to a
directed graph: each of the Ξi is associated with a vertex or node from
the graph, and there is a directed edge from the vertex associated to Ξi
towards the vertex associated to Ξj if and only if there is a global solution
that connects Ξi to Ξj. That edge is directed because there is a Lyapunov
function which is decreasing across the global solution that connects Ξi to
Ξj. The resulting directed graph is called Informational Structure (IS).
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The concept of IS is an inescapable tool when analyzing dynamics in net-
works [114, 115]. For instance, in Theoretical Ecology and Economy related
to the modeling of mutualistic systems [167, 168], a very important subject
is the study of the dependence between the topology of complex networks
(lattice systems, unconnected systems, totally connected ones, random ones,
“small world” networks) and the observed dynamics on their sets of solutions.
The architecture of biodiversity [169, 170] is thus referred as the way in which
cooperative systems of plants-animals structure their connections in order to
get a mechanism (complex graph) achieving optimal levels in robustness and
life abundance. The nested organization of this kind of complex networks
seems to play a key role for higher biodiversity. However, it is clear that
the topology of these networks is not determining all the future dynamics
[171], which seems also to be coupled to other inputs as modularity [172] or
the strength of parameters [113]. This is also a very important task in Neu-
roscience [25, 173]. ISs associated to phenomena described by dynamics on
complex networks contain all the future options for the evolution of the phe-
nomena, as they possess all the information on the forwards global behaviour
of every state of the system and the paths to arrive into them. Moreover, the
formalism presented here has shown to be a coherent process in which the
information is structured and where there exists a continuous dependence be-
tween the parameters and the structure of the attractor. Taking into account
that every time the instantaneous alpha growth rate changes its associated
cone, the IS undergoes a qualitative change, this formalism proves to be an
essential instrument to understand how phase transitions can appear.

From a dynamical system (DS) point of view [92], ISs introduce several
conceptual novelties in the standard theory. In particular, for phenomena
associated with high dimensional networks or models by partial differential
equations [11, 15, 12]. The understanding of attracting networks as infor-
mational objects is also new in this framework, allowing a migration of this
subject into Information Theory.

In order to the comparison of this approach with real data, a global
method was developed in Chapter 5 and applied it for brain dynamics in
Chapter 6 where the functionality of ISs is shown.
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9.3 Model transform

From the mathematical point of view one of the main novelties of this thesis
is the model transform (MT). This tool allows simple models to be applied
to complex empirical systems. It can be seen as a generalization of concepts
such as the derivative, the slope of a curve, the instantaneous velocity, the
instantaneous acceleration, the curvature of a plane curve or the torsion of a
non-planar curve.

In these trivial cases the models used (the straight line, the uniform mo-
tion in a straight line, the uniformly accelerated motion in a straight line, the
circumference or the helix) to calculate the MT are so simple that they are
rarely expressed by differential equations. However, it is usual to consider
these simple geometric figures as models of real physical objects that never
fit the mathematical ideal absolutely perfectly. When the curvature is calcu-
lated to assess the maximum speed allowed on a road curve the circumference
is taken as a model for a small neighborhood.

Expressing trivial models by means of differential equation serves here
to intuitively understand the meaning of the TM. The new concept of MT
not only unifies all these trivial cases under the same conceptual framework
but also projects in all fields of knowledge in which any system, simple or
complex, theoretical or empirical, defined on a network or not, can be char-
acterized by different values of the parameters for each set of values of the
corresponding variables. Each different model opens different possibilities
in countless practical and theoretical applications. In the particular case of
the LVT, the door to the calculation of IGAs, DIS, NoEL, GASSs, etc. is
opened.

Note that the input of the transform is n functions ûi(x) while the output
is other n functions θ̂i(x). Hence the use of the word transform for this tool.
This is even clearer in the discrete case, in which both the input and the
output are n× T matrices.

In spite of Theorem 5.1 it is not necessary to see the MT as a way to get
a set of equations that reproduce exactly the experimental data (although in
fact they are obtained) but rather as a method to calculate properties of a
trajectory in the phase space in each small neighborhood of a given point.

Given a MT, if the model does not use the functions ûi(x) itself but only
its successive derivatives we can say that the θ̂i(x) parameters are differen-
tial properties of the system, as occurs, for example, in all trivial examples.
Otherwise (for example, the LVT or the Kuramoto transform) the θ̂i(x) pa-
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rameters depend on the point û(x) of the phase space in which they are
calculated.

