DE GRUYTER OPEN Open Math. 2017; 15: 1371-1388 a

Open Mathematics

Research Article

L.M. Camacho, B.A. Omirov, K.K. Masutova, and |.M. Rikhsiboev*

Solvable Leibniz algebras with NF, P F,
nilradical

https://doi.org/10.1515/math-2017-0115
Received June 5, 2017; accepted October 4, 2017.

Abstract: All finite-dimensional solvable Leibniz algebras L, having N = NF, @ F,}, as the nilradical and the
dimension of L equal to n + m + 3 (the maximal dimension) are described. NF;,, and F,ll are the null-filiform
and naturally graded filiform Leibniz algebras of dimensions n and m, respectively. Moreover, we show that these
algebras are rigid.
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1 Introduction

Leibniz algebras over K were first introduced by A. Bloh [1] and called D-algebras. The term Leibniz algebra
was introduced in the study of a non-antisymmetric analogue of Lie algebras by Loday [2], being so the class of
Leibniz algebras an extension of the one of Lie algebras. In recent years it has been common theme to extend various
results from Lie algebras to Leibniz algebras [3,4]. Many results of the theory of Lie algebras have been extended
to Leibniz algebras. For instance, the classical results on Cartan subalgebras [5], variations of Engel’s theorem for
Leibniz algebras have been proven by different authors [6,7] and Barnes has proven Levi’s theorem for Leibniz
algebras [8].

In an effort to classify Lie algebras, many authors place various restrictions on the nilradical. The first work
which was devoted to description of such Lie algebras is the paper [9]. Later, Mubarakjanov proposed the description
of solvable Lie algebras with a given structure of nilradical by means of outer derivations [10]. In the papers [11-14],
the authors apply the Mubarakjanov’s method to classify the solvable Lie algebras with different kinds of nilradicals.
Some results of Lie algebra theory generalized to Leibniz algebras in [3] allow us to apply the Mubarakjanov’s
method for Leibniz algebras. In this sense, we can see the papers [15-18].

It is important to study solvable Leibniz algebras because thanks to the Levi’s theorem for Leibniz algebras, a
Leibniz algebra is a semidirect sum of the solvable radical and a semisimple Lie algebra. As the semisimple part can
be described by simple Lie ideals, the main problem is to understand the solvable radical.
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The first aim of the present paper is to classify solvable Leibniz algebras with nilradical N = NF, & F,},
where NF, and F,}, are the null-filiform and naturally graded filiform Leibniz algebras of dimensions n and m,
respectively. To obtain this classification, we use the results obtained in [16-18].

The arrangement of this work is as follows. In Section 2 we recall some essential notions and properties of
Leibniz algebras. We start Section 3 by establishing the maximal dimension of a solvable Leibniz algebra whose
nilradical is N = NF, & Fnll; thereafter, we present the classification of solvable Leibniz algebras that can be
decomposed as a direct sum of their nilradical and a complementary vector space of maximal dimension. Finally, in
Section 4 we study the rigidity of the unique solvable Leibniz algebra obtained in the previous section.

Throughout the paper, we consider finite-dimensional vector spaces and algebras over a field of characteristic
zero. Moreover, in the multiplication table of an algebra omitted products are assumed to be zero and if it is not
noticed we shall consider non-nilpotent solvable algebras.

2 Preliminaries

Let us recite some necessary definitions and preliminary results.
A Leibniz algebra over a field F is a vector space L equipped with a bilinear map, called bracket,

[-,-]:LxL— L,

satisfying the Leibniz identity
[X, [y,Z]] = [[X, y],Z] - [[)C,Z], y]

forall x,y,z € L.
The set Ann,(L) ={x € L |[y,x] =0, y € L}is called the right annihilator of the Leibniz algebra L. Note
that Ann, (L) is an ideal of L and for any x, y € L the elements [x, x], [x, y] + [y, x] € Ann,(L).
A linear map d: L — L of a Leibniz algebra (L, [—, —]) is said to be a derivation if for all x,y € L the
following condition holds:
d([x,y]) = [d(x). y] + [x.d(y)].

For a given element x of a Leibniz algebra L the operator of right multiplication Ry : L — L, defined as Rx(y) =
[y, x] for y € L, is a derivation. This kind of derivations are called inner derivations.

Any Leibniz algebra L is associated with the algebra of right multiplications R(L) = {Rx| x € L}, which is
endowed with a structure of Lie algebra by means of the bracket [Ry, Ry] = Rx Ry — Ry Ry. Thanks to the Leibniz
identity the equality [Rx, Ry] = R[y x] holds true. In addition, the algebra R(L) is antisymmetric isomorphic to
the quotient algebra L /Ann,(L).

Definition 2.1 ([10]). Let d1, da, ..., dn be derivations of a Leibniz algebra L. The derivations dy, da, ..., dy
are said to be nil-independent if
a1dy +o2dy + -+ apdy,

is not nilpotent for any scalars a1,a2,...,a, € F.
In other words, if for any a1, 2, ...,an € F there exists a natural number k such that (c1dy + azd2 + -+ +
Olndn)k =0,thenay =ap =---=a, =0.

2.1 Solvable Leibniz algebras

For a Leibniz algebra L we consider the following lower central and derived series:

L'=1L LKV = L% LY, k>1;
Ll —r L1 — [L[S] L[S]] s> 1.
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A Leibniz algebra L is said to be nilpotent (respectively, solvable), if there exists n € N (m € N) such that L = 0
(respectively, LU = 0).

It should be noted that the sum of any two nilpotent ideals is nilpotent.

The maximal nilpotent ideal of a Leibniz algebra is said to be a nilradical of the algebra.

Obviously, the index of nilpotency of an n-dimensional nilpotent Leibniz algebra is not greater than n + 1. The
following theorem describes these algebras, algebras with maximal index of nilpotency.

