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Dynamical Equivalent Circuit for
1-D Periodic Compound Gratings
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Abstract—Metallic compound gratings are studied in this work
by means of an analytical equivalent circuit approach in order to
obtain its transmission and reflection properties when illuminated
by a TM-polarized plane wave. A compound grating consists of
the periodic repetition of a finite number of slits carved out of a
thick metal slab (reflection grating) or connecting two separated
open regions through groups of slits in the metal slab (trans-
mission grating). The equivalent circuit is rigorously obtained
starting from a simplified version of the integral equation for the
electric field at the slits apertures. That equivalent circuit involves
transmission-line sections that account for the fundamental and
lowest order diffracted modes (which does give the “dynamical”
nature to the present equivalent circuit), and lumped components
to model the effect of all the higher order diffracted modes. All
the relevant and complex features of the spectra can be satisfac-
torily explained in terms of the topology and characteristics of
the equivalent circuit. In contrast with some previously reported
circuit models, all the dynamical and quasi-static circuit elements
are analytically and explicitly obtained in terms of the geometric
and electrical parameters of the grating. The accuracy of the
approximate circuit model is very good over a very wide band, as
it is demonstrated by comparison with full-wave data computed
with commercial electromagnetic solvers.

Index Terms—Compound gratings, electromagnetic modeling,
equivalent circuits, periodic structures, scattering problems.

I. INTRODUCTION

LTHOUGH THE study of the optical and electromagnetic

properties of periodically structured metallic surfaces has
a long tradition [1]-[4], the interest on the subject was recently
spurred by the discovery of the extraordinary optical transmis-
sion (EOT) at the end of the 1990s [5]. Since then, hundreds
of papers have been devoted to the explanation of the physical
grounds of such phenomenon and to the study of a variety of sit-
uations where some exotic behaviors can be observed. Several
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authoritative papers have been published reporting comprehen-
sive and exhaustive reviews about this topic [6]-[9]. Most of the
material published during the last 15 years deals with 2-D arrays
of holes in metal or dielectric screens. However, the study of the
properties of 1-D periodic systems (such as arrays of narrow
slits or strips in metal screens) has also been carried out in the
frame of the analysis of EOT phenomena [10], [11]. Indeed, ex-
traordinary transmission through free-standing infinite arrays of
closely spaced metallic bars can be appreciated in the transmis-
sion curves published in a couple of Ukrainian papers [12], [13]
almost 50 years ago. In spite of this long interest, the study of
1-D periodic gratings is an attractive research topic even today
[14]-[26].

Roughly speaking, EOT and other mechanisms of enhanced
transmission (such as Fabry—Pérot (FP) resonances occurring
in 1-D periodic distributions of slits in thick metal gratings)
have been linked to the interaction of impinging uniform planar
waves with the so-called spoof (or designer) plasmons [27],
[28], which basically are surface waves supported by periodi-
cally structured surfaces (for the 1-D periodic case the reader
can be referred to the well-known Collin textbook on guided
waves [29]). This point of view directly connects the trans-
mission or reflection spectra with the dispersion diagrams of
the surface/leaky modes. However, the obtaining of these dis-
persion diagrams is generally more cumbersome than directly
computing the transmission or reflection curves. Fortunately,
at least for frequencies well below the optical regime (when
metals can be modeled as perfect or quasi-perfect conductors),
an alternative model was proposed some years ago leading to
a circuit-like description that explains the measured or calcu-
lated enhanced transmissivities [30]. The methodology origi-
nally introduced in [30] was later applied to a number of peri-
odic structures of interest in the fields of optics (metal gratings)
and microwave technology (frequency-selective surfaces, arti-
ficial magnetic conductors, and so on). Some instances of this
research can be found in [14], [16], and [31]-[35], and an in-
teresting overview focused on frequency-selective surfaces has
recently been reported in [36]. Metallic compound gratings are
interesting examples of systems that have attracted the attention
of researchers in the past [12], [13], [37] and more recently in
[38]-[45]. The interest on this kind of structures mainly lies on
their rich-full electrical responses. The cross sections of these
1-D periodic structures are sketched in Fig. 1(a) and 1(b) for the
reflection- and transmission-type versions, respectively. They
exhibit extremely narrowband phase resonances due to the in-
teractions between neighbor slits, which are accompanied by a

0018-9480 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

Authorized licensed use limited to: Universidad de Sevilla. Downloaded on May 26,2020 at 14:02:19 UTC from IEEE Xplore. Restrictions apply.



1196

[

[

[
b)

a)

Fig. 1. Cross sections of the type of structures analyzed in this paper. (a) Re-
flection compound grating and (b) transmission compound grating. The groups
of slits are periodically repeated along the vertical direction. The slits might be
different in width, depth, and filling, but each unit-cell group must have an hor-
izontal symmetry plane.

strong magnetic field enhancement at the apertures [46]—[48]
that depend on the groove depth and size and the distance be-
tween cavities.