Also, given a MT, when the θ̂i(x) parameters obtained are dependent
on the parameterization x used, we can say that the θ̂i(x) parameters are
geometric properties of the system, as occurs, for example, in curvature and
torsion. When, for instance, the system is a dynamical system and the
parameter x = t must necessarily be time, non-purely geometric properties
are obtained, such as instantaneous velocity and acceleration.

Let us emphasize that the very particular case of the LVT answers ques-
tions such as: How to calculate “where a system is going” at every time?
or, what is the point of the phase space that is attracting the system at
every time point? How to calculate it in a way that takes into account the
structural relationship between the dimensions (which are not independent)
of the phase space? How to do so that the limitations imposed by the system
environment are taken into account? Consider that the logistic terms −ui in
the LV model

u̇i = ui

(
αi − ui + g

n∑
j=1

γijuj

)
i = 1, ..., n.

imposes an upper limit on the attractor, or in other words, prevents the
system from exploding as long as the global coupling parameter g does not
exceed a certain value. Correspondingly, the ui that multiplies the paren-
thesis in the LV model imposes a lower limit, namely zero, so that the point
towards which the system is attracted, the GASS, makes sense from the point
of view of the particular system studied. In other words, “where the system
is heading” is not an abstract or unbounded direction in the phase space.

9.4 Application to global brain dynamics

In Chapter 6 a dynamical systems modeling approach is used to distinguish
between two brain states, awake and N3 sleep (deep sleep). Chapter 6 is an
extension of Chapters 4 and 5, where the landscape of attractors and the
causal flow between them are analytically derived from the model transform
(MT) of the system. The Lotka-Volterra transform (LVT) is used constrained
by the brain’s structural connectivity. Since the large-scale brain dynamics
do not exhibit asymptotic behavior the LVT is adopted. Namely, model
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parameters, i.e., the growth rate parameters are identified such that the
model fits the empirical filtered BOLD time series. Finally one feature of
the DIS is characterized, i.e., the number of energy levels (NoEL), during
two different brains states and demonstrated differences between the NoEL
distributions across the states.

Thus, Chapter 6 classifies waking and sleep states from functional imag-
ing data. To do this classification, it is fitted a particular model transform to
the time series data at each moment in time, calculated the long-term attrac-
tor that this dynamical system would eventually settle to, and counted the
number of brain areas that would be active in this attractor. The distribution
of the number of active brain areas varies across subjects and between deep
non-REM and waking states. Thus, comparing the means and distributions
of this number is a potential way to classify waking vs. deep sleep.

The model parameters (e.g. global coupling and filtering range) where
selected to maximize the empirical differences between awake and deep asleep
without loosing biological validity since results are robust across a wide range
of parameters. Some of the final results echo the range of frequencies 0.077−
0.096 Hz. Thus, the results are very similar for the range of frequencies
that are empirically/experimentally motivated (e.g., 0.01 − 0.1 Hz, let us
remember that BOLD fMRI is a rather spatially heterogeneously and wide-
band phenomena ranging from 0.01 Hz all the way to frequencies higher than
0.1 Hz).

Let us notice that the goal is not to support the relevance, usefulness or
validity of the LV model for large-scale brain dynamics, or any prediction
of the dynamics of the system, or the validation of a modeling framework.
In fact, any random time series can be modeled closely as a dynamic LV
using the LVT. In general, fitting a dynamical system to data across states
will yield state-dependent parameters (instantaneous parameters of the MT).
There are many dynamical systems and analyses that can be done along these
lines. To understand why LV model was the particular choice is important
to remember that only in the LV model the GASS can be assessed using an
algorithm so efficient as the Complementary Pivot Algorithm. No similar
algorithm is known to calculate the GASS in other models of global brain
dynamics.

On the other hand, as is well known, simple features of the time-series
such as the correlation structure of the data allows differentiations between
awake and sleep states. Therefore, the main contribution of this work is not
to demonstrate differences between brain states, but a theoretical framework
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for the attractor landscape, an abstraction that has been validated with a
practical application in neuroscience in Chapter 6.

A series of additional developments are required in future works:

• First, to test if the instantaneous parameters of another MTs (e.g.,
linear time-invariant model, non-linear or dynamic causal modeling, or
stochastic models as maximum entropy models) would appear different
when fitted to awake vs. sleep time series.

• The second open problem is distinguishing not only between neural
awake and N3 states but also other sleep states as N1 and N2. Ex-
amination of other sleep states (or even all sleep state as a whole) as
proper controls would result in distributions with different means and
variances and would allow deeper insight into the provided interpreta-
tion of the hypothesized role of energy levels and their variance, maybe
changing the current discussion constructed around the results.