Theorem 2.2 ([4]). Any n-dimensional null-filiform Leibniz algebra admits a basis {e1, ez, ...,e,} such that the
table of multiplication in the algebra has the following form:

NF, :[ej,e1] =e€j4+1, 1 <i <n—1

A Leibniz algebra L is said to be filiform if dim L? = n —i, wheren = dim L and 2 <i < n.
Due to [4] and [19] it is known that there are three naturally graded filiform Leibniz algebras. In fact, the third
type encloses the class of naturally graded filiform Lie algebras.

Theorem 2.3 ([17]). Any complex n-dimensional naturally graded filiform Leibniz algebra is isomorphic to one of
the following pairwise non isomorphic algebras:

F,) :lei el] = eiy1, 2<i<n-—1,
F?:lei e1] = eiy1, l<i<n-2,
lei,e1] = —[e1,e;] = ejq1, 2<i<n-—1,
F7(a):

leienti1—i] = —lent1—i.ei] = a(=1)Tle,, 2<i<n-—1,

where a € {0, 1} for even n and a = 0 for odd n.
The following theorems describe solvable Leibniz algebras of maximal dimension with NF,! and F,! nilradical.

Theorem 2.4 ([17]). Let R be a solvable Leibniz algebra whose nilradical is NF,,. Then there exists a basis

{e1, ea,..., en, X} of the algebra R such that the multiplication table of R with respect to this basis has the
following form:

lei,e1] =€y, 1 <i <n-—1,

lei.x] =ie;. 1=<i=n,

[x,e1] = —e1.

Theorem 2.5 ([18]). An arbitrary (n + 2)-dimensional solvable Leibniz algebra with nilradical F, ,} is isomorphic
to the algebra R(Fnl) with the multiplication table:

leie1] =ej41,.2<i <n—1,[e1,x] = e,
lei.y]=ei, 2<i=<n, [e,x]=(0G—1)e;,2=<i=<n,

[x,e1] = —ey.

Let R be a solvable Leibniz algebra. Then it can be decomposed in the form R = N @ Q, where N is the nilradical
and Q is the complementary vector space. Since the square of a solvable Leibniz algebra is contained into the
nilradical [3], we get the nilpotency of the ideal RZ and consequently, Q2 C N.

Let us consider the restrictions to N of the right multiplication operator on an element x € Q (denoted by
Ry |y ). From [17], we know that for any x € (), the operator Ry, is a non-nilpotent derivation of N. Let
{x1,x2,..., X} beabasis of O, then for any scalars {&1, ..., 0} € C\{0}, the matrix o1 Ry |y + -+ 0m Rx,, | v
is non nilpotent, which means that the elements {x1,..., X, } are nil-independent derivations, [10].

Theorem 2.6 ([17]). Let R be a solvable Leibniz algebra and N be its nilradical. Then the dimension of the

complementary vector space to N is not greater than the maximal number of nil-independent derivations of N.
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Moreover, similarly as in Lie algebras, for a solvable Leibniz algebra R, we have dimN > ‘”TmR.

A nilpotent Leibniz algebra is called characteristically nilpotent if all its derivations are nilpotent. If the
nilradical N of a Leibniz algebra is characteristically nilpotent then, according to Theorem 2.6, a solvable Leibniz
algebra is nilpotent. Therefore, we shall consider solvable Leibniz algebras with non-characteristically nilpotent
nilradical. For more details see [17].

2.2 The second cohomology group of a Leibniz algebra

For acquaintance with the definition of cohomology group of Leibniz algebras and its applications to the description
of the variety of Leibniz algebras (similar to the Lie algebras case) we refer the reader to the papers [2, 20-24]. Here
we just recall that the second cohomology group of a Leibniz algebra L with coefficients in a corepresentation M is
the quotient space

HL*>(L,M) = ZL?*(L,M)/BL?*(L, M),

where the 2-cocycles ¢ € ZL?(L, M) and the 2-coboundaries f € BL?(L, M) are defined as follows
(dz(p)(a’ b7 C) = [a’ (p(bv C)] - [gz)(a, b)’ C] + [(p(a’ C),b] + (p(av [b’ C]) - (p([av b]’ C) + go([a, C]v b) =0 (l)

and
f(a,b) =[d(a),b] + [a,d(b)] —d([a,b]) for some linear map d.

The linear reductive group G L, (F) acts on the variety of n-dimensional Leibniz algebras, Leib,,, as follows:

(g*M)(x,y) =gMEg ' x).g7 '), g€ GLy(F), A€ Leiby.

The orbits (Orb(—)) under this action are the isomorphism classes of algebras. Note that, Leibniz algebras with
open orbits are called rigid.

Due the work [20], the nullity of the second cohomology group with coefficients itself gives a sufficient condition
for the rigidity of the algebras.

3 Main results

Let NF;, be an n-dimensional null-filiform Leibniz algebra with a basis {e1,e2,...,e,} and F, ,}l an m-dimensional
filiform Leibniz algebra from the first class with a basis { f1, f2, ..., fiu}, then we have the following multiplication:
[f1. f1]l = f3,

1.

NFn:[ei,el]:ei+1,1§i§n—l; m - [f fl]—f'_i_l Y<i<m—1
1> I ) = = .

Let us consider the direct sum of these algebras N = NF,, @ F,},. The following proposition describes derivations
of the algebra N.

Proposition 3.1. Any derivation of the algebra N = NF,, @ F,), has the following matrix form:

o] ax o3 ... ap O 0 0 ... 0 Bm

0 21 a2 ...ap—1 O 0 0 ... 0 0

0 0 3a;1...040-—2 0 0 0 ... 0 0

0O 0 O .na, O 0 0 0 0 0

0 0 O Yn 61 éo 83 o Om—1 Sm

0 0 O T 0 61+ 682 33 e Om—1 Om

0 0 O 0 O 0 281+ 62 ... 8m—2 Sm—1

0O 0 0 ... 0 O 0 0 0 0 (m—181+68
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Proof. The proof is going by straightforward calculation of derivation property. O

From this proposition it is easy to see that the number of nil-independent outer derivations of the algebra N is equal
to 3.

