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ABSTRACT. In this work we investigate the complex Leibniz superalgebras with
characteristic sequence (ni,...,ng|m) and nilindex n + m, where n = n1 +
-+ ng, nand m (m # 0) are dimensions of even and odd parts, respectively.
Such superalgebras with condition nq > n — 1 were classified in [4]-[5]. Here
we prove that in the case n; < n — 2 the Leibniz superalgebras have nilindex
less than n + m. Thus, we get the classification of Leibniz superalgebras with
characteristic sequence (n1,...,ng|m) and nilindex n + m.
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1. INTRODUCTION

The paper is devoted to the study of the nilpotent Leibniz superalgebras. The
notion of Leibniz superalgebras appears comparatively recently [I], [8]. Leibniz
superalgebras are generalizations of Leibniz algebras [9] and, on the other hand,
they naturally generalize well-known Lie superalgebras. The elementary properties
of Leibniz superalgebras were obtained in [1].

In the work [7] the Lie superalgebras with maximal nilindex were classified. The
distinguishing property of such superalgebras is that they are two-generated and
its nilindex equal to n + m (where n and m are dimensions of even and odd parts,
respectively). In fact, there exists unique Lie superalgebra of the maximal nilindex
and its characteristic sequence is equal to (1, 1|m). This superalgebra is filiform Lie
superalgebra (the characteristic sequence equal to (n — 1,1|m)) and we mention
about paper [3], where some crucial properties of filiform Lie superalgebras are
given.

In case of Leibniz superalgebras the property of maximal nilindex is equivalent
to the property of single-generated superalgebras and they are described in [I].
However, the description of Leibniz superalgebras of nilindex n 4+ m is an open
problem and it needs to solve many technical tasks. Therefore, they can be studied
by applying restrictions on their characteristic sequences. In the present paper
we consider Leibniz superalgebras with characteristic sequence (nq,...,ng/m) and
nilindex n 4+ m. Since such superalgebras in the case n; > n — 1 have been already
classified in [4]-[5] we need to study the case ny < n — 2.

In fact, in the previous cases (cases where n; > n — 1) due to work [2] we have
used some information on the structure of even part of the superalgebra and it
played the crucial role in that classifications. In the rest case (case where n; <
n — 2) the structure of even part is unknown, but we used the properties of natural
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gradation and the naturally graded basis (so-called adapted basis) of even part of
the superalgebra.

All over the work we consider spaces over the field of complex numbers. By
asterisks (x) we denote the appropriate coefficients at the basic elements of super-
algebra.

2. PRELIMINARIES
Recall the notion of Leibniz superalgebras.

Definition 2.1. A Zs-graded vector space L = Lo @ L is called a Leibniz superal-

gebra if it is equipped with a product [—, —] which satisfies the following conditions:
1. [Lon Lﬁ] g La-i—B(mod 2)
2. [z, [y, 2]] = [[z,y], 2] — (—=1)*P[[z, 2], y]— Leibniz superidentity,

forallzx € L,y€ L,, z€ Lg and o, B € Zs.

Evidently, even part of the Leibniz superalgebra is a Leibniz algebra.

The vector spaces Ly and L; are said to be even and odd parts of the superalgebra
L, respectively.

Note that if in Leibniz superalgebra L the identity

[2,y] = —(=1)*"[y, a]
holds for any € L, and y € Lg, then the Leibniz superidentity can be transformed
into the Jacobi superidentity. Thus, Leibniz superalgebras are a generalization of
Lie superalgebras and Leibniz algebras.
The set of all Leibniz superalgebras with the dimensions of the even and odd
parts, respectively equal to n and m, we denote by Leib,, .
For a given Leibniz superalgebra L we define the descending central sequence as

follows:
LY=L, L[M'=[L*1L], k>1.

Definition 2.2. A Leibniz superalgebra L is called nilpotent, if there exists s € N
such that L® = 0. The minimal number s with this property is called nilindex of the
superalgebra L.

The following theorem describes nilpotent Leibniz superalgebras with maximal
nilindex.

Theorem 2.1. [I] Let L be a Leibniz superalgebra of Leiby, n, with nilindex equal
ton+m+ 1. Then L is isomorphic to one of the following non-isomorphic super-
algebras:

les,er] =eip1, 1<i<n4+m-—1,

; =e; <i<n-— =0
[6“61] Cit1 1_2_7’L 17 m 0’ { [61'762]:26i+2, 1§z§n+m—2,

(omitted products are equal to zero).