• A third question is would the result look the same if the time series are
shuffled (phase-randomized null)?

• Fourth, the non-smoothed NoEL distributions could be compared sta-
tistically for each energy level across all patients.

• Fifth, what is the behavioral manifestation of the more shallow slope
of the distribution for deep asleep?

• Sixth, from the macroscopical behavioral standpoint, how big is the
difference between the dynamical behavior of systems with different
values of NoEL?

• Seventh, the theoretical framework here proposed is currently tested by
us for the development of biomarkers not only in the context of clinical
patients in coma, but also in meditation as a special means of becoming
aware of consciousness itself as such.

• Eighth, our group is also using a cerebral parcellation of only 7 areas
([174]) of controls, meditators and comatose subjects to be able to study
and represent the complete informational structures and compare them.

• Ninth, we also use the distance to the nearest cone as a measure of the
criticality of the system.
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• Finally, since the common vertex of all cones is the null vector α = 0,
the alpha module |α| might be a measure for structural criticality.

9.5 Application to IIT

In Chapter 7, the authors of the IIT 3.0 admit that applying this approach
to brains is unfeasible for several reasons: i) One would need to extend the
theoretical treatment to continuous variables. ii) The perturbation of the
brain across all its possible states is unfeasible. iii) Variables recorded in
experiments do not correspond to the optimal spatial and temporal grain
for the theory. iv) To calculate ΦMax is unfeasible for more than a dozen
elements.

Furthermore, this theory is incomplete: i) There is a lack of relationship
between MICS and phenomenology. ii) It is assumed that the “micro” spatio-
temporal grain size is optimal, but it really needs to be established. iii)
It is not explained how meaning originates through concepts within MICS.
iv) The relationship between the MICS and the environment is not one of
“information processing”, but rather one of “matching” between internal and
external causal structures [119, 143]. v) IIT treats integrated information and
causation as the same thing.

In Chapter 8 it is developed a detailed mathematical framework in which
information and integration are defined precisely and made operational. This
approach deals with dynamics on a graph for which a global description of the
asymptotic behaviour is possible by means of the existence of a global attrac-
tor. That is, dissipative dynamical system for which a global attractor exists.
It is important to cite the Fundamental Theorem of Dynamical Systems in
[97], inspired in the work of Conley, because it gives a general characteri-
zation of the phase space by gradient and recurrent points, so leading to a
global description of the phase space as “invariants and connections among
them”. Let us highlight this crucial description of the global attractor.

A preliminary approach to the notion of integrated information is pre-
sented here from ISs, leading to a continuous framework for a theory inspired
by IIT, in particular in order to define integrated information of a mechanism
in a state. The detailed characterization of ISs comes from strong theorems
in DSs theory about the characterization of GAs. The description of cau-
sation in an IS by a coherent and continuous flow of integrated information
is new in the literature. Indeed, the definition of TPMs between two equi-
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libria in the GA by the strength of eigenvalues and direction of eigenvectors
associated to these and intermediate equilibria produces a global analysis of
the level of information contained in a particular DS. The same procedure
for partitions of the associated mechanism allows a preliminary measure for
integration.

The considered Lotka-Volterra cooperative model is for the applications
to IIT, because in this case there exists a detailed description of the global
attractor, which allows to make concrete computations for the level of in-
tegrated information on it. Thus, in application to LV systems, they are
considered heteroclinic channels inside the global attractor. But, all the
treatment in Chapter 8 can be done for every dissipative systems for which a
detailed description of the global attractor is available. This description has
not to be restricted to heteroclinic channels coming from LV models.

In all the Chapter 8 deterministic and autonomous dynamical systems
are considered. The proposal is an initial approach on how the information
and integration postulates of IIT could be interpreted for a continuous dy-
namical system. IIT’s current mathematical framework (IIT 3.0) is defined
for discrete dynamical systems only. The basis for the proposed continuous
approach is the informational structure (IS) of a dynamical system, obtained
from the system’s global attractor. The informational structure determines
the curvature of a system’s phase space. From the IS, a transition probability
matrix (TPM) can be obtained for discrete states corresponding to specific
invariants of the dynamical system, which is the starting point for the com-
putation of the integrated information. Finally results for different topologies
were presented. It also seems very clear the close dependence between the
topology of a mechanism, the actual value of the parameters and the cur-
rent state with respect to its level of integrated information, so pointing for
optimality for a “small world” configuration of the brain [150].

