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Abstract

In this paper, we introduce a model describing the dynamic of vesicle membranes
within an incompressible viscous fluid in 3D domains. The system consists of the Navier-
Stokes equations, with an extra stress tensor depending on the membrane, coupled with a
Cahn-Hilliard phase-field equation associated to a bending energy plus a penalization term
related to the area conservation. This problem has a dissipative in time free-energy which
leads, in particular, to prove the existence of global in time weak solutions. We analyze
the large-time behavior of the weak solutions. By using a modified Lojasiewicz-Simon’s
result, we prove the convergence as time goes to infinity of each (whole) trajectory to a
single equilibrium. Finally, the convergence of the trajectory of the phase is improved by

imposing more regularity on the domain and initial phase.
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1 Introduction

A type of differential equations modeling the dynamic of vesicle membranes within an
incompressible viscous fluids was introduced by Helfrich [13]. The membranes are composed
by lipid bilayers, which under appropriate conditions, withdraw into themselves forming a
sort of bag, named vesicle. The static equilibrium configurations of the vesicle membranes
can be obtained minimizing the Helfrich bending elastic energy, under the constraints of fixed

area and volume.
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Numerous studies have been devoted to this type of models and a detailed description of
them can be seen in [9] and references therein. A phase function is also used in subsequent
papers to model vesicle membranes as diffuse interfaces. In [15] and [22], a coupled Allen-
Cahn and Navier-Stokes problem is studied approaching both constrains, area and volume,
via a penalization functional. On the other hand, without taking into account the vesicle-
fluid interaction, a Cahn-Hilliard phase-field model for vesicle membranes is introduced in [2],
and the well-posedness of a phase-field approximation satisfying area and volume constraints
pointwisely is established in [7].

In this paper, a Cahn-Hilliard-Navier-Stokes model will be considered. Since the vol-
ume constraint is implicitly satisfied for the Cahn-Hilliard equation, only the surface area
constraint will be approximated via penalization. Moreover, the resulting problem will be
thermodynamically consistent because there exists a free-energy (kinetic plus bending plus
penalized one) dissipative in time along the trajectories. This fact is used to prove the exis-
tence of global in time weak solutions.

On the other hand, the large-time behavior of the solutions will be analyzed following the
way of [12], [16], [4]. Firstly, we prove that the w-limit set for weak solutions is composed by
critical points of the free-energy. After that, by using a modified Lojasiewicz-Simon’s result
we demonstrate the convergence of the whole trajectory to a single equilibrium. Finally, the
convergence is improved for the phase assuming more regular data, but without using strong
regularity for the velocity and pressure variables.

The main novelties in this paper are the following:

The introduction of a new Navier-Stokes-Cahn-Hilliard problem modeling vesicle-fluid

interactions.

e The proof of a modified Lojasiewicz-Simon’s result associated to weak solutions of a
fourth order elliptic problem, which is adapted to the exigences of this new model. In
fact, it was not possible to apply any already known Lojasiewicz-Simon’s result to this

problem.

e Given a global weak solution, we choose a special regularized energy satisfying the en-
ergy’s law inequality either in a integral version for all time interval and in a differential

version a.e. in time (see (40) and (41) below).

e The convergence of each trajectory of weak solutions to a unique equilibrium point,
imposing that the regularized energy coincides a.e. in time with the energy evaluated

in the weak solution.



The current paper is organized as follows. We explain the model in Section 2 and give some
preliminary results in Section 3. Section 4 is devoted to state and prove a new Lojasiewicz-
Simon’s result. In Section 5 we obtain, via a Galerkin method, the existence of global in time
weak solutions satisfying an integral energy’s law a.e. time interval. Moreover, we found a
function defined for all time t equal to the free-energy a.e. that satisfies the integral energy’s
law for all time and also a differential version of the energy inequality a.e. time. Section 6 is
devoted to the study of convergence at infinite time for global weak solutions. In fact, we prove
that the w-limit set consists of critical points. After that, by using the modified Lojasiewicz-
Simon’s result, we demonstrate that each trajectory converges to a single equilibrium. In
Section 7, some global in time strong estimates are obtained for the phase variable, which

allow to improve the norm where the phase trajectory converges.

Notations

e In general, the notation will be abridged. We set LP = LP(Q), p > 1, H} = H}(Q), etc.
If X = X(Q) is a space of functions defined in the open set 2, we denote by LP(0,T"; X)
the Banach space LP(0,7; X (€2)). Also, boldface letters will be used for vectorial spaces,

for instance L? = L2(Q)V.

e The LP-norm is denoted by |- |,, 1 < p < oo, the H™-norm by || - ||, (in particular
|- ]2 =1 lo). The inner product of L?(£2) is denoted by (-, ).

e We set V the space formed by all fields u € C§°(Q)V satisfying V- u = 0. We denote H
(respectively V') the closure of V in L? (respectively H'). H and V are Hilbert spaces

for the norms | - |3 and || - |1, respectively. Furthermore,

H = {ueIl’V-u=0, u-n=0on 0N},
174 {ue H; V- -u=0, u=0on N}

e From now on, C' > 0 will denote different constants, depending only on the data of the

problem.
e We consider the following zero-mean spaces:

L2 = L?; :0},
{vers [

H!'=H'NnL?,

and the dual space H,; ' = (H})".



2 The model

Vesicle membranes within incompressible viscous fluids in a bounded 3D domain © C R?
during a time interval [0, +00), are modeled via a phase-field function ¢ : Q x [0, +00) — R
such that two stable values ¢ = 1 and ¢ = —1 represent the exterior and interior of vesicle
membranes, respectively, and —1 < ¢ < 1 in the interface. Then, we will analyze the case
where the so-called bending energy E(¢) is given by a simplified elastic Willmore energy plus

a penalization of the surface area constraint [10]:

1 1 M
0) = 5 [ (-0t TF(0) dot G (AW) — o 1)
where F’(¢) = (¢? — 1)¢ denotes the derivative of the Ginzburg-Landau potential
1
F(g) = 16”1,

M > 0 is a penalization constant, € > 0 is related to the interface width, and

€ 1
A = [ (51ver+1r)) da
Q £
is an approximation of the surface area.

Remark 1 Other possible approzimation of the surface area is to consider

) = [ Vo da

(see [2]). The same results of this paper may be extended to this case.

To model the dynamic in time of the vesicle-fluid interactions, we will introduce the

following Navier-Stokes-Cahn-Hilliard equations in @ = Q x (0, +00):

u+ (u-V)u—vAu— A wVe + Vg =0, (2)
V-u=0, (3)
Ohp+u-Vo—~vyAw =0, (4)
where
o 96(9)
: 56

is the chemical potential, see (9) below. The coefficients v > 0, A > 0 and v > 0 depend
on viscosity, elasticity and mobility, respectively. The system (2)-(4) is completed with the

boundary conditions

ulpo =0, Ohdlon =0, Oh(Ad)laa =0, Jhwlon =0, (5)



and the initial conditions

u‘t:O = U, <Z5‘t:0 =¢o in (6)

For compatibility, we will assume ug|gq = 0 with V - uy = 0 in Q and 9,,¢p|aq = 0.
By integrating the phase-equation (4), using the free-divergence V - u = 0, the non-slip
condition u|gpg = 0, and the last boundary condition of (5), d,w|sq = 0, it is easy to deduce

that the total volume of ¢ in 2 is conserved:

d
— t) de=0.
& [ ot da=o (7
. . ~ 0&(9)
In order to complete the problem (2)-(4), we compute the variational derivative w = T
On the one hand, for all ¢,¢ € H',
SA(P) =\ _ = 1o
(523) = [ evo-va+ 2P0,
hence if ¢ € H? and 9,4|sq = 0, integrating by parts, we can identify
0A 1
u(0)i= 5 — —eno+ 11 (o) ¥

Note that, if ¢ € H? and 9,¢|aq = 0, then 9,A¢|sn = 0 is equivalent to d,u(¢)|an = 0.
On the other hand, by using (8), the bending energy (1) can be rewritten as

(o) = g [ nef de+ SMAW) - o)
Then, for all ¢, € H?,
(*D5) = 2 [ u@)-edd+ 21 (078) + (AW) - ) (52.5).

If $ € Hy and ¢ € H?, after some integrations by parts, using Vu(¢) - njgo = 0 and
V¢ - n|oq = 0, we can identify

0& 1
w= 0 (0)+ S0 0(6) + MAG) — )uto). o)
Remark 2 The variational derivatives w = &? and p(¢) = 5?2?) given in (8) and (9)

have been identified as L*(Q)-functions via the L*(Q) scalar product.



