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ABSTRACT. This paper is first devoted to the local and global existence of mild solutions for a
class of fractional impulsive stochastic differential equations with infinite delay driven by both
K-valued Q-cylindrical Brownian motion and fractional Brownian motion with Hurst parameter
H € (1/2,1). A general framework which provides an effective way to prove the continuous
dependence of mild solutions on initial value is established under some appropriate assumptions.
Furthermore, it is also proved the exponential decay to zero of solutions to fractional stochastic
impulsive differential equations with infinite delay.
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1. Introduction. In the past decades, the theory of impulsive differential equations has become
an active area due to its wide applications in several fields such as communications, mechanics,
electrical engineering, medicine, biology, etc. For the basic theory of impulsive differential equations,
we refer the readers to [2,4,5,6,10,21,27,33] and the references therein.

It is well-known that the deterministic models arising in mathematical finance, climate and
weather derivatives, often fluctuate due to the presence of some kind of noise. Hence, the stochastic
models driven by a Brownian motion or fractional Brownian motion have attracted the researchers
great interest (see, e.g., [5,7,9,13,20,28,37]). It is worth mentioning that in [9] the authors
established a technical lemma (Lemma 2) which is crucial to the stochastic integral with respect to
fractional Brownian motion when considering the Hurst parameter H € (1/2,1). In our paper, we
adopt this point of view to deal with the fractional Brownian motion.

On the other hand, the fractional differential equations which are presented in the modeling of
many real problems (e.g. in physical phenomena) have been the object of extensive study in order to
analyze not only non-random fractional phenomena in physics, but also stochastic processes driven
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by a fractional Brownian motion, see [1, 10,22, 23,24, 34] and references therein. Therefore, our
main aim in this paper is to address the issue of existence, uniqueness and asymptotic behaviour
of mild solutions for the following fractional stochastic impulsive differential equations with infinite
delay,

H
Dex(t) = Ax(t) + f(t,20) + g(t, 2) 220 4 h() 2@ 4 >

t#t, 3<a<l, 1)
Ax(ty) = z(ty) — 2(ty) = Ie(x(ty)), k=1,2,---,
x(t) = ¢(t)7 te (_OO’O]a

where D{* is the Caputo fractional derivative of order + < a < 1, A : D(4) C H — H is the
infinitesimal generator of an a-order fractional compact and analytic operator T, (¢)(t > 0) in a
separable Hilbert space H. As usual, B(t) and Bg (t) denote, respectively, a K-valued Q-cylindrical
Brownian motion and fractional Brownian motion defined on a filtered complete probability space
(Q, F, {Fi}+>0,P). The fixed time t;, where the impulses take place, satisfy 0 = tg < t; < -+ <
t, — +oo as k — oo.

Let K be another separable Hilbert space, we consider the functions z; : (—o00,0] — L2(Q;H)
defined by z+(0) = z(t + 0) for § € (—o0, 0], which are continuous everywhere except for countable
points t;(k € N*), at which there exist z(¢) and x(¢; ), and x(t;) = x(t; ) (for each k, (t]) =
limp 0 2(tx + h) and z(t, ) = limp_ox(tx — h) represent the right-hand and left-hand limits of
x(t) at t = tj respectively). The nonlinear maps f : Rt x PC — H, g : Rt x PC — L(K,H) and
h:Rt — LOQ(K, H) satisfy some appropriate assumptions, where L(K,H), LOQ(K, H) and PC are
different phase spaces which will be described precisely later. Moreover, the impulse function Iy,
belongs to C'(H;H) and ¢ denotes the initial value to be chosen in an appropriate phase space.

The theory of local existence of solutions for impulsive non-stochastic or impulsive stochastic
differential equations has experienced a good development up to date. In [24], the local existence of
mild solutions for neutral impulsive stochastic integro-differential equations has been investigated.
Subsequently, using a Banach fixed point theorem, the existence and uniqueness of local solutions
for fractional impulsive differential equations with infinite delay are established in [12]. Henceforth,
studies of existence of solutions for impulsive stochastic differential equations have been launched
as can be seen, for instance, [33,34,35,36]. Notice that, most of the previous research concerns the
case of the local existence of solutions for such equations, there has been little regarding the case
of the global existence of solutions except for [10,39], in which the global existence of solutions for
fractional impulsive differential equations was obtained. Motivated by the work in [39], we derive
the global existence of solutions for problem (1.1).

We would like to emphasize that it is meaningful and necessary to discuss the qualitative prop-
erties for fractional stochastic differential equations with impulsive perturbations and infinite delay.
However, to the best of our knowledge, no results have been reported on the exponential asymptotic
behavior of solutions for fractional impulsive stochastic differential equations with infinite delay.
Hence the aim of this paper is to prove some results in this field. When studying the exponential
decay to zero of solutions to problem (1), without loss of generality, we assume that the c-order
fractional solution operator T, (t)(t > 0) and a-resolvent family S, (¢)(¢ > 0) are tempered.

We organize the rest of this paper as follows. Section 2 presents some basic notations, prelimi-
naries and lemmas which will be used throughout this paper. Based on the properties of the a-order
fractional solution operator T, (¢)(t > 0) and a-resolvent family S, (¢)(t > 0), as well as iterate tech-
nique, the existence and uniqueness of mild solutions to problem (1) are derived in Section 3. The
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last section is devoted to show the exponential asymptotic behavior of mild solutions for fractional
impulsive stochastic differential equations with infinite delay under some appropriate conditions.

2. Preliminaries. In this section we introduce the basic definitions of K-valued Q-cylindrical
fractional Brownian motion as well as Brownian motion, also we recall some important definitions
and lemmas which will be used in the remainder of this paper. Although the content of this section
can be found in several published works, we prefer to include it in our paper to make it more
readable and as much self-contained as possible.

Throughout this paper, let H and K be two separable Hilbert spaces and L(K,H) be the space
of all bounded linear operators from K to H. For convenience, we will use the same notation || - ||
to denote the norms in H, K and L(K,H), and use (-,-) to denote the inner product of H and
K without any confusion. Let (2, F,P) be a complete probability space with a filtration {F;}:>0
satisfying the usual conditions (i.e., right continuous and Fy contains all P-null sets of F).