Remark 2.1. From the assertion of Theorem 2. Jlwe have that in case of non-trivial
odd part Ly of the superalgebra L there are two possibility for n and m, namely,
m =mnif n+mis even and m = n+1 if n+m is odd. Moreover, it is clear that the
Leibniz superalgebra has the maximal nilindex if and only if it is single-generated.

Let L = Lo & L; be a nilpotent Leibniz superalgebra. For an arbitrary ele-
ment z € Lo, the operator of right multiplication R, defined as R,(y) = [y, z] is
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a nilpotent endomorphism of the space L;, where i € {0,1}. Taking into account
the property of complex field we can consider the Jordan form for R,. For opera-
tor R, denote by Ci(z) (i € {0,1}) the descending sequence of its Jordan blocks
dimensions. Consider the lexicographical order on the set C;(Lyg).

Definition 2.3. A sequence

C(L)z( max _Co(z)

z€Lo\LE

max O (55))

ZeLo\L
s said to be the characteristic sequence of the Leibniz superalgebra L.

Similarly to [6] (corollary 3.0.1) it can be proved that the characteristic sequence
is invariant under isomorphism.

Since Leibniz superalgebras from Leib,, ,, with characteristic sequence equal to
(n1,...,nglm) and nilindex n + m are already classified for the case ny > n — 1,
henceforth we shall reduce our investigation to the case of ny <n — 2.

From the Definition 2-3] we conclude that a Leibniz algebra Lq has characteristic
sequence (nqy,...,ng). Let s € N be a nilindex of the Leibniz algebra Lg. Since
n; < n — 2 then we have s < n — 1 and Leibniz algebra Ly has at least two
generators (the elements which belong to the set Lo \ L3).

For the completeness of the statement below we present the classifications of the
papers [], [5] and [7].

Leibl,m:
{ yi,z1] =yit1, 1<i<m—1,
Leibn,l :
[zi,z1] = ziy1, 1<i<n—1,
[yhyl] = QTn, «@= {07 1}7
Leibzg .
[y17131] :l:/l [ ]
Y1, T1] = Y2,
I, -
el = gue [22,11] = v,
T2, =
[2,y1] = Y2, [y1, 2] = 242
[y1, 2]:2 [y1, 1] = @,
[y1,y1] = 22
Leiby o :
[z1,21] = x2, m >3 ]
g B Ciemot, [ beml=lul =y 1<i<mo1
21, 3] = v, 1<i<m-—1, mitwi] = ()l 1< <

Wis ymi1—i) = (=)o, 1<i<m-—1.

In order to present the classification of Leibniz superalgebras with characteristic
sequence (n—1,1|m), n > 3 and nilindex n + m we need to introduce the following
families of superalgebras:

Leibnﬁn,l :
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L(ag,as,...,c0n,0):
[z1, 1] = 3,
[, 1] = ®iga, 2<i<n-—1,
Wi z1] = yj41, 1<j<n-2,
[z1,51] = Fv2,
[zi,y1] = 3i, 2<i<n—-1,
[y1,y1] = 21,
[Yj, y1] = 41, 2<j<n-—1,
[x1,%2]) = auws + asxs + ... + ap_1Tn—1 + 02y,
[, x2] = QaTjpo + a5Tjqs + ... + Qnyo—jTn, 2<j<n-—2
[Y1, 2] = quys + asys + ...+ Ay 1Yn—2 + OYn_1,
[Yj, T2] = QuYjr2 + asyje3 + .o F Qny1-jYn—1, 2<j<n-3
G(Ba, Bss -+ Bnsy)
[z1,71] = 3,
[, 1] = Tit1, 3<t1<n—1,
[Yj, T1] = Yj+1, 1<5<n—-2,
[x1,x2] = Baza + Bsx5 + ... + Bnn,
[x2, z2] = Y2n,
[xj,x2] = Bawjt2 + Bs5Xjr3 + ... + Bnya—jTn, 3<ji<n—2,
[y1, 41] = 21,
s, y1] = Tj41, 2<j<n-—1,
[21,51] = v,
[ivi,yl]:%yi, 3<i<n—1,
[Yj, 2] = Bayjt2 + BsYjts + -+ Bnt1—jYn—1, 1<j<n-—3.
Leiby, p, :
M(ay, a5, ... ,00,0,T)
r1, 1] = T3,
T, 1) = Tiy1, 2<i<n—1,
Yj> T1] = Yj41, 1<53<n—-1,
LY = Sy,
i7y1]=2yi7 2<1<n,
y1,y1] = @1,
Y1) = T, 2<j<n-1,
1, T2] = @4y + asTs + ... + ap_1Zp—1 + 02y,
2,132] = Y4T4,
T2 = uTjy2 + a5Tj43 + ...+ Qpy2—jTn, 3<ji<n-—2,

