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Abstract

In this paper we prove the existence of mild solutions for a first-order im-
pulsive semilinear stochastic differential inclusion with an infinite-dimensional
fractional Brownian motion. We consider the cases in which the right hand side
can be either convex or nonconvex-valued. The results are obtained by using
two different fixed point theorems for multivalued mappings, more precisely, the
technique is based on a multivalued version of Perov’s fixed point theorem and a
new version of a nonlinear alternative of Leray—Schauder’s fixed point theorem
in generalized Banach spaces.
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1 Introduction

The theory of stochastic differential and partial differential inclusions has become an
active area of investigation due to their applications in several fields from the applied
sciences such as mechanics, electrical engineering, medical biology, ecology amongst
others.

Recently, stochastic differential and partial differential inclusions have been exten-
sively studied. For instance, in [1,6] the authors investigated the existence of solu-
tions of nonlinear stochastic differential inclusions by means of a Banach fixed point
theorem and a semigroup approach. Balasubramaniam [5] obtained existence of solu-
tions of functional stochastic differential inclusions by Kakutani’s fixed point theorem,
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Balasubramaniam et al. [6] initiated the study of existence of solutions of semilinear
stochastic delay evolution inclusions in a Hilbert space by using the nonlinear alterna-
tive of Leray-Schauder type [19], some existence results for impulsive neutral stochastic
evolution inclusions in Hilbert Space, where a class of first-order evolution inclusions
with a convex and nonconvex cases are considered, is studied in [32] by using a fixed
point theorem due to Dhage and Covitz, as well as Nadler’s theorem for contraction
multivalued maps.

It is also worth emphasizing that impulsive differential systems and evolution differ-
ential systems are used to describe numerous models of real processes and phenomena
appearing in the applied sciences, for instance, in physics, related to chemical technol-
ogy, population dynamics, biotechnology and economics. That is why in recent years
they have been the objectives of many investigations. We refer to the monographs by
Bainov and Simeonov [3], Benchohra et al. [7], amongst others, to see several studies
on the properties of their solutions. The reader can also find a detailed and extensive
bibliography in the previously mentioned books (see also Da Prato and Zabczyk [16],
Gard [20], Gikhman and Skorokhod [21], Sobzyk [41]). As a motivating example, let us
refer to a stochastic model for drug distribution in a biological system which was de-
scribed by Tsokos and Padgett [43] as a closed system with a simplified heart, one organ
or capillary bed, and re-circulation of a blood with a constant rate of flow, where the
heart is considered as a mixing chamber of constant volume. For the basic theory con-
cerning stochastic differential equations see the monographs of Mao [29], QOksendal, [34],
Tsokos and Padgett [43], Sobczyk [41] and Da Prato and Zabczyk [16], and for some
literature in the case of stochastic differential inclusions, see for instance [14,15,27].
More specifically, in this paper we are interested in proving the existence of solutions
for a system of stochastic impulsive differential inclusions of the following type:

( dz(t) € (Ax(t)+ F'(t,z(t) dt+Zal (t,x(t), y(t))dBf(t), t € J,t # ty,
dy(t) e (Ay(t) + F2(t,z(t) dt+Zal (t,z(t),y()dBI (1), t € J,t # ty,
Az(t) = IL(z(ty), t=t k_1,2,...,

Ay(t) = Li(y(tr)),

(1.1)

where J :=[0,b], X is a real separable Hilbert space with inner product (-, -) induced
by norm || - |, A : D(A) € X — X is the infinitesimal generator of a strongly
continuous semigroup of bounded linear operators (S(¢));>0 in X and F*, F? : [0,0] x
X x X — P(X) are given set-valued functions, where P(X) denotes the family of
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nonempty subsets of X, I, I, € C(X,X) (k = 1,2,...,m), of,0? : J x X x X —
L(Y, X). Here, L¢)(Y, X) denotes the space of all Q-Hilbert- Schmldt operators from
another separable Hilbert space Y into X, and B; is a fractional Brownian motion
which will be defined in the next section. Moreover, the fixed times t; satisfy to =0 <
ty <ty <...<ty <tm1 =0, y(ty) and y(t;) denotes the left and right limits of y(¢)

o(.,z) = (o1(., x) os(.,x),...),

1.2
lo( )| = an 7)|[2 < oo (12)

with o(.,z) € £2 for all x € X, where
C={p=(d)iz1: X x X = Lp(Y, X) :[o(x)]* = Z [¢u( HLO < oo}

We remark that when F! and F? are single-valued mappings, this problem has been
analyzed in [8]. In our current analysis, in order to prove the existence of solutions
for our problem, we need to use different and more sophisticate tools from the field of
set-valued analysis. Consequently, our theory in this paper generalizes the one in [8].

In the deterministic and single valued framework, the above system was used to
analyze initial value problems and boundary value problems for nonlinear competitive
or cooperative differential systems from mathematical biology [30] and mathematical
economics [26] which can be set in the operator form (1.1).

Some existence results of solutions for differential equations with infinite Brownian

motion was obtained in [45]. Recently, Precup [38] proved the role of matrix conver-
gence and vector metric in the study of semilinear operator systems.
When the space X is finite dimensional, some existence results of mild solutions for
Problem (1.1) in the particular case Ay = Ay (A € R) have been obtained in [23]. The
goal of this paper is to study the existence of mild solutions of systems of semilinear
stochastic differential inclusions with infinite fractional Brownian motions.

The paper is organized as follows. In Section 2 we recall some definitions and facts
which will be needed in our analysis. Section 3 is concerned with the case in which
we assume that 1 € A(S(b)) (where A(S(b)) denotes its resolvent set) and we prove
some existence results based on a nonlinear alternative of Leray-Schauder type theorem
in generalized Banach spaces in the convex case. Finally we establish a multivalued
version of Perov’s fixed point theorem [35] and prove another result on the existence
of solution in a non-convex case.

2 Preliminaries

In this section, we introduce some notations, and recall some definitions, and pre-
liminary facts which are used throughout this paper. Actually we will borrow them
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from [8]. Although we could simply refer to this paper whenever we need it, we prefer
to include this summary in order to make our paper as much self-contained as possible.

2.1 Some results on stochastic integrals with respect to frac-
tional Brownian motions

Let (2, F,P) be a complete probability space with a filtration (F = F);>0 satisfying
the usual conditions (i.e. right continuous and F; containing all P-null sets).

For a stochastic process z(-,-) : [0,7] x Q@ — X we will write z(¢) (or simply = when
no confusion is possible) instead of x(t,w).

Definition 2.1. Given H € (0,1), a continuous centered Gaussian process BY is
said to be a two-sided one-dimensional fractional Brownian motion (f Bm) with Hurst
parameter H, if its covariance function Ry(t,s) = E[BH(t))B(s)] satisfies
1
Ru(ts) = S (It + [sP" = |t = o) 1,5 € (0,7,

It is known that BH(t) with H > % admits the following Volterra representation

t
BH(t) = / Ky (t,s)dB(s) (2.1)
0
where B is a standard Brownian motion given by

B(t) = B*((Ky)™'€oa).
and the Volterra kernel the kernel K(¢,s) is given by

t 3 fu\H—3
Kanlt,) = st =5 (1), vz
s s
where cy = ﬂ(;ﬁi—% and (-, -) denotes the Beta function, K(t,s) = 0if t < s,

and it holds .
0K t\ " 2
8tH (t,s) =cy (;) (t—s)i 2,

and the kernel K7 is defined as follows. Denote by £ the set of step functions on
[0, T]. Let H be the Hilbert space defined as the closure of £ with respect to the scalar
product

<X[0,t]> X[O,S]>H = RH (ta 3)7
and consider the linear operator K3 from & to L*([0,T]) defined by,

K
(Kyo)(t /ezsaH,)t.
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Notice that,
(K x0.)(s) = Kn(t, s)xp.(s)-

The operator Kj; is an isometry between & and L?([0,7]) which can be extended to
the Hilbert space H. In fact, for any s,t € [0, 7] we have

<K1§X[0,t]7 K;IX[O,t]>L2([O7T]) = <X[0,t], X[o,s]>H = RH(t, 3)-

In addition, for any ¢ € H,

/OT o(s)dB" (s) = /OT(KEgb)(s)dB(s),

if and only if K¢ € L*([0,T1]).

