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ABSTRACT. The aim of this work is to establish the existence of a capacity so-
lution to the thermistor problem supposing that the thermal and the electrical

conductivities are not bounded below by a positive constant value. Further-
more, the thermal conductivity vanishes at points where the temperature is
null. These assumptions on data include the case of practical interest of the
Wiedemann—Franz law with metallic conduction and lead us to very complex
mathematical situations.

1. Introduction. The heat produced by an electrical current passing through a

conductor device is governed by the so—called thermistor problem. This problem
consists in a coupled system of parabolic—elliptic equations, whose unknowns are
the temperature inside the conductor, u, and the electrical potential, .

The conservation laws of both current and energy lead us to the equations that
determine the thermistor problem, namely,

% — V- (a(u)Vu) =o(u)|Ve|* inQr=Qx(0,T),
V- (oc(w)Vp)=0 in Qr,
u=0 onI'r =00 x (0,T), (1)
=0 on I'r,
u(+,0) =wug in Q,

where() , the domain occupied by the electrical device, is an open, bounded and
smooth enough subset of RY, N > 1, T > 0 and a and ¢ are the thermal and
electrical conductivities.

A great deal of attention has been paid by several authors in the study of the
thermistor problem during the last two decades [11 2] [14] 16}, 21]. In all these works,

and many others, it is assumed that a = ag € R or ag < a(s) < aq, for all s € R.
Also, o is taken as a very smooth and bounded function. These hypotheses on the



conductivities together with the regularity supposed on data yield to the existence
of weak solutions, and even to the uniqueness of a regular enough weak solution.

In [7] the existence of weak solutions is established assuming that the thermal
conductivity satisfies the Wiedemann-Franz law, that is, a(u) = Luo(u), L > 0
being a constant value, and ¢ € C'(R). This hypothesis on a leads to a very complex
mathematical situation and it is precisely the main obstacle in the resolution of the
problem, since a(0) = 0 and the parabolic equation becomes degenerate.

The Wiedemann-Franz law is also taken into account in [9], where two existence
results weak solutions of the steady state of the thermistor problem are achieved.
Firstly, a and o are not bounded below far from zero, arising to a doubly non—
uniformly elliptic system. Secondly, apart from the hypotheses above, it is assumed
that the thermal conductivity blows up for a finite value of the temperature; in this
way, the system becomes singular and non—uniformly.

The notion of capacity solution was introduced in [I8], where the term V -
(a(u)Vu) is replaced by V - a(Vu), a : RY — RY being a continuous operator
such that |a(§)| < Cl¢], for €] >> 1, and [a(€) — a(n)] (€ —n) > al¢ — n|?, for all
&,n€RN, a>0. Also it is assumed that 0 < o(s) < & for all s € R; it is just this
hypothesis which hampers the resolution of the problem, because it enables that
o(s) — 0 as |s| — oo. Then, if u is unbounded in Qr, the elliptic equation becomes
degenerate when v is infinite and no a priori estimates of Vy are available and,
therefore, ¢ may not belong to a Sobolev space. Then, instead of ¢, ® = o(u)Ve
is considered as a single function and it is shown that ® € L?(Q7)". This yields a
new formulation of the original system and its solution is called capacity solution.
Later on, this type of solution was used in [I7} [T9] 20].

The existence of capacity solutions is proved in [12], where a : Q@ x R x RY — RY
is a Leray—Lions operator which includes the particular case of the p—Laplacian
operator, p > 2, and o € C(R) is such that 0 < o(s) < 7, for all s € R. In most
situations of practical interest, o satisfies this property and also o(s) — 0 as [s]
tends to infinity.

This paper is organized as follows. In section 2 we show some useful results for
the development of the proof of the main result of this paper.

In section 3 we introduce the assumptions on data, the notion of capacity solution
adapted to our setting and give the existence result.

