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Enhanced Modelling of Split-Ring Resonators
Couplings in Printed Circuits
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and Francisco Mesa, Fellow, IEEE

Abstract—An enhanced equivalent circuit approach for the mag-
netic/electric interaction of single split-ring resonators (SRRs) with
printed lines is presented in this paper. A very simple and effi-
cient lumped-element network is proposed to model the behavior
of metamaterial-based printed lines over a wide frequency band.
The same circuit topology can be used for the single- and two-mir-
rored SRRs loaded microstrip line. The corresponding circuit pa-
rameters are obtained from the multiconductor transmission line
theory as well as from closed-form expressions that make use of
just the resonance frequency and minimum of the reflection coef-
ficient (which should be previously extracted from experiments or
full-wave simulations). The comparison of our equivalent circuit
results with measurements and full-wave simulations has shown a
very good agreement in a considerably wider frequency band than
other previously proposed simple equivalent circuits.

Index Terms—Coupled transmission lines, equivalent circuit,
metamaterial, microstrip line, split-ring resonator.

I. INTRODUCTION

ETAMATERIAL-BASED guiding structures have been

intensively investigated in the past decade with the pur-
pose of extending the operational capabilities of diverse pas-
sive and active components in antennas and microwave cir-
cuits [1]. A great deal of effort has specifically been devoted
to the study of printed transmission lines loaded with parallel
inductive or series capacitive elements [2]-[5]. Resonant-type
metamaterial-based transmission lines (MMTLs) with double
split ring resonators (SRRs) and complementary SRRs (CSRRs)
have also been considered in the frame of the development of fil-
ters, sensors, and RFID tags [6]-[8], among other applications.
One of the most interesting properties of the SRR is that the
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orientation and position of its gap with respect to the hosting
transmission line has significant influence on the overall perfor-
mance of the loaded transmission line. This topic has been pre-
viously studied by some of the authors of the present work [9]
and has found potential application in designing reconfigurable
delay lines and scanning antennas [10], [11].

Metamaterial transmission lines (like many other electromag-
netic structures) can be reasonably modeled by lumped-element
equivalent circuits. This approach is a useful tool for better
understanding of the physics underlying the propagation phe-
nomena in MMTLs. Also, a very important benefit of using
the equivalent circuit is in independent parameter tuning and
optimization of cascaded structures. These are still very time-
consuming, despite the enormous progress in computational re-
sources, especially if a great number of individual resonators is
involved.

Equivalent circuits of MMTLs loaded with double SRRs
with passband and stopband characteristics can be found, for
instance, in [12] and [13], where coplanar waveguides (CPWs)
were used as the background transmission lines. MMTLs based
on microstrip lines mostly involve coupling with CSRRs [14]
or fractal and multiple CSRRs [15] etched in the ground plane
(right beneath the line) so that they are excited by the electric
field perpendicular to the plane of the CSRR. The equivalent
circuit of a double-SRR-loaded microstrip line with a vertical
via was reported in [16] to explain its passband response. In
all of these previous papers, the gaps of the double SRRs and
CSRRs were oriented parallel to the transmission line. The
cross-coupling effects resulting from the different orientations
of double SRRs and CSRRs coupled to CPW and microstrip
lines have been studied using the equivalent circuit approach
in [17].

It should be noted that all of the examples mentioned above
(except those in [16]) are double-sided structures, which are
difficult to fabricate and assemble with other planar devices.
This fact might limit their wide application in modern wire-
less systems, in which reduced size, cost, and simple integration
are principal concerns. For these reasons, microstrip technology
is possibly the best choice for integrating MMTLs and related
components.

The present work studies square-shaped SRRs coupled to the
microstrip line lying in the same plane. Gaps in the SRRs are
either parallel (near to or far from the line) or perpendicular
to the microstrip line, with the latter having cross-coupling ef-
fects. Both a single SRR placed at one side of the line and a pair
of SRRs symmetrically/asymmetrically placed at both sides are
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considered. An equivalent circuit model is proposed and vali-
dated for an arbitrarily oriented single-SRR-loaded microstrip
line. The topology of the circuit is slightly more complicated
than other proposed approaches, in order to increase the band-
width of the model. The new models make use of the same
number of independent parameters as in previous simpler pro-
posals, although they are now interconnected in a different way
in order to capture the distributed nature of the original loaded
transmission line more efficiently. The approximation to the dis-
tributed behavior could be further improved by adding more el-
ements to the lumped-circuit representation, but this would in-
crease the complexity of the model and the number of parame-
ters to be determined.

