LOCAL NULL CONTROLLABILITY OF A 1D STEFAN PROBLEM

E. FERNANDEZ-CARA, F. HERNANDEZ, J . LIMACO

ABSTRACT. The purpose of this article is to give a new proof of a null controllability result
for a 1D free-boundary problem of the Stefan kind for a heat PDE. We introduce a method
based on local inversion that, in contrast with other previous arguments, does not rely on
any compactness property and can be generalized to higher dimensions.

1. INTRODUCTION

1.1. Motivation. Let wug : [0,Lo] = R, the open interval wg € (0,Ly) and T > 0 be given. The
main goal in this paper is to find a control v = v(x,t) such that the solution (u,£) to the Stefan
problem

Ut — Uz = V1o in  Q,
u(0,t) =u(l(t),t) =0 for te(0,T),
u(x,0) = ugp(x) for € (0,Lo), (1.1)
() = —%um(ﬁ(t),t) for te(0,7), (Stefan condition)
£(0) = Lo
satisfies
u(z,T)=0, x¢€(0,4(T)). (1.2)

Here and in the sequel, @, and O respectively denote
Qe={(z,t):0<x<L(t), 0<t<T} and O=wyx(0,T)

and 1o is the characteristic function of O.

Although this problem has already been considered in [12], it will be re-visited in this paper.
In [12], problem (1.1) is reformulated and solved by introducing a suitable space £ of functions
£:[0,T] ~ R and a fixed-point mapping A : £~ L as follows:

1 .
A(6) = Lo - %f Wl (0(s), 5) ds, (1.3)
0
where (uf,v?) is a well-chosen minimal energy solution to the null control problem:

ug(x,t) — uge(2,8) =v(x,t)lo in  Qy,

u(0,t) = u(l(t),t) =0 for te(0,7), 14
u(z,0) = ug(x) for x¢€(0,Lp), (1.4)
u(z,T)=0 for x€(0,4(T)).

The strategy to choose (uf,v) relies on the Fursikov-Imanuvilov formulation of the null con-
trollability problem for the heat equation, see [18]. The authors prove that, for any small u,
A possesses at least one fixed point in £, say £°. To this end, they check that the assump-
tions of Schauder’s Fized-Point Theorem are satisfied. As a by-product, a solution (Eﬂuz*,ve*)
to (1.1)—(1.2) is proved to exist.

Unfortunately, it seems difficult to apply these ideas in a higher dimensional setting. Indeed,
it is not clear at all how can we give a similar definition of A and get, again, a continuous
compact mapping (note that A is compact in the one-dimensional case, among other reasons,
because the functions in £ can be viewed as parametrizations of curves, not surfaces).

For these reasons, with an extension in mind to other more interesting and realistic problems,
we introduce in this paper another strategy that, instead of compactness, relies on local inversion,
that is, completeness and contractivity. More precisely, we will use Liusternik’s Inverse Function
Theorem in Banach spaces.

An interesting by-product of the method used in this paper is that it leads in a natural way
to a convergent iterative algorithm for the computation of null controls. This will be explained
with more detail below, at the end of Section 4.
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The controllability of linear and nonlinear PDEs has been the objective of many papers
the last decades. In the context of the linear and semilinear heat PDEs, the main contributions
have been obtained in [10, 23, 7, 18, 13, 6]. For parabolic free-boundary problems, controllability
questions have been considered only in a few papers; see however [3, 20, 12].

On the other hand, the solution of problems of the kind (1.1)—(1.2) is connected to several
interesting applications. Among others, we can mention solidification processes (see [14, 15])
and also the following:

e The behavior of free surface flows, see [21, 28, 31].

e Fluid-solid interaction and related problems, see [5, 24, 30].

e Tumor growth modelling and other problems from mathematical biology, see [16, 17],
ete.

In the sequel, C' denotes a generic positive constant; Cy, C1, etc. are other positive (specific)
constants; when it makes sense, the extension by zero in space of any function f is denoted
by f*.

The main result in this paper is as follows:

Theorem 1.1. The free-boundary system (1.1)—(1.2) is locally null-controllable. More precisely,
given a constant L, such that sup wg < L. < Lg, there exists ¢ > 0 such that, if ug € H&(O,Lo)
and |[uo| 2 (0,L0) <€, then there exist £, v and u, with

(e CH([0,T]), L.< i{gfﬂé(t), ve L*(0), uwod;'eC’([0,T]; Hi(0,Lp)),*
te[0,

that satisfy (1.1) and (1.2).

For the proof, we will first use a suitable change of variables that transforms (1.4) in a
parabolic problem in a fixed cylindrical domain. Then, we will introduce two appropriate Banach
spaces X, )Y and a mapping F : D ¢ X — ) (defined on an appropriate subset D), and we will
rewrite (1.1)—(1.2) as an equation of the form

F(z,4,v)=(0,up), (z,4,v)eDclX. (1.5)

Finally, we will check that the assumptions of Liusternik’s Theorem are satisfied by F : D c
X — Y and, consequently, for any small ug, (1.1)—(1.2) is solvable.