From (8) and (9), we can decompose w as

w = eA%p + G(¢)
where ) .
G(o) == —;A(F'(cb)) + E—QF"(@ 1(¢) + M(A(d) — ) ()

_ _gp//(@ma - éF’”(qﬁ)yWﬂ? - 6—13F”(¢)F'(¢)

+ M(AG) - )(—eA6 + 2 F'(9))

2.1 A equivalent “zero-mean” problem

With the aim to use the conservative property given in (7), if we define

1
mo = (on) i= o [ énla)da,
€2 Jo
we can introduce the following zero-mean variables:
¢(l‘,t) = ¢($,t> —mp and z:=w-— <G(¢)>

Observe that,
/W, Ydz=0 and /z(t, Y dz = 0.
Q Q

In fact, since 9,¢|sn = 0, in particular 9, (F'(¢))laq = 0, hence / —A(F'(¢)) dz

Q
Therefore, integrating (10) and (11),

(w) = (G(¢)) = %<F”(¢) (@) + M(A() — a){u(e))-

3

Reciprocally, given (1, z) we can recover (¢, w) as ¢ =1 + mg and w = z + (G(¢)).

(11)

= 0.

(12)

By rewriting the equations (2)-(4) and (10) in these new variables (¢, z) we arrive at

hu+ (u-V)u—vAu— A2V + Vq=0,
V-u=0,

Oy +u- Vi —vAz =0,

A + G(Y) — 2 =0,

where

G() =G +mo) — (G(Y +mo)), §:=q— NG +mo))¢.



By using (11) and (12),
T) = ~ 2" (0 + mo) s — ZF" (6 -+ mo) [ VI + 5 /(4 mo) (1 + o)

+ M(AWY +mp) — @) <—€A1/1+ éF’(l/J-i-mo)) -
17

IR Lo "
i [, (2804 2P+ m0)) P mo)
1 1
— M(A(¢ +mo) — a)7 / <—6Aw + -y + mo)> :
€2 Jo €
System (13)-(16) is completed with the boundary and initial conditions
ulpo =0, Ontlon =0, On(A¥)|ae =0, Ipzlon =0, (18)
uli=o = o,  Yli=o =0 := o — (Po) in Q. (19)

Consequently, problem (2)-(6) is equivalent to the “zero-mean” problem (13)-(19).

Note that, by denoting the bending energy with respect to the zero-mean unknown v as

Ep(¥) = &y + mo), (20)
then it is easy to check that

~6E(Y)
z = 50

where the identification (21) has been computed via the L2(f))-scalar product. Latter, we

=A%+ G(y) Wy € Hy, (21)

will give a weak sense to this identification in order to define the concept of weak solution.

3 Some preliminary results

We assume (2 sufficiently regular (for instance 92 € C?) in order to have the H3-regularity
of the following second order elliptic Poisson-Neumann problem:
—Av=f inQ

P
( 0) 8n’U|6Q:0, /Ud:E:O,
Q

where f € L2(Q). In fact, the H? and H3-regularity of (Pg) provide, respectively, the existence

of some constants C' > 0, such that:
[olla < ClAv]y Yo e HE, oz < CllAv]li Vo e HY. (22)

In particular, since Av € L2, by applying the Poincare inequality for zero-mean functions, we
have that
|v]l3 < C|VAv|y Vv e HS. (23)



In order to define the inner product in H_ !, observe that if » € H_ !, then applying the
Lax-Milgram’s Lemma, there exists a unique u, € H} such that (r,v)H;17H} = (ur,v)g1 =
(Vu,, Vv) 2 for all v € H}. Therefore, [rllz—1 = [[Vurl[z2 and (1, 8) g1 = (Vur, Vug) g2 for
all s € H L.

In order to give a weak sense to A2?v together with the boundary condition 9, (Av)|sq = 0
for any v € H}, we introduce the operator A : D(A) = H} C H;' — H; ' as follows:

(A, 0) 1y = —(VAS, V)2 Vo € HY, Vi € H. (24)

In particular, denoting » = Ay and s = A{/;, then u, = —A and u, = —AQZ, hence the inner
product in H; ! remains (A1), A?Z)H;1 = (VAY, VA?,Z)LQ.
Observe that A € L(H}, H; ') and it is self-adjoint and positive definite. Indeed, A is

continuous because

] s = sup At —(VAY V),
B v 191 112 3 Vs

In particular, taking {/; = Av € H}, one has

[AY] g1 = IVAP| 2 < Cl[¢]l3. (25)

On the other hand, for all ¥, ¢ € H3, since Op1]90 = 8nT,Z|aQ = 0, we have that

<A71Z)772;>H;17H3 = —(VAT,Z),VT,Z)LZ = (A¢7AJ)L2 = _(v¢7VAJ)L2 = <A7:2;7¢>H;17H9}'

Therefore, A is symmetric. In particular, (A¢,¢) -1 1 = A2, > Clly|l3 for all ¢ €
H?, hence A is positive definite. Finally, we are going to prove that there exists A™! €
L(H;', H}) by applying the Banach-Necas-Babuska’s Theorem (see for instance [11]). For

this, we consider the following continuous bilinear form a(-,-) : H} x H} — R:

a(th, §) = (A, )y = —(VAY, V)2 Vo € HY, Vi € H.

Owing to (23) and (25), there exists a constant 3 > 0 such that

a(y, ¥)
sup -
demt VY2

= [[ APl g1 = Bl lls-

On the other hand, if we assume a(v, {/;) = 0 for all ¢» € H}, then taking in particular ¢ € H?
the solution of problem (Py) for f = ¥, then —Ay = 1 and

0= a(¥, ¥) = —(VAY, V) 12 = [VY3



hence {/; = (C'te. But, since fQ{/; = 0, then {5 = 0. Therefore, the Banach-Necas-Babuska’s
Theorem implies that there exists A=t € L(H !, H}). Moreover, A is self-adjoint.

The following lemma shows two compactness results of Aubin-Lions type, see [20].

Lemma 3 Let us consider T > 0 and three Banach spaces such that X C B C Y with

continuous imbedding B — Y and continuous and compact imbedding X +— B.

o If the set F is bounded in LP(0,T; X) where p < oo and OLF = {0:f : f € F'} is bounded
in L'(0,T;Y), then F is relatively compact in LP(0,T; B).

o [f the set F is bounded in L>=°(0,T;X) and O,F is bounded in L9(0,T;X) with ¢ > 1,
then F' is relatively compact in C([0,T]; B).

Along this paper, we will use repeatly the following classical interpolation and Sobolev

inequalities (for 3D domains):

1/2 1/2
vl < Cllolh,  fols < Cloly*|lolly* vo e B!

and the Gagliardo-Nirenberg inequality

1/2 1/2
0]oo < Clloli?|lv]l3/* Vo e H2.

For the last inequality, see for example ([17], p. 334).

The following Lemma gives some global Lipschitz properties of F'(¢) its derivatives and
A(¢) into H2-bounded sets.

Lemma 4 Let us consider K > 0 a constant and any functions ¢; € H(Q), with ||¢;|2 < K,
fori=1,2, then the following inequalities are fulfilled for any p with 1 < p < oo:
[F(di)lp < C(K), |[F'(¢i)lp < C(K), [F"(¢i)lp < C(K), [F"(¢)lp < C(K) i=12,
[F(¢1) = F(2)lp < C(K)[d1 = d2lp,  |[F'(¢1) — F'(d2)lp < C(K)|p1 — d2lp,
[F"(¢1) = F"(¢2)lp < C(K)|p1 = dalp,  |[F"(¢1) = F"(¢2)lp < C(K)|p1 — dalp,
|A(¢1) — Alg2)| < C(K)|¢1 — P21,

where C(K) > 0 are different constants depending on K.

Proof. Let us remember that F(¢) = 1(¢* — 1)2, F'(¢) = (¢* — 1)¢, F"(¢) = 3¢ — 1,
F"(¢) = 6¢ and A(¢) = / <§|V¢|2 + éF(gb)) dx. We prove the first inequality:
Q

[F(¢i)lp = i|¢4 +20° — 1], < C(1¢l5 +2[¢l3 +1) < C(l6]lz + 2llglI3 + 1) < C(K),

9



The second, third and fourth inequalities can be obtained in an analogous way. We prove

now the fifth one:

[F(¢1) = F(@2)lp < [F'(0¢1 + (1 = 0)2)|oc| 1 — ¢2lp < C(K)[d1 — d2lp-

Sixth, seventh and eighth inequalities can be proved in an analogous way. Finally, let us see

the ninth one:

|A(p1) — A(g2)| < %HV%@ — [Vol3] + /Q |F'(¢1) — F(¢2)]

|V (p1 + ¢2)[2|V(d1 — d2)|2 + C(K) |1 — 21
< C(K)| 1 — o2l

<

N —

The following Lemma gives the global Lipschitz property of G(¢) into H2-bounded sets.

