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Scattering of low-energy electrons by polar molecules: An analytic approach

J. Gómez-Camacho, F. Pe´rez-Bernal, and J. M. Arias
Departamento de Fı´sica Atómica, Molecular y Nuclear, Facultad de Fı´sica, Universidad de Sevilla, Apartado Postal 1065,

41080 Sevilla, Spain
~Received 22 September 1997; revised manuscript received 11 March 1998!

The scattering of low-energy electrons by polar molecules is considered. The excitation to the rotational
states in the sudden approximation and the effect of the Coulomb dipole force to all orders are taken into
account. Analytic expressions for the scattering amplitudes are obtained. These are valid for arbitrarily large
dipole moments of the molecule. Differential and momentum-transfer cross sections have been calculated for
several molecules and compared with experimental data, with the Born approximation and with coupled-
channels calculations.@S1050-2947~98!01208-6#

PACS number~s!: 34.80.Bm, 34.80.Gs
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I. INTRODUCTION

The fact that polar molecules are present in very differ
scenarios of scientific interest makes the scattering of e
trons by this kind of molecules an interesting and relev
problem that has been studied for many years@1,2#. The
dominant interaction in this process is the long-range dip
interaction, which implies the coupling of many excite
states. In principle, one has to solve the associated coup
channels problem. However, this is a tremendous task~if
possible to solve! and several approximations have be
used to bring the problem to sizable dimensions@3,4#. In-
stead of going to the detail of solving the coupled-chann
problem by making more or less sophisticated approxim
tions, it is interesting to have simple analytic formulas th
describe appropriately the scattering of electrons by p
molecules. These formulas should provide one not only w
useful estimates of different magnitudes of interest~such as
differential, momentum-transfer, and integrated cross s
tions! but also give a qualitative and even quantitative p
ture in order to check more fundamental and complex ca
lations. The simplest and best known analytic formula is
point-dipole Born approximation~BA! @1#. However, it is
known that it gives a poor estimate of the scattering of el
trons by strongly polar molecules. The reason is that
long-range dipole force, when treated only to first order, d
not give accurate results.

In this spirit, a previous paper@5# was published in which
analytic formulas for the scattering of electrons by polar
atomic molecules were obtained. In that work the struct
of the molecule was described using the vibron model@6,7#,
which considers both rotations and vibrations. The scatte
problem was solved analytically by making use of the f
that the electric dipole potential has the same radial dep
dence as the centrifugal potential (1/r 2). The scattering am-
plitudes were obtained by using the stationary phase appr
mation and an asymptotic expansion of Legendre functio
The expressions obtained in@5# were extremely simple, and
they were in good agreement with the experimental data
more sophisticated calculations. However, there were s
limitations in that treatment. It was restricted to diatom
molecules. Since the vibron model describes vibrations
PRA 581050-2947/98/58~2!/1174~9!/$15.00
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rotations of the molecule, both were treated in the same fo
ing. Thus, the use of the sudden approximation implied
glecting not only the rotational energies of the molecule
also the much higher vibrational ones. This is unsatisfact
and unnecessary since the dominant aspect of molec
structure, affecting low-energy electron scattering by po
molecules is the rotation of the molecule, while vibratio
play a minor role. On the other hand, the use of the stati
ary phase approximation made that the expressions obta
in @5# were not valid for small dipole moments and scatteri
angles. Thus, the Born approximation could not be obtai
in the limit of weak coupling. Finally, the asymptotic expa
sion used for the Legendre functions led to unphysical res
for backward angle scattering.

In this paper we improve the results of@5#. We consider
separately the effect of rotational and vibrational degrees
freedom, to concentrate on the rotations. The approxima
made in the previous paper for calculating the scattering
plitudes is improved, avoiding the need for the stationa
phase approximation. Thus, the Born approximation is
tained from our present results in the limit of weak couplin
In addition, better approximations are used for the Legen
functions. Our results can be applied to arbitrary polyatom
molecules because they only depend on the static dipole
ment of the molecule. The paper is structured as follows
Sec. II, we discuss the solution of the coupled-channel eq
tions. In Sec. III analytic expressions for the scattering a
plitudes and differential cross sections are derived. Sec
IV is devoted to making comparisons of the results obtain
in the previous section with other calculations and expe
mental data for differential and momentum-transfer cro
sections. The summary and conclusions are presented in
V.