Remark 2.1. In the sequel, the notation cyg will be used to denote the value of a
constant which depends on the Hurst parameter (not necessarily the one used above)
and that can be different from line to line or even in the same line.

Moreover, the following useful result holds

Lemma 2.1. [33] There exists a positive constant cy such that for any ¢ € LYH([0,T])
it holds

HEH -0 [ [ 16016y - At < eulolyngeny (22

Next we are interested in considering an fBm with values in a Hilbert space and
giving the definition of the corresponding stochastic integral.

Definition 2.2. An F;-adapted process ¢ on [0, T| xQ — X is an elementary or simple
process if for a partition v = {ty =0 < t; < ... < t, =T} and (F;,)-measurable X -
valued random variables (¢f,)1<i<n, O satisﬁes

Z(bl th]t), for 0<t<T, well

The Ito integral of the simple process ¢ is defined as

/ ou(s)dBY Zasz ) — Bl (f0)), (2.3)

whenever ¢, € L*(Q, F;, P, X) for all i < n.
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Let (X, (-,), | |x), (Y,(:,-),]-|y) be separable Hilbert spaces. Let £(Y, X) denote
the space of all linear bounded operators from Y into X. Let e,,,n = 1,2, ... be a com-
plete orthonormal basis in Y and @ € L(Y, X) be an operator defined by Qe,, = \,e,
with finite trace trQ = Y~ A, < oo where A,, n = 1,2,..., are non-negative real

numbers. Let (57),cny be a sequence of two-sided one-dimensional standard fractional

Brownian motions mutually independent on (2, F,P). If we define the infinite dimen-
sional fBm on Y with covariance @) as

B(t) = 3 VA8 (e, (2.4)

then it is well defined as an Y-valued @-cylindrical fractional Brownian motion (see [16])
and we have

E(B(8),2) (B¢ (s).9) = R (t,5)(Q(2),y), 2,y €Y ands,t € [0,7]

such that .
Rsz = §{| t |2H + | S |2H + | t—s |2H}5lk t>5 € [O,T],

where
_ )L g=i
% = { 0, JAL
In order to define Wiener integrals with respect to a Q — f Bm, we introduce the space
LY = L)Y, X) of all Q—Hilbert-Schmidt operators ¢ : ¥ — X. We recall that
v € L(Y, X) is called a Q—Hilbert-Schmidt operator, if
Ly — HS — " .
lellZe = @ 2Ils = tr(vQyp") < oo

Definition 2.3. Let ¢(s),s € [0,T], be a function with values in LH(Y,X). The
Wiener integral of ¢ with respect to fBm given by (2.4) is defined by

/ " 5(s)dB(s) = i [ Vot

-y /0 VK (den)(s)dB. (2.5)

Notice that if
> 116Q"?enll Lusn o, myx) < 0, (2.6)
n=1

the next result ensures the convergence of the series in the previous definition.



T. Blouhi, T. Caraballo and A. Quahab 7

Lemma 2.2. [8] For any ¢ : [0,T] — L§(Y, X) such that (2.6) holds, and for any
a, € 1[0, T] with a > 3,

2 o]
E <ceyH(2H —1)(a— B> ) /ﬂ |¢(3)Q1/2en|i ds.  (2.7)
X n=17%

[ s

If in addition

Z |pQY%e,|x is uniformly convergent for t € [0,T),

n=1

then,

2 Je] )
P <cuHEH =)0~ [ o)l ds (@8)

[ ot

2.2 Some results on fixed point theorems and set-valued anal-

ysis
For z,y € R", v = (x1,...,24), ¥ = (Y1,---,Yn), by x < y we mean z; < y; for all
i=1,...,nand |z| = (|z1],...,|zs]). If ¢ € R, then z < ¢ means x; < ¢ for each
1=1,...,n.

Definition 2.4. Let X be a nonempty set. A vector-valued metric on X is a map
d: X x X — R"™ with the following properties:

(i) d(u,v) >0 for all u,v € X; if d(u,v) =0 then u = v;
(ii) d(u,v) =d(v,u) for all u,v € X;
(117) d(u,v) < d(u,w) + d(w,v) for all u,v,w € X.
The pair (X,d) a said to be a generalized metric space.
For r = (ry,...,7,) € R}, we will denote by
B(zg,r) ={z € X : d(xg,x) < r}
the open ball centered in zy with radius r and
Bz, 7) = {z € X : d(xg,z) <1}

the closed ball centered in xy with radius r. We mention that for generalized met-
ric space, the notation of open subset, closed set, convergence, Cauchy sequence and
completeness are similar to those in usual metric spaces.
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dl (.7), y)

dn(,y)

Definition 2.5. A generalized metric space (X, d), where d(x,y) :=

is complete if (X, d;) is a complete metric space for every i =1,...,n.

Definition 2.6. A square matriz of real numbers M is said to be convergent to zero
if its spectral radius p(M) is strictly less than 1. In other words, this means that all
the eigenvalues of M are in the open unit disc (i.e. |A| < 1, for every A € C with
det(M — \I) =0, where I denotes the unit matriz of Myxn(R)).

Definition 2.7. A non-singular matriv A = (a;;j)1<ij<n € Mnxn(R) is said to have
the absolute value property if
ATHAl < T,

where
|Al = (laij|)1<ij<n € Muxn(Ry).

Lemma 2.3. [/0] Let M be a square matriz of nonnegative numbers. The following
assertions are equivalent:

(i) M is convergent towards zero;

(i1) the matriz I — M is non-singular and

UMy =T+M+M+...+M+..

(i1i) |A| < 1 for every A € C with det(M — X\I) =0
(iv) (I — M) is non-singular and (I — M)~' has nonnegative elements.

Some examples of matrices convergent to zero can be seen in [§].
We will use the following notation:

Pa(X) ={y € P(X) : y closed },
Py(X) ={y € P(X) : y bounded },
P(X)={y € P(X) : y convex },
Pep(X) ={y € P(X) : y compact }.

X P(X)

Consider Hy : P(X) (X) — R U {oo} defined by
Hdl(A7 B)
Hd(A7 B) = ce
Hdn(Av B)

Let (X, d) be a generalized metric space with
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dl(xay)
d(z,y) = .
dn(2,y)
Notice that d is a generalized metric space on X if and only if d;, ¢ = 1,...,n are
metrics on X, Hy(A, B) = max {sup d(a, B),supd(A, b)} ,
a€A beB

where d(A,b) = inf,ca d(a,b),d(a, B) = infyep d(a,b). Then, (Py(X), Hy) is a metric
space and (Py(X), Hy) is a generalized metric space.

A multivalued map F : X — P(X) is convex (closed) valued if F(y) is convex
(closed) for all y € X, F is bounded on bounded sets if F(B) = J,p F'(y) is bounded
in X for all B € P,(X). F is called upper semi-continuous (u.s.c. for short) on X if for
each yo € X the set F(yp) is a nonempty, subset of X, and for each open set U of X
containing F'(yp), there exists an open neighborhood V of yo such that F(V) € U. F is
said to be completely continuous if F(B) is relatively compact for every B € Py(X).
F' is quasicompact if, for each subset A C X, F/(A) is relatively compact.

If the multivalued map F'is completely continuous and possesses nonempty compact
values, then F'is u.s.c. if and only if F' has a closed graph, i.e., z,, — T4, Yn — Yx,
Yn € F(z,) imply y, € F(x.).

A multivalued map F': J = [0,T] — P, (X) is said to be measurable if for each
y € X, the mean-square distance between y and F'(t) is measurable.

Definition 2.8. The set-valued map F : J x X x X — P(X x X) is said to be
L2-Carathéodory if

(i) t— F(t,v) is measurable for each v € X x X;
(i) v F(t,v) is u.s.c. for almost allt € J;
(iii) for each q > 0, there exists hy, € L*(J,RT) such that

| F(t,v)|]* = , 5}1?1(5) ) 1£1I* < hy(t), for all |v||* < q and for a.e. t € J.
S U

Remark 2.2. (a) For each v € C(J,X), the set Sg, is closed whenever F' has closed
values. It is convez if and only if F(t,x(t)) is convex for a.e. t € J.

(b) From [44], Theorem 5.10 (see also [28] when X is finite dimensional), we know
that Sp,is nonempty if and only if the mapping t — inf{||v]| : v € F(t,z(t))}
belongs to L*(J).

