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Abstract: Four-leg inverters have been selected as one of the preferred power converter
topologies for applications that require a precise control of neutral current, like active filters. The
main advantage of this topology lies in an extended range for the zero sequence voltages and
currents. However, the addition of a fourth leg extends the space vectors from two to three
dimensions, making the selection of the modulation vectors more complex. Most of the algorithms
that deal with this problem require an afy transformation. This paper presents a new space vector
modulation algorithm using abc coordinates (the phase voltages) avoiding the afy transformation.
Thanks to the use of abc coordinates, the algorithm is much simpler and more intuitive than in afy
representation, drastically reducing the complexity of modulation algorithm and the computational

load associated to it.

Index Terms- Four-leg voltage source converter, three-phase four-wire, 3D-space vector

modulation, active filter.



I. INTRODUCTION

In recent years, the 4-leg topology for 3-phase+neutral inverters have been used in many
applications, such as controlled rectifiers [1], active power filters [2][7], and, in general, in applications
that require a precise neutral current control. This topology, shown in Fig. 1-a, presents the advantage of
adding an extra degree of freedom, expanding the control capabilities of the inverter using the same dc-
link capacitors and voltages compared with the other classic topology that uses a split capacitor inverter
with three leg, as can be seen in Fig. 1-b. On the other hand, the addition of the fourth leg also increases
the complexity of the phase voltage control. This is due to the fact that in this configuration, the phase
voltages are not decoupled as in the split capacitor topology, forcing the use of three-dimensional space

vector modulation (3D-SVM) techniques.
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Fig. 1. Simplified diagrams of classical 4 wire topologies. (a): 4-wire 4-leg topology;
(b): 4-wire 3-leg with split capacitor topology.

Most papers dealing with the 3D-SVM use a representation of voltage vectors in ofy
coordinates[1][3][8][9], instead of using abc coordinates. This representation offers an interesting
information about the zero sequence component of both currents and voltages (proportional to the y

coordinate), however it has some drawbacks:
e First of all, the change of reference frame has to be carried out, implying complex calculations.

e The three-dimensional representation of the switching vectors, in afy is difficult to understand, not
offering a clear picture of the vector positions in the space. This is worse in a multilevel

configuration, and it will be shown that in abc coordinates it is more clear.
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e Most methods based on affy representation need to determine the “sextant” in which the desired
voltage vector is included, which leads to many complicated operations, including rotations, complex

comparisons and so forth.

The change from the abc to the afy reference plane probably responds to historical meanings
more than to practical considerations in most cases. It seems to be the easiest way to extend the plane
case, in which the off reference frame really simplifies the problem. But it is not necessary at all. In this
paper, a 3D-SVM method expressed in abc coordinates is presented. It greatly simplifies the selection of
the tetrahedron that contains a given voltage vector, and can be easily extended to a multilevel inverter,
with n voltage levels. After this introduction, In Section II the graphical representation of the 3D voltage
vectors in abc coordinates is presented, extracting some important conclusions for the further sections.
Next, the method for choosing the tetrahedron containing a given voltage vector is presented, showing its
extreme simplicity in terms of real time calculations. Then, in Section IV, some experimental and
simulation results of the four-leg inverter using this 3D-SVM technique are presented and discussed.
Finally, in Section V some conclusions and future lines are pointed out. The main target of this paper is to
prove the extreme simplicity of the representation in abc coordinates, offering a complete solution for the

four-leg 2-level inverter and an easy way to extend the method to n-level 4-leg inverters.
II. FOUR-LEG INVERTER VOLTAGES IN abc COORDINATES

The four-leg inverter phase-neutral voltages, (v Vi Vo) are decoupled, having to be expressed in
a three-dimensional space. For doing this representation, we choose these phase voltages, v,; v,rand v, as
our reference frame. Then, the switching vectors present a very simple and straightforward expression (1),
that depends on the discrete functions s;. These functions are directly the gating signals of the upper
switch of each branch, with values {0, 1} depending on whether or not the lower or upper switch of the i

leg is connected, as it is depicted in fig. 1-a. Note that dead times are not considered in this approach.