II. COUPLED-CHANNEL EQUATIONS

Let us consider by definiteness a diatomic molecule. T
state can be characterized in terms of the interatomic
tancejW . If the interaction between vibrational and rotation
degrees of freedom can be ignored the wave function fac
izes,
1174 © 1998 The American Physical Society
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CKIM ~jW !5FK~j!YIM ~ ĵ !, ~1!

where K is a vibrational quantum number, indicating th
number of nodes of the radial wave function,I is the angular
momentum of the molecular state, andM is its projection on
a given axis.

The dominant dipole interaction between the electron
the molecule depends on the internal coordinate of the m
ecule (jW ) and on the relative electron-molecule coordina
(rW) and is given by

V~rW,jW !5
4p

3

j eef e

r 2 (
m

Y1m* ~ r̂ ! Y1m~ ĵ !, ~2!

whereeef is the effective charge of each one of the atoms
the molecule.

The basis for coupled-channel calculations is given
uKI LJ MJ&, whereL is the angular momentum of the ele
tron with respect to the molecule whileJ and MJ are the
total angular momentum and its projection on a given a
respectively. The matrix elements of the interactionV(rW,jW )
in this basis are

^KI LJ MJuV~rW,jW !uK8 I 8 L8 J MJ&

5
4p

3

ee f e

r 2
W~ ILI 8L8;J1!~LiY1iL8!

3~ I iY1i I 8!~21!L81I 1JE dj FK* ~j!jFK8~j!.

~3!

It can be definedj0 as

j05E dj F0* ~j!jF0~j!, ~4!

so j0 is the average interatomic distance in the vibratio
ground state and

E dj FK* ~j!jFK8~j!5E dj FK* ~j!j0FK8~j!

1E dj FK* ~j!~j2j0!FK8~j!

5j0dKK81jKK8 . ~5!

In generaljKK8!j0. In the harmonic limit,FK(j) are har-
d
l-

n

y

,

l

monic oscillator wave functions on the variable (j2j0) and
jKK85dKK861Amax(K,K8)a0 /A2, wherea0 is the oscillator
length.

The static dipole moment of the molecule isd05j0 eef ,
while dKK85jKK8 eef are the matrix elements of the dipo
operator between different vibrational states. For an arbitr
polyatomic molecule,d0 is the static dipole moment an
dKK8 describe the dipole matrix elements between vib
tional states.

The matrix elements of the interaction can be partia
diagonalized by using the tidal spin basis@8,9#,

uKI NJ MJ&5(
L

~21! I 2N
Î

Ĵ
^IN L 0uJN&uKI LJ MJ&,

~6!

giving

^KI NJ MJuV~rW,jW !uK8 I 8 N8 JMJ&

5dNN8

e~d0dKK81dKK8!

r 2

3
Î

I 8̂
^I 0 1 0uI 8 0&^IN 1 0uI 8 N&.

~7!

These matrix elements can be fully diagonalized with
spect to the angular momentum variables by using the b
@10#

uKx NJ MJ&5(
I

Î

A2
dN0

I ~arccosx! uKI NJ MJ&, ~8!

where x is a continuous variable defined in the interva
@21,1#. Note that with this transformation the initial bas
characterized by a discrete variableI is changed to a new on
characterized by a continuous labelx. The states
uKx NJ MJ& are orthogonal as shown in Appendix A.

The matrix elements of the interaction in this new ba
uKx NJ MJ& are
^Kx NJMJuV~rW,jW !uK8 x8 N8 JMJ&5dNN8

e ~d0dKK81dKK8!

r 2

3(
II 8

Î 2

2
^I 0 1 0uI 8 0&^IN 1 0uI 8 N&dN0

I ~arccosx! dN0
I 8 ~arccosx8!. ~9!
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Making first the sum with respect toI 8 and using the
properties of the rotational matrices the following is o
tained:

(
I 8

^I 0 1 0uI 8 0&^IN 1 0uI 8 N&dN0
I 8 ~arccosx8!

