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OPTIMAL BILINEAR CONTROL PROBLEM RELATED
TO A CHEMO-REPULSION SYSTEM IN 2D DOMAINS

FRANCISCO GUILLEN-GONZALEZ"*, EXEQUIEL MALLEA-ZEPEDA?
AND MARIA ANGELES RODRIGUEzZ-BELLIDO!

Abstract. In this paper, we study a bilinear optimal control problem associated to a chemo-repulsion
model with linear production term in a bidimensional domain. The existence, uniqueness and regularity
of strong solutions of this model are deduced, proving the existence of a global optimal solution.
Afterwards, we derive first-order optimality conditions by using a Lagrange multipliers theorem.
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1. INTRODUCTION

In biology, the chemotaxis phenomenon is understood as the movement of living organisms induced by
the presence of certain chemical substances. In 1970 Keller and Segel [12] proposed a mathematical model
that describes chemotactic aggregation of cellular slime molds which move preferentially towards relatively
high concentrations of a chemical substance secreted by the amoebae themselves. Such phenomenon is called
chemoattraction with production. In contrast, if regions of high chemical concentration generate a repulsive
effect on the organisms, the phenomenon is called chemorepulsion.

We are interested in studying a chemorepulsion model given by the following system of partial differential
equations

Ou—Au = V-(uVv) in(0,7)xQ=Q,
)

ov—Av+v = h(u) in(0,7)xQ=0Q,
u(0,2) = wo(x), v(0,2) =vo(x) inQ, (1.1)
ou ov
o 0, I 0 on (0,T)x 09,

where 2 C R?, is a bounded domain with smooth boundary 952, n denotes the outward unit normal vector to 9
and (0,7) is a time interval. The unknowns are cell density u(t,2) > 0 and chemical concentration v(¢,z) > 0.
The function h(u) represents the production term, which must be nonnegative when u > 0.
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System (1.1), when the production term is linear, that is h(u) = u, was studied by Ciéslak et al in [7]. The
authors, based on the abstract theory for quasilinear parabolic problems (see [2]), proved the global existence
and uniqueness of smooth classical solution in 2D domains, and global existence of weak solutions in spaces of
dimension 3 and 4. Tao [25], in a bounded convex domain Q C R™ (n > 3), studies system (1.1) with h(u) = u
and a modification in the density-dependent chemotactic sensitivity function, that is, the term V - (uVv) is
changed by V - (g(u)Vv), where

g € C*([0,4c]), g(0) =0, 0 < g(u) <C(u+1)* forall u>0

with some C' > 0 and a > 0. The author proves that, under assumptions of initial data 0 # uy € C°(Q) and
vo € C1(Q) are nonnegative and that o < %H, there exists a unique global in time classical solution of (1.1)
and the corresponding solution (u,v) converges to (o, up) as time goes to +oo, where g := ﬁ Jo uo-

In this work we study a control problem subject to this chemorepulsion with linear production model in
which a bilinear control acts injecting or extracting chemical substance on a subdomain of control €2, C €.
Specifically, we consider 2 C R? be a bounded domain of class C?, then we study a control problem associated

to the following system in @ := (0,7 x Q,

{ Ou—Au = V- (uVv), (1.2)
Ov—Av+v = u+ fo,
with initial conditions
u(0,2) = ug(z) >0, v(0,z) =vo(z) >0 in Q, (1.3)
and boundary conditions
g—z =0, g—z =0 on (0,T) x 99. (1.4)

Here, the function f denotes a bilinear control that acts on chemical concentration, which lies in a closed convex
set F. We observe that in the subdomains where f > 0 we inject chemical substance, and conversely where f < 0
we extract chemical substance. There is a wide collection of publications dealing with optimal control of PDEs.
See, for example, [1, 4, 11, 13, 15, 17, 20, 24, 28, 29] and the references therein. In all previous publications, the
control variable enters the state equation either on the right-hand side (distributed controls) or is part of the
boundary conditions (boundary controls). As far as we know, the literature related to optimal control problems
with bilinear control is scarce, see [3, 10, 14, 27]. The main difficulty is that the solution of the state equation
depends nonlinearly on the control and state variables (see the second equation in (1.2)).

In the context of optimal control problems associated to chemotaxis models, the literature is also scarce,
see [8, 10, 19, 21, 22]. In [8] the authors study a distributed optimal control for a two-dimensional model of
cancer invasion. Using the Leray-Schauder fixed point theorem, they prove the existence of weak solutions of
state system. Also, they prove the existence of optimal control and derive an optimality system. The works
[10, 21] delimit their study to a one-dimensional domain. In [10] two extreme problems on a chemoattractant
model are analyzed; one involves harvesting the actual cells and the other depicts removing a proportion of
the chemical substance. The control is bilinear (total) and acts on a portion of the cells or chemical substance.
They prove the existence of optimal solutions and derive an optimality system. Also, they design a numerical
scheme for the optimality system and present some examples. In the problem studied in [21], the control acts
on the boundary conditions for the chemical substance. The existence of optimal solutions is proved. In the
recent work [19], the authors analyze a distributive optimal control problem where the state equations are given
by a stationary chemotaxis model coupled with the Navier-Stokes equations (chemotaxis-fluid system). They
prove the existence of an optimal solution. In addition, they derive an optimality system through a penalty
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method, because the relation control-state is multivalued. Finally, in [22], on a 2D domain, the authors study a
problem in which the control variable is distributed, and acts on the equation for the chemical substance. They
prove the existence of optimal solutions. Furthermore, using the fact that the state is differentiable with respect
to the control, they derive an optimality system. Other studies related to controllability for the nonstationary
Keller-Segel system and nonstationary chemotaxis-fluid model can be consulted in [5, 6], respectively.

The outline of this paper is as follows: In Section 2, we fix the notation, introduce the functional spaces
to be used, give the definition of strong solution for system (1.2)-(1.4) and we state a parabolic regularity
result that will be used throughout this work. In Section 3, we prove the existence (and uniqueness) of strong
solution of (1.2)—(1.4) using the Leray-Schauder fixed point theorem. In Section 4, we establish the optimal
control problem, proving the existence of an optimal solution and we obtain the first-order optimality conditions
based on a Lagrange multipliers theorem in Banach spaces. Finally, we obtain a regularity result for Lagrange
multipliers.

