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Abstract

Let I1I5 denote the fragment of Peano Arithmetic obtained by restricting the
induction scheme to parameter free I, formulas. Answering a question of R.
Kaye, L. Beklemishev showed that the provably total computable functions
of ITI; are, precisely, the primitive recursive ones. In this work we give a new
proof of this fact through an analysis of certain local variants of induction
principles closely related to ITI; . In this way, we obtain a more direct answer
to Kaye’s question, avoiding the metamathematical machinery (reflection
principles, provability logic,...) needed for Beklemishev’s original proof.

Our methods are model-theoretic and allow for a general study of I1I,
for all n > 0. In particular, we derive a new conservation result for these
theories, namely that 11, is II,;p—conservative over I3, for each n > 1.

Keywords: First order Arithmetic, conservation results, parameter free
induction, primitive recursive functions.
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1. Introduction

An important notion in studying the computational content of a fragment
of Arithmetic is that of its provably total computable functions. A number—
theoretic computable function f : N¥ — N is said to be a provably total
computable function (p.t.c.f.) of a theory T, written f € R(T), if there is a
¥, formula ¢(%,y) such that:
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1. ¢ defines the graph of f in the standard model of Arithmetic N; and
2. TEVZIyo(Z,y).

Since it was introduced by G. Kreisel in the 1950s this notion has been
widely studied, and nice recursion—theoretic and computational complexity
characterizations of the sets R(T") have been obtained for a good number of
theories T'. For instance, by a classical result due independently to G. Mints,
C. Parsons and G. Takeuti, the class of p.t.c.f. of the scheme of induction
for ¥;—formulas I3 equals to the class of the primitive recursive functions
PR. Indeed, all classes R(IX,), n > 1, can be characterized in terms of
the Fast Growing Hierarchy up to the ordinal g5. As for weak fragments
below 1Y, their p.t.c.f. have been characterized in terms of subrecursive
operators (bounded recursion, bounded minimization, ...) as well as in terms
of computational complexity classes. In fact, their classes of p.t.c.f. have
been intensively investigated in connection with important open problems in
Complexity Theory, mainly in the context of Bounded Arithmetic.

In spite of the wide range of the theories considered, a number of uniform
methods for characterizing the p.t.c.f. of an arithmetic theory are available.
E.g. Herbrand analyses as developed by W. Sieg in [13], S. Buss’ witnessing
method [5] or, in general, proof-theoretic techniques using Cut elimination
theorem. However, for some particular fragments of Peano Arithmetic none
of these standard methods seems to be applicable. Of special interest is
the case of the scheme of parameter free IIy-induction, I1I;, given by the
induction scheme

Ip: @(0) AV (p(2) — @z +1)) = Voe(r),

restricted to ¢(x) € TI; (as usual, we write p(x) € I'" to mean that ¢ is in
' and contains no other free variables than z). Since I¥] C ITI; and I%,;
is Yz—conservative over X, [10], it follows that every primitive recursive
function is provably total in I1I;; and R. Kaye asked whether the p.t.c.f.
of Ill; are exactly the primitive recursive ones. This question remained
elusive until [4], where L. Beklemishev gave a positive answer using modal
provability logic techniques. Although quite elegant, Beklemishev’s answer
only provides an indirect solution. Firstly, he reformulated III; in terms
of local reflection principles (reflection principles in Arithmetic are axiom
schemes expressing the statement that “if a formula ¢ is provable in a theory
T then ¢ is valid”). Secondly, he derived the result as an application of a



conservation theorem for local reflection principles whose proof leans upon
properties of Godel-Lob provability logic GL.

In this work we obtain a more direct answer to Kaye’s question, avoiding
the metamathematical machinery needed for Beklemishev’s proof. In fact,
our proof that R(III;) = PR will follow the lines of standard arguments
for characterizing classes R(T'). Let us consider, for instance, a proof that
R(I%1) = PR. Such a proof typically proceeds in two steps.

e Step 1: IY is Ilo—conservative over the inference rule version of the
principle of ¥;-induction ¥;-IR. So, R(/¥;) = R(3;-IR).

e Step 2: Applications of ¥;1—-IR correspond to applications of the prim-
itive recursion operator.

The main obstacle to apply this argument to ITI; is that there is no simple,
direct argument to reduce [II; to an inference rule version of it. Here we
solve this problem by showing that ITI; is equivalent to (X5, Ks), a certain
local version of the parameter free Yo—induction scheme where the elements
x for which the induction axiom claims ¢(x) to hold are restricted to be Yo
definable elements. Equipped with this result, it is easy to obtain that ITI;
is II, (in fact, II3) conservative over the corresponding local inference rule
version (2q, Ky)-IR. Then, we show that applications of (33, K2)-IR corre-
spond to (restricted forms) of the iteration operator and thus all functions
in R(I1I1;) are primitive recursive.

Local induction schemes and local induction rules play a crucial role in
our methods. Interestingly, these local subsystems can be applied in con-
siderable generality to study fragments of arithmetic. Actually, in this work
we also make use of these ideas to develop a general study of the theories
III, ; for all n > 1. As a result, we are able to give new proofs of some
well-known results on these fragments as well as to obtain a novel conser-
vation result. Namely, we prove that 11, is II, o—conservative over 1%,
for all n > 1. This improves on a previous result by Beklemishev in [4]
where conservativity between these theories with respect to boolean combi-
nations of ¥, 1—sentences was established, and closes a notable gap in our
understanding of relationships between the standard fragments of arithmetic.