The proposed unit cells exhibit a stopband response, and they
can be used as basic components in the design of high-perfor-
mance compact filters. The validity of the equivalent circuit
models is confirmed by the S-parameters obtained from the
measurements of laboratory samples and from full-wave elec-
tromagnetic simulations. The proposed circuit topology is also
very suitable for the unit cells with passband response since via
inductance can easily be taken into account without increasing
the complexity of the model.

This paper is organized as follows. Section II presents the cir-
cuit parameter extraction using a coupled-lines model to obtain
the parameters of the host line coupled to SRR. In Section III,
the remaining parameters are calculated employing closed-form
expressions that make use of the resonance frequencies and the
reflection coefficient minimum obtained by full-wave simula-
tions. Two types of equivalent circuit are considered for the
loaded transmission line: with one and with two LC cells. The
latter is found to provide a bandwidth two times wider. The
equivalent circuit model is validated by comparison with full-
wave simulations and measurements in Section IV. A very good
agreement is found in a wide frequency range, not only for struc-
tures with a single unit cell but also for structures with a cascade
of SRR unit cells.

II. CIRCUIT PARAMETERS EXTRACTION USING A
COUPLED-LINES MODEL

In order to obtain the equivalent circuit models of microstrip
lines loaded with arbitrarily oriented SRRs, having their gaps
parallel or perpendicular to the line (both near and far from the
line), two configurations are examined: 1) a single SRR at one
side of the microstrip line and 2) two SRRs at both sides of
the line. The equivalent circuit of an arbitrarily oriented single-
SRR-loaded microstrip line has not been considered so far, with
the exception of the modeling of the mutual coupling between
SRRs themselves reported in [18].

The SRR-loaded microstrip line with the gap parallel (and
close) to the line is shown in Fig. 1, together with the relevant
dimensions. A similar structure, but involving double SRRs,
has been studied in [16], where the equivalent circuit shown
in Fig. 2(a) is proposed. The transmission line is represented
by a single Il-cell. In this paper, we propose the enhanced
model shown in Fig. 2(b), where the line is represented by two
II-cells. We will demonstrate that this circuit, which has the
same number of independent parameters as the previous one,
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Fig. 1. Layout of the microstrip line loaded with SRR with the relevant di-
mensions: h = 1.27mm, L, = 3mm, L,, = 0.25mm, L, = 0.5 mm,
W, = 02mm, W, = 1.2mm, S = 0.1 mm. The metalization thickness is
t = 17 pm, and the dielectric permittivity £, = 10.2.
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Fig. 2. Equivalent circuit of the microstrip line loaded with SRR consisting of
(a) one and (b) two II-cells.

) (b)

allows much better matching with full-wave simulations and
measurements.

To extract the parameters L and C of the transmission line
(Fig. 2), taking into account the coupling between the line and
the nearest SRR arm, the system is modeled as a section of the
multiconductor transmission line. LINPAR software [19] is em-
ployed for the numerical evaluation of the quasistatic line pa-
rameters. LINPAR provides the per unit length (p.u.l.) induc-
tance and capacitance matrices from which the required param-
eters of the finite-length coupled-line sections are obtained.

According to the coupling geometry between the SRRs and
the transmission line, the structures under study have been di-
vided into five groups, as shown in Table I. Depending on the
orientation of the SRR, the microstrip line is coupled with the
whole SRR side or by two parts of the side separated by the gap.

In Table I, three types of marked sections can be distin-
guished: the isolated section and the coupled section with
one or two SRR arms. The parameters of each section have
been calculated using diagonal elements of the p.u.l. induc-
tance and capacitance matrices. The resulting parameters L
and C' of the microstrip line (given in the second column of
Table I) are obtained by summing the parameters of individual
sections. It can be seen that the transmission-line inductance
L is very similar for all configurations, but the capacitance
C varies much more (15%) depending on the configuration,
i.e., on the coupling between the SRR and the line. The SRR
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TABLE 1
CONFIGURATIONS OF SRRS COUPLED WITH THE MICROSTRIP LINE AND
EXTRACTED PARAMETERS. COUPLING HAS BEEN TAKEN INTO ACCOUNT ONLY
BETWEEN THE SECTIONS MARKED BY HATCHING. REFERENCE PLANES ARE
DENOTED BY DOTTED LINES