5d00
1 ~arccosx8!dN0

I ~arccosx8!, ~10!

and, sinced00
1 (b)5cosb, the matrix elements of Eq.~9! are

finally written as

^Kx NJ MJuV~rW,jW !uK8 x8 N8 JMJ&

5dNN8

e~d0dKK81dKK8!

r 2
x d~x2x8!. ~11!

It is worth noting that in Ref.@5# discrete eigenvalues o
the dipole operator were found. This was due to the fact
in the vibron model, used to describe the molecular struc
in that paper, the model space for the molecular state
finite. Here a continuum of eigenvalues for the dipole ope
tor is obtained since all possible values ofI are considered.

So far, the matrix elements of the potential have be
evaluated. In order to formulate the coupled equations,
needs to have the matrix elements of the kinetic energy
of the molecular Hamiltonian. These matrix elements
come diagonal when two approximations are made:

~i! Centrifugal-sudden or isocentrifugal approximatio
the centrifugal potential (\2/2mr 2)L(L11) is substituted by
an average value (\2/2mr 2)L̄(L̄11), whereL̄ is taken as
(Li1L f)/2. This approximation requires the introduction o
factor 2/p on the dipole potential@4,11#. Thus, the tidal spin
N is conserved.

~ii ! Rotational-sudden approximation: the rotational en
gies are ignored, so the orientation of the molecule, cha
terized byx, is fixed during the scattering process.

Under these circumstances the coupled equations ca
written as

F2
\2

2m

d2

dr2 1
\2

2m

L̄~ L̄11!

r 2
1

2

p

ed0

r 2 x1eK2EG
3fK

L̄Nx~r !1(
K8

2

p

edKK8

r 2
xfK8

L̄Nx
~r !50. ~12!

Note thateK is the vibrational energy. Thus, one has
many coupled equations as vibrational states. Rotational
citations should in general be more important than vib
tional ones sinced0@dKK8 . The solution of Eq.~12! can be
written asymptotically as

fK
L̄Nx~r !5hL̄

~2 !
~kK r !1(

K8
SKK8

L̄x hL̄
~1 !

~kK8 r !AkK8
kK

.

~13!

The numerical solution of these equations is difficu
However, defining
at
re
is
-

n
e
d
-

:

-
c-

be

x-
-

.

\2

2m
L̄~ L̄11!1

2

p
ed0 x5

\2

2m
G~G11!, ~14!

the following equation is obtained:

F2
\2

2m

d2

dr21
\2G~G11!

2m r 2 1eK2EGfK
L̄Nx~r !

1(
K8

2edKK8

pr 2
xfK8

L̄Nx
~r !50. ~15!

The solution of this equation can be written asympto
cally as

fK
L̄Nx~r !5hG

~2 !~kKr !1(
K8

S̃KK8
Gx hG

~1 !~kK8r !AkK8
kK

,

~16!

whereS̃KK8
Gx is induced only by the coupling potential. Com

paring expressions~13! and ~16! it is easy to obtain

SKK8
L̄x

5expF2i ~G2L̄ !
p

2 G S̃KK8
Gx . ~17!

Note that in this expression the effects of the rotati
appear in the exponential factor. The effects of the vibratio
are characterized byS̃KK8

Gx . This comes from the solution o
Eq. ~15! containing as many channels as vibrational sta
considered and including explicitly the excitation energie

For a rigid molecule, the vibrations are neglected. In t
case,dKK850, S̃KK8

Gx
5dKK8 , and only the states of the vibra

tional ground-state band are populated. TakingC

5(2m/\2)ed0, one getsS00
L̄x5exp@ip(G2L̄)#, where

~G2L̄ !5A~ L̄11/2!21
2Cx

p
2~ L̄11/2!. ~18!

Thus, an analytic expression for theS matrix in a basis
characterized by the orientationx and, implicitly, by the tidal
spin N, has been obtained. It is straightforward to derive
S matrix in the standard basis by considering the basis tra
formations given in Eqs.~6! and ~8!.

III. EVALUATION OF SCATTERING AMPLITUDES
AND CROSS SECTIONS

Once theS matrix is known, the scattering amplitude
given by

A~Cx,u!5
1

2ik (
L

~2L11!PL~cosu!~SL21!. ~19!