Section 4 develops the proof of the main result, which is divided into several
stages. First, we introduce a sequence of approximate problems and derive a priori
estimates for the approximate solutions, (u,, ¢, ). Finally, we pass to the limit and
conclude.

2. Notation and some useful results. Throughout this paper, we will denote
V=HQ),V' =HYQ), H=L*Q) and V = L*(0,T;V), V' = L?(0,T; V') and
H = L%(0,T; H). Also, for the sake of simplify the notation, we will write LP(X)
instead of LP(0,T; X), X being a Banach space.

Now we introduce an interpolation result (see Proposition 3.1 in [5] pp. 7 and 8):

Lemma 1. Let 7,p > 1, and v € L™(L"(Q)) N LP(W,P(Q)). Then v € LI(Qr),

with q = pNJj,'T, and there exists a constant value C = C(N,p,r) > 0 such that

p/N
/ [v|2 < C esssup/ [v]" / [VulP.
Qr te(0.7) Jo Qr




Secondly, the following compacity result ([I5]) will be required:

Lemma 2. Let X, B and Y be three Banach spaces so that X — B — Y, every
embedding being continuous and the inclusion X — B compact. For 1 < p,q < oo,
let W be the Banach space defined as W = {v € LP(X)/ $2 € LY(Y)}. Then, if
1 < p,q < o0, the inclusion W — LP(B) holds and is compact. On the other hand,
if p=o00 and q > 1 the inclusion W — C([0,T]; B) holds and is compact.

The next lemma ([I2], [I8]) is a fundamental tool in order to obtain the strong
convergence in L'(Qr) of a suitable subsequence of certain approximate solutions.

Lemma 3. Let (v,,) be a bounded sequence in V' and relatively compact in H. Then
there exists a subsequence (Vpr)) C (vn) such that, for every e > 0, there are a
constant value K = K (g) > 0 and a function ¢ € L*(WYY(Q)) satisfying

0<vy <1, [Y—1iqm +IIVYlimyy <e, (2)
|U|a |Un(k)‘ <K in {1/} > O}a fOT all k > 1, (3)

where v € V is such that v,y — v weakly in V.

3. Definition of capacity solution and main result. Our purpose in this paper
is to study system under the following hypotheses:

(H.1) up € L?(9) is such that up > 0 almost everywhere in (2.
(H.2) o € LE2(HY(Q)) N L>®(Qr).

(H.3) 0 € C(R) and 0 < o(s) < 0y, for all s € R.

(HA4) a € C(R) and 0 < a(s) < ag, for all s # 0, a(0) = 0.

(H.5) For every ¢ > 0 there exists a constant value as > 0 so that

essinf a(s) > as.
|s|>d8

Remark 1. In view of (H.4) and (H.5) we have that a; — 0 as 6 | 0.

This situation was already analyzed in [7] under the same assumptions above, ex-
cept for a small but crucial detail: now the function ¢ is not bounded below by a
positive constant. Consequently, the parabolic and the elliptic equations of are
degenerate and non—uniformly elliptic, respectively, and the survey of the problem
becomes much more complex. In fact, the existence of a weak solution is not assured
and we have to deal with the notion of the capacity solution (see [12, [1g]).

Notice that (H.3)—(H.5) includes the cases physically important of metallic con-
duction, that is, o(u) = O(u™!) when u — oo, whereas a(u) may be given by the
Wiedemann- Franz law.

Now let A(s) = [, a(r)dr. It is clear that A(0) = 0, A € C*(R), A is strictly
increasing and Llpschltz contmuous. Furthermore, VA(¢) = a(¢)Ve for all ¢ €
L?(H'(Q)). Then, instead of system , we consider the problem

ou

i AA(u) =0 (u)|Ve|? in Qr,
V- (o)) =0 in Q. )
u=0 on I'r, (4)
® =<P0 on I'r,
u(+,0) = in Q.

Remark 2. If ¢ € L2(H'(Q)) is a solution of the elliptic equation, then it is very
easy to check that V- (o(u)pVe) = o(u)|Ve|? in L2((V N L*®(Q))).



