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ABSTRACT. The descriptions (up to isomorphism) of naturally graded p-filiform Leibniz algebras
and p-filiform (p < 3) Leibniz algebras of maximum length are known. In this paper we study
the gradation of maximum length for p-filiform Leibniz algebras. The present work aims at the
classification of complex p-filiform (p > 4) Leibniz algebras of maximum length.
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1. INTRODUCTION

Leibniz algebras were introduced at the beginning of the 90s by J.-L. Loday in [I4], which are a
“non-commutative” generalization of Lie algebras. The right multiplication operator on an element of
a Leibniz algebra is a derivation, which is a property inherited from Lie algebras.

Active investigation on Leibniz algebra theory shows that many results of the theory of Lie algebras
can be extended to Leibniz algebras. Distinctive properties of non-Lie Leibniz algebras have also been
studied [2, B]. For a Leibniz algebra there is a corresponding associated Lie algebra, which is the
quotient algebra by the two-sided ideal generated by squares of elements of a Leibniz algebra (denoted
by I).

From the theory of Lie algebras it is well known that the study of finite dimensional Lie algebras was
reduced to the nilpotent ones, due to Levi’s theorem and Mal’cev’s decomposition (see [I3| [15]). The
case of Leibniz algebras is analogous to Levi’s theorem [3]. Namely, a Leibniz algebra is decomposed
into a semidirect sum of its solvable radical and a semisimple Lie algebra.

The structure of solvable Lie algebra can be obtained from the structure of its nilradical [16]. This
approach has recently been extended to the case of Leibniz algebras [10]. Therefore, the main problem
when describing of finite-dimensional Leibniz algebras is the nilpotent radical. Thus, the study of
nilpotent Leibniz algebras is a crucial problem.

Since the description of the set of n-dimensional nilpotent Leibniz algebras is an unsolvable task
(even in the case of Lie algebras), we have to study nilpotent Leibniz algebras under certain conditions
(conditions on index of nilpotency, various types of gradation, characteristic sequence etc.).

The well-known gradations of nilpotent Lie and Leibniz algebras are very helpful when investigating
of the properties of those algebras without restrictions on the gradation. Indeed, we can always choose
an homogeneous basis and thus the gradation allows to obtain more explicit conditions for the structural
constants. Moreover, such gradation is useful for the investigation of cohomologies for the considered
algebras, because it induces the corresponding gradation of the group of cohomologies.

The concept of length of a Lie algebra was introduced by Goémez, Jiménez-Merchan and Reyes
n [I1], [I2]. Where, they distinguished an interesting family: algebras admitting a gradation with
the greatest possible number of non-zero subspaces. Actually, the gradations with a large number of
non-zero subspaces enable us to describe the multiplication on the algebra more exactly. They called
such algebras algebras of maximum length. In fact, they only consider the connected gradation. There
exist non connected algebras with the greatest possible number of non-zero subspaces. Nevertheless,
according to Gémez et al. the notion of algebras of maximum length has already been used.

In [T, [B] - [7] the classification of p-filiform Leibniz algebras of maximum length for 0 < p < 3 is
already closed.

The present paper aims at classification of n-dimensional p-filiform Leibniz algebras of maximum
length with n and p generic.
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Throughout the paper we consider finite-dimensional vector spaces and non-split algebras over the
field of the complex numbers. Moreover, we have omitted null products in the multiplication table of
an algebra.

2. PRELIMINARES

Recall [I4] that an algebra £ over a field F is called a Leibniz algebra if it satisfies the following
Leibniz identity:
[Ia [ya Z]] = [[xv y]v Z] - [[Ia Z]v y]vvxv y,2 €L
where [—, —] denotes the multiplication of an algebra L.
Let £ be a Leibniz algebra, then £ is naturally filtered by the descending central sequence
Lr=c, L =gk ), k> 1.

An nilpotent Lebniz algebra £ has nilindex equal to s if s is the minimum integer such that £° # {0}
and £ = {0}.

We denote by R, the operator of right multiplication on element x, i.e., R, : £ — L such that
R, (y) = [y, z] for any y € L.