This paper is organized as follows. In Section 2, we give the details of the announced change
of variables and we recall some previous results. In Section 3, we consider and solve a con-
strained null controllability problem for a linear parabolic system; this will be needed later to
prove that the hypotheses of Liusternik’s Theorem are fulfilled. Section 4 deals with the proof
of Theorem 1.1. In Section 5, we present some additional comments and extensions. Finally,
Section 6 is devoted to recall some technical results.

2. SOME PREVIOUS RESULTS

As already mentioned, we will use a suitable change of variables in order to transform the
non-cylindrical problem (1.4) into a cylindrical one.

2.1. Reduction to a fixed cylindrical domain. Let ¢ € Cl([O,T]) be given. We will con-
struct a diffeomorphism ®, that maps the set Q; onto Qpr, = (0,Lo) x (0,7") and coincides with
the identity on the square [0, L.] x [0,T] for a fixed L, such that sup wy < L. < Lg; see the
figure below.

Construction of ®,: Fix a small 6 > 0. Given y > L, + 2§, define g(-,y) as the linear
interpolation of the points (L, -6, L, —0), (L. +06,L,+9), (y=0,Lo-9), (y+9, Lo+¢). Consider
g(+,y) as defined on the whole line by extending the end segments toward infinity.

Specifically,

T, if x <Ly +9,
g(z,y) =4 L. +5+ (L*_’i%+2+‘;)§f;)L*_5), ifL,+0<z<y-9,
x—y+ Lo, ifx>y-0.

1, is a diffeomorphism constructed in subsection 2.1 for any £ ¢ C*([0,T]).
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On the other hand, let ¢ be a nonnegative even smooth function with compact support
contained in (-4,9), which integral on this interval is equal to one: ¢ ¢ C*(R), ¢(z) =

@(=z), supp ¢ c (=6,0) and [ p(x)dx = 1.

Let us define
H(z,y) = (p*g(,y))(2).

It can be seen that H is a smooth function on R x (L, + 26,00). Note that H(y,y) = Ly and
H,(y,y) =1 for every y > L, +25. Moreover,

VH(z,y) = (¢ % 9C0)) (@), (9% 0y9(,))(@)),

where
0, ifx<L,+9,
yg(z,y) = (L*_(Lgffgg(_;f*“”, if Ly+d<z<y-—9,
_17 if x> Y= 1)
(see the figure below).
A A
25[,;0 B

L,+6 y—0

v
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(A) Typical plot of g(-,y). (B) Typical plot of 9yg(-,y).

The desired diffeomorphism is given as follows:
Py Qe Qry, Pe(,t) = (H(z,£(1)),1).
The change of variables (§,t) = ®4(x,t) transforms (1.4) into

Mtz =910, in  Qr,,
2(0,t) = z(Lo,t) =0, for te(0,7), (2.1)
2(570) = u0(§)7 for e (07L0)7 .
2(£,T)=0, for £¢(0,Lg),
where
M*2 = 2 + 'z — b 2, (2.2)
z:uoq)gl, ’D:voCI)zl and
a’(&,) = Hy(H™' (&, €(1)), (1)) £'(t) = Hoa(H ™ (€,()), (1)), (2.3)
bE(&,t) = Hy (HH(&,0(1)), (1)) (2.4)

Here, H™! denotes the inverse of H with respect to the first coordinate (i.e. H™1(&,y) = (p *

9¢y)) (&) , _
Observe that a’ € C(Q) and b’ € C'(Q) whenever £ € C*[0,T].

Remark 2.1. Note that a slight modification in the construction of ® actually permits to
consider also controls acting on noncilindrical domains O.
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2.2. Liusternik’s Inverse Function Theorem. Let us consider the mapping
F(z,v,£) = (M“Loz—v]lo , 2(0)). (2.5)

Note that F(0,0,0) = (0,0).

Later, our approach will be to locally invert this mapping, with the aim to ensure, for any
small initial data wug, the existence of a triplet (z,v,£) such that F(z,v,£) = (0,ug).

To accomplish this goal, we will apply the following local inversion result in Banach spaces,
which is a consequence of the so-called Liusternik-Graves Theorem (see for instance [1]):

Theorem 2.2. Let X and Y be Banach spaces, let D ¢ X be a non-empty open set and let
F:DcXw Y beaCl mapping. Assume that (Z,5) € D x Y is such that F(Z) = § and
F'(z): X » Y is onto. Then, there exists 0 >0 such that, for everyy e satisfying |y -7y <9,
there exists at least one solution x € X to the equation

F(z)=y, weX.

Once the inversion is performed, we take (z,v,¢) = F1(0,u0) and, returning to the original
coordinates, we see that the function u(x,t) := 20 ®y, 1, (x,t) satisfies (1.1). As a matter of fact,
what we can say by now is that the first and third lines of (1.1) are satisfied, but what about
the other ones?

A major issue will be to find suitable Banach spaces X and ) such that, first, the hypotheses
of Theorem 2.2 are fulfilled around (0,0,0) and, second, (z,v,£) € X implies that u satisfies the
remaining lines of (1.1), together with the zero final condition (1.2).