The evaluation of Eq.~19! is complicated because it in
volves an infinite sum of oscillating terms that decrease v
slowly with L. In order to find an approximate expression f
it, the following approximations are done, introducing t
continuous variablel5L̄11/2,

PL~cosu!'J0~lu!
u/2

sin~u/2!
, ~20!
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SLx'expF i
Cx

l G , ~21!

(
L50

`

'E
0

`

dl. ~22!

With these approximations Eq.~19! becomes

A~Cx,u!'
1

2ik E
0

`

2lJ0~lu!
u/2

sin~u/2! S expF i
Cx

l G21Ddl.

~23!

This integral can be expressed as

A~Cx,u!'
1

2iku sin~u/2!
E

0

`

tJ0~ t !S expF i
Cxu

t G21Ddt

5
Cx

2k sin~u/2!
I ~Cxu!, ~24!

whereI (z) is a function satisfyingI (0)51, and

„izI~z!…952E
0

`

J0~ t !expF i
z

t G dt

t
. ~25!

This last integral can be evaluated and expressed in term
Bessel and Kelvin functions@12#,

„izI~z!…9522J0SA2z expF2 i
p

4 G DK0SA2z expF2 i
p

4 G D .

~26!

Then, the following expression forI (z) can be obtained by
using recursion relations,

I ~z!52J1SA2z expF2 i
p

4 G DK1SA2z expF2 i
p

4 G D
52i @ber1~A2z!1 i bei1~A2z!#

3@ker1~A2z!2 i kei1~A2z!#, ~27!

where ber1, bei1, ker1, and kei1, are Kelvin functions as de
fined in @12#.

In order to check the approximations proposed in E
~20!–~22! the modulus of the ratio of expressions~19! to
~23!, for different values ofCx, are presented in Fig. 1. It ca
be observed that the approximations are rather good,
cially for small scattering angles.

Two limits can be obtained forI (z). One is the Born
approximation, which corresponds toz!1 and gives
I (BA)(z)51. The other one, valid forz@1, is the evaluation
of the integral in the stationary phase approximation~SPA!,
which gives I (SPA)(z)52 iA1/2z exp(2iAz). The Born ap-
proximation is better forz,1/2 and the SPA is better forz
.1/2. This is clearly shown in Fig. 2.

The scattering amplitudesA(Cx,u) correspond to a cer
tain molecular orientationx and, implicitly, to a tidal spinN.
of

.

e-

References@8,9# can be followed in order to obtain th
physical scattering amplitudes from a molecular stateuIM &
to another oneuI 8 M 8&,

^I 8 M 8uA~u!uIM &

5(
N

dM8N
I 8 S p1u

2 D ^I 8 N uA~u!uIN&dMN
I S p1u

2 D ,

~28!

whereN is the tidal spin, which is conserved in the collisio
Using the basisux& the matrix element̂I 8 N uA(u)uIN& can
be evaluated,

^I 8 NuA~u!uIN&5
Î Î 8

2 E
21

1

dx dN0
I ~arccosx!dN0

I 8 ~arccosx!

3A~Cx,u!. ~29!

FIG. 1. Modulus of the ratio of the approximate expression
the scattering amplitude~23! to the ‘‘exact’’ expression~19!, for
different values ofCx.

FIG. 2. I (Cxu), Eq. ~27!, vs the angleu for a value ofCx
53.0. Real and imaginary parts ofI (Cxu) are plotted separately
and compared with Born approximation and stationary phase
proximation~SPA!. Similar results are obtained for other values
Cx.
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Using the properties of the rotational matrices,

dN0
I ~arccosx!dN0

I 8 ~arccosx!

5(
l

d00
l ~arccosx!~21!N

3^IN I 82Nul0&^I 0 I 8 0ul 0&, ~30!
s,
y

in

ta
e

ll t
al

ta
and calling

I l~Cu!5
1

2E21

1

dx Pl~x!xI~Cu x! ~31!

the expression ~28! can be computed @note that
d00

l (arccosx)5Pl(x)#,
^I 8 M 8uA~u!uIM &5
1

2(l
(
N

dM8N
I 8 S p1u

2 D ^IN I 82Nul 0&~21!N

3dMN
I S p1u

2 D Î Î 8^I 0 I 8 0ul 0&
C

k sin~u/2!
I l~C u!. ~32!