Let = be an element of the set £\ £2. For the nilpotent operator R, we define a descending sequence
C(z) = (n1,na,...,ng), which consists of the dimensions of the Jordan blocks of the operator R,. In
the set of such sequences we consider the lexicographic order, that is, C(z) = (n1,ne,...,n;) < C(y) =
(m1, ma,...,ms) if and only if there exists ¢ € N such that n; = m; for some j < i and n; < m;.

Definition 2.1. The sequence C(L) = maxC(x)yep\c2 is called the characteristic sequence of the
algebra L.

Let £ be an n-dimensional nilpotent Leibniz algebra and p be an non negative integer (p < n).
Definition 2.2. The Leibniz algebra L is called p-filiform if C(L) = (n —p,1,...,1).
—
P

A Leibniz algebra £ is Z-graded if £ = ®,¢zV;, where [V}, V;] C Vi, for some ¢,j € Z with a finite
number of non null spaces V.

We will say that a Z-graded nilpotent Leibniz algebra £ admits a connected gradation if L =
Vi, ® Vi1 @ -+ - ® Vi, 44 and Vi, 44 #< 0 > for some ¢ (0 <14 < t).

Definition 2.3. The number [(BL) = I(Viy, & Vig41 D - @ Viy+e) = t + 1 is called the length
of the gradation, where L is a connected gradation. The gradation L has mazimum length if
I(@L) =dim(L).
We define the length of an algebra £ as follows
I(£) = max{l(®&L) such that & L =V}, & --- BV, is a connected gradation}.

An algebra L is called of mazimum length if [(L) = dim(L).
Thus, we resume the properties of gradation of maximum length:
[‘/i; Vj] C ‘/iJrja
the subspaces of the gradation are not empty,

(1)

the dimension of each subspace of the gradation equals 1,

all subindices are different from each other.

We define another type of gradation below.

Given an n-dimensional Leibniz algebra £ with nilindex s, put £; = £ / L with 1 <4 < s and
grL=L1 DLy DD L. Then [L;, L] C L;+; and we obtain the graded algebra grL. If grL and £
are isomorphic, grL = L, we say that £ is naturally graded.

The classification of naturally graded p-filiform Lie algebras was done by Cabezas y Pastor in [4],
which is given below.

Theorem 2.1. Let L be a n-dimensional naturally graded p-filiform Lie algebra, with p > 1, n >
max{3p—1,p+8} and 3 <1 <713 <--- <71p_1 <n—p odds. Therefore:
e Ifrp,_1 =n—p, then L is isomorphic to L(n,r1,72,...,Tp—2,0 — D),
o Ifrp_1 =n—p—1, then L is isomorphic to L(n,r1,r2,...,rp—2,n—p—1) or 1(n,r1,72,...,Tp—2,0 —
p—= 1)?
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o Ifrp_1 =n—p—2, then L is isomorphic to L(n,r1,r2,...,7p—2,n—p—2), Q(n,r1,72,...,"p—2,n—p—2)
or T(n,r1,72,...,Tp—2,n —p — 2),
o If2p—1<rp,_1 <n—p—3, then
— if n—p is odd, then L is isomorphic to L(n,r1,72,...,m7p—1) or Q(n,r1,72,...,7p—1),
— if n — p is even, then L is isomorphic to L(n,r1,72,...,7p—1).
where
L(n,r1,r2,...,7p—1) :
[z0, z:] = iy, 1<i<n-p-1,
i . ori—1 .
[£i, -] = (1) 1y, 1<i< M=, 1<j<p—1.
Qn,r1,12,...,Tp—1) :
[IZ?(),IZ?'L = Ti+1, 1§Z§Tl—p—1,
(s, 2r; ] :(—1)i*1yj, 1<i<b 1<j<p-1,
[131737n p— 1 = (_1)7;7150%*1)7 1 S ( S n7§71
T(n,r1,72, ..., Tp—2,m —p — 1)
[IZ?(),IZ?'L]—IZ?»L+17 1§Z§n—p—1,
(i, 20y ) = (—1)" 1y, 1<i<b 1<j<p-2,
[37 Tn—p—1— 1] = ( ) (:Cn,p,1 +y1)*1)7 1<i< ”*5*27
[$i7mvl—p—i] = (_1)1 1%1%7737 1<i< n75727
(21, yp-1] = B0
T(n,r1,72, .., Tp—2,m —p —2) :
[IZ?(),IZ?'L]—IZ?»L+17 1§Z§Tl—p—1,
i— . ri—1 .
[Ti, 2r,—] = (—1) 1y37 1<i<-5—-,1<j<p-2
[Ts, Tn—p—2-4] = (— 1) (xn p—2+yp-1), 1<i< n75737
[JZ Tn—p—1— 1] —( )l 1%12237n7p717 1<:< = 5737
[0, @n—p—i] = (=1)"(i = )=, p, 2 <4 < 2P
(i, yp—1] = B2 0y, 1<i<2.
with {To, T1,..., Tn—p,Y1,--.,Yp—1} @ basis.