Lemma 5 The map G = G(¢) given in (11) is well-posed from H?*(Q) into L?*(Q)). Moreover,
for any functions ¢; € H*(Q), with ||¢;|l2 < K, for i = 1,2, there exists C = C(K) > 0 such
that

|G(¢1) — G(d2)|2 < C(K) [[91 — d2lla-
Remark 6 In particular, since G(0) = 0, Lemma 5 implies |G(p)|2 < C(K)||¢|l2 < C(K).
Proof. From (11)

Glo1) ~ G@a)la < ZIF"(61)A01 — F"(92) Al

1 1
I @)V = B (92)[ Vol + S [F/(61)F"(61) = F'(92) F"(62)]2

(26)
+eM|(A(¢1) — @)A1 — (A(p2) — a)Adals

M 5
+—I(Alg1) = Q) F'(¢1) — (A(d2) — ) F'(¢2)]2 == Y T..
i=1
By taking into account Lemma 4, we can estimate each term I; as follows:
1= 21F(6)861 — F(62) Al
< O([(F"(¢1) — F"(¢2))A¢1l2 + |[F" (d2)(Ad1 — Aga)l2)
< C(|Ad1]2|F"(¢1) — F"(92)|oo + [F"(92)0c| Ap1 — Agal2)
< C(lp1l2C(K)|¢1 — ¢aloo + C(K)||p1 — d2]l2)
< C(K)[lpr — ¢2ll2-

10



—_

Iy = —|F"(¢1)|V1|* = F” (¢2)| V2 |*|2

B
< O(|(F"(¢1) = F"(¢2)) Vo1 |2 + [F" (¢2)(IV 11> — [V2|?)]2)

< C(IVO 2| F" (¢1) — F" (¢2)]6 + | F" (¢2)[6] V1 + Vals| V1 — Vale)
< C([|1]3C(K)|¢1 — ¢2ls + C(K)||¢1 + ¢2ll2llo1 — ¢2]l2)

< C(K)|lo1 — ¢2ll2-

B = SIF @)F"(61) - F (@) P (62

< C([(F'(¢1) — F'(#2)) F"(d1)2 + [F'(d2) (F" (¢1) — F"(¢2))l2)
S C([F'(d1) — F'(p2)l6|F"(d1)]3 + [F' (62)[3|F" (¢1) — F"(b2)]6)
< C(K)||lpr — d2ll1-

To estimate I, and I5 observe that

[A(¢2) — a] < C(IVel3 + |65 — 113) < Cllg2llf + llé2]l2 + 1) < C(K),

therefore,
Iy = eM|(A(d1) — )Ady — (A(d2) — @) Ada[>
< C(lA(91) — A(P2)| |Adr12 + [A(d2) — a [A(P1 — ¢2)l2)
< C(E)([[o1 — d2lli + (|91 — d2ll2) < C(K)|p1 — ¢2ll2,
and finally,
M / /
Is = ?\(A(Qﬁ) — ) I (¢1) — (A(d2) — a)F'(¢2)l2
< C(lA(o1) — A(@)||[F'(¢1)2 + [Alg2) — o [F' (1) — F'(d2)]2)
< C(K)|[¢1 — b2l
Plugging all previous estimates in (26), the proof of Lemma is finished. [

4 A new Lojasiewicz-Simon’s result

The use of Lojasiewicz-Simon inequalities is a classical procedure to study the convergence
of trajectories at infinite time in dissipative systems. It is not easy to find in the literature
a rigorous demonstrations of these types of inequalities associated to various Euler-Lagrange
equations. Here, a particular Lojasiewicz-Simon’s inequality associated to the critical points
of the bending energy &£,(¢)) for zero-mean functions v is deduced, by using the Theorem 9
presented below, which is a simplified version of Theorem 4.2, p. 41 of [14]. We make an
extension of the Lemma 4.4 of [19] (which is applied to a second order elliptic problem) to

the fourth-order elliptic problem that determines the critical points ¥, of £,(1)) and then, it

11



will be possible to prove a modified Lojasiewicz-Simon’s result by relaxing the hypothesis of

small [t — 4|3 by small [ — |1 and [E() — Eplehs).
We begin by recalling two definitions:

Definition 7 ([14] p. 22) Let U be an open subset in a real Banach space (X,| - ||x) and
Y a subspace of the dual space X'. A continuos map M : U — Y is called a gradient map
if there exists a C' functional € : U + R such that M(u) = &' (u) for all u € U, i.e.

E (u)h = (M(u), h) VuelU, he X
where (-,-) is the canonical bilinear form on X' x X.

Definition 8 ([14] p. 34) A bounded linear operator L : X1 +— Xy between two Banach
spaces X1 and Xs is called a Fredholm operator of index zero if L has a closed range
R(L), a finite dimensional kernel N(L) and dim(N(L)) = dim(X3/R(L)) < co. A Cl-map
MU C X1 — Xy is called a Fredholm map of index zero if its Frechet differential at each

point is a Fredholm operator of index zero.

For instance, an invertible operator plus a compact operator is a Fredholm operator of index
zero (see, for example [1] pp. 98, 99)

We now give a simplified version of Theorem 4.2 of [14].
Theorem 9 Assume the following hypotheses:

e Let H be a Hilbert space and let A : D(A) C H — H be a linear self-adjoint and positive
definite operator. We denote (D(A), (-,-)a) the Hilbert space endowed with the scalar
product (u,v) a4 = (Au, Av)g for allu,v € D(A). Assume that the embedding D(A) C H

1S continuous.

e Let £: D(A) — R be a Fréchet-differentiable functional, and let M : D(A) — H be an
analytic gradient map associated to € (i.e. M =E" ) with the following properties:

— M is a Fredholm map of index zero; i.e., for each u € D(A) the bounded linear
operator M'(u) € L(D(A), H) is a Fredholm operator of index zero.

— The map R : u € D(A) — M'(u)A~Y € L(H) is continuous.
e Let u, € D(A) be a critical point of E(u), i.e. £ (u,) = 0.

Then, there exists positive constants C, B and 6 € (0,1/2] such that for all u € D(A) with
lu — usl|peay < B, it holds

[€(w) = E(u)|' < CIE' ()l

12



Lemma 10 (Lojasiewicz-Simon inequality) LetS be the following set of equilibrium points
related to the bending energy Ey(1) given in (20):
S={veH}(Q): —(VA), VY) + (G(¥),4) =0 Ve H}. (27)

Let ¢, € S and K > 0 fized. Then, there exists positive constants 31, B2 and C' and 6 €
(0,1/2], such that for all v € H} with |||z < K, |9 — :ll1 < B1 and [Ep(¥) — Ep(1bi)] < o,
it holds

[E0(1) = Ex(wu)|' ™0 < O ll2(¥) | g (28)
where z() := Ay + G(¢) in the sense

(2(), ) =1 gy = —e(VAY, V) + (G(¥),$), V¢ € H.

Proof.
Step 1:  There exists 5 > 0, C > 0 and 6 € (0,1/2] (depending on 1.) such that for all
Y € HY with ||v — .|l3 < B, then (28) holds.

The proof of this step is based on Theorem 9, choising the spaces H = H, '(Q), D(A) =
H3(2) and by taking the following operators:

o A:vp € H} — Ay € H! defined in (24). In particular, we have

(,6)a = (AP, A 1 = (VAY, VAE) 2 V&4 € HY.

Note that {-,-)4 is an inner product in H; owing to (23).

e HY — E() = E(¢) €R,

E e H v E'(¢Y) € (HP) defined as:

(W) V) gy iy = (D, M) 2 + (G(), ¥) 2 )
= —e(VAY, V) 12 + (G(¥), )2 Vo, ¢ € HY,

M=E"4p € H} v M(p) € H; ' is an extension of £'(1)) by density, defined as:

<M(¢)7{E>H;1,Hi = <€A¢7QZ>HJ17H} + (a(w)qu)[ﬂ VT,Z) € H%v \V/TZ € Hiv

M) €€ HY = M/ (9)(€) := A + G (¥)(€) € Hy ', with

GWE) =
2[00 mo) A P + mo) (A €+ T VE) + S W+ mo) [Ty

+€%[F”(zp +mo)? + F" (1 + mo) F' (¢ + mo)]¢ (29)
+M <—5Aw - lF’(w + mo)> / <€V1/J -VE+ 1F’(w + mo)§> dz
e Q 3

+M (A +mg) — a) <—€A£ + éF"w + m0)§> .
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Note that M'(¢)) is a Fredholm operator of index zero, because M’(1)) is the sum of the
invertible operator €A and the compact operator @,(zp) : Hf’ + H_'. Indeed, by using
Lemma 4, if [|¢] 3 < C1, then [G (1)(¢)]2 < Cs.

