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KOMLOS’ THEOREM AND THE FIXED POINT
PROPERTY FOR AFFINE MAPPINGS

T. DOMINGUEZ BENAVIDES, M. A, JAPON

ABSTRACT. Assume that X is a Banach space of measurable functions
for which Komlés’ Theorem holds. We associate to any closed convex
bounded subset C' of X a coefficient ¢(C') which attains its minimum
value when C' is closed for the topology of convergence in measure and we
prove some fixed point results for affine Lipschitzian mappings, depend-
ing on the value of ¢(C) € [1,2] and the value of the Lipschitz constants
of the iterates. As a first consequence, for every L < 2, we deduce the
existence of fixed points for affine uniformly L-Lipschitzian mappings
defined on the closed unit ball of L;[0,1]. Our main theorem also pro-
vides a wide collection of convex closed bounded sets in L'(]0,1]) and
in some other spaces of functions, which satisfy the fixed point property
for affine nonexpansive mappings. Furthermore, this property is still
preserved by equivalent renormings when the Banach-Mazur distance is
small enough. In particular, we prove that the failure of the fixed point
property for affine nonexpansive mappings in Li(u) can only occur in
the extremal case ¢(C') = 2. Examples are displayed proving that our
fixed point theorem is optimal in terms of the Lipschitz constants and
the coefficient t(C).

1. INTRODUCTION

Fixed point theory for nonexpansive mappings and Lipschitzian mappings
has been widely developed in the last 40 years. In many Banach spaces, it
is well known that any nonexpansive mappings T defined from a convex
closed bounded subset C into C' has a fixed point. However, in some other
spaces this assertion is false. It can be surprising that, as observed in [12}
Chapter 2|, most relevant examples about the failure of the fixed point prop-
erty for nonexpansive mappings in closed convex bounded sets involve affine
mappings (see also [7, 9]). Of course, this failure cannot occur when C
is weakly compact due to Tychonov Fixed Point Theorem (and this fact
may well be the reason for the absence of examples of nonexpansive fixed
point free mappings defined on a closed convex bounded subset of a reflex-
ive space). However, we will show that, in the case of L!-like spaces and
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due to Komlés’ Theorem, the failure of the fixed point property for affine
nonexpansive mappings can only occur in a very restricted class of sets

In Section 1, we introduce some preliminary definitions and notation. In
Section 2 we state and prove our main theorem. To do that, we associate to
any closed convex bounded subset C' of the space X a coefficient ¢(C') € [1, 2],
which is equal to 1 when C is closed for the topology of convergence in
measure and it can be seen as a measure of the “non-closedness” of the set
C for this topology. We prove some fixed point results for a class of affine
mappings which contains all uniformly L-Lipschitzian mappings, depending
on the value of ¢(C), the value of L and the Opial modulus of the space with
respect to the convergence in measure topology. Since a fixed point theorem
for L-Lipschitzian mappings with L > 1 immediately yields to the existence
of fixed points for nonexpansive mappings, our result can be applied to
this class of mappings and we obtain stability results for the fixed point
property for affine nonexpansive mappings under renormings. We show a
wide collection of closed convex sets in L!([0, 1]) which satisfy the fixed point
property for affine uniformly L-Lipschitzian mappings (including its closed
unit ball if L < 2) and we show some applications of our main theorem
in some other spaces as Orlicz spaces or non-commutative L'-spaces. In
particular, we prove that the failure of the fixed point property for affine
nonexpansive mappings in Lj (1) can only occurs in the extremal case t(C') =
2.

Since every nonreflexive space contains a closed convex bounded set which
fails the fixed point property for affine continuous mappings [14], we cannot
expect the validity of our results without any Lipschitz restriction. In fact, in
Section 3, we include some examples showing that the value of the constant
L in our main theorem is optimal for all possible values of t(C).

It is worth noting that, while standard fixed point results for nonexpansive
mappings in Lj(u) assume compactness for the set C' with respect to the
topology of convergence in measure, due to our affinity assumption, we do
not need any compactness assumption for C'.