2. PRELIMINARIES

In order to establish the control problem, we will introduce some notations. We will use the Lebesgue space
LP(Q), 1 < p < 400, with norm denoted by || - ||z». In particular, the L?(Q) norm and its inner product
will denoted by || - || and (-,-), respectively. We consider the usual Sobolev spaces W™P(Q) = {u € LP(Q) :
|0%u|| » < +o00, V|a| < m}, with norm denoted by || - [|wm.». When p = 2, we write H™(2) := W™2(Q2) and
we denote the respective norm by || - ||gm. Also, we use the space W2P(Q) = {u € W™P(Q) : g—ﬁ =0 on 00}
(m > 14 1/p), with norm denoted by || - ||y ». If X is a Banach space, we denote by L?(0,7; X) the space
of valued functions in X defined on the interval [0, 7] that are integrable in the Bochner sense, and its norm
will be denoted by | - ||z»(x). For simplicity we denote LP(Q) := LP(0,T; LP(2)) if p # +oco and its norm by
|- llzr (). In the case p = +o00, L>(Q) means L>((0,T) x Q), and its norm is denoted by || - || (q). Also, we
denote by C([0,T]; X) the space of continuous functions from [0, 7] into a Banach space X, and its norm by
| - lc(x)- The topological dual space of a Banach space X will be denoted by X', and the duality for a pair X
and X' by (-,-)x+ or simply by (-,-) unless this leads to ambiguity. Moreover, the letters C, K, Cy, K1,..., are
positive constants, independent of state (u,v) and control f, but its value may change from line to line.

We are interested in the study of a control problem associated to strong solutions of system (1.2)—(1.4). In
the following definition we give the concept of strong solution of (1.2)—(1.4).

Definition 2.1. Let f € L*(Q), ug € H'(Q), vo € Wy/**(Q) with ug > 0 and vo > 0 a.e. in €, a pair (u,v) is
called strong solution of problem (1.2)—(1.4) in (0,7, if w > 0 and v > 0 in Q,

u€ Y, = {ue L>(0,T; H'(2)) N L*(0,T; Hy (), du € L*(Q)}, (2.1
ve Y, :={ve L®0,T;W3/24(Q)) N L0, T; W24(Q)), dw € L*(Q)}, (2.2
the system (1.2) hold pointwisely a.e. (t,z) € Q,
Ou — Au =V - (uVv), (2.3)
Ov—Av+v=u+ fo, (2.4)

and the boundary and initial conditions (1.3) and (1.4) are satisfied, respectively.

Remark 2.2. The problem (1.2)—(1.4) is conservative in u. In fact, integrating (1.2); in 2 we have

i(/ﬂu) =0, iec /Qu(t)Z/Quo :=mo, Vt> 0. (2.5)
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Also, integrating (1.2)s in Q we deduce

i</§1u>+[2v:mo+/ﬂfv- (2.6)

We define the space WQ’Q/IW(Q) as follows

W?2=2/ppr(Q) if p<3,

2.
WZHPP(Q) it p> 3. 27)

/V[72—2/p,p(Q) _ {

In order to study the existence of solution of system (1.2)—(1.4), we will use the following regularity result
for the heat equation (see [9], p. 344).

Lemma 2.3. For Q€ C?, let 1 <p < +oco (p#3) and g € LP(Q), ug € /V[72_2/P4’(Q). Then the problem

ou—Au = ginQ,
u(0,2) = wug(x) in Q,

g—z = 0on(0,T) x 09,
admits a unique solution u in the class

u e C([0,T); W2=2/P#(Q)) 0 LP(0, T; W?P()), dyu € LP(Q).
Moreover, there exists a positive constant C' = C(p,Q,T) such that

[ull@a-2/pp) + 110sull Lr(@) + lullew2ry < ClgllLr@) + 1wollga—2/ns)- (2.8)

In particular, the equation Oyu — Au = g is pointwisely satisfied a.e. in Q.

Remark 2.4. In the case of p = 3, one concludes that u € C([0,T7]; X3,3) N L3(0,T; W?3(2)), dyu € L3(Q), for
a certain space X33 (see [9], Thm. 10.22) whose description is not evident in terms of W?2~2/P?(Q) or another
Sobolev space.

Thorough this paper, we will use the following equivalent norms in H'(Q) and H?(Q), respectively (see [18]
for details):

2
||uz1:||w||2+( / u) . Vue H\(Q), (2.9)
Q
2
||u;‘;z~||Au||2+( /Q u) . Vue H2(Q), (2.10)

and the classical interpolation inequality in 2D domains

lullzs < CllullIfullyf?, Vue H'(Q). (2.11)

3. EXISTENCE AND UNIQUENESS OF STRONG SOLUTION OF SYSTEM
(1.2)(1.4)

In this section we will prove the existence (and uniqueness) of solution of (1.2)—(1.4) using the Leray-Schauder
fixed point theorem. Specifically we will prove the following result:
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Theorem 3.1. Let ug € H(Q), vo € Wi/ **(Q) with ug > 0 and vo > 0 in Q, and f € L*(Q). There exists a
unique strong solution (u,v) of system (1.2)-(1.4) in sense of Definition 2.1. Moreover, there exists a positive
constant

Ky :=Ka(mo, T luoll ar, lvollyysr2.a, [ 1 (@)
such that
1@ew, 00| L2(Q)x L4(@) + 1w V)l g vy + lullL2mzy + [0l awzay < Ko (3.1)

3.1. Existence

Let us introduce the “weak” spaces
X, == C%[0,T]; LA(Q)) N L¥3(0,T; W'8/3(Q))  and A&, := C°([0,T]; C(Q)). (3.2)

We define the operator R : Xy X X, — Yy X Yoy = Xy X X, by R(@,7) = (u,v) the solution of the decoupled
linear problem

ou—Au = V- (ay4Vv),

ov—Av+v = uy+ fog,
U(O) = Uo, U(O) = Vo, (33)
ou ov
m ~ Com Y

where @y := max{a,0} > 0, 04 := max{v,0} > 0. In fact, first we find v and after .
In the following lemmas we will prove the hypotheses of Leray-Schauder fixed point theorem.

Lemma 3.2. The operator R : X, x X, = X,, X X, is well defined and compact.

Proof. Let (u,v) € X, x X,. Since X, — L*(Q), X, C L=(Q) and f € L*(Q), then @, + fo, € L*(Q). By
applying Lemma 2.3 (for p = 4), there exists a unique solution v € Y, of (3.3)2 such that

vl Lagwzay + [0l L) + ||”HC(W3/214) < C(l[ullpaq) + I0llze @l flla@) + ||Uo||W§/2v4)
< Clllvollysrzas [ fllLacq))- (3.4)

Now, using the fact that v € ), in particular we have Vv € L>(0,T; L*(Q)) N L*(0,T; WH4(Q)) — L3(Q),
and taking into account that Vi, € L3/3(Q), Av € LY(Q), uy € L>=(0,T; L*(Q)) N L*(0,T; H(Q)) — L*(Q)
we have V - (i, Vv) = 44 Av + Vi, - Vv € L?(Q). Thus, again by Lemma 2.3 (for p = 2), we conclude that
there exist a unique u € ), solution of (3.3); such that

ull a2y + 10sullL2(@) + lullcary < CllallLa@)l|AvilLa@) + IVEllpsrz ) IVollLs@) + luoll 1)
< Clluoll e [vollyyarzas [ fllLa(a)- (3.5)

In the last inequality of (3.5), estimate (3.4) has been used. Therefore, R is well defined from X, x &, to
Yu X V.