For naturally graded p-filiform non-Lie Leibniz algebras the result obtained is the following.

Theorem 2.2. [§] Let L be a n-dimensional p-filiform non-Lie Leibniz algebra, with n —p > 4. Then
L s isomorphic to one of the following algebras

If p is even:
Ao el =ei, 1<isn—p-1,
' [elaf]] fp—i-]u 1§]§§
leierl] =eiy1, 1<i<n-—p-—1,
M2 — [elvfl] =e2 + f%-i—lu
' lei, fil = eir1, 1<i<n—p-1,
len, fi] = fg4s 255 <5
If p is odd:
leie1) =eiy1, 1<i<n—-p-—1,
M? = qlen, fil = figpes 15 <18,
lei, flz)+ 1] =e€i41, 1<i<n-—p-1

with {e1,...,en—p, [1,---, [p} a basis.



4 L.M. CAMACHO, E.M. CANETE, J.R. GOMEZ, B.A. OMIROV

3. p-FILIFORM LEIBNIZ ALGEBRAS OF MAXIMUM LENGTH

In order to achieve our goal we use the following algorithm:

1. Firstly, we extend the naturally graded p-filiform Leibniz algebras by using the natural gradations.
In this way, we can distinguish two cases: the natural graded p-filiform Lie algebras and the natural
graded p-filiform non-Lie Leibniz algebras.

2. After that, we construct an homogeneous basis of a graded algebra of maximum length with
respect to the basis of naturally gradation.

3. Finally, we classify the p-filiform Leibniz algebra in an homogeneous basis of maximum length.

3.1. Extension of Lie algebras.

In this subsection we prove that there is no n-dimensional p-filiform Leibniz algebra of maximum
length in the non split case, for p > 4 and n > max{3p—1,p+8}. Note that the study of the particular
case for n < max{3p — 1,p + 8} can be found in [9].

Further we will denote by L the extension of L, that is, the family of algebras with the table of
multiplication whose naturally graded algebra is L.

Theorem 3.1. Let L be a n-dimensional p-filiform Leibniz algebra, whose naturally graded associated
algebra is isomorphic to L(n,r1,72,...,7p—1) or Q(n,71,72,...,7p—1), withp > 4, n > max{3p—1,p+
8t and3 <1 <1y <--- <rp_1 <n—p. Then the algebra L does not admit a gradation of mazimum
length.

Proof. Note that, we have p >4, n>11and 3 <7 <rz--- <7p_1 <n —p, where all r; are odds.
Let us suppose that £ admits a gradation of maximum length.

Study of the extension E(n, T1,72, ... Tp—1)-

It is easy to see that natural gradation of the algebra L(n,r1,72,...,rp—1 18 L1 = (2o, 1), Li = (z;)
with 2 <4 < n—pandi # r; and L., = (x,;,y;) with 1 < j < p — 1. Therefore the law of

L(n,ry,72,...,rp—1) is defined by the following products, where the asterisks (*) denote the corre-
sponding structural constants:

[zo,z0] = (¥)@3 + -+ + (F)Tn—p + (F)y1 + -+ + (%) Yp-1,

[0, zi] = Tiv1 + () Tit2 + -+ () Tn—p + (F)y1 + - + (¥)Yp—1, 1<i<m—2

[0, ®i] = Tit1 + ($)Tit2 + -+ ()n—p + (Fy2 + - + (F)yp-1, r—1<i<r—2,
[0, 2] = Tiv1 + (F) @itz + - + (K)Tn—p + (%) yp-1, Tp—2—1 <1< rp 1 —2,
[0, 2] = Tiv1 + (F)Tit2 + - + ($)Tn—p, Tp—1—1<i<n-—p-—1,
[zi, 0] = —Tir1 + (F)Tiv2 + -+ (F)Tn—p + (Y1 + - + (F)yp—1, 1<i<ri—2,