During the last few years, accurate circuit models for the sim-
plest case involving a single slit per period have been devel-
oped in [14] and [49]-[51]. Those models incorporate dynam-
ical effects in such a way that the extraordinary transmission
and the diffraction regimes are taken into account very accu-
rately. However, to the authors’ knowledge, no dynamical cir-
cuit model has been proposed for the more interesting case of
compound grating involving three or more slits per period [41].
A quasi-static analytical circuit model was proposed by some
of the authors in [14]. However, the derivation of that circuit
made use of a rather heuristic approach that proposed a net-
work of edge capacitors to approximately incorporate the in-
teractions (through diffracted fields) between the transmission
lines that modeled the slits in the unit cell. These interactions
were shown to be essential to understand the behavior of the
structure, especially to explain the appearance of deep narrow-
band transmission dips inside the FP transmission bands. Those
dips had been explained before in terms of the so-called phase
resonances [41]. Due to the quasi-static nature of the equiva-
lent circuit in [14], our results were expected to be accurate
provided the transmission dips took place at frequencies well
below the onset of the diffraction regime (marked by the first
Rayleigh—-Wood (RW)’s anomaly frequency point). Actually,
the model qualitatively predicted the existence of the transmis-
sion dips, but its quantitative results worsen considerably at fre-
quencies relatively close to the onset of such a regime. Obvi-
ously, the quasi-static model could not take into account the
operation of the structure beyond the first RW anomaly. Inter-
estingly, reflection-like compound gratings exhibit their most
relevant effects (specular reflection points associated with the
phase resonances) within the diffraction regime [38], [39], i.e.,
at frequencies above the onset of the first RW anomaly. The
analytical model proposed in [14] was then meaningless to ex-
plain the most interesting properties of the compound reflec-
tion gratings. The purpose of this paper is to improve the cir-
cuit model presented in [14] so as to take into account the dy-
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Fig. 2. (a) Example of a three-grooves per period reflection structure. This is
the simplest symmetrical compound grating exhibiting phase resonances under
normal TM incidence conditions. (b) Half unit cell bounded by virtual electric
walls. The period of the structure is p; d; is the groove depth of the ith cavity
(¢ = 1,2); h is the distance from the horizontal symmetry plane to the center
of the side slits; w; is the slit width; e,(ri) are the relative permittivities of the
media filling the slits; o is the conductivity of the metal.

namical high-frequency effects. The details of the derivation of
the dynamic circuit model using an ab initio approach are pre-
sented in Section II. Apart from making it possible to explore
the electrical response within the diffraction regime, the en-
hanced model will yield more accurate results below the diffrac-
tion regime, including extraordinary transmission effects for the
compound grating case that were not accounted for by the quasi-
static model in [14]. In particular, the interesting results reported
in [38] and [39] can now be explained by the analytical model.
Several numerical studies confirming the suitability of the pro-
posed model are provided in Section III. Note that all the elec-
trical parameters appearing in the proposed circuit model are
analytically derived, in contrast with the calculation of the edge
capacitances in [14], which were numerically computed using a
finite-element Laplace’s solver. The accuracy of the results ob-
tained with our circuit model have been systematically checked
against numerical data generated with a commercial full-wave
solver or against experimental results, when available.

II. DERIVATION OF THE CIRCUIT MODEL

Let us consider a 1-D compound grating with a symmetrical
unit cell composed by three slits per period. An example of
a reflection grating with these characteristics is sketched in
Fig. 2(a). This is the simplest symmetrical 1-D compound
grating exhibiting phase resonances under normal incidence
[14], [41]. The structure is illuminated with a plane wave at
normal incidence and with its electric field polarized along the
y-direction (perpendicular to the slits). As a consequence of
the invariance along the x-direction and the polarization of the
incident wave, only TM fields are present. (The TE problem
could have been considered by following very similar lines. Ac-
tually this TE problem was treated in [49] for simple gratings,
but it has no major interest in the context of the present study
of compound gratings). Due to the periodicity and symmetry of
the structure, the analysis can be restricted to the half unit-cell
problem depicted in Fig. 2(b). The TEM incident wave can
be considered to propagate along a parallel-plate waveguide
bounded by virtual electric walls, which can be modeled as a
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Fig. 3. (a) Generalized waveguide discontinuity problem associated with the
half unit cell. (b) Circuit model of the discontinuity. The goal is to derive the
topology of the equivalent circuit that models the discontinuity with analytical
expressions for all of its parameters.

transmission line whose characteristic admittance ( to V' ratio)
per unit length in the z-direction is given by

Hinc o 2

gEinc B PTo

v = (1)

with 1g = 4/ po /€0 being the intrinsic impedance of free space.
The two slits are also parallel-plate waveguides, which can sim-
ilarly be modeled by two TEM transmission lines with charac-
teristic admittances

2 59)
vt = @
wiTo
(2) o
Yoo = Q)
waTo

Our first goal is to derive a circuit model for the discontinuity
that couples the input line to the two output slit transmission
lines, as illustrated in Fig. 3. This derivation is presented in
Section II-A. Sections II-B and II-C then show the complete
models for both the reflection and transmission compound grat-
ings based on the previously derived discontinuity model. For
simplicity, the structures are considered lossless in the previous
analyses, and the effect of losses in the circuit parameters are
introduced in Section II-D.

A. Circuit Model for the Generalized Waveguide Discontinuity

The tangential (to the screen) components of the fields at the
left of the discontinuity (z = 07) can be expanded in terms of
the parallel-plate waveguide modes in the following way:

EO =y . BEY =1+ R+ > EY cos(kny) 4)
n=1
HO = (%) HO = (1-R)gg” =3 &7 B cos(kay) (5)
n=1

where all the terms have been normalized to the amplitude of the
impinging wave, E,(lo) is the nth modal coefficient, R represents
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the reflection coefficient for the impinging zeroth-order wave,
and

2
b = 0 (6)
B =\Jkg — ki ™
k
£ = Bo(o) (8)
0 Pn

with k, being the nth mode cutoff wavenumber, ko the
free-space wavenumber, /37(10) is the wavenumber of the nth TM
mode, and &(,,O) is its wave admittance. In particular,

P =2y, ©)
Similarly, the fields in the slits at z = 07 could be repre-
sented using a modal expansion in terms of the corresponding
parallel-plate waveguide modes. However, since the slits are
narrow in comparison with the working wavelength, we only
take into account the fundamental TEM mode, namely,