2. On Local Induction

In this section we give a precise definition of the auxiliary schemes that
will be central in our analysis of the class of p.t.c.f. of ITI;. We work in the
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language of first—order arithmetic £ = {0, S, +, -, <} and define the formula
classes Ay, >, and II, as usual. For a class I' of formulas, IT is the theory
axiomatized over Robinson’s ) by the induction scheme, I, restricted to
formulas ¢(x) € I'. If free variables other that x are not allowed, we write
o(x) € I'” and, accordingly, IT'~ denotes the theory axiomatized over @) by
the axioms I,,, for p(z) € T'~.

The schemes we are interested in are local variants of the usual induction
scheme in a sense that the conclusion of the induction principle is no longer
assumed for every element in the universe but only for a certain subclass of
the universe. More precisely, we define:

Definition 1. For everyn > 1, I(X,,K,) is the theory given by I A together
with the scheme

p(0) AV (p(z) = p(z +1)) —
— YV, 29 (0(x1) A d(22) = 21 = 22) — Vo (§(z) — ¢(x))

where ¢(x) € ¥, and 6(x) € X . The natural inference rule associated to
this scheme, denoted (%, K,)-IR, is given by:

p(0) AV (p(r) = p(z +1))
YV, g (0(z1) A 6(xe) — 1 = x9) — Va (6(x) — p(z))

where 6(x) € X and p(x) € X,. Finally, if we restrict the scheme to
o(x) € X, we obtain the parameter free counterpart of 1(3,,1C,), denoted

n?’

(2, K,).

Remark 1. Firstly, let us recall that, given a model A, K, () denotes the
set of elements of A that are definable in A by a formula 6(x) € 3,. This
explains why K, appears in our notation for these theories. Secondly, if
A =13, then K,(A) <, A (i.e. Kp(RA) is a I, —elementary substructure
of A). This property plays an important role in what follows and it is because

of it that some of our results on 1(%,,K,) are obtained over I3 | instead
of over IA.

A key fact is that (3, IC,) provides an alternative formulation of I1I
for every n > 1:

Lemma 1. Over 1Y

n—1’,

I = 1(S5,K,).



Proof. (): Suppose & |= I, and A = ¢(0) A Vz (p(z) — o(x + 1)), with
o(x) € 3,. Let d(v) € ¥, defining some element in A, say a. Towards a
contradiction, assume 2 [~ Vo (6(z) — ¢(x)). Then, A = —p(a). Define
0(z) to be Yv (6(v) — —p(x —v)). Clearly, A = 0(0) AVz (0(x) — 0(z +1)).
By I1I, 2 |= 6(a) and so A = —¢(0), which is a contradiction.

(H): Suppose 2 = I(X,,K,) and 2 = ©(0) AVz (p(z) — ¢z + 1)), with
p(x) € TI;. Assume 2 = Jz—p(x). Since A = IX |, K, (~A) <, A and
there is a € KC,, () such that A = —p(a). Let d(v) be a ¥,, formula defining
the element a and let #(x) be Jv (6(v) A =p(v — x)). Clearly, 2 = 6(0) A
Vo (0(x) — 0(z+1)). By I(X,,K,), A =Vz (6(x) — 6(z)) and so A = 0(a).
Thus 20 = —¢(0), which is a contradiction. O

Given a theory T and an inference rule R, we denote by [T, R| the closure
of T under first order logic and unnested applications of R. We denote by
T + R the closure of T" under first order logic and (nested) applications of
R. Therefore, T+ R = ¢, [T, Rlx, where [T, R]o = T and [T, R]y41 =
7, By, R).

The first step in the analysis of 115 is a suitable reduction of I(Xs, KCs)
to a fragment defined by the rule (X, K2)—IR. Indeed, the following general
result holds for each n > 1.

Proposition 1. Let T be a I1,, o -aziomatizable theory. Then, T+ 1(3,,K,)
is 11,41 —conservative over T + (X, IC,)—IR.

Very conveniently, this reduction can be carried out by the same tools used
to derive the reduction of I3 to ¥1-IR (e.g. by adapting the cut—elimination
argument used in [3] to derive a similar reduction for the Collection scheme).
Alternatively, here we give a model-theoretic proof following the methods
developed by J. Avigad in [1], who in turn builds on previous ideas of A.
Visser (unpublished) and D. Zambella [14]. In [1] Avigad introduced the
notion of a Herbrand saturated model and showed that this notion provides
us with an unified method to prove V3-conservation over universal theories.
Here we consider a hierarchical version of that notion that yields an unified
method to prove 11, ,;—conservation over Il o-theories.

Definition 2. We say that a model of a theory T, U, is a ¥,+1—closed model
of T if for every model of T, ‘B,

A=<, B =A<, B.



In words, A is a X,,.1—closed model of T if every II,~formula that can
be satisfied in a II,—elementary extension of 2 which is a model of T' can
be already satisfied by an element of 2. It is easy to show that X,.,—
closed models exist for every n. In fact, by a rather standard union of chain
argument it follows that if T is a II,,.—axiomatizable theory, then every
model of T" can be II,,—elementary extended to a X, 1—closed model of T. As
a consequence, the following version of theorem 3.4 of [1] holds.

Lemma 2. Suppose Ty is I, s—azxiomatizable. In order to prove that T
15 11,41 —conservative over Ty it is sufficient to show that every X, —closed
model of Ty satisfies T7.

Next lemma is an analog of theorem 3.3 of [1] and states the key property
of ¥,,11—closed models for proving conservation results.