3<3<n—-2.
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H(ﬁ47ﬂ57"'aﬂn7557):

Ti, T1] = Tit1, 3<i<n—1,
Yjs 1] = Yjg1 1<53<n-2,

yjayl]:xj-‘rlu 2§j§n_17

[
[
[
[
[
[, 22] = Bazjpo + Bsxjpz + ...+ Png2—jTn, 3<j<n—2,
[
[
[
[ﬂﬁi,yl]:%yi, 3<i1<n—1,
[

[Yj, 2] = Bayjt2 + BsYjts + - + Bnto—jyn, 2<j<n-—2.

Let us introduce also the following operators which act on k-dimensional vectors:
m

vm = (0.0 it 1 Sj+1 . Sj+2 . Sk—l Sk
j,k(alaQQa"'vak)_(v yoee 041, 7_jaj+1a m)jo‘J+2;-'- m)jo‘kfla m)jo‘k)v

Vk"}rl,k(alaa% .. ar) =(0,0,...,0),

=1 .
m J+1 J+2 k _
Ws,k(oaov"'a 0 7178m7j05j+178m7j05j+27"'aSm,jak;’Y)_

— (0.0 J 0 sti Ss-i-l Ss+2 Sk—j Sk+6—2j
- ( 0,...,1,0,..., 1, m,s Xs+j+15Pm,s Xs+j425 -+, Om 5 ks Om s FY))
wm 0.0 Il g Sj-i-l ) Sj+2 ) Sk _

k—i—l—j,k( ,0,..., 0,1, m,jaj+17 m,jaj+27"'7 md»ak,’y)_

= (0,0,...,1,0,...,1),

i—-13 ,
m Jj+1 Jj+2 k _
Wita_;1(0,0,...,70 ,1,Sm)jaj+1,5’m)jaj+2,...,Sm)jak,w) =

= (0,0,...,1,0,...,0),
2
where k € N, 1 < j <k, 1< s< k-3 Spnt = cos ™

0,1,...,t—1).
Below we present the complete list of pairwise non-isomorphic Leibniz superal-
gebras with characteristic sequence equal to (n — 1,1|m) and nilindex n + m :

L(V}m_g, (a4,a5,...,an),5’2)_j36‘), 1<j<n-3,

L(0,0,...,0,1), L(0,0,...,0), G(0,0,...,0,1), G(0,0,...,0),

G (Wsn—2(Vin-3(B1,B5,-...8n),7)), 1<j<n—=3,1<s<n-—j
M(Vj)n_z (a4,a5,...,an),521}39), 1<j<n-2,

M(0,0,...,0,1), M(0,0,...,0), H(0,0,...,0,1), H(0,0,...,0)
HWsn-1 (Vin—2(B4,85,..-,8n) 7)), 1<j<n-2 1<s<n+1-j

where omitted products are equal to zero.
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Definition 2.4. For a given Leibniz algebra A of the nilindex s we put gr(A); =
AVJATE 1 < i< s—1 and gr(A) = gr(A)1 ® gr(A)2 & - & gr(A)s—1. Then
[gr(A)i, gr(A);] C gr(A)ir; and we obtain the graded algebra gr(A). The gradation
constructed in this way is called the natural gradation and if Leibniz algebra A is
isomorphic to gr(A) we say that the algebra A is naturally graded Leibniz algebra.