Moreover, the compactness of R is consequence of estimates (3.4) and (3.5), and the compact embedding
Yu X Yy = Xy x Xyp. Indeed, let (@, D) be in a bounded set of X, x X, and consider (u,v) = R(@,?). From (3.5), u
is bounded in L (0, T; H(Q)) and d;u is bounded in L?(Q). Because of H'(Q) — L?*() in a compact way, from
Théoreéme 5.1 of [23] one can deduce that ), is compactly embedded in C°([0, T]; L?(2)). Moreover, interpolating
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between L>(0,T; H'(Q)) and L?(0,T; H*(R)), u is bounded in L8/3(0,T; H/*(2)) (see [9] or [26]). Using that
H/4(Q) — WP(Q), p < 8, in a compact way, and that d,u is bounded in L?(Q), again from Théoreme 5.1 of
[23] one has in particular that Y, is compactly embedded in L¥3(0, T; W'8/3(2)). Similarly, starting from (3.4),

v is bounded in L*°(0, T} W3/2’4(Q)) and v is bounded in L*(Q). Taking into account that W3/2’4(Q) —= C°(Q)
in a compact way, one can deduce that ), is compactly embedded in C°([0,7];C°(Q)) = C°([0,7] x ). O

Lemma 3.3. The set
To = {(u,v) € Yo X Vo : (u,v) = aR(u,v) for some a € [0,1]} (3.6)
is bounded in X, x X, (independently of o € [0,1]). In fact, T, is also bounded in Y, X Y, i.e. there exists
M = M(mo, T, [[uoll a1, lvoll yz/24, [ | (@) > O, (3.7)
with M independent of o, such that all pairs of functions (u,v) € T, for a € [0,1] satisfy
[[(w; )| L2122 w2y + [[Orts; D)l 2@y x 4(@) + (s Ol gy o2y < M-

Proof. Let (u,v) € T, for o € (0,1] (the case o = 0 is trivial). Then, owing to Lemma 3.2, (u,v) € Y, x Y, and
satisfies pointwisely a.e. in @) the following problem:

{ dyu — Au V- (uy Vo), (3.8)

ov—Av+v = oausp+afvy

endowed with the corresponding initial and boundary conditions. Therefore, it suffices to look a bound of (u,v)
in Y, x ), independent of a. This bound is carried out into five steps:

Step 1: u,v > 0 and / u(t) = myg.
Q

By testing (3.8)1 by u—_ := min{u,0} < 0, and considering that u_ =0 if u > 0, Vu_ = Vu if « < 0, and
Vu_ =0 if u > 0, we have

1d 9 9
Fgllu- 1P+ IVu-|® = —(u4 Vo, Vu_) = 0,
thus u_ = 0 and, consequently, v > 0. Similarly, testing (3.8)3 by v_ := min{v,0} < 0 we obtain

1d

sqllo-IP + Ve |® +llo-|* = a(uy, vo) + a(foy,v-) <0,

which implies v_ = 0, then v > 0. Therefore (u4,v4) = (u,v). Finally, integrating (3.8); in Q and using (2.5)
we obtain / u(t) = myg.
Q

Step 2: v is bounded in L>(0,T; H'()) N L?(0,T; H*(Q)).
We observe that, thanks to the positivity of u, we have 0 < In(u + 1) < u. Then

niu 2 U2. .
/Q|1<+1>\s/9|| (3.9)
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We also note that
Vu
u+1

2
< / |Vul?. (3.10)
Q

/Q|V1n(u+ 12 :/Q

Taking into account that u € L(0,T; H'(Q2)), from (3.9) and (3.10) we deduce that In(u+ 1) € L*(0,T; H*()).
Then, since u € Y, testing (3.8); by aln(u+1) € L*(0,T; H'(2)) and (3.8)2 by —Av € L*(Q), and integrating

by parts, we have

dit

d 1
{a/ (u+ DIn(u+1) + 2||Vv||2] + 4a||VVu + 112 + || Av||? + || Vo ?
Q
:704/ 4 Vv~Vu+oz/Vu~vaa/vav
Q Q Q

u+1
1
:a/ Vu~Vv—a/ fvAv. (3.11)
Qu +1 Q
Applying the Hélder and Young inequalities we obtain
1 a [ |Vul? a [ |Vy? 5 9
. < -] —+= ] — <2 1 — 3.12
a/szu+1Vu vos§ [ LS [ <20l 9V + GV, (3.12)
- a/vaAv < allfllzallvllzsl|Av] < 8llvlFe + *Csl fI1Zal0ll- (3.13)
Moreover, integrating (3.8)2 in Q and using (2.5) and (2.6), we have
W (L)) J
— v+ [ v=amg+a | fu.
dt \Jo Q Q
Multiplying this equation by ( / v) and using the Holder and Young inequalities we obtain
Q
it (o) (o) =om (o) + () ()
-— v v] =amg v a v v
2dt \Ja ) o) Q Q
1 2
< - (/ v> + Ca®m? + Ca?|| fI1?|v]|?. (3.14)
Q
Replacing (3.12)—(3.14) in (3.11), and taking into account that oo < 1, we obtain
d 1
g (o [+ Dm0+ G0l ) + 20l VYT + el < OO+ 7 lol), (3.5
Q
where the constants C, Cy are independent of «. From (3.15) and Gronwall lemma we have
(3.16)

[l ez < exp(f 72 0) (luoll® + llvollFn + CmiT) = Ko(mo, T, luoll, [[voll zr2, 1 £l 22(24))
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Now, integrating (3.15) in (0,7") and using (3.16) we obtain
[0l1Z2(2) < C (||uo||2 + llvoll7 +mpT + ||v||2Loo(H1)||f||%2(L4))
= K1(mo, T, luoll, [lvoll s 1 fll 2 (ze))- (3.17)