Va —Vf Sa —Sf
Vabe =| Vo =Vs |=VpDc| Sp =Sy (1)
Ve — Vf Se _Sf

In Table I, the sixteen switching combinations of the inverter are presented, showing the
expression of switching vectors in abc coordinates. To simplify the notation, the vectors are normalized

dividing them with Vpc.



TABLE 1. SWITCHING STATES ,VOLTAGE TERMINALS AND
SWITCHING VECTORS IN ABC COORDINATES

State | sy S, S, S. | vor vy Vv | Vector

1 0 0 0 0[O O O Vi

2 0 0 0 1 0 0 1 V2

3 0 0 1 0[O 1 O V3

4 0 0 1 1 0 1 1 V4

5 0 1 0 0 1 0 0 V5

6 0 1 0 1 1 0 1 V6

7 0 1 1 0 1 1 0 V7

8 0 1 1 1 1 1 1 V8

9 1 0 0 0]-1 -1 -1 V9
10 1 0 0 1(-1 -1 O V10
11 1 01 0]-1 0 -1 Vi1
12 1 0 1 1(-1 0 O VIi2
13 1 1 0 0] 0 -1 -1 V13
14 1 1 0 1 0 -1 0 V14
15 1 1 1 0] 0 0 -1 V15
16 1 1 1 1 0 0 0 Vié Fig. 2. Dodecahedron that contains the control region,

in abc coordinates, showing the switching vectors

Using this representation, it is very easy to notice that the vectors are all in the vertices of two
cubes, with an edge length of one: one of them is placed in the “all positive” region (vectors 1 to 8) and
the other one is in the “all negative” region of the space defined (vectors 9 to 16), as represented in Fig. 2.
The common vertex of both cubes represents, precisely, the zero voltage double vector (vectors 1 and 16).
Joining the corresponding vertices of the two cubes, the region included in this dodecahedron is
completely equivalent to the one that appears in the afy representation [1], but the distribution of the
switching voltage vectors appears more clearly, allowing the development of simpler 3D-SVM

algorithms.

In previous papers [4][5] it has been shown that the control region of a four-wire three-leg
inverter, with the neutral point connected to the middle point of a split dc-link, is a cube, centred on the
space defined in the abc coordinates, and with the edge equal to one. Then, the addition of the fourth leg
is an extrusion of the cube in the direction of v,=v,=v., which is precisely the direction of the zero

sequence components.

The planes that define the control region, in which the voltage vectors will be included, present

very simple expressions:

e Six of them are parallel to the coordinate planes, expressed by the equations v,=t1, vy=t1 and v.==1.
These planes define a cube, with edge equal to 2, containing the control region. These planes
represent the conditions that every phase-neutral voltage must be less or equal to the dc-link voltage

in a given interval.

e The other six planes form 45° angle over the coordinate planes, and their equations are also very
simple: (v,- vp) = 1, (vi- v¢) = £1 and (v¢- v,) = 1. These planes express the conditions that force

the line (or phase-to-phase) voltages to be less or equal to the dc-link voltage.

It is very important to notice that all switching vectors are aligned in planes parallel to the

coordinate planes and to these inclined 45°. And, if the control region is divided by the planes with
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equations v,=0 (i=a,b,c) and vi-v;=0 (i=a,b,c; j#i), it is easy to test that the same number of vectors is

contained on each subspace (four on each side and eight, including the double null vector, in the plane).

III. THREE-DIMENSIONAL SPACE VECTOR MODULATION IN abc COORDINATES

In general, the space vector modulation techniques are used to generate an average voltage
vector equal to the reference voltage vector. To that aim, each switching state of the inverter is
represented by a switching voltage vector. The method is to choose the vectors that, applied during a
certain time over the switching period, produce a voltage vector equal to the reference or desired voltage
vector. For the 3-leg 3-wire system, the fact that the three inverter voltages are coupled leads to the
simplification that assumes that the voltage vectors can be represented on a plane. It is very common to
use the oy coordinates, to transform abc to afy. Then, the switching voltage vectors are distributed

homogeneously on a hexagon.