This can be rewritten by using again the properties of the rotational matrices as

^I 8 M 8 uA~u!uIM &5
1

2 (
lm

dm0
l S p1u

2 D ~21!M8 Î Î 8^I 0 I 8 0ul 0&

3^IM I 82M 8ulm&
C

k sin~u/2!
I l~C u!. ~33!

With this expression the unpolarized cross sections can be evaluated as

ds I→I 8
dV

5
1

2I 11 (
MM8

z^I 8 M 8uA~u!uIM & z2

5
1

2I 11

C2

4k2sin2~u/2! (
l

Î 2Î 82^I 0 I 8 0ul 0&2uI l~Cu!u2. ~34!
ym-

the
a-

e
low

ilar
p-
ing

lar

the
wn.
r-
In the limit of small angles, or small dipole moment
C u→0 and the functionI (C u x) can be approximated b
1. Then, the only nonvanishingI l(C u) is for l51 and
gives I 151/3. Thus, in this case the result obtained is

ds I→I 8
dV

'
C2

36 k2sin2~u/2!
Î 82^I 0 I 8 0u1 0&2, ~35!

which coincides with the plane-wave Born approximation,
the sudden limit.

IV. APPLICATIONS

Generally, the difference in excitation energy of the ro
tional states of a molecule is so small that experimental m
surements can only give the summed cross sections to a
states in a rotational band. This can be done analytic
using Eq. ~34!, and the quasielastic~QE! or vibrational-
elastic differential cross sections are given by

dsQE

dV
5(

I 8

ds I→I 8
dV

5
C2

4k2sin2~u/2! (
l

l̂2uI l~C u!u2.

~36!

Note that this expression is independent on the initial s
I . Besides, it is convenient to write
-
a-
he
ly

te

F~Cu!5(
l

l̂2uI l~C u!u25E
0

1

uI ~yx!u2x2dx, ~37!

whereI (z) is given in Eq.~27!. Note thatx is the cosine of
the angle between the position of the electron and the s
metry axis of the molecule. Expression~36! indicates that the
quasielastic cross section is related to the average of
cross section for fixed orientations. In the Born approxim
tion, F(Cu)51/3, and

dsBA
QE

dV
5

C2

12k2sin2~u/2!
. ~38!

In Fig. 3 the contributions of each multipolarity to th
quasielastic cross section are presented. Note that, for
Cu, the dipole contribution dominates. However, asCu in-
creases, other multipoles play an important role. A sim
result was obtained in@5#, where the stationary phase a
proximation was used for the evaluation of the scatter
amplitudes.

In Figs. 4, 5, and 6 experimental data of strongly po
diatomic molecules, LiF (d056.58 D! and KI (d0510.82
D!, are compared with our calculations. In these figures
results of a plane-wave Born approximation are also sho
In Figs. 4~a!, 5~a!, and 6~a! the experimental data are no



he
ve
s

ac
t t

es

s
o-

t

ll
w
ve
t

1/
r
°
e

n
o
f
at
la
et

ee
n
hi
les

a
t

n

at
ula-
cu-
la-
on.
-

for
H
lcu-
rti-
ull

es-
g

a

l-
the
han

ron
om
lts
led

er
n

PRA 58 1179SCATTERING OF LOW-ENERGY ELECTRONS BY POLAR . . .
malized to our results at 40°. In Figs. 4~b!, 5~b!, and 6~b! our
calculations together with existing calculations using ot
models are plotted. Here the normalization of the data gi
by Collins and Norcross@1# has been kept. The calculation
presented in these figures are the following:

SE: Coupled-channel calculations with a realistic inter
tion and a local exchange potential derived assuming tha
electrons in the molecule form a free Fermi gas@1#.

DCO: Coupled-channel calculations with dipole forc
characterized by a form factor (1/r 2)$12exp@2(r/r0)

6#%. The
cutoff radiusr 0 is taken as 0.5a0 for LiF and 0.9a0 or 1.35a0
for KI @1#.