Lemma 2.4. [28] Let I be a compact interval and X be a Hilbert space. Let F be

an L?-Carathéodory multivalued map with Sg, # 0, and let T be a linear continuous
mapping from L*(I,X) to C(I,X). Then, the operator

Lo Sp i C(I,X) — Pee(L¥([0,T], X)), y+— (ToSp)(y) =T(Sk,y),
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is a closed graph operator in C(I,X)xC(I,X), where Sg,, is known as the selectors set
from F and given by f € Sg, = {f € L*([0,T),X) : f(¢t) € F(t,y) for a.et €[0,T]}.

We denote the graph of G to be the set gr(G) = {(z,y) € X x Y, ye G(x)}.

Lemma 2.5. [17]IfG: X — Py(Y) is u.s.c., then gr(G) is a closed subset of X xY.
Conversely, if G is locally compact and has nonempty compact values and a closed
graph, then it is u.s.c.

Lemma 2.6. [I18] If G : X — P, (Y) is quasicompact and has a closed graph, then G
18 U.S.C.

The following two results are easily deduced from the limit properties:

Lemma 2.7. (See e.g. [2, Theorem 1.4.13]) If G : X — P.,(X) is u.s.c., then for any
To € X,
limsup G(z) = G(zo)

T—T0

Lemma 2.8. (See e.g. [2, Lemma 1.1.9]) If Let (K)nen C K C X be a sequence of
subsets where K is compact in the separable Banach space X. Then

co(limsup K,,) = Ny=oco(Up>nKy,)

where coA refers to the closure of the convexr hull of A.
The second one is due to Mazur (1933):

Lemma 2.9. (Mazur’s Lemma, [25, Theorem 21.4]) Let X be a normed space and
{zr}ken C X be a sequence weakly converging to a limit x € X. Then there exists a

m
sequence of conver combinations vy, = g kT With e >0 for k=1,2,...,m and
k=1

Z ami = 1, which converges strongly to x.
k=1

Definition 2.9. A sequence (v,,)nenis said to be semi-compact if

(1) it is integrably bounded, i.e. there exists ¢ € L*(J, R) such that
lun|x < q(t)
for a.e. t € J and every n € N,
(2) the image sequence (U )nen is relatively compact in X for a.e. t € [0,T].

This result is of particular importance if X is reflexive in which case (1) implies (2)
in Definition 2.9.
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Lemma 2.10. Every semi-compact sequence L*([0, ], X) is weakly compact in L*(]0, 0], X).

Recall that a set-valued operator GG possesses a fixed point if there exists y € X
such that y € G(y).

Now we can establish the following nonlinear alternatives of Leray and Schauder
which will be needed in the proofs of our results (see [9, 19, 36]).

Lemma 2.11. Let (X, | -||) be a generalized Banach space and G : X — Py, (X) be
an upper semicontinuous and compact map. Then either,

(a) F has at least one fived point, or
(b) the set M ={zx € X and X € (0,1), with = € A\G(u)} is unbounded.

Let us recall now the definition of resolvent set and family for a linear operator
A F— FE.

Definition 2.10. The resolvent set A(A) of A consists of all complex numbers X for
which the linear operator NI — A is invertible, i.e. (A — A)™! is a bounded linear
operator in E. The family R\, A) = (Al — A)™', X € A(A) is called the resolvent of
A. All complex numbers A not in A(A) form a set called the spectrum of A.

Our next result describes a basic theorem of reflexive spaces.

Theorem 2.1. [10] E is reflexive if and only if Bg = {x € E;||x|| < 1} is compact
in the weak topology.

3 Existence results

In this section we prove the existence of mild solution of the problem (1.1). Our
approach is based on multivalued versions of Schaefer’s fixed point theorem.

3.1 The convex case

In this section, we will show same results concerning the existence results of mild
solutions for system (1.1) in the convex case. Recall that the fixed times ¢, satisfy ¢y =
0<ty <ty<...<ty <tn =>band we denote J, = (tg,tx11], £ =0,1,2,...,m,
and J = [0,b]. In order to define a solution for Problem (1.1), consider the following
space of picewise continuous functions

PC = {z: Qx[0,b] — X, x € C(Jg, X)), k=0,...,m such that
z(tf,.) and x(t,,.) exist with z(¢,,.) = z(t,.) almost surely and

sup Elx(t, )% < oo}
te(0,b)]
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Endowed with the norm

1
[z]|pc = (Sup E\f(&-)\i) :

s€[0,0]

it is not difficult to check that PC is a Banach space with norm || - || pc.
AC*(J,X) is the space of functions y : J — X i times differentiable whose ith deriva-
tive, y¥, is absolutely continuous.

Lemma 3.1. Let A be the infinitesimal generator of a Co-semigroup {S(t)}i>0 such

that 1 € A(S(b)) and let f*: J — X,i = 1,2, be continuous. Let Iy, I}, € C(X,X)

for each k = 1,...,m, assume that Y -, fob loj(s,z,y)[|3 < o0, i = 1,2 and let
Q

x,y € PCNAC! be a classical solution of the problem

;

\

dr(t) = (f'(t) + Az(t) dt—i—Zal (t,2(t), y(t))dBF (1), t € Jt # t,
dy(t) = (f2(t) + Ay(t) dt—i—Zal (t,z(t), y(t))dBI(t), t € J,t #t,

(ty) — (ts) = In(2(tr)), P2, (3.1)
y(ty) — y(te) = In(y(t)),

0= 1)

Then it fulfills

2(t) = S()(I ( S(b— t)) Lu(z(ty)) + /S(b—s)f (s)ds

HMS

00 b t
-I-Z:/O S(b— s)a}(t,x(s),y(s))dBﬁ(s)) -I—/O St —s)f(s)ds

Y’
-I—Z/O S(t—s)o} (t,z(s),y(s))dBf( Z S(t—tg)Ix(x(ty)), fort € J a.e. w € Q.
=1

and

0<trp<t

y(t)=S(t)(I (Z (b—te)) Li(y(ty)) + /0 S(b— s)f*(s)ds

k=1

#3500 =90k, 90)0819) + [ 510 )y
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o0 t

+Z/ S(t—s)o2(t, z(s),y(s))dBH(
=1 70

Proof. Let (x,y) be a solution of Problem (3.1) and L, (s)

S(t — s)y(s) for fixed t € J. We have

Li(s) —S'(t — s)z(s) + S(t — s)z (s)
—AS(t — s)x(s) + S(t — s)z'(s)
= S(t—s)(a'(s) - 93( )

S(t—s) fl(s)ds+ZUZ (t, x(

Z St—t)Tr(y

0<trp<t

13

(y(tx)), fort € J,a.e. w € Q.

= S(t —s)x(s) and La(s) =

5))dBy" (s)

Let 0 <t < t;. Integrating the previous equation, we deduce for k =1

Li(t) — Ly(0) = /0 S(t—s)
Hence
z(t) = S(t)x(0) + /0 S(t—s)

More generally, for ¢, <t < txyq

/Otl Lll(s)+/: L’l(s)+....+/t: L(s) = /OtS(t—

= Lyi(t7) — L1(0) + L1 (t5) —

:/OtS(t—s)

Therefore

w(t) = S@(0)+ Y (La(tf —La(ty))+ /0 S(t—

0<tp<t

Since z(0) = x(b) and 1 € p(S(T))

after substitution

o(t) = SO0 - S)" (zk 1 (5
+2o0 1fo s)o (s, x(s),y(s))dB/ (s)
+ X0 Jy St = s)oi (5, (s), <>>dBH<
+Zo<tk<t ( ti) Ik (z(ty)), for t e J

Li(t)) + ...+ Li(t) —

Fs)ds + 3 / S(t — s)oi (t, 2(s). y(s))dBY (5).
ds+Z/ (t — s)ot (¢, x(s), y(s))dBH (s).

sty [ S(e=s)aitats) o) B! o

Ly (ty)

Fs)ds + 3 / S(t — s)ob (¢, 2(s), y(s))dB (s).

) s> [ (=)ot (5.2, p(:) B ()

, then (I — S(b)) is invertible. Hence we obtain
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This lemma leads to the definition of a mild solution.

Definition 3.1. An X —wvalued stochastic process u = (x,y) € PC x PC is said to be
a mild solution of (1.1) with respect to the probability space (2, F,P), if:

1) u(t) is Fi-adapted for allt € J, = (tg, tps1] k=1,2,...,m

2) u(t) is right continuous and has limit on the left, and there exists selections f°,
i =1,2, such that f'(t) € F'(t,u(t)) a.e. t € J.