The 3D-SVM in abc coordinates follows the same procedure as a classical 3D-SVM technique,
keeping in mind that in this case the space is a three-dimensional one. Therefore, instead of selecting a
region that usually is a 60 degree sector in the af plane, a tetrahedron composed of four vectors pointing
to its corners has to be determined. Once the tetrahedron is chosen, the duty cycles of each vector that will
make the voltage vector of the inverter equal, on average, to the reference voltage vector have to be
calculated. This method is equivalent to [1], but expressed in abc coordinates. This greatly simplifies the
selection of the tetrahedron and the calculation of the switching times, as will be shown. Another
important issue concerns the switching sequence, that is, the order in which the switching vectors will be
applied. Many sequence schemes are proposed in literature [1][3], and all of them are applicable in this

method. Therefore this paper will not deal with this issue.
A. Selection of the tetrahedron

The control dodecahedron can be split into 24 tetrahedrons, each of them containing three
non-zero switching vectors (NZSV) along with the zero (double) vector [1]. In abc coordinates, using the
six planes defined before, this division is immediate and easier than in af}y coordinates. In Fig. 3, some of
the different tetrahedrons are shown. Each cube is divided into six tetrahedrons [6] , and the intermediate
region is divided into twelve tetrahedrons. All of these tetrahedrons are equal in size, providing a
symmetrical division of the control region. Therefore, using the equations of these planes, it can
determined in which of the 24 tetrahedrons any voltage vector is included. A very efficient way to make

the selection of the tetrahedron is presented below.

Ci = Sign(INT(vy sy +1))  [Ca = Sign(INT(vy yor =vp yer +1))
G = Sign([NT(vb_ref +1)) (Cs= Sign([NT(Vb_ref Ve ref t 1)) ()
C3 = Sign(INT(vc_ref +1)) |Ce= Sign(INT(va_,,ef Ve rof t 1))

Let’s define six indices, C;, each of them representing one of the six planes (2), where:
® (Vo re Vb res Ve rer) are the reference voltage vector, normalized with V.

e INT(x) is the integer part of x
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e Sign(x) extracts the sign of x, being 1 if x is positive, -1 if negative and 0 if x=0

Stating that the reference voltage vector is included in the control dodecahedron, it is easy to
check that all these indices can be only 0 or 1. It should be noted that these are basic operations for a
processor, and they are equivalent to some if loops, but more efficient in terms of computation. Then a

pointer to the region in which the reference vector is included can be calculated as:

RP:1+Z6:CI--2( i-1) 3)
i=1

The pointer RP, ranged (theoretically) from 1 to 64, will adopt only one of 24 different possible

values (as all of the C; are not independent) that correspond to the 24 tetrahedrons, each of them
composed of three NZSV (Vdl, Vd2, Vd3) and the double zero voltage vector (Vd0). The calculation of
RP also requires also very low computation effort, as it can be done by merely left-shifting and adding
numbers. In Table II, the 24 tetrahedrons, with their RP indices, and the 3 NZSV are shown.
Implementing these equations on a common microprocessor (TMS320C31 @50MHz), it takes only 20
operations (that is, 0.8us) to select the correct tetrahedron. To make the same operation in afy

coordinates [1] a minimum of 4us will be needed, according with our estimations.

Once the NZSV are selected, the next decision concerns the switching pattern to be applied. In
this application, the selection of the switching pattern was made based on a minimum commutation
criteria. Employing this technique, the ZSV is selected always as the V1 vector (Vd0=V1) and applied
first. Then, the three NZSV are distributed symmetrically along the middle of the switching period, in the
order specified in Table II, as is represented in Fig. 4. In this figure, the duty cycles (dy, d;, d; and d;) are

also marked. In the next subsection the method for calculating them will be shown.

Fig. 3. Representation of some of the obtained tetrahedrons. (a) regions RP=8 and RP=57; (b) regions RP=13 and
RP=52.; (c) regions RP=24 and RP=41. See Table II for the definition of RP index
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Table II. Region Pointer of the 24 tetrahedrons and their G S A o G
NZSV vectors VD (V3) 1 (V) Vi), (V4) L (V3) L (VD) |