This will be achieved by imposing to the functions in X to satisfy the final null and boundary
conditions together with the Stefan condition. Then, ) will be chosen such that F is well defined
and F'(0,0,0) is surjective. To get this last property, we need to solve a null controllability
problem for a linear parabolic equation with and additional integral constraint, which requires
the use of an improved Carleman’s inequality, proved in Proposition 3.2.

3. CONSTRAINED NULL CONTROLLABILITY OF LINEAR PARABOLIC EQUATIONS

Let us fix up € H3(0, Lo) and h € L?(p3; Q). The goal of this section is to solve the linear null
controllability problem

MLDZ(g?t) = U(fat)]lo + h(gv t) in QLm

2(0,t) = 2(Lo,t) =0 for te(0,7), (3.1)
2(670) = u0(§) for g € (07L0)7 .
2(£,T)=0 for &€ (0,Lg).

with the additional constraint? .
f ze(Lo, s) ds =0. (3.2)
0
Here M*%o denotes the operator defined by (2.2) when £(t) = Ly. That is
MLO = (?t + aLO(?g - bLOaEE.

It is not difficult to see (from (2.3), (2.4) and the definition of H) that a®® = 0 and blo = 1.
Nevertheless, we maintain the notation given above because most calculations performed below
remain valid if we replace the constant L for a fixed function ¢y such that £4(0) = Lo.

The main tool will be a modified (or improved) Carleman’s estimate that will be established
for the solutions to an adjoint problem. Ideas of this kind seem to have been used for the first
time in [27] and has led since then to the solution of several constrained control problems; see
for example [26, 25].

Let us first introduce some notation. Thus, let us fix a nonnegative function ag € C2([0, Lo])
such that a(0) = ag(Lg) =0 and |agy(z)| > 0 for all z € [0, Lo] \ wo. Given A >0, let us set

Ao () A
oot = s Gt =l -0 and et = S,
where m € C*([0,T7]) is such that
2
m(t) = T°/4 for t€[0,7/2], (3.3)
t(T-t) for te[T/2,T].

Then the following well known global Carleman estimate holds (see [18]):

2A justification for the introduction of this constraint is given in Section 4 after the proof of Lemma 4.3.
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Proposition 3.1 (Carleman inequality). There exist positive constants A, § and C (depending
on L., wy and T) such that, for any s > 5 and A >\,

[[Q e [(50) (P loeel?) + 37 (s0)lpel+ X (50)° o] d

gc( I, eeiarty P agde s [f) ez (so) ol dgdt).
for any pe H>Y(Qr,) such that p(0,t) = p(Lg,t) =0 for 0<t < T.

(3.4)

In general, (M%)*(p) = —p; — (a*p)¢ — (bp)¢e corresponds to the formal adjoint of M.
The preceding result remains in force for such operators because of the regularity of af and b
mentioned at the end of Subsection 2.1. In our current setting we have (ML0)*(p) = —p; — pee.

From here on we use the following notation for the weight functions in (3.4):

p=e po=A"e(s0)™2 pr= AT (59) 2, pa= e (s9) 2.

In order to solve the constrained problem (3.1)—(3.2), we will first ignore the integral restric-
tion. Thus, from the results in [18], we know that there exists (Z,9) in L*(p* Qr,) x L*(p3; O)
(that will be fixed from now on and up to the end of this section), such that

Mbtoz =510 + h, in  Qr,,
20,) = 2(Lo,t) = 0, for te(0,T), (3.5)
2(670) = uO(f)v for 56 (OaLO)a
and
Lo
HZH%Q(PZ:QLO) + H@”%z(pao) SO('/LO pg|h|2d§dt+'/(; |U0|2 df) (36)

Moreover, it is not difficult to see that

T 2 Lo
72 = ([O % (Lo, 5) ds) sC(f[QO p§|h|2d5dt+f0 |u0|2d§). (3.7)

Let us denote by Z(v) the solution (in L?(0,7; H?(0, Ly))) to the problem

Moz =9l in  Qr,,
2(0,t) = 2(Lo,t) =0 for te(0,T), (3.8)
2(570) =0 for fE (07L0)7

and let us introduce the family of admissible controls

Vaa= (v e 2(3:0): [ (Z())elLo,s) ds =7}
In terms of the linear (nonlocal) differential operator
N:L*(p3:0) = L*(0,T), N(v)=(Z(v))e(Lo,s),
one has
Vaa = {v e L*(p3;0) : (N*1, V) L2 (p52:0)x L2 (p2:0) = 11}
where N* : L?(0,T) = L?(py%; ©) denotes the adjoint of N and 1 is the unit constant function.

To simplify the notation, we write the previous duality product in the form (:,-) p2xp2- Note
that (w*,v)pgzxpg coincides with [[,w*vd{dt; in particular, we see that (p,p)%zxpg is well

defined for any p € C?(Qo).
It is possible to give an explicit expression for the operator N*. In fact, integrating the
identity
M (y)p = y(M™)* () = (y2)e + Ypes — Yecw,
on Qr,, where y = Z(v) and ¢ is the solution of

(MLo)p=0 in  Qr,,
©(0,t) =0 o(Lo,t) =h(t) for te(0,T), (3.9)
v(&,0)=0 for €£¢€(0,Lg),

we obtain .
[/ v plo dedt = —f Z()e(Lo, t) h(t) dt.
QL 0
In other words, N*(h) = —¢|o where ¢ is the solution of (3.9).