E®) = E(TIE)Mf’ w1
HO — E(l)E(l) (_)A() } ) ye |:0, 7] (10)
) TEM
E® = Bruy ¥ } w2 w2
3 0 ye lh——,h+—| (11)
H® = E(Q)E'(I‘E)]M(_X) [ 2 2 }
where
(1)
: N
(W = (12)
Mo

is the intrinsic admittance of the medium inside slit 7. Note that

M = T € = wpy, (13)
To proceed with the derivation, the aperture field at the discon-
tinuity plane (z = 0) is assumed to have the following form:

E, = [AWw)fi(y) + Bw)f2()] ¥y (14)

where the frequency and the spatial dependence of the fields
are factorized with f;(y) being the proposed field pattern at
the ith slit aperture. This implies that the spatial field profiles
at the apertures are considered independent of frequency, al-
though their complex amplitudes A and B may vary strongly
with frequency. As will be discussed later, this approximation
is very accurate for electrically narrow slits. Moreover, it can be
checked that the effect of a slight variation of the aperture field
profile does not have a significant effect on the transmission/re-
flection behavior of the structure due to the variational nature of
the problem. In this work, the field at the apertures is assumed
to be uniform,

fily) = Linslit,

fi(y) = 0 elsewhere (15)

which is consistent with the fact that only the fundamental TEM
mode is considered inside the slits. Other aperture field profiles
that took into account the correct edge behavior at the metal cor-
ners could have been employed, but, in our experience, the dif-
ferences in the final results are almost negligible (as a general
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qualitative estimate of the limit of validity of this approxima-
tion, it has been found that the model provides reliable results
forw/A < 0.3). The A and B amplitudes of the field profiles
can readily be related to the coefficients of the modal expansion
by making use of standard Fourier analysis. Thus, projecting (4)
and (14) over the modal profiles in the half unit-cell problem we
have

p/2 w1 /2
/ EO () cos(kmy)dy = A / £1(1) cos(my)dy
0 0

h+w2/2
+B f2 (y) COS(kmy)dy
h7w2/2
(16)
from which
g(l—l—R):%A—&-wQB (17)
:iET(LO) _ o AFY 4 wa B cos(k,h) (18)

where f{7 = sinc(k,w;/2) with sinc(z) = (sinz)/z. Also,
from (10)—(14) it is clear that

1
A= E’(I‘E)}M (19)
2
B = Efhy (20)
which allow us to rewrite (17) as
Vo=Vi+V 21)

where V is the voltage drop at the input port of the equivalent
circuit in Fig. 3(b) and V; is the voltage drop at the output port
corresponding to slit 3.

The next step in the derivation is to impose the continuity of
the power flux through the slit apertures. Due to the uniform
electric field profile assumed at the apertures, it reduces to re-
quire the continuity of the magnetic field in weak (integral) form

wy /2 wi /2

/ HO (y)dy = / HY (y)dy (22)
0 0
h+UJ2/2 h+w2/2 )
/ HO (y)dy = / H(y)dy.  (23)
h—wa/2 h—wa/2

Introducing (5) and (10) into (22) yields

R)&) — Z EVEQFY = ¢WEL,. 24

n=1

Using (18), (9) and (13), this last equation can be rewritten as

Io = YOV, 4 ViV + Yao Vs (25)
with
4 212
u= Z £ [fé“] (26)
Zg ) FD 7D cos(k,h) (27)
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Fig. 4. Topology of the circuit model derived for the discontinuity that couples
the impinging wave (input line) to the slit transmission lines.

and where the Iy current, given by

=20 -RY = (0 vy @8

is the current flowing into the circuit at the input port. Similarly,
using (23) we can obtain

Iy =Yy + ViaVi + Yo Vo (29)

with

Zf(o) [ F(2 cos knh)} (30)

We can now use (21) to eliminate V5 from (25), as well as V;
from (29) to obtain

Iy =YiaVo + Vi + V| i (1)

Iy =YV + {Ygz + YO(”} Va (32)
where

Yig =Yy Yii=Yy— Y. (33)

A closer inspection of (31) and (32) already reveals the actual
topology of the equivalent circuit. These equations tell us that
the current flowing into the circuit follows two paths. One por-
tion of the current flows through the Y7, admittance with a total
voltage drop Vj. The remaining current flows through the par-
allel connection of the Y7, admittance and the transmission line
corresponding to slit 1 (with voltage drop V1), which is series
connected to the parallel connection of the Y3, admittance and
the second slit line (voltage drop Vo with Vi + Vo = Vj). The
corresponding circuit topology is shown in Fig. 4. As a consis-
tency check, (21), (25), and (29) can be combined to find the
ratio Iy/Vy, which corresponds to the equivalent load admit-
tance, Yoq, met by the impinging wave. Thus, after some alge-
braic manipulations, Y. can be expressed as

—1
1 1

Y + Yo(l) Yoy + Y0(2)

Yveq =Y+ (34)

which is fully consistent with the circuit topology in Fig. 4. A
similar derivation can be carried out for a compound grating
having two different slits per period, and also for a structure with
four slits per period distributed symmetrically in the unit cell.
Clearly, the unit-cell and half unit-cell problems corresponding
to these two latter structures are very similar to the case treated
in detail above, with two output slit waveguides. Hence, the
topology of their equivalent circuits would be the same as the
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one shown in Fig. 4 with only minor differences in the expres-
sions of the circuit admittances, which are explicitly reported in
Appendix A.

