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The Navier-Stokes-o equations belong to the family of LES (Large Eddy Simulation) models whose
fundamental idea is to capture the influence of the small scales on the large ones without computing all
the whole range present in the flow. The constant « is a regime flow parameter that has the dimension
of the smallest scale being resolvable by the model. Hence, when o = 0, one recovers the classical
Navier-Stokes equations for a flow of viscous, incompressible, Newtonian fluids. Furthermore, the
Navier-Stokes-a equations can also be interpreted as a regularization of the Navier-Stokes equations,
MSC: where « stands for the regularization parameter.

35Q35 In this paper we first present the Navier-Stokes-« equations on bounded domains with no-slip
65M12 boundary conditions by means of the Leray regularization using the Helmholtz operator. Then we
65M15 study the problem of relating the behavior of the Galerkin approximations for the Navier-Stokes-o
76D05 equations to that of the solutions of the Navier-Stokes equations on bounded domains with no-slip
Keywords: boundary conditions. The Galerkin method is undertaken by using the eigenfunctions associated with

the Stokes operator. We will derive local- and global-in-time error estimates measured in terms of
the regime parameter « and the eigenvalues. In particular, in order to obtain global-in-time error
estimates, we will work with the concept of stability for solutions of the Navier-Stokes equations in
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Navier-Stokes equations terms of the L2 norm.
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1. Introduction

LES models have rapidly emerged as successful turbulent mod-
els for simulating dynamics of fluid flows at high Reynolds num-
bers (Re). These are widely used to solve intensive problems
in a great variety of application areas in natural and technical
sciences. The starting point is the physical fact that the larger
scales of turbulent flows contain most of the kinetic energy of the
system, which is transferred to smaller scales via the nonlinear
term by an inertial and essentially inviscid mechanism. This pro-
cess continues creating smaller and smaller scales until forming
eddies in which the viscous dissipation of energy finally takes
place. Therefore, the small-scale dynamics can sometimes have
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an influence on large-scale structures and hence affect the overall
behavior of a fluid flow in many physical phenomena. But com-
puting all of the degrees of freedom required to describe a flow in
its entirety at a high Reynolds number turns out to be impossible
to achieve due to considerable limitations in computing power.
It is conjectured by Kolmogorov's scaling theory that the number
of degrees of freedom required by a direct numerical simulation
of the Navier-Stokes equations is of the order of Re%. This theory
assumes that the turbulent fluid flow is universal, isotropic and
statistically homogeneous for the small-scale structures at high
Reynolds numbers. LES approaches avoid such a situation by com-
puting large-scale turbulent structures in the fluid flow while the
effect of the small-scale ones are modeled. In the literature there
exist several ways of separating large scales from small ones.
Some examples are regularization techniques such as the Navier-
Stokes-a equations and closely related models [1-5], nonlinear
viscosity methods such as the Smagorinsky model [6], spectral
eddy-viscosity methods such as the Kraichnan model [7], and
sub-grid methods such as variational multi-scale models [8-10].
The emphasis of this work is focused on the Navier-Stokes-o
equations. They can be derived in three different ways.

(i) Firstly, these equations appeared as a generalization of
the Euler-o equations by adding an ad hoc viscous term
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[1-3] whose explicit form was motivated by physical ar-
guments in absence of boundaries. The Euler-o equations
were derived from Lagrangian averaging and asymptotic
expansions in Hamilton’s principle to the turbulence in the
flow being statistically homogeneous and isotropic [11,12].
The viscous term can be also derived from a stochastic
interpretation of the Lagrangian flow maps for domains
with boundary [13,14].
(ii) Secondly, the Navier-Stokes-o equations can be seen as
a Leray regularization of the Navier-Stokes equations by
using the Helmholtz operator [15]. In order to get the
resulting system of PDEs to be Galilean invariant, the con-
vective term must be written in its rotational form. On
the other hand, the property of being Galilean invariant
does not hold for other «-models such as the Leray-«
equations [15].
In general, the Leray regularization approach supplies sys-
tems of PDEs which are well-posed, as occurs with the
Navier-Stokes-o equations. That is, the fundamental math-
ematical questions of existence, uniqueness and stability
for the Navier-Stokes-« equations are known; in particular
uniqueness is even proved for three-dimensional domains.
Unfortunately, the uniqueness question of global-in-time
solutions of the three-dimensional Navier-Stokes equa-
tions has not been solved yet. This issue is intimately
related to the one of whether or not the Navier-Stokes
equations are a suitable model for turbulent fluids.
Finally, the Rivlin-Ericksen continuum theory of differ-
ential type gives similar models to the Navier-Stokes-o
equations for describing dynamics of a number of non-
Newtonian fluids (such as water solution of polymers).
These fluids are characterized because its stress-deformation
response does not depend only on the constitutively in-
determinate pressure and the stretching tensor but also
certain other kinematic tensors called the Rivlin-Ericksen
stress tensors. Among fluids of different type, one finds
the grade-n fluids whose stress tensor is a polynomial of
degree n in the first n Rivlin-Ericksen stress tensor. We
refer to [16-19] and the references therein for the deriva-
tion of the grade-n fluid equations and further physical
background on the continuum theory of differential type.
Surprisingly, the grade-two fluid equations resemble the
Navier-Stokes-a equations except for the viscous dissipa-
tion being weaker in the former [20,21]. It seems to be
that the grade-two fluid equations do not in fact provides
the correct dissipation for approximating turbulent phe-
nomena near the wall but instead they present the same
hyperstress as in the Navier-Stokes-o equations [13,14].
That is, the inviscid case of the grade-two fluid equations
coincides with the Euler-o equations.

(iii

=

A key property determining the long time behavior of many
evolutionary partial differential equations is the dissipation of
energy. In particular, dissipativity is central to the existence of
a global attractor. The concept of the global attractor is closely
related to that of turbulence. In a nutshell, the global attractor is
a compact set in the phase space that absorbs all the trajectories
starting from any bounded set after a certain time. Therefore,
the global attractor retains the long-time behavior of the whole
dynamics of the fluid flow. Unsurprisingly, the dimension of the
global attractor is related to the number of degrees of freedom
needed to capture the smallest dissipative structures of the flow
according to Kolmogorov's theory.

In this work we are interested in the properties of the Navier—
Stokes-a equations in the limit as & approaches zero. In particu-
lar, we will study the properties of the Galerkin solutions of the
Navier-Stokes-o equations and their relations with the solutions

Physica D 448 (2023) 133724

of the Navier-Stokes equations. The Galerkin approximation is
performed by using the eigenfunctions associated to the Stokes
operator. We will show local- and global-in-time error estimates>
in the L>°(0, T; L?(£2)) norm, for 0 < T < oo and T = oo, between
the Galerkin approximation of the Navier-Stokes-o equations
and the solution of the Navier-Stokes equations in terms of the
eigenvalues and the parameter «. It is widely believed that global-
in-time error estimates should not hold without assuming any
additional property of the solution of the Navier-Stokes equa-
tions. Even if one assumes global-in-time bounds for the solution
being approximated, the best general error estimates predict an
asymptotically increasingly accurate approximation (growth) as
time goes to co. In order to avoid such an undesirable circum-
stance one must introduce the concept of stability for solutions of
the Navier-Stokes equations related to the decay of perturbations
at infinite. This way we will be able to prove that the Galerkin
solution approximates the exact solution uniformly in time, even
if such a solution reaches the global attractor, without losing
accuracy.

The remainder of this paper is organized as follows. We
present the Navier-Stokes-« equations on bounded domains with
no-slip boundary conditions by means of the Leray regularization
using the Helmholtz operator in Section 2. In Section 3, we
introduce some short-hand notation and cite some useful known
results. In Section 4, we give a brief overview of the mathematical
results presented in this paper. Section 5 studies local-in-time er-
ror estimates. This is broken into two subsections. In Section 5.1,
local-in-time a priori energy estimates are established for the
Galerkin approximations and for the solution to be approximated
of the Navier-Stokes equations as a consequence of passing to
the limit. Then Theorem 11 is proved in Section 5.2. Section 6
is devoted to demonstrating global-in-time error estimates. We
again broke this section into four subsections. In Section 6.1,
global-in-time a priori energy estimates for the Galerkin approx-
imations are showed. In Section 6.2 the notion of perturbations
in the L?(£2) sense is introduced. Auxiliary results are presented
in Section 6.3. Then Theorem 12 is demonstrated in Section 6.4.
In Section 7 we end up with several concluding remarks.

2. The model

The Navier-Stokes equations for the flow of a viscous, incom-
pressible, Newtonian fluid can be written as
ou—vAu+u-Vu+Vp = f in
V.u = 0 in

2 x(0,T),
2x@. 1) M

with £ being a bounded domain of R% d = 2 or 3, and with
0 <T < +4o0oorT = 4o0. Here u : 22 x (0, T) — RY represents
the incompressible fluid velocity and p 2 x (0,T) > R
represents the fluid pressure. Moreover, f is the external force
density which acts on the system, and v > 0 is the kinematic
fluid viscosity.

These equations are supplemented by the no-slip boundary
condition

u=0 on 082 x(0,T), (2)
and the initial condition
ul0)=uy in £. (3)

Next we will present the Navier-Stokes-o equations on
bounded domains by using the Leray approach with the Helmholtz
regularization [15]. First of all, we write

(u-V)u:—ux(qu)—}—%V(u-u).

3 By abuse of nomenclature, we use local- and global-in-time estimates to
make reference to estimates on [0, T] for 0 < T < oo and T = oo, respectively.
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Then system (1) reads as

o —vAu —u x (V x u)+ vp'
V-u

f in
0 in

2 % (0,T),
22 x(0,T),

wherep’ =p+ %V(u -u). Next we apply the Leray regularization
with the Helmholtz operator to find

u—vAu—vx (Vxu)+Vp = f in £ x(0,T),
V.u = 0 in £ x(0,T),
(4)
where v is defined as
v—a?Av+Vr = u in £ x(0,T),
V.v = 0 in £ x(0,T), (5)
v = 0 on 0982 x(0,T),

with o > 0 being the regularization parameter.