6 E. FERNANDEZ-CARA, F. HERNANDEZ, J . LIMACO

Now, let us introduce the space
Poi={peC?(Qo) :p(0,t) = p(Lo,t) =0 ¥te[0,T]},

endowed with the scalar product

(p,7) = f[Q ) () (M) (p) d dt

v J[ 50 P(ei*slo) (5~ P(oi*lo) Lo de dt, (3.10)
Lo
where P(q) stands for
—~ N*l, q)o=2xp2
P(Q) = ( N*1 2>p0 . N'L
H ”Lz(p62)

Clearly, the first integral in (3.10) is finite for p,p € Py. For the well definition of the second
integral, it is enough to note that p € Py implies that py%plo € L?(pZ; ©), therefore P(pg2plo) is
well defined and belongs to L?(pg?; O).
Let us check that (-} is in fact a scalar product in Py. Suppose that {p,p) = 0 for some
p € Py. Then
{ (M 0)*(p) =0, in QL
p(0,t) = p(Lo,t) =0, for te(0,T),

(N*1, p5°plo) -2

and p=N*1in O, where 8 = Rl
[y 1”L2(p62)
It follows from the characterization of N* given above that N*1 = —@|p, where ¢ is the

solution of (3.9) with h(¢) = 1. As a consequence,

{(ML°)*(1>+B¢)=0, in Qr,,
p+ 5@ =0, in O.

By unique continuation, which is a direct consequence of Carleman’s inequality (3.4), we have p =
-f@ in Qr,. Hence, in particular, p(Lo,t) = —8¢(Lo,t), which implies 8 = 0 and, consequently,
p=0.

In the sequel, we will use a well known uniqueness-compactness result. It is the following:

Let X and Y be reflexive Banach spaces and assume that A,B € L(X;Y), A is
injective and B is compact. Also, assume that one has

lzllx <Ci(|Az|y + |Bz|ly) VzeX. (3.11)
Then, there exists Co >0 such that
2] x < Ca)|Az]y VzelX.
Indeed, if this were not the case, there would exist z1, z9,... in X such that
1
lznlx =1 and |Az,|y <= Vn>1.
n

We can assume that, for some z, € X, 2z, - z, weakly in X and Bz, — Bz, strongly in Y
as n — +oo. Since Az, =0, we necessarily have z, = 0 and therefore |Bz,|y — 0.
But we also have from (3.11) that

1
1= znllx < Cr([Azally + [Bznly) < Ch (; N Hanny) V>,

whence we arrive to a contradiction.
In the sequel, we will denote by P the completion of Py for the scalar product {-,-):

p ot

Proposition 3.2 (Carleman inequality). There exist positive constants Mg, so and C' (depending
on Lo, w and T) such that, for any s > sg and A > Ao, one has:

I(p) = /fQL 672504[(5¢)71(|Pt|2+|P§g|2)+)\2(s¢)|p5|2+)\4(3¢)3|p|2] de dt
SC([/QL 6_250‘|(ML0)*(p)|2 dgdt+‘/Le—2sa>\4(s¢)3|p_ﬁ(p(—)2p|o)|2 dﬁdt) )

for any peP.

(3.12)
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Proof. Recall that

N*1 P p=2xp2
“# N*1 VpeP.
N1

P(p) =

The image of P is a one-dimensional vector space; thus, P can be viewed as a compact operator.
On the other hand, in view of the usual Carleman’s estimates (Proposition 3.1), we have

1) <o [, sy P[] st Pof asar

L 52 Pl asdt).

We can rewrite this in the form

(3.13)

2 2
1(p) < C (4Pl 3y, 20y + 1BPIE2(au,) )
where the linear operators A and B, are respectively given by
Ap:= (p~ (M")*(p), py" (p - Pp)| )

and

Bp:=p;' Py,
for all p € Py.

We thus see that A and B are respectively injective and compact. Hence, the uniqueness-

compactness argument can be applied in this framework. This means that we can write an

inequality similar to (3.13) where the last integral is skipped. In other words, there exists a new
constant C such that

I(p) < C([fQL p‘QI(ML”)"(p)IQd§dt+ffopaglp—fﬁp|2 dfdt)- (3.14)
=C{p,p)
for all p e P. -

The main result of this section is the following:

Theorem 3.3. Assume that ug € H3(0,Lo) and poh € L*(Qr,). Then, there exist v € L*(O)
and z € L?([0,T]; H} (0, Lo) n H?(0, Lo)) such that z; € L*([0,T]; L*(0, Lo)) satisfying (3.1)
and (3.2). Furthermore, the following estimate holds:

Lo
s o lEscon < ([, it dear [ uofac) (3.15)
Proof. Let L be the linear form given by
L:PoR, L(q):= ffoangdt.