L =1.51nH
@ C =0.72pF
Ly =7.97nH
L =1.51nH
(b) C =0.74pF
Ls =17.92nH
L=15nH
(© C = 0.82pF
Ls =7.97nH
L=15nH
@ C = 0.86 pF
Ls = 7.92nH
L =15nH
© C = 0.84pF
Ls1 =7.97nH
Lz =7.92nH
-

inductance Lg consists of two parts: 1) from the section that is
coupled with the transmission line, which is calculated using
the corresponding diagonal element of the inductance matrix,
and 2) from an isolated transmission line with length equal
to the remaining uncoupled part of the SRR length. Values of
Lgs given in Table I are slightly different due to the fact that
coupled-line sections have a somewhat lower p.u.l. inductance
than isolated ones. Hereinafter, we adopt the same values for
the inductances, . = 1.5nH and Ls = 8 nH, for all of the
considered configurations.

III. CIRCUIT PARAMETERS EXTRACTION USING
FULL-WAVE ANALYSIS

It has been found that different configurations of SRR loaded
microstrip line can be modeled by the same circuit topology, but
with different values of the circuit parameters. According to the
circuit topology, all considered configurations can be divided
into three groups: 1) SRRs with gaps parallel to the line; 2) two
SRRs with parallel gaps near and far from the line; and 3) SRRs
with gaps perpendicular to the line. For each topology, closed-
form expressions for the resonance frequency and the minimum
reflection frequency can be obtained. Those expressions are then
used to determine the remaining circuit parameters (magnetic
coupling coefficient %,,, and SRR capacitance C' ), based on the
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Fig. 3. Microstrip line loaded with SRRs with gaps parallel to the line. (a) One
SRR with gap near the line. (b) Two SRRs with gaps near the line. (¢) One SRR
with gap far from the line. (d) Two SRRs with gaps far from the line. These
configurations can be modeled by the equivalent circuits in Fig. 2.

frequencies computed through full-wave simulations. The only
parameter that has to be fitted is the electric coupling coefficient
ke; i.e., coupling capacitance C,, = k.\/CCj, in the case of
SRR with perpendicular gaps (this coefficient is introduced in
Section III-C).

A. Microstrip Line Loaded With SRRs With Gaps Parallel
to the Line

Microstrip lines loaded with SRRs with gaps parallel to the
line are shown in Fig. 3. The equivalent circuit parameters L, C',
and Lg are given in Table I for each configuration in Fig. 3 (they
depend on their geometry and material characteristics). The re-
maining parameters C's and k,,, are determined using the S-pa-
rameters obtained by full-wave simulation. It should be noted
that, in the frequency range of interest, the full-wave simula-
tion only shows one S1; minimum that is located below the
resonance frequency while both equivalent circuits exhibit two
S11 minima: one below and the other above the resonance. The
presence of this upper spurious parasitic 511 minimum certainly
reduces the bandwidth, where it is possible to obtain a good
matching between simulations and equivalent circuit analysis.
However, the equivalent circuit with two II-cells [Fig. 2(b)]
moves that minimum to higher frequencies with respect to the
one cell model, as will be discussed later.

The capacitance Cy is obtained from the SRR resonance fre-
quency f. = w, /27 as follows:

1

fr - 271’\/_[/505"

Q)

1) S11 Minimum of the Equivalent Circuit Model Below
the Resonance: The magnetic coupling coefficient k,, is
determined by the frequency of the first minimum of Sii,
Simin Wmin/27, for the equivalent circuits in Fig. 2. In
order to simplify calculations, we can apply Bartlett’s bisection
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theorem [20]. The coupling coefficient k., is then obtained as
a function of fi,;,, the resonance frequency f,., and the line
parameters I, and C' as follows:

2
kZ _ _ (.U,,
‘T 2

where a1 corresponds to the circuit with one cell [Fig. 2(a)] and
as is for the two cells circuit [Fig. 2(b)]. These coefficients are
given by

) (1—a12) )

)

4)

where Y is the characteristic admittance of the microstrip line
(20 mS in our case), and

2
Wini 8
b — i : 2 — )
( Wy ) “o LC

Full-wave simulations and measurements for all of the struc-
tures in Fig. 3 show that the S;; minimum appears before the
resonance of the SRR f;., making the first parenthesis in (2) neg-
ative. In order to obtain a real value of the coupling coefficient
k., (which allows for the matching between the frequencies of
first minima of S7; obtained by full-wave simulation and those
obtained by equivalent circuit analysis), it is necessary for the
right-hand side of that equation to be positive, which requires
airz > 1.