Let B = (B(t))t>0 and Bg = (Bg(t))tzo be a K-valued Q-cylindrical Brownian motion and
a fractional Brownian motion respectively, defined on (92, F, {F;}¢>0,P) with TrQ < oo, where Q
is a symmetric nonnegative trace class operator from K into itself. We assume that there exists
a complete orthonormal basis {ex}x>1 in K, a bounded sequence of nonnegative real numbers Ay
such that Qe = A\gex, k =1,2,---. Then for arbitrary ¢ € [0,T], B(:), Bg() have the expansions

B(t) =Y VMBe(ter,  BH ) =D VMBI (Der, t>0,
k=1 k=1

where {8 }r>1 and {85 }x>1 are, respectively, a sequence of two-sided one-dimensional real valued
standard Brownian motions and a sequence of fractional Brownian motions mutually independent
on (Qafv {ft}tZOa]P))'

For o, ¢ € L(K,H), we define (p, 1) = Tr[pQv*], where 1)* is the adjoint operator of ¢). Then,
for any bounded operator ¢ € L(K, H),

ol = TrivQy™] =D IV Ml
k=1

If ||9]|?, < oo, then ¢ is called a Q-Hilbert-Schmidt operator, we denote by Lg) (KK, H) the space of

all £ € L(K,H) such that €Q7 is a Hilbert-Schmidt operator. By Proposition 2.8 in [11], if ¢ is
an L(K, H)-valued stochastic process on T x € such that ¥ (t) is measurable relative to F; for all
t € [0,T], and satisfies

T
/O E|lp(t)|dt < oo,

then we have the following property,

T 2 T
EH [viBe)| <1r@ [ Blos)as (2)
0 0

Lemma 1. ( [9]) Let ¢ : [0,T] — Q such that, for any o, 8 € [0,T] with o > 3,

/ﬂ lo(s)|12,ds < oo,
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Then,
2

| / " o()dBH (s)

Below we briefly state the definitions and properties of fractional calculus.

< cH(2H — 1)(a— p)* /B " ()3 ds. 3)

Definition 2. ( [18,31]) The fractional integral of order o > 0 with the lower limit O for a function
f is defined as

t
1

1o (1) = m/(t—s)“_lf(s)d& >0,
0

where T'(«) is the Gamma function.

Definition 3. ( [18,52]) The Caputo fractional derivative of order o > 0 with the lower limit O for
a function f is defined as
. t
DS f(t) = o) /(t — )" M () ds = I (1), forn—1<a<n, neN,
0
where the function f(t) has absolutely continuous derivatives up to ordern—1. If 0 < a < 1, then
1 t
_ t— )" fW(s)ds.
T [ =

Obuviously, the Caputo fractional derivative of a constant is equal to zero. The Laplace transform
of the Caputo fractional derivative of order a > 0 is given as

g f(t) =

n—1
L{DEF(H: A} = XF() — S A+ 100),  n-l<a<n,
k=0
where F(X) = [ e f(t)dt denotes the Laplace transform of a function f(t).

If f is an abstract function with values in H, then the integrals which appear in Definition 2
and Definition 3 are taken in the Bochner sense. A measurable function w : [0,00) — H is Bochner
integrable if ||u|| is Lebesgue integrable.

A two—parameter function of the Mittag-Leffler type is defined by the series expansion

> P 1 to—Bet
E()/ = 1 N o 7dt7 ) Oa (Cv
5(2) ;F(ak—&—ﬁ) 27ri/t0‘—z 0> Z€
= C

where the path C is a loop which starts and ends at —oo and encircles the disc [t| < |z|2 in
the positive sense. For short, E,(z) = F4.1(2). It is an entire function which provides a simply
generalization of the exponential function Fi(z) = e*, and plays a vital role in the theory of
fractional differential equations. The most interesting properties of the Mittag-Leffler functions are
associated with their Laplace integral,

o0 o ﬁ

/e_’\ttﬁ_lEa,g(wto‘)dt = >\/z\1 — ReX > wé, w >0,

0

and for more details we refer to [31,38].
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Next we recall some basic definitions concerning the sectorial operator A, a-order fractional
solution operator T, (t) and a-resolvent family S, (¢).

Definition 4. ( [16]) A linear closed densely defined operator A is said to be sectorial if there are
constants w € R, § € [T, 7], M >0, such that the following two conditions are satisfied,
(D) o(A) Ty, p={AeC: A#w,|arg(A —w)| <0},

(2) IR A < 5250 A€ Xy

Definition 5. Let A be a closed and linear operator with domain D(A) defined on H. Let p(A) be
the resolvent set of A. We say that A is the generator of an a-resolvent family if there exist w > 0
and a strongly continuous function S, : R™ — L(H), such that {\* : Re(\) > w} C p(A) and
AT — A) "ty = /e*”sa(t)ydt, Re(\) > w, y € H,
0
where S, (t) is called the a-resolvent family generated by A.

Definition 6. ( [30, 36]) A solution operator To(t) of (1) is called analytic if To(t) admits an
analytic extension to a sector ) o = {\ € C\{0} : [arg A| < 0o} for some Oy € (0, 5]. An analytic
solution operator is said to be of analyticity type (wg, bp) if for each 8 < 0y and w > wq, there is a
positive constant M = M (w, 0) such that | T,(t)|| < Me*Te® €3, = {t € C\{0} : |argt| < 0}.
Denote A%*(wq, ) := {A generates analytic solution operators Ty (t) of type (wo,60)}.

Definition 7. ( [3]) A family T,(t) : Rt — L(H) is called an a-order fractional solution operator
generated by A if the following conditions are satisfied:
(1) To(t) is strongly continuous for t > 0 and T (0) = I;
(2) To(t)D(A) C D(A) and AT, (t)x = To(t)Azx for all x € D(A) and t > 0;
(3) for all x € D(A), T, (t)x is a solution of the following operator equation
¢

=x L — )% Y Ax(s)ds
z(t) = +F(a)0/(t ) Az(s)ds, t>0.

Definition 8. An «a-order fractional solution operator Ty (t)(t > 0) is called compact if for every
t >0, T,(t) is a compact operator.

Arguing as in the proof of Lemma 3.8 in [15], we obtain the continuity of the a-order fractional
solution operator T, (t) and a-resolvent family S, (¢) in the uniform operator topology for ¢ > 0.

Lemma 9. Assume A € A%(wo,0p), and that the a-order fractional solution operator T (t)(t > 0)
and the a-resolvent family S, (t)(t > 0) are compact. Then the following properties are fulfilled:

(1) }llinb ITo(t+h) — To(t)|| =0 and }llirrb 1Sa(t + h) — Sa(t)|| =0 fort > 0;
(2) hli1101+ |To(t +h) — To(h)Ts(t)|]| =0 and hli%lJr |Sa(t +h) — Sa(h)Sa(t)|| =0 fort > 0;
(3) hhnol+ ITo(t) — To(R)Tu(t — h)|| =0 and hh%l+ [1S0.(t) = Sa(h)S(t — h)|| =0 fort > 0.

Lemma 10. ( [36]) If A € A%(wp,00), then for every w > wo (wo € RY), there exists a constant
M = M(w,0) such that, for allt >0,

ITa(®)] < Me** and  [|Sa(t)]] < Me'(1+¢71). (4)
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Furthermore, let My := supg<;<r || Ta(t)|l, Nr := supgcicr Me“ (1 +t'%). Then we obtain that

ITa)l < My and  [|Sa()]] < Npto =" (5)

3. Existence, uniqueness and continuous dependence of mild solutions. In this section,
we establish the existence of mild solutions to fractional impulsive stochastic differential equation
(1). Before doing this, we first present the abstract phase space PC.