Using Schwarz’s inequality, the estimate (3.6) and the Carleman’s estimate in Proposition (3.2),

we get:
el < ([, ot aear) " ( J] p02|q|2d§dt)1 ’
<o . amacas [ obac) to.0" .16)

Therefore, £ € P’ and, from Laz-Milgram’s Theorem, we deduce the existence of a unique p
satisfying

(p,a) =L(q) VYqeP, peP.
Then,

[]Q (772 (™0) (0)(ME0)*(q) + 55> (0 - Pp5*plo))(a - P(p3*dlo)) To)dé dt

:ffangdt VgeP.
(@)
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Let us introduce Z := p~2(M*)*(p) and 9 := (v - py*(p - ?(pﬁZp\o))) lo. In particular,
(N*1,0) > =17, that is, ¥ belongs to V,q. Noting that

P0G
I, 7%= Ploi*plo) Plei*alo) Lo de di = 0.

we see that

f/;QE(MLo)*(Q)dfdt:/]qu;]l@dgdt VgeP.

Consequently, Z is a solution by transposition of

MLog(é"t) :6(£7t)]]-(9 in QLm
2(0,t) = 2(Lo,t) =0 for te(0,7), (3.17)
2(£,0)=0 for £¢(0,Lp).

Actually, since ¥ € L2 (p%; 0), (3.17) possesses a unique weak solution 6 satisfying

0 e L?(0,T;H*(0,Ly)), 6;eL?(0,T;L*(0,Lo)),

which has to coincide with Zz.
As an additional consequence of (3.16), we also have that

Lo
2 2 aryy I D)oy <€ [, P acars [ hoPae). a9
The proof of Theorem 3.3 follows from (3.5)—(3.7), (3.17) and (3.18), by taking z =z - Z and
v=0-10. O

We will end this section by establishing some important estimates for the state-control pairs
(z,v) that satisfy (3.1).

Lemma 3.4. Suppose that (z,v) € L*(p* Qr,) x L*(p3; O) solves (3.1) with ug € H} (0, Lo) and
heL*(p2;Qr,). Then

| P2 HQL’Z(QLO) < C(HU0||2L2(0,LO) + HhHiz(pg;QLU) + ‘|Z|‘%2(p2;QLO) + HUH%Z’(pg;O))? (3.19)
lo" 2403210y < CUl0lr30 10y * 12300y + 1413000 + 1002000y (3:20)
0 e 3acan,y < Clluoliso.coy + I e 00 ) *+ 12 3egmeyy * IWl3gaion)s  (3:21)

where p=mp and p* =m>p.

Proof. Let us prove each estimate separately.

e PROOF OF (3.19): Multiplying the first line of (3.1) by p?z, and integrating in space, we
have

Ld rlo 5 o Lo yo 1o Lo 2 Lo 2
[ g« [T e de= [ (vlo )iz + [ pdel? de

2dt
Lo Lo
—2/ b op d—[ B+ af) 22z dE.
, UPperzedl = | (g a)/) zzg d§

The following estimates are obtained by calculating explicitly g, and p¢, and then using Holder
and Young inequalities:

Lo 2 Lo o
[ i 12 dg < € [P de,

Lo Lo C Lo
[ ippezzelag < s [ Pledde + 15 [ p?leP de.

and : 5 . B
[ < cp [ gt + 5 PP

where 8 is any positive number and H is any function.

Since a’, b’ and bg are bounded and b’ is positive and bounded from below, we can choose 3
in the previous estimates such that, after integrating in (0,¢) for 0 < ¢ < T and taking limits as
t goes to T, we arrive at (3.19).
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e PROOF OF (3.20): Multiplying the first line of (3.1) by (p*)?z; and integrating in space,
we have:

Lo Lo Lo

f (022 de + mf e g = [ (w10 ) (o) ude — 2 [0 pizea g
Lo

+ A bep* pilzel? de + f[ bi(p*)?|ze|* de f (bé-kal)(p*)tazEdﬁ.

Now, we argue as in the previous paragraph. First, we get

Lo\ s 2 Lo o o Lo 2. g2 Lo o 12
[ el e < ¢ [ Reds [T e dg < © [ el de,

[ ozl < 08 [P dg + [ Pl ae
o P pe ezt Pl 483 prizel a5,

and

Lo
fo (p*)22H|dE < Cﬁf (0" )22 de + —6 P2H? d.

Consequently,
Lo 9 1 d Lo, o Loy 2\, %12
fo (0")*|2| d§+%f0 b (p*)*|2e[fde < © fo (v*10 +h*)(p*)* d¢

Lo o 12 Lo o 2
o [ el dg + [ (00) e ds).

Integrating in time and using (3.19), (3.15) and Poincaré’s inequality, we find that

t Lo Lo
L) e dgas+ [ (00 e

< C(HUOH?{é(O,LD) + HZH%%Z;QLO) + ||“||2L2(p3;0)
2 Boplo o 2
Inlagzany + [ [ (0 lecl dgds ).
Finally, from Gronwall’s inequality, taking limits as ¢ goes to T', we deduce (3.20).

e PROOF OF (3.21): Now, let us multiply the first line of (3.1) by —(p*)? z¢ and let us
integrate in space. We see that

Lo
2d f b@ *\ 2 2d
[T e e+ [ el e
Lo N2 Lo .
:_‘A (v]].(’)+h)(p ) ZEEd£ - 2f0 p p§Z§ztd§
Fo 2 Lo Lo x\2
* [0 P pt|Z€| d§ + A a (p ) Znggdg.