Definition 1. A triplet (u,p, ®) is said to be a capacity solution to problem

(or () if the following conditions are fulfilled:

(C.1) ue L=®(LY(Q)), &4 € V', A(u) € VNLY(Qr), for all ¢ < 242/N, ¢ € L>=(Q)
and ® € L=°(HV).

(C.2) (u,p,®) verifies the system of differential equations

du

F —AA(u) =V (p®)and V-® =0in V. (5)
(C.3) For every S € W1>°(R) with supp S compact, S(A(u))e — S(0)¢o € V and
S(A()® = o(u) [V(S(A(u)p) — ¢V S(A(u))] . (6)

(C.4) u(-,0) = ug.

Remark 3. A capacity solution basically differs from a weak solution in that, in the
first case, V is considered in the almost everywhere sense whereas in the second
one, Vi is regarded in the sense of distributions. However, Definition[]is somewhat
different from the one given in other works (for instance [12][I8]). More precisely, in-
stead of (6]), a capacity solution should verify S(u)® = o (u) [V(S(u)¢) — ¢V S(u)].
But this condition is pointless because, in general, u ¢ V. That is the reason why
we use A(u) in (6) instead of w.

We remark that the definition of capacity solution given by Xu in [I§] (or by the
authors in [I2]) and Definition [1| both lead to the following identification:

® = o(u)Vp almost everywhere in Qr, (7)

where Vi must be suitably defined pointwise almost everywhere in  (for more
details, see [I3]). This means that though a capacity solution involves three un-
knowns, namely, u, ¢ and @, there are in fact only two, since ® is actually related
to u and ¢ according to the identity .

The main result now follows.

Theorem 1. Under the hypotheses (H.1)-(H.5), system admits a capacity so-
lution (u, o, ®) in the sense of Definition ,

Moreover, u > 0 almost everywhere in Qp, the gradient of u is defined almost
everywhere in Qp and Vux(,>sy € L*(Qr) for all § > 0.

Finally, if S € L (R) is such that S’ € L>*(R) and supp S C R\ (=80, do) for
some 0g > 0, then S(u) € V and VS(u) = S (u)Vu in Qr.

4. Proof of the main result. The proof of Theorem [I| is divided in four steps:
firstly, we consider a sequence of approximate problems. Then a priori estimates
for the approximate solutions (u,,y,) are derived. Finally, we pass to the limit
and conclude. One of the major difficulties in this stage lies in showing the strong
convergence of (¢,,) for a suitable subsequence.

4.1. Approximate problems. For every n € N we define the regularized functions
an(s) = a(s) + £ and oy (s) = o(s) + L; also, set A, (s) = [ an(r)dT = A(s) + £.

n n

Then the approximate problem of () (or (4)) is defined as

dun
St = V- (@ (1) Vitn) =0 ()| Vipn [ in Qr,
V- (on(un)Ve,) =0 in Qp,
Up, =0 on I'p, (8)
Pn =0 on I'r,

Un(+,0) =up in Q.



By (H.3) and (H.4), respectively, 2 < 0,,(s) < 09+ 1 = 01 and 1 < a,(s) <
ap + 1 = aq, for all s € R. Then, classic results ([I]) lead us to the existence of a
weak solution (un, @,) to such that

du,,

u, € VNC([0,T]; L*(2)), T €V e e LZ(V), (9)
Furthermore, it is straightforward that
lenllze(@r) < [l@oll=(@r), (10)
/an(un)|V<pn|2 <, ae te(0,T). (11)
Q
On the other hand, in view of (H.1), it is easy to show that
up > 0 a.e. in Q. (12)
Moreover, it is shown that
(Ou(w)FnP Oy = = [ ol )nVin Vo, (13)
T

where (V- (0 (un)9nVey)) is bounded in V' thanks to (H.3), and (T1)).