Let L?(Q;H) denote the Banach space of all strongly-measurable, square-integrable H-valued
random variables equipped with the norm [|u(-)||2, = Elju(-)||?, where the expectation E is defined
by Eu = [, u(-)dP. The abstract phase space PC is defined by

PC = {5 : (—00,0] — L?*(Q;H) is Fo-adapted and continuous except in at most a

countable number of points {6}, at which there exist £(6;") and £(6;,)
with £(0;) = £(0;), and  sup e E|£(0)|* < oo},
e (—00,0]
for some fixed parameter v > 0. If PC is endowed with the norm
3

|Km:(sw Wmmwﬁ e e Pe,

€(—00,0

then, (PC, | - ||pc) is a Banach space.
In order to establish the main result, we impose the following conditions.

(Hy) f:[0,00)xPC —H, g:[0,00) x PC — L(K, H) are continuous and there exist two functions
l1(t), l2(t) € L®(RT,RT) such that

E|lf(t,x) = f(t)IP <@z —yllpe,  Ellgltx) — g(t,y)|1> < la(b)llz — ylpe,

for every x, y € PC, and almost every ¢t > 0. Moreover, g(t,-) is measurable relative to F; for
all t € [0, 00) satisfying [~ E|lg(t,2)||*dt < co.
(H3) For h: [0,00) — @Q, there exists a constant ¢ > 1 such that, for every ¢ € [0, 77,

t
/O |h(s)|[2ds < .

(H3) The functions I, : L?(Q;H) — L?(Q;H) are continuous for each k € N*, and there exist two
positive constants by, by > 0 such that

E|[Ix(x)||* < biE|jx|* + ba, for all x € L*(Q;H).
There exists a positive constant N such that, for all k € N*,
E|Ix(z) — I(y)||* < NE||z — y||?, for all z,y € L*(Q; H).
(Hy) 8= kierg+{tk —tg—1}>0,n= kseul\g{tk —tp—1} < o0.

Now, we introduce the definition of mild solutions for problem (1).
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Definition 11. Set F; = Fy for allt € (—o0,0]. An Fi-adapted stochastic process x : (—oo, T] — H
is called a mild solution of the equation (1) if x(t) = ¢(t) for t € (—o0,0] with ¢ € PC, and for
t €10, T], x(t) satisfies the integral equation

00 + / Sult — ) f(s,2,)ds + / Salt — 8)g(s,2,)dB(s)
+/ Sa(t — s)h(s)dB§ (s), t€[0,t],
0

To(t = t1)(L(x(ty)) + 2(7)) + /t Sa(t —s)f(s,zs)ds

z(t) = +/t5a(t—5)g(s,xs)dB(S)+/ Salt — s)h(s)dBH (s), te (t1,ta], (©)

t1 t1

!

Tu(t = t) (L (x(t5,) + 2(t;,)) + / Salt = 8)(s,2,)ds

m

+/t St — $)g(s,xs)dB(s) +/t So(t — s)h(s)ng(s), t € (tm, TY,

m

where t,, = max{ty, tx <T, k=0,1,2,---}, and

1 a—1 1 1
To(t) = Ean(At%) = — / NN, Sall) = 17 e a(AL%) = ﬁ/ vy
9 0

- 2mi
here the integral contour I'y is oriented counter-clockwise.

In the sequel C denotes a generic positive constant, which may be different from line to line and
even in the same line. Next we are in a position to state the main theorem.

Theorem 12. Assume (Hy)-(Hy) holds true, let A € A*(wo,bp) with 6y € (0,5] and wy € RT,
and assume that the a-order fractional solution operator T, (t)(t > 0) and the a-resolvent family
Sa(t)(t > 0) are compact. Assume also that there exist two constants p and q which satisfy %—i—% =1,
where 1 < p < ﬁ Then, for every initial value ¢ € PC and every T > 0, the problem (1) has

at least one mild solution defined on (—oo,T).

Proof. We start the proof by defining an abstract phase space PCT as follows, for a fixed T > 0,

pct = {:E(, )1 (=00, T) x Q — H such that z(t,-) is F;-adapted, x(t,-) € L*(;H)
forall t < T, x|;, € C(Jy; L*(;H)) and  sup e El|jx(t)]]* < oo},
te(—o0,T]

where x|, is the restriction of  to Jy, = (tg, tr11], k € N*t. Then the abstract space PC’ endowed
with the norm

1
2
fellper = (_sw 'Ble@l?) . e,
te(—oo0,
is a Banach space. Notice that, when considering T = 0, we have PCT = Pc° = PC.
Now, for ¢ € PC, we define

PCg ={zePCT: z(s) = ¢(s), s <0}.
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It is clear that ’PCg is a closed subset of PCT, and consequently, it is a complete metric subspace
of PCT.

In order to simplify our presentation, let us abbreviate ||l;]|o by 1;(¢ = 1,2) according to the
fact I;(t) € L=®(R*,R*), and we write PCy instead of PC?; for a fixed T' > 0, when no confusion is
possible.

Let us pick ¢ € PCy and define

29(t) = (1),
0 = X OV + it { Wt — ) (T (60) + 2" (1))
/ Sa(t —8)f(s, x5~ 1d3—|—/ Su(t —s)g(s, 22 1)dB(s) @)
Sa(t — s)h(s )dBQ(S)}, te (-0, T), k=0,1,2---,

where Iy = 0 and t; < T, x is a characteristic function.
To ensure the existence of mild solutions, we split the proof into several steps.

Step 1. For all n € Nt, z™(-) € PCy.

First, we claim that z"(-) is F;-adapted for all n € N*. Obviously, 2°(¢) = ¢(t) € PC, implies
that z°(t) is Fy-adapted for all ¢t € (—oo,T]. With the help of the continuity of f and I, as well
as the fact that the limit of measurable functions is a measurable function, it is easy to see that
I (2°(t;)) and j;tk f(s,29)ds are Fi-adapted. In addition, the stochastic integral j;t g(s,20)dB(s)
is Fi-adapted according to Definition 5.3 in [29]. For the last term ft dBH( ), which is F-
adapted naturally. In conclusion, thanks to the Picard iterations technlque we obtain that z!(t) is
also Fi-adapted. By induction, z"(¢) is F;-adapted for all ¢ € (—o0,T] and n € NT.

Next, we want to prove x"(t) € L?(Q;H). Since 2™(t) = ¥(t) on (—o0,0], then 2™(t) = ¢(t) for
t € (—00,0], and as ¢ € PC, then we have xz"(t) € L?(;H) for all ¢ € (—o0,0]. Furthermore, for
every t € [0,t1], by (2), (3), (5), (H1)-(H4) and Hélder’s inequality,

t2a 1
Blz'(t)|* < 4ME[[Y|pe, +8NZ (0l + Tr(@Q)l)[¢lpe, 5— 50 — 1

t2a—1
+8NZ(n sup ||f(s,0)[]>+Tr(Q) sup [lg(s, O)H) —
s€[0,t1] s€[0,t1]
. (8)
+ANZCH(2H — 1)12H-1 / (t— 5222 |h(s) |3 ds
0
t2a 1 t20¢—1 oH 1
= AMZ Y|P, +Cl||1/}\|7>c¢2 +02 — + Cst* 1

where we have used the notation

C1=8Nj(nh + Tr(Q)l2),  C2=8Nf(n sup ) 1£ (s, 0)[1* + T7(Q) sup_ (s, 0)I1%),
se|0,

s€(o,
t :
(/0 ||h(s)|§;ds> < 0.

and

S

) n2(a—1)p+1
Cy < ANZeH(2H — 1) 11— —
s < ANpcH( )<2(a—l)p+1>
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Notice that, if t + 6 € [0, 1] (where 6 € (—o00,0]), in view of v > 0, then it follows that

2a—1 t2a71

4 _
B! ¢+ 0)| < AMEGlre, + Cullvlipe, o + Cag—g + Cot*™ L (9)

if t+60 < 0, we have
Bzt (t+0)* < e OBy (t + 0)]7 < e ¢, (10)
Combining (9) and (10),
[ER =, M Ellz" (t + )|

€(—00,0

2a—1 1 20—1 \ ?
< (IIM:% +O— + 03n2H1) «3 <4M% vl 1) .