Now we consider solvable Leibniz algebra R = N + Q, where N = NF,, @ F, ,}, and the dimension of Q is no
more than three. Thus, we study the case dim Q = 3,i.e. dim R = n + m + 3. Several papers described solvable
Leibniz algebras with a given nilradical [15-17]. The most interesting cases are when the complementary space of
nilradical has the maximum possible. Namely, they have the second group of cohomology trivial. For this reason,
we consider the case dimQ = 3.

From the work [17], it follows that any solvable Leibniz algebra whose nilradical is N F};, has dimension n + 1.
It is also known that any solvable Leibniz algebra whose nilradical is F,,l,l has dimension either m + 1 or m + 2,
[16]. In work [18], it was found a unique (m + 2)-dimensional solvable Leibniz algebra with nilradical F, ,}Z Then
in the case of the solvable Leibniz algebras R with nilradical N = NF,, F,}Z and dim Q = 3, there is only one
possible case.

Taking into account Theorems 2.2 and 2.5, we have the following multiplication of the algebra R:

lei,erll =eit1, 1 <i<n—1,[fi, il = fi+1, 2<i <m—1,

lei.x] =ie;j, 1 <i <n, [f1.y]= f.

[x,e1] = —er, [fiyl=G—-Dfi.2<i=<m, 2
[fi.z2l=fi,2<i<m,
v, il =—11,

where {x, y, z} be a basis of the space Q.
In the following theorem, solvable Leibniz algebras with nilradical N = NF, P F,,l,l and dim Q = 3 are
described.

Theorem 3.2. Any (n+m+3)-dimensional solvable Leibniz algebra with nilradical N = NF,, @ F,}Z is isomorphic
to the following algebra:

leie1]l =ejir1, 1 <i<n—1[fi. il = fi+1.25i <m—1,

lei,x] =ie;j, 1 <i <n, [f1.y]= f1.
L:q[x,e1] = —er, i.yl=G—-1fi,2=<i=<m,
[fi.z2] = fi,2<i<m,
v, Ail = -1

Proof. From the above argumentations we have the multiplication (2) and we introduce the following denotations
for the algebra R (according to the Mubarakzjanov’s method [10]):

[Xfll—ZaeerZ]ﬂ fis [x.y] = ZlkleHerulfu
1— 1— z—
[x. f2] = Z aZe; + Z B? fi. [y, x] = Zlkzez + Z 12 f;,
i=1 i=1 i= 1—1
n m
[y.e1] = Zyl-lez'+ 25-1}3', [x.z] = Zk3ez+ Zu,fz,
1—1 z—]
[Zel]—ZV,emLZSﬁ, [z,x] = ZleerZM?fi-
1—1 1—1 i=1 i=1
[fi,x] Zaljej'f'zbtjfj’]<l<m
/—1 /—1

lei, ¥] = chjej—i-Zd fi, 1<i<n,

lei, z] = Zcue,—l—Zd fi, 1<i<n,
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From Leibniz identity it follows that [y, e2] = [y, [e1,e1]] = 0 and by induction we can easily find that [y, e;] = 0,
with 2 <7 < n. Analogously, we have [z,¢;] = 0, with 2 < i <n.

We consider [x, f3] = [x, [f2, f1l]l = [[x, f2], fil = Z 131—1 fi- Similarly, and using the induction method,

it is possible to show that [x, f;] = Z 'sz'—i—i-zfj for3 <i <m.
J=i
However, from the equality [x, [ f3, y]] = [[x, f3], y], it follows ,81.2 =0,with2 <i <m-—1,ie.

[x7fz]—0 3<i<m,
[x, 2] = Z a?e; + B2 f1+ B3 2+ BE fm.

i=1

m
Taking the following change x" = x — uj fi — 2 i%luilf,-, we have [x/, y] = Z )tle,

i=2 i=1

Next, making y’ = y — Z /\29,, we obtain [y, x] = Z ,ulzf,

i=1 i=1
n m
Finally, the change of basis z’ = z — Y +1%¢; allows to obtain [/, x] = Y u? f;.
i=1 i=1
Let us apply the Leibniz identity on the following triples of elements:
{x,x,y}:>)t} =0,2<i<n = [x,)] zk}el;
oy x}=p?=02<i <m=[y.x]=u}fi:
{z,y,x} :>;L;*=0, 1<i<m=—[z,x] =0.

We observe that [x, y] + [y, x] € Ann,(R), thus [el,)L}el + H«}fl] =0, ie. )L} = 0. From the identity 0 =

[f2, [x, y] + [y, x]] = [ f2, 1 f1] we have ] = 0.
Analogously, [e1, y] + [y, e1] and [e1,z] + [z, e1] € Ann,(R), then,

le1.[e1, y] + [y.e1]l = 0 and [ f2.[e1, y] + [y, e1]] = 0,

so we have c{l = —yll, dll1 = —811 and c%l = —ylz, allzl = —5%.
Similarly, from [eq, [x, z] 4+ [z, x]] = O and [ f2, [x, z] + [z, x]] = 0 we deduce Ai’ = ,uf =0.
Considering the following equalities:

[x, f2] =[x, [f2. )]l = =[x, [y, 2]l =0 = BT =5 =5, =0, 07 =0, 1 <i <n,
[x.[er. fill = —[lx, fil.e1] =0 =al =0, 1<i<n-1,
[y.ler. fill = [z, [e1, 1]l =0 =68 =67=02<i<m-1,

we immediately get

[x. fil = en+Zﬁ Ji

i=1
[v,e1] = Z Vl'lei +5%f1 +8r1nfmy
i=1

n
[z.e1l = Y yiei + 81 f1 + 85, fm-
i=1

As aresult of [x, f1] + [f1,x] € Ann,(R), we observe thata;; = 0 and by = —ﬂll.
Since, [ f1,[x, f1]] = O0and [f1,[x,e1]] = Oitfollowsthata, ; = by ; =0,forl <i <n—-1,2<j <m—1,
ie.
[flax] = dl.nén _/3} fl +b1,mfm,

and from the equalities [ f;, [x, e1]] =0, for2 <i < m, itfollows thata; ; =0,for2 <i <mand1 < j <n-—1,

that is
m

[fi.X] =ainen+ Y _ bijfi. 2<i<m.
Jj=1
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We know that [x, f;] + [fi,x] € Ann,(R) for2 <i <m,then 0 = [ f>, [x, fi] + [fi, x]] = bi1 f3, thatis b;; =0
for2 <i <m.