Therefore, from (3.16) and (3.17) we conclude that v is bounded in L>(0,T; H*(2)) N L2(0,T; H?(2)).
Step 3: u is bounded in L*°(0,T; L%(Q)) N L2(0, T; H(12)).
Testing (3.8)1 by u, applying the Holder and Young inequalities, and using (2.11), we obtain

s gl +1Vull? = =(w Vv, Vu) < [lufl s [ Vo]l s Vu]| < Cllul 2V o] s ull3f;

1
< Cllul®(IVollzs + gl
2
Thus, taking into account that mZ = ( / u(t)) and the equivalent norm of H'(Q) given in (2.9), we have
Q

%HUH” lull?p < C IVl Lallull® + 2mg. (3.18)
On the other hand, using (2.11), jointly (3.16) and (3.17),
IVllZa(g) < CKoK:.
Therefore, we can apply the Gronwall lemma in (3.18), obtaining
[ull 7 12y < exp(CKoKL)([|uoll? + 2mg) := Ka(mo, T, [uoll, [lvoll e || 1| 22 (24))- (3.19)
Also, integrating (3.18) in (0,7) we have

ullZecmry < lluoll® +2m3T + CKo Ky [|[ullFe 12y < lluoll® 4+ 2mgT + CKo K1 Ky
= K3(mo, T, |luoll, [[voll e | fll L2 (z4))- (3.20)
Therefore, from (3.19) and (3.20) we deduce that u is bounded in L°°(0,T; L2(Q)) N L?(0,T; H()).
Step 4: v is bounded in ).
Taking into account that f € L*(Q) and v € L*°(0,T; H'(Q)), in particular afv € L7/?(Q). Then using
Lemma 2.3 (for p = 7/2) in (3.8)2 we conclude that v satisfies the following inequality
||’UHL7/2(W2,7/2) + ||8tv||L7/2(Q) + HUHC(W,P”’”Q) < C(a|lu+ f’U||L7/2(Q) + ||UO||Wr1.O/7’7/2)
< Clllullza@) + Iflls@llvlizes@) + llvollya0m7/2). (3.21)

From (3.16), ||v[[z2s(@) < Ko. Using (2.11) and taking into account (3.19) and (3.20) we have
ull 21y < Cllulli o oyllullF2(my < CK2Ks. (3.22)

Therefore, from (3.21) one has [|v]| cwiorm is bounded (independently of «). In particular, by Sobolev

)
embeddings, we obtain ||v[|z~(q) is also bounded.
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Then, from (3.22) and using again Lemma 2.3 (for p = 4), we obtain that v satisfies the estimate

vl Laqwz.ay + 0] L) + ||UHC(W3/2,4) < Clallu+ follpag) + ||U0|\W3/2v4)
< ClllullLa) + vl L@l flla@) + llvollyys/24)

< Ky(mo, T, [Juoll, [lvollyy /2., 1l La(@))- (3.23)
Therefore v is bounded in Y,,.
Step 5: u is bounded in ),,.
Testing (3.8); by —Au € L?*(Q) we have
1d 9 9
iaHVUH + |Aul|® = —=(V - (uVv), Au) = —(uAv + Vu - Vo, Au). (3.24)

By the Holder and Young inequalities, and using interpolation inequality (2.11), we obtain

—(ulv + Vu - Vo, Au) < ([[uf|pa[[Av]| s + [Vl ][Vl L) [ Aull
< 6 Aul + Csllull 3 |Av]Fa + CIVul 2 Vol pa full 372
< 0| Aull* + Csllull 7l Av]IZs + CollVul* [Vl s + 8llullZ- (3.25)

Replacing (3.25) in (3.24), choosing § small enough to absorb the [[Aul[? and ||u||% terms, and taking into

2
account that (/ u(t)) = mZ and (2.9) and (2.10), we have
Q

%llu\l?m +CllullFe < CllullfallAv]Za + ClIVull?[ Vol zs + Cmg. (3.26)
Then, from (3.22) and (3.23), and applying Gronwall lemma to (3.26), we deduce
ullZ e (1) < Ks(mo, T, Juoll e, llvoll /2.0 [l e (@))- (3.27)
Finally, integrating (3.26) in (0,7") we obtain
ullZ2 g2y < Ko(mo, T, [fuol rr, [[vollyysr2a, [ flla@))- (3.28)
Then, from (3.8)1, (3.23), (3.27) and (3.28) we have

0sull 2@y = |Au 4+ ulAv + Vu - Vv| 12
< NAullzz(q) + llullze@)lAvliLaq) + [Vullza@) IVl Laq)
< Kq(mo, T, [uoll s llvoll yz/za: 1 fll o)) (3:29)

which implies that v is bounded in ),.
Finally, from (3.23) and (3.27)-(3.29) we conclude that the elements of T, are bounded in ), x Y, for
a € (0,1]. The radius M in (3.7) follows from (3.23) and (3.27)-(3.29). O

Lemma 3.4. The operator R : X X X, — Xy X X, defined in (3.3), is continuous.
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Proof. Let {(@m, Um) tmen C Xy X X, be a sequence such that
(U, Om) = (@, 0) in Xy X Xy. (3.30)

In particular, {(@m, 0m)}men is bounded in X, X X, thus, from (3.4) and (3.5) we deduce that the sequence
{(tmsVm) := R(Um,Um)}men is bounded in Y, x V,. Then, from the compactness of Y, X ), in X,, x X, (see
the proof of Lem. 3.2), there exists a subsequence of {R(@m,Um)}men, still denoted by {R(@m, Um) tmen, and
an element (u,?) € Y, x Y, such that

R(Um, Opn) — (U, 0) weak in Y, x Y, and strong in X, X X,. (3.31)

From (3.30) and (3.31) we can take the limit in (3.3), when m goes to +oo, with (u,v) = R(@m, Um) and
(,7) = (tm, Upm), which implies that R(u,v) = (@, 7). Then, by the uniqueness of limit the whole sequence
{R(lm,Tm)}men converges to R(@,v) strongly in X, x X,,. Thus, operator R is continuous from X, x X, into
itself. O

Consequently, from Lemmas 3.2, 3.3 and 3.4, it follows that the operator R and the set T, satisfy the
conditions of the Leray-Schauder fixed point theorem. Thus, we conclude that the map R(u,v) has a fixed
point, R(u,v) = (u,v), which is a solution to system (1.2)-(1.4).

Finally, we observe that estimate (3.1) follows from (3.23) and (3.27)—(3.29).