1=0

By induction on n, for ¢t € [0,¢], we derive that

n

200—1 200—1 \ ¢
n n _ n
letle < (Iolle, + Cogl g + o) x 3 (g + el )

For t € (t1,t2 A T], where to AT = min{ts, T}, similar to (8). By (2), (3), (5), (H1)-(H4) and
Hoélder’s inequality,

(t _ t1)20471
2

Bllet ()] < 8M (1 + 1)[Ulfbe, +bo) + C1-5 2

1l%e,

(t—t)* 2H-1
O T TGt
t—t 2a—1 (12)
< (Hﬂ’”%cd, + 8M7zby + 02(206%1 T Cy(t— tl)ZH—l)

~ (2 (t—1)** 1Y’

i=0
Using the same argument as in (9) and (10), together with (11) and (12), for ¢ € (t1,t2 AT, we
have the following estimate,

2a—1 1
n

20—1 \ %
et < (Ile, + 830+ Col- + Car?™ 1) x 3 (838301 + 1)+ 1 )
1=0

By induction on n, for ¢t € (t1,t2 A T, we deduce

2c—1

n 200—1 \
lethe < (W0lle, + 800300 + ol + o) x Y- (88200 + D + il ) (13)
=0

In a similar way, combining (11) with (13), for each fixed n € N*, for all ¢ € [0, T], we find that

n 2a—1

2H-1 M2 (by+1 i (14
Can );(8 2o ) <oe ()

2a0—1

n
20 — 1

let e < (10le, +80430+C:

Taking into account that E|z"(t)||? < ||z}|/%¢, then (14) implies that z"(t) € L*(Q;H) for all
te 0,7



10 IMPULSIVE STOCHASTIC DIFFERENTIAL EQUATIONS WITH INFINITE DELAY

Finally, since 2°(-) = ¢ € PCy, it is easy to see that z"(t) = ¢(t) on (—oc,0]. Now we only need
to prove that z"(-) € PCT for all n € N*. Let us now check 2'(-) € PC”.

Because the proof of the case k = 0 is similar, here we assume that k& > 1. To do that, let us
consider ¢ > 0 small enough, such that for ¢, t + o € (—oo, T] N (tx, tx+1], then

Blla'(t+ o) — 2" (0)|* < 7| Ta(t + 0 — te) = Talt — ) IPE | Iu(2(8;)) + 2 (1)

2 2

+7FE /t(Sa(t +0—5)— Sa(t —5))f(s,2°0)ds

tr

t+o
+7E ‘ / So(t+o—5)f(s,22)ds
t

t 2 t4+o 2
+T7E /t (Sa(t+ 0 —5) — Sa(t — 8))g(s,2°)dB(s)|| +7F ‘ /t So(t+ 0 —s)g(s,z°)dB(s)

t 2 t+o 2
+7E / (Sa(t + 0 —s) = Sa(t — s))h(s)dBS (s)|| +TE / Sa(t + 0 — s)h(s)dBS (s)

=h+Lh+Is+ 1L+ 15+ I+ I7.
(15)

Due to the fact T, (t) is compact for ¢ > 0, by Lemma 9(1) and condition (Hj3), we obtain that
I < WTa(t + 0 — ) = Tult — t)[2((1 + Dl[6]2e, +b2) — 0 as & — 0.

By (5), (Hi), (Hy), Holder’s inequality, Lebesgue’s Theorem, Lemma 9(1) and for a fixed but
sufficiently small € > 0,

t
I <y [ [ISa(t+0—s) = Sa(t = )P ()¢lpe, +  sup |[f(s,0)[*)ds

tr SE(tk,tk+1/\T]

t—e
< M) ¢lpe, +  sup ||f(8,0)||2)(/ 1Sa(t + 0 —s) = Sa(t - 5)|*ds

Se(tk,tk+1AT] tr

—€

w2 [ (ISult 4o =P +Iule = 9)I) ds) (16)

t—e
< Un(u|[vllpe, +  sup ]Ilf(s,U)IIQ)(/ 1Sa(t + 0 —s) = Sa(t — 5)|*ds
ti

Se(tk,tk+1AT

+ 6)20471 620471
Nz T H™ T o2 .
teNT T T TN T

Taking now limits when o goes to zero, we obtain

620(—1

lim I, < 28N2n(l1||v]|%e. + sup f(s,0)]? ,
lim By < BNEN e, + s (5,01 5

and as € is arbitrarily small, then I, — 0 as ¢ — 0.

It is worth noticing that property (i) of Lemma 9 is not valid for ¢ = 0, therefore we split the

integral of (16) into two parts to avoid the singularity. A similar argument will be used in I, and
Is.
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According to (2), (5), (Hy), (Hy4), Lebegue’s Theorem, Lemma 9 (1) and, for a fixed but suffi-
ciently small € > 0, we have

t
I <UTr(Q) | ISa(t+0—s) = Salt = 9)[*(2(s)[¢lpe, +  supg(s,0)[*)ds

tr Se(tk,tk+1/\T]

t—e
< UTr(Q)(al[v]pe, +  sup 19(8’0)2)(/t 18a(t + 0 = 5) = Salt — 5)|*ds

SE(tk,tk+1 AT

t

2 [ (ISalt+ o=l +1sule - I) ds) a7
t—e

t—e
<UTr(Q)(LllYlpe, +  sup (s, 0)2)(/ [Sa(t+ 0 —5) = Sa(t — s)|[*ds
Se(tk,tk+1/\T] tr
+ 6)2o¢71 620471
on2 T HITT e .
TN T ANy T

Arguing again as in (16), we deduce that Iy — 0 as ¢ — 0.