Now, we proceed by looking at the product of certain elements of Ann,(R). Summarizing the following
identities

ler,[y.ei]l + [ei. ¥]l = [f2. [y, ei] + [ei, y]l = [er. [z, ei] + [ei. z]] = [ f2. [z, ei] + [ei. z]] = O,

we have the following Leibniz brackets of the basic elements:

leie1] =ej+1, 1<i<n-—1I, i fil = figr, 2<i<m—1,
lei,x] =ie;, 1<i<mn, [f1.0] = A,
[x.e1] = —e1, fiv]l=G—1)f, 2<i<m,
[f‘l‘vz]:f‘iy 2515]’)’[,
[y, fil = = f1,
m
e fil = anen + X BLfi. 1. X] = atmen = BLfy + b fon
. i
(3) n l i=1 l l N |
y,e1] = Vi €i 1J1 mJm> i, XxX] = ajpen i i <i<m,
el = % vlei +81/1+ 851 Lfi. %] Y by Sy 2<i<
= )%
3 2 2 2 1 g 1 1 >l
el = 3 viei + 601+ 8 fm. ler.y] =—yie1+ X ciye; =81 i+ 2 dy; .
= > >
ln 3 m 3 n 1 J m 1 J
[X’Z]sziei‘FZM;fi’ le;, y] = ch‘jej—’_zdl’j_fjv 2<i=n,
=, z > >
| 2 l" 2 2 g2 ]n 2 jm 2 .
le1.2] = —yfer + X cfje; =83 fi+ X df fi leizl = X cFe+ X dfi, 2<i<n.
i=2 ji=2 i=2 j=2 "

The Leibniz identity on the following triples imposes futher constraints on (3).

Leibniz identity Constraint

{fm5x,fl} = bm,j=0, ijﬁm_l
{(fim—-1.%, f1} = amn =0, bm—l,m—l =ﬂ} + bum,m, bm—l,i =0,2<i<m-2

As a result of the above constraints we observe that

[fm»X] = bmm fm,
[fm—1.X] = Gm—1.nen + (ﬂll + bm.m) fm—1 + bm—1.m fm-

By the induction on decrease i (2 < i < m) and using the Leibniz identity for the elements { f;, x, f1} we get

Lfiox) = (On =D} +bmm) fi + mzﬂbi—.mm,mfp 3<i<m,
J =1
[f2.x] = az.nen + (m—=2)B} +bmm) f2+ X bm—it2.m fi-
1=3

n
Considering the Leibniz identity on the triple {e1, y, e1} we get [e2, y] = —2)/11 ex+ Y. 011,,'_1 e

i=3
Also, using the equalities [e;, ¥] = [[ei—1,e1], ¥] = [[ei—1,V].e1] — [ei—1,[y,e1]], for 3 < i < n and by
induction method on i, we obtain that

n
.1 1 .
[ei’y]:_lylei'i_ Z Cl,j—i-|—lej’2§l§”~
J=i+1

n
Analogously, we can get [e;, z] = —iylzei + X 612 j—iv1¢i-for2 =i <n.
J=i+1
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The Leibniz identity on the triples { />, x, ¥}, { f1, x, ¥} and {x, f1, y}, (in this order) gives

[f1.x] =ai.nen — B} f1.

[f2.x] = az.nen + ((m = 2DB + bmm) f2.

[fi,x] = ((m = )BY + bmm) [ 3<i<m,
[x, fil = apen + B1 f1 + B3 fo-

Now, applying the Leibniz identity on the triples {x, f1,z}, {y,x, fi}, {fi.x,z}, {fi.x,y}, with 1 < i < m,
{ej,z,x},{e;i,y,x}, with 1 <i <n, (in this order) it follows

1,2 _ pl _ 3 _ :

ahy? =By =pi =0.2<i<m—1.
ain =0,

1 _ 2 _ i _
ci; =c¢1; =0, 2<i<n-—1,

azn(nyl2 +1)=0.

From the above results we can simplify the family (3) as follows:

lei,er] =ejp1, 1<i=<n-1, [fi. f1l = fi+1, 2<i<m-—1,
lei,x] =ie;, 1=<i=<n, [f1.y] = f1.
[x,e1] = —ey, [fi.y]=(G—-Dfi, 2<i<m,
[fi.z] = fi, 2<i=<m,
[y’fl]:_fls
[x. fil = aten + B] f1. [f1.x] = =B f1.
4 : [f2.x] =a2nen+((m_2)ﬁ} + bimm) f2,
n
el = 3 vlei + 81 /1 + 8 fm, [fiox] = (m = D)B} +bmm) fi.  3<i=m,
171 m 1
[z.eil = X viei + 67 /1 + 82 fm. le1,y] = —vier + ¢l en =81 fi+ X di; [,
i=1 ji=
n
[X,Z]: ZA?el—i_M?nfm’ [Ei,y]:—i)/llei, 2515"
i=2
m
le1,z] = —y12e1 —i—c]znen —5%f1 + .szlzjf}, lei,z] = —iylzei, 2<i<n
J=

Finally, considering the Leibniz identity on the following triples we obtain:

Leibniz identity Constraint

{x,z,e1} —= 8%(;311 +1) =0, /\3- =0,2<j<n-2, )Lz_] :8%05; —clzn, d12i =0,2<i<m,
{x,y,e1} = ¢}, =8lal. 8B+ 1) =0,d], =0 2<i<m,

{x,z,y} = /Lfn =0,

{x,z,x} - lfl =0, clzn = 81205,11,

{e1,y,x} == clln =0,

{e1,z,x} - c%n =0,

{y,e1,x} :}yi1:0,2§i§n, 83 (1= bymm) =0,

{z,e1,x} :}yf:O,Zgign, §2,(1 = bymm) = 0,
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Summarizing Fhe above results and renaming the following parameters a2, = a, o} = a, ﬂll

Solvable Leibniz algebras with NF,, @ F,. nilradical —— 1379

Leibniz identity Constraint

{y.e1, 7} = Sy +m—1)=0,
{z,e1,z} :>3,2n()/12+1):0,
{f2.€1,y} :>8}:0,

{fr.e1,2} = §7 =0,

{y.e1.2} = 8, (yf +1) =0.
{z,e1,y} = Syl +m—1) =0,
{x, f1.x} = ay (B} +n) =0,

{x. fi. ) = ay(ny] +1) =0,
{x, f1,z} == a,%ylz =0.

n

b, y{ = yi, 85, = 8; we can simplify the family (4) as follows:

5):

with the relations:

Now, by performing a change of basis in the family (5) x’ = x + 8y — ((m — 1)B + b)z we have:

lei.e1] = eit1, l<i<n—1LI[fi. il = fi+1,
[x.e1] = —ei, [x, f1] = aen + Bf1,
[y.ei]l = yier + 81 fm. y. fil =— /1.
[z,e1] = y2e1 + 82 fm,

le;,x] =ie;, l<i=n, e y]=-ire.
[f1.x] =—BS1, [f1.0]= N

[f2.x] = aen + ((m —2)B + b) f2. [fi.y]=@G—-Dfi,
[fi.x] = ((m—=i)B+D)fi. 3<i=<m,

lei, z] = —iyaei, 1<i=<n,

Lfi.z] = fi, 2<i<m

Skb—1)=8k(y1+m—1)=8(2+1) =0, k=12,
a(nyr + 1) =a(my> +1) =0,
any1 +1) =a(Bf+n) =ay> =0.

lei.e1] = ejt1, l<izn—-L1[fi,fil= fix1,2<i<m—1,
[x,e1] = —0Oer + &fm. [x, f1] = aen,
[v.e1] = y1e1 + 81 fm, . fil = —f1,

[z.e1] = y2e1 + 62 fin,

lei,x] = iOe; 1 <i<n,le,y]l=—iyie;, 1=<i<n,

[f2,x] = aen, [f1.y] = f1.
[fi.y]=G-1fi,2<i<m,

lei,z] = —iyzei, 1 <i <n,

[fi.z2l=fi. 2=<i=m

Since Ry is not nilpotent, # # 0. Thus we can assume 6’ = 1 (making x’ = %x).

2<i<m-—1,
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The Leibniz identity on the following triples imposes further constraints on the parameters.

Leibniz identity Constraint
{x, f1,x} — a =0,
{y.e1,x} = §; =0,
{z,e1,x} = 8, =0,
{x,e1,x} — §=0,
{f2.x,z} = a(ny2 +1) =0,
{f2.x,y} = a(ny1 +1) =0.
We can distinguish the following cases:
— Case a # 0. The restrictions imply that y; = y» = —nl. By performing a change of basis
f=fi fi=nfo—aen, fl=nfe, Y =y—x Z=z-1x

we obtain the algebra L.
— Case a = 0. Making the change y’ = y + y1x, z/ = z + y2x, we obtain the algebra L. O

4 Rigidity of the algebra L

In order to describe the second group of cohomology of the algebra L we need the description of its derivations. The
general form of the derivations of L is given in the following proposition.

Proposition 4.1. A derivation d of the algebra L has the following form:

di(ej) =iej, 1=<i<n, dsz(f1) = f.
dafe;) =ejy1, 1 <i<n—1,d3(fi) =@ -2)fi,3<i <m,

d2(x) = —er, da(fi) = fi, 2<i<m,
ds(fi) = fi+1, 2<i<m-—1,
ds(y) = —f1.
Proof. The proof is carried out by straightforward calculations of derivation properties. O

From Proposition 4.1 we conclude that dim BL?(L, L) = (m + n + 3)? — 5. The general form of an element of the
space ZL2(R(L, L)) is presented below.

Proposition 4.2. dim ZL2(L,L) = (m +n + 3)% — 5.

Proof. Letg € ZL2(L,L).We set entm+1 = X, €ndm4+2 =Y, €ntm+3 =2, ep+i := fi, 1 <i <mand

n+m+3
pleiej) =Y af e, 1<i,j<n+m+3.
k=1

For ¢ € ZL?(L, L) we shall verify equation (1). We consider b = ¢ € L, then we get [a, (b, b)] + ¢(a,b?) =0
foralla € L.

If b = ey, then we have
(e e2) = —iai 1" ej —al jejp1. 1<i <n,
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o(fi.e2) = —=a{ "2 fiL p(x.e2) = al jer. o(v.e2) = T! fi. ¢(z.e2) = 0.
¢(fire2) = = = Da{ "2+ a7 fi =i fipr 2<i =m.
From the multiplication table of the algebra L it is easy to see that ¢(b,b) € Iy @ I forall b € L, b # ey, where
Iy = spanfes,...,ep) and Ino = span{fa,..., fm).
If b,c € I1 @ Iz, then we obtain [a, ¢(b,c)] = 0 for all a € L, and, consequently, ¢(b,c) € I1 P I, i.e.
go(li,lj) Cc I @12, 1<i,j <2
Ifa,b,c € Q, (remember that L = N @& Q where Q is the complementary vector space of the nilradical
N = NF, @ F.), then we derive

1 _ 1
Aptm+1.n4+m+2 = “Gpntm42.n4+m+1

1 _ 1
Aptm+1.n+m+3 = “Qpntm+3.n+m+1-

n+1 _ n+1
Ytm+2.n4+m+3 = “Dntm+3.n+m+2

and
@(x,x) € I, ¢(x.y) € Fl,Pler). o(x.z) € I Ple),
9(y.x) € NF @(f1), (3. y) € I2, ¢(y.2) € Fy,
o(z,x) € NF,, o(z,y) € F,}l, o(z,z) € I».