In Fig. 4(a) and (b), we show a comparison of the «-coeffi-
cients calculated for one and two cells, respectively, for the SRR
coupled to the 50-€2 microstrip line [Fig. 3(a)] on different sub-
strates. From the position of the S1; minimum (corresponding
markers), it can be seen that the condition @ > 1 is not satis-
fied in any case in Fig. 4(a). On the other hand, that condition
is fulfilled for all cases in Fig. 4(b). Also, the substrate with
the highest permittivity (Rogers RO3010) exhibits the lowest
upper frequency of the bandwidth in which k&, has a real value
(3.51 GHz for one cell and 7.02 GHz for two cells). It should be
noted that the a-coefficient is not a function of SRR parameters,
but only of the S1; minimum frequency and the parameters of
the background transmission line.

Fig.4(a) and (b) clearly shows that the important advantage of
the enhanced modeling of SRR loaded transmission line, com-
pared with the one Il-cell equivalent circuit, is that it provides
a bandwidth two times wider in which k,,, has real values.

If a grounding via was present, a passband response would be
obtained, and the S7; minimum would appear above the trans-
mission zero in a full-wave simulation. In such case, a good
agreement can be achieved with the equivalent circuit where
the line is represented by only one cell [16]. In that case, our
proposed equivalent circuit would become very similar to the
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Fig. 4. Comparison of the a-coefficient for the equivalent circuit with (a) one
and (b) two II-cells for the case in Fig. 3(a). Horizontal black lines indicate
the value of 1 on the vertical axis, and markers denote the frequency of 541
minimum for the corresponding substrates. For real values of the coupling co-
efficient k., the coefficients @1 » should be greater than 1.

improved model reported in [13], in which one cell is modified
to allow for positioning of a centered via inductance.

2) S11 Minimum of the Equivalent Circuit Model Above the
Resonance: Both equivalent circuit models in Fig. 2 exhibit
a second S1; minimum above the resonance frequency of the
SRR, which does not appear in the full-wave simulations or
measurements. This spurious effect is a consequence of approx-
imating a distributed circuit by lumped elements. In order to
improve the bandwidth in which the equivalent circuit can be
used, it is necessary to push that parasitic minimum towards
high frequencies. This has been done by using the equivalent
circuit with two II-cells.

To clarify this, we start from the condition of perfect
matching (minimum of Sp;1) for the symmetric circuit (fol-
lowing Bartlett’s theorem): Vi, ovenYin.odd = Y7, where even
and odd admittances are calculated by placing an open/short
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——LHS of (5); k_=0.1
1.49——LHS of (5); k =0.3
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-
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\
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o
o
1
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0.6

—
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Frequency, f . (GHz)

Fig. 5. Plotted LHS (solid curves) and RHS (dashed curves) of (5). Crossings
indicate S';; minima for corresponding cases.

termination at the symmetry plane. After some rearrangements,
the equivalent condition can be reformulated as

2 2

YWr — Whin _ (1—1
2 2 2 - 71,2
Wy — (1 - km)w

min

(&)

where values of a; » correspond to (3) and (4) for one and two
cells, respectively. At low frequencies, as can be approximated
asa, = (L/O)YZ + (b/2). Comparing this expression with
(3), it is observed that the coefficient accompanying the term b
is four times smaller. Since b is proportional to the square of
the frequency [see (4)], this implies that as varies two times
slower with frequency then a;, thus showing a frequency be-
havior closer to that expected for an ideal transmission line
(which should give a constant value of the a-coefficient).

In Fig. 5 the left-hand side (LHS) and right-hand side (RHS)
of (5) are plotted for one and two cells and for two different cou-
pling coefficients [the transmission line parameters correspond
to the case in Fig. 3(a)]. The crossings of the corresponding
curves for LHS and RHS indicate solutions of (5) and, therefore,
frequencies of S1; minima. Crossings below the SRR resonance
are marked with triangles, and they represent the real minima
of the S1; parameter, while the crossings above the resonance,
marked with circles, are the parasitic minima fmin ,, absent in
full-wave simulation. The LHS of this equation does not de-
pend on the number of cells but only on the coupling coefficient
k., and resonance f, (solid curves). By increasing the coupling
strength, this curve “widens” (compare thick and thin curves) so
that it is possible to adjust the frequencies of both S7; minima in
a given range. Moreover, the RHS depends only on the transmis-
sion line parameters I, and C (which are basically determined
by the choice of the substrate and characteristic impedance), and
it has a completely different slope for the simple and the en-
hanced equivalent circuits. It can readily be observed from the
figure that the RHS corresponding to the enhanced equivalent
circuit is much more favorable in regards to the parasitic min-
imum, fuinp, of S11, as it appears at much higher frequencies
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TABLE II
EXTRACTED PARAMETERS FOR THE CONFIGURATIONS IN FIG. 3