For I, there exist two constants p and ¢ which are given in the theorem, by (3), (5), (Hz), (Ha),
Lemma 9(1), Lebesgue’s Theorem, Holder’s inequality and, once more, for a fixed but sufficiently
small € > 0,

t—e
I < TeH(2H — 1y?"' ! / 1Salt +0 = 5) = Salt — 8)[?|A(s)[2ds
tr
t

+ 14cH(2H — 1)€2H_1 / (|Sa(t + 0 = 8)||* + || Sa(t — S)HQ)Hh(S)HédS

t—e

t—e

< TcH(2H — 1)p*H~1 / [Sa(t + 0 —s) — Sa(t — s)\|2||h(s)||22ds
tr

t

+ 14N2cH(2H —1)2H 1 ((/ (t+o0— s)2<a1>1’d5> ’
t

—€

([ ena) ) f i)

t—e
< 7cH(2H — 1)772H_1 / |Sa(t+ 0 —s) — Su(t — s)\|2||h(s)||éds

ty

1 1 1
_ 4 6)2(a—1)p+1 » e2(a—1)p+1 » t 9 q
14N2cH(2H — 1)1 (U— —_ / h 1d
* reH( Je 20 —1)p+1 + 20 —1)p+1 X e [n(s)ligds )
(18)

and, as in the previous cases, we deduce I — 0 as 0 — 0.
For I3, by (5), (H1) and Holder’s inequality, we find that

t+o
B<UoNt [ (tro P ) ulbe, + s (5, 0))ds
t SE(tk,t)H,l/\T]

0.2(171

(19)

—0 as o—0.

< UoNF(Ll[¢|pe, +  sup ||f(5a0)|‘2)2 7
SE(tr,trp1AT) @
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As for Iy, from (2), (5) and (H;), we deduce

t+o
< UTHQNE [ (4= s 2as) Wb, + swpg(s,0)[ds
t Se(tk,tk+1AT]
0_2(171 (20)
—0 as o—0.

< UTHQNF(al[vllpe, +  sup lg(s,0)[*) 5
Se(tk,tk+1/\T] @

Finally, for I7, by (3), (5), (Hz) and Holder’s inequality, taking the same constants p, ¢ as for Ig,
we obtain that

t+o % t+o
< et ) ([ o spetras) ([ o))
t t

g2a—Nptl \ 5/ tto i
< TNZcH(2H — 1)o?H 71 () (/ h(s)||§;ds) —0 as o—0.
t

2a—1)p+1
Therefore, E||z!(t+0) — 21 (¢)||? tends to zero as ¢ — 0, which implies that z*(-) € C((—o0,T]N
(tk, tk1]; L2(Q;H)). An induction argument shows z"(+) € C((—o0, T] N (tk, trs1]; L2(;H)) for
n €N+,
In conclusion, for all n € NT, the assertion 2" (-) € PCy4 holds true.

q

(21)

Step 2. We now show that {z"},cn+ is a Cauchy sequence in PCy.

By the construction of successive approximations, it is a straighforward consequence that z™(t) =
2" 1(t) on (—00,0]. On the other hand, for ¢ € [0,¢1] and n > 1, by (2), (5), (H1), (H4) and Holder’s
inequality, we have for some 0 < p < 1,

Bla"(t) —a™(1)]* < 277/0 1Sa(t = )I*Ef(s,25) = f(s, 20 7")|*ds

¢

+2T7"(Q)/ 1Sa(t = s)I*Ellg(s, 7)) — g(s, 23 ~")|*ds (22)
0

2(a—1) o ‘ n n—1 % ?

= ds ; 2% — a3 [ peds | -

t1 2 p
sup eV E||lz" () — 2"(1)|* < e”TC4(/ =3 — wﬁllﬁcd8> ; (23)
te[0,t1] 0

< 2N7(nl + TT(Q)M(/:@ - 5)

Consequently, for all ¢ € [0,¢1], we have

where we have used the notation

1—p 1=p
Cy = 2N2(ls + Tr{(Q)la) () 21,

20—1—p
Hence,
» 1 b 2
sup B0 -1 < T [l - ah eds (24
te[0,¢1] 0
By repeating iterations of (24), for all n € NT,
1 T 1
? > CPm)" 2
sup e Bllamt(t) —an (o)) | < TGN gopd (25)
te[0,t1] n!
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13
Using a similar argument to the one we used with (8), for all ¢ € [0, ¢1], we have
lz = afllpe < Sup ]Ellﬂﬁ (t) =2 O)I* < 8(M7F +1)l[¢lpc,
€10,t1
t2a 1 t2a71 (26)
+ CillYlpe, 5o + Cogt — + Gt =G
Replacing (26) into (25), for all ¢ € [0, 1],
YT Py YT O 4P )"
sup e’YtE||$n+1(t) 71‘“(15)”2 < Oy (e Cy 1) < (6 Cy 1) ) (27)
te[0,t1] (nh)p (nh)p
For ¢t € (t1,t2 A T)], on the one hand, similar to (22), by (2), (5), (H1)-(H4), (27) and Holder’s
inequality, we obtain
2 P
Bl ) — " (O < 0V + 1 Blan(1) — o )17+ | [ et - a3 o)

1T Oyt ?
<%MﬂN+Dﬁ(fﬁg+@<tW% ”1bﬂﬁ»

which implies that

n

1 1
P 1 ’yTCEt n—1 1 to AT 2
sup  E[lz"(t) — 2" @) <eF O (L OPT | 2 / = 27~ peds,
tE(t1,taAT] 31

(28)
where we have used the notation

Co =2'"P(6CMZ(N +1)),  Cr;=2"7Cy.
On the other hand, for ¢ € (t1,t2 A T,

ot —aflpe < sup  Elat(t) 21| <

te(tl,tg/\T]

+C1||¢||%C¢ ((t2 AT) —tq)%* 1 N (t2 AT) — t)20-1

4, \2H-1
S — 1 Oy S — 1 +Cg((t2 /\T) tl) .
Combining this with (28), by induction on n, we obtain
P T Ot T)Pyn—1 YT O/t T)P)"
sup e'ytEHanrl(t) —.1‘"(t)||2 < Cn (e C( 2 /\' ) ) + C(e O( 2 A ) )
te(ty,ta AT ((n—1)h)r (nh)p
~yT t T)P)"
(nh)p

By repeating this procedure and induction, combining (29) and (27), for all n € N, ¢ € [0, 7]
deduce that

||$n+1 _ (E’YTCTP)TL

T (30)

xn”%cT <C

Therefore, for any 0 < n < m, we deduce

(exTcrr
|m—x%a<z( ec))—wzwnem (31)
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which implies that {z"(-)},en+ is a Cauchy sequence in PCT. Therefore, the sequence x"(-) pos-
sesses a limit function denoted by &(-), such that, 2™(-) — &(-) in PC* as n — co. Let us define

z(t,w) — ({)(t)a te (_0070]7
Z(t,w), tel0,T).
It is easy to see that z(t) is Fi-adapted, () — z(-) in PCy as n — oco.

Step 3. We check the limit function x of the sequence {2"},¢n is a solution of (1).
Taking into account condition (Hs), for every k > 1,

Bl (1)) - L@ty )IP < NE[2" (1) — a(tp)|> — 0 as n — oc.

Moreover, in view of (2), (5), (Hy) and (Hy), when n — oo we have for ¢ € (tg, tg+1],
2 t
P <N [ (= 5P e = peds 0,

ty

’ /tt Salt —8)(f(s,2071) = f(s,25))ds

2 t
< TT(Q)ZQN%/ (t— 3)20‘*2”932*1 - a:sH%Cds — 0.

tr

and
EH / Sult — 5)(gls,a71) — gls,,))dB(s)

Therefore, x is a solution of problem (1). This completes the proof. O

Remark 13. Note that the main aim of this paper is to investigate a class of fractional impulsive
stochastic differential equations, therefore, it is more reasonable to derive the real-value result of
Theorem 12 with T > t1, which ensures there is at least one impulse taking place on [0,T).