From now on, we consider the equation (1) with combinations of the triples {a, b, c}, where a, b, ¢ are the elements
of L.

Triples Relations
{x,x,e;}, {x,y,¢e;}, {x,e;,x},i>3 = ¢(x,e;) €ler), i >3
m .
{x,x, f1}, {x, 3, 1}, {x, f1,x} = o(x, f1) = _a,%+1’1el +a:ll::__,1n+1,n+1fl +i§3a;’iin+l,n+lfi’
{xrys.fi}r {x’ﬁsy}szfjfm =>(p(-xs.fi)e(el)s ZStSm,
. yv,ei}, {x,y,ei 1,4y, x,ei},{y,ei, x}, {y,ei,e1} = o(y,e;) =a§’f11,1f1, 3<ic<n,
{z,z, i}, v, z, fit Az, x, fid Az, fis ) = ¢(z,fi)=0,3<i<m,
{y,y,e1},{y,x,e1} = ¢(y,e1) € NF, D(f1),
Wy, fits o x, fid Ay, fis v} = o0, fi)e({fi),2<i<m,
m .

{z,z, fit, {z, x, fil {z, », f1} = (p(zafl)=aZi,ln+3,n+1fl +i;3aZiin+3,n+1fi’
{z,z,e;},{z,x,¢ei},{z, ei, x} = ¢(z,e;) =0,3<i=<n,

no,
{z,x,e1} = ¢(z,e1) = ‘Zl ay i maa.1€is

i=
{fi,x,z} = ¢(f1,x) € NFn D(f1); o(fi,x) e NF, D>, 2 <i <m,
{ei,y,ej}, 1<i,j<nm = o1, 1) C1; ple;,y) e L BF)L, 2<i=<n,

. 1 1
oleiej) = —id! " e + (@} —al_| Deiyy

{ei,ej,e1}, 1<i,j<n, 3<j<n 1<i<n
<j<n,1<i=<n,

{x,ei,e1}, 2<i<n—1 = o(x,e)) =(a)_; | —a' e, 3<i<n;
{fis £ 11} = o(fi, fi)=—a) 2 L A3 <i<m;
O, f1, 23 {12, f2} = o(f1. f2) = ajf| a1

oer fid s froer) = o(fi,en) = él @Sy yes +altl A
(,ei, i}, 2<i<n = o(fl.e)=—al | fi,2<i<n;

{fr.x, fid (1.2, A1) = o(f1. 1) =i§2azi§,n+1fi;

Given the restrictions above and the cocycle property (d2¢)(x,eq, f;) = Ofor1 <i < m, (d?¢)(e1,y, f1) =0
and (d2¢)(fi,x,e;) =0, 1 <i <m,1 < j <n, we derive

pler, f1) € Fl @le1.e2), ¢le1, fr) € NFy, ¢ler, f;) € (e1,e2), 3<i <m,
o(fi,e1) e NF, @D Iz, ¢(fi,ej) €lx,2<i<m,2<j<n.

Analogously, we get

{fiox. fi}2<i,j<m= @2, 12)C I;
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{ei, fi.x}, {eiver, [}, 2<i<n,2<j<m= ¢(h,Ix) CI;
{fivej.x},2<i<m,2=<j<n= (1) C Iz;
{eix, i}, 2<i<n= glei, fi) e HEDFH\ (o), 2<i <nm;
ler,x, 2} = gle1, f2) € (e1,e2):
{fi.yei}, 2=i=m= o(fi.y) e L\(x),2=i=m;
{ej,z,e1},2<i<n= ¢,z ENFn®12, 2<i<n.

Summarizing the above discussion and from (d2¢)(f;, f1, f1) = 0,2 <i <m, (d?¢)(fi, f;.2) =0, 1 <i,j <
m, (d?¢)(fi, f;,y) =0,1<i,j <mand (d?@)(y,, f1) = 0 we conclude:

o(fmse1) = Z an+m 16s +an+m lfm’
+
o(fi, f1) =— Z abl estalent Z Al fetal o xaldt Ry el s 20 <i<m—1,
_ n+s n+m—+2 n+m+43

o(fim, 1) = _an+m,n+13" + ;1 an+m‘n+1fs +an+m,n+1y +a Aytman+12>

O nti ”
o(fi, fi)= 2 an+1_n+1fi’

i=3

n
_ K n+1 n+m-+2 n+m-+42 n+m+43
o(f3,2) = Zl @piont1es @0 1 =@ im3) 1+ @ s T 4 ) 2t
5=

m
n+2 n+1 n+s—1 +m+1 n+m+2 n+m+3
+(an+2.n+m+3 + an+1.n+m+3)f3 + Z an+2.n+m+3fY + an+2 n+1x + an+2.n+1y + an+2 n+lz

n
3 _ s n+1 a" m+2 _ —1 n+m+2 n+m+43 3
o(fi,z) = ZI a;l-%—i—l‘n-klef +(an+i—l,n+l Apti—2, n-%»l)f1 +G 2)(l At 1n+m+3 +an+1 n+m+3)fl—1+
s=

+(“Zi%,n+m+3 +G - 2)“21},n+m+3)fi + . ;+1 aﬁié;finzwsﬁ' + “Ziz"nj}nﬁx + aﬁi?‘fﬁmﬁ
‘a4 <ism,