Using (3.19) and (3.20) and arguing in a very smilar way, we get:

Lo 21 2 N L 2
e el [ (00 eel? deas
2 2 bl 5
<C Hu0||Hé(O’LO)+Hh\|L2(pg;QLO)+[O fo PPleel? deds | .
Again, from Gronwall’s inequality, (3.21) is easily found. O

We end this section by pointing out that the ideas used throughout it can be adapted to
solve control problems under more general constraints (for instance, a finite number of one-
dimensional restrictions as (3.2)). In fact, the key point here is that P, the projection induced
by the constraints, must to be compact.
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4. PROOF OF THE MAIN RESULT

Let us begin this section by mentioning that in order to prove our main result, equation (1.1)
can be allowed to evolve, during a short time interval, without the influence of the control (i.e
v =0). Then, from regularity of the Stefan problem, in spite of Theorem 1.1 been stated with
initial data in Hg (0, Lo), to prove this result we can assume, without loss of generality, much
more regularity for the initial data.

Let X be the space of triplets (z,v,{) satisfying:

(i) ze L*(p*;Qr,) and
a) z(-,0) € C2**([0, Lo]), z e C**1*/2([L,, Lo] x [0,T]). *
b) 2(0,t) = 2(Lo,t) =0 for t € (0,T).
c) MLoze L2(p%;,Q1L,).
(i) ve L2(p2; 0).
(iii) €€ C™*/2([0,T]) and

a) £(t) =~ [y ze(Lo, s) ds.
b) ¢(T) =0.

On the other hand, let us set Y := F x C3**([0, Lo]), where
Fi={heL*(p};Qu,)  heC™([ L, Lo] x [0, T])}.
It is clear that X and ) are Banach spaces for the norms
10,03 = [ 2y * 1M 2 B gri00 ) *+ 120200 0,00
+ HZ”(2:2+a,1+a/2([L*,Lo]x[o,:r]) + ”UHiQ(pg;O) * W”éua/z([oﬂ)’
[(hyuo) 3 = HhHQL’z(pg;QLO) + Hh“gma/Q([L*,Lo]x[o,T]) + [luo HQCSM([O,T]y
Lemma 4.1. For each n >0, there exists d,, >0 such that, for any (z,v,£) € X, one has:
[em™ 2 | < dy | (2,0, 0) | %
(recall the definition of m in (3.3)).
Proof. In view of the embedding of H'(a,b) in C°[a,b], we have

O <lee(Lot?<C [ f0(|Zs(£,t>|2 + (6, 0F) de. (4.1)

Let us introduce p(t) = exp {7}, where  is chosen such that 0 < 2x < ming[o,z,{a(7)}
and p < p'/2. Then

T
Jy PERas<C [ o (el OF + eele 0P dcar

<c( fQ pmlze(e 0 dedt v | miace(e 0 dea)

<C|(zv,0l%
(the last inequality comes from the estimates (3.19) and (3.21)).

Since by hypothesis £(T") = 0, we can write that £(t) = —[tT 0'(s) ds. For each n, there exists
¢n > 0 such that (T —t)™ < ¢,p(t) for all ¢ € [0,T). Therefore, using Schwarz’s inequality, we

see that
T 1/2 T 1/2
(o) < ( [ (T - 1)™2"|¢ (1)? ds) ([ (T -1)* ds)
t t
C C2
< n T_ n+1/2 .
S\ 52T =" P (50,0 |
From the definition of m, we also have that
C cop n n
D<) 525 @I Pm() ) (20,0 e,
n+1

for all t € [T/2,T]. Finally, using again Schwarz’s inequality and the fact that m is a constant
times 72/4 in [0,T/2], we conclude that

|€(t)| < 22n+1T72nm(t)n+1/2He/”oo’

3The Holder spaces C2*®1+/2 gre defined in the Appendix (see Section 6).
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for all ¢ € [0,T/2]. O
Let us consider the open set
D := {(2,1;76) eX: U(t)>L,- Lo forall te [O,T]}
and define F: Dc X - ) by
F(z,0,0) = (M2 —0lo |, 2(0)). (4.2)

Remark 4.2. According to item iii) in the definition of X', F is a function of z and v. Never-
theless, for simplicity of notation, we will keep the three variables z, v and ¢ as arguments of

F.
Lemma 4.3. The mapping F: D c X — Y is well defined.

Proof. Suppose that (h,z9) = F(z,v,£) for some (z,v,£) € X. It is clear, from the definition of
X, that h € C**/%([L., Lo] x [0,T]) and 2o € C3**([0, Lo]). Therefore, it only remains to show
that M*“Loz e L2(p2;: Qr, ), for which it is enough to verify

(a0 —a)ze € L*(p; Qo) (4.3)

(b0 =) zee € L2 (0 Qo) (4.4)

In view of the a priori estimates (3.19), (3.21) and the fact that |a**F0 — alo| < ¢o|f| + c1]¢]

and [p*Eo — plo| < ¢y]¢], it wil be enough to check that m(t)(|£(t)| + [¢'(t)]) and m~ () (|e(t)])
are uniformly bounded on [0,T].