In the definition of the pair (v, 7) we observe the first dif-
ference between the periodic and non-periodic case. For periodic
domains, this null-space of the Laplacian is only made of constant
functions; therefore, working in mean-free spaces, one finds that
7 = 0. Hence, the Stokes and Laplace operators do coincide, apart
from the domain of definition. Instead, for non-periodic domains,
the pseudo-pressure 7 is used to rule out a much wider class of
functions; so the Stokes and Laplace operators are different.

System (4)—(5) together with (2) and (3) is called the Cauchy
problem for the Navier-Stokes-o equations on boundary domains
with no-slip boundary conditions. It is clear that if one considers
o = 0, one recovers the Cauchy problem for the Navier-Stokes
equations.

One may rewrite (4) in terms of v only, by a direct substitution,
and so one finds the original Navier-Stokes-« system of PDEs:

3(v— a?Av) —vA(v — ®AV) — v
x(Vx(v—a?4Av))+Vp” = f in
V-v 0 in

2 % (0,T),
2 % (0,T),

(6)

where p” = p’ + 3,7 + Am. Observe that V x Vz = 0 have been
used.

In [1-3,22] system (6) was derived on domains that do not
have a boundary. For that reason, system (6) is typically studied
in the absence of boundary conditions (e.g. in the d-dimensional
torus 2 = TY or the whole space 2 = RY). This sort of
domains are less physical interest but provide sometimes a con-
venient slightly simplified model which decouples the equations
from the boundary and makes easier somewhat the mathematical
analysis. But, boundaries are of importance in many engineering
applications.

A key reason that system (4)-(5) is preferred over system
(6) on bounded domains is the fact that system (6) needs to be
completed with an extra boundary condition for —Au due to
the presence of the bi-Laplacian operator. At this point we need
to make two observations regarding such a boundary condition
because some care must be taken in choosing it. Introducing
a boundary condition for —Au may lead to either the initial
boundary-value problem for (6) being ill-posed or phenomena
near the wall being unrealistic. For instance, one may consider
homogeneous Dirichlet boundary conditions for both v and Av,
ie,

v=0 and —Av=0 on 092 x(0,T). (7)

These boundary conditions give rise to an overdetermined prob-
lem [23] due to the incompressibility condition. It is well to
highlight, here, that the boundary conditions to be imposed for
(4) and (5) areu = v = 0 on 3£ x (0,T) or equivalently
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v = Av = 0 on 982 x (0,T), where A stands for the Stokes
operator. The reader is referred to [ 13,14] for a detailed discussion
of the boundary conditions for the Navier-Stokes-« equations on
bounded domains. It is important to observe that system (4)-(5)
is totally equivalent to the one presented in [13,14].

As discussed in Section 1, there is a connection between the
Navier-Stokes-a equations and the grade-two fluid equations,
which are (6) with —vAv rather than —vA(v — «?Av), derived
from the continuum mechanical principle of material frame-
indifference [17]. In this context, the constant « is a material
parameter measuring the elastic response of the fluid. The sign
of « is determined by applying the Clausius-Duhem inequality
together with the fact that the free energy must have a stationary
point in equilibrium [18] so that the grade-two fluids are com-
patible with thermodynamics. We refer the reader to [19] for a
detailed discussion on the sign of «. In this case, there is no need
of any extra boundary condition for —Au.

2.1. Previous works

Rautmann [24] initialized the study of error estimates for the
spectral Galerkin approximations of the Navier-Stokes equations.
His results were local in time since the bounds have no mean-
ing as time goes to infinity. Heywood [25] noted that further
assumptions were necessary in order to yield global-in-time error
estimates. This additional assumption concerns stability of the
solution of the Navier-Stokes equations. Heywood formulated
the stability condition in terms of the H'!(£2) norm and gave
global-in-time error estimates in the same norm. Later Salvi [26]
obtained global-in-time error estimates in the L?(£2)-norm by
assuming stability in the same norm.

Similar programs to that of this work were performed for
the density-dependent Navier-Stokes equations [27] and the
Kazhikhov-Smagulov equations [28]. Global-in-time error esti-
mates for the Galerkin approximations were derived in H'($2) for
the velocity under the assumption of stability in the H'(£2) norm.
The density, in both models, plays an important role in defining
the concept of stability.

Foias et al. proved the global-in-time existence and unique-
ness of regular solutions to the Navier-Stokes-a equations with
periodic boundary conditions in [29]. Later in [13] Marsden and
Shkoller established the same results on domains with boundary.

The first convergence analysis between the Navier-Stokes-
o and Navier-Stokes equations as o approaches to zero was
undertaken in [29]. There it was established that there exists
a subsequence for which the regular solutions of the Navier—
Stokes-a equations converge strongly in the LIZOC(O, o0; LA(T3))
norm to a weak solution of the Navier-Stokes equations. On
bounded domains with homogeneous Dirichlet boundary condi-
tion, local and global convergences uniform in time in H'(£2) from
second grade fluids toward strong solutions of the Navier-Stokes
equations were shown in [30] by assuming some smallness con-
ditions for initial data where some of them remain meaningless
as « goes to zero.

In these above-mentioned works no convergence rate was
provided. In this sense, in [31], the convergence rate in the
L'(0, T; L?(T3)) norm was proved to be of order O(e) for small
initial data in Besov-type function spaces in which global exis-
tence and uniqueness of solutions for the Navier-Stokes equa-
tions can be established. But this convergence rate deteriorates as
T goes to oo. In [32] the convergence rate of solutions of various
a-regularization models to weak solutions of the Navier-Stokes
equations is given in the L*(0, T; L?(T2)) norm being of order of
O(x(log %)% )- In addition to these results, error estimates for the
Galerkin approximation of the Leray-o equations were presented

in the L°(0, T; L*(T?)) norm being of order of (’)(ﬁ(log Ans1)?),
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under the assumption «?A,.; < 1, where A, is the (n +
1)th eigenvalue of the Stokes operator. In particular, the relation
between the eigenvalue A,,; and the regularization parameter «
means that the dimension of smaller scales, which is captured
by the Navier-Stokes-o equations, and the number of degrees
of freedom needed to compute the Galerkin approximations are
related. The situation would be more favorable if we could avoid
such a relation since one can independently approximate either
a solution of the Navier-Stokes equations or a solution of the
Navier-Stokes-a equations. This fact is connected with the reg-
ularity of the solution being approximated as we will see in this
work. As a result of improving such regularity, the logarithmic
factor is removed. In this direction, one can found in [33,34] more
recently that the convergence rate is of order O(«) and O(oc%),
respectively. It seems that the fact of not dealing with boundary
conditions is crucial in [34] so as to obtain superconvergence.

The existence of the global attractor for the Navier-Stokes-
o equations, as well as estimates for the Hausdorff and fractal
dimensions, in terms of the physical parameters of the equations,
were established in [29]. Vishik et al. [35] proved the convergence
of the trajectory attractor of the Navier-Stokes-a equations to
the trajectory attractor of the three-dimensional Navier-Stokes
equations as « approaches zero.

Some algorithms [36,37] have been developed for dealing with
the numerical approximation of system (4)-(5). It seems that
imposing the divergence-free V-u = 0 in system (4)-(5) performs
better in numerical experiments [36,38] than system (6).

2.2. The contribution of this paper

Let us highlight the main contribution of this paper and how it
differs from existing work. Principally we compare our work with
those of [32-34].

(1) The framework in the present paper is that of the Navier—
Stokes equations on two-dimensional bounded domains
with non-slip boundary conditions. Here one finds the first
difference with the works of [32-34] which is carried out
on the two-dimensional torus with periodic boundary con-
ditions.

(2) We directly derive a local-in-time estimate for the error

u¢ —u in the L*°(0, T; L*(£2)) norm with u¢ and u being the

Galerkin approximation of the Navier-Stokes-o equations

and the solution to the Navier-Stokes equations, respec-

tively. Instead, in [32], this error estimate is obtained in
two steps. First, the convergence rate for u—u® is obtained
where u® is the solution to the Navier-Stokes-« equations.

Then the error estimate for u;; — u is proved.

Our local-in-time error estimate takes the form

—
w
=

_1 _3
lul(t) — u(6)|> < K(E)(hy 20 + 2 2),

with K being a function with exponential growth in time
and depending only on problem data. This error estimate is
only optimal with respect to the regularization parameter
«. In order for such error estimates to be optimal with
respect to Apyq, i€,

_1
lug(t) — u(t)|* < K(£)(Aq 2a® 4+ A 2)),

one needs to impose a better time regularity. See Section 7
for more details.

In [32], under the assumption a?A,.; < 1, the local-in-
time error estimate is of the form

lu(6) —u(O> = 2(u(e) — u* (O] + llu*(t) — ui (1)

B 1 1
Ki(t)a? log — + Ko(t)5— log A1,
o )‘n+1

IA
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with K; being a function with exponential growth in time
and depending only on problem data. This error estimate
result turns out to be suboptimal with respect to o and
Ant1. The relation between « and A,;; avoids approximat-
ing independently either a solution of the Navier-Stokes-
o or the Navier-Stokes equations through the Galerkin
approximation u¢. Furthermore, the above-mentioned im-
provement on the convergence rate being optimal is not
achieved in [32] with a better time regularity.

It is clear that local-in-time error estimates are mean-
ingless for large time. For that reason, our second result
is a global-in-time error estimate which we prove with
the help of the stability of solutions of the Navier-Stokes
equations. As far as we are concerned, this sort of results
is the first time that are addressed in the literature for the
Navier-Stokes-o equations.