Although all the circuit parameters are obtained in analyt-
ical form, the expressions in (26), (27), and (30) involve infi-
nite series, which is neither convenient from a computational
point of view, nor to gain physical insight from the model. Fol-
lowing the guidelines proposed in [16], this drawback can be
overcome by considering separately the contribution of the low-
and high-order modes to the circuit parameters, as explained
next. For evanescent modes (high-order modes), the modal ad-
mittances in (8) are imaginary and can be written as

Cn €0
1— (i)l n

Wn

€0 = jw (35)

where w,, = ck,, is the cutoff angular frequency of the nth mode
(¢ is the speed of light in free space). For those modes whose
cutoff frequency is significantly above the frequency range of
interest, it is found that (w/w,)? < 1 and, therefore, their
contribution to the equivalent circuit admittances can be well
approximated as a frequency-independent capacitance (&(Lo) R
jwC,,). Assuming that this approximation is valid for modes
with order higher than a given IV, the admittances in (26), (27),
and (30) can thus be split into the following two contributions:

Yy = Y1 4wl (36)
where the low-order (lo) admittances represent the dynamical
(i.e., with the complete nonlinear frequency dependence) con-
tribution of the first NV modes to the infinite series, and the ca-
pacitances C;; are given by

_ 4 = 12

Cu=- 3 . [i] (37)
pn:N+1

_ 4 = N 2

Cos=- Y Ca [fy)cos(knh)} (38)
n=N+1

Cro=2 S CafOFP cos(hah).  (39)
pn:N+1

According to (33), it is apparent that this decomposition trans-
lates directly to the admittances in the model, namely,

Y = Y+ jwCy (40)

with

Cii =Ciy — Crz Cra=Ch2 (41)
and a similar relation for the ¥ 1¢) dynamical admittances. The
resulting equivalent circuit is represented in Fig. 5.

In regards to the value of N, our experience says that /N can
often be chosen as the number of high-order propagative modes
at the highest frequency of interest. However, as a general cri-
terion for the systematic application of the model, it is advised
to incorporate also the first evanescent mode into the low-order
dynamical admittances. According to this general criterion, we
will take N = 1 when working below the onset of the first

1199

o L 2
|Y2<; ) _|_022 Yo( )

T ————

Tt --
Y1(110) - Cn YO( b _

Fig.5. Circuit modelin Fig. 4, but now showing the separate contribution of the
low-order (lo), i.e., propagative or close to cutoff, modes and the frequency-in-
dependent capacitances that incorporate the global contribution of a// the re-
maining high-order evanescent modes.

YO(O)

higher order mode (nondiffraction regime), N = 2 for frequen-
cies within the first diffraction order regime (the first higher
order mode is propagative, but the second is still evanescent),
and so on. It is important to recall that the values of the capac-
itances involved in the proposed model are independent of fre-
quency. Therefore, when performing a frequency sweep in order
to obtain the transmission/reflection spectrum of the structure in
a given frequency range, the computation of the infinite series
is carried out only once. If desired, the numerical series can be
quickly computed using the methods reported, for instance, in
[29, App. A]. The above considerations certainly makes the pro-
posed dynamical equivalent circuit very efficient from a com-
putational point of view.

Here it is interesting to point out that, for frequencies well
below the onset of the first grating lobe, all the higher order
modes can actually be incorporated into the capacitances (which
is equivalent to take N = 0). It leads to an equivalent cir-
cuit with all its lumped parameters being frequency-indepen-
dent capacitances. In this way we recover the quasi-static ca-
pacitive network proposed in [14] by some of the authors. How-
ever, it should be noted that [14] did not provide any deriva-
tion of the circuit model, but rather a heuristic proposal where
the values of the capacitances had to be extracted from an ex-
ternal quasi-static and relatively complex numerical calculation.
In contrast, a rigorous derivation is now given, which results in
analytical expressions for all the circuit parameters. Moreover,
the model derived here is easily applicable to high frequencies
well beyond the diffraction limit thanks to the fact that the ex-
pressions found for the circuit parameters incorporate analyti-
cally the dynamical frequency dependence of the higher order
modes as they approach (and eventually exceed) their cutoff
frequencies. When working within the diffraction regime, the
modal admittances of the propagative higher order modes is real
and can be written as

Mo /w? — w2 “2)
In consequence, the contributions of each propagative higher
order mode to the admittances in the equivalent circuit are fre-
quency-dependent resistances, and the power dissipated in these
resistances can be interpreted as the power transferred to the cor-
responding grating lobe. When the operation frequency is below
the onset of the first grating lobe, although not far from this limit,
all the lumped admittances are purely imaginary, but the equiv-
alent capacitors exhibit a frequency dependence that is essential
to explain extraordinary transmission effects. The use of purely
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Fig. 6. Complete circuit model for a reflection compound grating such as that
in Fig. 2.

quasi-static values for those capacitors [14] cannot accurately
account for the behavior of the compound grating at frequen-
cies close to the first RW anomaly.