Vdl | Vd2 | Vd3 RP | Vdl | Vd2 | Vd3 Sa

RP | ! : |
1 | Vo [ VIO [VI2]| 41| V9 [VI3]|Vi4 I s
5 [ v2 [vio[Vi2 2| V5 [ VI3[ VI4]| S, | i ! i i i
7 V2] V4 |VD2 46 | V5 [ V6 [ V14 ! : ; ! ! ; ! ;
8 | V2 [ v4 | V8 48| Vs [ Ve | V8| g ! ; ! ! ! 3 ;
9 [ Vo [Vio [ Vi4 49 [ Vo [ Vi1 [ VI5 “ ; : 5 : : } ]
13| v2 [ V10 [ VI4 51| v3 | VIl | VIS : | : ‘ ' | : |
4| va [ ve [via| 52| vs|vi|vis| /- L S S
16 | v2 | v6 | V8 56 | v3 | v7 [ V8 b, 2 d 2 dy 2l dy Vdy 2t d 2 dy 2
17 ] V9 [ VIL]|VI2 57 | V9 | VI3 | VI5 | |
19 [ V3 [ VIl | V12 58 | V5 | VI3 | VIS ; y
23 [ V3 | V4 | VI2 60 | V5 | V7 [ VI5 1

24 | V3 | V4 | V8 64 | V5 | V7 | V8 Fig. 4. Switching signals to produce a voltage

vector in region RP=23.

B.  Calculation of the duty cycles
The calculation of the duty cycles d; can be easily achieved using the average large signal model of

the inverter, expressed in (4):

Va_ref vdl, Vd2, Vd3, d
vref =\ Vb _ref | Md = leb Vd2b Vd3b N a: d2 p
Ve ref vdl, Vvd2, Vd3, dy )

Vief = Md~a = d=M"y: Vief
It is important to notice that matrix My , in abc coordinates, presents a very simple expression, as
all elements are 0, 1 or -1. Therefore, the inversion process is straightforward. Also notice that all the
elements in Mg are 0, 1 or -1. so the duty cycles calculations imply only addition or subtraction of
reference vector components, as it is shown in Table III (see Appendix A). A more detailed description of
the equations for the different tetrahedrons can be found in [5]. Once the duty cycles are obtained, the

switching intervals can be calculated as T times d;, T being the commutation period.

IV. EXPERIMENTAL AND SIMULATION RESULTS OF A FOUR-LEG INVERTER

An experimental model of a four-leg inverter has been developed, in order to test the new
modulation technique. It has been built with IRG4PH20KD IGBT’s (1200V, 22A), controlled by a fixed
point DSP (TMS320F2812, @75MHz). Also, simulations have been carried out to adjust parameters and

to test experimental results with theoretical ones.

The simulated results for the four-leg inverter have been obtained using a continuous model
formulated in terms of control functions. A 22 Q resistive load, linked thru 2mH smoothing inductances,
and a fixed 40V dc-link voltage are supposed. In Fig. 5, some simulation results are presented. First, in
Fig. 5-a an unbalance voltage reference is generated, composed by a fundamental component and a 20%

of zero sequence and inverse sequence components. The three voltages across the resistors are plotted, as
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they are proportional to the current injected. They have been plotted in different graphs for the sake of
clarity. It should be noted the different amplitude of the voltages, due to the inverse and zero sequence
components. Then, in Fig. 5-b, the voltage across resistor of phase a is plotted. In this case, the maximum
fundamental voltage was selected (that is Vy/V3), and the third harmonic was chosen to produce a voltage
reference ranging from —Vg. to V., to make use of the whole dc link voltage. This is a very synthetic

voltage reference but it offers a clear view of the modulation capabilities of the 4-leg inverter.

40
201
ol
20

60

_40 L I I I 1 I I
0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05

40

227 YRb

20|

“801 0015 002 0025 003 0035 004 0045 005"

40

20

0 vR—a |

20 ; ; ; ; ; ; :

“B.o1 0015 002 0025 003 0035 004 0045 005 600 0005 001 0015 002 0025 003 0035 004

@ )

Fig. 5. Simulation results [X axis in seconds, Y axis in volts]. (a) voltages across the phase resistors with
inverse and zero sequence; (b) voltage across the phase resistor with a 120% of third harmonic.