Configurations | f-(GHz) | fmin(GHz) | C(pF) | Cs(pF) km

Fig. 3(a) 5.47 5.04 0.72 0.107 0.14
Fig. 3(b) 5.48 5.14 0.82 0.106 0.167
Fig. 3(c) 6.19 4.84 0.74 0.084 0.28
Fig. 3(d) 6.14 472 0.86 0.088 0.41

Fig. 6. (a) Microstrip line loaded with two SRRs with parallel gaps near and
far from the line. (b) Corresponding equivalent circuit.

than those corresponding to the conventional circuit. In partic-
ular, for small values of the coupling coefficient (%,,, ~ 0.1), the
second S7; minimum appears right above the one-cell circuit
resonance, therefore severely reducing its usable bandwidth, as
opposed to the case of the enhanced equivalent circuit.

3) Extracted Equivalent Circuit Parameters: Extracted pa-
rameters for the two-cell equivalent circuit [Fig. 2(b)] are given
in Table II for all configurations in Fig. 3. The difference in Cg
is due to different resonance frequencies, according to (1). The
magnetic coupling coefficient %,,, is very different and is much
greater for the structures without gaps in the arm near the line,
where the coupling is the most pronounced.

B. Microstrip Line Loaded With Two SRRs With Parallel Gaps
Near and Far From the Line

A microstrip line loaded with two SRRs with parallel gaps
near and far from the line [Fig. 6(a)] has a more complex equiv-
alent circuit [Fig. 6(b)] than in the previous case. It is a super-
position of two equivalent circuits given in Fig. 2(b), because
the SRRs have two different magnetic couplings and resonance
frequencies.

The values of the extracted parameters Cs; = 0.105 pF and
Cs2 = 0.081 pF have been determined from the resonance fre-
quencies f,1 and f..», computed with a full-wave simulator.

The magnetic coupling coefficients %,,,1 2 are determined by
applying Bartlett’s theorem to the circuit in Fig. 6(b), in a similar
way as for the circuit in Fig. 2(b). To obtain k., 2, the following
system of two equations has to be solved (since there are two
Sll minimaa fminl,Z):

2 2
Whinl kQ “minl k? _ -1
2 2 m1l + 2 2 m2 — (L2
Wrl — Whiinl Wy~ Wininl
Wihin2 2 Wihin2 2 (2)
2 2 kml + 92 2 knzZ =y — 1 (6)
Wil — Whiin2 r2 ~ “min2
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Fig. 7. Microstrip line loaded with SRRs with gaps perpendicular to the line.
(a) Single SRR. (b) Two SRRs mirrored with respect to the line, which can be
modeled by (c) the same equivalent circuit.

where aél) ‘) are calculated according to (4). Finally, it is ob-

tained k,,1 = 0.14 and k,,,2 = 0.26.

For the equivalent circuit with one II-cell, the system (6) will
remain the same, except that a, is replaced by a1, calculated ac-
cording to (3). In this case, the first equation in (6) corresponds
to the first minimum of S1; below the resonances. Thus the co-
efficients on the LHS will be positive, and the RHS turns out
to be negative, which is impossible to solve. Consequently, it is
impossible to overlap the first minimum with full-wave simula-
tions and measurements. The second minimum, however, falls
between two resonances; therefore, one of the coefficients at
LHS in the second equation in (6) is negative, so it is possible
to overlap this minimum. For this case, it is found the following
relation between coupling coefficients:

A k2., al? -1
k'rznl = (w12nin2 - wfl) ( 2 - 2 - ;2 -
min2

Wya = Wiing
When solving (7), which has multiple solutions, it should be
taken into account that £,,,2 (corresponding to the SRR with the
gap far from the line) should be greater than k,,,;.