3.2. Uniqueness

Let (u1,v1), (ug,v2) € Yy X Yy two solutions of system (1.2)—(1.4). Subtracting equations (1.2)—(1.4) for
(u1,v1) and (ug,vs), and denoting u := uy — uz and v := v; — v, we obtain the following system

ou—Au = V- (uuVv+uVoy) in Q,

ow—Av+v = u+ fv inQ,
u(0,z) = 0, v(0,2) =0 in Q, (3.32)
O 0, 2% 0 on (0,7) x 09

on On
Testing (3.32); by v and (3.32)2 by —Av we have

d 1
e (||u||2 + 2||Vv||2> + || Vau|® + [|Av]? + || Vv||? = —(u1 Vv, V) — (uVvs, V) + (u, —Av) + (fv, —Av).(3.33)

Applying the Hélder and Young inequalities, and taking into account (2.11), we obtain

2
—(1 Vo, V) < [fus | ol Voll | Vaull < Clun s [ Vo] V0l] 2 [ V|

< 6(IVollEn + 1Vul®) + Csllual| 74l Vol%, (3.34)

—(uVv2, Vu) < ull s | Voa |l s [Vl < Cllull 2 [lull 7| Vo | 4|Vl
< OllullF + Csl| Voallzalull?, (3.35)
(u, =Av) < O[|Av]® + Cslull?, (3.36)

(fv,=Av) < [[fllzallvll sl Avl| < dlfvllZr> + CsllFIITallvl 7 (3.37)
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Replacing (3.34)—(3.37) in (3.33), and using the fact that / u(t) =0, V& > 0; and
Q

;(/Qv)+/9v=/9fv,

hence

i/ ) (/f ) < CIIfIP NI

and by choosing ¢ small enough, we have
d 1
T (IIUII2 + 2||v%n) +C(lullF +vlE2) < Clluallza Vol + (IVo2llzs + Dllul® + [ f1Z:0lFn)- - (3.38)

Therefore, from (3.38) and Gronwall lemma, since ug = vg = 0 and (u1, V) € L*(Q) x L*(Q), we obtain
u = v = 0, and the uniqueness follows.
Thus, the proof of Theorem 3.1 is finished.

Remark 3.5. Since v € ), in particular v € L*°(Q). Thus, v does not blow-up. Moreover, if initial data
ug € Wo/48/ 3(Q), we can obtain more regularity for 4 and conclude that u does not blow-up at finite time.
Indeed, from (3.27) and (3.28) we deduce that u € L>°(0,T; H*(Q))N L*(0,T; H2()) — L9(Q), for 1 < g < 0.
Then, taking into account that Vu € L°°(0,T; L*(Q)) N L?(0,T; H'(Q)) < L*(Q), Vv € L>=(0,T; L*(Q)) N
L40,T; WH4(Q)) — L3(Q), and Av € L*(Q) we have V - (uVv) = uAv + Vu - Vo € L¥3(Q). Thus, Lemma
2.3 (for p = 8/3) for (3.8); allows us to conclude that uw € L>(0,T; W>/48/3(Q)) N L83(0,T; W28/3(Q)), with
dyu € L¥/3(Q). In particular, we obtain that v € L>(Q).

Remark 3.6. Cieslak et al. [7] studied system (1.2)-(1.4) with f = 0. They proved the existence of classical
solutions using the abstract theory for quasilinear parabolic systems developed by Amann [2]. This theory for
classical solutions can be applied here introducing a regularized problem related to (1.2)—(1.4) by choosing a
sequence of bilinear controls {f¢}.~o, with f¢ regular enough, such that f& — f in L*(Q), as ¢ — 0, and the
corresponding regularization of the initial data. We would obtain a local unique classical solution (u®,v¢) of the
regularized problem, but to obtain estimates for u® and v¢, independent of € and enough to pass to the limit,
we must reproduce the same estimates that we have made using the Leray-Schauder fixed point theorem (see
Lem. 3.3, for the estimates, and Lems. 3.2 and 3.4, for pass to the limit).

4. THE OPTIMAL CONTROL PROBLEM

In this section we establish the statement of the bilinear control problem under study. We suppose that
F C LYQ.) := L*0,T; L*(£.)) is a nonempty, closed and convex set, where 2. C Q is the control domain, and
Q4 C Q is the observability domain. We consider data ug € H(Q), vo € W§/2’4(Q) with ug > 0 and vg > 0 in
), and the function f € F that describes the bilinear control acting on the v-equation.
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Now, we define the following constrained minimization problem related to system (1.2)—(1.4):

Find (u,v, f) € M such that the functional

J(u,v, f): au/ / \uxt—ud(xt\dxdt—l— / / v(x,t) — vg(z, t)*dadt
Qq Qa

(4.1)
N
[ s
4Jo Ja.
is minimized, subject to (u,v, f) satisfies the PDE system (1.2)—(1.4) ,
where
M =Yy x Yy X F. (4.2)

Here (ug, va) € L?(Qq) x L*(Qq) represents the desired states and the nonnegative real numbers ay,, o, and
N measure the cost of the states and control, respectively. The set of admissible solutions of optimal control
problem (4.1) is defined by

Saa = {s = (u,v, f) € M : s is a strong solution of (1.2)-(1.4)}. (4.3)

The functional J defined in (4.1) describes the deviation of the cell density u from a desired cell density uq and
the deviation of the chemical concentration v from a desired chemical vg4, plus the cost of the control measured
in the L*(Q)-norm.

4.1. Existence of global optimal solution

In this subsection we will prove the existence of a global optimal solution of problem (4.1). First we introduce
the concept of optimal solution for problem (4.1).

Definition 4.1. An element (@, 7, f) € Syq will be called a global optimal solution of problem (4.1) if

J (1,9, f) = Wi J(wv, ). (4.4)

Thus, we have the following result.

Theorem 4.2. Let ug € HY(Q) and vy € W3/2’4(Q) with ug > 0 and vy > 0 in Q. We assume that either
N >0 or F is bounded in L*(Q.), then the optimal control problem (4.1) has at least one global optimal
solution (4, 0, f) € Sad-

Proof. From Theorem 3.1 we deduce that S,q # 0. Let {sm}men = {(Um, Vm, fm) tmen C Sqa & minimizing
sequence of J, that is, lir}rl J(sm) = i%f J(s). Then, by definition of S,q4, for each m € N, s,, satisfies the
m—r—+00 s€Saqd

system (1.2)—(1.4), that is

Oy, — Ay, = V - (U Vop,) a.e. (t,x) € Q, (4.5)
8t,UTﬂ - A,U'rﬂ + U7n = um + fnlv'n'b a.e. (t7 x) E Q? (4'6)
Um (0) = ug, v, (0) =vy in Q, (4.7)