4) u(t) satisfies, for each t € J, a.e. w € €,

(

m b
o) = SO = 56) (D50 t)hlolt)) + [ 50 5)5(s)ds
o k=1 to
+ Z/o S(b—s)all(t.r(s),y(s))dBﬁ(s))—l—/o S(t—s)f(s)ds
£y / S(t = s)oi (t,2(s),y(6NAB ) + 3 St~ t)alalts)),
) =1 - 0<tk<tb
W) = SO =50 (XSO -t Tuut) + [ 565
+ Z/ S(b — 5)o2(t (s), y(s))dB (s /St—sf2

n Z/ $)o2(t,(s), y(s)dBl (s) + 3 S(t — te)Tuly(te)).

\ 0<tr<t

[y

In this section, we assume again that 1 € A(S(b))). We are now in a position to
state and prove our existence result for problem (1.1). First we will list the following
hypotheses which will be imposed in our main theorem.

Consider the following assumptions: In the remaining of our work, we assume that
S(t) is compact for t > 0 and that there exists M > 0 such that

|S@t)]| < M, for every ¢ € ]0,0].

(H1) The functions of : J x X x X — L (Y, X) are continuous and there exist positive
constants «; and ; and ¢; for each ¢ = 1, 2, such that

ot (t, 2, y)|I* < aalel + Gilylx + 1 ot 2, 9)1? < aslzlX + Balylk + 2
and

b
S [ ottt Byt < oo, i = 1.2
— 0

forall z, y e X and t € J.
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(Hy) F':[0,0] x X x X — P..,(X) is an integrable bounded multivalued map, i.e.,
there exists p; € L*(J, X),i = 1,2 such that

[Fi(t,z,y)lx = sup  [f'(D)%x <pilt), Vi€, VY(zy)eX xX.
freF (t,x,y)

(Hs3) Consider the functions Iy, I € C(X, X) for which there exist constants dy, dj, > 0
and ey, €, > 0 for each kK =1,...,m such that

Te(@) % < dilzlx +er,  [I:(W)[% < dilylk +@, forall 2,y € X.

Consider the following operator N(z,y) = (Ni(z,y), No(z,v)), (x,y) € PC x PC
defined by
N(z,y) = {(h,h) € PC x PC}

given by

Ms

(S(b = tg)) I ((tr))

St =)ol (1,2(s), 4(9) B ()

At = S(1)(1 = S)

o

o0

oy

+
\g
\H

b
" / S(t — 8)'(s)
+ [ s-9r ds+2/ (t — )0} (1. 2(s). y(s))dB(5)

+ Y S(t—t)i(x(t), for teJ ae weQ,

0<tp<t

R(t) = SO = SE) (IS0 — t) Tn(y(te))

k=

+/O S(t — s)f*(s)ds + Z/o S(t — s)oi(t, x(s),y(s))dBﬁ(s))

+/ S(t—s)f2(s)d5+2/0 S(t — s)oi(t,x(s),y(s))dBf (s)
+ Y S(t—t)T(y(t), for teJ ae weq,

O<tr<t

where
fr€Spi,={f €L*J,X): f'(t) € F'(t,x,y) for each t € J,and each z,y € PC}, i = 1,2.

Lemma 3.2. Assume that, fori=1,2, F*: Jx X x X — P..,(X) is a Carathéodory
map such that (Hy) — (H3) also hold. Then, operator N is completely continuous and
u.s.c.
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Proof. First we show that N = (N, N») is completely continuous. We split the proof
into several steps.

Step 1.- N maps bounded sets into bounded sets in PC' x PC.
Indeed, it is enough to show that for any ¢ > 0 there exists a positive constant
I = (l3,l3) such that for each (z,y) € B, = {(z,y) € PC x PC : E|z|% <
¢, Ely% < q} one has

W% <h, |h% <l

Let (h,h) € (N, Ns). Then, there exists f'(t) € F(t,z,y) for each t € J, and
each z,y € PC, such that

b
S(b—tx)) (tk))Jr/O S(t—s)f(s)ds

Ms

Eh(t))% = E‘S(t)(I—S (

#3500 syt s want' ) + [ 0oy

+ZZ / S(t — )0} (t,2(5), 9 (DB (s) + 3 S0~ ti)u(e(ie))]

O<trp<t

and also

m

Eh@)% < 41@]5 ) —S(b (Z (b— t) I (2 () /St—s)f (5)ds

k=1

3 [ st ottaatenvenant o), + ] [ s 956,

2

X

+4E‘i /0 tS(t—s)oll(t,x(s),y(s))dBlH(s)‘i—|—4E‘ 3" S(t— t) I (t)

0<trp<t
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Using (H;) — (H3) and (2.8) we have

Bhf < 12007 - 50) 7 (> sup BTl +
k=1 %€ q

+erH(2H = 1P (nEle(t) % + BEy(1)[% + 01)) +4AM?||py| 1
HAM? (e H(2H — DV (i Elz(t)[% + AEly(0)[% + 1))

+4M2m Z(qu + €k)

k=1

IA

4M4H (I—S(b

(Z drq + ex) + [Pl 2
k=1

e H(2H = D (g + b + 1) ) + 402 |pa
+4AM* (e H(2H — )b (arq + Big + 1))
HAMPm Y (drg + ex) =11

k=1

Similarly, we have

ERh()x < 4MY|(I—S(b))

(Z drq + ) + [pall o

e H(2H = DF (020 + fog + ) ) + 4] .
+4M2(CHH(2H — DV (a2q + Paq + c2))

—|—4M2m2 qu + ek)) = [s.

k=1

Therefore

Step 2.- N maps bounded sets into equicontinuous sets of PC' x PC.
Let B, be a bounded set in PC' x PC as in Step 1. Let 7,75 € J,7;1 < 7o and
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(z,y) € B,, then there exists f'(t) € Fi(t,z,y), i = 1,2, such that

Elh(n) ~ )l < 1207|S(m) — S(n)||

D (S s BILGR

=1 zeB (0,q)
lprlls + e H2H = DF (n Bla(t)
+AEO) + )

+2E’ /072(5(7'2 —5) = S(m1 = 8))fH(s)ds + /72(5(71 — )\ (s)ds
—i—Z/ﬂ(S(Tz —s)—S(m — 3))011(3,37(8)7y(8))d3f[(s)

+§;/ S(r2 — 5)0}(s,2(s), y(s))dBY (s)
b Y (8t~ )~ Sn — b))+ Y S(r— ) lete))|

0<tr<To T1<tp<T2

From (H;) — (H3) and (2.8), we obtain

2
sup E|h(my) — h(ﬁ)’x

teJ

g12M2H(S(Tg)—S(ﬁ)HQH(I—S H (m sup ZEuk

z€B(0,q)
+wﬁﬁ+@H@H—nwﬂmmnmx+mmmmx+q0
to T2
+12/ (s)ds + 12/ ‘5(7'1 —3)
0 T1

T1 2
+12cx H(2H — 1)t2H71 /
0

2

S(rs —5) — S(r1 — )|| 1 pa(s)ds

2

S(ry—8) — S(m1 — s)|| E|lo*(s,z(s),y(s))|| ds

~—

T2 2 2
+12cyH(2H — 1)(12 — 71)2H1/ S(mo — s)|| Ello*(s,2(s),y(s))|| ds
h 2 2
+12m Z H T —tg) — S(m9 — tk)’ sup E Ik(z))
0<tp<T1 z€B(0,9) X
2
+12m Z S(1y — t ‘ sup E|L(2)|%,
2€B(0,q)

T1<tp<T2
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which gives

2

E’h(m) — h(n)

X

(I=Sb)"

< 12022)/(S(r) — S(m)||

(m sup ZE|Ik Nx + o1z

2€B(0,q)

+@H@H—nw”%mmaM§+mmmmx+qD

T1 2 T 2
+12/ S(my —s) —S(m —S)H pl(s)ds—l—12/ S(TQ—S)H p1(s)ds
0 T1

+12c H(2H — 1)(1p)* ! /072 S(ry —s) — S(m — s) 2<0z1E|x(t)|§(

FAElY(1); + e1)ds)