C. Microstrip Line Loaded With SRRs With Gaps
Perpendicular to the Line

The SRRs depicted in Fig. 7 differ from the previous config-
urations as they have been rotated 90°, which means that the
structure is no longer symmetric with respect to the microstrip
line. In this case, the electric field of the line is parallel to the
gap, which causes additional electric coupling, included in the
equivalent circuit model shown in Fig. 7(c).
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Cm
— Ls
ka
Fm—.
P, L P,

Fig. 8. Simplified circuit for the calculation of the resonance frequency.

A microstrip line loaded with one SRR with the gap perpen-
dicular to the line [Fig. 7(a)] has the same equivalent circuit as
two mirrored SRRs symmetrically placed at both sides of the
line [Fig. 7(b)], but with different values of circuit elements.

The corresponding equivalent circuit parameters L, C' and
Lg are given in Table I for each configuration in Fig. 7.
The magnetic coupling coefficient £, for the structures in
Fig. 7(a) and (b) are approximated by the values obtained for
the corresponding SRRs with gaps parallel and far from the
microstrip line [Fig. 3(c) and (d), respectively], since they
have very similar surface current distributions. The remaining
parameters, Cs and C,,, are determined using the resonance
frequency (Cs is determined as function of C,,, which is
derived through a fitting procedure with full-wave simulation).

To calculate the approximate resonance frequency (i.e., min-
imum of S»1), we use the equivalent circuit shown in Fig. 8,
in which the shunt capacitors are removed with respect to the
circuit in Fig. 7(c). This makes the circuit analysis significantly
easier while the resonance is hardly affected.

After writing the system of equations according to Kirch-
hoft’s laws, the following matrix relation between currents and
voltages at ports 1 and 2 is obtained:

o (422) 14
ﬁ(l ~w'LsCs) + jwCpn 0 =
[ _M 1 - sz'm,C'm, (k% - 1) -|
L0 wtrs0s) 0 - 2250501 - )
Va
]

The condition for the resonance can be expressed as having a
nontrivial solution on the LHS when V5, I = 0 (i.e., the RHS
should be equal to zero), which is only satisfied when the deter-
minant of the matrix on LHS is equal to zero as follows:

wé (1 — w2LgCs) + jwCp,
= 2 (1 — szscs + WQL,,LG,,L)
w m
_ 9)

which gives the following resonance frequency:

1

fr - 271’ LSOS - mem

(10)
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TABLE III
EXTRACTED PARAMETERS FOR THE CONFIGURATIONS IN FIG. 7

Configurations | f-(GHz) | C(pF) | Cs(F) | km Cm (pF)
Fig. 7(a) 5.8 0.74 0.102 0.29 0.055
Fig. 7(b) 5.86 0.86 0.108 0.42 0.08

I

ST
T =TT
IC/z —‘f:/z IC/Z ;Fm

(b)

Fig. 9. (a) Cascaded SRRs. (b) Corresponding equivalent circuit.

with L, = k,,«/LLg. It can be proved that, due to reciprocity
(S12 = S21), the LHS and RHS matrices of (8) have equal
determinants, but it is simpler to consider the one on the LHS.

The extracted values of the equivalent circuit elements
(Table III) are obtained after a slight optimization of C,, C,,
and k,,, parameters, required because of the simplified circuit
analysis. It can be seen that the values of L, C'; and L, are very
similar for both structures but C, C,,, and k,,, are different. The
differences in C,, and k,, are a consequence of the stronger
coupling in the case with two SRRs.

D. Cascaded Structures

The unit cells discussed above can be cascaded in order to
design filters with improved bandwidth, as shown in Fig. 9(a)
for SRRs with the gaps parallel and close to the line. This struc-
ture is modeled by the equivalent circuit shown in Fig. 9(b),
with the previously extracted parameters, and with an additional
inter-resonator coupling that depends on the distance D be-
tween the SRRs. The coupling coefficient k,,. is determined
from full-wave simulation of two resonators, and can be used
for modeling an arbitrary number of SRRs as long as nonad-
jacent resonator coupling can be neglected. The obtained cou-
pling coefficients k,,. for different inter-resonator distances are
shown in Table IV.

IV. VALIDATION OF THE MODEL AND RESULTS

To validate the proposed equivalent circuit models and the
extracted circuit parameters, the magnitudes and phases of the
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TABLE IV
EXTRACTED INTER-RESONATOR COUPLING COEFFICIENTS, %,

D (mm) 0.1 0.2 0.3 0.4 0.5
0.155 | 0.102 | 0.078 | 0.052 | 0.03

kmc

@ ®
Fig. 10. (a) Fabricated custom designed LRL calibration set for the measure-
ment of .S -parameters at reference planes. (b) Microstrip line loaded with SRR
with parallel gap close to the line.
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Fig. 11. Comparison of magnitudes (a) and phases (b) of S-parameters ob-
tained by measurements, full-wave simulations, and equivalent circuit analysis
with one and two II-cells for the configuration in Fig. 3(a).