It is not clear how to adapt the proofs of [33] on T¢ (d =
2 or 3) and those of [34] on T? to the Navier-Stokes-
a equations for bounded domains, above all, because we
have a comparatively different framework. However we
get optimal convergence rate for & and furthermore our
proof has capacity to be considered in dimension 3 as
in [33]; see Section 7. It would be very interesting to
investigate if the results of [34] keep for bounded domains
with Dirichlet boundary conditions. Thus we would know
if the boundary conditions may affect the approximation
of turbulent fluid flows by the Navier-Stokes-« equations.
Another important issue is when they are discretized.

(4

~—

(5

~

3. Notation and preliminaries

In this section we shall collect some standard notation and
preparatory results that will be used throughout this work.

(H1) Let £2 be a bounded domain of R?> whose boundary 952
is of class C*1, i.e., the boundary 3£2 has a finite covering
such that in each set of the covering the boundary 952 is
described by an equation xy = F(xq1,...,Xxy_1) in some
orthonormal basis, with F being a Hélder-continuous func-
tion of order 2 with exponent 1, and the domain £2 is on
one side of the boundary, say xy > F(X1, ..., Xy_1).

We denote by [P(£2), with 1 < p < oo, and H™(£2), with
m € IN, the usual Lebesgue and Sobolev spaces on 2 provided

with the usual norm || - [lpe) and || - [lum(e) with respect to
Lebesgue measure. In the L?(£2) space, the inner product and
norm are denoted by (-, -) and || - ||, respectively. Let C$°(£2) be

functions defined on £2 and having continuous derivatives of any
order with compact support in £2. Boldfaced letters will be used
to denote vector spaces and their elements. We will use C, with or
without subscripts, to denote generic constants independent of all
problem data. Moreover, E and K stand for constants depending
on all problem data.

We now give several function spaces developed in the theory
of Navier-Stokes. Thus we denote as

P={veCy(R2):V.-v=0in £2}.

Then the spaces H and V are the closure in the L?(£2) and H'(£2)
norm, respectively, characterized by

H {wel?(2):V-u=0in2,u-n=0o0n 3},
v {ueH(2):V-u=0in 2,u=0o0n 3R},
where n is the outward unit normal vector to 9£2. This charac-
terization is valid under (H1).
Let —oo < a < b < 400 and let X be a Banach space. Then
[P(a, b; X) denotes the space of the equivalence class of Bochner-
measurable, X-valued functions on (a, b) such that fab ||f(s)||f(ds <
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oo for 1 < p < 00 or esssupse(qp If (S)lIx < oo for p = oo.
Moreover, H'(a, b; X) is the space of the equivalence class of
X-valued functions such that (fab IF(S)IIZ + | %f(S)”)z(ds)]/2 < 00.

We let P : L?(2) — H be the Helmholtz-Leray orthogonal
projection operator and let A : D(A) C H — H be the Stokes
operator defined as A = —PA where D(A) = V N H?(£2).

The next lemma is about the stability of the Helmholtz-Leray
operator. See [39, p. 18].

Lemma 1. Foru € H'(R2), [Pully1 o) < lully1q)

The following two lemmas collect some properties of the
Stokes operator A. For a proof, see e.g. [40, Chapter 4].

Lemma 2. It follows that:

(i) The operator A is bijective, self-adjoint, and positive definite.
(ii) The operator A~ is injective, self-adjoint, and compact in H.
(iii) There exist a set of eigenvalues {A,}7°; and a basis of eigen-

functions {w,};2; satisfying

(a) Aw, = Aaw, with w, € D(A) N H*(2).

()0 <ii < - S A< App1 =<---.

(c) limp_ o0 An = 00.

(d) There exists a constant C > 0 such that A, > Cni;.

Let 8 > 0. Define the operator A? : D(A?) ¢ H — H such that

o0
APu = Zkf(u, Wy )Wy,

n=1

where

o0
D)= {ueH; Y 2F|u, w,)f < oco}.
n=1
Moreover, the space D(A?) is endowed with the inner product
(o]
(APu, APv) = > 2P upuy,
n=1
where u,, = (4, w,) and v, = (v, w,), and the associated norm
o0
1APu)? = 228 (u, w,)P.

n=1

In particular, D(A'/2) = V and D(A) = H*(£2) N V hold.

Lemma 3. The set {w,};2, is an orthogonal basis of the spaces
H, D(A%), D(A), and D(A%) endowed with the inner products (-, -),

(A%~,A%-), (A-, A-), and (A%,A%-), respectively.

It is well-known that the Stokes operator is a maximal mono-
tone operator. Its resolvent (I +«?A)~! is well-defined for all & >
0 and satisfies some properties useful in further developments.
We state such properties as a lemma below. See [41, Chap. 5] for
a proof.

Lemma 4. It follows that:

(i) The operator (I + «?A)~' : H — D(A) is bounded, linear and
self-adjoint with

I+ o*A) | 2oy, peay < 1. (8)

(ii) The operator A>(I + a?A)"' : H — D(A?) is linear and
bounded with

IAZ (I + Al <1 9)

ZL(H,D(A% )
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and

@A+ a*A) e < 1. (10)
(i) The operator (c?A)(I+«?A)~! : H — H is linear and bounded

with

I(e®A)T + &®A) 2y < 1. (1

(iv) Furthermore, there holds
=+ %A = AU + ?A)7 ! = o?(I + ?A)'A. (12)

The next lemma provides equivalence of norms between ||A?-||
and | - llum(e).

Lemma 5 (Poincaré). If u € D(A% ), then

_3
2

—3 41 _ 3
lull <2, 2 [AZull < 271 Au|| < A, % |AZul. (13)

where A4 is the first eigenvalue of the Stokes operator.
Moreover, there exist two constants C;, C; > 0 such that

1

GlATul < fulyg < GlA*ull forall ueDA?),
Glaul < lulyg =< GlAul forall ue D),

3 3 3
GlAzu| < ule) =< GlAzul| foral ue D(A2).

Let us define V,; = span{w1, ..., wy} as the finite vector space
spanned by the first n € IN eigenfunctions associated to the Stokes
operator. Thus we consider P, : H — V, to be the orthogonal
projection operator with respect to the L?(£2) inner product and
Pnl =1 — P, to be the projection onto an, the L?(£2) orthogonal
space to V,,.

The following lemma shows elementary properties for P, and
P+ that will be used frequently. We refer the reader to [24] for a
proof.

Lemma 6. Given u € H, it follows that
IPaull < [[u]]. (14)

Moreover, if u € D(A%), then

1

IPul? < —— |AZP1ul?, (15)
)\n+1

IAZ Pyul| < [|AZul. (16)

In addition, if u € D(A), then

1 1
IA PLuI? < ——APLul? and  [IPiul? < —— AP ul?,
Ant1 n+1
(17)
APqu|l < ||Au]|. (18)

Let u, v € ¥. Then we define B(u, v) as
B(u, v) = P((u- V)v)

and §(u, v) as

B(u, v) = —P(u x (V x v)).

Using the fact that
(u-Viv+(Vu)'v=—ux (V x v)+ V(u-v)

and applying the Helmholtz-Leray operator, we get the relation

~

B(u, v) + B*(u, v) = B(u, v), (19)
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where we have denoted B*(u, v) = P((Vu)"v). Moreover, we have
the relation

(B*(u, v), w) = (B(w, v), u) (20)

forallu,v,w e V.
Next we review some needed inequalities and continuity
properties of the operators B and B.

Lemma 7. The bilinear operator B is continued as follows. There
exists a constant C > 0 scale invariant such that

(i) For all u € D(A?), v € D(A?) and w € D(A?),

(Bat v w) g < Clul AZ Ul A ol A2 ) o).
(21)
(ii) For allu D(A%), v e D(A) and w € H,
(B(u, v), w) < CllullZ [AZu]|2 [AZ o] Z JAv] 2 wl].  (22)
(iii) Forallu e H, v € D(A%), and w € D(A),
(Bt v), W)pia 1y piay < CllullAZ o] |w]? Aw]Z.  (23)
(iv) For allu € D(A), v € D(A%), and w € H,
(B(u, v), w) < Cllul|Z [l AulZ [|A2 ]| w]]. (24)
(v) Forallue H, v D(A%), and w € D(A%),
(B(u, v), w)D(A_%)’D(A%) = —(B(u, w), v)D(A_%)’D(A%). (25)
In particular,
(B(u, v), v)D(A_%)’D(A%) =0. (26)

Lemma 8. The bilinear operator B is continued as follows. There
exists a constant C > 0 scale invariant such that

(i) For all u € D(A?), v € D(A), and w € H,

(B, v), w) < Cllul|2 |AZu2 [AZv]|Z [Av)2 [w].  (27)
(ii) For all u € D(A?), v € D(A?) and w € D(A?),

~ 1 1 1 1 1 1 1
B(u, v), w < Cllu||z||A2u|z||AZ2v||||AZ w]| 2 ||w| 2.
B vy w) 4= Clull? A2 [AZ0][A2w]|? w]

(28)
(iii) For all u € H and v € D(A?),

(B(u, v), u) = 0. (29)
Remark 9. Gagliardo-Nirenberg’s inequality and Agmon’s in-
equality are used to prove the inequalities of Lemmas 7 and
8. In two-dimensional domains, these inequalities are scaling

invariant; therefore, the inequalities of Lemmas 7 and 8 inherit
the invariance property. See e.g. [29,39,40,42].

4. Statement of the results
Here we stay as a reference the hypotheses for ug and f to be

used throughout this work.

(H2) Assume uy € D(A) and f e L(0, T;L%(£2)) for either
0<T<oocorT =o0.