T2
+12cy H(2H — 1)(ty — t1)2H_1/

T1

+12m Z HS(7'2 —tr) — S(11 — tk)‘ 2

St = )| (Bl + BEROR + )ds)

sup E|Ik(z)|§<

0<tr<T1 2€B(0,9)
2
+12m Z S(Tg—tk)‘ sup E|l(2)%.
T1<tp<T2 2€B(0,9)

Therefore, we arrive at

2

E|h(rs) —h(r)| < 18M2||(S(ty) — S(t1) 2 (I—S(b)~" 2(””62 sup E|L(2)|% + ||lp1]l o

—1 #€B(0,q)

X

+epH(2H — 1)0* (g + Big + Cl))

+12 /OT1 S(my—s) — S(m — s)Hzpl(s)ds + 12 /T:2 S(m — S>H2p1<8)d8

2
<a1q

S(TQ — 8) — S(Tl —S>

to
+12cy H(2H — 1)(t2)2H1/
0

+ﬁ1q + Cl> ds
T2

+12cy H(2H — 1)(19 — 7‘1)2H_1/T S(ty — s)”z(alq

1

+31Q+C1>d5
2
+12m Yy H (19 — tr) S(Tl_tk:)‘ sup E|I,(2)[%
0<tp<ti 2€B(0,9)

sup ]E][k(z)\_zx
2€B(0,q)

+12m Z HS(TQ_tk)‘Q

T1<lp<T2
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Similarly, we obtain that

2

_ 2
E|h(t) — h(t)| < 12M° ( sup ZEW )x + lIpsllz

z€B(0,q) e

(5(72) = 5(m)

HI S(b)

X

+12cy H(2H — 1)b2H(oz2q + Baq + 02)>

+12/0T1 S(ts — 5) — S(t —s)”2p2(s)ds+12/T:2 S(tg—s)Hng(s)ds

F12en H(2H — 1)(t,)2H ! /0 NSt =) = S(r — S)HQ(QQq

+Bog + c2) ds

S(m — s)H2<a2q

T2
+12cy H(2H — 1) (15 — Tl)QH—l/

T1

+52Q+Cz)d5
2 —
+12m 3 ||S( =) = S(n - )| sw BIT()E
0<ty <1 =€B(0.)
2 —
#2m Y |S(—t)| sw L)
T1<tRp<T2 #€B(0,9)

The right-hand term tends to zero as | — 71| — 0 since S() is a strongly continuous
operator and the compactness of S(t) for ¢ > 0 implies the continuity in the uniform
operator topology [37]. This proves the equicontinuity.
Step 3.- (N(B,)(t) is precompact in X x X.
As a consequence of Steps 1 and 2, together with the Arzela-Ascoli theorem, it
suffices to show that N maps B, into a precompact set in X x X. Let 0 <t < b be
fixed and let € be a real number satisfying 0 < € < ¢. For (x,y) € B, we define

h(t) = S(OS(t—( (Zs (b — t) (k) /Sb—s 5)ds

+ZZ/0 S(b—s)o; (s, (8)>y(8))dBlH(s)) + 5(6)/ S(t — 5) 1 (s)ds

0

t—e

#3056 [ Sl = s)olts.a(s).p)dB 5
> S(t—e—ti)Iu(z(ty))

Since S(t) is a compact operator, the set

H, = {h.(t) = (h(t), he(t)) : he € Ne(z,y) for each (z,y) € B,}
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is precompact. Now,

g

Similarly,

h(t) —

h

(1)

2

X

IN

IN

IN

2

3E

X

| st=9r'ea
+3E) Z/t S(t — 8ol (s, 2(s), y(s))dB (s)|

438 S t) (et

t—e<tp<t

¢
3M? / p1(s)ds
t—e

t
+3M2 (e H(2H — 1)1 / (g + g + e1))ds
t—e

2
+3M?*m sup E|li(z
Z 2€B(0,q) ( )

X
t—e<tp <t

¢
3M? / pa(s)ds
t—e

t
32 (cp H(2H — 1)1 / (asq + Boq + c2))ds
t—e

+3M?*(m Z sup E[1(%) 1)

t—et<t 2€B(0,9)

The right-hand side tends to 0, as € — 0. Therefore, there are precompact sets arbi-
trarily close to the set H = {h(t) = (h(t),h(t)) : h € N(z,y) for each (z,y) € B,}.
This set is then precompact in X x X.

Step

hn (1)

4.- N =

(N1, N2) has a closed graph.

Let u, = (T, Yn) — 2 = (Tu, Yu)s(Bny hn) € N(uy,) and (hp, hy) — (ha, hy) as
n — oo, we shall prove that h, € Nj(u,). The fact that h,, € Ni(u,) and h, € No(u,)
means that there exists f) € Spi,,, for each i = 1,2 such that

= S -

+ Z/Sb—salsxn()yn( NdB/ (s

+ Z/ (t — )0l (s, 2n(s), yn(s))d B (s)

( 3 Sb—tk)fk(:cn(tk))+/ S(b— s)f1(s)ds

0<trp<t
/ S(t—s)f,(s)ds

+ > St = te) Ie(wn(tr))

0<trp<t
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First, notice that

O = SO (D Sb =t llwa(t)
00 b
> | 5= )0 .20, ())aBH ()

‘Z/ (t = 807 (s, n(8), yu())ABE (s) = S S(t — i) T(wn(ts))

0<tp<k

— ha+ S (iSb—tk (2 (1))

=1

_Z/St—solsw 5),y(s))dB{ (s)
s Z / S(b— )0t (5, .(5), 4. ())dB{(5))

+ Z S(t — t) Ix( (tk))HPC—>O, as n — 400.
O<tp<k

Now, consider the continuous linear operator I : L?(J, X) — PC defined for each
i=1,2, by

b t
(v (t) = S(t)(I — S<b))_1/o S(b— s)v'(s)ds +/O S(t — s)v'(s)ds.

From the definition of I' we know that

(hn(t) — S(t)( (ZS (b — ti) Lu(z (t1) +Z/ (b—5)0y (5, 2(5), yn(s))dB (s ))
_Z/ (£ — )0 (5, 2 (5), g (5))dB (s O;ts t= ) Iy(@a(ti))) € T(Spi,)

and

Fult) = SO = 50)™ (3250 tTton(w) + 3 [0 wte 150 )

—Z/ (t = )02 (s, 2a(5) ya($))AB (s) — 3 S t—tk)fk(yn(tk))> € (Sp2.)

0<trp<t
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Since u, = (T, Yn) — 2« = (24, y:) and ' 0 S is a closed graph operator thanks to
Lemma 2.4, then there exists f! € Spi,,, for each i = 1,2, such that

ho(t) = S(t)(f—S(b))*l(ZS(b—tk)fk@*(tk))+ / S(b— s)f1(s)ds

+Z/Sb—sal$x*()y*( NdB (s /St—s s)ds
+ Z/ (t — 8)o7 (s, 2.(5), y«(5))dB{ (s) Z St = ti) Ik (tk)).

0<trp<t

Similarly,

m

ha(t) = S@U (Z (b~ t0)Tu(ma () + / S(b— s)2(s)ds

k=

+Z/Sb—801593*()y*( )dBy( /St—5f2

+ Z/St—sal (5,2.(5), y.(5))dB (s) + Z St — tr) Te(ya(tr)).

0<ti <t

Hence (hy, h.) € (N1(us), Nao(uy)), proving our claim. Lemma 2.6 yields that N is
upper semicontinuous.

]

Now, we present our first result on the existence and compactness of solution set
of Problem (1.1).

Theorem 3.1. Assume that F*: [0,b] x X X X — P.,(X) is a Carathéodory map
and (Hy) — (H3) hold as well. Then, Problem (1.1) possesses at least one mild solution
on J. If further X is a reflexive space, then the solution set is compact in PC' x PC.

Proof. Part 1.- Existence of solutions.

We transform Problem (1.1) into a fixed point problem. Consider the multivalued
operator N : PC x PC — P(PC x PC) defined in Lemma 3.2. It is clear that
all solutions of Problem (1.1) are fixed points of the multivalued operator N defined
previously. We shall show that N satisfies assumptions of Lemma 2.11. Since for each
(z,y) € PC x PC, the nonlinearity F* takes convex values, the selection set Spi,
is convex, and therefore N has convex values. From Lemma 3.2, N is completely
continuous and u.s.c.