In what follows, a general result on the continuous dependence of mild solutions on initial value
will be proved. In particular, we obtain the uniqueness of mild solutions to problem (1) by means
of the conclusion below.

Theorem 14. Under assumptions of Theorem 12, the mild solution of (1) is continuous with respect
to the initial value ¢ € PC. In particular, if x(t), y(t) are the corresponding mild solutions, on the
interval (—oo, T, to the initial data ¢ and @, then the following estimate holds,

lee — yillbe < 2" P(3ME + )¢ — pllpec =Pt T, v e [0, T, (32)
where As and As are constants depending on 1.
Proof. It follows from (4) that, for any ¢ € [0, 1], in view of (H1), (2), (5) and Hélder’s inequality,
arguing as in the proof of (23),

t
Bllx(t) - y(®)|* < 3MFE[|¢(0) — (0)I|* + 3N7 (L + TT(Q)lz)/O (t = 5)**7?||zs — ysl[peds

t 2e—1) 1-p t 2 P
s3M%||¢—so||%c+3N%(lm+Tr<Q>l2)< / (t—s)" T ds) ( / ||xs—ys||;;cds) (33)
0 0

t 2 P
< 302016 — pl2e +A1( [l —Z‘Js|7pvcd5) 7

where we have used the notation

1- r
Ay = 3NZ(lin +Tr(Q)l2) (2a—pp—1> p2a—pL,
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Observe that v > 0, if ¢t + 0 € [0,¢1] (where 6 € (-0, 0]), then

t+0 2 P
S E|x(t+0) —y(t +0)[* < 3M7 |6 — ¢llpe + A1 (/ [EA ysll%cds) ;
0
on the other hand, if ¢t + 6 < 0, it follows
E||z(t +60) — y(t +0)|> = e "' I E|p(t + 0) — ot + 0)]* < e[| — pllpe-
Therefore,

2 = yellpe = b ]679E\|33(t +0) —y(t+0)|?
€(—o0,0

t 2 P
< (M7 + 16— ¢lpe + A </O s — ysll%cd5> )

and
2 1*71) 2 1 2 ¢ 2
2t = yellpe <277 BMp +1)7 (¢ — @llpe + Az/o 25 — ysllpeds,
where
Ay = 925" AP
As a consequence of Gronwall’s inequality, for ¢ € [0,¢4],
2 = yellpe < 2'7P(BMF +1)]|6 — ¢ pee>”, (34)
and thus
Ela(t) —yt)|* < 2" PBME + 1)l¢ — pl[pee”*™ = Bi. (35)

For t € (t1,ta AT}, similar to (33) and (34), by (H1), (Hs), (2), (5) and Holder’s inequality, we
find for t + 60 > t; (6 € (—00,0]) that

Blla(t) = y(®)* < 3MiE|x(ty) — y(ty) + L(z(ty) — L(y(t)I?

9 t 2(a—1) 1=p t 2 p
rantun+o@s) ([ ¢ as) ([ - welbets) g
ty

t1
2 2 ' 3 !
< 62V + 1Ble(er) ~ o)+ A [ o~ vlleds)
1

Replacing ¢t by ¢t + 6 in (36), in view of v > 0, if t + 0 € (t1,t2 AT] (0 € (—00,0]), we have

t+6 2 p
O E||z(t +6) —y(t + )| < 6ME(N + 1) Bllz(t7) — y(t)|* + A (/ s — ys||7’3cd8> - (37)
t1

It follows from (34) and (35) that for t € (t1,t2 AT] and t 4 0 < ¢4,

PEa(t +6) = y(t +0)[* < 2" PBMF + 1)]6 — pfpeesr 9
=2"7P(BMF + 1)[[¢ — pllpeeHITIT) < Byeter,

Combining (37) and (38),
% 177’9 2 Aapn 1 % ! %
[ze = yellpe <277 (6Mp(N +1) + )2 By + Ay [ ||lzs — ysllpeds. (39)

ty
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Applying Gronwall’s inequality ( [14,17,25,26]), we derive for t € (¢1,t2 AT,

|z = yelpe < 27 P(BMP(N + 1) + e2P7) Byetart—h), (40)
If T < tq, this shows the assertion. We assume that T > ¢5, and consequently,
E|z(t2) — y(t2)||? < 22"P(6MEZ(N 4 1) + 42P1) ByeA2pta=t) — B, (41)
Arguing similarly, we find that for ¢ € (tg,tg41 A T] with k > 2,
lze = yellpe < 2" P(BME(N + 1) + e2P7) Byet2p( =), (42)

we may as well consider the case 11 < T, because the estimate (32) holds true when tg41 > T
with & > 2. Thus

Ella(tiir) — y(tre) [P < 27 P(6ME(N + 1) 4 e2P7) Bpeertien =) — gy . (43)

For the sake of convenience, let Az = 217P(6MZ(N + 1) + e42P"), we deduce the following result by
mathematical induction for k > 2,

By < AgBy_jefeptetion) < pk=1p pAzp(t—ty) (44)
Hence, it follows from (42) and (44), and for ¢ € (ty, tk41 AT,
20 = willpe < AsBreer =) < A5 Byttt (45)

In view of the fact that condition (Hy) implies that k8 < t < (k+ 1)n for t € (t, tx+1], taking into
account (45), (34) and (40), we deduce for all ¢ € (0,T],

||$t - yt||$:c < 21—P(3M7% + 1)||¢ _ (pH%CeAgptek In A3
(46)

1nA3)t

< 2" PBME + D¢ — pllpee T
The proof is finished. O

4. Global existence and asymptotic behavior of mild solutions. In this section, we first
prove the global existence of mild solutions to stochastic impulsive differential equations before
studying the exponential asymptotic behavior of mild solutions.

To start off we state some conditions which will be imposed later.

(C1) The closed and linear sectorial operator A € A®(wg, 0y) with 6y € (0,5] and wg € R, generates
an a-order fractional solution operator T, (t) and an a-resolvent family S, (t), on the separable
Hilbert space H with

ITo ()| < Me™t, ||Sa(t)]] < Me (14 t*71), V&t > 0, where M > 1, Re(u) € R,
(C3) There exist two positive constants Cy and Cj, such that, for any z,y € PC and for all ¢t > 0,
Bllf(t,x) = ft,9I* < Crllz —ylpe, Ellglt, ) —g(t,y)]* < Cyllz = yllpe,

and
o0 o0
/0 62“qs\|f(s70)||2qu < 00, /0 62“‘18Hg(s,0)\|2qd3 < 00,

Whereq>1and%+%:1.
(C5) In addition to assumption (Hs), also suppose that

/0 €20 | ()| 2dls < 0.
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(C4) Under condition (Hs), we impose an additional assumption on I, that is, for all k € N7,

E|Lu(z)|? < b1 E||z||?, for all z € L2(Q; H).

4.1. The global existence of mild solutions in PC. Now we state the global existence of mild
solution to the problem (1).