[zi, 0] = —Tir1 + (F)Tivz + -+ (F)Tn—p + (F)y2 + - + (¥)yp—1, r—1<i<ry—2,

[Ti, @] = —@ip1 + ()Tita + -+ ()Tn—p + (9)Yp-1, rp—2 —1<i<rp1—2,
[Ti, x0] = —Tit1 + (¥)Tig2 + - + (¥)Tn—p, rp—1—1<i<n—p-—1,

[0, 20y —i) = ()T 41+ (DTnop + (1) s+ (ygn + o+ (Bypo1, 1<0 <
1§]§p_17 T‘j+1247

[, =i, 23] = (F)@p, 41+ -+ (F)znop + (=1)'ys + (yjer + -+ Fypo1,  1<0 <
1<j<p-—-1,r;+12>4,

[z, 25] = ()Titjer + .o (Tnp + ()Y, + -+ ()Yp-1, L<itj<ry,
1<k<p-—-1,

[©i, 9] = () Titr;+1 + -+ () Tn—p + ()Y, + -+ () Yp-1, 0<i<n-—p-1,
1<j<p-1

[Yi, ys] = ()Tri4rj41 + -+ ()Tnp + ()Yry, + -+ ($)¥p-1, 1<4,j<p-—4,

7§7’k§p_17
ri+r;+1<r, <p-—1
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Without loss of generality, one can assume that the general form of homogeneous generators of the
gradation of maximum length are

n—p p—1 n—p p—1
(2) Ty = To + Z a;x; + ijyj and 1y = Aoxo +x1 + Z Az + ZBjyj,
i=1 =1 i=2 j=1

1 al
where det( Ay 1 > # 0.

Below we present the straightforward consequences of the generated elements of Z(n, T1,72, oy Tp—1)
via the above two vectors:

([[zs, 2], 73], - .. @
N——

(@5, @] = (2 + - + (zn—p + (y1 + -+ (H)yp-1,
(B = ()5 + - (anp + (I + -+ (D,
= (1 — ale)xz + (*)503 +---+ (*)xnfp + (*)yl + -+ (*)ypfh
(

[, Tt
] =(-1)'(1 — a1d0)Tir2 + (H)Tiss + -+ + ()Tn—p + (1 + -+ + (Hyp—1
i—times
for1 <i<nrs—3,
([[zs, @), T5), .. 5] = (=1)'(1 — a1 Ao)iva + (N)Tirs + - + ()Tn—p + (F)y2 + - + (Hyp—1
——
i—times
forr; —1<i<ry—3,
s, T¢], x5, . . . Ts] = (—1)i(1 —a1do)Tit2 + (¥)xivs + -+ (K)Tnp + (Y5 + -+ (F)yp—1
——
i—times
forrjfl_léigrj_‘?'y 2§J§p_17
(5, @1, 7], 35 = (—1)/(1 = 01 40)is2 + (+)aiss + -+ ()70
———
i—times
forrp-1 —1<i<n—p-—2.
([, &0y Tl B ] = (1™ (1= arAo)e, + (Nirs + -+ (D2amp + (~1)* (1 — a1 Ao)aryat
——

(rk—2)—times

+ (%) ykt1+ -+ ()yp—1 for 1 <k <p-—1.

Let us take the new homogeneous basis constructed by the following vectors:

20 = i‘vsa 21 = T,
22 = [20, 21],
zi = [zi-1,20], 3<i<n—p,
pj:[zlaz’rj—l]a 1§]§p_17
where
p; = [Zl, erfl] = (—1)”73(1 — a,le)A()iZ?rj + (*)xerrl —+ -4 (*)In,p—k
+ (D)1 = a1 Aoy + (F)yie1 + ()yp-1-
The matrix of the change of basis is
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where C; = (—1)%(1 — a1 Ap), for 2 <i <r, — 1.

Note that this matrix has rank equal to n (because of 1 — a1 49 # 0).