Lemma 3. Suppose U is a ¥,,11—closed model of T, p(v) € 1,41 and a € 2.
Then

AEpla) = TEPww) = pv),
for some (v, w) € II,, such that A = 1(a,b) for some b in A.

Proof. 1t follows from the X, ;—closedness condition that 7'+ Dy, ()
¢(a), where Dy, () denotes the II,,—diagram of 2, i.e. the set of all II,—
formulas (possibly with parameters) valid in 2. Now the result follows by
compactness. ]

We are now in a position to give a proof of Proposition 1.

Proof. Suppose that 2 is a ¥, ;—closed model of T+ (X, K,)-IR and 2 |=
©(0,b) AVz (p(x,b) — o(x + 1,b)), with ¢(z,v) € ¥,. Consider a € I, ()
and d(z) € ¥, defining a. We must show that A = ¢(a,b). It follows from
Lemma 3 that

(T + (3., Ko)-IR) F (v, w) — ¢(0,v) AVz (o(x,v) = p(x + 1,v)),

with ¢ (v,w) € I, and A | ¥(b,c) for some ¢ € A. Put 0(z,v,w) =
(v, w) — @(x,v). Clearly, € 3, and (T + (X,,K,)-IR) proves the an-
tecedent of the induction axiom for 6 and so 2 |= Vv, w, z (0(z) — 0(z,v,w)).
Thus 0(a, b, c) is valid in 2 and hence so is ¢(a, b). O

Combining Lemma 1 and Proposition 1, we get

Corollary 1. I1I; is ll3—conservative over 137 + (33, Ko)—IR.



3. Local Induction and Restricted Iteration

Next step in our analysis is to show that applications of (X9, Co)-IR
correspond to (a restricted form of) the iteration operator. To this end, we
shall consider extensions of £ obtained by adding a finite set of unary function
symbols, F = {fi,..., fu}, and a (finite or countable) set of new constant
symbols, C'. Through this section we consider a fixed set of constants, C,
and we will denote by Lz the language £+ {f1,..., fn} + C. If g is a new
unary function symbol then £z, will denote the language Ly, . 1..41-

Definition 3. Let f € F be a unary function symbol and let T be an Lx—
theory. We say that f is an iterable non decreasing function over T' if the
theory T' proves:

Vay, g (v1 < 22 — fz1) < fla2)), and Vz(2® < f(z))

Let ¥§ = IIJ be the class of bounded formulas of L. Classes 7, | and
I17, are defined as usual. The theory IZ] is the Lr—theory axiomatized
over IAq by

e The induction axiom I, for each formula ¢ € ¥, and
e Axioms for each f € F:
Vay, zo (11 < 29 — f(21) < f(22)), and Va (22 < f(x))

This is a basic theory to deal with the iteration of f and to guaran-
tee the usual properties of the iteration of a nondecreasing function with a
[T} ~definable graph. The basic facts provable in this theory were stated in
[6]. Next result collects together the facts that we shall need in the present
context.

Proposition 2. For each f € F there exists a formula IT;(z,x,y) € XF
such that the following formulas are theorems of I%F :

L IT(z,x,y1) ANITy(2,2,92) — y1 = Yo.

([Tf(()?xvy) X = y) A ([Tf(laxay) = f(ZC) = )
ITy(z+1,2,y) < Jyo < y (ITy(z,2,50) A fyo) = y).
ITp(z,2,y) — V2o < 23yo < y 1Ty (20,2, yo)-

2> INITy(z,2,y) > 22 <yAz<y.

2> 1Az <z ANTi(z,21,51) AN TE(z,22,y2) — y1 < ya.

A el o
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7. ]Tf(szvy()) A ITf(ZQ7y07y) - ]Tf(zl + ZQ,[E,?J)-

In what follows we use a more suggestive notation and write f*(z) =y
instead of ITy(z,x,y).

Definition 4. We say that f € F is a dominating function over T' if, for
each term t(x) of L, there exists k € w such that T proves

Va (t(z) < fH @+ o(t)))

where o(t) = ¢y + -+ ¢y and ¢y, ..., ¢y are all the constants occurring in
t(z).
Lemma 4. Let T be an extension of IX) and let f € F be a (iterable non-

decreasing) dominating function over T. Then, for each term t(xy,...,Ty)
of Lr whose variables are among x1, ..., x,, there exists k € w such that

TEtxy,..., o) < ffor+ -+ 2, +0()).

Proof. We proceed by induction on terms of L. The most interesting
case occurs when t(z1,...,x,) is a sum (or a product) of two terms, say
ti(z1, ..., xm) + (21, ..., 2y). By induction hypothesis,

t (%) < Az 4+ Fap +o(ty)) and t(T) < fl(zy+ -+ 2+ 0(ts)),

for some k,l € w. Without loss of generality we may assume k > max(l, 2)
(so, for every u, f¥(u) >k > 2.) Then,

t(7) t1 (%) + t2(7)

o+ dap+ o)+ flor+ -+ 2+ 0(ts))
2fF (@) + -+ 2 + (1))

(ff(xy+ -+ 2 +0(2)))?

Y+ o, o).

AN ININ A

The remaining cases are similar. O]

Languages L7 and the notion of a dominating function are tailored to
deal with the situation described in the following lemma.