On the other hand, the map R : ¢ € H} — M/'()A~! € L(H ') is well-posed because
A~V e L(H Y H}) and M'(y) € L(H}; H'). Tt remains to prove that R is (sequentially)

continuous. Indeed, let ¥, — v in H; as n — oo. Then,

IR (W) = R =1y = M (W) AT = M)A gy,
< HM/(T/’n) - M/(T/’)HL(Hf;H;l)HA_I“g(H;l;Hf)

In order to bound ||M'(¢y,) — M/(w)”z:(Hf;H;l) = |G (¢n) — @/(w)\\E(H?;H;1), by using (29)
we observe that

G'(¢n)(€) = G'(¥)(E)

= —E(F”(wn +mo) — F" (¢ +mg)) A& — éFiv) (Un 4+ mo) (Vi + V) - (Vi — V)E

—

+ =5 (F" (thn +mo) + F" (3 +m0)) (F" (n +mo) — F" (¢ +mo))¢

g3

\)

—= [F”/(% +mo) Ay — ) + (F" (n +mo) — F" (¢ + mo))A?ﬁ}&
- [Fm(l/}n + mO)v(wn - 1/}) + (Fm(l/}n + mO) - F"'(w + mo))Vlﬁ} : Vf

(F" (¢ +mo) — F" (1 +mo)) F' (¢ +mo)§

DO ™M

| = | = O

—F" (¥ + mo) (F'(tbn + mo) — F'(¢ + mo))§

+M <—5Awn + éF'(w + mo)> /Q (ww Y) - VE+ = (F' (tn +mo) — F'(¢ + mo))) dz
+ <—aA(¢n — ) + é(F'(l/Jn +mg) — F' (¢ + my) ) <EV¢ VE+ F’(zp + m0)§> dz
+M (A, +mo) — A(Y + my)) ( eAE + F”(zp +myp) )

Z(F" (4 + o) — F( + )€

Then, by using Lemma 4, the H; ' norm of each term on the right side of the previous
expression can be bounded by C|jv, — |2, Cl||tn — ¢| g1 or Clltyy, — 1| g2 multiplied by

I€l|ls- In fact, let us precise the bound of some of these terms:

ICE" (¢n +m0) = F"( +m0)) A &l -1 < CLE" ($n + mo) = F" (4 + mo)[3| A¢l2[€] oo
C(K) [ = Yl3l€loc < C(K)|tbn — 1€ ]2,

HFw) (wn + mo)(Vﬂln + VT,Z)) : (VT,Z)n - qu) 5”1{;1
< CIF™ (4 + m0)|oo| Vipn + V|3 Vibn = Vla|€loc < CK) [n — wl1[€]|2,
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1 (4 + m0) A(n = )Ell =1 < [F™ (¥0n + mo) 3] A(n = ¥)|2[€loc < CU)[lthn — Dll2]I€]l2;

[(A(Wn +mo) — A(Y + mo)) AL -1 < ClAWYn + mo) — A(Y +mo)| |AE]2
< C(K)|[tn = ¥|1]1€]]2,
Thus,

M () (§) = M) ()] g1

M () = M) gty = sup

¢ H\{0} 1€ 2z
G (o) (&) = G 1
— e |G (¥n)(E) (W)l - < Clln — ¥e.
¢eH3\{0} €l

Therefore, | M’ () — M/(T/’)Hc(Hf;Hgl) — 0 asn — oo if ¥, — 1 in H3 (even if ¢, — 1 in
H?), hence the continuity of the operator R is proved.

Finally, by applying Theorem 9, there exists 8 > 0, C' > 0 and 6 € (0,1/2) such that for
any 1 € H3 () with ||¢p — ,]|3 < 3, one has

[E6(4) = Ex(wu) '™ < CNE @)l g1 = C l2(W)l g1

and (28) holds.

Step 2: (Relazxing the local approximation || —y||s < B by ||¢]2 < K, ||[¢ — i1 < B1 and

Eb(¢) = Ep(v:)| < Ba). If b € HY(Q) with |[¢]la < K, [l —uli < Br and |Ep(1h) —Ep(ih)| <
Ba, then there exits C' > 0 and 6 € (0,1/2] (depending on 1., K, p1 and [3) such that (28)
holds.

In this step, we follow Lemma 4.4 of [19] but imposing now the “proximity” condition
between 1) and 1, only in the H'-norm instead of in the H2-norm as in [19].
Since z(¢4) = 0,

2@l g1 = 112() = 2@l -1 = EA®W — ) + G(¥) = G| -

From (25), [[eA(Y — )|y = [EVA(Y — ¢y)|2 and from (23), there is a constant M > 0,
such that ||[¢ — ¥.|ls < M|VA(¢ — 1|2, hence,

Izl -1 > el VAR — )2 = [[G(@) — G|l -1

> £ CclG G (30)
> 27l = lls = CIG (W) = Gl

On the other hand, since ||[¢||2 < K, we can use the Lemma 5 to bound |G (v)) — G(v)]2 as

IG() = G(¥)l2 < [G(Y +mo) — G +mo)l2 + (G +mo)) — (G +m0))l2
< C(K) [l = 2.
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In particular, interpolating H 12 between H! and H3}, we obtain that

CIG() — G2 < CL(E) ([t — thu [} 2[4 — thu 5% < = |l — wm+Mba>u¢~mm

_2M

Let 5 >0, 0 € (0,1/2) given in Step 1, by choosing 8; > 0 and Sy > 0, both sufficiently

small, such that

_ 56

and 2 ~ m

B
~AM

then, for any ¢ € H}(Q) satisfying [[v]|2 < K, [ — . l1 < B1 and [E,(v)) — Ep(34)| < B2, we

have

%Cl( )28 <

CIB0) ~ Clw)ls < gorllt —vulls + o (31)
and
Ew) ~ (w7 < (32)

There are only two possibilities: either ||1¢) — 1.||s < 8 and then (28) holds by using Step 1,
or ||¢) — 1i||s > B. In this latter case, from (30) and (31)

ef ed g8
2@l = 5ol s — e > oo

On the other hand, from (32),

hence (28) holds. ]

5 Weak Solutions

We define the total free-energy as E(u, 1)) = E(u) + A\Ep(Y), where E(u / luf? is
the kinetic energy, and E;(v)) is the bending energy defined in (20). That is,

1 A 1 M
=3 /Q luf? + R /Q(—aAzp + gF’(z/z +mg))? dx + 7(A(zp +mp) —a)?.  (33)

Definition 11 Let ug € H and 1y = ¢og — mg € H, we say that (u,1,2) is a global weak
solution of (13)-(19) in (0,+00), if

u € L>(0,+00; H) N L?(0, +00; V),
¢ € L®(0,+o0; HY) N L2 ([0, +00); H}), 2z € L*(0,400; H}),

loc

(34)
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satisfying the variational formulation a.e. t € (0,400):

(Oyuw,u) + ((u- V)u, @) + v(Vu,Va) — A\zVy,u) =0, VueV (35)
(00, 2) + (w- V1, 2) +v(Vz,VZ) =0, VzZe H} (36)
_€(VA¢7 VJ) + (@(zﬁ),@) - (Zva) = 07 VE € Hi (37)

the initial conditions (19), and the energy inequality (in integral version)

t1

E(ultr),(t1)) — E(ulto), ¥(to)) + / (v|Vu(s)[3 + Av|Vz(s)[3) ds <0, (38)

to

fO’I” a.ce. tl,to : tl > t() > 0.

Energy inequality (38) shows the dissipative character of the model with respect to the
total free-energy &(u(t),(t)).
Observe that, using the operator A defined in (24), then (37) can be rewritten as

2(t) = eAp(t) + G(y(t). (39)
On the other hand, from (34), (35) and (36), one can deduce that

drue L/3([0,400): V) and  9pp € L2.([0,400); Ho ),

loc

hence, the following time-continuity can be deduced (see Lemma 1.4 of [21]),
u € C([0,+00); V') N Cy([0, +00); H),

¥ € C([0,+00); H ') N Cy ([0, +00); HY).

Here, the weak continuity u € Cy, ([0, +00); H) means that u(t) € H for all ¢ € [0, +00) and

u(s) — u(t) weak in H as s — t. In particular, the initial conditions (19) have a sense.