B. Equivalent-Circuit Model for Reflection Structures

Once the equivalent circuit of the discontinuity that cou-
ples the impinging wave to the slits is known, the complete
models for a reflection structure as that sketched in Fig. 2 can
be obtained quite straightforwardly after incorporating the
termination of the slits into the model. This is achieved by
simply placing a short-circuit termination at the corresponding
distance from the discontinuity in each slit transmission line,
as shown in Fig. 6. The equivalent load admittance met by the
impinging wave is then given by

1
1 1
Vin + Y o, + Yir(f)

in

Yog = Y2+ (43)

where Yn(j) is the input admittance to the short-circuited length
of transmission line corresponding to slit 7; namely,

v = v @ cot (53“4.,-)

ﬁéi) = ko 6@

being the wavenumber of the ith slit TEM mode. The reflection
coefficient is finally obtained using standard transmission-line
theory as

(44)
with

(45)

v _y
R=Tor—— (46)
Yo'+ Yeq

At this point, it is worth mentioning that the previous deriva-
tions have been carried out assuming normal incidence. The
consideration of oblique incidence has some relevant conse-
quences. Even though a similar analytical description with
compact and simple expressions for the involved admittances
can be derived, it turns out that a circuit topology like that
in Fig. 4 could not account for the obtained linear relations
between the relevant electrical quantities. Another equiva-
lent circuit could still be drawn if voltage-controlled current
sources were used (the authors have verified that this model
for oblique incidence fulfills fundamental requirements such
as power conservation and reciprocity). However, the physical
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Fig. 7. Sketch of a transmission compound grating with three slits per period
distributed symmetrically in the unit cell. The structure is symmetric with re-
spect to the vertical middle plane.

interpretation of that model is not straightforward and it will
not be considered in this paper.

C. Equivalent-Circuit Model for Transmission Structures

For the case of a transmission grating such as that sketched
in Fig. 7, it is possible to take advantage of the symmetry of
the structure with respect to the vertical middle plane of the
screen to decompose the problem into even- and odd-excitation
(with respect to the middle plane) half problems. For the even
excitation case, the middle plane behaves as a virtual magnetic
wall. This magnetic-wall condition at the middle of the screen
translates into open-circuit terminations of the slit transmission
lines at a distance d/2 from the discontinuity (d is the screen
thickness). For the odd excitation case, the middle plane be-
haves as a virtual electric wall corresponding to short-circuit ter-
minations. Taking into account these considerations, the circuit
models for the even- and odd-excitation half problems are de-
picted in Fig. 8. The equivalent load admittance for the even/odd
excitation circuits, n(;f/ O), is thus given by (43), after replacing
the input admittances with the following ones corresponding to

the circuits in Fig. 8:
a
2

‘ ' tan < > even excitation
v =iy x

s @)
—cot < ) > odd excitation.

The reflection coefficients for the even/odd excitations half
problems are then computed from

ey Yo" — Y

glefor = 20 Ted (48)
11 Y'O(O)+Y;(§/0)

Finally, the reflection and transmission coefficients for the com-
plete structure are obtained as

R=5 (s +5%)

=2 (s5 - 5.

(49)
(50)

D. Introduction of Losses

Material losses are separately considered (as usual) as di-
electric losses in the media filling the slits and ohmic losses in
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Fig. 8. Circuit models for the: (a) even and (b) odd excitation of the transmis-
sion structure in Fig. 7. The models differ in the open/short-circuit terminations
of the slit transmission lines at a distance d/2, which correspond to the middle
plane behaving as a virtual magnetic/electric wall.

the metallic screen. The dielectric losses are accounted for by
simply taking their corresponding complex-valued permittivi-
ties

e =01 —jtané;) (51)
where tan §; is the dielectric loss tangent of the medium inside
slit <. From a practical point of view, dielectric losses are rig-
orously incorporated in the model by introducing the complex
permittivities into the expressions of the slit characteristic ad-
mittances (2) and (3), and wavenumbers (45).

Although high-conductivity metals behave almost as perfect
conductors at microwave frequencies, ohmic losses may be sig-
nificant at the frequencies of interest when resonances appear.
In order to incorporate ohmic losses in the present circuit model,
the basic ideas in [33] can similarly be applied here. In brief, the
slits are now considered lossy parallel-plate waveguides with
complex wavenumbers, which, under the good conductor ap-
proximation and strong skin effect conditions, are given by

Al i 1—j)ds
0 =0 L0

where ,Bé'l) is the wavenumber for the lossless structure and §; —
+/2/wpqgo is the skin penetration depth into the metallic walls
(o is the screen conductivity). The characteristic admittances of
the slit transmission lines are then given by

(52)

. 2, £
/SR M (A 53
= W= (53)
with
» @,
& = =3 (54)

770601)
being the complex value of the wave admittance of the funda-
mental mode in slit ¢. For a transmission grating, ohmic losses
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Fig. 9. Sketch of the circuit model for a lossy reflection grating, showing the
complex load admittances at the termination of the slit lines.

are introduced in the model just by replacing YO(7’) and Béz) with
their corresponding complex values Yo(i) and Béi) in (47). In
the case of a reflection grating, the losses at the bottom wall of
the slits can also be accounted for by terminating the slit trans-
mission line with imperfect short loads, as sketched in Fig. 9.
Including these loads is important because high current density
levels can appear in the short-circuit termination of the slits at
resonance. Under strong skin effect, the values of the load ad-
mittances are given by

1 2 @ 1
1((Ja)d = w, 7 lf()ad = Wy Ze (55)
where
14
7, =) (56)
ol

is the surface impedance of the metal. In consequence, the input
admittances in (44) have to be replaced with
) _ (0 Yioma 0¥ tan(35"dy)
in - 0 ~ (1 (1 A4 .
Yy 4 Vi tan(35 ds)

2

(57

It should be pointed out that the above considerations take
into account ohmic losses in all the slit walls, but not in the
metallic surfaces out of the slits. This effect could be approxi-
mately introduced by adding appropriate resistors. However, as
already mentioned above, this contribution can be neglected for
good conductors (e.g., metals at microwave frequencies) since
ohmic losses are significant only under specific resonance con-
ditions where most of the power is dissipated inside the slits.

As a final comment it should be noted that, even though the
analytical developments in this paper have been carried out for
the case of three slits per period, the procedure can easily be
extended to more complex structures having a higher number of
slits per period. Details for a five (or six) slits per cell are given
in Appendix B. Once again, an analytical circuit is obtained,
although with a more cumbersome topology. Also, one example
involving a structure with five slits per period has been included
in the results section together with the sketch of the associated
equivalent circuit in Appendix B.