4.2. Estimates of the approximate solutions. Taking A4, (u,) as a test function
in the parabolic equation of and bearing in mind 7 we obtain

/t/Q VA, (up)|” < C, for all t € [0,T]. (14)
0
Since the sequences (AA, (uy,)) and (V - (04, (un)pnVer)) are bounded in V',
(d;tt") is bounded in V'. (15)
Also, choosing as a test function 7. (u,) € VN L>(Qr), with € > 0, one has that
(u,,) is bounded in L>(0,T; L'(1)). (16)
On the other hand, as |VA(uy,)| < |[VA,(u,)|, in view of we have that
(A(uy,)) is bounded in V. (17)
Moreover, |A(s)| < ag|s| and |4, (s)| < aq]s], for all s € R, whereupon
(A(uy)) and (A, (uy)) are bounded in L (L'(Q)). (18)
Thanks to and , the above sequences satisfy Lema then
(A(un)) and (A, (uy,)) are bounded in L*T2/N (Qy). (19)

For every § > 0, we define the function

s+0 if s < =9,
gs(s) =<0 if [s| <4,
s—0 ifs>94.

Take gs(u,) € V as a test function in the parabolic equation of (§); as Vgs(u,) =
95(Un)VUn = X{ju,|>6} Vtn, one has that Vu,Vgs(u,) = |Vg(s(un)\2 = |Vu,|? in
the set {|u,| > d}. Hence, applying Young’s inequality,

‘71”%00”%0@(QT)

||UOH2L2 Q
lluollzz () |Vgg(un)\2+T/ o (1) [ Vo 2.
Qr as Qr

1
Vs (un)|> < -
Ql 9 (un)[” < 5%, 3



From we have
/Q Vg5 (un)|* < Cs = az [|uol32(q) + a5 *o1ll¢oll Lo () CT (20)
T

We now introduce a regularized function of g5, namely, 75 € C*°(R). To this end,
let v € C°°(R) be a function satisfying the following properties:

v(s) =0if s €[0,1/2], v(s) =s—11if s > 3/2, 7(s) is convex in [0, +00),

2(s) is increasing in [1/2,3/2] and y(—s) = —v(s), for all s € R.
s
Then for every § € (0,1], ys(s) is defined as v5(s) = dy(s/d). Notice that
0 < 7s(s) <vs(s), forall s >0and 0 < § <&, (21)
K
I <1, ) < 2, forall s e R (22)

5
For § € (0,1] and ¢ € D(Q2r) we take v5(u,)¢ as a test function in the parabolic
equation of (§). Bearing in mind that V (v§(un)¢) = 7§ (un) Vnd + 75(un) Ve and
after some calculations it yields

dvs (un
<’75d(tu)> is bounded in L'(Qr) +V, for every 6 € (0,1]. (23)
Furthermore, and imply that
(75(uy)) is bounded in V, for every § € (0, 1]. (24)

Also, from and the definition of ~5 we obtain
/ s (un)| < / lun| < C, ae. t€(0,T), for all n € N and § € (0,1]. (25)
Q Q

We can then apply Lemma [If and deduce

(vs(un)) is bounded in L*T2/N (Qyr), for every & € (0,1]. (26)
4.3. Passing to the limit. Applying Lemma with X = H}(Q2) — B = H, the
inclusion being compact, and Y = W= (Q), for all 7/ < LN > 2,0 < oo
if N =1, one has that the space V = {v ev/de LY (W17 (Q)) ¢ is such that

the inclusion V < L2(Qr) is compact. Thus, thanks to and (24), (vs(u,)) is
relatively compact in L?(Q27), for every & € (0, 1], wherefrom, for every 6 € (0, 1],
there is a function I'; € L?(€2r) so that, up to a subsequence,

vs(un) — T's strongly in L?(Q7) and a.e. in Qp. (27)
Moreover, by and , it is easy to check that
/Q ITs| < C, ae. t € (0,T) and for all § € (0,1]. (28)
Also, and imply the convergences
vs(un) — T weakly in L2T2/N (Qp), (29)
Y5 (un) — T's strongly in LY(Qr), for all ¢ < 2 + % (30)