The following lemma gives two improved energy inequalities.

Lemma 12 Given (u,1,z) a global weak solution of (13)-(19) in (0,4+00), there exists a
reqularized energy function £ = g(t) € R defined for all t > 0, which satisfies the following
integral inequality for all t1,ty with t1 > tg > 0:
~ ~ a1
&)~ Eta) + [ 0IVuls)+ MIVa(s)B) ds <0, (10)
to

and the following differential inequality for a.e. t > 0:

%E(t) UV + MIVOR <0, ae t>0. (41)
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Proof. From the weak continuity u € C,([0,+00); H) and 1 € Cyy([0,+00); HY), in partic-
ular the energy evaluated in the trajectory &(u(t),(t)) exits for all t. Moreover, since the
inequality (38) is satisfied for all ¢y, t; € [0, +00)\N, where N is a set of null Lebesgue measure,
then &(u(t),(t)) is a real decreasing function in [0, +00)\N, and &(u(t), ¥ (t)) € L>(0, +00).

Therefore, we can define a regularized function & related to € for all t > 0 as:

£(0) :=E(uo,v0),  E(t):= lim  E(u(s),4(s)).
se[Ofroto)\N

Then, this function £(¢) is “continuous from the left” and is decreasing for all ¢ > 0. Indeed,
for any t1,ts € [0, +00), for instance ; < t2, we can choose sequences {s!}, {s2} C [0, +00)\N
such that s} — t;, s2 — t5 and, s} < s2 for all n > ng. Since s} and s? are not in N, we
know that &(u(sl), ¥ (sk)) > E(u(s2),1(s2)). By taking limit as st — ¢] and s2 — t;, we
obtain that £(t) > E(ts).

Since &(t) is decreasing for all t € [0, +00), it is derivable (and continuous) almost every-
where t € (0, +00) (see for example Theorem 3 of [18] p. 100).

On the other hand, since the inequality (38) is satisfied for all ¢p,t; € [0,+00) \ NV, given
any tg < t1, we can take d, > 0 and 7, > 0 such that tg — ., t1 — 7, € N and 6§, — 0 and
Np — 0. Then

t1 —Mn

E(u(ty —0n), ¥(t1 = 0n)) — E(ulto — dn), ¥ (to — dn)) +/ (V| Vu(s)3+ X V2(s)[3) ds < 0.

to—0n

By taking d,, — 0 and 7n,, — 0, and using the definition of £(t), we obtain (40) for any ¢ty < ;.
In particular, by choosing tyg =t and t; = ¢t + h in (40), we obtain

S(t+h)—E1) 1 [t
w + g/ (v|Vul3 + X|Vz[3) ds <0, Vit h>0. (42)
t

Observe that, since the map ¢ € [0, +00) — v|Vu(t)|3+ M y|Vz(t)|3 € R belongs to L' (0, +00),
then
e 2 2 2 2
}llm%) 7 (v|Vul5 + M| Vz|3) ds = v|Vul(t)|3 + \y|Vz(t)|5 a.e. t > 0.
- t

By taking h — 0 in (42), we obtain (41) a.e. t > 0. |

Remark 13 The fact that the energy is decreasing is essential in Lemma 12. For general

problems with nonzero external forces, the thesis of this Lemma is not clear.
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5.1 Formal energy equality and large-time weak regularity

We will arrive at the energy equality related to (41) in a formal manner (assuming a
sufficiently regular solution). A rigorous demonstration of existence of weak solutions (in
particular, satisfying (38)) will be obtained in Section 5.2 via a Galerkin method, in the same
way as was done in [8, pp. 71-73] for the Navier-Stokes problem. By assuming that (u, ), 2)
is a sufficiently regular solution of (13)-(19), and taking % = u, Z = z and ¥ = 943 as test
function in (35), (36) and (37) respectively, one arrives at the equalities:

1d

2 dt|u|2 + I/|VU|2 (’Z v¢7 U,) = 07

(atw,z) + (u-Vih,2) +7|Vz[3 =0,

U 2|A7/’|2 + (G(), o) — (2,00) = 0.

Adding the first equality plus the second and third ones multiplied by A, the term (z, d;1))
cancels, as well as the nonlinear convective term (u- V1, z) with the elastic term —(z V), u),

arriving at

(IUIz + el AY3) + MG (W), 8e) + vV u(t)3 + M|V2(8)]3 = 0. (43)

&.|g‘

1
2

Since 96(¥) = 2z =A%) + G(¢), in particular

d— _ <65b(1/1) \Azpr + (G(¥), 0e)).

oY

Then, equality (43) can be rewriten as the following energy equality (which is the equality

7at1/}> - (Zaatw) 2 dt

version of (41)):

S E(ul(®),$(1) + v|Vu(t)[3 + M| V()3 =0, (44)

From (44), assuming the initial regularity (ug,10) in H x H} hence &(u(0),v(0)) is finite,
we obtain that uw € L*(0,+oo; H) N L?*(0,4+00; V), z € L%*(0,+o0; H}), and Ey(¢(t)) €
L>°(0,400). In particular,

/(—EAw + 1F'(l/z—l—mo))2 de and A(¢Y) :/ (EIVMQ + 1F(w +mo)> dz
Q € Q 2 €

belong to L>°(0, +00).
From A(z)) € L®(0,400) one has that Vi) € L>(0,400; L?) and, since / ¥ = 0, also
Q

1
Y € L>(0,4+o00; H!). Secondly, from / (—eAy + EF’(qb +mg))? € L°(0, +00), we have that
Q
Wb € L®(0, +oo; H).
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[13

In summary, the following global in time “weak” regularity (in the time interval (0, +00))

hold:
uw e L0, +oo; H) N L*(0,+00; V), 1) € L=(0,+00; H?), =z L*(0,+0c0; H}).  (45)
By applying Remark 6 to G(v(t)) defined in (17), since ||1(t) + mq|l2 < K, we obtain
[G((1)]2 < |G((t) +mo)l2 + [G((t) +mo))l2 < C. (46)
From (23), (25) and (39), we obtain
[9lls < CIVAYly = CllAY] g1 < Clzl2 + |G()]2) < C(1+]2]2) (47)
From this estimate and the regularity of z given in (45), we have

W € Li,([0,+00); HY). (48)

5.2 Existence of weak solutions satisfying energy inequality (38)

For instance, fixed the initial datum (ug, o) € H x H%, the existence of weak solutions of
(13)-(19) in (0, 400), furnished by a limit of an adequate Galerkin approximate solutions can
be proved analogously to [3] or [4]. Moreover, these Galerkin solutions satisfy the correspond-
ing energy equality (44) which suffices to prove rigorously the previous estimates (45) and
(48). Finally, following similar arguments to those used in [3] for the Navier-Stokes equations,
these weak solutions will satisfy the energy inequality (38).

Indeed, let {w;}, > 1 and {¢;}, > 1 “special” basis of V and H?, respectively, formed by

eigenfunctions of the Stokes problem

w; € V. such that Sw; = \jw;, with ||wil|;2 =1, N 7400
and of the Poisson-Neumann problem

¢; € H suchthat — Ag; =p;¢;, with ||¢i]2 =1, p 7 +o0.

Here, we consider the Stokes operator S defined as Sw € V such that (V(Sw), Vv) = (w, v)
forall ve V.

Let V™ and W™ be the finite-dimensional subspaces spanned by {w;, wo, ..., w,} and
{¢1, 02, ..., ¢} respectively. Note that if ¢ € W™ then also A¢ € W™ and A2 € W™.

For each m > 1, we say that (w;,,1,,) is a Galerkin solution, if wu,, : [0, +0cc) — V™ and
Y : [0,4+00) = W™, and satisfy

Az Vi, Uy) =0, Y, € V", a.e. t > 0,
(O, Zm) + (W - VP, Zm) +7(Vzm, VZ,) =0, VZn, € W™, Vit >0,

'u,m(O) = Uom = Pm(uO)v ¢m(0) = Yom = Qm(¢0) in (2,

(49)

20



where 2, : [0, 4+00) + W™ is defined as 2z, := Qu (A%, + G (). Here, Py, : L* s V™
denotes the projection from L? onto V™ and Q,, : L? — W™ the projection from L? onto
W™. Since A%, € W™ then

2m = A + Qu(G(Ym)) = €AV + Qun(G (), in 2 x (0,+00). (50)

Since (g, Othy,) € V™' x W™ and (Sup,, —Azy,) € V™ x W™, the variational formulation
(49) yields to the point-wise equalities

Orthy, + vSUy, + Pr((Uy - V) Uy — A2, Vb)) =0, in Q x (0, 4+00). (51)

Bt — VA2 + Qo - Vi) = 0, in Q x (0, +00). (52)

The existence and uniqueness of local in time solution of (49)-(50) in © x (0,7"), for any
T > 0 sufficiently small, can be proved using the Leray-Schauder’s Theorem in the same way
as the Theorem 5.2 of [3]. By following the argument given in Subsection 5.1, the energy
equality

t
E(um(t), Ym(t)) — E(um(to), bm(to)) +/ WIVUnl3 + Xy Vanl3) dr =0 (53)

to
holds for all ¢,ty : t > ty > 0. Therefore, the solution of (49)-(50) can be extended to the
whole time interval (0, +00), and the following uniform in time estimates (independent of m)

can be obtained as in Subsection 5.1:
U, in L°(0, +o00; H) N L?(0, +00; V), Y in L(0, +00; HY), Zm in L?(0, 400; HY).