Theorem 15. Assume the conditions of Theorem 12 and (C1). Then for every initial value ¢ € PC,
there exists a unique solution to problem (1) in the sense of Definition 11, defined on [0, 00).

Proof. We derive the local existence and uniqueness of mild solution to (1) by means of the
estimates (5) in Theorem 12, where My and Np are constants depending on 7' which is finite. In
order to extend the results to [0, 00), the constants of the estimates (5) must be independent of 7.
For this aim, we modify the estimates (5) slightly by condition (C4), that is,

M = sup |Ta(t)] <ocand N = sup Me " (14 t'"%) < oo.
te[0,00) te[0,00)

Replacing Mp and Ny by M "and N /, separately, in Theorem 12 and Theorem 14, the results still
hold true. Now, we are ready to prove the global existence and uniqueness of mild solutions to (1).

By Theorem 12 and Theorem 14, we deduce that there exists a unique solution z(!)(¢) to the
initial value problem (1.1) such that

o(t), te (:oo,O], )
20ty {000 + [ 8ot =) (s.a)ds+ [ St = 9)g(s.0()aB(s)

) 0
+/ Sa(t — s)h(s)ng(s), t €[0,t1].
0

Arguing as in the proof of Theorem 12, we derive the existence of (%) (t) satisfying
z(M(t), t € (—oo,ty],

sty < Tl = ) GEO0) 4206 + [ St 815,280

+/tsa(ts)g(s,xg2>)d3(s)+/ Sa(t—s)h(s)dBE (s), te€ (t1,ta].

t1 ty

Continuing the procedure in this way, we obtain a unique global solution to problem (1) in the
sense of Definition 11. This completes the proof. [

4.2. Exponential decay of mild solutions in PC. Motivated by the work of Caraballo et al.
in [9], we turn our attention in this subsection to prove the exponential asymptotic behavior of the
mild solutions to problem (1) in PC.

Theorem 16. Let conditions (Hs) and (C1) — (C4) hold, assume that

v > 2p,

and
Inw;

2uq — L — >0, (47)
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where the positive constants L and wy will be explicitly written in the proof. Then, every mild
solution x(-) of system (1) with the initial value xo = ¢ € PC satisfies

Inwy )t

lzel|7e < CO+ [[llpp)e PHa=t 7 vt > 0. (48)

Proof. We split the proof into three steps.
Step 1. By Definition 11, (2), (3), (H4) and (C1)-(C3), we obtain for ¢ € [0, 4],

Bl < A0 ol + 16026 [ (14 2= 5720 Oyl e + (s, 0)2)is
FIOTH@E [ (14 (0= 926 €l + (s, 0)17)ds

+ 8cH(2H — 1)n*H =1 M2e= 21t /Ot(l + (t — 5)**72)e**||h(s) | ds

= AN gl 160y + THQIC,) [ (14 (1 9 e s
#1602 [ (1 (= 0 5,0+ Tr (@)oo, 01

t
+ 8cH(2H — 1)772H*1M2e*2“t/0 (14 (t = 9)**72)e|[h(s) || Bds.
(49)

In view of condition (Cj5), which ensures the existence of a positive constant Lq, using Holder’s
inequality, we derive

t
cH(2H — 1)t 1 / (14 (t = 5)** )| h(s) || ds
0

t % t %
< cH(2H — 1)n*H1 </ (I+(t— s)2a2)pds> </ 62qu||h(s)|gd8> < L.
0 0

Observe that condition (C3) ensures the existence of a positive constant Lo, by Holder’s inequality,
one has

/7r+@—gm2w%wﬂamww
0

S(A%lﬂtSfa%WaP<AwQWWﬂ&®2W%;SL2 (51)

Analogously, one can prove that the following estimate holds true, thanks to condition (Cs), with
a positive constant Lg,

t
/ (L+ (t = 5)**7)e**[lg(s, 0)||*ds
0

1

<([lare-srpas) ([Tl ore) <n 62
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Replacing (50)-(52) into (49), by Holder’s inequality,
Ellz(t)[]” < 4M?e™ || ¢|3e + 16M%e™ " (Lo + Tr(Q)Ls) + 8M?e =L,

t > t H
o uCy + @) ([ - orras) ([ emelaias)” gy

t q
SAMPe™?@lpe + 16M2e 2 Ly + 16M262’”L5< / 62“q5x5||$,chs) :
0
where we have used the notation

L
Ly = ?1 +nLo +Tr(Q)Ls,

and

1 ,',,2(0471)p+1 P
Ls <2 T L/ .
s <25 00+ TH@C) (14 5y 1) <o

Note that e(V=2#9 < 1 (for § < 0) since v > 2. For t+6 € [0,¢,], multiplying by ?? and replacing
t by t + 6 in (53), one has

VB ||zt +0)|? < 4aM2e 20010 6|12, + 16M2e 2100,

1

proaeesnerny ([ e ) 65
t 9
< AM?e M| ¢||He + 16MPe 2 Ly + 16M26_2”tL5</0 e2”45||:cslifcds> ;
and
Bzt +0)|* = eI E|o(t + 0) < e lolpe < e d]pe, ift+0 <0 (55)
Therefore, for ¢ € [0,¢1], (54) and (55) lead to

t q
2e||2e < AM2e™2 ¢ 20 + 16M2e 21 L, + 16M262“tL5(/0 ez“qsllrslli“cds> : (56)
thus
zel e < 3971490296219 | g || L, + 3971420 N 29 et L]
t
+ 3q_142qM2qe_2“thg/ ez”q5||x5||?fcds.
0
Multiplying both sides of (57) by e?*at,
t
219 |2y || 7L, < 39714IN|p|| 7L, + 3914292 4 397422 d /0 1|z |2 ds.  (58)

Gronwall’s inequality implies
el < (37" 49M> @7, + Le)e™ Pra= b, (59)
where we have used the notation

L =37 1429?90 L =397 142 M2 LY,
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and, consequently,

L

Ella(t:)|? < (397 14IM>||p||2, + Le)ie™ 51 = (B (60)

Step 2. By Definition 11, (2), (3), (Hy) and (Cy)-(Cy), similar to (49), we obtain for ¢ € (t1, ts]
that

Blla(®)P < $M2e 20 (14 b)) Ella(t; ) |2 + 16M3(nC; + Tr(@)Cy)e )

t
o A o A

t1

x / (14 (t = 9)* 7)) (] f(5,0)1> + Tr(Q)llg(s,0)1*)ds

t1

t
+ 8cH(2H — 1)n?H =1 p2e=20t—1) / (1+ (t = 5)>* )= | h(s) |3y ds.

t1

In order to prove the exponential decay to zero of solutions to problem (1), we need the results to

the last two terms of (61) including e~ (= For this purpose, we do the estimates separately as
follows. On the one hand, using the same argument as in (50), condition (C3) ensures the existence
of a positive constant which is still denoted by L; for simplicity, such that

t
cH(2H — 1)772H‘1/ (14 (t — 5)272)eCrm DT (5) |2 ds

t1

t
< cH(2H — 1)n2H =1 Cr=)t / (14 (t = 5)**72)e*||h(s) || 5 ds
t1

. F 1
<cH(2H — 1)772H_167(2“7%)t1 (/ (T+(t— 5)2"_2)pds) ’ (/ eg”qs|h(s)||équ> ’

ty1 t1

(62)

< e_(Q/L_%)tl L.