Since the sequence (v5(uy,))s is increasing as § | 0, also we have that I's < T's/
almost everywhere in Qr, for all §' < §, that is, the sequence (T's) is increasing too
as 0 | 0. Consequently, there exists a measurable function u : 27 — R such that



lims |0 I's = v almost everywhere in Q7; and by applying the monotone convergence
theorem, using , we deduce that u € L'(Qr) and

I's — u strongly in L'(Q7) and a.e. in Qp (31)
up to a subsequence. Moreover, according to and , we may conclude that
u € L>®(L'()). (32)

Also, taking into account the definition of -5, we obtain
u, — u strongly in L'(Qr) and a.e. in Qr, (33)

which implies that vs(u,) — vs5(u) almost everywhere in Qp and, then, vs(u) = Ts.
Notice that yields u > 0. Also and imply in particular that

gs(u) €V for all § € (0,1]. (34)

Accordance with the definition of g5 and (34)), we may define the gradient of u, at
least in the almost everywhere sense. Indeed,

Vgs(u) = Vuxgussy € L*(Qr) for all § € (0,1]. (35)

Expression allows us to define Vu in {u > 0}; in the level set {u = 0} we just
put Vu = 0.

Estimates derived till now lead us to the following convergences for suitable
subsequences:

ddit" - % weakly in V', (36)

A(up), Ap(uy) = A(u) weakly in V and a.e. in Qp, (37)
Ap(un), A(uy) — A(u) weakly in L2T2/N (Qy), (38)
Ap(up), A(uy) — A(u) strongly in LY(Qr), for all ¢ < 2+ %, (39)
on — @ weakly—* in L>(Qr), (40)

0 () Vi, — @ weakly—+ in L°(HY), (41)

on(un) = o(u) weakly—* in L=(Qr) and a.e. in Qr, (42)

where ¢ and ® are some functions belonging to the spaces L>°(27) and L>®(HY),
respectively. All these convergences lead us directly to conditions (C.1) and (C.2) of
Definition Moreover; notice that we can not guarantee the convergence ,, — ¢
almost everywhere in 7, up to a subsequence. Nevertheless, the strong convergence
in L'(Qr) holds for a suitable subsequence.

4.3.1. Strong convergence of () in L'. Along this section we show the existence
of a subsequence (@5, x)) C (¢n) such that

©n(k) — @ strongly in LY (Qr). (43)

To this end, let S € W1°°(R) such that supp S is compact. Then, for a suitable
subsequence, still denoted in the same way, one has

S (Y5 (un)) on — S (5(u)) ¢ weakly in L?(H*(Q)), for every § € (0, 1]. (44)



Now consider S € W1°°(R) such that supp S is compact and 0 < S < 1. Then,
there exists a constant value Cy > 0, independent of .S, such that

limsup/Q on(un) [V S (75 (un)) n — S(%(“))S"”Q

< CoCy 3118 oo (1 + C5 318 lo0), for every & > 0. (45)

On the other hand, it is easy to check that, for every § € (0, 1], the sequence (vs(un))
verifies the hypotheses of Lemma Thus, taking into account and , it can
be shown that there exists a subsequence (¢,(x)) C (¢n) such that

lim lnr) — ©l = 0.
2T

k—oo ¢

Remark 4. Since |, )| < [|0oll L) for all & > 1, the strongly convergence in
LY (), together with the almost everywhere convergence, imply that Pnk) — @
strongly in LP(Qr) for all p < cc.