Lemma 5. Let I' = {01(x,y),...,0n(z,y)} be a finite set of Ag—formulas
with only two free variables. For each j = 1,...,m, let éj(x,y) denote the
formula Yu < z3v < y0;(u,v). Let F = {f1,..., fm, [} be a set of unary
function symbols and let T be the Lx—theory extending I Ay with the following
additional azioms:



e Foreach j=1,...,m,
Va (fi(z) =y < Fyo <y (yo = pt.0;(z, ) Ay = (x+1)* + 1))

o Va(f(z)=(z+1)*+ filz) + -+ fu(2)).
Then, T extends IS3 and f is a dominating function over T.

Proof. 1t is straighforward to check that each h € F is an iterable nonde-
creasing function over 7. In addition, by proposition V.1.3 of [8], T" proves
Y7 —induction. Thus we only must show that f is a dominating function
over T. This fact can be proved by induction on terms of Lr. Again,
the most interesting case occurs when ¢(z) is a product (or sum) of two
terms, say t1(z) - to(x). By induction hypothesis, t;(z) < f*(z + o(t1)) and
ta(z) < fYx+0o(ts)), for some k > max(l,2) (so, for every u, f¥(u) >k > 2.)
Then,
tz) < (h(x) +ta2(2)® < f(ta(2) + ta(2))
< Szt o(t)) + fi(z +o(t2))
< f@-fMato®)) < F((ffa+ o)) < f17 (@ +a(t)).

The remaining cases are similar. O

As a final step in the analysis of (39, Co)-IR and due to technical reasons,
it will be convenient to denote the ¥o—definable elements by closed terms of
an extended language. This motivates the introduction of the following local
induction rules.

Definition 5. For each set of formulas I' and each set of closed terms A of
Lr we consider the rules (where p(x) € I" and t € A):

(T, A)-IR : ©(0) AVz (p(z) — @(x + 1))
o (1)
(T A) IRy . rleln) = ele £ 1)

©(0) = (1)

These rules were first considered and intensively studied in [6]. There
we proved that a number of results on classical induction rules are also true
for the local ones. In what follows, we state two of these results that will
be needed in the present paper. For the rest of the section, we assume that
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T is an extension of 27 obtained by adding a set of IIJ sentences, that A
denotes the set of all closed terms of a sublanguage of Lz extending £ (and
so A is closed under sum and product), and that there is f € F which is a
dominating function over 7T

Remark 2. Let us note that under these assumptions T satisfies a natural
version of Parikh’s theorem (see [8], chapter 5, theorem 1.4). This fact will
be used extensively without further comments.

Firstly, next lemma can be seen as a local version of the well-known fact
that [IAg, X1-IR] = IA( + exp, where exp denotes a Ily—axiom declaring
that the exponential function is total.

Lemma 6. The following theories are equivalent:

1. TH+A{Vx3y (fi(z) =y): t €A}
2. [T, (2f,N)-IR)
3. T+ (7, A)-IR.

Proof. The proof is a standard argument using Parikh’s theorem. See lemma
4.8 of [6]. O

Observe that (X7, A)-IR collapses to unnested applications of the rule in
contrast to the classical case, where the hierarchy [IAg,¥1-IR]x, k € w, is
well-known to be proper.

Secondly, it is a theorem of Beklemishev (see [2], corollary 9.1) that
[T, 3,-1IR] = [T, [I5-IR] for every 35 U Ils—extension of IAg + exp. In lemma
4.10 of [6] we used a model-theoretic construction to prove a similar result
for local induction rules under an additional assumption on the set of closed
terms A.

Definition 6. We say that A is exponentially closed over T if for every
t,s € A there exists t' € A such that [T, (3, A)-IR] Ty < t' (st = y).

From now on, we also assume that A is exponentially closed over T'. Then,
we have

Lemma 7. The following theories are equivalent:

1. [T, (27, A)-IR]
2. [T,(11F,A)-IR]

10



3. T+ (IIF, A)-IR.
Proof. See lemma 4.10 of [6]. O

Again, note that (IT, A)-IR collapses to unnested applications of the
rule in contrast to the classical case. Finally, putting together Lemma 6 and
Lemma 7 we get the useful fact that

Proposition 3. T+ (I3 ,A)-IR=T + {Vx Jy (fi(z) = y) : t € A}.

We are now ready for the main result of this section. We extend our
work in [6] by obtaining a new theorem on these local induction systems
that will be crucial to derive the main results of the paper. Although IAq +
Y.o-IR is known to be much stronger than I3; (indeed the former proves
the consistency of the latter), in the local case we are able to show that
T + (X, A)-IR is contained in the theory T + I¥] or, even more, in the
theory T + BYXY + (X7, A). Here BXY denotes the theory of language £
axiomatized by I3 together with the collection scheme:

Vo dy p(z,y) — Yudo Ve <udy <ve(z,y)

for each ¢(z,y) € X7 (possibly containing parameters); and (%], A) is the
theory axiomatized over I3J by the scheme

©(0) AV (p(7) — @(x + 1)) — p(t)

for each p(x) € X7 (possibly containing parameters) and ¢ € A. Towards a
proof, first we need the following lemma.

Lemma 8. T + BXJ + I(%], A) is 113 —conservative over T + (11, A)-IR.

Proof. We adapt the proof of Proposition 1. The introduction of the notion
of a ¥J —closed model and its use to obtain conservation results is straight-
forward. Hence, it is sufficient to show that every YJ-closed model of
T + (IIF,A)-IR is a model of BXY + I(Xf,A). To this end, let A be a
¥7 —closed model of T' + (11, A)-IR. We can prove 2 = (37, A) reasoning
as in the proof of Proposition 1; so, let us prove 2 = B .