The first assertion is immediately verified and the second one is a consequence of Lemma 4.1.
O

It is exactly at this point that we can see that the constraint (3.2) is needed. In fact, since
m(T) = 0, we must to impose ¢(T) = 0 if we want that m~(¢)(|¢(¢)|) be bounded in [0,7].
Although, in principle, this can be viewed as a technical restriction, it makes physical sense if
we interpret (1.1) as a model for a semi-infinite one-dimensional block of ice, initially at melting
temperature u = 0 for € [ Lo, 00) and u = ug for = € [0, Lo ], that we want to drive to temperature
w=0 for all 2 €[0,00) at time T

Lemma 4.4. The mapping F : D c X - Y is continuously differentiable.

Proof. In view of the results in the previous sections, we see that the derivative of F at any
point (z,v,£) € D is given by

F'(2,0,0)(2,0,0) = (da(l,0)z¢ — db(€, ) zge + MP* 2 - 510 , 2(0)),

for any (Z,0,0) in X. The expressions da(/,f) and db(¢,f) appearing above are respectively
defined in (6.1) and (6.2) and can be written in the form

da(6,0)(&,1) = a(L(t), ' (1), €) - (1), £'(t))  and  db(£,0)(&.t) =b(0(), &)E(t),  (4.5)

where @ and b are smooth functions.

Now, we proceed to verify that 7' : D c X - L(X,)) is a continuous function. To this end,
it is enough to prove that for any (z,v,€) € D | if (z,,vp,6,) = (2,v,£) in X, there exists a
sequence d,, — 0 such that

[(F' (2 vns ) = F'(2,0,0) (2,0, 0|3 < 6, (2,5,0) | 3-
Note that the left hand side of this last inequality corresponds to
2 2
| (o h)HLz(pg;QLO) + [ Chon = D) Gaarz (1.0, 1o1x[0,7])

where hy, = da(£y,, £)2e—~db(€y, 0)zee+ M 0 n 2 and h = da (¥, £) ze—db(€, £) zee+ Mo+ 2. Therefore,
we have to prove the existence of a sequence d,, - 0 such that

[~ ) .y € 0120 D13 a0 (oo~ 1) B (i oguonry < 0l (Z 0. D)%
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The first inequality follows from the regularity of a and b in (4.5), the a priori estimates
(3.19) and (3.21) and Lemma 4.1, by noting that |(h, - h)Hiz(pg_QL y can be bounded from
0’ 0

above by 6 times

S1nCl 31 (0.1 + 620 Callll| B0 17 + (930 Cs + 8anCa) | £(t) [N/ m(t) |2,

T? - 5 -
+ Z55nHzEH%2([}2;QLO) +06n|b(Lo + €)% | Zee H2L2((p*)2;QLO)7

where,
in = sup_[a(la(t),£,(£),€) = a(l(t), '(t), )P O =sup | (zn)el 722,01, )
(&,6)eQL, neN
02n = |(zn = 2)el 22,01, Co= sup la(U(t),0'(1),)
(gvt)EQLO
53n = sup |l;(£n(t)a€) - B(e(t)vg)‘z C3 = Sup ”(Zn)EE H%Z((p*)Z;QLO)
(€,6)eQL, neN
Oan = [ (2 — 2)ee H%Q((p*)z;QLO) Cy= sup |B(£(t)7£)|2
(€:1)eQLy
Lo+, Lo+4 2
Sn = sup a0t (g1) - P (€, 1) Co = sup [(Lo+0)+0(— )2
(€,6)eQL, 0<0<1
Son = (€= L) (1) [N/ m(t) %
The second inequality can be obtained in a similar way. O

Lemma 4.5. 7'(0,0,0): X - Y is surjective.

Proof. We have to show that, for every (h,ug) € ), there exists (z,v,£) € X such that:

(1) MEoz—ovlp = h.
(2) 2(0) = ug.
Since h € L?(p3; Qr,) and ug € CZ**([0, Lo]) (in particular to Ha((0,Lo))), and in view of

Theorem 3.3, there exists a pair of functions (z,v) satisfying (a) and (b) above, together with
conditions (i) b), (i) ¢) and (ii) in the definition of X. Moreover, defining

o) = —[Otig(Lo,s) ds,

it is also guaranteed by Theorem 3.3 that ¢(T") = 0.

The proof of the Holder regularity of z and £ needed to fulfill the definition of X will be divided
in two steps. First, since ug € CZ**([0, Lo]) and h € C**/?([L,, Lo] x [0,T]), Theorem 6.1
implies that z € C2**1**/2([L,, L] x [0,T]). Secondly, applying Theorem 6.2 to the problem

MEow(€,t) = h(,t) in  (L.,Lo) x[0,T],
w(0,t) = 2(L4,t) w(Le,t)=0 for te(0,7T),
w(&,0) =up(§) for &€ (Ly,Lo),

we can conclude that z also satisfies condition (i) a) in the definition of X'. Finally, the desired
regularity for ¢ defined above follows from (i) a). O

Remark 4.6. Taking into account the formulation (1.5) of the null controllability problem and
the fact that F'(0,0,0) is surjective, we can introduce, as in [4], the following quasi-Newton
iterates

(2" o™ ety = (27 0" ) = G(F (2™, 0" ) = (hy 2)), n 0.