S-parameters obtained by measurements, full-wave simula-
tions and equivalent circuit analysis are compared. Full-wave
simulations are performed using lossless materials, since the
equivalent circuit models do not include any losses. Neverthe-
less, some losses are still present both in full-wave simulations
and measurements due to radiation. Certainly, the measured
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Fig. 12. Comparison of (a) magnitudes and (b) phases of .S-parameters ob-
tained by measurements, full-wave simulations, and equivalent circuit analysis
with one and two II-cells for the configuration in Fig. 3(c).

results include the actual losses in the metal and dielectric. All
structures are simulated using WIPL-D software [21], and re-
sults are de-embedded at the reference planes marked in Fig. 1.
Measured S-parameters are also de-embedded at the reference
planes using the LRL (Line-Reflect-Line) calibration set shown
in Fig. 10(a), and the Anritsu ME7838A VNA. A fabricated
prototype of the microstrip line loaded with a single SRR with
gap parallel (and close) to the line is shown in Fig. 10(b).

A. Microstrip Line Loaded With SRRs With Gaps Parallel
to the Line

The results obtained by measurement, full-wave simulation,
and equivalent circuit analysis using two II-cells [Fig. 2(b)] for
structures in Fig. 3(a) and (c) are shown in Figs. 11 and 12, re-
spectively. They are in good agreement in the whole frequency
range from 4 to 8 GHz. Small discrepancies in magnitude be-
tween the equivalent circuit model and measurements in Fig. 11
are found at the end of the swept band and are attributed to
the presence of the parasitic S1; minimum. The frequency of
this minimum is around 8.8 GHz due to relatively weak cou-
pling (see Fig. 5). In contrast to that, the results obtained with
the one-cell equivalent circuit model [Fig. 2(a)] show a big dis-
crepancy with the full-wave simulations and measurements for
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Fig. 13. Comparison of (a) magnitudes and (b) phases of S-parameters ob-
tained by full-wave simulations and equivalent circuit analysis with one and
two II-cells for the configuration in Fig. 6(a).

any value of k,,. Actually, this simplified model only works
properly at the resonance frequency and in a very small region
around it. The first minimum of S7; occurs at a far lower fre-
quency than the measured one, and it is not possible to overlap
them for any real value of k,,,, in accordance with (3). The cou-
pling coefficients for the equivalent circuits with one cell are
obtained by a fitting procedure and their values are k,, = 0.1
in Fig. 11 and k,,, = 0.23 in Fig. 12, for SRR with the gap far
from the line.

B. Microstrip Line Loaded With Two SRRs With Parallel Gaps
Near and Far From the Line

Comparison between the full-wave simulation and the equiv-
alent circuit analysis with one and two cells is given in Fig. 13.
For the case of the equivalent circuit with two cells we can
see that almost perfect agreement is obtained in magnitude and
phase in the whole frequency range from 4 to 8 GHz.

For the one-cell equivalent circuit, the good matching is ob-
tained only around the second minimum with the coupling coef-
ficient k,,,; = 0.16 and k,,,» = 0.18, which is not expected since
the coupling structures are very different (with and without the
gap). It can be seen that around the second resonance there is dis-
crepancy not only in S but also in S2; characteristics, since it
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Fig. 14. Comparison of magnitudes (a) and phases (b) of S-parameters ob-
tained by measurements, full-wave simulations, and equivalent circuit analysis
with one and two II-cells for the configuration in Fig. 7(a).

is not feasible to move the third minimum to a higher frequency.
Also, the first minimum in the S characteristic is not possible
to match at all with one-cell equivalent circuit, as we had al-
ready predicted in Section III-A.