4.3.2. For all S € WY*(R) with supp S compact, S(A(unk)))enr) — S(A(W))e
weakly in L?(H'(£2)). We may assume that ¢, ) — ¢ almost everywhere in Qp.
Let v, = A(uny) € V. Clearly, S(vr)pnx) € L*(H'(€2)) and thanks to we
have S(vg)@nk) — S(A(u))e almost everywhere in Q7. Thus it is enough to show
that S(vk)@nk) is bounded in L?(H'()).

4.3.3. Condition (C.3) of Definition , Let S € WH*°(R), supp S being compact,
and consider the identity

S(A(tn(k)))On (k) (Un(k)) Vn(k)
= (k) (tn i) {V [S(Alun ) eniin] = @iy VS(Alunei))} - (46)
Using , the strong convergence of (¢,(x)) in L?(Qr), the weakly convergence of

S(A(unry)) and S(A(Un)))ne) in L*(H'(Q)), it is straightforward that we can
pass to the limit in , which yields the desired identity @

4.3.4. Condition u(0) = ug. Owing to (C.1),u € W = {v € L*(L*(Q2)) % eV}
Also we have W ¢ W,. ¢ C([0,T}; W~1"'(Q)), every inclusion being continuous,
and W,. the space defined as W, = {v € Lo(W-1(Q)) /L e LQ(W_LT,(Q))}.
This means that we may expect that the initial condition u(0) = ug makes sense at
least in W17 (), for all v/ < Lo N>2, 1 <ocoif N=1.

4.3.5. More regularity on u. Now, we show the last assertion of Theorem [} To
do so, let S € L] (R) such that S’ € L>°(R) and supp S C R\ (—do, dp) for some

dp > 0. Consider the functions S(gs(u)) € V for § € (0,0¢). Then, S(gs(u)) — S(u)
when § | 0 almost everywhere in Q2. On the other hand, using ,

VS (g5 (u))] < 15100V g5 (w) X (uss0y = 119 lool VUl X fus603

and thus, S(gs(u)) is bounded in V for § € (0,4dp) .
This ends the proof of theorem [I]

4.4. Identification of VA(u). Since in general u ¢ V, we cannot assure that
VA(u) = a(u)Vu in Q7. This is due to the fact that A~! is not globally Lipschitz-
continuous. However, if (u,p, ®) is a capacity solution obtained in Theorem |1} it
can be shown that a(u)Vu € L*(Qr)Y and VA(u) = a(u)Vu in Qr.



5. Concluding remarks. The assumptions on the diffusion coefficients include as
a particular case the Wiedemann-Franz law and also metallic conduction. In previ-
ous works by the authors ([6]-[11]) only one of these two hypotheses was assumed.
From the mathematical point of view, these two simultaneous assumptions have
led to a very complex situation. The existence of a capacity solution (u,p, ®) to
system has been established in the preceding sections. The functions u and ¢
verify the thermistor problem in divergence form, that is,

%Z — V- (a(u)Vu) =V - (c(u)pVy) inQr,
(c(u)Vep) =0 in Qr,
u=0 on I'p, (47)
¥ =1%o on I'p,
u(+,0) =ug in 0,

where u € L>(L'(£2)), Vi may be defined in an almost everywhere sense (see Re-
mark 3§ and [13]), ¢ € V', ¢ € L®(Qr), o(u)Vep € L=(0,T; L2(Q)), Vux(uss) €
L?(Q7) for all 6 > 0, and a(u)Vu € L%(Q7).

We may consider if the identity V - (0(u)pVy) = o(u)|Ve|? holds true in a
certain sense. It is very well known that this is true in N = 1, or when u or ¢ are
smooth enough, for instance, u € L>(Q7), or ¢ € L?(0,T; H'(Q2)). In the general
case N > 2, this question is far from being trivial.

The uniqueness of capacity solutions to system has not been analyzed in
this paper. Notice that here the assumptions on data are weaker than the ones
considered in other works where uniqueness is established ([11 2] B} [14] [16] 21]). In
those works there is no need to search for capacity solutions: the regularity of the
solutions leads to the usual setting of weak solutions.
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