Our first step is to modify (4)-(5) together with (2) and (3) in
order to easily produce an equivalent problem without pressure.
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First we apply the Helmholtz-Leray projector P to (4) and (5).
Then we obtain the following functional evolution setting

dv ~
X + vAv + B(u, v) = Pf, (30)
u(0) = uo,

where we have defined v = (I + o?A)u.

Remark 10. In the existing literature unknowns u and v in sys-
tem (4)-(5) are traditionally called v and u, respectively. There-
fore, from now on, observe that we have switched the role of u
and v in (4)-(5) together with (2) and (3). This way we keep the
notation of the previous papers and unify hypotheses on ug being
the initial data for both (30) and (31).

Analogously, we apply the Helmholtz-Leray projector to (1)
together with (2) and (3) to have

du
{ E+vAu+B(u,u)=Pf, (31)
u(0) = uy.

Next, we begin by defining the Galerkin approximation to
(30) for which we can easily prove existence of solutions and
for which we can also show a priori energy estimates that are
independent of the regularization parameter «. In order to do
this, we use the basis of the eigenfunctions w;, j € N, for the
Stokes operator A. For every n € IN, we define the nth Galerkin
approximation

n
uy = Z al(t)w;
i=1

satisfying
dvg o D o o
E +VAvn +PnB(un,vn) = PTLf? (32)
u;(0) = Pauo,

where we have defined v? = (I + o?A)u?.

The existence of a solution u¢ to (32) on an interval [0, Ty, )
follows from Carathéodory’s theorem. Then a priori estimates
show that the solution exists according to the case t € [0, T]
or [0, +o00). The uniqueness of the solution to (32) is stan-
dard; namely, it follows by comparing to different solutions. The
smoothness of the solution depends on how smooth is f; in
particular, one can prove that uj} € H'(0, T; V,,) under (H2).

Initially, we will derive local-in-time error estimates appropri-
ate on [0, T]. Later, we will show how these can be combined to
provide error estimates that are globally defined on [0, 4-00).

Theorem 11. Let T > 0 be fixed. Assume that (H1) and (H2) hold.
Let u be the solution to (31), and let uf be the solution to (32) on
[0, T]. Then there exists K > 0 such that

¢ 1
sup [nu‘;(t) —ue) + [ 1At - u(s))||2ds]
0<t<T 0

_1 _3
<K 2a® +2,2),
where K = K(ug, f, v, T, 2), and Apyq is the (n + 1)th eigenvalue
of the Stokes operator A.

Theorem 12. Let T = oo. Assume that (H1), (H2) and (H3) (below)

hold. Let u be the solution to (31), and let u be the solution to (32)

on [0, +00). Then there exist Ko, > 0, ng € N, and g > 0 such
that

_1 _3

sup [lug(t) — u(t)|® < Koo (4 2® + 4, )

0<t<oo
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holds provided that n > ng and o < g, where Ky, = Koo(uo, f, v,
§2), and Apyq is the (n + 1)th eigenvalue of the Stokes operator A.

5. Local-in-time error estimates

In this section we will first establish local-in-time a priori
energy estimates for the Galerkin approximations u to problem
(32) independent of the regularization parameter « and the di-
mension n of V,. Then, we will be ready to pass to the limit
to obtain a strong solution of the Navier-Stokes equations (31),
which will inherit the a priori energy estimates from the Galerkin
approximations for « = 0. Finally, we will use both a priori
energy estimates to derive local-in-time estimates for the error
u% —u in the [*°(0, T; H) and [%(0, T; D(A% )) norm regarding the
regularization parameter « and the eigenvalues A, of the Stokes
operator A.

5.1. Local a priori energy estimates

Lemma 13 (First Energy Estimates for u;). Let T > 0 be fixed. There
exists a constant E; = E{(uo, f, v, T, 2, «) such that the Galerkin
approximation u defined by problem (32) satisfies

1
sup [ ()] + oA ug (o)

0<t<T

+v / (IAZu(s)])* + aznAuﬁ(s)nZ)ds] <E. (33)
0

Proof. Take the L?(£2)-inner product of (32); with ug to get
1d
2dt

where we have used (29). Thus, applying Schwarz’ inequality,
Poincaré’s inequality (13) and Young's inequality subsequently to
(f, uy), one accomplishes

1 1
(> + @Az ug 1) + v(IAZuf |12 + o [ Aug 1) = (F, uy),

1d 1 1
5 77 + e IAZ ) + v(IA2 0 I + ol Aug %)
1 Vo1,
< oo I+ S hAzu. (34)

Finally, integrating over (0, t), for any t € [0, T], one obtains
t
1 1
O + @RI+ [ AT + o)
0

1 1 T
< lluol* + A2 uo|I* + 7/ If(s)I*ds := Ey. O
U)\.] 0

Lemma 14 (Second energy estimates for u). Let T > 0 be fixed.
There exists a positive constant E; = E;(ug, f, v, T, §2, a) such that
the Galerkin approximation u$ defined by problem (32) satisfies

1 o o
sup [ 143 uz(e)IP + oA (0]

0<t<T

t
+V/ (1A ()] +¢¥2||A%uﬁ(5)||2)d5] < E. (35)
0

Proof. Take the L%(£2) inner product of (32); with Au¢ to obtain

1d 1 3

et /22000112 2 a2 a2 2114542113

2dt(”A wl°+a IIAunII~)+V(|IAunII +ol|A2ug|”) (36)
= (f, Aug) — (B(uy, vp), Aug).

We shall begin by estimating the term (f, Aug ). Thus, by Schwarz’
and Young’s inequalities, we have

C %
(f, Aug) < [If[lAuz || < ;IU’II2 + EIIA"‘JIIZ-
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Now the relation v = u? + o*Au? allows us to write the term
(B(uy, v5), Auf) as:
(Blary. of). Au) - =

o e (B(u, u®), Au®) + o2(B(u®, Au®), Au®)
= D] +D2

n

We now combine estimate (27) with Young’s inequality to yield

C 1 v
2 > 4 2
D, 5”"2‘” lAZug || +€||A"ﬁ||

IA

C 1 1

SElA2u] 12(1A2 U |1 4 o2 (| Au%|1?)
v 3

+ 5 (lAuy I + o A2 ul||?).

In a similar fashion, but using estimate (28), it follows the esti-
mate for D,:

b= puriadug i+ Lo iadu
< %El||A%uﬁ||2(||A%u;'n2+a2||Au$:||2)
S (lAu 1+ AR )
Putting all this together into (36) gives

d 1 4 o o 3

a(llAzunllz+012||A"n||2)+V(IIA"nIIZJrOtzIIAZ"nIIZ) (37)
£E A% o2 A% o2 2\ Au® |12 E 2

=3 lAzu [7(lAZug |7 + |l un||)+U|Lf||-

Finally, Gronwall’s inequality leads to

t
3
(IAu3 ()11 + e IAZ ()] )ds
0

JAZ s (O + o2 Au (O + v
< el {||A%U0||2 + o || Aug > + % /T ILf(S)IIZdS} =k,
0
forallt € [0,T]. O
Lemma 15. Let T > 0 be fixed. There exists a positive constant

E3 = E3(uo, f, v, T, £2, ) such that the Galerkin approximation u
defined by problem (32) satisfies

T d
f | SuOde < Es (38)
0

Proof. Applying the operator (I + «?A)~" to (32);, we write
du}
dt

—vAU® — (I + aA)" P, Bu®, v2)

+ (I + a?A)IPf.

Thus, we have

duy 20 Ans |12 22-1p i@ 2@ (2

i I~ =< CvilAug|l© + CII(I + a”A)” " PpB(ug, vyl
+C|I(I 4 a?A)"1P.f |2

It is clear from (35) that

T
v? / lAu(s)|2ds < vE,
0

From (8) and (14), we have
1T + o?A) P B(ug, )2
< |IPaB(u, v)I1* < lug x (V x v3)|?

1 1 1
< Ny 1 o) IA2 V3 117 ) < Cllu IAZ 1A o ||| Ao |

1 1 3
< lu 1Az u (1A u || + o® | Aug (1 Aug | + o [ AZ ug ).
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Using Schwarz’ inequality and integrating over [0, T] gives
T
| e, o7 as
1, 1 o o
< \7/ g ()1 1A2 s (s)IP(1A2 gy (5) 11> + o [|Autg (5)]|%) ds
0

T
3
7 / (AE(S) + oA u(s)2)ds
0
1
< E2(75152T + v).
Vv

Moreover, we have
T T

/ 10+ o2A) Pof(s)ds < / IFOI? ds.
0 0

Therefore,

T
d 1
A ||Euf.[(5)||2d5 =< EZ( E1E2T+2V)+ |Lf||L2(0TL2(.Q)) E3- O

The bound (35) on the sequence {u5 }o » allows us to prove that
there exist a subsequence {u } and a function u such that

u; > u  weakly-«in L0, T; D(A?)),
u) —>u weaklyin  [%(0,T; D(A)),

J

and, by a compactness result of the Aubin-Lions type together
with (38), such that

ufljf—>u strongly in LZ(O,T;D(A%)),

with («j, n;) = (0, 00) as j — oo, where u is a strong solution of
the Navier-Stokes equations. The passage to the limit is routine.
This convergence is discussed in detail by Foias et al. in [29] for
weak solutions.

The strong solution u to the Navier-Stokes equations (31)
inherits the bounds (33) and (35) for « = 0 due to the lower
semi-continuity of the L*°(0,T; H) and L2(0,T;D(A%)) norms.
See [29] for a proof in the three-dimension case.