We put zg € Vi, and 23 € Vi,. Then, according to the definition of gradation of maximum length,
we derive:

L=V, ® Vi, ®Viyih, @ D Vi, g (nep-1)ks D Vot (ri—2)ks @ O Vory1(rp_1—2)k, -

This gradation is connected if and only if ks = £1. Since the cases ks = 1 and ks = —1 are equivalent,
one can assume kg = 1.
To make the reasoning simple, we sometimes shall continue the notation kg, even though that ks = 1.
Our next objective is to analyze the value of k;. We distinguish the following cases:

e Let k; > 0. Then the properties () are satisfied if and only if k; = 2. In this case we conclude
ki+ks < 2ki+(r1—2)ks < ky+(n—p—1)ks, that is, V2kt+(r1—2)ks = (p1,2m) with 2 <m <n—p,
giving rise to a contradiction with the assumption of maximum length.

e Let k; < 0. Then we consider the following subcases:

—Ifk,=-n+p+1, then 2k, + (r;, — 2)ks < 2(—n+p+1)+n—-p—-2=-n+p <0
for 1 <4 < p— 1. Hence we can affirm that all subspaces Vo, (r,—2)r, have negative
subindices. Therefore, due to the connectedness of the gradation, we obtain:

distance(p;, piv1) = distance(2ky +r; — 2,2k + 1341 — 2) = 1,
= distance(r;,ri11) =1,

which is impossible since the parameters are odd r; for 1 <7 <p—1.
— If k, > —n + p+ 1, then there exists an z;, with 1 < ¢ <n — p, such that z; € V1 = (20).
However, it is impossible because of z; is generator. Hence we get a contradiction.
— If kb, < —n + p+ 1, then it is easy to see that Vi = (0), which contradicts the properties
@.
Thus, it has been proved that there is no algebra of maximum length among the extension of the
family L(n,r1,72,...,7p—1)-
Furthermore, the above arguments can be used for some admissible value of r,_;, that is, this
proof includes the particular cases E(n, T1,72, .oy Tp—2, 0 — D), E(n, 71,72, ..., Tp—2,m — p — 1) and
Z(n,rl,rg, ce Tp—2, M — D — 2).

Study of the extension @(n, T1,72y ey Tp_1)-

This case is analogous to case Z(n, r1,72,...,7p—1). The difference is only in the construction of the
homogeneous basis of gradation of maximum length.
Let us consider the following cases:

Case 1: 1+a; #0. ‘ Then we take as a basis the following vectors:

20 = T,

21 = Tt

Z9 = [2’0,21],

2 = [2i-1,20), for 3<i<n—p,

p] = [21727‘]__1], fOI' 1 S] Sp_ 17

where
pj = Ao(=1)" (1 — a1 Ao)ar, + (#)ap, 41+ ($)Tapt
(=171 = a1 do)y; + (K)yjr + + o+ (3)yp-1.
Since the chosen basis is the same as in the study of the extension z(n,rl,rg, ...,Tp—1), for the

same reasons we conclude that there is not any algebra of maximum length in this case.
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‘ Case 2: 1 +a; =0. ‘ It is clear that Ay # —1 (because of 1 — a; Ag # 0). Therefore, we can take
the new basis defined by the following vectors:

ZO - IS;
21 = T,
z2 = [20,21],

z; = [zi—1,20], for 3<i<n-—p-—1,
Znp = [n—p-1,21] = (=1)" P21 = arAo) (1 + Ao)wn—p,
pj =21, 20,1, for 1 <j<p-—1.

It is not difficult to check that the matrix of basis transformation is non-singular.
The associated gradation of maximum length is

Vie @ Vi, ® Vigytk, @ - © Vi, t (n—p—2)k. D Voryt(n—p—2)ks ® Vory - (ri—2)ks @ @ Vor, 1 (rp 1 —2)k, -

Note that this gradation also satisfies the properties (). As stated above, without loss of generality,
we can assume ks = 1. We consider the following subcases:

e Let k; > 0. Then, by considering the properties (), we conclude k; = 2. So, we have ks = 1,
kt=2and 3<r; <n—p-—2, that is, 5 < 2k; + (r1 — 2)ks < n — p. Thus, one can assert the
existence of z; with 4 <t <n —p— 1, such that Vor, 1 (r,—2)x, = (P1, 2¢), which contradicts the
assumption of maximum length (see the properties ().