C. Microstrip Line Loaded With SRRs With Gaps
Perpendicular to the Line

To show the advantages of the proposed enhanced equiva-
lent circuit [Fig. 7(c)] with respect to the one-cell model for the
SRR with gap perpendicular to the line [Fig. 7(a)], we com-
pared in Fig. 14 magnitudes and phases of S-parameters ob-
tained by measurements, full-wave simulations, and equivalent
circuit models with one and two II-cells. Once again, the re-
sults for the two-cell equivalent circuit model are in very good
agreement with full-wave simulation and measurements in the
whole frequency range from 4 to 8 GHz. It is important to men-
tion that SRRs with the gap perpendicular to the line do not ex-
hibit the first minimum of reflection below the resonance as the
SRR with the gap parallel to the line. Although the structure is
asymmetric, only the magnitude of the reflection S1; is shown
(the difference with S5 only concerns the phase). The one-cell
equivalent circuit seems to perform now much better than in the
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Fig. 15. Comparison of (a) magnitudes and (b) phases of S-parameters ob-
tained by full-wave simulations and equivalent circuit analysis with one and
two II-cells for the configuration in Fig. 7(b).

case with the parallel gap, but the proposed two-cell model still
works better in a wider frequency band. The extracted parame-
ters of one-cell model are k,,, = 0.28, C,,, = 0.062 pF.

The results of full-wave simulations and equivalent circuit
model analysis with one and two 1I-cells for the configuration
in Fig. 7(b) are shown in Fig. 15. The results from the equiv-
alent circuit model with two cells are in very good agreement
with full-wave simulations. The one-cell model fits the full-
wave simulations in a wider frequency range than for the corre-
sponding single SRR and matching is good up to 7.5 GHz. The
extracted circuit parameters for one-cell model are k,, = 0.39
and C,, = 0.095 pF.

D. Cascaded SRRs With Gaps Parallel to the Line

The results of full-wave simulations and equivalent circuit
model analysis with one and two II-cells for the configuration in
Fig. 9, for inter-resonator distance ) = 0.5 mm, are shown in
Fig. 16. A very good agreement is found in the whole frequency
band of interest, both in magnitude and phase of the S-param-
eters, between the two II-cell model and the full-wave simula-
tions. In contrast to that, the one 11-cell model is unable to match
the reflection except in a very narrow range around resonance.
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Fig. 16. Comparison of (a) magnitudes and (b) phases of S-parameters ob-
tained by full-wave simulations and equivalent circuit analysis with one and
two II-cells for the configuration in Fig. 9, for distance 2 = 0.5 mm.

The values of magnetic coupling coefficients are obtained by
fitting, and they are k., = 0.1 and k,,,. = 0.015.

V. CONCLUSION

Enhanced equivalent circuit models of microstrip lines
loaded with single split-ring resonators have been proposed.
Different orientations, not previously considered, of the SRR
with respect to the line are analyzed: with the parallel gap near
and far from the line, and with the gap perpendicular to the line.
The printed line can be loaded with a single SRR at one side,
or with two SRRs symmetrically/asymmetrically placed with
respect to the line. This type of structures exhibits stop band
response, but the proposed equivalent circuit model can easily
be extended to structures with passband response by simply
adding inductance between two II-cells.

The single SRR (at one side of the line) and the two mirrored
(with respect to the line) SRRs have the same equivalent cir-
cuit, although different circuit parameters. These are calculated
using the multiconductor transmission-line model (L, C, L,),
while other necessary parameters (C and k,,) are obtained
using closed-form expressions that relate them to the resonance
frequency and minimum of reflection obtained by full-wave
simulations. The only parameter to be optimized is the electric
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coupling present in the case of SRRs with gap perpendicular to
the line.

The main advantage of the proposed two-cell circuit model is
that it provides a twice wider bandwidth in which it is possible
to match the minimum of reflection obtained by full-wave sim-
ulations. This is achieved without increasing the number of cir-
cuit parameters with respect to the one-cell circuit model. Also,
the enhanced equivalent circuit approximates the distributed na-
ture of the background transmission line in a better way, and
moves the parasitic minimum above the SRR resonance to sig-
nificantly higher frequencies, compared to the one-cell model.
Therefore, the achieved good matching bandwidth is consider-
ably increased.

A number of samples have been fabricated and measured to
validate the parameters extraction procedure. Very good agree-
ment between measured S-parameters, full-wave simulations,
and the proposed two-cell equivalent circuit has been demon-
strated over a wide frequency range, both in magnitude and
phase. In contrast, the conventional one-cell model has been
shown to work only in a narrow frequency band. The proposed
model is easily extendible to cascaded structures, as it has been
exemplified with two unit cells with different inter-resonator
spacing. The cascaded model is validated by comparison with
full-wave simulations, and very good agreement is observed.
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