Note that some of the classical concepts of DSs have been reinterpreted.
In particular, the global attractor (GA) it is understood as a set of selected
solutions (organized in invariant sets and their connections in the past and
future) which structure is the IS. This network, moreover, produces a global
transformation of the phase space enriching every point in this space on the
crucial information on possible past states and possible future states.

Gradient dynamics [11, 95, 12, 93, 101] describes the dynamics from het-
eroclinic connections and associated Lyapunov functionals [86, 12], and it
naturally suits into higher order systems including infinite dimensional phase
spaces [95, 101, 98]. Thus, although this description of ISs associated to gra-
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dient systems is general enough to describe real complex networks, the con-
cept may be also well adapted both for different topologies in the networks
and also different kind of non-linearities defining the differential equations
[139, 130].

9.6 Work in progress

The same process described in Chapter 6 to translate time series of BOLD
signals into time series of attractors can be applied to different data sets. In
Chapter 6 were used sleep data. Below are some provisional results obtained
using meditation data and coma data.

9.6.1 Meditation experimental methods

9.6.1.1 Participants

A total of forty participants were recruited for this experiment. 50% of the
participants were experienced meditators (mean (SD) age = 39.8 (10.29);
mean (SD) hours meditation experience = 9526.9 (8619.8); 7 females) in
Vipassana meditation near Barcelona, Spain. All of them had more than
1,000 hours of meditation experience. The other 50% were control partic-
ipants with no meditation experience (mean (SD) age = 39.75 (10.13); 7
females). No significant differences in terms of age, educational level and
gender were found between groups. Participants reported no history of neu-
rological disorder, provided written informed consent, and were compensated
for their participation. This study was approved by the Ethics Committee
of the Bellvitge Hospital according to the Helsinki Declaration on ethical
research.

9.6.1.2 Resting-state and meditation fMRI

A total of 450 brain volumes in each condition were analyzed (≈ 15 min).
During rest, participants were asked to look at a cross fixated on the screen,
not thinking anything in particular, remain as motionless as possible and
not falling asleep. After resting acquisition, all participants were engaged
in meditation. Meditators were asked to practice Anapana meditation (fo-
cused attention on breathing). In this type of meditation, subjects try to
concentrate all their attention on natural breathing, and when they realize
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that the mind wanders, they must recognize it and come back to natural
breathing without judgment. Controls were instructed in meditation before
they had been scanned following the instructions as taught by S.N. Goenka.
Controls confirmed that they understood the procedure after having done a
simulation.

9.6.1.3 MRI Data Acquisition

MRI images were acquired on a 3T TIM TRIO scanner (Siemens, Erlangen,
Germany) using 32-channel receiver coil. The high-resolution T1-weighted
images were acquired with 208 slices in the sagittal plane, repetition time
(TR) = 1970ms, echo time (TE) = 2.34ms, TI = 1050ms, flip angle = 9◦,
eld of view (FOV) = 256 mm, voxel size 1 × 1 × 1 mm. Resting-state and
meditation fMRI were performed by a single shot gradient-echo EPI sequence
(TR = 2000ms; TE = 29ms; FOV = 240mm; in-plane resolution 3mm; 32
transversal slices with thickness = 4mm; flip angle = 80◦).

9.6.1.4 Preprocessing

Preprocessing was computed using the Data Processing Assistant for Resting-
State fMRI (DPARSF). Preprocessing included: manually reorienting T1
and EPI images; discarding the first 10 volumes due to magnetic eld inho-
mogeneities; slice-timing correction; realignment for head motion correction;
T1 co-registration to functional image; European regularization segmenta-
tion; removal of spurious variance through linear regression: six parameters
from the head motion correction, the global mean signal, the white matter
signal, and the cerebrospinal fluid signal, CompCor; removal of the linear
trend in the time-series; spatial normalization to the Montreal Neurological
Institute 60 (MNI); spatial smoothing with 6mm FWHM Gaussian Kernel;
and band-pass temporal filtering (0.01−0.25Hz) . Finally, we extracted the
time-series according to a resting-state atlas of 268 nodes which ensures the
functional homogeneity within each node.

Subjects with head motion greater than 2 standard deviations above the
group average and movement in more than 25% of time points were excluded
from analysis. Frame-wise displacement (FD) correction led to exclusion of
1 control during meditation.



CHAPTER 9. FINAL DISCUSSION 192

Figure 9.6.1: A, Average NoEL in both, Anapana state and the resting state of 19

experienced meditators comparing instantaneous attractors across BOLD signal time se-

ries. The error bars are calculated according to error=σq/
√
T where σq is the standard

deviation of the NoEL and T is the length of the data series. B, Standard deviation of

the NoEL series in both, Anapana state and the resting state of 19 experienced meditators

comparing instantaneous attractors across BOLD signal time series.