Further we shall consider the basis of even part Ly of the superalgebra L which
corresponds with the natural gradation, i.e. {x1,..., 2, } = Lo\LZ, {zt,41, .-, Tt} =
LINLS, . o {2 pitsee sy = L1

Since the second part of the characteristic sequence of a Leibniz superalgebra L
is equal to m then there exists a nilpotent endomorphism R, (x € Lg \ L3) of the
space Lj such that its Jordan form consists of one Jordan block. Therefore, we can
assume the existence of an adapted basis {x1,22,...,Zn,y1,¥2,--.,Yn} such that

i, v1] = yjp1, 1<j<m-—1 (1)
3. THE MAIN RESULT

Let L be a Leibniz superalgebra with characteristic sequence (nq,...,ng|m),
ny < n—2and let {z1,29,...,Zn,y1,Y2,-..,Yn} be the adapted basis of L. In
this section we shall prove that nilindex of such superalgebra is less than n + m.
According to the Theorem 2] we have a description of single-generated Leibniz
superalgebras, which have nilindex n+m+ 1. If the number of generators is greater
than two, then evidently superalgebra has nilindex less than n + m. Therefore, we
should be consider case of two generators.

Note that, the case where both generators lie in even part is not possible (since
m # 0). The equality (1) implies that basic elements y2,ys, ..., ym can not to be
generators. Therefore, the first generator belongs to Ly and the second one lies in
L1. Moreover, without loss of generality we can suppose that y; is a generator. Let
us find the generator of Leibniz superalgebra L which lies in L.

Lemma 3.1. Let L = Lo® L1 be a two generated Leibniz superalgebra from Leiby, p,
with characteristic sequence equal to (ny,...,ng|m). Then x1 and y1 can be chosen
as generators of the L.

Proof. As mentioned above y; can be chosen as first generator of L. If ;1 € L\ L?,
then the assertion of the lemma is evident. If z; € L?, then there exists some i
(2 <ip < t1) such that z;, € L\ L% Put 2} = Az + x4, then 7 is a generator
of the superalgebra L (since o) € L\ L?). Moreover, making transformation of the
basis of L as follows

vi=y1, ;= ,1), 2<j<m

and taking sufficiently big value of the parameter A we preserve the equality (1).
Thus, in the basis {2}, 22, ..., 20, ¥, Y5, ..., Y., } of the L the elements =} and y
are generators. O

Due to Lemma Bl further we shall suppose that {z1,y;} are generators of the
Leibniz superalgebra L.
Let us introduce the notations:

m n
(i) =Y iy, 1<i<n, [yin] =Y Bijry, 1<i<m, (2)
i=2 i=2
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Since z; and y; are generators of Leibniz superalgebra L, we have
L= {.’I]l,(EQ,. ey Ty Y1,Y2y - - 7ym}7

L? = {20,23,. .., Tn, Y2, Y3y - - - » Y }-
If we consider the next power of L, then from the multiplication (1), obviously,
we get {ys,...,ym} C L. However, do not have information about the position of
the element ys.

Theorem 3.1. Let L = Lo @ L1 be a Leibniz superalgebra from Leiby, ., with
characteristic sequence equal to (ny,...,ng|m) and let yo ¢ L3. Then L has a
nilindex less than n + m.

Proof. Let us assume the contrary, i.e. nilindex of the superalgebra L is equal to
n + m. Then the condition yo ¢ L? deduce {xs,x3,...,2,} C L. Therefore,

3
L :{x27$37'"7xn7y37"'7ym}'

Let s € N be a number such that x5 € L*\ L¥T1, that is

L ={x0,x3,. .., Zn,Ys, s Ym}, $ >3,

s+1
L _{x3ax4a'"7$n7ysa"'aym}'

It means that a2 can be obtained only from product [ys—1,y1] and thereby

Bs—1,2 # 0.
Similarly, we assume that k is a number for which x3 € L%\ LsT*+1 Then for
the powers of superalgebra L we have the following

k
LS+ = {.’I]3,£C4,. s Ty Ys+k—1y - - '7ym}7k > 17

s+k+1 _
L _{$45'"axnays+k717"'7ym}-

Let us suppose k = 1, then
LS+2 = {:E47 ey Ty Ysy o 7ym}

Since z3 ¢ L*T2 and the vector space L*! is generated by multiplying the space
L? to elements x1 and y; on the right side (because of Leibniz superidentity), it

follows that element x3 is obtained by the product [x2,z1], i.e. [r2,21] = axs +
> (%¥)z;, a # 0. Making the change of basic element as 25 = azs+ > (*)x;, we can
i>4 i>4

conclude that [z2,21] = 3.
Let us define the products [ys—;,y;],1 <j <s—1.
Applying the Leibniz superidentity and induction on j we prove