Theorem 16. Let T > 0 be fixed. There exist two positive constants
Ei = El(uo,f, v, T, Q) and E;, = Ez(llo,f, v, T, .Q), which are Eq
and E, with a = 0, respectively, such that the unique solution u to
problem (31) satisfies

t
sup [||u(t)||2+v f ||A%u(s)||2ds] <E
0<t<T 0

and

t
sup [uA%u(t)n2 +v / ||Au(s)||2ds] <E
0<t<T 0
5.2. Proof of Theorem 11
We split the error u —u¢ into to two parts, e, = u—g, = P,f-u,
where 5, = Pyu, and z§} = u} —5,,. Thus u —u = e, — z3.

The next result concerns the error estimates for e,.

Lemma 17. Let T > 0 be fixed. There exists a positive constant
K1 = Ki(ug, f, v, §2) such that

sup ”en(t)” = Kl)hn_H (39)
0<t<T
Proof. Applying P;- to (31), we get

d
—e, + vAe, = —P'B(u, u) + Pif. (40)

dt
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Next, take the L?(£2)-inner product of (40) with e, to obtain

1d
Eallenll +vllAte,|?

Let us bound the right-hand side of (41). Making use of (15) and
(21), we estimate

= —(PyB(u, u), e,) + (f, e,). (41)

R T I IR |
Cllull2[|A>ul|> [lea]| 2 [|A2 e, ]|2

(P;-B(u,u),e;) <
LI B S
< C||u||2||A2u||2An+]||A2en||
1
E 2
< nHllullllAzull *IlAZenll
< CA 2 2 Zyaz
= 3 ni1E || el

where we have used (13) in the last line. Also,

Vo1
(F.en) < Ifllllenll < ?»nﬂllfllllf\zenll < /\m IIF1I% + ZHAZen”z-

Thus we achieve the following differential inequality:

d 1 C C._
a”enﬂz + vl|Aze,|* < )\ 2)»,1+1Ez + ;)»nllﬂfﬂz-

Taking advantage of (15), we get

d C c. _
Zlenll® + vinsllenl” < 2 anflEz + = h IFI%,
Therefore,

d
a(e‘“"“fllenllz) <

Integrating over (0, t), for any t € [0, T], we find

C A1t -3 _1~2 C Apa1t
et P LB + e L IFI.

C t
le Ol = e*“"+lf||en(0)||2+; [ et
0
+)“n_-:1”fs
C 2
< e0)* + = 2 M1 1M E;

+)‘n+1 “f||L°° 0.T; LZ(Q))}

Finally, from (17), we have |e,(0)|*> < C}Ln+1 |Aug ||%. Hence, we
see that

_1
lea(t)I> < {n+1||A“o|| + =0y ’E3
+An+1|tf||v,cOnz(m))}knj] O (42)
= 1<1xn+1

For the error z§ = uf — 5,, we write its own equation.

Lemma 18. Let 0 < T < oo. There holds

dz} N
— +vAz] =

. —P,B(u, z) — P,B(z, u) —

+ PyB(z}, en) + PoB(en, z77)
+ P,B(u, e,) + P,B(e,, 1,,)

P.B(z%, z%)

+ (I + a?A)~'Py(B(u%, u®) — B(u, v*))
—((I + «?A)™! — )P,B(u2, u%)
+(I + o?A)"'P,B*(u%, %)

+ (I +a?A) ' = DPf.

(43)
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Proof. We first apply the operator (I + «?A)~! to (32); to obtain

(3

dt” +vAul = —(I+a?A)7IPy(B(u%, v¥) + B*(ug, v%))
+(I + a?A) 1P S,
(44)
where we have used the relation (19).
Next observe that 5, = P,u satisfies
d
—n, + vAn, = —P;B(u, u) + P.f. (45)

dt

This is readily seen by applying the finite-dimensional Helmholtz-
Leray operator P, to (31). Subtracting (45) from (44) gives

dz%

_n + vAzﬁ —

i P.B(u, u) — (I + «?A)"'P,B(u®, v%)

n’ n
+ (I + «2A)~1P,B* (1%, v%)
+((I + «?A) 1 = )P, f.

Splitting the right-hand side of (46), with the idea of avoiding
using uf as

(46)

P,B(u,u) = P,B(u,u)=£ P,B(u}, u)+ P,B(u;,, uy)

P,B(u — u, u) + P,B(uy, u — u3}) + P,B(u;,, uy)
P.B(e, — z3,u) + P,B(uy, e, — z3) + P,B(us, uf))
= —P,B(u,z%)— P,B(z5, u) — P,B(z%, z3)

+PnB(Z‘§, e,) + P,B(ey, ZZ‘) + P,B(u, e,)
+ P,B(e,, n,) + P,B(us, ul),

we obtain (43); thus concluding the proof. O

Now we are prepared to prove the local-in-time error estimate
announced in Theorem 11. Taking the L%(§2) inner product of (43)
with z7, we get

2SI+ vIAbzI = (3w, 29),20)
— (B(zy,u),zy) — (B(zy, z3,), z;) + (B(zy, e4), 25)
— (B(en,23),2z7) + (B(u, e;), zi) — (B(ey, m,,), z3,)
+ (I + o2A)"1Py(B(u%, u%) — B(u%, v%)), z%)
— (U4 a®A)" " = P,B(u?, u%), z%)
+ (I + a®A)'PB*(ul, (I + «*A)ul), 22)

+ (U +a?A)" = DPof , 2})

11
= Z],
i=1
(47)

The right-hand side of (47) will be handled separately. It is
clear that J; = 0, for i = 1, 3,5, from (26). Let ¢ be a positive
constant (to be adjusted below). The skew-symmetric property
(25) of B combined with (13) and (23) gives

1 1 1
L = (B(zy,zy), u) < Cllz7 A2 27 |[[|u] 2 |Au]| 2

Ce 2 1 2
< TIIHIIIIAHIIIIZ,‘fII +velA2z] ||

G,y 2 2 1 2
= oM lAul“llz;|I* + vellA2z; |
and
1 1 1
Ja = —(B(z3,z3) en) < llzz A2z (| ]lenll 2 |Aey || 2
Cs 2 1 2
< TIIHIIIIAHIIIIZZ’II +vellA2zy||
G, 4 202 1 a2
< 7?»1 lAul[“llz5 [1* + vellA2zg ||7,
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where we have also used (14) and (18) for bounding ||e,|| < 2|u||
and ||Ae, || < 2||Au|| in J4. Now, combining successively (25), (21),
(17), (18), and (13), we get

111 11
Jo = —(B(u,z7), e;) < Cllu||2 |[Azul|2 |A2z7 || [[eq]| 2 [|A2 ]| 2

1111 3
Cllull2 |Azul| 2 ||AzZZ || A, 2 | Au|

Cry *lAZull|Azz5 (|2, 1 Au]|
Cop oty
7E2)‘1 )‘n+l

IA

1
| Au|® + ev]|Az2z% %

IA

Analogous to Jg, we have that J; can be estimated as:
1,1 11 111
J7 = —(Blen, z7), m,;) < Cllen||2|AZen]|2 |A2Z7 | 0,112 |A2 7, 1|2

1
1Au® + evl|A2z 1%,

IA

Con 1 _3
TEZ}H 2)‘n+21
where we have also used (14) and (16) for bounding ||, || < |[ull

and [|A2y, | < [AZull. From the fact that (I + «?A)~" is a self-
adjoint operator and in view of the definition of v¢ = (I+a?A)u,
we write
Js = —o?(B(ug, Aug), (I 4+ o?A)'2%)
= o?(B(uf, (I + «?A)"'2}), Auf),
where in the last line we have utilized (25). Thus, in virtue of (24),
(9), and (13), we get

1 1001 _
Js < Co?llul)|z||Aug |2 |AZ(I + o®A)~ 2| | Aug |
5 1 3,1
< Co?llug|z||Aujllz |Azz3 ||
Ce -3.3 2 1 2
< Bk el Au | + vz

In order to estimate Jo, we use identity (12) to obtain
Jo = oA + o?A)"1PB(u%, u%), 2%)
= o?(B(uy, uy), Py(I + «®A)~'AzY)
= o?(Bu%, u%), (I + a?A)"1Az%)
= a((a?A)2(I + a?A) 'B(uZ, u%), A2z%).
Observe that we have applied that A(I + «?A)~! is an adjoint

operator and neglected P, since (I + azA)’]Azﬁ belongs to V.
Now, from (10) and (13), we have

Jo < all(e®A)2(I + aA) B, ut)||[A2z¢ |
< olB. Az
< alul oAU AZ 2]
< aludl?Aug |7 AT ug A2 22 |

C
ZEEA 2| Aul |2 + ev]|A2Z%|2.
v
It follows from (20) and (26) that
Jio = ((B(ug, (I +o?Aug) — B*(u%, u%)), (I + «?A)'2%)
o2 (B (s, Au)), (1 + ?A)'25)
o?(B((I + a?A)~12%, Au%), u%)
—a?(B((I + &?A)"12%, u), Au2).
Next, thanks to (22), (8), (9) and (13), we find that

101 UV U B, N |
Jio < I+ A 28|12 1A+ «®A) 'z |1 2 [|AZu || 2 || Aug || 2

A

< %sz]‘%aﬂmugnz +ev|A2ze |2,
It is readily to bound J;; as
Ju = AU+ o?A)7'Pf , 22)
= a((a?A)2 (I + a?A) " 1Pf , A22%)

1 C 1
a||PfllIA2Z] ] < fOlzllfll2 + evllAzzg .

IA
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Collecting all the above estimates and choosing ¢ appropriately,
we have

d 2 1 2

EIIZZ‘II + A2z

_3
2

2
w1 llAU]

C. _ C~ -1
< ;AHuAunznzznz + ~Exdy 2
E -3 3 o)12 E -1_2 o2
+vE2)»1 o’ ||Aug < + uEZk] o ||Aug ||
C
+;a2|tf||2.

Equivalently,

d 2 1 2
EIIZ‘JII + A2z

Cc._ _ o c -1 _l~
= ;M Yl Aul? |1z 1* + ;(M 2o’ + 20, 2) [M 2E, || Aul|®

_1 1
+E(r, ? + o)l Aug | + A |Lf||2]
(48)

Applying Gronwall’s inequality yields, on noting Theorem 16,
that

_3
2

t C C,-15 _1
||Zﬁ(f)||2+V/ ||A%Zﬁ(5)||2d5 < ;evzkl EZ(M Po? 45, )%
0

NN

1 T _
X [,\1252/ [Au(s)|*ds + Ea(A, 2 + )
0

T L T
v / 1A (s)|Pds 4+ 2} f ILf(S)IIZdS]
0 0

_1 _3
= Ko(hy 20 + 2,2,
where we have used the fact that z3(0) = 0. To conclude the
proof of Theorem 11, we combine the above estimate and (39)
with the triangle inequality and choose K = max{Ki, K>}.