Let p(x,y,2) € X7 and ¢ € 2 such that 2 = Vo Iy o(z,y, c). By Lemma
3, there exist d € 2 and 9 (u,v) € II7 such that 2 = 1(d, c) and
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and hence, by Proposition 3, there are t1,...,t, € A such that

T4 {Ve3Iy (fY(x) =y): j=1,...,n} FVu,z,23y (P(u, 2) — @(z,y,2)).

Put £ = LU {hy,...,h,} and define T to be the extension of T" by the
axioms Vz (f%(x) = h;(z)), with j = ¢,...,n. By Parikh’s theorem for 7",
there is a term t(x,u, z) of £ such that

T/ l_ vu? Z? x Hy S t(x7 u7 Z) (w(u’ Z) - 90('%7 y? Z))'
Then, we have
T' Vo, u, 2Ve < xgJy < t(zo,u, z) (Y(u, 2) — ¢(z,y,2)),

for terms of £’ define monotone functions. Since 2 has a natural expansion
to a model of T", we get that, for every a € 2,

A= Vr <ady <ta,dc) (P c) = ¢(z,y,c)).
As a consequence, there exists b € 2 such that
A Ve < a3y < b(6(d, ) — pla,9,0).

But, recall 2 = ¥(d,c¢) and thus we get A = Vo < a3y < by(x,y,c), as
required. Il

Now for the main result.
Theorem 1. T + BX + I(X7,A) extends T + (X3, A)-IR.

Proof. We shall prove, by induction on k& > 0, that for every extension Lz
of L, every theory T' C II7, and every A exponentially closed, it holds that

T + BX + (3], A) extends [T, (113, A)-IRg).

This suffices as the arguments used in [2], proposition 2.1, can be easily
adapted to yield that for every k € w, [T, (X3, A)-IR];, = [T, (113, A)-IRo).

Case k = 0 is trivial; so, let us assume that T+ BXJ + (X7 A) extends
[T, (115, A)-IRg)y. Let t € A and p(u,v) € IIJ such that

(T) [T7 (H§:7 A>7IRO]I€ = Vu ((p(u, U) - (P(u + 1’ U))
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We must prove that T+ BXS + I(37,A) F (0,v) — (L, v).

Without loss of generality, we can assume ¢(u,v) = Vo Iy @o(u, z,y,v),
with @o(u,z,y,v) € XF. Let g be a new unary function symbol and let 79
be the extension of 7"+ I Zof’g obtained by adding the axiom:

Vo (f(z) < g(2)).

Thus, ¢ is a dominating (iterable nondecreasing) function over 79. By (),
it follows that [T, (ITJ "9, A)-IRg]x F o9, where ¢ is the following sentence:

Vu (Vo Iy < g(@ +u +v) gou, z,y,v) — Vo Iy po(u + 1,2, y,v)).

Claim 1. There exists a closed term 7 € A such that the theory TY9 +
Vo Iy (9" (z) = y) proves

Vu (Vo Jy < g(azt+utv) po(u, z,y,v) — Vo Iy < g™ (ut+a+v) @o(utl, z,y,v))

Proof of Claim: We distinguish two cases:

Case 1: k=0. Then T9 F 9. Hence, by Parikh’s theorem, there exists a
term s(u,z,v) of Lz, such that T proves

Va (Vo 3y < gla+u+) golu, 2,y,0) — Yo Iy < s(u,z,v) po(u+1,,y,v)).

By Lemma 4, there is m € w such that 79 F s(u, x,v) < ¢"(u+x+v+0(s)).
By induction on z it can be proved that

T g (x+2) = Ag"(x) =y — y1 < o

and, thus, if 7 =m + o(s) then 7 € A and the result follows.

Case 2: k> 1. Since [T9,(I1; 7, A)-IRo]x F ¢ and @9 is a IIj Y formula,
by induction hypothesis, T9 + BX] 9 + I(X79 A) F 9 and, by Lemma 8
T9 + (I1 9, A)-IR also proves @9. It follows from Proposition 3 that there
exist t1,...,t, € A such that

T9+{Vx 3y (g (z)=y): j=1,...,n}F ¢

Let r = t;+- - -+t,. Then, by part (4) of Proposition 2, T94+Vx Jy (¢" (z) = y)
extends T9 + {¢% is total : j = 1,...,n}. Let h be a new unary function
symbol and let 7" be the extension of T obtained by adding to 79 the axiom
Vz (g"(z) = h(x)). Then T" - 9 and T" is conservative over T9.
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By Proposition 2, h is an iterable nondecreasing function over 7" and
Th = Vx (g(z) < h(zx)). Therefore, h is a dominating function over 7" and
Th extends IS} #". By Parikh’s theorem, there is a term s(u, z,v) of Lrgn
such that T" proves

Va Ely S g(ZE +u+ U) ¢O(U7xvy7v) — Vz ay S 8(u7$77j) SOO(U + 1,LU,y,’U)
and, by Lemma 4, there is m € w such that
T" - s(u,z,v) < A™(u+ 2 + v+ o(s)).

Recall that T" = h'(z + z) = ys A h*™*(x) = yo — y1 < yo and, thus, if
o9 =m + o(s) then og € A and T" + Vz Iy (h7°(z) = y) proves

Vedy < glx+u+v)po(u,z,y,v) = Vedy < h™(u+x+v) po(u+1,2,y,v).
Using part (7) of Proposition 2, we can prove, by Eof’g’hfinduction, that
T hi(x) =y = g (x) =y,
As a consequence, T" + Vz 3y (h?°(x) = y) proves
Ve Jy < g(x+u+v) po(u, z,y,v) — Vo Iy < ¢"°(u+z+v) po(u+1,z,9,0).