9.6.2 Meditation results

Contrary to Chapter 6 in which a generic SCM was used for all individu-
als here, said matrix is individualized for each subject in the controls and
meditators groups.

It should be borne in mind that while in Chapter 6 the brain’s parcellation
consisted of 90 ROIs now in the meditator data set the brain is divided
into 268 areas but ensuring the functional homogeneity within each ROI.
Therefore, the average values and standard deviations of the NoEL are here
proportionately greater than in Chapter 6 as shown in Fig. 9.6.1. Parameters
h and g in the LVT were fitted by means of a process similar to that developed
in the Chapter 6 in order to maximize the ability of the LVT to distinguish
between brain states.

First, the group of 19 experienced meditators is studied and their instan-
taneous attractors are compared in both, resting state and Anapana medita-
tion. Fig. 9.6.1 shows that the average NoEL is higher in the Anapana state
than in the resting state in almost all subjects.

The results of the Wilcoxon test of the means of the NoEL (blue line) for



CHAPTER 9. FINAL DISCUSSION 193

Figure 9.6.2: A, Wilcoxon tests comparing the NoEL distributions for Anapana state

and the resting state of 19 experienced meditators. The distributions can be compared

using the average NoEL (blue) or the standard deviation (red). The two comparisons are

made for different values of the global coupling strength parameter. B, Wilcoxon test p-

values when the average NoEL is compared in both states for all possible frequency filters.

C, same than B but now q standard deviation σq is compared.
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Figure 9.6.3: A, Wilcoxon tests comparing the NoEL distributions for resting state of

meditators and control group. Here, distributions are compared using the average NoEL

for all possible filters. B, same than A but using q standard deviation σq to compare

distributions of NoEL.

different values of the global coupling strength parameter g can be observed
in Fig. 9.6.2A. As in the comparison between awake and deep asleep of the
means of the NoEL in Chapter 6, now there is an optimal value closer to
the maximum g that guarantees the global stability of the LV model than to
zero. Also in Fig. 9.6.2A a similar curve is shown (red line) for the comparison
between the q standard deviations σq between Anapana and resting state of
the meditators.

The robustness of the method with respect to the choice of the frequency
filter is observed. For the group of 19 expert meditators and comparing
resting state and Anapana meditation there are a wide variety of different
filters that offer acceptable Wilcoxon test values for both measurements, the
mean (Fig. 9.6.2B) and the variability of the NoEL. Let us recall that this
variability of instantaneous attractors can be considered as a measure of the
metastability of the system and is therefore called structural metastability
(Fig. 9.6.2C).

Another interesting comparison is that of the resting state of both, the
controls and the expert meditators. The results for all possible choices of
the frequency filter are observed in Fig. 9.6.3. Now there are less variety of



CHAPTER 9. FINAL DISCUSSION 195

different filters that offer acceptable Wilcoxon test values for both measure-
ments, the mean (Fig. 9.6.3A) and the variability of the NoEL or structural
metastability (In Fig. 9.6.3B) than before.

9.6.3 Coma experimental methods

They are summarized below the experimental methods for healthy controls
and patients suffering from disorders of consciousness leading to a vegetative
state/unresponsive wakefulness syndrome (UWS) or in a minimally conscious
state (MCS) as described in [175]:

9.6.3.1 Experimental design

Cross-sectional observational study. Measurement technique: fMRI, stan-
dardized behavioral evaluations. Type of observations: BOLD time series,
behavioral observations.

9.6.3.2 Participants

Data were collected from a cohort of 87 individuals scanned in Belgium, De-
partment of Radiology, Centre Hospitalier Universitaire (CHU), Liège. The
cohort included healthy controls and patients suffering from disorders of con-
sciousness leading to a vegetative state/UWS or in a MCS. Patients in UWS
open their eyes but never exhibit nonreflex voluntary movements, indicating
preserved awareness. Patients in MCS show more complex behaviors poten-
tially declarative of awareness, such as visual pursuit, orientation to pain, or
nonsystematic command following but who, nevertheless, remain unable to
communicate their thoughts and feelings. Inclusion criteria for patients were
brain damage at least 7 days after the acute brain insult and behavioral diag-
nosis of the MCS or UWS performed with the Coma Recovery Scale–Revised
(CRS-R).