2. PRELIMINARIES

Given a Banach space (X, || - ||) endowed with a linear topology T, it is
said that X has the non-strict Opial condition with respect to (w.r.t.) 7 if
for every sequence (x,) which is 7-convergent to some zy € X

liminf ||z, — zo|| < liminf ||z, — z||
n n
for every x € X. In case that the above inequality is strict for every x # xg,

it is said that X verifies the Opial condition w.r.t. 7. Associated to the
Opial property the following coefficient is defined for every ¢ > 0:

rr(c) = inf{liminf ||z, — x| — 1},

where the infimum is taken over all x € X with ||z|| > ¢ and all 7-null
sequences (x,) C X with liminf,, ||,|| > 1 (see for instance [12] Chapter 4]).



FIXED POINTS FOR AFFINE MAPPINGS 3

The modulus - (+) is a non-decreasing and continuous function in [0, +00) [2,
Theorem 3.5, page 103]. It is clear that r-(c) > 0 for every ¢ > 0 whenever
X verifies the non-strict Opial condition w.r.t. 7. In case that r,(c) > 0 for
every ¢ > 0, the Banach space is said to satisfy the uniform Opial condition
w.r.t. 7.

We recall Komlos’ Theorem:

Theorem 2.1. [I3] Let p be a probability measure. For every bounded se-
quence (fy) in L1(u), there exists a subsequence (g,) of (fn) and a function
g € Li(p) such that for every further subsequence (hy) of (gn),

1 n
_Zhi — g u— a.e.
n <
=1
Komlos’ Theorem has been extended to a broader class of Banach function
spaces.

Definition 2.2. We say that a Banach function space X associated to a o-
finite measure satisfies the Komlés’ condition if for every bounded sequence
(fn) C X there exists a subsequence (g,,) of (f,) and a function g € X such
that for every further subsequence (h,) of (gn),

1 n

—Zhi%gu—a.e.

=

It is proved in [3] that every Banach function space X over a o-finite

complete measure space (€2, %, 1), such that X is weakly finitely integrable
and has the Fatou property (see definitions in [3]) satisfies Komlés’ condition.
Among this class, L,(1) (1 < p < +00), Lorentz, Orlicz and Orlicz-Lorentz
spaces are included.

3. MAIN RESULT

We start this section introducing the following geometric coefficient which
will be essential in the proof of our main theorem.

Definition 3.1. Let X be a Banach space endowed with a topology 7.
Let C be a norm-closed convex bounded subset of X which contains some
T-convergent sequences. We define

t(C) = inf {)\ >0: inélimsup llc — x| < Alimsup ||z — 2, || }
ce n n

where (z,) and x run over all sequences (x,) C C with 7 —limz,, =z € X.

Note that ¢(C') > 1 whenever X verifies the non-strict Opial condition
and t(C) < 2 for any case. If X is a Banach space satisfying the uniform
Opial condition w.r.t. 7, it is not difficult to check that ¢(C) = 1 if and only
if C' is 7-closed. Since ¢(C) attains its minimum value when C' is 7-closed,
the coefficient ¢(C') can be understood as a measure of the “non-closedness”
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of C for the topology 7. If we denote by H(C,C") the Hausdorff distance
between a set C and its 7-closure, the previous idea can be illustrated with
the following lemma:

Lemma 3.2. Let C be a norm-closed convex bounded subset of L1([0,1]) and
T the topology of the convergence in measure. Then H(C,C") < diam(C)/2.
The extremal case, H(C,C") = diam(C)/2, implies that t(C) = 2.

Proof. Tt is well known that for every z € L1([0,1]) and every sequence
7-null sequence (z,) we have

limsup ||z, + z|| = limsup ||z, || + ||2]|- (%)
n n

If (z,) C C with 7 — lim,, x,, = x, the above equality implies
diam(C) > limsuplimsup||(z, — z) + (x — zp,)|]

= limsup ||z, — z| + limsup ||z — z,|| = 2limsup ||z, — ||,
n m n

and consequently limsup, ||z, — z|| < diam(C)/2. The definition of the
Hausdorff distance now implies H(C,C") < diam(C)/2.