(P(fi, fZ) = (azig n+2 + (i Z)azi},n+2)fi + a’rll,i;,n+2-f‘l‘+l’ 2<i<m,

o(fis f3)=—(G = Daj i +ai iy D fi— @l o+ aiis ) fiv1, 2<i<m,

o(fi, ;) =—((G - l)an+ljnj1 n+1 + Zi;njlsn+l)fl + (asiljfljizjhkl _aZi}fl.lH»l)fi"'lJr
T i A< <m 2<i<m,

n m—1
_ 3 n+1 n+s+1 n+m
o(f1,y) =— ,Z aiz+m+2 n+1€s ~ Aptm+2, n+1f1 + Z (s— 2)“n+1,n+1fs + an+l‘n+m+2fm_
=

n+m+1 n+m+2 n+ +3
Ay ymt2.n41% T an+m+2 n+1Y n+m+2 n+1%>
2 s m+1 n+1 n+1 n+2
e(f2y) = Z “n+2 ntm426s + Zzan+2.n+m+2f5 +ay L e X — a1 gy + @ — 4013 00)7,
s=

1 1
o(f3,y) =2 Z an+3 1es +2ay5 4 16n + (“ﬁiz n+1 +a:11114n+2)f1+

m+2 n+m+3 n+2 n+1
+(“n+2 n+1 + an+1 ntm42 TG ntm42) 2+ @105 o pmgr — @y fmg2 gy ) 3+

S 1 n+m—+2 n+m+3
+ Z ( ay’ts, n+m+2 i Che 3)an+2‘n+l)f3 t2a,451% +20,15,50Y 20,05 5112
. . . 1 2
o(fi,y) =—-(G-1) 21 aytlies+G=1ap, y,en+G=2)@t] 0 —a s DA+
5=
i—2 s—1
. n+r+1 n+tt (=2)(i=1) n+m+2 . n+m+3 .
+ Zz(l _S)([ZI Ay titi—s, n-H) ( Z Aptint+1 — 2 Aptm+2.n41 (O 2)an~|»m+2.n~|»1)fl*1+
s= =
i—2
n+2 : n+1 . n+s—i+2 (e n+s—t+1
@ ngmt2 = =28, g ) fi + Z+1 (“n+2.n+m+2 =D X an+i—t‘n+1)fv+
S=1 =
+i—Dalx+G—Dap 2 Ly + G- Da iz a<i<m,
m=2 n+i+1 n+i+2 n+m n—+m
o(y,y) = _22 G =D {241 ~ Gt pr )i +(m = Z)an+m+2 n+1 " Gt ngm42) Sm=1 @ Lo ppmo S
i=

and the following restrictions

n—+i _ n+i+l1 .
pitntm+3 = Gnfinyrr 25i=m—1,

n+m-+2 n+1 n+1 n+3 n+m+43 _ n+1 n+2
an+2,n+m+3 _an—l—l n+2° an+2 n+m+3 n—|—2 n—+2 an+2 n+m—+3 — an—}-l n+2 an+2,n+2’
gt g3 3<i<m-—1, a"tit2 = 2<i<m-—2.

n+in+2 = Yn+2.n42 n+in+3 — 0
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Analogously, considering the equation (1) for the bellow listed triples we obtain the corresponding relations

Triples Relations

{z,z, fa}, {f2, 2, f2)s {2, f2,a), = ¢(2, f2) =0,
where a € {x,z,e1, f1},

m—1 .
1 1
{z.z, fil. {z. 2.y} = ¢(z,2) = ) aZiin++3,n+lﬁ + m—laZi?n1+3,n+m+2fm’
=2

1=

n+1 m=1 nti+1 ntm
9(2.9) = @y L3 ngmea /1 + ; (=Da, L3 np1fi TG fmi3nymyafm

l
{er1.en. e1} =alt"t =04} | =altH
n+m+2 _ n+m+4+3 _ n+m-+1 _ 1
ey} =4 w2 T U oaimi2 =0 G2 i1 = g
as = aS l1<s<n-1;
2,141 L1 =852 ;
{fi L2<i<m-—1 N Zi%iln—i__rll—i_ s I S
i1, y5, £t =m ani%,n—i—m—i—Z _$§+2.1’_€n+2.n+m+2 = Gpqap =8 =n— 1
n n—r2 n—-rs . ; .
A ptmt2 =Apisr 1 Ayiig = 0,s€[2;i —1MU[i +2;m],
n+i+1 _ n+3 . .
il = nt2.1 2=i=m-1L
n—+m _ 2 [ | Ky —
{x,e1,y} =4 m2 =0 4 2 T Gpmi2ntmtt Qngmiz =03 =5 =n,

¥ +3
Ay 2 =G =Day o 2SS Sm a0 =a,

Now, considering the equations (d2¢)(x, x,e1) = (d2¢)(x,e1, f1) = (d%@)(f1.x.e1) = (d3¢)(e1. f1.y) =
(d?9)(y. f1.x) = (d%@)(y.x. f1) = (d?@)(f2,x.e1) = (d%¢)(fi.x.y) = 0,for2 <i < m and we can derive

=l i i1

— ; . n

p(x,x) = ,ZZ(’an+m+1,1 =y )8t Ay €0

1=

n m
_ 1 2 i . n+3 n+i s
ple1,x) = —a, 4,1 1€1 + a5 i g2+ _Z3all,n+m+lel —a,35 /1 — ,Zzan+m+1,1ft_
1= 1=

n+m+1 n+m+2 n+m+3
“yam+11Y T em+11Y T tm1,1%

m
1 i—1
pler. f1) = _a;11+1,1el +a;%+1,182 _aZil,lfl + Zéagiinﬂ,lfiv
1=

n—1
_ . i1 n+1
o1, x) = X da, oy e Fnay 00 1€ =ttt J1
=1

1=

n m
_ i . n+3 n+i : n+m+1 n+1 n+2 n+1
p(x.e1) = ,Zla;z+m+1,1el +a, 15,1+ .Zzan—i-m—i-l,lfl tay L1 X a0y + @05 —a 1 1)z
1= 1=

n—1
= igttl . n+2 n+3
e(f2,x) = 'Zl 1ay 4216 + aZ—I—Z,n—I—m—}—len + an—}—2,n—}—m+1f2 + a11+2,n+m—|—1f3’