6. Global-in-time error estimates

Without further assumptions on the solution u to the Navier-
Stokes equations (31), global-in-time error estimates cannot be
asserted. Therefore, to go further, we need to introduce the con-
cept of the L?(£2) stability for solutions of the Navier-Stokes
equations. This stability condition deals with the behavior of
perturbations of u; namely, the difference between neighboring
solutions must decay as time goes to infinity. Once we know that
the solution u is stable in the sense of the L?(£2) norm, we will
be able to obtain global-in-time estimates for the error u — uj in
the L*°(0, oo; H) norm concerning the regularization parameter o
and the eigenvalue A, of the Stokes operator A. In doing so, we
will first prove global-in-time a priori energy estimates.

6.1. Global a priori energy estimates

Lemma 19 (First Energy Estimates For u} ). Let T = oo. There exists
a positive constant E1 o = Eq00(tlo,f, v, T, §2, ) such that the
Galerkin approximation u defined by problem (32) satisfies

sup (49)

0<t<oo

1
(1501 + @213 u5(OI] < Eroe.
Furthermore, we have, for 0 < ty <'t,

t
v/ (IAZu2(S)]? + o2 [Au()[2)ds < Ey o1+ vA1(t — to)). (50)

to
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Proof. To start with, we take advantage of (34) to get

d 1 1 & o 1
a(”uﬁ I + o®|A2ug |1?) 4+ v([A2 i > + o Ay ||?) < TMHfHZ-
(51)

By Poincaré’s inequality (13), we find that

d 1, 1
— ([ ]* + o [ul 1) + vAr(ud > + [AZul|1?) < —IIF II%.
dt U)\]

vAqt

Multiplying by e"*1" gives

d 1 1
. ev)q[ us 2+0[2 AZu® 2 <evl]t7 2.
dt[ (g I lAzuy[|7)] < o IF Il
Upon integration, we obtain
1
[ ()1 +012||A2u‘§(t)||21
= e (ol + o147 o] 1*)
1 2 VA
_ —vAy(t=s)
+UA.1 |Lf||L°°(0,oo;L2(Q))/(; e ds
1
< e "M (Jlugl* 4 o |AZuo %)

—vAqt 2
+l)2)\,2(] —€ ! )|lf||,_oo(0yoo;,_2(9))‘
1

Thus we have
1 1
Ul (O + o« [Azul(0)]* < |luoll® + o?[|AZ g

+ Eioo-

||.f||200 .12 =
2 L2°(0,00;L4(£2
vZ)\l ( (£2)
It remains to prove (50). Let us integrate (51) over (o, t) to obtain

t
1 1
lul (O + o Az u(t)]? +V/ (IAZug(s)]I* + o (| Aug (s)[1%)ds
to
o 2 2023« 2 1 ' 2
< lug (to)lI” + « Az ug (to)I” + —— | IF(s)lI"ds
l))\.] to

1 2
f E],OO + TM'I‘f|lL°°(O.OO;L2(Q))(t - to)
< Eq00(1 4 vA4(t — to)).
Therefore,
t
1
v [ UAREIR + o AUEIIPIS = Byl + vt — )
to
It completes the proof. O
Lemma 20 (Second Energy Estimates For u). Let T = oc. There

exists a positive constant E; o = E3 (U0, f, v, T, §2, o) such that
the Galerkin approximation u; defined by problem (32) satisfies

sup (52)

0<t<oo

1
142 (01 + oA (O1?] < Bz
Furthermore, we have, for all 0 < ty < t,

t
v / (AUS(S)I2 + 2 |ATU(8)[2)ds < E.o(1 + Es.oo(t — to))

to

C 2
+ ;”.f”l_oc(oqoo;LZ(g))(r - t(])v (53)
where Es o = E3.00(to, f, v, 2, ).

Proof. Firstly, we must drop the term [Au®|? + ozz||A%u‘;f||2
from 20, with E; o instead of E;. Secondly, we apply Gronwall’s
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inequality to it, for t — t* < s < t, with t* < t fixed, to find

1 2 «
||A7u(rJl((t)”2 +a2”Au(r)1((t)||2 < ev4£].oc(1+v)~]f )X

1 C
x {||Azu¢:(s)||2 + o | Au(s)|I? + ;|Lf||im(omz(m)t*} :

where we have used (50). Finally, we integrate with respect to s,
fort —t* <s <t,toget

14+vaqt*
<e41:>o(+v1 )X

1
IAZu%(0)))? + o?||Aul(t)]?

100
X {tj/ (A2 u(s)I1> + o || Aug (5)]1*)ds
t‘7
”f”Loo(O 00; LZ(Q))

C
<ev 4E1 wo(1HVA1E%) { E]
t*

t*
oo(1+ Avt™)

t* = E2,007

2
+; ”‘f”Loo(O,oo;Lz(fZ))

where we have again used (50). Therefore, we have that (52)
holds for t > t*. To fill the gap for [0, t*], we take into account
(35) and select t* small enough such that E, < E; »,, which is, of
course, always possible.

In order to obtain estimate (53), we integrate 20 over (to, t)
and use (49) and (52). Thus, we get

t
v / (ARSI + o [A us(s)[2)ds

to

C
= SEieB} ot — o) + t0) + E2.00-

7||f||Loo 0,00:12 _Q))(

< EZ,oo(l + E3,oo(t - tO)

“f”Loo(O o0; LZ(Q))(t - t())’

where we have denoted

O

E3,oo = *3El,ooE2,oo~
%

Using Lemma 4.1 in [27], the following corollary is derived.

Corollary 21. Let T = oo. There exists a constant E4oc =
E4oo(tlo, f, v, T, 82, ) such that the Galerkin approximation u;

defined by problem (32) satisfies

t
et / 1A (s)[ds < Eq oo.

to

forall0 <ty <t

Analogous to the case 0 < T < o0, one can show that there
exist a subsequence {u,,j} and a function u such that

uf;j — u  weakly-xin L (0, oo; D(A%)),
u, > u  weaklyin L2 (0, c0; D(A)),

J

and, by a compactness result of the Aubin-Lions type, such that
uzjf — u strongly in L} (0, oo; D(A?)),

with (@;, nj) = (0, 00) as j — oo, where u is a strong solution of
the Navier-Stokes equations.

Lemma 22 (Second Energy Estimates For u). Let T = oo. There exists
a constant Ey oo = Ey oo(uo, f, v, T, £2), which is E3 oo with @ = 0,
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such that the unique solution u to problem (31) satisfies

l ~
sup [[A2u(t)? < Ez, oo

0<t<oo

(54)

Furthermore, we have, for all 0 < ty < t,

t
~ ~ C
v / IAUEIPAS = By 14 Es )4 I g 1),

(55)
where Es o, = E3.0(tto, v, f, 2), which is Es o, with o = 0.

Using Lemma 4.1 in [27], the following corollary is derived.

Corollary 23. Let T o0o. There exists a constant E4,oo
E4oo(tto, f, v, T, §2) such that the unique solution u to problem (31)
satisfies

t
et / ¢ 1Au(s)Ids < By oo,

to
foral0 <ty <t

6.2. Perturbations

Let us introduce here the concept of the L%(£2) stability of the
solution u to the Navier-Stokes equations (31) analogous to that
of [26].

Definition 24. A function ¢, defined for all t > ¢, is called a
perturbation of u if u + ¢ is a solution of (31) with { = 0 on 942.
That is, for a fixed ty > 0, ¢ is a solution of the problem
0,

o>

d
E; + vAC + B(u, &)+ B(¢, u) + B¢, ¢)
&(to)

(56)

for all t > tg.

In order to prove the global-in-time error estimate we will
assume that solutions u to the Navier-Stokes equations are condi-
tionally exponentially stable. This property is verified for instance
in simple axially symmetric Taylor cells occurring in rotating
coaxial cylinder. See [43].

(H3) There exilst positive numbers B, M and § such that for every
&y € D(A2) with |||l < § and every tp, > 0, there exists a
unique perturbation ¢ to problem (56) satisfying

1£(t)]|1% < B||&,|IPe ™M),

for all t > to.

(57)

Let us denote P o = B||&||*> and P, o = B||A%I;O||2 for later
use.

Remark 25. In [43,44] it was showed that the L?(£2) and H'(£2)
stabilities are equivalent. The former is required to derive global-
in-time error estimates in the L°°(0, T; H) norm whereas the
latter in the L*°(0, oo; D(A% )) norm.

Remark 26. Perturbations ¢ will exist as weak solutions globally
in time while solutions u to the Navier-Stokes equations are as
well. Instead, condition (57) requires solutions u to the Navier-
Stokes equations to be strong and a smallness condition for the
problem data. In spite of such a smallness condition on the forcing
term f, Navier-Stokes solutions u converge as t — oo toward
a singleton, which is a time-dependent solution to the Navier-
Stokes equations as well, and not toward a steady state. It is clear
that singletons are dynamically richer than steady states. To reach
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a unique steady state, one would need to assume that either f is
time-independent, f(t) = f, or f(t) — f in L>(£2) as t — oo.