Note that in our formulation the energy dependence i
trivial factor 1/E, while the dependence on the dipole m
ment d0 is included in the dimensionless parameterC. For
low values ofCu the Born approximation is obtained, bu
important deviations from it are expected fore-LiF ande-KI
scattering cross sections. The experimental data, as we
more sophisticated coupled-channel calculations, agree
our calculations for small angles. For large angles, howe
important deviations are found. These are due to the effec
exchange forces, other multipoles, and deviations of ther 2

form of the dipole form factors. Our results also compa
well with the previous work@5#, except at angles close to 0
or 180°, where the stationary phase approximation don
@5# is not valid.

In order to test our model for smaller dipole moments a
show its ability to treat polyatomic molecules, we have ch
sen the cases of H2O and NH3. They have dipole moments o
d051.471 D and 1.844 D, respectively. Experimental d
with fixed normalization and theoretical variational calcu
tions for low-energy electron scattering from those targ
are available~@15,16# for H2O and@17,18# for NH3). In Figs.
7 and 8 the differential cross sections fore2-H2O ande2-
NH3 at 2.2 and 2 eV, respectively, are shown. It can be s
that there is a reduction of the experimental cross sectio
small angles with respect to the Born approximation. T
reduction is reproduced by our calculation. At larger ang
exchange forces and other short-range interactions, which
not considered in our calculations, produce an increase in
cross section, specially in the H2O case. The agreement i

FIG. 3. Contribution of each multipolarity, given by the prop
combination of Eqs.~31! and~37!, to the quasielastic cross sectio
as a function of the angle,u, for a valueC55.0.
r
n

-
he

a

as
ith
r,
of

e

in

d
-

a
-
s

n
at
s
,
re

he

the case of NH3 is remarkable.
Looking carefully at the behavior of the cross sections

very small angles, it seems that the coupled-channel calc
tions get closer to the Born approximation than to our cal
lations. This is surprising in principle, because our calcu
tions are more accurate than the Born approximati
However, due to the difficulty of performing coupled
channel calculations for large partial waves, theS matrix in
the coupled-channel calculations cited in@1# for LiF and KI
are substituted by the Born approximation expression
large angular momenta. A similar treatment is made for N3
in @18#. Thus, the agreement between coupled-channel ca
lations and Born approximation at small angles may be a
ficial, and our results would indicate the actual trend of a f
coupled-channel study. In the case of H2O, the contribution
of large partial waves is neglected in the calculation by Br
cansinet al. @16#. Thus its cross section for small scatterin
angles is not shown in Fig. 7.

It is worth noting that our calculations can be used in
hybrid model to obtain theS matrix for large partial waves
while for low partial waves the explicit coupled-channel ca
culations can be performed. In this way it is expected that
results for small scattering angles will be more accurate t

FIG. 4. The quasielastic differential cross sections for elect
scattering off LiF at 5.44 eV. The experimental data are taken fr
Ref. @13#. In ~a! the experimental data are normalized to our resu
at 40°. In ~b! the experimental data are normalized to the coup
channels results by Collins and Norcross@1# ~SE and DCO lines!.



f
tu

xi

-

x
io
s

on,
sec-
u-
ac-

a at

ron
m
of
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using the Born approximation for large partial waves.
The integrated cross section obtained from Eq.~36! di-

verges. This is related to the sudden approximation taken
the rotational states. However, the so-called momen
transfer cross section, defined as

sm5E S ds

dV D
QE

2 sin2~u/2!dV, ~39!

can be calculated and gives

sm5
2pC2

4k2 E
0

p

2~sinu!F~Cu!du. ~40!

This is to be compared with the result of the Born appro
mation,

sm5
2p

3k2 C2. ~41!

Note that, in general,sm k2 depends only on the dipole mo
ment through the parameterC.

In Fig. 9 the values ofsmE versus the dipole momentd0
are shown for different systems. Note that the Born appro
mation predicts a parabolic behavior, while our calculat
shows that, for larged0, the behavior is rather linear. Thi

FIG. 5. Same as Fig. 4 but for electron scattering off LiF
20.0 eV.
or
m

-

i-
n

result is in accord with the trend of the data. Our calculati
however, underestimates the momentum transfer cross
tions. This is partly due to the fact that in it only the Co
lomb dipole interaction is considered. Short-range inter

t FIG. 6. Same as Fig. 4 but for electron scattering off KI
6.74 eV. The data are taken from Ref.@14#.