The same references was used to run experiments, obtaining the oscilloscope traces shown in
Fig. 6. It is noticeable the great matching between simulation and experimental results. These experiments
were developed using also a 2mH inductance, 22Q resistors, and a fixed 40V dc-link voltage, and the

commutation frequency chosen was 10kHz.
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Fig. 6. Experimental results. (a): voltages across the phase resistors with inverse and zero sequence .Upper trace:

phase ¢, middle trace: phase b, lower trace: phase a. (b): voltage across the phase resistor with a 120% of third
harmonic. [X: 4ms/div, Y:20V/div; in all traces]

V. CONCLUSIONS

This paper investigates the convenience of employing the abc reference frame instead of the
commonly used afy representation for the 3D-SVM method. A new three-dimensional space vector

modulation technique is presented, using abc coordinates, and it shows an extremely useful and simple



expression. Therefore, if the reference is obtained in the abc coordinates, it will not be necessary to

change into ofy coordinates, because it is much simpler to produce the modulation in the original, abc,

coordinates. Even if the reference is calculated in the afy frame, it is more interesting to undo the change

of reference frame and to implement the modulation in the abc reference frame. In conclusion, it can be

remarked that:

The proposed method is very simple and computationally efficient.

It correctly solves the modulation of a 4-leg 2-level inverter, allowing the generation of voltage

waveforms that make good use of all the dc-link voltage, with minimal calculations.

It also allows an easy way to determine a priori if a given voltage vector can be generated or not,

using the equations of the planes given in Section II.

It is very easy to extend the method for a n-level four-leg inverter. To do that, a set of 2-n-1 planes in
the direction of the six planes defined here have to be employed. This set of planes will define the
control region and all the tetrahedrons inside it. Each plane will be characterised by an equation like
v;=K, or like v-v;=K, where i=a,b,c , j#i and K from —n+1 to n-1. Then, the C; indices and RP pointer
can be also calculated, in a similar way. This extension has been developed and simulated and it will

be presented soon.
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Appendix A. Table for Calculation of Duty Cycles.

In Table III, the equations involved in the calculation of the duty cycles for the different
tetrahedrons are summarized, attending to their region pointer value, and showing also the three NZSV
that have to be employed in the commutation sequence. It should be noted that, in region 13 for example,
the duty cycles for vectors Vdl and Vd2 are merely two components of the reference voltage vector

normalized, and the third duty cycle is calculated with only a subtraction.

Table III. Summary of equations for the duty cycle calculation

CRPVal vz Vis |l 2 s
1 | vo [ vio| vi2 Vs Voot TVerer | Varet T Vorer
5 V2 Vio Vi2 Veref “Vb-ref “Va-ref + Vbref
7 V2 V4 vi2 'vb—re,"+ Veref Vbref “Varef
8 V2 V4 r8 “Voref+ Ve rer Varet+ Vo rer Va-ref
9 V9 Vio Vi4 “Veref 'Va—ref'+ Veref Va-ref~ Vbref
13 V2 Vio Vi4 Veref “Va-ref Va-ref~ Vb-ref
14 V2 V6 Vi4 'va—ref+ Veref Va-ref “Vbref
16 V2 Ve r8 Varef+ Ve rer Varef= Vbref Vb-ref
7| v | Vil | vi2 Vhres Vo ref~ Verer | Varet Verer
9 | v3 | Vil | vi2 Voot Veres Vvt F Verer

BB | Vi V2| v Verw Veret Veref

24 V3 V4 V8 Viref~ Veref Varef T Verer Va-ref

a1 | vo | Vi3 | vi4 Ve Veret~Verdt | Vorer T Veres
2 | v | Vi3 | vi4 Varet Veres Vet F Verer
46 V5 V6 Vi4 Varef~ Veref Veref “Vbref

48 &) Ve r8 Varef~ Veref Vo ref+ Verer Vb-ref

49 | v9 | vil | VI5 Vet Vet T Vres Varet Veref
51| w3 | vil | Vis Voot Veret Varef~ Veref
52 V3 V7 vis Varef+ Vo rer Varef “Veref

56 V3 V7 r8 Varef+ Vo rer Va—ref~ Ve-ref Ve-ref

57 V9 Vi3 Vis “Varef Va-ref= Vb-ref Vb-ref= Veref
58 V5 Vi3 Vis Va-ref “Vb-ref Vb-ref= Veref
60 &) V7 vis Va-ref~ Voref Vbref “Veref

64 V5 V7 V8 Va—ref~ Vbref Vbref~ Ve-ref Veref
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