1=

n—1
s+1 j 3 .
p(fi.x) = Sa;z_—ll——i,les — Ny gq€n +aZ—t;,n+m+1fi + a:lz:li-—2,n+m+1fi+1’ 3=i=m.
s=1

and the following restrictions:
an+m+2 _ an—i—l
n+m—+1.,1 — “n+1.1
a — _lan
n+2.n+m—+2 n“n+2.n+m+1°

n+1 _ n+3
Ytm+1.n+m+2 =~ 42 n+m+1-
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Analogously, applying the same arguments:

m—1 .
3 . 1
{9, 1) v, x, 0} = o(x,y) = _a},+m+2 n+m+1€1 +aZiz,n+m+1f1 + 'ZZ(l - l)aZiin—:],nlefi'i'
i=

+an+m+l ntmi2Sms
n+ _ 3
im—i—Z n+m—+1 :_3 n+2 n+m+1’

{y.e1,y} =>an+m+21= Apt2.1
1
{f1,e1,2}, v, z, 1}, {1,209 = o(f1,2) = n+m+3n+1f1 + Z az¢it+1fb m m—a niln+m+2fm’
n+l n+i+1 n+i+2 .
—a, ,2<i<m-—2,
nim—i—Z n+m+3 = nim—I—Z n+1 l n+1 A

a, m+2.n+m+3 +n+m+2 n+1 T n+1 ndm+3 ntmy3z =0
a’ =q"
im+2 n+1 _+n+1 n+1

{e1, f1,z} =>a1n+m+3 n+m+l4l_,fl<z<m—1
{x,z, f1} = Ay Lot ntmt3 = n+m+ln+l’2<l<m_l;
n m

ix,2,y} = Ay fmtlntm+3 = 2—1 Ay Lo L m423
{f1,ei,e1},2<i<n = o(fi.e) =—a "2 fi,3<i<n,

n+m+2 _0_

a”-f-l B +1

n 1
{f2,e2,y} = a2_’ﬁ+m+2 _a,1,1 s

3
{fre1,2}, S22, %} {fa, 2,9y = al L, 5= a;’j;'ﬁ,j;H =0,
— s+1 1 n+3 n—+2
o(f2,2) = Zl 4218 = 7942 npm41€n ~ Guis ni2S1 + @005 gy 32t
1 nt1 n42
+an+m+3 ntmtaf3 Fag X —api oy @l 0 — 15 i 40)2

To complete the proof, we use the following equations in order to obtain some expressions for 2-cocycle ¢ and some
restrictions.

(d?@)(fj.e1, [1) = (d%@)(fi,eie1) =0,2<j<m,2<i<n, = o(fj.e),2<j<m, 1<i<n,
(d?@)(ei. f. f1) = (d%@)(ei, fo.x) =02<i<n,2<j<m-—1,

d?p)(ei, f2.) =0 l<i=n, = (e, fj). 1 =i = =Jj=
(d?¢)(er. fi.x) = (dp)(x. fi.e1) =0 3

A 1A IA
A
A
=
N
A
~
A
3

(d?Q)(x, f;,x) = (%) (fi,y. f7) =0,2<i,j <m= o(x, [;), o(y. fi), 2<i <m,

ntitj—1 _ : .
nting; =0.2=si=m, 4=<j=m,
(d?¢)(ei. fren) =0, 1 =i <n, = ¢(ei. /1), 2=i =n,

aZﬁ‘Yzo,Zfsfm—l.

Similarly, we get

i _ i1 : .
{y,x,e1} =>an+m+2n+m+1—lan+m+2’1,151511—1,
{z,x,e1} :>aim+3n+m+1:lan+m+3l’lflfn_l;
2,5} = an me2.n+m3 = T 2t m 2
m n+m 2

{el’z x} 1 <izn= al n+m+3 n+m+1,1’ al,n+m+3 - n+m+3,1’ all,n+m+3 = 0’ 3 Si =n

aln+m+l—la 11,2§s§m,2§1§n;
— 4! .
{x.y.e1} = 4] pbmt2 = ~Apimin i}

1 _ 1
{x,z,e1} = A ntm+3 = “Aptm+3.1
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Given the restrictions above, by applying the multiplication of the algebra L and checking the general condition of
cocycle for the other basis elements, we get a general form of the 2-cocycle ¢.

plej.e1) = Z aj jes + Z al T fo+al T x a2y +al T P 1<i<n—1,

i—1
_ n+m—+1 n+m+1 K
plen,e1) =a n-1.1 €1+ ‘22 (an—i,l _szl ajt—i—i—s,l)ei +a2"1€na
i= =

1
o(f1,e1) = Z ap. . 1es+aZi1 1 /15
3 .
o(fi,e1) = Z ayyiges + (a3, + 0= 2ap DS +ayls fivr, 2<i<m,

n
2 i n+1
p(x,e1) = Z a1 tanis  fit Z ap i1 fi ¥ (4(n+2)(n71) igl af’,l)" tap vt

n+2 n+l
+@, 151 —a,11,0%

LA n+3
o(y.e1) = Z Ay pmt218 — 815115

p(z,e1) = Z @y mta€i

plei,e2) = —m'f'i{mH ;—aj jeiy1, 1<i<n,
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Taking into account the expressions (6), (7) and (8), we derive that the dimension of ZL?(L, L) is equal to
(m+n+3)?-5. O

Based on Proposition 4.2, we have the following corollary.
Corollary 4.3. dim HL?(L,L) = 0.
Thus, according to the results of the paper [20], we derive the following theorem.

Theorem 4.4. The algebra L is rigid.
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