Corollary 27. It also follows that

t
y / IAL(S)I2ds < P (1 + Panc(t — ) (58)

forall 0 <ty <t, where
P3 oo = Max{Ez, o0, P2.oc)

and

C ~ ~ ~
P4,oo = E(E],OOEZ.OO + P],ooPZ,oo + P],ooE2,00)~

Proof. Estimate (58) is easily obtained from

d 1 C 1 1 1
EIIAN;II2 +vllAgl”® < y(llullzllz‘\full2 + ICIPIAZ ¢ )1%) Az g))?
9 20 a4
+— 1217 11AZ ]|
v
by integrating over (t, to), which is deduced by using (22) and
(24). O

6.3. Further results

Recall that u — uj} = e, — z§ where e, = u — P,u, = Pniu
and z& = u? — P,u. In the course of our analysis we shall require
further estimates for z¢.

Lemma 28. Suppose that there exists K2 oo = Kz.00(tlo, f, v, £2) >
0 such that

22O < Kooy 20 + A dy)

holds for all t € [0, t*]. Then there exist Roo = Roo(Ulo, f, v, £2) > 0,
ng € N and gy > 0 such that

1
IA225(6)1* < Reo (59)

holds for all t € [0, t*], provided that n > ng and o < ap.

Proof. We have by (48) that

-

d 2 1 a2 ¢ -3 -
allz‘,’{” +v|lA2z] | U(A 2g? +A"+l) |:A1 *(Kz,00hq ®

IA

+Ey.00) A2

_1 1
FE20(Ay ? + @)llAU |17 + 27 ILfIIZ}

IA

C
1)( Yo+ ?»,1+1)[W1(||Au||2

+||Au‘,7||2)+)»fltf||2],

where

1 _1
2 (Kz,oo 2 + EZ oo) EZ,oo()\l 2

Then if we multiply by e, we arrive at

Wi = max{i, +a)).

d 1
*(erllza 1) — e'llzg|I* 4 ve' |Azzg |2

C 1 2 )2 3112
=¢ ‘(A 2e? +)»,1+1)[W1(||A"|| + AU 17) + A7 IFII7].

Integrating over (0, t), with t < t*, and multiplying by e, we
obtain
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t 1 t
ve"/ eA2z%(s)[*ds < E‘IIIZﬁ(O)IIZwLe“/ e’[lz%(s)l*ds
0 O
C
+;Wl()‘ Ol +)‘n+1)
t
x f e(Au(s)II” + [[Aul(s)]|*)ds
0
C. 3.-32 —t
+;)‘1 (A e +)‘n+1)e
t
x / &I (s)]1%ds
0
C -
< [K2<>o *(Wl(E4.oo +Es0)
+)" ”f”Lo"(OooLz(Q)))](

where we have used the fact that z%(0) = 0 and our hypothesis.
More compactly, we write

+)‘n+1)
t 1

e_t/ e’ lA2zi(s )I2ds < Wz( 2o +An+1) (60)
0

Next we take the L?($2)-inner product of (43) with Az¢ to get

+

v[|Az |2 =
(B(zy

_(B(uv Z‘,f), Azg)

u), Azy) — (B(z3, z), Az)
+(B(z}, en), Azy)
(B(en, z3), Azyy) + (B(u, e,), Azy)
—(Blen, 1,), Az))
I+ o?A) 1Py (B(u%, u%) — B(ug, v%)), Az%)
(I + a?A)~! — I)P,B(u2, u), Az%)
I+ @?A) 1P, B*(u, (I + a?A)ue), Az%)
(I+a?A) " — )Pnf’Az%)

1d 1
——||A22% 2
Zdt” nll

(
(
(
(

+ 4+ + +

ZL,-.
i=1
(61)

We shall bound each of the terms on the right-hand side of (61)
separately. Let ¢ be a positive constant (to be adjusted below).
Thus, from (22), we have:

1 1 1.1 1 3
L = CC||u||2||/‘\2u||2IIAZZﬁIIZII/‘\Z?{II2
eF T L) 2
< EEI,OOEZ,OOHAZZ‘;” + vellAz |7,
Ly = &HZ“IIZIIA%Zall“-FVSIIAZ“HZ
3 = p3 en n nil >
< E’” T 1 a2 o2
L =< V3El,ooE2¢ool|A Z,I” + vellAzy |17,

where we have used (14) and (16) in bounding Ls
and (24), we obtain the bounds for L, and Ly:

. In view of (13)

L < cnzzln%nA%unnAzzn%
< Chy*[A2z2)2 |AZull|Aze |3
< SO MMV 4 vellazy P,
Lo OB IARR + vellazy .

It follows, again using (22) and also (17) and (18), that

Lg

IA

C||u|| : IIA“!II U»
Cen~
—EZ 522

|Aen || [| Az |
HHIIAUII + ev|Az;|*.

n+1|

IA
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The bound for L; proceeds by taking into account (24), (17), (16)
and (18):
C 2 o2

L; < Ez cohp i lAul® + evl|Azy ||,

We estimate Lg analogously as Js. Thus we have by (12), (10) and
(24) that

g = aZ(B(ufl;,(1+0432A)—1Az¢;),Aug)
< Oéllu‘ﬁllfllAuﬁllfllAZ‘ﬁll
1 1
< fEﬁooEzzooaHAuﬁ 12 + vellAz%||°.

The term Lg is also treated as its counterpart Jo. Then, by Lemma 1,
we get

Lo = (A%B(ua u®), (aA)2 (I + a?A)~1Az%)
< «lAZBu o U IAZ |
< (||Azu“||L4 oy 108 A 1 ) 1AZ2

Next Gagliardo-Nirenberg’s and Agmon’s inequalities give

C o1
Lo < ~a(@Ez o0 + Ef o By o AU + evlAzy .
We proceed in the manner of ;o to obtain a bound for Lo, but
using (23):

C. 1 1

Lo < —Ef E] ollAul|?+ evl|Azy|?.
y Loo

By virtue of (11), we see that

C 1
Lyp = fllfll2 + evllAzzg .

Assembling the estimates of the L;’s into (61) and adjusting &
properly, we find

d 1 C 1 C _1
anAfz‘,fuz+v||Az‘,:||2 < —w3||Afz“||2+sz,oo(A1 2o

nﬂ)llAzz ||

C
+, Walo + km)(llf\ull2 + [lAug %)

v ”f”,_oo(o 00; LZ(Q))

(62)
where
E
W3 = === (Er oo + E2cory ),
v
~1 1 ~1 1
W4 = maX{E22oo(E12.oo + EZZ,OO)‘nﬁ—zl) [E + E ]}
Now we claim that
1, 4C
||A22n(t)||2 < ROO = T“‘f”LOO(O,OO;LZ(Q)) (63)

holds for all t € [0, t*], whenever n > ng and @ < g, Where
ng and o will be determined later. Conversely, suppose that (63)
fails; i.e. suppose that there must be some n > ng and o < o for
which there is a first time t’ so that the bound is attained. That
is, let t’ be the first time such that

1 /
I1AZ22(¢)]? = Reo; (64)
hence
1AZZ2(0)]? < Reo (65)
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for all t € [0, t']. Next, multlplymg (62) by e,
(0, t"), and multiplying by e -t successively gives

integrating over

/

C , [t
AR < Swiet f & 1Al 2%(s)]2ds

0

C t v 1
+- Kzoo(k 2o? +A,,+1) / e’|Azz2(s)[|* ds
0

t

C

+=Walar + A,,H) (|| Au(s)||?
+||Aun( s)|1%) ds

2
+;||f||L°°(O,OO;L2(.Q))'
Now, from (60) and (65), we see that
1 C
lA2Z{(O7 = —WsWo(h, P + Am)

c
K 0oRoc WZ(A 2y? +kn+1)

C
+;W4(0l + }‘-n+1)(E4,oo +E400)

2
+; ”f ”LZ(O,OO;LZ(.Q))'

Therefore, if we select ng € IN and « > 0 sufficiently large such

that

W3W2()~ 2o’ +A,M)< WF 10,0002

KZOOR W2( Cl +)"n+]) < ||f||f2(0’oo;L2(9))

and
1

Wit + 2 2y NEa oo + Eao0) < IF 20, o120
we arrive at
JAZZ ()2 < R,
which is a contradiction with (64). Thus, (63) cannot fail. O

Next we write (56) as

—PyB(u, §) — PaB(&, u) — PyB(¢, £). (66)

Using the fact that £ = P,¢ + P ¢, we split the right hand side of
(66) as follows:

d
aPnC'FVAPnc:

%Png +VvAP¢ = —P,B(u, Py¢) — PyB(u, PnLC)
—PyB(Pu&, u) — P,B(P; ¢, u) (67)
—PuB(Pa&, Pat) — PaB(Pyg, PHE)

— PuB(P;-¢. Pat) — PaB(P;-L, P;-E).
Let w% = z¥ — P,¢. Then, subtracting (67) from (43) gives

d o o
—w, + VAw,

i —PyB(u, wy) — PpB(wy, u)

— P,B(z%, w®) + P,B(w®, Py)
+ PuB(u, Py-¢) + PB(Py-¢, u)
+ PuB(Py&, P;-8) + PuB(P; &, Prk)
+ PuB(Pi-¢, Pi¢) + PaB(22, €y)
+ P,B(ey, z3) + P,B(u, e;) + P,B(e;, n,,)
+(I + a?A)""Py(B(ug, u%) — B(u?, v?))
+ (I + a?A)~" — DP,B(u%, u®)
+(I + o?A)" 1P, B*(u%, v%)
+ (I +a?A)" 1 —)Pf.
(68)
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Lemma 29. Under the conditions of Lemma 28, it follows that, for
to >0,

G (2 2 _
w2 < e FrostPadt=)y
G
2
x{llw‘;(to)ll +;(A

~ 1
(Ez,00 + Roo)A; * [ Aul|? + Ep,o0(er +

_1 1
Ay DA 1% + Ay 2 Pooo AL + IF 1%

for all t > to, where g(s) =

Proof. Let us take the L?(£2)-inner product of (68) with w; to
obtain

1d
——|lwy | +v A2w
2dt” 1>+ vl 1%

= —(B(u, ws), wy) —
— (B(zy, wi), w

(B(wy, u), wy)

(z3 + (B(wy, Pr¢), wy)

B(u ) +(B(Pl§, u), wy)

B(Py¢, Pig), w?) + ((PLC,PnC), wy)
B(PLC 0, wd) + (B(z2, e,), w)

B(ey, z ) n) + (B(u, ey), wy) + (B(en, 1,), wyy)
I+ o®A)"'Py(B(ug, u%) — B(ug, v%)), wg)
(I + a?A)~! —I)PnB(u"‘ u®), w?)