Let us now obtain some a priori bounds on solutions. Let (z,y) € PC x PC be a
solution of the abstract nonlinear equation € Ny(z,y) and y € No(z,y). Then there
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exists f' € Spi for ¢ € [0,0] for each i = {1,2}, namely

o " S(b— )1 (s)ds + > / 'S0 s)ai (s.2(5), y(5)dBL())

/St—s ds+Z/St—sal (s,2(s),y(s))dB{ (s)
+ ) St = t)I(z(t))

0<trp<t

and

) = ST =56 (SO~ ) Tuly(te)
/ S(b—s)f(s) ds+Z/ (b= s)ot (s, 2(s), y(s))dBf! (s))

/ S(t— ) f2(s) ds+2/ (t — s)o2(s, 2(s), y(s))dBH (s)
+ ) St — te) Te(y(te).

O<trp<t

We first obtain an estimation for the third part,

b
S —tp) Ik (x(ty)) + /0 S(b—s)f'(s)ds

Ms

Elz(t)% = E’S(t)([ S(b (

k=1

£3 [ 50— 910,95 () +/0t5(t—s)f1(8)ds

+Z/ (t —s)o} (s, z(s),y(s))dBf( ZSt—tklk ))

0<tp<t

IN

12M4H(I S(b H <m (diE|z(t) % + ex) + |Ip1]l
k=1

e HRH — D (Bl + BBy + ) ) + 40 |p
FAM2 ey H(2H = 10 (o Ela(t)  + BEly(1) + 1)

HAMPm Y (diElz(t) X + ).
k=1
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Similarly,

Blyof < 12007 = 56) | (m S @B + 70 + ool

k=1
tenH(2H — D! (0oBle(t)f + BEl(0) +e2)) + 40 a0
FAMPe H(2H = )P (0oBla(t) i + BEI(0 + )

HAMPm Y (dREly(t)% + )
k=1

Consider the function pu, 7t defined on J by
u(t) = sup{Ela(s)[ : 0 < s <t} and 7i(t) = sup{Ely(s)% :0 < s < ¢},

This implies, for each t € J,

pl) < 1200 (1= $E) | (m D dunt) + ) + ]l

—

k
e H(2H — 10 (o a(t) + Bi7(t) + 1) ) + 4M2p | 1
+4AM?* (cg H(2H — D)0* (o pu(t) + Bifa(t) + ¢1)

+4M*m Z(dk,u(t) + ex)
k=1

= 120M°||(1 — S(b)!

2 — 2H
(m > e+ Ipiller +enHEH = 1)5ey)
k=1

+u(t) (12M4mH(I — S(b)!

2 m
O di + cnH(2H — 1)6*" ay)
k=1

HAMP ey H(2H — 1) oy +4M°m Y dk)
k=1

() (12M4H(1 — S(b))!

There exist constants K, K ; for each j=1,2,3 defined as follows
2 m
K, = 12M4H([ —S(b)! H <mz e+ |pallos + e H(2H — 1)52%1)
k=1

and

Ky = 4M*|(I — S(b))*

2 m
(m Y " dy + ey H(2H — 1)0* o)
k=1

25

2
e H(2H — D013, + AMP e H(2H — 1)b2Hﬁl>
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+AM (cg H(2H — 1) ay +4M°m ) " dy,

k=1

and

2
Ky = 12m]\/[4H(I —SO) Y| enH2H — )08, + AM (e H(2H — 1) 3.

Similarly,

2 m
(mzék + |2l + e H(2H — 1)b2H02>

fi(t) < 12M%|(1—S(b)~"

+ 7(t) (12M4 (I—Sb)™! Q(miak + e H(2H — 102 3,)
k=1

+ AM(cyH2H — DB 6, +4M> Y Ek>
0<trp<t
2
+ o) <4M4 (I —SO) Y| enH@H — 1) 0y + 4MAcy H(2H — 1)b2Ha2)

where

— 4 E 2H
K. = 12mM H(I-S(b))— H ( 3" et llpallos + e H(2H —1)b 02>

0<tp<t
and

— 2
Ky = 12M4H(I — SO enH@H — )0 0y + AM ey H2H — 1) ay

and

Ky = <12M4

‘(1 —S(b)t Q(mZEk + ey H(2H — 1)62H52)>
k=1

AP (CHH(2H — )6 B, + AM?m zm: Ek) .

k=1
On the other hand,

Thus, we have
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the maximum being taken componentwise, and 1?2 is a suitable value lower than 1
K=K +K, Ky,=max{K,+ Ky Ks+ K3} <1.
Thus
Elz(t)]x +Ely()x < M,

and, consequently,
|zl[pe < M. and [ly|[pe < M..

Let
U={(z,y) € PCx PC :|a|pc<M.+1 and |y|pc <M.+ 1}

and consider the operator N : U — P.op(PC x PC). From the choice of U, there is
no (z,y) € OU such that x € ANy(x,y) and y € ANy(x,y) for some A € (0,1). As a
consequence of the Leray and Schauder nonlinear alternative (Lemma 2.11), we deduce
that N has a fixed point (z,y) in U, solution of Problem (1.1).

Part 2.- Compactness of the solution set. Let
Sp={(z,y) € PCx PC: (z,y) isasolution of Problem (1.1)}

From Part 1, Sp # () and there exists M, such that for every (z,y) € Sp,||z]|%c <
M, and ||y||%- < M,. Since N is completely continuous, then N(Sr) = (N1(Sp1), Na(Sp2))
is relatively compact in PC x PC. Let (z,y) € Sg then (x,y) € N(x,y) and
Sp C N(Sp). It remains to prove that Sr is a closed set in PC'x PC. Let (2, y,) € Sp
such that (z,,y,) converges to (x,y). For every n € N, there exists v’ (t) € F'(t, Ty, Yn)
a.e. t € J for each ¢ € {1,2} such that

zalt) = SO = SO (DS =t i(a(te))

/ObS(b_S ds—f—Z/ b—saltxn()yn( ))de()>

+ [ s- ok d8+z/ (t = )0} (5, 70(s). yuls))dB{ (5)
+ Z St —te) In(wn(te)),

0<trp<t
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and

(S(b =) Tk(yn (tr))

NE

balt) = SO =S®)7(

B
Il
—

b b
—l—/o S(—s)vi(s)ds+2/0 S(b—s)alz(t,a:n(s),yn(s))dBlH(s)>

-I—/O S(t — s)vi(s)ds + Z/o S(t — 8)oi (s, 2,(8), yn(5))dBf(s)
+ Y St = ) Tk(yaltr)-

0<tp<t

(H,) implies that for a.e. t € J, |[v.|x < pi(t), i =1,2, hence (v} ),en is integrably
bounded. Note that this still remains true when Sr is a bounded set. Since X is
reflexive, by Theorem 2.1, there exists a subsequence, still denoted by (v?),cn, which
converges weakly to some limit v* € L?(J, X). Moreover, the mapping I' : L*(J, X) —
PC' defined by

is a continuous linear operator. Then it remains continuous if these spaces are endowed
with their weak topologies [10]. Therefore for a.e. t € J, the sequence (z,(t), y,(t))
converges strongly to (z(t),y(t)) and by the continuity of (I, I}) (which we assumed
in (H3)) it follows that

a(t) = S(t)(f—S(b))’l( > (SO —tn)Iu(x(t))

+ [ S(t—s)v'(s)ds + [ S(t — s)o} (t,x(s),y(s))dB (s)

J | a5

+ [ S(t—s)v'(s)ds + S(t — s)a} (s, x(s),y(s))dB} (s)
/ > y

+ Y St = tr) Iz (),

0<trp<t
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and

y(t) = SO =S5O (SO - t)Tely(®n)

0<trp<t

/St—s ds—l—Z/St—sal (t,2(s). u(s))dB{'(s))