III. NUMERICAL AND ANALYTICAL RESULTS

This section presents some results to check the validity and
accuracy of the proposed dynamical model for compound grat-
ings as well as the advantages of this model over the previously
reported quasi-static version [14].
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Fig. 10. Comparison of the transmission coefficients (magnitude) computed
with HFSS (red solid line) with the quasi-static [14] (old model) approximation
(black dashed line) and with the dynamical circuit proposed in this paper (blue
circles). The considered structure is the three slits per period compound grating
analyzed in [14, Fig. 5]. Dimensions: period, p = 10 mm; metal slab thickness,
d =11.4 mm, w; = we = 0.8 mm, and separation between the centers of the
slits of 1.6 mm.

A. Compound Transmission Gratings

As a first example, the transmission-like compound gratings
analyzed in [14, Fig. 5] are considered. In that paper it was
shown that the quasi-static model was suitable to explain the ex-
istence of narrow transmission dips inside the FP transmission
bands for compound gratings based on groups of three or more
slits per period (normal incidence case). This phenomenon
is closely related to the so-called classical electromagneti-
cally induced transparency. In [14, Fig. 5], it could be seen
that the quantitative agreement between the heuristic circuit
model predictions and full-wave simulations (HFSS) was quite
good for the FP resonance occurring at frequencies for which
Xo/p = 2.5 where Aq is the free-space wavelength. However,
the quantitative agreement significantly deteriorates as the
operation frequency approaches the onset of the diffraction
regime (Ag/p < 1). A detailed exploration of this frequency
range for the three slits per period structure in [14, Fig. 5] is
now shown in Fig. 10. In this figure, numerical (HFSS) results
are compared with the predictions of the quasi-static model
[14] (old model) and with the dynamical model introduced
in this paper. From the figure it is clear that the quasi-static
model still predicts the existence of the transmission dip in the
middle of the FP resonance (\y/p # 1.23), but its quantitative
accuracy is very poor. In contrast, the results obtained with
the dynamical model are indistinguishable from numerical
data. This good matching is caused by the incorporation of the
frequency-dependent behavior of the capacitances in the model,
which is quite relevant in that frequency region. These capac-
itances exhibit a singular behavior around the RW frequency
(Mo/d = 1), in such a way that an extraordinary transmission
peak followed by a Rayleigh transmission zero (Fano-like
resonance) is predicted. This fact is in perfect agreement with
the numerical calculation (see region around A,/p = 1 in
Fig. 10), but it is completely lost by the quasi-static model. The
results provided by the quasi-static model above the diffraction
threshold (A\,/p < 1) are completely meaningless, while
the data computed with the new dynamical model perfectly
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match the HFSS results within the diffraction region (A < p).
The above results then show that the dynamical circuit model
is advantageous when used at relatively high frequencies to
characterize transmission-like compound gratings, and it is
indispensable for frequencies around and above the first RW
anomaly. In particular, the quasi-static model cannot account
for the existence of RW anomalies, as well as the extraordinary
transmission phenomenon. Actually, the quasi-static model
for compound structures [14] is useful only for the modeling
of FP-like resonances. Note that the nature of extraordinary
transmission peaks is completely different, being related to
the periodicity of the structure rather than the thickness of the
metal slab [6], [19].

B. Compound Reflection Gratings

The case of reflection gratings is of special interest in the
context of this paper because their most interesting properties
appear in the diffraction regime. For lossless structures within
the sub-diffraction regime, nothing relevant is expected in the
magnitude of the reflection coefficient although its phase expe-
riences fast variations around certain frequency points. In this
sub-diffraction regime, the proposed dynamical model substi-
tutes the static capacitors of the heuristic model [14] by other
suitable capacitors whose static capacitances are not the ones
given by the corresponding solution of Laplace’s equation. The
new static capacitors account for the capacitive effects linked to
high (enough)-order evanescent TM modes. If the operation fre-
quency is sufficiently close to the onset of any high-order mode,
the corresponding previously taken static capacitor should now
incorporate a frequency-dependent contribution associated with
the involved TM mode. This contribution is singular at cutoff
and explains, in the frame of the circuit model, the observa-
tion of perfect specular reflection at the RW anomaly frequency
points. (Specular reflection is the reflection corresponding to
the zeroth-order impinging mode according to the terminology
of the equivalent waveguide problem used in this paper.) Note
that RW anomalies of the grating correspond to the onset of
TM modes in the waveguide model. Thus, perfect specular re-
flection at RW anomalies is trivially explained, in the frame of
the circuit model, by the singular behavior of the frequency-
dependent capacitors. Moreover, the model also accounts for
the transfer of power to the successive diffraction orders by
means of frequency-dependent conductances (resistances) that
are shunt connected to the capacitors. For lossless conductors
and below the onset of the first grating lobe, it is obvious that the
magnitude of the specular reflection coefficient must be unity.
However, above the first RW frequency, the specular reflection
coefficient drastically drops because a significant part of the im-
pinging power is transferred to nonspecular grating lobes. This
is what happens with simple gratings (one slit per period) in
all the frequency span between any two successive RW points.
However, in the case of compound gratings, narrow peaks of
perfect specular reflection have been reported at some frequency
points between RW anomalies [38], [39]. These peaks were at-
tributed to the existence of phase resonance phenomena. Our
circuit model can also provide a simple explanation to this ef-
fect. In the case of a lossless system involving three slits per
period, the pertinent equivalent circuit is the one in Fig. 6. The
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Fig. 11. (a) Magnitude of 511 (specular efficiency) for the three slits per pe-
riod compound reflection grating considered in [38, Fig. 2(b)] (see inset for
unit cell). Normalized dimensions: p/d = 6.0, w/d = 0.30, h/d = 0.50.
(b) Transmission to the first diffraction order (magnitude). (c) Dashed lines:
imaginary parts of the admittances associated with the resonant circuits involved
in the modeling of the two independent slits. Solid line: real part of the overall
equivalent admittance loading the input transmission line [see (43)].