I+ «?A)71P,B* (1%, v?), w®)

I+ o?A)! )Pnf» wy)

wy)
)
w

+(
+(
+(
+( (70)
+(
+(
+(
(

XA 2_"=

+

_ZM‘

We ﬁrst observe that M; and M3 vanish by (26). From (21), we
bound

M,

IA

Co~ 2 1 2
;EZ.oo”wz” +ev|Azw)||%,

My

IA

G 2 1 2
7Pz.oo||w‘,f|| +ev[|A2wy|”.

Combining successively (25), (24), (15), (17), (16), (13
we see easily that

) and (18),

C. -1 _3 ~ 1
ix] ZAnf1(Ez,oo||Au||2 + Py o IALII%) + ev ]| Az wd %,

Ms <
C«‘? % 2 1 o |2
M; < vk )»nHPz,ooHACH + ev||A2wy |7,
C -1
My, < v)\ )"n+]EZOO||Au” +8U||A2w I1%.

As before, but utilizing (23), instead of (24), there are no difficul-
ties in finding that

C -1 _3 - 1
Ms = —hy * hy fy Bz oo lAUI" + P2 o |ASI) + v A2y |7,

CI;‘ -1 -3 1
=~y P hiPa s llAGI” A+ evlAzwy?,

G

1 3
T2572 2 1 2
— i Ay P 1A + v iAW,

G,
Mis < *)» 2)»,1+1f:'2c>o||/‘\ll|| +ev||A2w II%.

For Mg and Mi1, we use (13) and (21) to get

C 1
Mo < 202 Roo AU + £v]|A3 w2,
CE 2 2 1 02
Mp < Vk anRooIIAuII +evlAzw, |7,
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where we have employed estimate (59). Finally, the M;’s, for i =
14, 15, 16, 17, are bounded exactly as the J;'s, fori = 8, 9, 10, 11,
respectively. Thus, we obtain

Ce

My, < —A 3Ezoo||A“ I + ev]|AZ w2,
C 1

Mis < fquazEzmHAuZ‘Hz+8v||A7wf1‘||2,
Ce 3 o

Mg < 7)» Ex. ool AUZ || +8V||A2w 117,
G o2 1 a2

My < a”|fI” + evl|AzZwy]||°.

The previous estimates applied to (70) yield the bound, after
choosing ¢ correctly,

d o2 1 a2
allwnll +vlAzwy|© = (E200+P200)”w &

C ~
v
C
+;( 2o’ + kn+1)g( )s
where
8(t) = (Froo + Roc)Ay
_1 1
+ A, 2Py lALIP +lf IF1I°.
Thus, Gronwall’s inequality gives (69).

Finally, from (53), (55), and (58

IIAull + Ezoola 4+ A )IIAu &
O
), we obtain

Co ~
e (B2,00tP2,00 (t—10) o

lwy()]> <
(& _1
”wa(t )” + Sl 0052 oo( 1 20[2
n+1)(1 + S3,00(t — fo))
1
+Cz( = A1), 2P +kn+1)
X |Lf||L00(0 00! LZ(Q))(t to)} l
where

~ _ _1 _1
Sl,oo = max{(EZ,oo + Roo))\l 2 5 E2 oo(a + )‘] 2 )7 )\1 2P2,oo},

S2.00 = max{fz,oo, Es 00, P3.00}
and
S3.00 = Max{E3 oo, E3 00, Pa.oo)-
More compactly,
Jwi(O]? = efret=to)x
llwf; (€0)11? + Ga.00(4 a2
g 1+ Gt = o)
+Ga,00(hy 20 + )»n+1)|lf||Lm(0 oozt fo)} ;
(71)

where the G; »'s are defined in the obvious way.

6.4. Proof of Theorem 12

Let us consider that the solution u of the Navier-Stokes equa-
tions is stable in the L%(£2) sense. Then choose T large enough
that

Be ™M < (72)

R
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and hence define
Ka,00 1= 4“1 {Gp o0(1 + G3,00T) + Ga o If o g nerr2( 29T (73)

Next select np € N and «g > O such that, for all n > ngy and
o < o,

Kz 00(X™ T + An+1) <. (74)
For all n > ng and @ < g in Lemma 28, we assert
lzg(OI* < Ko, oo()‘ 2o’ + an) (75)

for all t > 0. But if not, there would exist some n > ng and o < «ag
such that (72) fails for some time t*. Let t* be the first value of t
for which

124(E)1* = Ka,o0(Ay 20 + an) (76)
As a result, we have that
lzX(6)]1* < Kzoo(?» 2o +kn+1) (77)

holds for all t* € [0, t*]; therefore inequality (71) is true in view
of Lemmas 28 and 29.
Firstly assume t* < T. Then use inequality (71), with t; = 0
and ¢ = 0, to get, from (73),
IZ2(EN? = (w2 ()2 < e {Gyoo(1 4 G300t™)

=+ G4 oo“f“Loo 0,00; LZ(Q))t*}

x (Ay
KZoo

22 +)"n+1)

1
0176 + 00,

<

which is a contradiction with (76). On the other hand, assume
t* > T. Then use inequality (71), with to t* — T, and &(t),
satisfying ¢(to) = z%(to), to find

I2(6%) = Pot(t)? < €T {Gao0(1 4 G3,00t™)
+ G4 Oo”.f”,_oc 0,00; LZ(Q))T}
(78)
X (k 2a? 4+ )‘n+1)
K:
< if"m o ).
Furthermore, we have, by (72) and (77) that
_ Kz
I6(t)II1* < Bllg(to)lle™ < —==(2; Pa® + ?»,1+1) (79)
Putting together (78) and (79) implies
K: -1
250 < 125 () =Pt (VP < =500 e 20l

which again is a contradiction with (76).
Finally, select Koo = max{Kj o, K2,00} and combine estimates
(42) and (75), with Ki eo, E2,00 and |[f [l 100(0,00:12(2)) iNStead of Ki,

E, and IF Il o0 (0,7:12(52))» to conclude the proof.
7. Concluding remarks

(1) If one bounds the term L;; in Lemma 28 as
L1 (AU + a?A)"'Pf, Az%)
= a((0?A)2 (I + a?A)P.f, A3 22)
3 1
alIPfIHIA2ZE] < elif IAq 1Az}

IA

IA

G , 2 1 2
o AnllFIl° + evl]Azzy|%,
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one obtains local-in-time error estimates for the Dirichlet
norm, i.e.,

sup ||A2( <K(ax+x

0<t<T

u(t))|?

n+1)

1
under the assumption a)»l_i)»n < 1. In doing so, we have
used the fact that [A2 Pu||? < Anllu|l? for all u € D(A2).
Global-in-time error estimates for the Dirichlet norm fol-
low by using the H'(£2) stability of solutions to the Navier-
Stokes equations. See [25].
If one assumes d%f € [0, T; L*(£2)), with 0 < T < o0 or
T = oo, then it follows that

2

—

sup [|Auy(t)]| < oo.

0<t<T

(80)

This argument is tedious and involves a plethora of com-
putations. The reader has been spared such unnecessary
technicalities herein.

Thus optimal local- and global-in-time error estimates can
be derived, i.e.,

sup [lup(t) — u(t)| Ya? 42

0<t<T

<K(Ay

This follows from inequality (39) on estimating

101 1
(PyB(u,u),e;) < Clull2[|Azull|Au]z]e,]
1 1 -1 1
=< C||u||2||Au||2||A2u||/\n+21||A2en||
C. . 2 Vol 2
< ;)”n+1 [|aa|| || Aue]|” || Ane|| + Z||A29n|| .

owing to (22) and (17). Hence one has

sup [lea(t)* < Kir,?

0<t<T

n+1°

The same is found in estimating the terms Js and J; in
Lemma 18 and the terms M; fori =5, ..., 13 in Lemma 29
by using supy.;_t [|AL(t)|| < oo as well, which is a conse-
quence of (80).

(3) Although we are mainly focused on the Navier-Stokes-o
equations, we may state Theorems 11 and 12 for other
a-regularization models such as Leray-«, modified Leray-
«a, Clark- and simplified Bardina models. But one has to
proceed with caution in dealing with each nonlinearity.

(4) We believe that local- and global-in-time error estimates
for three-dimensional domains could also be attained. It
would follow the same argument presented in this work
except for the fact that a small condition for the data
problem is required in obtaining Lemmas 14 and 20 for the
Galerkin approximations together with appropriate three-
dimensional estimates for the operators B and B.
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