+/0 S(t—s)v ds+Z/ (t — 8)o? (s, x(s),y(s))dB} (s)
+ j{: St — tr) Te(y(ts))-

0<tp<t

Now we need to prove that v'(t) € F'(t, z(t),y(t)), for a.e. t € J. Lemma 2.9 yields the

k(n)

existence of constants o' >0, j =1,2...,k(n) and ¢ = 1,2 such that Zaf‘ =1 and
j=1

the sequence of convex combinations g¢- (. Za ) converges strongly to some

limit v* € L*(J, X). Since F" takes convex values, using Lemma 2.8, we obtain that

vi(t) € m {gi(t) : k>n}, ae teJ

n>1

(@{vi(t), k>n}

n>1

(el | F(tan(t), e (1))}

n>1  k>n

N

N

C co{limsup F'(t, ;. (t), yr(t))}. (3.2)

k—o0

Since F* is u.s.c. and has compact values, then by Lemma 2.7, we have

limsup F'(t, 7, (1), yu(t)) C F'(t, 2(t),y(t)) forae teJ.
This and (3.2) imply that v*(¢) € eo(F*(¢,x(t),y(t))). Since, for each i = 1,2 , F'(.,.)
has closed, convex values, we deduce that v'(t) € F'(t,z(t),y(t)) for a.e. t € J, for
each i = 1,2 as claimed. Hence (z,y) € Sp: which proves that Sgi, for each i = 1,2, is

closed, hence compact in PC' x PC.
m

For the next result we can prove the a priori estimates of solution for problem (1.1)
by similar arguments to those used to prove Theorem 3.1 in Djebali et al. [18], so we
omit the proof.
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Theorem 3.2. Assume hypotheses in Lemma 3.2 hold, but replacing (H), (Hs) by the
next ones:

(H,) There exist positive constants o; and B;and c; for each i = 1,2 and 1,7y € [0,1)
such that

Ello* (t.x.9) [ < an(Ele|x)" + A(Elylx)" + e,
Ello*(t.2,9)| < as(Elr|x)" + Ba(Elylx)™ + ex

and b
Z/ ||Uzl(t7w,y)||%o dt < oo
1=1 70 Q

for all X —valued stochastic processes x, y € X andt € J.

(Hs) There exist constants di,dy > 0 and ey, e > 0,v, 7 € [0,1) for each k =
1,....m such that

L)l < duBlalt + e BTl < LBlyl% + o,
for all X-valued stochastic process x,y € X.

Then, Problem (1.1) has at least one mild solution.

3.2 The nonconvex case

Now we present a second result for the problem (1.1) with a nonconvex valued right-
hand side. Our considerations are based on a multivalued version of Perov’s fixed point
theorem proved by Petre and Petrusel [39] (see also Ouahab [35]).

Definition 3.2. Let (X, d) be a generalized metric space. An operator N : X — X is
said to be contractive if there exists a matriz M convergent to zero such that

d(N(x),N(y)) < Md(x,y) for all z,y € X.

Theorem 3.3. Let (X, d) be a generalized complete metric space, and let F' : X —
Pa(X) be a multivalued map. Assume that there exist A, B,C € M x,(Ry) such that

Hy(F(x), F(y)) < Ad(z,y) + Bd(y, F(x)) + Cd(z, F(z)) (3:3)
where A+ C' converge to zero. Then there exists v € X such that v € F(x).

Let us introduce the following hypotheses:

(H4) Fi:J x X x X — P (X); (t,y) — F(t,z,y) is measurable for each (z,y) €
X x X.
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(H5) There exist functions a;, b; € L*([0,T],R™) such that

{ Hsl(Fl(t7mvy>7Fl(t=f )) al@)lx_fg( +b1(t)|y_y|%(
T

))<=
HE, (F2(t,2,y), (£, 7,7)) < ax(t)]z — Z[% + ba(t)ly — l%

with ‘
dz(oa Fz(t7 07 O) < az(t)
forall z, y, 7,y € X for each 1 =1,2

(H6) There exist functions oy, 3; € L'([0,T],RT) for each i = 1,2 such that

{ ot (t, 2, y) — o (t
t

o WP < an(t)llz =21 + Bu()]ly — 7>
lo*(t, z,y) — o*(

LY
T, %)H2 < ag(t)[lz = 7|1 + Ba(t) ly — II?
forall z, y, 7,y € X and t € J.
(H7) there exist constants dj, > 0 and d, > 0, k = 1,...,m such that
k() = L(@)[% < dilz — 7%

and B B B
1i(y) — (@) < dily — 7l

forall z, y, 7,y € X.

31

Theorem 3.4. Assume that hypotheses (H4)-(H7) are fulfilled, and let Ay, As, By, By

be defined by

3ml|(1 = SO) M Y di+3M(|(I = S®) 7l o2
k=1
Ay =2M | +3M2||(I = S(b))"|2eu H(2H — DBy || 1

Hlasllp + e HQRH — DT on || +m Y dy,
k=1

[o1[lzx + 3MZ||(T — S(0)) " |Pen H(2H — D)o By 12

Ay =2M
’ Hbillor + en H(2H — 1) By o1

3ml|(I—S(0)7H 2 di +3M?||(I — S(b)~"|*az]|
k=1

By = 2M | +3M2||(I — S(b)) " |2cyp H(2H — 1)b2H 1 || 1

Hlasllpr + cnH2H — DT as|lpr +m Y dy

\
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and

[b2]| 1 4 3MP||(I — S(0)) " |Pea H(2H — 1)0* 1| By | 11
b2l 2t + ca H(2H — 1)0*7 1| By 1 '

(A Ay
Map = (31 Bl)

converges to zero, then problem (1.1) has at least one mild solution.

BQZ2M

If the matriz

Proof. In order to transform the problem (1.1) into a fixed point problem, let the
multivalued operator N : PC' x PC — P(PC x PC) be defined as in Lemma 3.2. We
shall show that N satisfies the assumptions of Theorem 3.3. Note that (H4) implies
that I, for each ¢ = 1,2 has at most linear growth, i.e.

E[F'(t,z,y)l%x < ai(OE[zlx + b(0E[y[%
fora.e. t € Jand all z,y € X

(a) N(z,y) € Py(PC x PC) for each (x,y) € PC x PC . The proof is similar to
that in Theorem 3.1, Part 1, and is omitted.

(b) There exists M, 3 € May2(Ry) convergent matrix to zero, such that

Hd(N(xvy)v N<T7 y)) S Ma,ﬁ (Hz : ;H}iz) ’ for all T, yafay € PC.

Let z,y,7,y € PC and h; € Ny(x,y), i = 1,2. Then there exists f'(-) € Spi, such
that for each t € J, we have

m

hi(t) = SO = SO) (38— t) = (1))

k=1

b © b
+/0 S(b—s)f(s)ds + Z/o S(b—s)aj(t, z(s), y(s))dBlH(s)>

+/0 S(t—s)f'(s)ds + Z/o S(t — s)oj(t,x(s),y(s))dB{ (s)
+ Y St — ) Lk(Z (1)

O<tp<t

where

Ik(;(tk)) = Ik(l‘(tk)), and Eﬁ(;(tk» = Tk(y(tk)), k= 1, e, .

) < a(tElz —Z[% + bi(HEly — Y[k, ae te€
) < as(H)E|x — 7% + b (DE|y — 7|3, ae. t e
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Hence there is (w,w) € F'(t,z(t),y(t)) x F(t,z(t),y(t)) such that
E[f'(t) - wk < ai(t)Elz — Tk +b(Ely —F[%, te€J,

and
E|f*(t) — w|* < as(t)Elz — |5 + bo()Ely — 7%, t€ L

Consider the multivalued maps U; : J — P(X), i = 1,2 defined by

Ui(t) = {w € F'(t, (1), (1)) : E[f*(t) —w|* < ar()Elz—F|% +bi () Ely—7[k a.et € J}
and

Ua(t) = {w € F*(t, (1), () « E|f*(t)—0]* < as(t) Elo—T|%+b2(t) Ely—7l%, a.et € [0,0]}

that is Uy = B(f*(t),a1()E|lz — 7|3 + bi()E|ly — 7|%) and Uy = B(f2(t), ax(t)E|x —
Z|% +b2(H)Ely—7|%). Since f%, a;, b;, x,y, T,y are measurable for each i = 1,2, Theorem
I11.4.11in [12], ensures that the closed ball U; is measurable. In addition (H4) and (H5)
imply that for each (x,y) € PC x PC and F'(t,z(t),y(t)) is measurable. Finally, the
set Vi(.) = U;(\) N F'(.,z(.),y(.)) is nonempty. Therefore the intersection multivalued
operator V; is measurable with nonempty, closed values (see [25]), there exists a function

F'(t) which is a measurable selection for V;(.). Thus

T(t) € Fi(t, (), 5(t)) for ae. t € J.