Assume H(C,C") = diam(C)/2. For every e > 0 there exists z € C
such that d(x,C) > diam(C')/2 — e. Since the topology 7 is metrizable, we
can choose a sequence (x,) in C' which is 7-convergent to z. For every ¢ € C
we have

limsup |z, —¢| = limsup||z, — | + ||z — ¢||
n n

v

limsup ||z, — z|| + diam(C)/2 — €

V

2limsup ||z, — z|| — ¢,

which implies that ¢(C) = 2. O

Throughout this section, we consider that X is a function Banach space
over a finite or o-finite measure space with the Komlds’ condition. In case
that the measure is finite we can endow X with the topology of the conver-
gence in measure. Convergence in measure for a finite measure is related
to a.e. convergence as follows: For (f,) a sequence converging to f in mea-
sure, there is a subsequence (f,, ) which converges to f almost everywhere.
Conversely, if (f,) tends to f a.e. then (f,) converges to f in measure [10,
pages 156-158]. The same holds for a o-finite measure and the local conver-
gence in measure. Due to the Komlés’ condition, every norm-closed convex
bounded subset of X contains a sequence which is convergent in measure or
locally in measure. In fact, due to these facts, we can equivalently define
the coefficient ¢(C') by

t(C) =inf{A >0: inglimsup lle—zp|| < Alimsup ||[z—z,] © z, — x p—a.e. }
ce n n



FIXED POINTS FOR AFFINE MAPPINGS 5

and for the Opial modulus r,(-) we can replace the 7-convergence by con-
vergence fi-a.e.

If T:C — C is a Lipschitzian mapping, we denote by |T'| its exact
Lipschitz constant, that is

Te—-T
\TIZSHP{M: r,yeC, vy }

|z —yll

and we define . n
S(T):hminf‘ [+ [T
n n

A sequence (x,,) C C is an approximate fixed point sequence (a.f.p.s.) for T
whenever lim,, ||z, — Tx,|| = 0 and it is clear that this property is inherited

by all its subsequences. The main result of the article is the following:

Theorem 3.3. Let X be a function Banach space with the Komlds’ con-
dition and satisfying the non-strict Opial property. Let T : C — C' be an
affine Lipschitzian mapping. If
1+ Tx(l)
S(T) < ———+=
(T) 70)

then T has a fixed point.

Proof. Since T is affine, it can be checked that for every x € C the sequence
_ To+T?wx+--+T'x

Ty o

n
is an a.f.p.s. and the sequence of the arithmetic means of an a.f.p.s. is an
a.f.p.s. as well. Applying Komlés’ condition, there exists a subsequence
of (z,) and x € X, such that for all further subsequences, the sequence
of successive arithmetic means converges to z p-a.e. Consequently, we can
always assume that the set

D(C)={{(xp),x}: (x,)is an a.f.p.s. in C' and limz, =z pu— a.e.}

is nonempty.
For every y € C' we define

r(y) = inf{limfup ly = znll : {(2n), 2} € D(C) }.

We first prove that T'(y) = y whenever r(y) = 0. Indeed, let € > 0 and
take {(x,),z} € D(C) with limsup,, ||y — x| < e. Then

1Ty —y|| < limsup, ||Ty — Tzy| + limsup,, |7z, — z,| + limsup,, ||z, — y||

< [T[limsup, [y — 2a| + limsup,, [[n —y|| < (|T] + e

and T'(y) = y since € is arbitrary. Thus, our target will be to find some
y € C with r(y) = 0.

To do that, choose € > 0 such that
1+rx(l) 1—e¢

t(C) (1+e?

S(T) <
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and an arbitrary zo € C. If r(xo) > 0, take {(z,,), 2} € D(C) with
limsup ||zg — 2| < r(zo)(1 +e).

We denote by ¢(,,)(-) the convex function
P(a,)(y) = lmsup[ly —znll,  yeX.