[Ys—j.y5] = (_1)j+15s—1,2$2 + Z(*)% (3)

i>3
Indeed, for j = 1 it is true by notation (2). Let us suppose that equality (3)
holds for j = ¢. Then for j = ¢+ 1 we have

[Ys—t—1, Y1) = [Ys—t—1, [Ye, T1]] = [[Ys—t—1, Ye), 21] = [[Ys—t—1, 21], ] =
= sty + D_ (i, ] = (1) Be10m + Y (H)mit
i>2 >3

+[Z(*)$i7$1] = (=) B 1020 + Z(*)Iz

i>2 i>3
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It should be noted that in the decompositions of [ys, y1] and [y1,ys] the coeffi-
cients at the basic elements x5 and x3 are equal to zero.
Let us define the products [ys+1—j,¥;],2 < j < s. In fact, if j = 2, then

[ys—17y2] = [ys—lu [yl,ivl]] = [[ys—1,y1],$1] - [ymyl] =
= [Z Bs—1,ixi,x1] — Zﬂs,ﬂi = fe_1,2T3 + Z(*)ﬂﬁu
i=2 i—4 i>4

Inductively applying the above arguments for j > 3 and using equality (3) we
obtain

Wer1-5 5] = (1) ( = DBe12m3 + Y _(W)zi, 2<j<s. (4)
i>4
In particular, [y1,ys] = (—1)°(s — 1)Bs—1,223 + >_ (*)x;. On the other hand (as
i>4

mentioned above), in the decompositions of [y1,ys] the coefficient at the basic ele-
ment x3 is equal to zero. Therefore, 51,2 = 0, which contradicts to the condition
Bs—1,2 # 0. Thus, our assumption k£ = 1 is not possible.

Hence, k > 2 and we have

+2 _
L _{:E?n"'axnuys-‘rla"'aym}'

Since ys ¢ L5172, it follows that

ags #0, ;=0 for j<s,

o;;=0, forany ¢>3, j<s+1.
Consider the product

1 1 -
[Ys—1,01], 1] = Slys—1, [y, ]l = g[ys—l, Zﬁl,wi]-
i=2

2
The element ys_1 belongs to L7 and elements x2, x3, ..., x, lie in L3. Hence
n
%[ys_l, 3 Brixi] € L2, Since L*%2 = {x3,...,%pn, Yst1,-- -, Ym}, We obtain that
i=2

([Ys—1,y1],91] = _ > (%)y;.
Jj=s+1

On the other hand,

[[ys—layl]vyl] = [Z ﬂsfl,izi;yl] = Zﬂsfl,i[fﬂz’,yl] =
i=2

1=2

n
= Z Bs—1,i Z QY = Bs—1,202,5Ys + Z (*)y;-
i=2

j>s j>st1
Comparing the coefficients at the basic elements we obtain 8,1 20i2 s = 0, which
contradicts the conditions f5s_12 # 0 and az s # 0.
Thus, we get a contradiction with assumption that the superalgebra L has nilin-
dex equal to n + m and therefore the assertion of the theorem holds. O
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The investigation of the case yo € L3 shows that it depends on the structure of
the Leibniz algebra Lg. So, we present some remarks on naturally graded nilpotent
Leibniz algebras.

Let A ={z1,29,...,2,} be an n-dimensional nilpotent Leibniz algebra of nilin-
dex p (p < n). Note that algebra A is not single-generated.

Consider the case where gr(A) is a non-Lie Leibniz algebra.

Lemma 3.2. Let gr(A) be a naturally graded non-Lie Leibniz algebra. Then
dim(gr(A)y) + dim(gr(A)2) > 4.

Proof. The construction of gr(A) implies that every subspace gr(A); for 1 < i <
p — 1 is not empty. Obviously, dim(gr(A);) > 2 (otherwise p = n + 1). If the
dimension of subspace gr(A); is greater than two, then the statement of the lemma
is true. If dim(gr(A)1) = 2 and dim(gr(A)z) = 2, then the assertion of the lemma
is evident.

Let us suppose that dim(gr(A);) = 2 and dim(gr(A)2) = 1. Then taking into
account the condition p < n we conclude that there exists some ¢ (¢ > 2) such that
dim(gr(A):) > 2 (otherwise the nilindex equals n).