On the other hand, similar to (51) and (52), using the same technique as in (62), by condition (C5),
there are two positive constants still denoted by Ly and L3 respectively, such that

t
/ (1+ (¢ = 5)** %)= £ (s,0)[|ds

t1

t > t i
< ( / (1+(t5)2a2)pd5) < ( / e<2wL><st1>eL<8t1>||f<s,o>||2qu)
t1 t1

t % _ t %
< ( / <1+<t5)2a2>ws) x o= 24 L“( / 62“q5|f<s,0>||2%)
t1 t

1

(63)

_ 2pg—L ty
1 )

§ L2€
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and

t
/ (14 (t = )* %)= g(s,0) *ds
t

1

t > t i
< ( / (1+(t—8)2a2)pd8> X ( / ewL><sf1>eL<”1>|g<s,o>|2ws>
tl tl

t z _ t 7
< ( / (1+(t8)2a2)pd8> x( / e%qﬂg(s,on?qu)
tl tl

_ 2pugq—L
q tl

(64)

S L36
Substituting (62)-(64) into (61), and using Hélder’s inequality,

Elle(t)]> < 8M2e~0=5) (14 by) Ella(t7) | + 16M>(nC; + Tr(Q)Cy)e =)
1

t L t
([ espzpas) ([ e o)
t1 ty

2ug—Ly

+16M%e 201 (nLy + Tr(Q)Ly)e™ o 1t +8M2e 20-) [, =51 (g5)

< 8M2e~24=1) (1 4 b)) E|lo(t])||? + 16M2e 20—t [, e~ 51

t I
prgaeit g ([ oy, )

t1

Arguing as in the proof of Step 1, due to the fact that e(?=2%)¢ < 1, we obtain for t + 6 € (t1,ts]
(where 6 € (—o0,0])

679E||x(t + 9)||2 < 8M26_2”(t+9_t1)e"’9(1 + bl)E||33(tf)||2 + 16 M2e21(tH0—t1) 70

t+0 1
_ 2pugq—L _ _ — a
x Lye” " a1 4 16 M2 21(t+0 tl)e'y‘ng,(/ e2rals t1)||ms||$pchs)
ty

] (66)
< SMZe ) (1 by) Blfa(t )P + 162200 e #5750

1

t q
+ 16M262“(tt1)L5</ ez“q(Stl)HxSH%chs) .
t1

It follows from (59) and (60) that, for ¢ € (t1,t2] and ¢t + 6 < ¢4,

_2uq-Ly

B |zt +0)|> < (397 49M?|¢|| 2, + Le)e o

2pug—L
_ 2M4g t

— (3q—14qM2q“¢||?,ch +L6)%e L 16,2;“2—L(t7t1) (67)

SN 2u(t—t1)

< (By)ie
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Hence, (66) and (67) imply that for all ¢ € (¢4, t2],

_ 2pg—L
«

|zl < (8M2(1 Fb)+ e%") (BY)ie 2u(t=t) 4 1601221t L e

: :
+ 16M262“(tt1)L5</ 62“q(5t1)||xs||3>chs)

t1
Thus
el < 3971 (8M2(1 +b1) + e%n)q Bie2malt=h) 4 ga—l2ap2ae=2nalt=t)

t
X LZ(f(Q”‘FL)t1 + 3q7142qM2q672W(t7t1)Lg/ 62”(1(57“)”175”%%615.
ty

Multiplying both sides of (69) by e2*a(t=t1)

e2hat=t) |z, || 2, < 391 (8M2(1 +b1) + e%")q Bi + 37714212~ Gra= Dot

t
T30 L42p2 g / e2nals=t2) | (120, s

t1

Solving the above Gronwall’s inequality yields
leel3 < (3771 (8M2(1 4 by) + e¥7)1B] + Lge™ (ra=bitn ) e~ Cua-Di=t),

and, consequently,

1

EHl’(t2)||2 < (3q71(8M2(1 erl) + B%U)qBi‘ + L66*(2#Q7L)t1>5 6_2;“2—L(t2—t1) — (B;)é
Step 3. The same reasoning as above implies, for t € (¢, tx41] with k& > 2,
||-Tt||3>qc < <3q1(8M2(1 +by) +e%’7)qu +L66(Q#qL)tk>e(2ﬂqL)(ttk),

and

q

Ellz(tpe)|? < (3‘1—1(8M2(1+b1)+e5")QB;;+L6e—<2“q—L)tk>

For convenience, let wy = 3971 (8M2(1+b;) +e4")4. Tt is obvious wy > 2, such that, Zf;g

k—1 k—1
7J)1 < ’Ll)l

wi—l = w -

2uq—L 1
e — (B ),

(69)

(70)

(71)

(74)

J
wy <

o < 2wh 2. In addition, condition (Hj4) implies that k — 1 < Ll and k3 < t.
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Then, for k > 2, the mathematical induction method furnishes that

B; < wle_le*(QlMI*L)(tkftkfﬂ T L667(2uq7L)tk
k—2
< wh 1 BjeGramD)(temt) 4 e Cua=Dte 37 0]
7=0

In wy

SBike(tk—tl) 5 e*(2uq*L)(tk7t1)+2L66*(2#q*L)tkw’f—2

In

< Bfe—(Quq—L_ g’l )(tk—t1) + 21—/667(2uq7L)t;c 6(1072) In wy

In

§B’f6_(2”q_L_ /}”)(tk—tl)+2L667(2uq*L)tke%°lnw1

In

SBike—(QHq—L— /}”)(tk—tl)+2L66—(2uq—L—

In

)tk )
Therefore, by (60), (73) and (75) we deduce that, for ¢ € (tg, ty41] with k > 2,

In

— [y Rk | — — —
thH%qc < wy Bjem@Gra-b==5 )=t 4 1o (Cua—L)t

In

s (BTe_(Q“q_L‘ et 2L6e—<2w—L—“’%>tk>

In

w In w
> e—(2uq—L— ﬂl)(t—tk) +L66—(2uq—L—T1)t

In w
< wi (3971490 g + 3Lg)e Ha-L="ght

In w
<O+ |[p)|p)e Bra- b= =5t

)

which, thanks to (71) and (59), implies that, for all ¢ > 0,

1
ng)l)t

e[| Be < C(1+ [[llpg)e ra=t™

This completes the proof. [J

Conclusions. We have proved some results concerning the local and global existence of mild
solutions for a class of fractional impulsive stochastic differential equations with infinite delay
driven by both K-valued Q-cylindrical Brownian motion and fractional Brownian motion with Hurst
parameter H € (1/2,1). We also have proved the continuous dependence of mild solutions on initial
values and have analyzed the exponential decay to zero of solutions to our fractional stochastic
impulsive differential equations with infinite delay. However there are also some interesting points
to be analyzed such as the existence and structure of random attractors for this model, since the
global asymptotic behavior can be described by such objects (see e.g. [8,19] and the references cited
therein). We plan to investigate this topic in the future.
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