By applying these estimates in (51)-(52) one has the estimates for the time derivatives

4/3
loc

Oy, in L/ ([0, +00); V) and Otby in L2 ([0, 400); H ).

By following the argument given in Subsection 5.1 to prove (46) and (48), one has the estimates
G () in L((0, +00) x Q) and by, in L2 ([0, +o0); HY).

By using compactness Lemma 3 for the spaces V.C HC V' and H? C W*l’p(Q) C H;! with
p < 6, and considering the continuous embedding WP(Q) ¢ C(Q) (p > 3), we have that
U, is relatively compact in L2(0,T; H), vy, is relatively compact in C([0,T] x Q) and Vi),
in C([0,T]; LP(2)), with p < 6 for any T" > 0. In particular, from Lemma 4, F(t,,) (and
F'(Ym), F" (1)) is relatively compact in C([0,T] x Q). Finally, by using again Lemma 3 for
the spaces H} C H? C H; ' then v, is relatively compact in L?(0,7T; H?).

In order to prove the existence of a weak solution (u,1,z) of the variational problem

(35)-(37) a.e. t € (0,+00), obtained as the limit of a (subsequence) of (W, ¥y, 2 ), it suffices
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to pass to the limit in (50)-(52), which will be possible due to the previous estimates and
compactness. For this, given any T > 0 and (@, w) € V x H? we take (U, Wy,) € V"™ x W™
with (T, Wy,) — (%,W) in V x H? strongly. We rewrite (50) as

(Zms W) = (AU, W) + (G (Vm), W), Yt e€[0,T). (54)
To prove the weak convergence
G () — G()  weakly in L2((0,T) x ), (55)

we analyze for example, the term F” (¢, + mg)Aty,. Since F (1, + mg) converges to
F"(¢) +mg) in C([0,T] x ) and A, converges weakly to A in L2((0,7) x €2), hence
F" (¢, + mo) At — F"(1 4+ mg)Ayp weakly in L2((0,T) x Q). The proof for the rest of
the terms of G(1,,) is easier, and then, one has the convergence of (54) towards the limit
equation (37).

For example, the convergence of the term (2, Vi, W) of (49); towards (2V, @) is
deduced from the strong convergence of V1), in L>(0,T; L?(2)) and the weak convergence
of 2, in L2(0,T; HY). The convergence of the rest of terms of (49); is rather standard in the
Navier-Stokes setting, see [3], hence (35) holds.

Finally, the limit of (49)2 is standard, arriving at (36).

In order to prove that the weak solutions furnished by previous Galerkin method satisfy
the energy inequality (38), we follow similar arguments used in [8] for the Navier-Stokes
equations.

Firstly, we are going to prove that
E(um(t), vm(t)) = E(u(t),(t)) ae. t=0. (56)

In fact, to show the convergence of the most difficult term [, 1(¢, +my)?dzxin (56), it suffices
to prove that

(1(hm +mo) = u( +mg)  strongly in L2(0,T;L?), YT > 0. (57)

For this, we use that 1, is bounded in L?(0,7; H}), and in particular A, is bounded in
L2(0,T; HY). Moreover, VE' (¢, + mg) = F"({y, + mo) Vb, is bounded in L*(0,T; L?).
Therefore,

(1(m + mg) is bounded in L2(0,T; H). (58)

On the other hand, by using the parabolic equation (52),

1
8tl‘(7;bm + mO) = _5A6t¢m + EF”(wm + mO)atT;Z)m

= A Qo - o)) — 7+ F (W + 10) (77— Qo (1 - V),
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Here, the second term at the right hand side has the following sense
_<A2zma{/;>(Hf)’,Hf = (Vzm, VAP) 2, Vo € HY.
Hence, the estimates already obtained for w,,, ¥, and z,, imply that
Opt(thm +my) is bounded in L*(0,T; (H})'), (59)

where the dual space (H f’)’ appears due to the term AZz,,.

Then, (58) and (59) and Lemma 3 (for the spaces H} C L? C (H3})') imply (57). On the
other hand, since w,, — w strongly in L?(0,T; H) then (56) holds.

Secondly, since wu,, — w and 2,, — 2, both weakly in L?(0,T; H'), we have that

t t
liginf/ (V| VU3 + Ny |Vzm|3) dr > / (v|Vul3 + M| Vz[2) dr forallt >ty >0. (60)

to to
Thirdly, by taking liminf in (53), we obtain that for all t > ¢ty > 0,

t

lim inf & (tp, (t), Yo (t +liminf/ V|V |2+ My |V |3) dr
lim inf & (wn (2), ¥ (1)) + lim inf to(l 2 Vzml3) (61)

< limsup &(wn(to), Ym(to)).

m—r—+00
Finally, by using (56) and (60) in (61), we obtain the energy inequality (38) for a.e. ¢, % :
t>1t>0.

6 Convergence at infinite time.

Let (w,1,z) be a weak solution of (13)-(19) in (0,+00) associated to an initial data
(ug,10) € H x H? (see Definition 11). From the energy inequality (38), there exists a real
number E,, > 0 such that the total energy evaluated in the trajectory (w(t),(t)), satisfies

E(u(t),v(t)) \y Fx in R ast 1 +oo. (62)
Let us define the w-limit set of this global weak solution (u,1)) as follows:

W, ) = {(Uoo, Vo) € H x HE : I{t,} T +00 s.t.

) (63)
(u(tn), ¥(tn)) = (Uso, Vo) Weakly in L? x HZ}.
Let S be the set of critical points of the bending energy defined in (27), that is
S={veH] : —=(VAY,VY) +(G(¥),$) =0, V¢ € HI}. (64)

Theorem 14 Assume that (ug,v) € H x H?. Fived (u,,2) a weak solution of (13)-(19)
n (0,400), then w(w,v) is nonempty and w(w,v) C {0} x S. Moreover, for any oo € S
such that (0,1s) € w(w, 1)), it holds Ey(1ss) = Eos. In particular, w(t) — 0 weakly in L* and
E(u(t),v(t)) = Ep(thoo) in R as t T +oo.
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Proof. Since (u,) € L*(0,+o0; H x H?), there exists {t,} 1 +oo and suitable limit
functions (e, Yoo) € H x H?, such that

u(tn) — Us weakly in H, Y(tn) = hoo weakly in HZ. (65)

We consider the initial and boundary-value problem associated to (13)-(19) restricted on the

time interval [t,,t, + 1] with initial values w(t,) and ¥(t,). If we define
U, (s) == u(s +t,), Yn(s)=¢(s+t,) and z,(s):=z2(s+t,) forae sec]l0,1],

then, (un,¥n, 2,) is a weak solution to the problem (13)-(19) in the time interval [0, 1]. From
the energy inequality (38), we have that

1 tn+1
/0 (0]t ()3 + M|z (3)2) s = / WIVult) + M |V=()]2) dt

< E(ulty),(tn)) — E(ulty, +1),9(t, +1)) — 0 asn — oo,

hence, Vu, — 0 strongly in L?(0,1; L?) and Vz, — 0 strongly in L?(0,1; L?). In particular,

by using Poincaré inequality, one has
u, — 0 strongly in L*(0,1; V) and 2, — 0 strongly in L*(0,1; H}). (66)

Moreover, since u,, and d;u, are bounded in L>°(0, 1; H) and LY 3(0,1; V') respectively, then
using Lemma 3, u, — 0 in C([0,1]; V'). In particular, u(t,) = u,(0) — 0 in V', hence
Uso = 0 (owing to (65)). Consequently, the whole trajectory u(t) — 0 as t — 4o00.