Hence, putting 7 = r - 09 € A, the result follows, concluding the proof of
Claim.

Let A =T + BXf + I(3f,A) and ¢ € 2 such that 2 | ¢(0,c). We will
show that 21 = ¢(t,c). Let v (z,y,c) € ¥ be the formula

Vz < z3w <y(po(0,z,w,c) Ny =w+ f(x)).

Then, bearing in mind that 2 = BX7, it holds that 2 = Vz Iy (z,y, )
and the formula ¥ (z,y,c) AVz < y=)(z, 2z, ¢) defines a total nondecreasing
function H : 24 — 2A. Since A is exponentially closed, there exists ¢’ € A such
that

T, (ST, M) TR]F g < ¥ (7' = ).
On the other hand, there is a X7 formula, that we denote by H*(x) = y,
defining the iteration of H and, since 2 |= I(%, A), we have

A b= Vo 3y (H' (2) = y).

14



Let O(u,v) be the following I17 formula:
u >tV VeV [HTu(m +u+v) =y — Jy < yipo(u,z,y,v)].

Since /A = Va Jy (H(x) = y), by definition of 0(u, v) we have 2 = 6(0, ¢).
Let us show that 2 = Vu (6(u,v) — 0(u+ 1,v)).

Pick a,b € A such that 2 = a < tAf(a,b). Then, the formula H™ (z) =y
defines a total nondecreasing function in 2 and we can use it to get an
expansion of 2 to a model 249 of TY such that

A = Ve Iy < g(x+a+b)pola,z,y,b).
By part (7) of Proposition 2, we can prove by Eof’gfinduction on z that
W=V <Tl[g°(r+a+b)=H *(x+a+b)

In particular, 29 =V (¢"(z+a+b) = H™ " (x+a+b)) and, as a consequence,
A9 = T9 +Vaz Jy (9" (z) = y). Hence, by the Claim, we conclude that 29 =
Vedy < g™ (z+a+0b)go(a+1,z,y,b) and, therefore, A = 6(a + 1, b).

We have shown that 2 = 6(0,¢) A Yu (6(u,c) — 0(u + 1,¢)), and we
know that A = I(II7, A) (because I(Xf,A) = I(II7, A)), so, 2 = 0(t,c). In

particular, since
A= O(t,c) = VoeIy < H™ (t+ 2+ ¢) polt, 2, y, ¢),
we conclude A = p(t, ¢). O
Note that theorem 4.14 of [6] is now a consequence of Theorem 1.
Corollary 2. T + (113, A)-IRy is 113 —conservative over T + (113, A)-IR.
Finally, as a direct corollary of Theorem 1, we get
Theorem 2. T + I extends T + (X5, A)-IR.

This result will be a key ingredient in the analysis of the p.t.c.f. of ITI;
in the following section, for in a sense it states that over a sufficiently weak
base theory, applications of local ¥5—IR are reducible to primitive recursion.
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4. Provably Total Computable Functions of ITI;

We are now in a position to give a proof that R(I1l; ) = PR. Firstly, we
need a version of Theorem 2 in the language of first—order Arithmetic.

Lemma 9. I3 extends [Ag + (X2, K2)-IR.
Proof. Let 2 = I3, and p(z) € ¥y such that

() TAq+ (X2, o) IR = (0) AV (0(z) — oz +1)).
We must show that for every d(u) € X3,
(%) A =V Voo (d(x1) Ad(xz2) — o1 = 29) — Vo (6(x) — p(x)).

By (e) there exist formulas ¢1(z),...,¢.(x) € X and 61(z),...,0.(z) € X5
such that 1A plus the sentences

ot Vo Vo (0;(z1) A dj(ze) — m1 = x2) — Vo (6;(z) — ¢;(x))

(7 =1,...,r) proves ¢(0) AVz (p(z) — ¢(z + 1)). More precisely, for each
J<,
INg+ N\ it 9;(0) AV (pi(x) — sz +1)),
1<i<j
and IAg+ A_, o F ¢(0) AVz (p(z) — p(z+1)).

Let B ={j: 1< 7 <r2AE -3zix)} and, for each j € E, let
6;(x,y) € Il such that —3xd;(x) is equivalent to Vz3y6;(x,y). Let m be
the cardinal of E and let F = {fi,..., fm, f} be a set of new unary function
symbols. From the set of ¥y formulas I' = {0;(z,y) : j € E}, we define a
theory T as in Lemma 5. Let £(2) denote the language obtained by adding
to £ a constant symbol a, for each a € 2A. Put 7" = T + Dy, (), where
Dy, () is the II;—diagram of 2A. Let A be the set of closed terms of L(2)
containing only constants of the form a for a € Co(2). Then 2 has a natural
expansion 2z to the language Lr U L(2) such that Az = 7"+ IX]. By
Theorem 2, Ax = T+ (X, A)-IR. Given §(z) € X5, we distinguish several
cases:

If A = —3xd(x) then (x) obviously holds. On the other hand, if 2 =
—Vay Vo (0(x1) Ad(z2) — 21 = 22), since this is a Yg—sentence and T” extends
Dy, (), T" = =Va1 Voo (6(x1) A d(xe) — x1 = x3). So,

T'F YV, Voo (d(x) Ad(z2) — 21 = x9) — Vo (0(z) — ¢(x)).
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In that way (%) holds again. We must deal with a last case: 2 | 3z (z).
Then there exists d € ICo(2) such that A = 0(d) and d € A. In order to
verify (%) it is enough to show that T" + (37, A)-IR  o(d).
We prove, by induction on j, that for all j =1,...,r, T + (X5, A)-IR -
a;. Let j <r, and assume that 7" 4 (X7, A)- IR = A _,_; ;. Then

(), T'+ (X7, AM)-IRF ¢;(0) AVz (pj(x) — @j(z +1)).