9.6.3.3 Anesthesia protocol

Patients were scanned in anesthesia after medical decision, with the aim of
minimizing motion in the scanner, and it was performed by a certified anes-
thesiologist. Before scanning, all patients fasted for at least 6 hours for solids
and 2 hours for liquids. Propofol was administered through intravenous in-
fusion using a target-controlled infusion system, and the concentration was
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kept to the minimum (1 to 2 mg/ml). To ensure adequate airing, some
patients received assisted mechanical ventilation through a tracheostomy, a
laryngeal mask, or an endotracheal tube when already in place. Additional
oxygen was delivered in some cases, either through a face mask or through
the airway instrumentation device. Patients’ physiologic parameters (arterial
blood pressure, electrocardiogram, breathing frequency, and pulse oximetry)
were closely and continuously monitored. Propofol was titrated to achieve
immobility in the scanner. Once obtained, the necessary plasma concentra-
tion of propofol was kept constant throughout the procedure. A complete
resuscitation equipment was present during the procedure.

9.6.3.4 Imaging acquisition parameters

Data were acquired on a 3T Siemens TIM Trio MRI scanner (Siemens Medical
Solutions, Erlangen, Germany): 300 T2*-weighted images were acquired with
a gradient-echo echo-planar imaging (EPI) sequence using axial slice orienta-
tion and covering the whole brain (32 slices; slice thickness, 3 mm; repetition
time, 2000 ms; echo time, 30 ms; voxel size, 3 × 3 × 3 mm; flip angle, 78°;
field of view, 192 mm by 192 mm). A structural T1 magnetization-prepared
rapid gradient-echo (MPRAGE) sequence (120 slices; repetition time, 2300
ms; echo time, 2.47 ms; voxel size, 1.0 × 1.0 × 1.2 mm; flip angle, 9°).

9.6.3.5 Data preprocessing and time series extraction

Preprocessing was performed as previously reported (21) using Statistical
Parametric Mapping 12 (SPM12; www.fil.ion.ucl.ac.uk/spm). Preprocess-
ing steps included slice-time correction, realignment, segmentation of struc-
tural data, normalization of functional and structural data into the standard
stereotactic Montreal Neurological Institute space, and spatial smoothing us-
ing a Gaussian kernel of 6-mm full width at half-maximum. For functional
data, the three initial volumes were discarded to avoid T1 saturation effects.
Motion artifact detection and rejection were performed with the artifact de-
tection toolbox (ART toolbox).

9.6.4 Coma results

For brevity vegetative state/unresponsive wakefulness syndrome (UWS) group
will be called unresponsive group and the minimally conscious state (MCS)
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Figure 9.6.4: Results for the mean NoEL (Left) and distribution of the mean NoEL

(Right) across subjects of each group. The Wilcoxon test p-value comparing the control

group and minimal group is 3.23 · 10−4, comparing the control group and unresponsive

group is 1.03·10−4, and comparing the unresponsive group and minimal group is 3.60·10−2.

group will be called minimal group.
Prior to the LVT the BOLD signal is filtered in the range 0.008 − 0.08

Hz. In the LVT ᾱi = h
ū′i
ūi

+ ūi − gΓū the SCM, Γ, is individualized for each
subject in this data set. The LVT includes h and g as the weights of the terms
ū′/ū and Γū which represent, respectively, the local activity and the global
coupling. Hereafter both parameters are fitted to h = 103.6 and g = 0.31 by
means of a process similar to that developed in the Chapter 6 in order to
maximize the ability of the LVT to distinguish between brain states.

In all the results and the figures shown below, the criterion for NoEL is
slightly different. Until now the number of levels was counted from 1 (when
there is only the trivial solution) to n + 1. Now it is counted from 0 to n.
However, this does not affect the conclusions of the study.

In Fig. 9.6.4 are shown the results of the average NoEL for the three
groups and the smoothed distributions of the average NoEL across subjects of
each group. The Wilcoxon test p-values are small enough in the three possible
comparisons: control group vs minimal group, control group vs unresponsive
group, and unresponsive group vs minimal group.

In Fig. 9.6.5 are shown the results of the NoEL standard deviation for the
three groups and the smoothed distributions of the NoEL standard deviation
across subjects of each group. Again, the statistical test p-values are small
enough in the three possible comparisons: control group vs minimal group,
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Figure 9.6.5: Results for the NoEL standard deviation (Left) and distribution of the

NoEL standard deviation (Right) across subjects of each group. The Wilcoxon test p-

value comparing the control group and minimal group is 4.5 · 10−2, comparing the control

group and unresponsive group is 9.91 · 10−4, and comparing the unresponsive group and

minimal group is 4.1 · 10−2.

control group vs unresponsive group, and unresponsive group vs minimal
group.