Hence
E[f'(t) = F ()% < a1(DE|z — % + bi(DEly — 5%, for ae. t € J.
and
E|f2(t) — T (0)[% < ax(t)E|z — % + bo(t)Ely — 5%, for ae. t € J.
Therefore
Ru(t) = SO - 50) (S50~ 1) (1) /Sb—s

k=1

+Z/Swwmmmm i) + [ -7

+Z/ (t — )i(t7(s), ()dBE(s) + 3 S(t — t) Tn(Z (1)),

0<tp<t
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This implies that

Then

Elhy(t) — ha ()%

:E’S(t)([ S(b (

Ms

S(b—ty))Ip(x(tr))
k=1

b
—l—/o S(b—s)f'(s)ds + Z/o S(b— s)o} (t,2(s), y(s))dBlH(s)>
—l—/o S(t —s)f (s)ds + Z/ S(t — s)oj (t,x(s),y(s))dB{ (s)

+ Z St —te) Iu(x(t)) — S(t)( (f: (b— ) 1 (T(tr))

0<tp<t k=1

/ObS(b—s ds—i—Z/ (b—s)o} (t,7(s),5(s))dB{ (s ))

e}

- [ st =97 @as =3 [ (= s)ae7(:). 5B o

=1

= 3 S0 - @)

O<tp<t

Elha(t) = (t)[%

< 4E‘S(t)([ S(b (Z — ) (I (z(tr)) — Ix(T(tr))

+4E‘/ (t— 9 7 (s))ds|
a5 Z [ 5t = 9ol .2(6)5(5) o 0.506). 7698 5|

+4E\ S 80— 1) (Tu(a(t)) — Tu(E (1)

O<tp<t
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From (2.8) and (H5) — (H8),

Elh(t) = a(t)[x < 12M*m||(1 = S0) 7' Y diBla(ty) — T(t)[5

w2t - s ([ a6slets) - 7o)

+h1(5)Ely(s) = 7(s) )

FL2M (1 — () Pen HH — 15 /0 ' ar(9)Ela(s) — T(5)2
+ 1 ()Ely(s) — 7(s)ids)

+4007( [ an(5)Ela(s) = T6) + (5Elu(s) — 7))

+4MPep H(2H — 1)p*"! /0 ar(s)Elz(s) — Z(s)[x + Bu(s)Ely(s) — 7(s)[x ds

+4mM? Y " diElx(ty) — T(t) %
k=1

Taking the supremum, we have

sup [ (¢) —h(t)x < AM? <3m||(f = SO)7M 7D i+ 3M|(1 = S(0) 7P| aull s

€ k=1

+ BMP|(I = S(O) T Pen H2H — D0* o

+ lay || + ca H(2H — 1)b* 7 |ay || + mde> sup E|z(t) — z(t)[%
1 teJ

A0 ([l + 32 = S(8) e H(2H — 18y 1

Hllballzr + enH(2H — 1)b2H_1||51||L1> SU§E|y(t) — ().
te

Hence

Ih1 = hillpe < Aillz = Z||pe + Azlly — Yl e,
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and similarly

stuglElhg(t) —ha(t))x < 4AM? (3mll(f —Sb)7 P Z dy + 3M?||(1 — S(b) 7" |*[laz|| s

€ k=1

+ 3M?||(I - S(0) M PerH(2H — 1)b* | ag|| 11

+ las|n + e H(2H — D67 o[ 11 + mz cﬁ) sugEly(t) —7(t)|%
k=1 te

+4MQ(||52||L1 +3MP|[(1 = SO) " PenH(2H = 15|31

+|b2||pr + ey H(2H — 1)sz_1||ﬁ1||L1> su§E|x(t) —z(t)[%.
te

Therefore
lhe = hallpc < Billz — Z| pc + Bally — 7llpc.

By an analogous relation, obtained by exchanging the roles of x,y and Z,7, we
finally arrive at

o r—
Hd(N($7y)7 N(I’,y)) < Mavﬁ (”“y — y”;g) ’

_ (A A
e ().
Since M, g converges to zero, thanks to Theorem 3.3, we can ensure that N has a
fixed point (z,y), which is a mild solution to (1.1). O

where

4 An example

In this section we use the abstract results proved in the above section to study the
existence of mild solution for an impulsive Stokes differential inclusion.

Let D C R? be a bounded open domain with the smooth boundary 0D and and let
n(x) be the outward normal to D at the point z € 9D. Let

X ={ue (C*D))?*:Vu=0in Qand n-u=0on dD},
and let E = Y™ be the closure of ¥ in (L*(D))3. Tt is clear that, endowed with
the standard inner product of the space (L?(D))3, defined by

3

(u,v) = Z(ui,vi>L2(D),

=1
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E is a Hilbert space. Let P : (L*(D))> — X denote the orthogonal projection of
(L*(D))? onto X.

Consider the following system of impulsive stochastic Stokes type partial differential
inclusions:

( P(Aw) € F(t,ult,z),v(t,z)) + al(t)%, ace te0,b], zeD,
P(Av) € G(tult,z),v(t,z)) +oa(t) 22, ae. te[0,b], v €D,
(tJr ) (tkv ) = £k<u(tk7x))7
v(thz) — vty ) = Tp(v(ty,z)), k=1,....m
Vu = Vv =0, (t,z) € [0,b] x 0D
u=1v=0, (t,z) € [0,b] x 0D
L u(0,2) = u(b,x), v(0,2) = v(b, x) xeD,

(4.1)
where P(A) is the Stokes operator. Let A: D(A) C X — X defined by

{D(A) = (H*(D)NH)D))*NnX
Au = —P(Au), ue D(A).

Lemma 4.1. (Fujita-Kato)(Theorem 7.3.4, [36]) The operator A, defined as above, is
the generator of a compact and analytic Cy-semigroup of contractions in X.

Let us assume that

(K1) Let f;,9;:0,0] x D xR xR — R, i=1,2 are functions such that
filt,z,u,v) < folt, z,u,v), gi(t, z,u,v) < go(t, x,u,v), for all (t,z,u,v) € [0,b]x DxRxR.
(KC2) there exist ¢, 1; € L'([0,0], R,) N L>([0,0], R, ) such that
|fi(t, z,u,v)| < ¢i(t) and |g; (¢, z, u,v)| < y(t), i =1,2
for each (¢,z,u,v) € [0,b] x D x R x R.
(K3) fi,q1 are Ls.c and f,, g are u.s.c.

(K4) The function o, oy : [0,b] — L (K, H) is bounded, that is, there exists a positive
constant L such that

b
/ ||O'i(8)||%%d8 <L; i=1,2.
0

Lemma 4.2. [13] Let f;,g;: [0,0] x D x Rx R —= R, i = 1,2 be functions satisfying
(Ko) — (K3). Let F : G :[0,b] x L*(D) x L*(D) — P(L*(D)) be multivalued maps
defined by

F(t,u,v) ={f € L*(D) : f(x) € [fi(t,7,u,v), fat, 2, u,v]}
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and
G(t,u,v) = {g € L*(D) : g(x) € [g1(t, z,u,v), g2 (t, 7, u,v)])}.

Then F and G are nonempty, u.s.c. with weakly compact and convex values. Moreover

F(.,.,.),G(,.,.) € Pupe(L*(D)).

Let
z(t)(€) = u(t,§) teJ §eD,
N s _
k(x(tk))_Kk1+|u(t; .)|X, fED, k—l,...7m,
Ik(y(tk)) :Kkl—:)filz;f;’f))b(j 5697 k:17 , M,

2(0)(§) = u(0,€) = u(b, §) = x(b) (&), y(0)(§) = v(0,§) = v(b,&) =y(b)(§) €D,

where Ky, Ky € R, k=1,...,m. Assume that (K;) — (K4) are satisfied. Thus problem
(4.1) can be written in the abstract form

(W) — Ae(t) € Fi(ta(t),y(t )+01(t)d§t§, telob
V(1) — Asy(t) € Fa(t,z(t), y(t)) + oa() 2L, t € [0,8],
o(th) —a(ty) € Iu(x(t)), (4.2)
I<O = Ty, y(O) = %Yo
where A; = Ay = A. Since for each k = 1,...,m we have

N
1+|ZL‘|X X

(@) = [Kir— | < IR o) = |

<|Ky|, forallz € X.
k1—|—|$|X)X_ < K|

Then, Theorem 3.1 ensures that problem (4.1) possesses at least on solution.
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