If j € Eor A Vo Vo (d;(z1) A dj(xe) — x1 = x2) then, reasoning as
in previous cases, we conclude that 7" - «;. If A |= Jlzd,;(x), then there
exists b € Ko(A) such that A = §;(b) and b € A. Using (e); we obtain
T + (3, A)-IR F ¢;(b). Therefore, 7" + (X3, A)-IR F Fz (;(z) A p;(x)),
and it follows that 7" + (£, A)-IR F o, as required.

We have proved that 7"+ (X7, A)- IR = A’_; a; and so

T + (32, A)-IR F ©(0) AVz (o(z) — @z + 1)).

Thus, 7" + (23, A)-IR I ¢(d) and, as a consequence, () holds. O

Next theorem extends a previous conservation result obtained in [4] and,
as a direct corollary, yields the characterization of the p.t.c.f. of I1I;.

Theorem 3. I1I, s II3—conservative over I¥;.

Proof. Let 6 be a Il3 sentence provable in [TI;. Then (X9, Ky) F 6 by
Lemma 1 and I%] + (39, K2)-IR F 0 by Proposition 1. We need the following
fact:

Claim 2. IS] + (X2, K2) IR = IST + (IAg + (3, Ks)-IR).

Proof of Claim: Each axiom of I3 is a X3 sentence, so it is enough to
prove that for every og(u) € I,

[IAg, (X2, K2)-IR] + Juog(u) extends [IAg + Juog(u), (X2, K2)-IR].

Assume IAg + Juog(u) F ¢(0) AVz (p(z) — p(x + 1)), where p(x) € o,
and let ¥ (z,u) € ¥y be g¢(u) — w(z). Then, IAy proves

»(0,u) AVx (Y(z,u) — P(x+ 1,u))
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and, therefore, [IAg, (3a, Ko)-IR] F Us — Yz (0(z) — ¥(z,u)), where 6(z) €
Y5 and U denotes the sentence Vaq Vao(d(z1) A 0(z2) — 21 = 22). Then
[IA, (39, K2)-IR] also proves

Juoo(u) — (Us — Vo (0(x) — ¢(x)))

and so [[Ag, (X2, ICo)-IR] + Juog(u) - Us — Vo (6(x) — ¢(x)), as required.
It follows from Claim and Lemma 9 that I3, implies 137 + (22, K3)-IR
and, therefore, I3 F 6. O

Corollary 3. The class of provably total computable functions of I11; is the
class of primitive recursive functions.

5. Relativization and Concluding Remarks

It is natural to ask ourselves whether Theorem 3 is also true for I1I,
and I, for an arbitrary n > 1. We have already seen that the reduction of
ITI, 4 to I3, 4+ (2,41, Kpg1) IR works for all n and it is immediate to check
that the claim in the proof of Theorem 3 can be generalized too. Thus, the
key point is to prove that Lemma 9 also holds for n > 1, i.e. to prove that
I3, implies 1%, 1+ (3,41, Kyi1)-IR for all n > 1. Our proof of Lemma 9 for
n = 1 leans upon Theorem 2 reducing (X3, A)-IR to IS . Interestingly, the
result for n > 1 can also be derived from Theorem 2 by using some standard
relativization techniques. Building on previous work of Kaye [9], in [7] it is
shown that, for each n > 1, there is a II,,—formula y = K, (x) satisfying that

(a) IX, = IA+Vz3ly (y = K, (2)),

(b) y = K, (z) is iterable and non decreasing over I3, and

(c) initial segments of A |= 'Y, closed under function y = K, (z) are II,,—
elementary substructures of 2.

Using functions K,, one can reformulate I3, as a II7 —theory in an ex-
tended language LU {g1, ..., gn} so that ¥, ., formulas of £ correspond to
7 formulas of the extended language (a similar treatment of relativization
was also developed by Z. Ratajczyk in [11] via the notion of a conditionally
absolute formula.)

Lemma 10. Let n > 1 and let F = {g1, ... ,gn}. There is a IIJ ~theory T™
satisfying that
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T extends 1,

every model of I3, has a (canonical) extension to a model of T™,
every X7 formula is equivalent in T™ to a Xy ym—formula of L, and
every Ypim formula is equivalent in T™ to a X7 —formula.

i

Proof. (Sketch)
n=1 Put T' = I3 + (y = g1(z) — y = Ky (2)).