FIG. 7. The quasielastic differential cross sections for elect
scattering off H2O at 2.2 eV. The experimental data are taken fro
Ref. @15#. Our calculation, the result of the variational approach
Ref. @16#, and the Born approximation are shown.
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tions, such as exchange forces or other multipoles, that
not included in our calculation contribute tosmE. Full dots
are the experimental data corresponding to the cases
cussed in this paper@Figs. 4~a!, 5~a!, 6~a!, 7, and 8#. The
global normalization of the data for LiF and KI is obtaine
by fitting them to our calculations.

V. SUMMARY AND CONCLUSIONS

The scattering of electrons by polar molecules has b
investigated, considering only the long-range Coulomb
pole potential, in the rotational sudden and centrifugal s
den approximations. The effect of molecular rotations h
been separated from the effect of molecular vibrations in
coupled-channel system and in the expression of the sca
ing matrix. When the vibrations are neglected, an anal

FIG. 8. The quasielastic differential cross sections for elect
scattering off NH3 at 2.0 eV. The experimental data are taken fro
Ref. @17#. Our calculation, the result of the variational calculation
Ref. @18#, and the Born approximation are shown.

FIG. 9. Values ofsmE vs the dipole momentd0 for different
systems. The experimental data~open triangles and circles! are
from thermal-energy swarm measurements@19#. Full dots are the
experimental values for LiF~2 energies!, KI, H2O, and NH3, which
are extracted from the cases shown in Figs. 4~a!, 5~a!, 6~a!, 7, and 8,
respectively.
re

is-

n
i-
-
s
e
er-
c

expression for the scattering matrix as a function of the p
tial wave has been obtained.

By integrating the contributions of all the partial wave
the scattering amplitudes as a function of the scattering a
have been evaluated. Closed analytical expressions h
been obtained. These tend to the Born approximation
weak coupling, and to the stationary phase approximation
strong coupling.

Quasielastic differential cross sections and moment
transfer cross sections have been evaluated. They have
compared with experimental data and coupled-channel
culations. From this comparison it is found that the behav
of these magnitudes for low scattering angles is well
scribed. At larger angles, the effect of other interactions
included in this treatment increases the cross sections.

This work can be useful to have a rapid estimate of
cross section based on Coulomb dipole interactions for e
tron on polar molecules, which, unlike the Born approxim
tion, is valid for arbitrary values of the dipole moment of th
molecule. It can be applied to arbitrary polyatomic mo
ecules, provided that the static dipole moment is known.
sides, theS matrix given in this work can be used in a hybr
model for large partial waves while for low partial waves t
explicit coupled channels calculations is performed. In t
way the results for small scattering angles will be improv
with respect to calculations using the Born approximation
large partial waves.
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APPENDIX

In this appendix is shown the orthogonality condition f
the statesuKx NJ MJ& @Eq. ~8!#. Starting with Eq.~8! and
the well-known relation

(
IM

YIM ~u,f!YIM* ~u8,f8!5~sin21u!d~u2u8!d~f2f8!,

~A1!

the following is obtained:

(
IM

Î 2

4p
dM0

I ~u!eiM fdM0
I ~u8!e2 iM f8

5~sin21u!d~u2u8!d~f2f8!. ~A2!

Multiplying this expression by exp@2iN(f2f8)# and in-
tegrating with respect to (f2f8) between 0 and 2p, only
the term withM5N contributes in the left-hand side of th
equation and one gets

n
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(
I

Î 2

2
dN0

I ~u!dN0
I ~u8!5~sin21u!d~u2u8!

5d~cosu2cosu8!. ~A3!

Finally, by using the relationship between the variableu
andx,
ys
(
I

Î 2

2
dN0

I ~arccosx!dN0
I ~arccosx8!5d~x2x8!,

~A4!

the orthogonality condition is obtained,

^Kx NJ MJuKx8 NJ MJ&5d~x2x8!. ~A5!
n,

n,

A
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