It can be easily checked that lim,, || Tz, —x,|| = 0 for every s € N. Hence
P(zn)(T°x0) = limsup, [|[T°zo — || = limsup,, ||T°zo — Tz, ||
< [T*[limsup,, [|zo — n|| = [T°%|d(s,)(20)-
Therefore, if we define the sequence
 Txo+---+ T
s

s
we know that (zs) is an a.f.p.s and for every s € N

TR 4 T
B S

¢(xn) (Zs)

P(zn) (T0)-

Taking limits
limsinf ¢(:cn)(28) < S(T) ¢(xn)(x0)
Applying Komlés’ condition, we can find a subsequence (zs,) and z € X,

such that lim; ¢, (2s;) = liminf; @,y (2s) and
281 + [ _|_ ZSp

p
converges to z p-a.e. Moreover, by convexity and taking limits we have
Plan)(Zs1) + 0+ Dan)(25,)

P p
= li?l ¢(xn)(25i) < S(T) ¢(x7l)(x0)-

Consequently, we have obtained an a.f.p.s. (Z,), convergent to some z € X
u-a.e. and with

Zp =

limsup ¢(,,)(Zp) < limsup
P

limsup limsup ||Z, — || < S(T') 7(x0)(1 + €).
P n

Define
pie r(zo)(1 — €)
HO)1+e)
We claim that
min{limsup ||z — z, ||, limsup ||z — Z,||} < p.
n P
Indeed, otherwise, using the Opial modulus
Zp—rZ+z—x
p

= lim sup
P

zp—x‘

21+n<”z_xu> >1
p

lim sup ‘
p
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and
S(T) r(xo)(1+€) > limsuplimsupl|z, — zy|
p n

. . Zp— T X — Tp
= phmsuphmsup‘

p n _p p
> plimsup [1 +r. (M)}

P P

I 7 —
= p[re (P2 S )

which is a contradiction with the choice of € and the definition of p.

According to the definition of the coefficient ¢(C'), there exist some z, Z €
C such that

limsup ||Z — x| < t(C)(1 + €) limsup ||z — z, ]|,
n n

limsup ||z — Z,|| < t(C)(1 +¢€) limsup ||z — Z,]|.
n n

If limsup,, ||z, — z|| < p then

limsup ||z, — Z|| < r(xo)(1 —¢€)

which implies r(Z) < r(x¢)(1 — €). Note
1Z =zl < limsup, ||z, — ol + limsup,, ||z, — Z|| < r(zo)(1 +€) +7(x0)(1 — €)
= 2r(zp).
On the other hand, if limsup,, ||z, — 2|| < p, then

limsup ||z, — Z|| < r(zo)(1 —¢€)
P

which implies r(z) < r(xg)(1 — €). In this case,

IIZ — xo| limsup,, |xg — x| + limsup, ||z — ||

lim sup,, lim sup,, |2, — ||

(14 €)r(zo) +r(xo)(1 —€) + (1 4+ €)S(T)r(xg)
24+ (1+¢e)S(T)|r(zo)-

In every case, we have obtained some w(zg) € C' with
r(w(xo)) < r(zo)(1 —€) and [lzo — w(zo)| < [2+ (1 4 €)S(T)]r(z0)

Now we construct the sequence a1 = zg, an4+1 = w(ay,) for n > 1. Since (a,)
is a Cauchy sequence, there exists a = lim,, a,, such that r(a) = 0 and T has
a fixed point.

A 4+ IA

O

Equality (%) used in the proof of Lemma for L1([0,1]) also holds for
Li(u) for p either a finite or o-finite measure and implies that 1 +7r,(1) =2
when X = L;(u). Consequently we can deduce:
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Corollary 3.4. Let C' be a norm-closed convex bounded subset of L1(p) and
T :C — C be an affine Lipschitzian mapping. Then T has a fized point
whenever

In particular, if we consider any convex bounded subset of Lq(u) which
is 7-closed, we can derive the existence of a fixed point for every affine
Lipschtizian mapping with S(7) < 2. An example of such a set is By, (,,), the
closed unit ball of Ly (). Furthermore, the failure of the fixed point property
for affine nonexpansive mappings in closed convex subsets of L;([0,1]) (or
¢ which is isometrically embedded in L;([0,1])) can only occur when ¢(C)
attains its maximum value 2. Note that the affinity condition can not be
dropped because there exist some nonexpansive mappings from By (o 1)) into
itself without fixed points. In fact, for every norm-closed convex bounded
set C of L1([0,1]) containing a closed interval, there is a fixed point free
nonexpansive mapping 7' : C' — C' [5] (see also [12, Chapter 2] and [20]).