e Let k; < 0. Then from the properties of gradation of maximum length we get k; = —n+p+ 2.
Moreover, since 1 and ro are odd we conclude

distance(p1,p2) = distance(2ky + (r1 — 2)kg, 2kt + (ro — 2)ks) =r9 — 11 > 1.
Therefore, we obtain a contradiction with the assumption of maximum length again.
O
The next theorem is proved by applying the same methods and arguments as in the proof of Theorem

BT

Theorem 3.2. Let £ be a n-dimensional p-filiform Leibniz algebra, whose naturally gradation leads
to an algebra isomorphic to T(n,r1,79,...,n —p—1) or 7(n,r1,r2,...,n —p — 2), with p > 4 and
n > max{3p — 1,p+ 8}. Then L does not admit a gradation of maximum length.

3.2. Extension of Leibniz algebras.

In this subsection we study the description of p-filiform Leibniz algebras of maximum length from
the extensions of naturally graded p-filiform non-Lie Leibniz algebras. The classification of Theorem
leads to considerate the extensions of the algebras M; — Ms.

Firstly, we analyze the extension of the algebras M"' and M?2.

Theorem 3.3. Let L be a n-dimensional p-filiform Leibniz algebra, withm —p > 4, p > 4 and p even.
Then, the algebra L is isomorphic to the one of the following pairwise non-isomorphic algebras:

[, x1] = Tig1, 1<i<n-p-1, [y x1] = 2341, 1<i<n—p-—1,
M4(Oé): [:Eluyi]zzia 1§Z§%7 M5: [fflayi]:Zi, 1§Z§§,
[Zlvy2] = [2273/1] = 0Tp—p, « S {07 1} [yluyZ] = Tn—p-

where n is even and - € N in the algebra M*2(1).

Proof. Similarly as above the generators of maximum length gradation of the algebra £ have the form:

n—p P
Ts=e1+ E ae; + § b; fi,
1=2 =1

IN

J<

wll“c

n—p g
Y; = fj + Z Ckjer + Z dkjfk for 1
k=1

k=1,k#j
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Study of the extension M1

By considering the law of the algebra M"' and the natural gradation we have:

Ll = <elaf17"'7fg> EBL2 = <e27f%+17"'7fp> EBL3 = <€3> EB@Ln—p = <en—p>'
We construct the following new adapted basis:

T = Tg, xi:[xiflvxl]; 2§Z§n_p7 Yi, 1§ Sg Zi:[xlayi]a 1§7’§
whose associated gradation is
Vi. @Vor, @ O Vin—p)h, @ Vi, © Vi, @+ @ ng DS Vi iky @ Viggn, ©--- @ Vk%Jrks-

Let us assume that this gradation has maximum length.

We consider the products [z;, z1] with 1 < ¢ < n—p— 1. Due to the law of the algebra M; we obtain
[2i, x1] = c1ie3 + (*¥)eqa + - - + (%)en—p, L.€., we can assume that [z, 21] = criz3, 1 <i<n—p—1

On the other hand, by using the properties of the gradation we derive

[Z’L';Il]e‘/kaJrkiv forlélgn_p_lv
x3 € Vag, ks # ki, for 1 <i<n—p-—1.
Therefor, c1; =0, 1 <i<n—p-—1.
By induction on a fixed i and any j and using the Leibniz identity, one can prove that
[zi,2;] =0, 3<4,j<n-—p.

Let us analyze the products [z;,y;], [yj, x| for 1 <i<n—p, 1 <35 <% and (4,5) # (1,7).

According to the law of the algebra My we get [x2,y,] = (%)eq+- - -+ (¥)en—p, that is, [z2,y;] = Az,
with 1 <j < %, 4 <m < n —p and some coefficient A.

On the other hand, the properties of the gradation of maximum length deduce

(T2, 5] € Var, 14,
Tm € mGs.

Therefore, 2k, < k; < (n—p—2)ks, which is only possible for A = 0, that is, [z2,y;] =0, 1 <i <
By applying the similar argumentations it can be proved that

N3

[:Eiuyj]:():[yjaxi]u 1§Z§n_p7 1<j< (17])#(17])7
[‘Tjuzi]:():[ziu‘rj]v 1§]§n_p7 1<Z§g7

Thanks to the Leibniz identity we get [[2;,y;], 1] = 0. Since [x;,z1] = 0 if and only if x; = x,_p,
then taking into account the product [z;,y,] = (*)es + -+ - + (*)en—p, we obtain [2z;,y;] = AijTn—p for
some coefficients A;;.