When LVT is here applied to coma data, a brain parcellation is used
in seven sub-networks [174]. This allows to fully describe the informational
structure of its instantaneous attractors. By means of the number of ROIs
used in the datasets of sleep (n = 90) and of meditators (n = 268) it was
impossible to verify the existence or not of each individual node in the IS
because 2n was too high. However, 27 is a manageable quantity even for the
purposes of graphic representation.

With n = 7 it can be calculated not only the number of energy levels but
also the ratio of nodes present in the IS respect to the total possible nodes.
This ratio, called Frondosity, is a measure of the level of integration in the
system. This is because in those ISs in which the Frondosity is small, a sta-
ble local attractor (GASS) is reached in which ROIs are active although the
nodes of the IS corresponding to many of the combinations of those ROIs do
not appear in the IS. The explanation, therefore, is that the integrative in-
teraction between different brain areas facilitates the existence of that stable
attractor.

In Fig. 9.6.6 are shown the results of the average Frondosity for the three
groups and the smoothed distributions of the average Frondosity across sub-
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Figure 9.6.6: Results for the average Frondosity (Left) and distribution of the average

Frondosity (Right) across subjects of each group. The Wilcoxon test p-value comparing

the control group and minimal group is 5.7 · 10−5, comparing the control group and unre-

sponsive group is 1.91 · 10−7, and comparing the unresponsive group and minimal group

is 4.04 · 10−3.

jects of each group. Again, the Wilcoxon test p-values are small enough in
the three possible comparisons.

In Fig. 9.6.7 are shown the results of the Frondosity standard deviation for
the three groups and the smoothed distributions of the Frondosity standard
deviation across subjects of each group. Again, the statistical test p-values
are small enough in the three possible comparisons.

Let us remember that for each subject and time point a Linear Comple-
mentarity Problem (LCP) is solved to calculate the GASS. Given the α ∈ R7

resulting from the LVT and the matrix M = gΓ−I of order 7, the LCP finds
(w, z) ∈ R2×7 , w = (w1, w2, ..., w7)T , z = (z1, ..., z7)T , such that

w = α +Mz

w ≥ 0, z ≥ 0 and wizi = 0 for all i = 1, ..., 7.

Thus, joining w and z there are, at most, only 7 non-zero components
different that are also positive and will be called ri. Recall that each station-
ary solution of an LV system is a unique combination of null and non-null
components, each characterized by a cone (see Subsection 4.5.3). At the
points where the transition between cones occurs there are more than 7 null
components of r. Thus, one way to measure the proximity of the cone change
is to calculate the minimum of the ri. Previously, and since both w and z,
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Figure 9.6.7: Results for the Frondosity standard deviation (Left) and distribution of

the Frondosity standard deviation (Right) across subjects of each group. The Wilcoxon

test p-value comparing the control group and minimal group is 2.1 · 10−3, comparing the

control group and unresponsive group is 2.68·10−6, and comparing the unresponsive group

and minimal group is 1.31 · 10−2.

and therefore also r, depend linearly on alpha, the vector r is normalized to
make it independent of the alpha module. The minimum of the resulting {ri}
is a measure of criticality as it indicates the proximity of a phase transition.

In Fig. 9.6.8 are shown the results of the average minimum normalized ri
for the three groups and the smoothed distributions of the average minimum
normalized ri across subjects of each group. Again, the Wilcoxon test p-
values are small enough in the three possible comparisons.

9.6.5 Brief discussion

9.6.5.1 Meditators discussion

In the study of the instantaneous attractors for the group of 19 experienced
meditators in both, resting state and Anapana meditation was shown in
Fig. 9.6.1 that the average NoEL is higher in the Anapana state than in
the resting state in almost all subjects. However, error windows overlap in
almost all cases. This could be because the time series contain only 440 time
steps. It is expected that with longer time series the differences will continue
while the errors decrease. As explained in Section 6.4, a greater NoEL can
be interpreted as greater stability and lower system energy. In the same
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Figure 9.6.8: Results for the average minimum normalized ri (Left) and distribution of

the average minimum normalized ri (Right) across subjects of each group. The Wilcoxon

test p-values comparing the control group and minimal group is 2.3 · 10−8, comparing the

control group and unresponsive group is 3.98·10−7, and comparing the unresponsive group

and minimal group is 1.67 · 10−2.

way that in the awake state it shows more energy and less stability than the
deep sleep here, the resting state exhibits more energy and less stability than
Anapana meditation.