Ouyy, vy
8T = 0, 87[1 =0 on (07T> x 002. (48)
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From the definition of J and the assumption N > 0 or F is bounded in L*(Q.), it follows that
{fm }men is bounded in L*(Q.). (4.9)
Also, from (3.1) there exists C' > 0, independent of m, such that
1@etiam; Ovm)l L2(@)x £4(@) + 1 (Wan, vin) | o g1 ewzrzay + [Umll L2 0,mim2(@)) + om0, mow2a(0)) < €. (4.10)

Therefore, from (4.9), (4.10), and taking into account that F is a closed convex subset of L*(Q.) (hence is
weakly closed in L*(Q.)), we deduce that there exists § = (4,0, f) € M such that, for some subsequence of
{Sm }men, still denoted by {s,, }men, the following convergences hold, as m — +oc:

Uy — @ weak in L?(0,T; H*(Q)) and weak * in L>(0,T; H'(Q)), (4.11)
U — 0 weak in L*(0, T; W24(Q)) and weak * in L>®(0,T; W2/24(Q)), (4.12)
Oty — Oyt weak in L2(Q), (4.13)
Oy, — 040 weak in L4(Q), ( )
fm — f weak in L*(Q.), and f € F. (4.15)

From (4.11)—(4.14), the Aubin-Lions lemma (see [16], Thm. 5.1, p.58) and using the Corollary 4 of [23] we
have

Uy — @ strongly in C([0,T]; L*(Q)) N L*(0,T; H'(Q)), (4.16)
U — © strongly in C([0, T); L*(Q)) N L*(0, T; W3/24(Q)). (4.17)

In particular, since V - (4, Vo) = Vi, - VU, + Uy Avy, is bounded in L*(0, T; L*(Q)) and f,, vy, is bounded
in L*(Q.), then one has the weak convergences

V (umVo,) — x1 weak in L*(0,T; L3()),
fmUm — X2 weak in L*(Q.).

On the other hand, from (4.11)—(4.17) one has:

um Vo, — aVo  weak in L2(0,T; L*(Q)),
fmVm — fo weakin L*(0,T; L?(Q.)).

Therefore, we can identify x; = V - (2V#) and x2 = fo a.e. in Q, and thus:

V- (U Vo) = V- (aVD)  weak in L4(0,T; L*(Q)), (4.18)
fnm — f0 weak in L*(Q.). (4.19)

Moreover, from (4.16) and (4.17) we have that (u,,(0),v,,,(0)) converges to (@(0),(0)) in L?(2) x L*(£),
and since u, (0) = ug, v, (0) = vo, we deduce that @(0) = ug and 9(0) = v, thus § satisfies the initial conditions
given in (1.3). Therefore, considering the convergences (4.11)—(4.19), we can pass to the limit in (4.5)—(4.8) as
m goes to +oo, and we conclude that § = (ﬂ,@f) is solution of the system pointwisely (1.2)—(1.4), that is,
5 € Saq. Therefore,

lim  J(sp) = inf J(s) < J(3). (4.20)

m——+00 SES.d
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On the other hand, since J is lower semicontinuous on S,q, we have J(5) < lim inf J(8m), which jointly to
m——+00

(4.20), implies (4.4). O
4.2. Optimality system related to local optimal solutions

In this subsection we will derive the first-order necessary optimality conditions for a local optimal solution
(a, v, f) of problem (4.1), applying a Lagrange multipliers theorem. We will base on a generic result given by
Zowe et al. [30] on existence of Lagrange multipliers in Banach spaces. In order to introduce the concepts and
results given in [30] we consider the following optimization problem

min J(s) subject to s€ S={se M : G(s) e N}, (4.21)

where J : X — R is a functional, G : X — Y is an operator, X and Y are Banach spaces, M is a nonempty
closed convex subset of X and N is a nonempty closed convex cone in Y with vertex at the origin.
For a subset A of X (or Y), AT denotes its polar cone, that is

At ={pe X' : (p,a)x >0, Va € A}.
Definition 4.3. We say that § € S is a local optimal solution of problem (4.21), if there exits € > 0 such that

for all s € S satisfying ||s — §||x < e one has that J(§) < J(s).

Definition 4.4. Let § € S be a local optimal solution for problem (4.21) with respect to the X-norm. Suppose
that J and G are Fréchet differentiable in §, with derivatives J'(3) and G’(§), respectively. Then, any A € Y is
called a Lagrange multiplier for (4.21) at the point § if

AENT,
(A, G(3)y =0, (4.22)
J'(8) = Ao G'(5) €C(5)7,

where C(5) ={0(s —35) : s € M, 8 > 0} is the conical hull of § in M.

Definition 4.5. Let § € S be a local optimal solution for problem (4.21). We say that § is a regular point if

G'(SICE)] - N(G(3) =Y, (4.23)

where N(G(5)) = {(8(n — G(8)) : n € N, 6 > 0} is the conical hull of G(3) in V.

Theorem 4.6. ([30], Thm. 3.1) Let § € S be a local optimal solution for problem (4.21). Suppose that J is a
Fréchet differentiable function and G is continuous Fréchet-differentiable. If § is a reqular point, then the set of
Lagrange multipliers for (4.21) at § is nonempty.

Now, we will reformulate the optimal control problem (4.1) in the abstract setting (4.21). We consider the
following Banach spaces

X =Wy x W, x L}(Q.), Y := L}(Q) x L*(Q) x H'(Q) x W2/24(Q), (4.24)
where
ou
Wy = {u €V s 0 on (0,7) x 89}, (4.25)
W, :=3veY N (0,T) x 69 (4.26)
v =V v o on (U, s .
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and the operator G = (G1,G2,G3,Gy4) : X — Y, where
Gr: X = L2Q), Ga: X - LYQ), G3: X — H(Q), Gy: X — W2/24(Q)

are defined at each point s = (u,v, f) € X by

Gi(s) = 0w — Au — V - (uVv),

Ga(s) = 0w — Av+v—u— fu,

Gis(s) = u(0) — uo, (4:27)
G4(s) = v(0) — vg

By taking M := W, x W, x F a closed convex subset of X and N/ = {0}, the optimal control problem (4.1) is
reformulated as follows

min J(s) subject to s € Spq = {s = (u,v, f) € M : G(s) = 0}. (4.28)

Concerning to differentiability of the constraint operator G and the functional J we have the following results.