We next show further examples of norm-closed convex bounded subsets
of L([0,1]) where Theorem [3.3] can be applied:

Example 3.5. We use the following notation:

1
Co={feLy0.1]): f>0, /0 Fdt =11,

Cy :=co(CU{a}), a € [0,1].

All these sets are norm-closed, convex and bounded. They are not weakly
compact because they contain the sequence {nx[o,l /n]} which has no weakly
convergent subsequence. Furthermore, no one is contained in a compact
set for the topology of the convergence in measure, since they contain the
sequence {147, } (where {r,} is the Rademacher sequence) which has no a.e.
convergent subsequence. In particular, we cannot deduce existence of fixed
points for these sets by using any known fixed point theorem for compact in
measure sets, as in [8]. We will prove that t(C,) = 1+ a for every a € [0, 1]:

Let {gn := M\ufn + (1 = A\p)a} be a sequence in C, which is convergent to
some g a.e., where (\,,) € [0,1] and (f,,) C C. Throughout a subsequence, if
necessary, we can assume that A, converges to some A € [0, 1], which implies
that {f,} converges to a function f > 0 a.e. and g = Af + (1 — A)a. From
Fatou’s Lemma we obtain ||f|| < 1. We have

limsup ||.gn - .gH = limsup H)‘nfn + (1 - An)a - >‘f - (1 - )\)(IH
= Allimsup [ fo = fll) = Adimsup [ fo ]| = [ £1])
= AL =7ID-

Furthermore, if f # 0 we have that the function

F4 = lfDa= £l (ﬁ) - lfDa
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belongs to C,. The same is true if f = 0. Denote h = (1 — N)a+ A(f + (1 —
1f)a) € Ca. We have

limsup, ||g, — k|| = limsup, ||g, — gl + |lg — Al
= AL =IFD+AQ = [ f[Da
= (1+a)limsup,, ||gn — 9|

Thus, t(Cy) < 1+ a. The equality is a consequence of the fact that the
sequence f, = {nx[,1/n} converges to 0 a.e. and limsup, ||fn — f[| > 1+a
for every f € C,. Therefore, for every a € [0,1] and T : C, — C, affine

Lipschitzian with S(T") < 1_?_ —, the set of fixed points is nonempty.

Besides the function spaces L1 (p), there are some broader classes of func-
tion Banach spaces with the uniform Opial property with respect to the
almost everywhere convergence and satisfying the Komlés’ condition. In-
deed, in case of Orlicz function spaces for an Orlicz function ® satisfying
the Asg-condition, it was proved in [4, Theorem 3| that the Orlicz space
X = Lg(p) verifies the uniform Opial condition w.r.t. the convergence

almost everywhere and
1
1 + 7’7—(1) Z a <§>

where the function a(-) was defined by
NS0
Thus we can conclude:

Corollary 3.6. Let ® be an Orlicz function satisfying the Ao-condition and
X = Lo(p) endowed with the Luzemburg norm. Let C' be a norm-closed
convex bounded set and T : C — C an affine Lipschitzian mapping with

S(T) < at((l(//*i) .

Then T has a fixed point.

A similar result can be obtained for Orlicz function spaces endowed with
the Orlicz norm in case that ® is an N-function [4, Theorem 5.

To finish this section, we extend our results to non-commutative Li-spaces
associated to a finite von Neumann algebra. Note that for every o-finite
measure space, the Banach space Lo, (1) is a finite von Neumann algebra and
the corresponding Li(u) is a particular example of a non-commutative (in
fact, commutative) Lj-space. For standard notation and some background
on non-commutative Li-spaces the reader can consult for instance [15] [18].

Let (M, 7) be a finite von Neumann algebra, and consider X = Ly (M, 1)
endowed with the usual norm

]| = = (l2])-
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The measure topology is defined via the following fundamental system of
neighborhoods of zero: for every €,6 > 0 let

N(e,8) = {x € M : 3 p projection in M with ||2p||s < € and 7(p) < 8}.