Conditions (1), (2) and (3) are easy to verify, for we know that allowing
monotone functions instead of only variables as the bounds in ¥ formulas
does not increase the strength of ¥ —induction (see, e.g. proposition V.1.3
of [8]). As for (4), since I3, contains the strong collection scheme for II—
formulas

VzJuVe <z (3y ez, y) — Jy < up(z,y)),

by a Parikh-like argument (available thanks to condiction (c) above) it fol-
lows that for each 0(Z,y) € Il there is some k € w such that

I3 F W o(T,y) « Iy <Kb(zy + ... +2,) 0(F, y),

and the result follows.

n—mn+1: Let y = K, (z) denote a II7 —formula equivalent in 7" to y =
Kpi1(2) and put 7" = T" + (y = gpi1(2) — y = K41 (2)). o

Equipped with this result, it is not hard to check that everything in
the proof of Lemma 9 relativizes. Indeed, let n > 2 and suppose 2 is a
model of I3, and ¢(z) is in X,41. As in Lemma 9 let §;(x),...,d.(z) be
the ¥, ,—formulas occurring in a proof of ¢(0) A Va (¢(z) — ¢(z + 1)) in
IY, 14+ (Bns1, Knsr) IR, Let E = {j: 1 <j <r A —-3zd(z)} and
let F = {f1,---, fm:s91,--+,9n-1,f}, where m is the cardinal of E. For
each j € E, let §(z,y) € IIJ such that =3z d;(z) is equivalent in 7"~ to
Vz3y 0;(z,y). From this set of X7 formulas define a I1{ ~theory 7" extending
7"~ as in Lemma 5. Finally, put 7" = T 4 Dy (24), where Dpg(A) is the
I1;-diagram of 2 in the language of T"7!, and take A = K, (). Then,
2 =T+ I27. So, applying Theorem 2 and reasoning as in Lemma 9 we get
AEIY, 1+ (Zni1, Kog1)-IR, as desired.

Thus, we have

Theorem 4. For every n > 1, 111, is 11, 4o —conservative over 13,.
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A straightforward consequence of this result is a characterization of the
class of p.t.c.f. of [Tl in terms of the extended Grzegorczyk Hierarchy
{€%: a < g}, see [12] for precise definitions.

Corollary 4. For everyn > 1, R(I11 ) = R(IX,) = £, where wy = 1,
Wpt1 = W

An important ingredient in this analysis of the class of I1,, | s—consequences
of ITI,; is the study of the closure a weak theory, such as I3, (or even
IAy), under (3,41,/K,41)-IR. This analysis can be extended to stronger
base theories providing us with similar conservation results for theories of
the form 7'+ ITI, ;, where T' is a I, o—axiomatizable extension I3,. In the
following proposition we obtain this kind of conservation results when 7' is
closed under 3, ;—collection rule:

Va Iy o(,y)
VuJoVe <udy <vep(z,y)

Zn_,_l*CR :

for ¢(,1) € Sup.

Proposition 4. Let T be a Il o-axiomatizable extension of I%,, closed
under ¥, 1-CR. Then:

L. T+ ITL,, is I, 1o —conservative over [T, X, 11 -1R]
2. T+ I,y 1s 11,41 —conservative over T + 11,11 —IR.

Proof. These results were proved for n = 0 in [6]. The proof for n > 1 is
very similar, modulo relativization. Here we discuss the proof for n = 1.

(1) First of all, let us recall that, over I3, ITl; = I(X;,Ks) and that, by
Proposition 1, T' + (39, K5) is IIz3—conservative over T + (X9, KCy)-IR. So it
is enough to show that [T, ¥5—IR] extends this last theory. But observe that

(0) T+ (50,Ks) IR = [T, (s, Ks)-IR].

This can be obtained from Lemma 6, by using the relativization device that
we have developed (see the proof of lemma 3.7 in [6] for details). By (e),
[T, ¥9-IR] obviously extends 1"+ (X, C3)-IR and the result follows.

(2) By part (1) it suffices to show that [T, ¥o-IR] is IIo—conservative over
T + II,-IR. By proposition 2.1 of [2], [T, ¥5-IR] is equivalent to [T, IIo—1R|
and it is straightforward to show (using Lemma 3) that every Y,—closed

model of T'+ II,-IR is a model of [T, II,-IRg]. By Lemma 2 it follows that
[T, TI,-1R,] is TIa—conservative over T' + IIo—IR, as required. [
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The interest of Proposition 4 is twofold. On the one hand, part (1)
provides a generalization of a similar result obtained in [10]:

Theorem 5 (Kaye—Paris—Dimitracopoulos).
ITI; is Tly—conservative over IAg + exp (= [[Ag, X1-IR]).

We can think of this result as a counterpart of Theorem 4 for /1I;. How-
ever, a generalization of Theorem 5 for every n > 1 must take into considera-
tion two different scenarios, since IA) = IAy, but /¥, is a proper extension
of I¥, . Together Proposition 4 and Theorem 4 show that both generaliza-
tions are correct. For T' = IY,,, Proposition 4 shows that Theorem 5 also
holds for every n > 1 (essentially, this result was obtained by Kaye in [9]):

Corollary 5. I3, + I, is II,, ;o —conservative over [I¥,, X, 11 -IR].

In turn, Theorem 4 shows that this corollary also holds for I3, since for
every n > 1, I¥, = [IX;,X,11-1R] and, obviously 1L, extends I3, .

On the other hand, Proposition 4 reduces the question about the class of
p.t.c.f. of I¥; 4+ ITI; to the study of the closure of I>; under II,-IR. In a
similar vein, by combining parts (1) and (2), we obtain that, for every k > 1,

[I31, 3X9-IR]k41 is Tla—conservative over [I%, Xo—IR]; + Io-IR.

These reductions suggest that local induction can be a useful tool in obtaining
new proofs of some of the already known characterizations of classes of p.t.c.f.
in terms of the extended Grzegorczyk hierarchy; for instance, R(13%; + I115)
(studied by Beklemishev in [4]), R([IX;, Xo-IR]x) or R(I%2) and, more gen-
erally, R(I¥, + I1I, ;) and R(IX,). This points out natural extensions of
the results and methods we have introduced in this paper.
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