Lemma 4.7. The functional J : X — R is Fréchet differentiable and the Fréchet derivative of J in s =
(@, 0, f) € X in the direction r = (U,V,F) € X is given by

J(3)[r] = o /OT/Qd(a—ud)dedt—kav /OT /Qd(ﬁ—vd)dedtJrN/oT/Qc(f)?)Fdxdt. (4.29)

Lemma 4.8. The operator G : X —'Y is continuous-Fréchet differentiable and the Fréchet derivative of G' in
5= (a,0,f) € X, in the direction r = (U,V, F) € X, is the linear operator

G'(3)lr] = (G139, Go(3)[r], G5(3)[r], G4 (5)[r])

defined by
GL(3)[r] =8,U — AU —V - (UVD) — V - (aVV),
GL(3)[r] =8,V — AV +V —U — fV — F4, (4:30)
G5(3)[r] = U(0), '
G4(3)[r] =V (0)

We wish to prove the existence of Lagrange multipliers, which is guaranteed if a local optimal solution of
problem (4.28) is a regular point of operator G (see Thm. 4.6).

Remark 4.9. Since in the problem (4.28) N' = {0}, then N'(G(5)) = {0}. Thus, from Definition 4.5 we conclude
that § = (@, 0, f) € Saq is a regular point if for all (gy, g,, Up, Vo) € Y there exists r = (U, V, F) € W, x W, x

C(f) such that
G'(3)[r] = (9us gu» U, Vo), (4.31)

where C(f) := {0(f — f) : >0, f € F} is the conical hull of f in F.
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Proof. Fixed (@, 0, f) € Sad, let (gu, gv, Uo, Vo) € Y. Since 0 € C(f), it suffices to show the existence of (U,V) €
Yu X Y, such that

U — AU =V - (UVS) =V -(aVV) = g, inQ,
WV —AV+V-U—-fV = g, inQ,

U) = Uy V(0)=Vy inQ, (4.32)
oUu 19)%
o 0, I 0 on (0,7) x ON.

In order to prove the existence of solution of (4.32), we can use the Leray-Schauder’s fixed point argument over
the operator S : (U, V) € X, x X, — (U, V) € Y, x Y, with (U, V) the solution of the decoupled problem:

U — AU V- (aVV)+V-(UVD) +g, inQ,
OV —AV+V = U+ fV+g, nQ,

endowed with the corresponding initial and boundary conditions. In fact, first we find V' and after U. Adapting
Section 3.1, we can prove that operator S is well-defined from X, x X, to Y, x ), and compact from X, x X,
to itself, due to the regularity (gu,g,) € L*(Q) x L*(Q), (Up, Vo) € H*(Q) x Wa/>(Q), (@, 9) € Yu x Yy and
feLYQ).
It suffices to prove Lemma 3.3 but now defining T, = {(U,V) € Yy x Y, : (U, V) =aS(U,V) for some «a € [0,1]},
which is very similar to the proof of Lemma 3.3. In fact, now Steps 2 and 3 are easier and can be proved jointly.
With this objective, if (U, V) € T,, then (U, V) solves the coupled problem

U — AU — V- (aVV aV - (UVD) +ag, in Q,
{ t ( ) ( ) g Q (4.33)

OV —AV+V = aU+afV+ag inQ,

endowed with the corresponding initial and boundary conditions. By testing by (U, —AV'), one has

(U2 +IVVIZ) + VUL + IVVI? + AV < [@VV,VU)| + a|(UVE, VU)| + o |(U,AV))|
+a|(fV,AV)[ +al(ge, U) + al(go, AV)]. (4.34)

d
dt

|~

Applying the Holder and Young inequalities to the terms on the right side of (4.34) and taking into account
(2.11), we have

[(@aVV,VU)| < ||| ||[VV] | VU < Csl|al|7: [V V[[IVV |1 + 6| VU2

<S(IVVIIE + IVUIP) + Csllal| 7.V V12, (4.35)
a|(UV5,VU)| < a|[U||14 | V| 14| VU|| < Cal|U 2| Va|| pa |U |32

<S|U 3 + Cs 2 |V3| 14 ||U %, (4.36)
a|(gu, )| < a (lgull® + 1U11%) (4.37)
a (U, AV)| < §|AV ]2 + Cs o* ||U ||, (4.38)
a|(fV,AV)] < a|[flls VI s AV < SJAV]® + Cs &2 | fI1 311V 11, (4.39)
a (g, AV)| < 5| AV]? + Csa? [|go |1 (4.40)
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On the other hand, testing (4.33)2 by V one has

1d

sqlVIE VI <al V)] +al(fV. V) +al(ge, V)l

<3 (IVIP+IVIE) + Cs o U]
+ Cs? | I IVIZ + Cs o [lgo |- (4.41)

Summing the inequalities (4.34) and (4.41), and then adding ||U||? to both sides of the obtained inequality and
considering (4.36)—(4.40), taking § small enough and any « € [0, 1], we have

+C(l[allza + IFIZO VI (4.42)

d i
U+ 1VIE) + CUUIE + 1VIE=) < CA+IVallz)llT]® + Cllgul® + llgu]1*)

By applying the Gronwall Lemma in (4.42) we conclude that there exists a positive constant C that depends
on T, [|Uol[, [IVoll v, |l 2+ (@ VOl @), 1 f 22 (24), | 9ull 22 (@) and [|gullz2 (@), such that

(U, V)L (L2 x avynr2(r xmzy < Co- (4.43)

Now, following Step 4 in the proof of Lemma 3.3, we obtain that V is bounded in ), because the following
estimate holds

IVIiLsw2@) + 10V L) + IVl g wzrzay < Co(Co, [Vollyareas 9ol La(a) £l @)- (4.44)

Now, we follow Step 5 in the proof of Lemma 3.3 with small modifications. By testing (4.33); by —AU, using
the Holder and Young inequalities, and considering the interpolation inequality (2.11), we obtain

1d

5 lIVUIE + 1AUI12 < Ca® (lgul® + U7 1A Zs + VU VE] 74)

+C(alZ|AVIZs + [IVallZa [ VVIL) + S(IAU| + [[U]52). (4.45)

d
On the other hand, from (4.32); we deduce T (/ U) =a / gu, which implies
Q Q

) = ) () o (o) e (). o

2
<C. (4.47)

and

/QU(t>2: /QUow/ot/qu

Summing inequalities (4.45)—(4.47), taking ¢ small enough and « € [0, 1], accounting (2.9), (2.10) and (4.44),
we can obtain the estimate ||U||po(g1)nr2(m2) < C. Finally, the estimate ||0,U]|r2(2) < C is deduced as in the
proof of Lemma 3.3.

Therefore, we can deduce the existence of solution for (4.32) from Leray-Schauder fixed-point theorem.

The uniqueness of (U, V) follows directly from the regularity of (U, V') and the linearity of system (4.32).

Thus, we conclude the proof. O
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Now we show the existence of Lagrange multipliers.