results provided by HFSS and our dynamical circuit model for
the specular efficiency pattern of the three-slits per period re-
flection compound grating analyzed in [38, Fig. 2(b)] are shown
in Fig. 11(a). The transmission from the impinging wave to
the first diffraction order is plot in Fig. 11(b). Normalized fre-
quency is used as in [38]. Very good agreement between ana-
lytical and numerical data can be observed. Similar good agree-
ment has been verified with the curve reported in [38, Fig. 2(b)],

1203

which was obtained using a mode-matching scheme. Note that
a perfect specular reflection peak appears at about kod = 1.35.
This peak is associated with the existence of a zero of the real
part of the equivalent admittance [see (43)] loading the trans-
mission line that represents the impinging uniform plane wave.
This zero always appears in the range of frequencies defined
by the resonances of the individual resonators composed by the
short-circuited slits with their associated external edge capaci-
tances. These resonances are marked in Fig. 11(c) with circles
and correspond to the points where the imaginary parts of the
overall admittances (dashed lines) associated with slits 1 and 2
are null. The real part of (43) is represented in the same figure
as a solid line. It can be observed that this quantity vanishes at
around kgd = 1.35. Therefore, at certain frequency point, all
the impinging power is specularly reflected and no transfer of
power to grating lobes is allowed, as it was numerically pre-
dicted in [38]. Our circuit model provides an analytical expla-
nation for this fact.

C. Ohmic Losses

In the previous examples, perfect electric conductors have
been assumed. However, our model can also deal with lossy
materials (metal and dielectric). Fig. 12 shows the magnitude
and phase of the reflection coefficient of the structure studied
in Fig. 11, but including metal losses (aluminum is considered
in this example). Note that normalized frequency values should
not be used in this case. A specific choice has been done for the
dimensions (maintaining their relative values) and thus a spe-
cific frequency range must be explored. It can be appreciated
that circuit-model and numerical (HFSS) results agree very well
over the whole analyzed frequency band. As can be observed
in Fig. 12(a), the specular reflection peak is greatly affected by
metal losses (the magnitude of 517 is now about 0.84 instead of
1). A small transmission dip in the magnitude of 511 can also be
recognized close to the onset of the diffraction regime. This dip
is related to both phase resonance and extraordinary transmis-
sion and it is again accurately reproduced with our dynamical
circuit model. In this example the phase of the reflection co-
efficient has also been plotted in Fig. 12(b) to show the good
performance of our model even for phase calculations.

D. Structures With Five Slits Per Period

Although the analytical details in Section II have been pre-
sented for the simplest case exhibiting exotic behavior under
normal incidence conditions (three symmetrically placed slits
per period), the procedure employed in this paper can easily
be extended to any number of slits. Thus, the analytical model
described in Appendix B has been used to generate the data
reported in [39, Fig. 2(a)] (five slits per period). These data
are shown in Fig. 13(a) (note that normalized frequencies are
used, as in [39]). Agreement with full-wave computations is
very good and the two expected specular reflection points are re-
produced very accurately. The reason for the existence of those
points can be appreciated in Fig. 13(b), where two zeros of the
real part of the loading equivalent admittance can be clearly no-
ticed. Note that those zeros are again around the resonance re-
gion of the three slits of the irreducible unit cell. The equivalent
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Fig. 12. (a) Magnitude of the reflection coefficient versus frequency. (b)
Phase of the reflection coefficient versus frequency. Structure parameters:
p = 10 mm, w; = wy = 0.8 mm, d; = 5.641 mm, d = 5.7 mm,
h=16mm,e =& =1,0(Al) = 3.8 x 107 S/m.

circuit allows us to predict again the existence of such zeros and
the perfect specular reflection peaks.

E. Comparison With Experimental Results

As a final example, the compound grating with experimental
data reported in [42] is considered in Fig. 14. This figure
clearly shows that our model matches the measured transmis-
sion coefficients very accurately. For the given values of the
groove depth, the two explored frequency regions plotted in
Fig. 14(a) and (b) correspond to FP-like resonances, which
could have been reasonably reproduced with the quasi-static
model reported in [14]. Nevertheless, the dynamical-circuit re-
sults shown in these figures show a better quantitative matching
with the additional advantage that the static capacitances used
in the model have been generated using analytical expressions
rather than running a finite-element Laplace’s solver [14].

Although all the examples reported in this section have
involved air-filled slits, many other structures with dielec-
tric-filled slits have also been simulated with HFSS and
compared with our proposed model showing similar good
agreement. These examples have not been included to save
space and only examples showing interesting phenomena have
been shown. To have an idea about the computational savings
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Fig. 13. Results obtained for a compound grating with five identical slits
per period. (a) Magnitude of the reflection coefficient and (b) imaginary parts
(dashed lines) of the admittances of the individual independent slits and real part
(solid line) of the admittance loading the input transmission line. Dimensions:
p=10.0mm, w; = ws = wz = 0.37 mm,d; = d> = dg = 1.852 mm,
hs = 2h; = 1.37 mm.

achieved with the use of the analytical approach, it must be
said that HFSS computations required from several minutes to
a couple of hours, depending on the complexity of the structure
and the number of points employed to draw a given curve.
The analytical CPU times were always below 1s in the same
computer platform.