On the other hand, from the large time regularity of (u, v, z) given in (34), w, is bounded in
L%(0,1; HY), 2, in L?(0,1; H!) and 1, in L>°(0, 1; H}). Moreover, using (47), one also has that
¥y, is bounded in L?(0, 1; H}) and from the -equation (15) 0y, is bounded in L?(0,1; H;1).
Therefore, owing to Lemma 3, there exists a subsequence of v, (equally denoted) and a limit

function 1) such that
Yy, — 9 strongly in CO([0,1] x Q) N L2(0,1; H2) and weakly in L2(0, 1; H}). (67)

In particular, 9 (t,) = ¥,(0) — (0) in C°(Q), hence ¥(0) = 1 (owing to (65)). On
the other hand, 941, converges weakly to 91 in L?(0,1; H '), hence taking limits in the
variational formulation (0yy,,2) + (up - Vb, 2) +7(Vzy,, VZ) = 0 for all Z € H} and using
convergences (66)-(67), we have that d;1,, — 0 in L?(0,1; H; ). Therefore, 9;¢) = 0 and 1)(t)

is a constant function of H for all ¢ € [0, 1], hence since 1/(0) = 15, one has

P(t) =1 € HY  forall t € [0,1]. (68)
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Finally, by using convergences (66)-(67) one also has arguing as in (55) that G(¢,) — G(¢)
weakly in L2(0, 1; L), hence taking limit as n — +oco in the variational formulation (z,,) =

—e(VAY,, V?,Z) + (@(1#”),1;) for all ¢ € HL, we deduce

—e(VAY, V) + (G(@),¢) =0, Vi e HL, ae. te(0,1).

Then, from (68), ¥ € H; and —€(VA1,Z)OO,V1,Z) + (@(1#00),1;) = 0 for all TZ € H! and the
proof is finished. [ |

Theorem 15 Assume that E(t) belongs to the equivalence class of E(u(t),¢(t)), that is,

E(t) = E(u(t),(t)) a.e. t > 0. Under the hypotheses of Theorem 14, there exists a unique
limit oo € S such that (t) — s in H?-weakly as t T +00, i.e. w(u,v) = {(0,9s)}.

Proof. Let 1o, € S such that (0,v%) € w(u,1)), i.e. there exists t,, T +00 such that u(t,) — 0
weakly in L? and 1(t,) — b weakly in H? (and strongly in H}).

Without loss of generality, it can be assumed that £ (t) > Ey for all t > 0, because
otherwise, if it exists some ¢ > 0 such that £ (t) = E, then the energy inequality (40) implies

Et)=Es, |Vu®)2=0 and |Vz(t)3=0, Vt>1.

In particular, w(t) = 0 and z(t) is constant for all + > ¢, and by using the z-equation (36),
O)(t) = 0, hence 1h(t) = 1hs for all t > t. In this setting the convergence of the whole
-trajectory towards 1 is trivial.

Therefore, we can assume that & (t) > Ex for all ¢ > 0. In this case, the proof will be
divided into three steps.

Step 1: Assuming that there exists t; > 0 such that

() = osllt < B1 and  [E(1h(t)) — Eb(thoo)| < Ba

for a.e. t > t; > 0, where 81 > 0,82 > 0 are the constants appearing in Lemma 10 (of

Lojasiewicz-Simon’s type), then the following inequalities hold:

%((E(u(t),w(t) — Ex)’) + CO(Vult) + [V2()]2) 0, ae te(t,00)  (69)
/tz 10|l g1 < %(E(u(tl),¢(t1)) —E.)°, Vity € (t1,00), (70)

where 0 € (0,1/2] is the constant appearing in Lemma 10.

Since FE is constant, we can rewrite the energy inequality (41) as

d

%(g(t) ~ Ex) + C (IVu(®)3 + [V2()3) <0, ae t>0.
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([Vu(t)]y + [Vz(t)]2)? and the inequality

DO | =

By taking into account that |Vu(t)|3 +|Vz(t)|3 >

%(IVU(t)b +1Vz(t)l2) = Clu(®)]2 + [[2(8) ]| 1), we obtain

%(5(15) — Eoo) + C(lu(®) ]2 + 20| 1) (IVuld)l2 + [Vz(t)]2) <0, ae t>0.

By using this expression and the time derivative of the (strictly positive) function

we obtain

%t(t) +0(E(t) — Exo)?1C(|ult) |2 + [zl g-1)([Vu®)]2 + [Vz(t)|]2) <0, ae. t>0.(71)

1
On the other hand, by taking into account that | (u(t))| = §]u(t)\§ and that |u(t)|s < K,

we have

1

()] = Sglu() B0 = Sy )] < Cludls ae. 120 (72)

Moreover, the Lojasiewicz-Simon inequality (28) holds a.e. t > ¢, that is
Eb(1h(t) = Exo|™? < Cll2(t)ll =1,  ae. t >ty (73)
Hence, (73) and (72) give

(E(u(t), ¥(t) — Eoo)' = < [Ex(ult))]'~0 + [Ep(4(#)) — Eoo|'
<C(lu)l2 + [zl g-) ae t >t

Therefore,

E(ut), v(t) = Boo) Hu®)lz + 20| 1) 2 C ae. t >t (74)

By applying (74) in (71) and that (u(t),(t)) = £(t) a.e. t, one has

dH (t

# +0C(|Vu(t)|2 + |Vz(t)]2) <0, ae t>t
hence (69) is proved. Notice that the hypothesis &(u(t), ¢ (t)) = £(t) for almost every ¢ is
the key point to arrive at (69). In particular, this hypothesis implies that the integral and
differential versions of the energy law (38) and (41) are satisfied by £(u(t),(t)) a.e. in time.

In fact, energy law (41), changing £(t) by £(u(t),1(t)), is the crucial hypothesis imposed in
Remark 2.4 of [16].
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Fixed any ty € (t1,00), integrating (69) into [t1, t2], taking into account that (€(u(t2), ¥ (t2))—
E.)? > 0, we have
12 o
0C | ([Vult)lz + |Vz(t)2)dt < (E(u(tr), P(t)) — Ex)’. (75)

t1

From the equation (36), by using the weak regularity ¢ € L>((0,+00) x ), then
[0 ()] g1 < C(lu(t)|2 + [V2(t)l2)  ae t=0.

By using this inequality in (75), then (70) is attained.

Step 2: There exists a sufficiently large ng such that ||9(t) — Veoll1 < B1 and |Ey((t)) —
Ep(hoo)| < B for all t > t,, (B1, 2 given in Lemma 10).

Since 1(t,) — oo strongly in H} and E(u(t,), ¥ (tn)) \ Feo = Eb(1so) in R (see (62)),
then for any § € (0, 81), there exists an integer N(d) such that, for all n > N(9),

(zb(¢(tn)) - Eoo)e <. (76)

Sl

[9(tn) = Yoolls <6 and
For each n > N(9), we define
by =sup{t : t > tn, |[1(s) — Vool < B1 Vs E [tn,t)}.

It suffices to prove that t,, = +o0o for some ny. Assume by contradiction that ¢, < ¢, < 400

for all n, hence [|1(t,) — Voolls = B1 and [|1(t) — Yool < B1 for all ¢ € [t,, ). By applying
Step 1 for all ¢ € [ty t,], from (70) and (76) we obtain,

tn
/ |0llyr < 8, Y > N(6).
tn

Therefore,

tn
[9(En) = Pooll g1 < N1P(En) = Yool 1 +/t 106l g1 < (1 + C)3,

which implies that lim,—+c0 |9(f) — Yoolly-1 = 0.
On the other hand, we will prove that 1(f,) is bounded in H?. Indeed, from (62),
E(u(ty),¥(t,)) is bounded in R, therefore in particular

p((tn) + mo) = —eAg(t,) + éF/(lb(fn) +mg) is bounded in L%(Q). (77)

But, since F'(1(t,) + mq) is bounded in L>(Q) (because 1 € C([0,+00) x Q)), then Ay (%,)
is bounded in L%(Q). Therefore using the H?-regularity of problem (Py) (see (22)), one has
that ¢(%,,) is bounded in H?.
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Consequently, ¥(%,) is relatively compact in H}, hence there exists a subsequence of (%),
which is still denoted as (%), that converges to 1, in H}-strong. Hence ||1(t,) —tooll1 < B1

for a sufficiently large n, which contradicts the definition of ,,.
Step 3: There exists a unique 1o, such that ¥(t) — 1 weakly in H? ast 1 +oo.