Theorem 4.11. Let 5§ = (q, 7, f) € Saa be a local optimal solution for the control problem (4.28). Then, there
exist Lagrange multipliers (A, n, &, ¢) € L2(Q) x L¥3(Q) x (H*(Q)) x (W,?:/QA(Q))’ such that for all (U, V,F) €
Wy X W, x C(f) one has

T T T
au/ / (ﬂ—ud)Udscdt—Fav/ / (ﬁ—vd)Vd:cdt—i-N/ / (f)PF dadt
0 Qq 0 Qq 0 Q.

/OT/Q (@UAUV~(UV6)V~(&VV)>>\dxdt

T
—/ /<8tV—AV+V—U—fV)nda:dt
0 Q

- /Q U(0)¢ dz — /Q V(0)pdx + /0 ' /Q C Findzdt > 0. (4.48)

Proof. From Lemma 4.10, s € S,4 is a regular point, then from Theorem 4.6 there exist Lagrange multipliers
(A €.9) € LX(Q) x LY3(Q) x (H!(Q))" x (Wa'**()) such that

T (3)[r] = (GLB)r], ) = (Ga(3)[r],m) = (G3(3)[r],€) = (GA()Ir]. @) 2 0, (4.49)

for all 7 = (U, V, F) € W, x W, x C(f). Thus, the proof follows from (4.29)(4.30). O
From Theorem, 4.11 we derive an optimality system for which we consider the following spaces

Wi = {u € Wy : u(0) =0}, Wy, :={veW, : v(0)=0}. (4.50)

f) be a local optimal solution for the optimal control problem (4.28). Then the

Corollary 4.12. Let § = ,
(Q) x L*3(Q), provided by Theorem 4.11, satisfies the system

(i
Lagrange multiplier (\,n) €

T T
/ / (@U —~AU-V- (UV@)))\dmdt - / / Un dzdt
0 Q 0 Q

, U
2

T
= au/ / (@ —ug)Udzdt YU € Wy,, (4.51)
0o Jau
T T ~ T
/ / (@V — AV + V>17dxdt — / / fVndadt — / / V- (aVV)Adzdt
o Ja o Ja. 0o Jo
T
= qy, / / (0 —vg)Vdadt YV €W, (4.52)
0 Qa

which corresponds to the concept of very weak solution of the linear system

N+ AX=VA-Vi+n = —au(t—uix,, nQ,
O+ An+ V- (GVA) =1+ fix,, —ay (0 — va)X,, inQ,
NT) = 0, 9(T)=0 inQ, (4.53)

oA an
ain = O, a—n—O on(O,T)X(?Q,
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and the optimality condition

/T/ (N(F)® + om)(f — f)dzdt > 0, ¥f € F. (4.54)
0 Qe

Proof. From (4.48), taking (V, F') = (0,0), and taking into account that W,,, is a vectorial space, we have (4.51).
Similarly, taking (U, F') = (0,0) in (4.48), and considering that W, is a vectorial space we obtain (4.52). Finally,
taking (U, V) = (0,0) in (4.48) we have

T T
N/ / (f)3dedt+/ / onF dzdt > 0, YF € C(f).
0 Qe 0 Q.

Therefore, choosing F = f — f € C ( f) for all f € F in the last inequality, we obtain (4.54). O

In the following result we show that the Lagrange multiplier (), 7), provided by Theorem 4.11, has some
extra regularity.

Theorem 4.13. Under of conditions of Theorem 4.11, system (4.53) has a unique strong solution (\,n) such
that

A€ L0, T; HY(Q)) N L2(0,T; H3(Q)), 9\ € L*(Q), (4.55)
ne L>®(0,T; W22/PP(Q)) N LP(0, T; W2P(Q)), & € LP(Q), for any p < 2. (4.56)

Proof. Let s =T —t, with ¢t € (0,T) and A(s) = A(t), 7j(s) = n(t). Then system (4.53) is equivalent to

ON—AN+VN-Vi—7f = o (U — ua)X,, in@Q,
07 — A = V- (aVA) + 1 = filxe, = 0w(0—va)Xe, inQ,
A(0) = 0, 7(0)=0 inQ, (4.57)
O\ on
% = 07%—0 OH(O,T)XQ.

Following an analogous reasoning as in the proof of Lemma 4.10, we can obtain the energy inequality

d o< i . _ _ < i ~
75 (M Z + 171%) + CUAIZ= + lillz) < CURIE + A7) + C(l@ = vall® + 19— val|*)

+CIAIF V8N 20 + Cllalza VI + ClLFI L 7)1
< CA+ A + Ol — uall® + (19 — vall*)
+C(1+ [[allza + [VolIZO) A (4.58)

Thus, we deduce that

{ e L®(0,T; HY(Q)) N L2(0,T; H2(Q)),
i € L®(0,T; L*(Q)) N L2(0, T; H'(Q)),

hence in particular (4.55) holds.
Now, since f € L*(Q.) and 7 € L>(0,T; L?(2)) N L?(0,T; H*(Q)) — L*(Q) we have

fi e L*(Q). (4.59)
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Also, taking into account that @ € W,, where W, is defined in (4.25), and A € L*(0,T;H(Q)) N
L?(0,T; H*(Q)), we obtain

V- (aVA) = AN+ Vi - VA € LP(Q) Vp < 2. (4.60)

Therefore, from (4.57)2, (4.59), (4.60) and Lemma 2.3 we conclude (4.56). O

Corollary 4.14. (Optimality System) Let § = (u, D, f) € Saaq be a local optimal solution for the control problem
(4.28). Then, the Lagrange multiplier (A, n) satisfies the reqularity (4.55) and (4.56) and the following optimality
system

ON+AN—VA-Vi+n = au(& Ud)Xq 0, G- (t,z) € Q,
O+ An+ V- (aVA) —n+ fixe, = —a(0— Ud)XQ ae. (t,x) €Q,
AT) = 0, n(T)=0 inQ,
o on (4.61)
% = 0 871’170 on (O,T)X@Q,
/ / P +on)(f - fdedt > 0, Vf e F.

Remark 4.15. If F = L4(Q.), that is, there is no convexity constraint on the control, then, (4.61)5 becomes
N(f)*Xa, + T1xa, = 0.
Thus, the control f is given by

. 1 1/3
Pt oo

Remark 4.16. All the results obtained in this work hold when the control f belong to L4(Q), for ¢ > 2. Indeed,
we obtain the existence of pointwise strong solutions (u,v) of (1.2)-(1.4), where the regularity for u remains
fixed, that is, u € L>°(0,T; H'(Q)) N L?(0,T; H*(Q)) with d,u € L?(Q), and v € L>®(0,T; W2~2/94(Q)) N
L4(0, T; W24(2)) with v € L(Q). We fix ¢ = 4 only for simplicity in the notation.
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