IV. CONCLUSION

An equivalent-circuit model has been rigorously deduced for
compound gratings with an arbitrary number of slits per unit
cell when illuminated with a TM-polarized normally impinging
uniform plane wave. The equivalent circuit incorporates dy-
namical features that were absent in previous circuit models re-
ported in the literature. All the parameters of the newly proposed
circuit model can easily be computed using analytical expres-
sions in such a way that a very low numerical effort is required.
Moreover, the equivalent circuit provides an alternative easy
way to understand the complex behavior of compound gratings
working both in transmission and in reflection. Material losses
have also been added to the model in a straightforward way. An-
alytical data agree very well with HFSS simulations and with
previously reported measured results.
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APPENDIX A

The half unit-cell problem for a structure with four slits sym-
metrically distributed within the unit cell is shown in Fig. 15(a),
whereas Fig. 15(b) shows the unit cell for a structure with two
different slits per period. In both cases, there are two slits in the
irreducible (half) unit-cell problem. Thus, the topology of the
circuit model for the discontinuity is the same as shown in Fig. 4.
The specific expressions of the circuit parameters for either case
are given next. In both cases, the characteristic admittances of
the transmission lines associated with the slits are

-(2)

cr

Wit

v = (58)
The input line admittance is the same as in (1) for the symmet-
rical problem, whereas, for the nonsymmetrical case, it does not
include the factor 2; namely,

y© - L
Pno

(59)
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Fig. 15. (a) Half unit-cell problem for a reflection grating with four slits per
period, distributed symmetrically within the unit cell. (b) Unit cell with two
different slits. Due to the absence of symmetry, in this case the boundary walls
of the cell are not virtual electric walls, but periodic boundary conditions.
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Fig. 16. (a) Generalized waveguide discontinuity problem associated with the
half unit cell of a structure with five slits per period and symmetric unit cell.

since the irreducible problem is the complete unit cell. As for the
admittances that define the elements of the equivalent circuit,
according to (33) it is obtained

_ 4 i 2
Y = 5 > e [f,(l ) cos(knhi)} (60)
n=1
_ 4 & I
Yy = > D LDV F) cos(knhy) cos(knha)  (61)
n=1
for the symmetrical case in Fig. 15(a), and
_ p JNE:
V=23 e [£0] (62)
pn:l
_ 2. o
Vi =~ D ED VP coslkn(ha — h1)]  (63)
n=1

for the nonsymmetrical case in Fig. 15(b).

APPENDIX B

This appendix presents the generalization of the circuit model
to structures with more than two slits in the irreducible unit-cell
or halfunit-cell problem. Consider, for instance, a structure with
five slits per period distributed symmetrically within the unit
cell. The corresponding generalized waveguide discontinuity
associated to the half unit-cell problem is depicted in Fig. 16.
By following the same line of reasoning as in Section II-A, (21)
for the voltages at the ports naturally becomes

Vo=WV+Va+ Vs (64)
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and for the current at the input port we now have the following
three equations with a similar structure as (25) and (29):

Iy = [Yn + Yo(l)} Vi + Y12 Vo + Yi3V3 (65)
L=YuVi+ [V + 2|+ TasVs (66)
I =VigVi + VasVa o+ [Vas + | Vo (67)

Now consider the topology shown in Fig. 17, which is the
natural extension of the topology previously derived in
Section II-A. In this equivalent circuit we can distinguish
three coupling orders: a first coupling order represented by the
Yis and Y53 admittances, which accounts for the interaction
between adjacent slits (nearest neighbors); a second-order cou-
pling represented by Y73 (second nearest neighbor interaction);
and a zeroth-order coupling (self reaction) associated with
the Y;; admittances. The current flowing downward through a
longitudinal cut placed at the height of the transmission line
corresponding to slit 1 can be written as

Io=YisVo + Y2 (Vi + Vo) + [Yn + YO‘”} Vi.  (68)

Similarly, the current flowing through longitudinal cuts at slits
2 and 3 are

Iy =Y13Vo + Yo (V1 + Vo) + Yas (Vo + V)
+ [v + %P v (69)
I =YigVo + Yas(Va + V3) + [Vas = ¥V V3. (70)

Substituting (64) into these last three equations and identifying
them with (65)—(67), respectively, it is obtained

Vi3 =Yi3 (71)
Yio =Yi3 — Y3 (72)
Y3 =Yo3 — Y13 (73)
Yii =Y - Y12 — Y3 (74)
Va2 =Voy — Y3 — Y13 — Vi3 (75)
Ya3 =Y33 — Yo3 — Yi3. (76)

In other words, the admittance Y;; of a given element in the cir-
cuit is given by the corresponding barred admittance, Y;;, minus
the admittances of all the elements of higher order coupling that

cover the ij element between their connections.
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At the light of the above derivation, the generalization to
a compound grating whose irreducible unit-cell or half unit-
cell problem comprises Ny slits is rather straightforward. The
topology of the circuit model is the natural extension of that in
Fig. 17 with Ng coupling levels (from 0 to Ny — 1). The barred
admittances are defined as

o0

DGO FDFY) coslhn(hs — hy)]

n=1

2

Vi = 77)

3

for structures with a nonsymmetrical unit cell, and

Vij ==Y e fIDFD cos(knhi) cos(knhy)  (78)
n=1

RN

for structures with a symmetrical unit cell (in this case, if the
unit cell has an odd number of slits, in the above formula the A
parameter of the central slit is taken as zero, and its w parameter
corresponds to half its width). The admittances of the elements
in the equivalent circuit are given by (i < j)

with
(79)
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