Let to (to > 2) be the smallest number with condition dim(gr(A):,) > 2. Then
gT(A)l = {21522}5 gT(A)Q = {23}7 SR gT(A)tofl = {Eto}a gT(A)tO = {EtOﬂLlaEtoJrQ}'

Using the argumentation similar to the one from [I0] we obtain that

[z1,71] = a1Z3,
[22,71] = 2%,
[71,Z2] = a3Zs,
72, Z2] = au7Zs,
[Ei,El]:EiH, 3S’L§t0
Since gr(A) is non-Lie Leibniz algebra then there exists an element of gr(A4);

the square of which is non zero. It is not difficult to see that Zs,...,Z:,+1 belong
to the right annihilator $(gr(A)), which is defined as

R(gr(A)) = {z € gr(A)| [7,7] = 0 for any 7 € gr(A)}.

Moreover, one can assume [Zy,, Z2] = Zty+2-
On the other hand,

(2o, Z2] = [[Bto—1,Z1], Z2] = [Fto—1, [Z1, Z2]] + [[Bto—1, Z2], 21] =

= [Zty—1, @3Z3) + [BZ1y, Z1] = BZig41-
The obtained equality Z¢,42 = B¢,—1,2%¢,+1 derives a contradiction, which leads
to the assertion of the lemma. O

From the Lemma the corollary follows.

Corollary 3.1. Let A be a Leibniz algebra satisfying the condition of the Lemma
[Z2 Then dim(A3) <n — 4.

The result on nilindex of the superalgebra under condition dim (L) < n —4 is
established in the following proposition.

Proposition 3.1. Let L = Lo ® L, be a Leibniz superalgebra from Leib,, ., with
characteristic sequence (ni,...,ng|m) and dim(L§) < n—4. Then L has a nilindex
less than n + m.
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Proof. Let us assume the contrary, i.e. the nilindex of the superalgebra L is equal
to n + m. According to the Theorem [B.I] we need to consider the case where yo
belongs to L?, which leads to z2 ¢ L3. Thus, we have

L? = {Z3, %4, -, Tn,Y2,Y3, -y Ym }-

From the condition dim(L3) < n — 4 it follows that there exist at least two
basic elements, that belong to L \ L3. Without loss of generality, one can assume
xr3,Tq € L% \ Lg

Let s be a natural number such that z3 € L5T1\ L5+2,

s+1 _
L _{$3;I47"'7$naysays+17"'aym}7 5227

L2 = {4, .. T, Yss Ysids o> Ym )
The condition z4 ¢ L} implies that z, can not be obtained by the products
[zi, z1], with 3 < < n. Therefore, it is generated by products [y;,y1],s < j < m.
Hence, L*™3 = {z4,...,Tn,Yst1,---,Ym} and ys € L*T2\ LT3 which implies

as s # 0.
Consider the chain of equalities

23,01l 1] = D sy il =D as iy n] = asoBeaza+ Y (4.
Jj=s Jj=s

i>5
On the other hand,

1 n n
[z, y1], 1] = 5[1’3, ly1, ] = [953,251,1'1‘1'] = Zﬂu[ﬁi&ﬂﬁi] = Z(*)Iz‘-
i=2 i=2 i>5
Comparing the coefficients at the corresponding basic elements in these equations
we get a3 s3s,4 = 0, which implies 85 4 = 0. Thus, we conclude that x4 € L4 and
LS+4 = {:E47 ey Ly Ys42y -4 7ym}

Let k (4 <k < m — s+ 2) be a natural number such that x4 € LT+ \ LsTr+L,
Then for the powers of descending lower sequences we have