Let us keep in mind that for Vipassana meditators Anapana meditation
is a kind of “warm-up” to increase concentration. While in Anapana the
meditators are focused in the brush of the air at the nostrils, in the Vipassana
meditation the focus is on the different parts of the body performing a “body
scan”. Therefore, Anapana meditation is actually an impoverishment of the
phenomenological field, that is, a reduction of the possible phenomena of
consciousness (of subjective experience) in comparison not only with normal
activity or with the resting state (in which the verbal thoughts can “roam”
freely) but even with Vipassana meditation itself.

When the results of the standard deviation of the NoEL series are ob-
served, we return to the previous analogy. In the same way that in the awake
state it shows greater variability of the NoEL (structural metastability) than
the deep sleep here the resting state of the meditators exhibits greater vari-
ability than the Anapana meditation. These results are compatible with the
hypothesis that the greatest variability and the lowest average of the NoEL
are a biomarker of the wealth of subjective experience.

The results compared for different values of the global coupling strength
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parameter in Fig. 9.6.2A shows an optimal value closer to the maximum that
guarantees the overall stability of the LV model than to zero. However, the
range of g values for which the Wilcoxon test offers acceptable values (< 5%)
is wide enough to admit the robustness of the average NoEL with respect to
g to differentiate between the two states of the meditators.

In the same Fig. 9.6.2A is showed the comparison between the standard
deviations of the Anapana NoEL and the resting state of the meditators.
The robustness is even greater than before, to the point that the value of g
results almost does not influence the ability of the structural metastability
to distinguish these two states of consciousness.

In Fig. 9.6.2B is shown the robustness of the method with respect to the
choice of the frequency filter. There are a wide variety of different filters
that offer acceptable Wilcoxon test values for both measurements, the mean
and the variability of the NoEL. At low frequencies the variability of q shows
better results, but the average q is slightly more robust at high frequencies
and even achieves better results at the intermediate frequencies. In any case
it is clear that the results do not depend on a specific filtering.

The comparison between the resting state of the controls (with no medi-
tation experience prior to this experiment) and the resting state of the expert
meditators shows that the average NoEL is higher in the control group than
in that of the meditators. In the same way, the structural metastability is
lower in the control group than in that of the meditators. These results are
compatible with the hypothesis that the greater variability and the lower
average of the NoEL are a reflection of the wealth of subjective experience
as long as it is accepted that the meditators reach a higher level of wealth in
terms of subjective experience. Fig. 9.6.3 shows that in this comparison the
differences are smaller according to the Wilcoxon tests than in the previous
one. An explanation of these results is that during the daily practice of Ana-
pana and Vipassana meditation the wealth of conscious experience decreases
and the consciousness threshold reduces, which makes easier an increase in
the wealth of conscious experience during the rest of the day.

In any case, what has been demonstrated with this study of instantaneous
attractors is that the same type of differences found in wakefulness with
respect to deep sleep is found in the resting state of expert meditators with
respect to Anapana meditation and with respect to resting state of non-
meditators.
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9.6.5.2 Coma discussion

It is assumed that the subjective experience of the unresponsive group is
extremely poor, while that of the minimal group is somewhat larger although
far below the usual one in healthy subjects.

All these preliminary results were assessed by analyzing the time-varying
IS, the graph associated with the GA. This approach based on the Lotka-
Volterra transform in a whole-brain framework allows to calculate the instan-
taneous growth rate parameter α. The results of the corresponding NoEL for
the subjects of the different groups are compatible with the hypothesis that a
higher level of consciousness corresponds to a greater structural metastability
and a lower average NoEL.

The interpretation of Frondosity as a measure of the absence of integration
would result in the integration being higher in the control group and reaching
its lowest value in the unresponsive group. This coincides with other criteria
for the measure of integration [175, 176].

The variability of the Frondosity can be interpreted as a measure of com-
plexity so that the greater functional complexity would correspond again to
the control group and the lower to the unresponsive group.

Finally, the measure of the minimum of the normalized ri indicates that
the highest level of criticality occurs in the control group while, again, the
lowest values are in the unresponsive group. It agrees with the idea that
phenomenal consciousness is realized by a particular level of brain operational
organization guided by criticality and self-organisation [177, 178].

By way of final main conclusion the novel method presented in this thesis
allows to distinguish between different conscious states of the human brain,
with potential relevant clinical applications.



Custom-made codes and scripts

Custom codes, algorithms, and software as custom-made MATLAB scripts
used to analyse the data in this thesis are deposited in the community repos-
itory available at https://github.com/javiergaladi/NoEL.
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