In case that we consider L;([0,1]) and the trace given by 7(f) = fol fdx,
the previous topology coincides with the usual topology of the convergence
in measure. Note that Li(M,7) is a L-embedded Banach space and the
measure topology is an abstract measure topology in the sense of [17]. Thus,
equality (%) given in the proof of Lemma can be generalized to the
frame of L1(M, 1) and the measure topology (see [11] [16] 17]) and Komlds’
condition is extended in [19] Proposition 3.11]. As a consequence of Theorem
B3] we can conclude:

Corollary 3.7. Let (M, 1) be a finite von Neumann algebra and C be a
norm-closed convex bounded subset of Li(M,T). Every affine Lipschitzian
mapping T : C' — C has a fized point whenever

2
m.
In case that C' is closed in measure, as the close unit ball, T has a fixed point
if S(T) < 2.

S(T) <

4. SOME SHARP EXAMPLES

In this section, we show that the statement of Theorem [B.3] is sharp for
every possible value of ¢(C'). First, we check that either the condition ¢(C') =
2 or s(T) = 2 does not imply the existence of fixed points in L;([0, 1]).

Example 4.1. Let C be the subset of L;([0,1]) given in Example For
every f € L1([0,1]) we define T'(f)(t) = 2f(2t), where we assume f(t) =0
if ¢t > 1. Note that T is an affine isometry, T(C') C C and supp T"(f) C
[0,1/2"] for every n € N. This implies that f = 0 a.e., which does not belong
to C, is the unique possible fixed point for 1. Consequently, T : C — C
fails to have a fixed point and ¢(C') must be equal to 2.

Example 4.2. We consider the set Cjy introduced in Example which
verifies t(Cp) = 1. Define G : Cy — Cy by G = TR, where T is the mapping
in Example [ and R : Cy — C is given by

R(f) =@ =f)+ 7.

Note that [[Af + (1 — XN)g|| = Allfll + (1 — A)||g]| for every f,g € Cp
which implies that R is an affine retraction. Furthermore G is fixed point
free because T is. Since (T'R)" = T"R and |R| < 2, S(G) < 2. Finally,
Corollary 3:4] implies S(G) = 2 due to the absence of fixed point.

Finally, for every possible value of t(C) € (1,2), we next show an example
of an affine Lipschitzian mapping, failing to have any fixed point, and with

S(T) = 1?(3”. That is, Theorem [3.3] is sharp in every possible case.
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Example 4.3. Take (g,) a sequence of normalized functions in L;([0,1])
supported on a pairwise disjoint sequence of subsets of [0,1]. For every
t € (1,2) we consider the following norm-closed convex bounded set

00 00
Cy = Sl(t_l)gl+zsn9n: Sn20723n:1
n=1

n=2

Define T : Cy — C; by

S S
T Sl(t - 1)91 + Z Sndn | = Z Sndn+1-
n=1

n=2

It is not difficult to check that T is fixed point free, affine and

9
|T"f —T"g|| < ;Hf — 49l

for every f,g € C;. For f = (t —1)g; and g = go we have

2
IT"f = T"g|l = l|gn+1 — gnt2ll =2 = ;Hf .l

which implies that S(T") = 2. Now let us check that ¢(Cy) = t. Indeed, let
(fn) be a sequence in C' which converges a.e. to some f € L;([0,1]). In
particular f = s1(t —1)f1 + > 0”5 Spfn Where §7:=>"> s, <1 and

limsup | fo — £ = limsup | ]l - 7] = 1 - 5.
Let g=f+ (1 —0f)(t—1)f1 € C;. Then

infree, limsup,, || fn — Rl < limsup, ||fn — gl
= timsupy || — Il + (1= 67)(t — 1)
= tlimsup, ||f» — fl,

which shows that ¢(C;) < t. Consider the sequence (g, )n>2 C C which tends
to zero a.e. It can be checked that for every h € Cy, limsup,, ||gn — h|| > t
and this proves that ¢(Cy) =t for every ¢ € (1,2).
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