Furthermore we obtain [z;,y;] =0, 1 < i <
Leibniz identity we derive A;; = Aj;, 1 <14,5 <

By following the same reasons we conclude [y;, yJ] Bijxn,—p with B;; = 0.

Finally, it is trivial to check that [z;, z;] = 0 for 1 <, j < £, by using the Leibniz identity.

Summarizing, the law of the algebra is determined by the following products:

by the properties of the gradation. Thanks to the

l\.’)l"dl\.’)l‘@

[, 1] = Tig1, 1<i<n-p-1,
L [Ilay’t]:zlv 1<ZS§)
[yi,y]] = Bijrn—p, 1<4,5< %7 (=
[Ziayj] = Aijxn—pa 1< 7’7] < %7 275.77 Aij = Aji7

with the conditions:

3) if Bjyj, # 0 for some ig, jo, then By, = 0 for all # jg and Bsj, = 0 for all s # g,
if A;y;, # 0 for some ig, jo, then A; ; =0 for all k # jo and A,;, = 0 for all s # io.
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Case 1: B;; =0 for all 7, j. Then the law of £ has the following form:

[, 1] = Tig1, 1<i<n-p-1,
L:Q x,yi] = 2, 1<i<§,
[Ziayj] = Aijxn—pa 1< 27.7 < %7 { 7& j7 Aij = Ajiu
where the parameters A;; satisfy the previous hypothesis.

If all the parameters A;; are equal to zero, then it is easy to see that the algebra £ has maximum
length. Indeed, putting

Vi=(z:), 1<i<n—p, Vopioj1=u;),1<5<Z, Viproj=(2),1<j<

)

N3
N3

we get
L= VieV,®--- & Vn—p 2] Vn—p+1 3] Vn—p+2 3 Vn—p+3 2] Vn—p+4 DDV ® V.
Thus we get the algebra M%(0).
Let us assume now that there exists A;,;, # 0. Without loss of generality, we can suppose A2 = 0.
Taking the following change of basis

I

y: =Y1 — Y y§+1 = Y2 + Yi+1, 2 [:Eluy;]u Z;+1 = [$17y§+1]7 3 < { < - 17

N3

we obtain the algebra, which is defined by the following products

[, 1] = xip1, 1<i<n—p-—1,
r. [z1,9] = zi, 1<i<E

[21,y2] = Tn—p,

(22, y1] = Tn—p.

Using the maximum length gradation properties and connectedness it is not difficult to check that
this algebra admits the gradation of maximum length only for the cases of ks = nL_p € N and n even.
The associated gradation is decomposed into direct sum of the following spaces:

x; € Vig,, 1<i<n-p,

y1 € V1, Y2 € Vin—p—1)ke—1;

z € Vkerla Z2 € ‘/(n—p)ks—lv

yiEVvi—lu 3§Z§ksu

2; € Vi, +i-1, 3 <1< ks,

Yako—1)+i € Vaghs—1+is 1<g< ™2 2<i<k,
Zq(ks—1)+i € V(2q+1) ke — 1445 1<qg< ™ 2<i<k,
Ynop=2(p _1)4i € Vin—p-2)k.—1+i» 2<i<ks—1,

Bnp=2(p _1)4q € Vin—p—1)k.—14is 2<i<ks—1L

Case 2: Tip, jo such that B, ;, # 0. Making the basis transformation ¥; = vi,, Y5 = Yjo,
without loss of generality, one can assume that Bio # 0. Further, applying the properties of gradation
of maximum length, the conditions (3] and the changes of basis, we arrive to the algebra of maximum
length with the following table of multiplication:

(i, 21] = @iy1,
L [, = 2,
[y1,y2] = Tn—p,
whose associated graded spaces are

Vo= (), Vo={(z), Vi=(x), 1<i<n-—np,

Vi—p+ok+1 = (Yrt2), 0 <k < g -2, Vieptor = (2ut1), 1 <k < g -1

The description of the extension M?2 is carried out in a similar way as for the extension ML,
O

In the following theorem we prove that there is no algebra of maximum length among algebras from
extension M3.
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Theorem 3.4. Let L be a n-dimensional p-filiform Leibniz algebra withm —p > 4, p > 4 and p odd.
Then L does not admit a gradation of mazximum length.