By using Steps 1 and 2, (70) can by applied, for all t1,tg : t; > tg > tp,, hence

t1
Wﬁg—w%wmlg/|@wmf—w,ammn%+m.
to

Therefore, (¥(t))¢>t,, is a Cauchy sequence in H. Las t 1 +oo, hence there exists a unique
Voo € H ' such that (t) — ¥ in H ! as t 1 +oo. Finally, the convergence in H?-weak by
sequences of ¥(t) proved in Theorem 14, yields to ¥(t) — 1 in H %—weak, and the proof is
finished. [ |

7 Higher regularity for the phase variable

We consider the following zero-mean regular space:
Hél = {w S H* ﬂLi; 8nw|6Q =0, anA’w|aQ = 0}.

From now on, we assume () sufficiently regular (for instance 9Q € C%) such that the H%-
regularity of the Poisson-Neumann problem (Pg) holds.

For any w € Hj, taking v = Aw in (Py), since 0,(A¢)|so = 0 and [, Aty = 0, then the
H?-regularity of (Pg) implies

|Aw|s < C|A*w|y Yw € Hy (78)
In particular, from (78) and the H*-regularity of (Pg), one has

wlls < C|A*w|ly Yw e HE (79)
2

7.1 Global in time strong regularity for ¢

We will see that 1) € L°°(0, 4+-o00; H3) if the data vy € H}. For this, we argue in a formal
manner, that could be rigorously justified via the Galerkin method.

We add the z-equation (36) tested by ;4 (€ H}), and the 1-equation (37) by v Ady (€
H? owing to VO;Av-n|sq = 0). If we integrate twice by parts in the term v (G(¢)) — z, Ady1))
of (37), taking into account that Vo - njag = 0, VG(¢) - nlog = 0 and Vz - nlpg = 0, one
has

V(G(W) = 2,8000) = 7 (AG () — Az, ).
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Therefore, the term « (Az, 941)) cancels, remaining:
=LV AGE + 10 = (- V9, 0) — 7 (AT(), O,
hence applying Holder and Young inequalities
VAR + |l < Olu- Vi + [ATW)R). (30)
From the vy-equation (16), by using (46) and (79), we obtain
[¥lla < C|A%)]s < CIG(W)]2 + |2]2) < C(1+ |2l2). (81)
In particular, since ¢ € L>(0, +o0; H?),
[AG()]2 < C(1+[[9]la) < C(1+ |z]2). (82)

By using (81) and (82) in (80), and taking into account that ||1)||3 is equivalent to |V Aw|a
(see (23)), one has

d
15+ Collvl + 10l3) < € (1+ ullt + 1213) (83)

By denoting
e(t):=vl5,  B):= |lullf + |23,
then (83) yields to
'(t) + Co®(t) < C(1+ B(t)). (84)

Multiplying (84) by e“°* and integrating in time, we obtain

¢

D(t) < (0)e 0t 4 C’e_cot/ e“0%(1 + B(s)) ds.
0

In particular,

B(t) < (0) + C(1— o) 4 C/Ot B(s) ds.
Since B(t) € L'(0, +00), we have that ® € L>(0, +00), that means
¥ € L(0, +oo; H3). (85)
Moreover, integrating in time in (83), we obtain
Y€ L2 ([0, +00); Hy) and 9pp € L2,.(0, +o0; L?). (86)

In particular, using this improved regularity, the phase equations (15)-(16) are satisfied point-

wisely a.e. t € (0,+00), if the data vy € Hj.

Remark 16 It has been possible to obtain higher estimates for the phase variable without

improving estimates for the velocity and pressure.
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7.2 Improving the convergence of the phase trajectory

The previous extra global in time regularity obtained for the phase variable i allows to
obtain a convergence of the whole trajectory of ¥(¢) in a more regular space, replacing the
convergence in H? by H®. Indeed, fixed an initial data (ug, o) € H x H3, we replace the
w-limit and the equilibrium point sets defined in (63) and (64) by the following more regular

sets:
Wreg(uyw) = {(uooywoo) € Hx H% : El{tn} T +oo s.t.

(u(tn), ¥(tn)) = (Uso, Yoo) weakly in H X Hf’},
Sreg = {0 € Hy(Q) : eA%) + G(¢p) =0 a.e in Q}.

In this setting, theorems 14 and 15 imply in particular, the following statements:

Theorem 17 The set wyeq(u,v) is nonempty and wreg(u,) C {0} X Speq. Moreover, for
any Yoo € Speg With (0,1s) € Wyeg(u, 1), then E(Voo) = Eno.

Theorem 18 There exists a unique Yog € Speq such that (t) — s in H3 weakly ast 1 +o0,
i.e. Wreg('u’w) ={(0,%)}-

Remark 19 In the previous work [5], we have proved the convergence of the whole trajectory
(u(t),¥(t)) — (0,%s) weakly in V x H}, by using different arguments that now. In [5], by
applying a more standard Lojasiewicz-Simon inequality (given in Lemma 5.2 of [22]) jointly
to the extra regqularity (85) and (86), one has the existence and uniqueness of strong solutions
(in velocity-pressure and phase) for sufficiently large times and the continuous dependence of
local in time strong solutions. Now, we have proved the same type of results but using only

the global weak regularity of the problem.

7.3 Additional HS-regularity for the phase

It will be possible to obtain the following higher regularity in space for the phase variable

Y € L} (0, +00; HS), by imposing only more regularity of the domain. For this, we consider

the following zero-mean regular space:
H26 = {w S HS ﬂLi; 8n’w|6Q =0, 8nA’lU|6Q = 0}
and the second order elliptic (nonhomogeneous) Neumann-Poisson problem:

—Av=f inQ

P
(Pg) Onvloa = g, / vdx=0,
Q
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where f € L?(Q) and g € H'/2(99), satisfying the compatibility condition

/fdm+/gdm:0.
Q Q

We will use problem (P,) for v = AZ?1), therefore we need to obtain an expression of
On(A%9) |-
From (16), A% = é(z — G(v)). Since 0 = Ipihlog = IAYlaq = dup(¥)loa = nzloa,
then
0u(A?W)lo0 = —0n(G8))lon = 0u (AF(6 + m0)) o
= L (F 0+ mo) V00w + 25" (6 + mo) Vo - 5,(V0)
P+ mo) A Ot + B (1 + m0) (A1) ) oo

:gww+mwwmwwm

From now on, we assume € sufficiently regular (for instance 99 € C°) such that the
Hb-regularity of (Pg) and the H2-regularity of (Pg) hold. From the HS and the H*-regularity
of (Py),

lwlle < CllAwlls < Cl|[A%wlly Vw € H, (87)

and from the H2-regularity of (Pg) for v = A%y and g = 0, (A%)]sq,
[A%]2 < C(IA%]2 + |lglh2.00)- (88)

From (15) and (16), and using (82), we have that
[A%ply < C(|0]2 + [u- Vlo + [AG(W)]2) < C(10]o + ull + 1+ |2]2). (89)

2
On the other hand, by using |[¢]|2 < C, (87), and (88) for g = ?F”/(l/} + mo) Vi - 0, (V)),

we obtain
[9[ls < CUAP|o + [|[F" (¢ + mo)djep 553 nill1 j2,00)
< O(|A%]a + [[9113) < C(1A%Pl2 + [[¢ll2ll9]la)-

Taking into account the interpolation inequality [|¢[|4 < HT/J”;/ 2H”L/J”(13/ ?_we obtain that

[l < C(1A3Y], + [[w]e/),

hence

[¥lle < C(1+ |A%Y)s).

Therefore, taking into account (89)
IlI§ < C+10e13 + [lulli +1213). (90)
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By using (90) in (83), we obtain
1013+ ol + 10s) < O (1 + ulf + 1283). (o1)
By integrating in time in (91), since the initial phase ¥y € H}, we obtain
¥ € Lipe(0,+00; Hy).
Finally, from (16),
z € L} (0, +o0; HY).

In particular, using these improved estimates and the phase equations (15)-(16), we have that

the following sixth order equation
O + u- Vip — e A% — yA(G()) = 0,

is satisfied point-wisely a.e. t € (0, 4+00).

8 Conclusions and Perspectives

For the Navier-Stokes-Cahn-Hilliard model introduced in this paper we have proved the
convergence of the trajectory of any global weak solution to a single equilibrium point. More-
over, the regularity for the phase is improved without the need of more regularity for the
velocity and pressure variables, and therefore it is not necessary to impose large time or large
viscosity constraints.

Bearing in mind the results obtained in this paper, it seems achievable to obtain (rational)
convergence rate estimates of the convergence of trajectories in a similar way to [12]. Finally,
it would be interesting to study if local minimizers of the elastic bending energy are stable,

as was proved in [22] for a Navier-Stokes-Allen-Cahn problem modeling vesicle membranes.
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