L¥R72 = {y, o T Yok - Y )
LSl = Ly s Ysihe3s ooy Um )
LR =g @, Ysiho2s s Ym b
LSTFY = L T, Ysiho2s ey Y )
It is easy to see that in the decomposition [ysix—3,y1] = Zn: Bs+k—3,iT; we have
Burisa £0. -
Consider the equalities
[Ys+k—1,Y2] = [Ystk—a, [y, 21]] = [[Ysrr—a, 1), 21] = [[Ysrr—a, 21], 1] =

n
= [Z Bstk—3,iTi 1] — [Ystk—3,Y1] = —Bsrk—34Ta + Z(*)%
i=3 i>5
Since ysyp_a € L5TF2 9o € L3 and Bs+k—3.4 # 0, then the element x4 should
lie in L*+t*+1 but it contradicts to LSTF+1 = {a5, ... &0, Yssk_2,...,Ym}. Thus,
the superalgebra L has a nilindex less than n + m. O
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From Proposition . we conclude that Leibniz superalgebra L = Lo & Li with
the characteristic sequence (nq,...,ng|/m) and nilindex n + m can appear only if
dim(L3) > n — 3. Taking into account the condition ny < n — 2 and properties of
naturally graded subspaces gr(Lg); and gr(Lo)2 we get dim(L3) =n — 3.

Let dim(L3) = n — 3. Then

gr(Lo)1 = {71, %2}, gr(Lo)2 = {73}

Then, by Corollary Bl the naturally graded Leibniz algebra gr(Lg) is a Lie
algebra, i.e. the following multiplication rules are true

[:Elufl] = 07
[T2,T1] = T3,
[ZT1,T2] = —T3,
[,Tg,fg] =0.

Using these products for the corresponding products in the Leibniz algebra L
with the basis {x1, 2, ..., z,} we have

(@1, 21] = Y1,4%4 + 71,525 + - + V1,0,

(T2, 21] = 23, 5)
(X1, 22] = —3 + 72,424 + V2,525 + -+ + V2,0 Tn,

(T2, T2] = 3,424 + V3,525 + -+ + V3,0 Tn.

Proposition 3.2. Let L = Lo ® Ly be a Leibniz superalgebra from Leiby, ., with
characteristic sequence (n1,...,nglm) and dim(L3) = n—3. Then L has a nilindex
less than n 4+ m.

Proof. Let us suppose the contrary, i.e. the nilindex of the superalgebra L equals
n + m. Then by Theorem B.I] we can assume x5 ¢ L. Hence,

2 _
L _{‘I27$35'"axn7y25y37"'7y’m}7

L? = {Z3, %4, -, Tn,Y2,Y3, -y Ym -

If yo € L*, then it should be generated from the products [z;,1],3 < i < n,
but elements z;,(3 < i < n) are in L. Therefore, they are generated by linear
combinations of products of elements from Lg. The equalities

(s, 250 91) = (s, [, y1)) + ([0, va), 23] = [y Y gy + D aweye wa] = (1w
t=2 t=2 >3

show that the element yo can not be obtained by the products [z;,11],3 < i < n,
i.e. y2 ¢ L*. Thus, we have

4
L :{x37$47'"7xn7y37"'7ym}'

The simple analysis of descending lower sequences L? and L* derives as 2 # 0.
Let s be a natural number such that z3 € LT\ L5+2 ie.

L? = {I3,$4,.. 3Ty Ys—15Ys,y - - -7ym}75 Z 37
s+1
L _{I3ax47"'7$nay57ys+17"'aym}7

LS+2 = {$4, ooy Ty Ysy Ys+1y - - - 7y’m} a’nd ﬂsflﬁ # 0
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If s = 3, then B2 3 # 0 and we consider the product

m m
(22, 0], 01] = D a2y =Y aajly ] = aa2Baszs + > (%)aa.
=2 =2

i>4
On the other hand,

b 1] = gl o] = 5z Y B = 3

i>4

Comparing the coeflicients at the corresponding basic elements we get equality
ag2823 =0, i.e. we have a contradiction with supposition s = 3.
If s > 4, then consider the chain of equalities

[Ys—2,Y2] = [Ys—2, [y1, 71]] = [[Ys—2, 1], 21] — [[Ys—2, 71], 1] =

= [Z Bs—2,i%i, 1] — [Ys—1,Y1] = —Bs—1,323 + Z(*)%-
i—3

i>4
Since ys_2 € L*7! and y2 € L3 then a3 € L2 = {24, ..., %0, Ys—1,-- -, Ym )}
which is a contradiction with the assumption that the nilindex of L is equal to
n—+m. (I

Summarizing the Theorem [3.1] and Propositions 3] we have the following
result

Theorem 3.2. Let L = Lo @ L1 be a Leibniz superalgebra from Leiby, ., with
characteristic sequence equal to (ni,...,nglm). Then the nilindex of the Leibniz
superalgebra L is less than n + m.
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