Proof: First of all, we shall denote ¢ = [§| for simplicity. Recall, the natural gradation of M 3 s
Ll = <€17f17f27"'7fq+1> EBL? = <€27fq+27---7fp> ®LZ = <€7;>, 3 < v < n—p.

By considering the law of M? we denote by new generators the following:
n—p p
To=e1+ Y aie;+ Y bifs,
i=2 i=1

P

n—p L

yj:fj+zckj€k+ Z dkjfk for1<j<qg+1.
k=1 k=1 k#j

Then we get

[@s,7s] = (L4 bgr1)ez + (x)es + -+ (¥)en—p + b1 fora + -+ + bg fp,

([, 73], @] = (14 bg1) e+ ($)eirs + - + (K)en—p, 3<i<n—p.

i—times

[@s,y1] = (c11 + dgr11)e2 + (x)es + -+ - + (%)en—p + for2 + dor forz + -+ dg1 fp,
[y1, 7:] = en[ws, 4],
[@s,vi) = (c1e + dgrri)e2 + (x)es + - -+ (¥)en—p + drifgra + - + forir1 + - +daifp, 2<i<gq,
[yi, ] = cuilws, @], 2<i<q+1,
[y1, 1] = e [@s, ],
i ys] = cuilas,y;], 1<i,5<q+1, (4,5) # (1,1).

Without loss of generality, one can assume 1 + bg41 # 0. Then the homogeneous basis of L is defined by
the following vectors:

171:57:,

xi = [zi-1,%s), 2<i<n-—p,
Yi, 1< <qg+1,
zi = [z1,vs], 1<i<q.

The matrix of the change of basis is as follows:

1 az as a4 N An—p b1 bg bq+1 bq+2 e bp
0 D1 (%) (%) ... (%) 0 0 ... 0 by . by
0 0 D, (x) ... (%) 0 0 0 0 0
0 0 0 Ds ... (%) 0 0 0 0 o 0

0 0 0 0 ... Dnpa O 0 0 0 .0
C11 C21 C31 Ca1 e Cn—pl 1 d21 e dq+11 dq+21 e dpl
C12 C22 C32 C42 . Cn—p2 d12 1 . dq+12 dq+22 e dpg

Clg+l C2g+1 C3g+1  Cigtl ... Cnopgtl digyr  dogr1 ... 1 dgr2qrr oo dpgtr

0 El (*) (*) N (*) 0 0 N 0 1 cee dq1
0 E, (%) (x) ... (%) 0 0 .. 0 dig e 1

where D; = (1 +bg41)%, 1<i<n—p—1and E; =c1; +dgt15, 1 <i<q.
The gradation associated to the above basis is
Vie @ Vo, @ O Vin—p)ke ® Viy @ @ Vigyyy ® Viey i, @+ B Vit -
Let us assume that this gradation has maximum length.
Consider
[x2,yi] = (1 + bg41)(cri + dgv1i)es + (¥)ea + -+ + (¥)en—p, 1<i<gq
Therefore we conclude that [[z1,z1], ys] = Azs, with A € C.
On the other hand, by considering the properties of the gradation we have

[#2,y:] € Vag,yn,;, for 1 <i<g,
xr3 € ng57
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that is, we have either A = 0 or ks = k;. The last equality contradicts the assumption of maximum length,
thus A =0, i.e, we obtain

(4) c1i +dg+1: =0, 1<i<gq.
From the product
(%2, Yg+1] = (1 + bg+1)(crg+1 + Des + (x)ea + -+ + (x)en—p,

we conclude cig41 = —1.
Finally, it contradicts the assumption of maximum length by comparison with the following equalities:
[Ya+1, 1] = —(1 + bgv1)ea + (x)es + +(*)en—p — biforz — -+ = by fp = —a2.

= Vo, i.e, ks = kq4+1, which contradicts the properties (III)
O

By means of the gradation, it leads to Viotkgia
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