Here, G is an inverse to F'(0,0,0). It can be proved that, if the starting triplet (2°,v°,¢%) is
close enough to (0,0,0), the sequence {(z",v"™, ™)} converges as n - +oo to a solution to (1.5).
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5. SOME ADDITIONAL COMMENTS

Note that, instead of (1.1)—(1.2), we can also consider the following free-boundary system,
where the PDE is semilinear:

U —Uge + f(u) =vlp in  Qy,
u(0,t) =u(f(t),t)=0 for te(0,T),

u(z,0) = uo(x) for xe€(0,Lg), (5.1)
0(t) = —%um(£(t)7t) for te(0,7),
£(0) = Lo,

u(z,T)=0, ze€(0,0T)). (5.2)

Thus, if we assume (for instance) that f : R — R is globally Lipschitz-continuous and f(0) = 0,
the arguments in Sections 2-4 can be adapted to prove a result similar to Theorem 1.1.

On the other hand, it is completely meaningful to consider a problem similar to (1.1)—(1.2) in
higher dimensions. Thus, 2y ¢ RV be a bounded connected open set, let G € Qy be a non-empty
open subset, let us assume that yg : Qg+~ R and T > 0 are given and let us consider the system

Yy — Ay =vlg for zeQ(t), te(0,T),
y=0 for xedQ(t), te(0,T),
(ac 0) = yo(x) for xe€Qo, (5.3)
BZ =-V-n for xze0Qt), te(0,T),
(Stefan condition)
0(0) = o,

where n = n(z,t) denotes the outward unit normal and V' = V(x,t) is the speed at which Q(t)
expands at the points x € 9Q(¢). Now, the null controllability problem is to find y, v and
{2(%) }4ef0,77 such that one has (5.3) and, moreover,

y(x,T)=0, xeQT). (5.4)
In a forthcoming paper, we will use techniques similar to those in the previous sections to
prove a local controllability result for (5.3)—(5.4).
6. APPENDIX: SOME TECHNICAL RESULTS

6.1. Differentiability of M*. Now we proceed to study the applications which make corre-
spond to any £ € C*([0,T]) the coefficients of the differential operator M*, namely, ¢ — a‘ and
¢~ b*. From now on, we will use the notations a‘ and a(¢) indistinctly.

Let us define da(¢,£)(&,t) = d Z“e(f, t)‘ . Using the chain rule we can see that da(¢, £)(&,t)

is equal to
Hy(z(&,),0))0 (t) + VH, (z(&, ), £(t)) - (Hy(x(g, t),0(t)), 1)6’(t)é(t)
+ VH,o (2(6,6),61)) - (Hy (2(&,1), D), 1)0t),  (6.1)
where z(¢,t) denotes H™'(¢,£(t)). Analogously, we obtain
db(0,0)(&,) = 2H,, (w(&,1), (1)) VHa (2(€,6), (1)) - (Hy (w(&,1), (1), 1)0(1). (62)

Now we proceed to verify that da(¢, /) (vesp. dag(Y, 0) and db(¢,0)) is in fact the Gateaux-
derivative of a (resp. b) at £ along the direction £. Here, we deal with b’ = ( L)), E(t))
The other cases can be handled in a similar way.

Let us fix 2 = HY(&,0(t)), y = £(t), hy = H Y&, 0(t) + el(t)) — H'(€,£(t)) and hg = el(t).
Using the Taylor’s first order expansion of H2, we obtain:

‘b€+6’z(§,t) —b(&t) - VHL (2,y) - (h1,h2)‘ < O (ha, ha) |,

where C can be taken as the supremum of |Hess(H?2)| on a fixed domain, says @4y~ On the
other hand

[H71 (6. 0(8) + €l(£)) - H(6,0(8)) = VEH(6,68)) - (0, €(2))| < Calel (1)
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where Cy := SUP (. w)eH-1(@y7) [Hess(H *(z,w))|. Therefore,
6548, 1) = b(€, ) = edb (€, D)| < o€, 1) ~ b (&, 1) = THZ () - (ha, Do)

+‘VH§(x7y) < (hy - eHy(x7y)l7(t) , O)‘

and thus

O+el !
‘b (f,t)e— L&D e, 0)| <3Celi(n)?,

where we can take

C=CCy sup HVHz(x,t)H
(z,1)eQ, 7

6.2. Holder regularity of parabolic equations. Given a connected open set 2 ¢ R™, consider
the cylinder Qr = Q x (0,T) and denote by St = {(x,t) : x € 9Q, t € [0,T]} its lateral surface.
Let C**/2(Qr) be, for any «a € (0,1], the space of functions u : Q7 + R such that D} D3u is:

i) Continuous on Q for 0 < 2r +s < |al.

i) y-Holder continuous in space of index v =« — || for 27 + s = |«].
iii) «-Holder continuous in time of index v = (a—-2r-s)/2 for 0<a-2r-s<2.

Obviously, C**/?(Qr) is a Banach space for the norm

I lener@n = % IDiDMlw + X |D;D3u] getei g,

0<2r+s<|a 2r+s=|a|

+ Z HD;D;UHCgkzns)/z(@),

O<a—-2r-s<2

where | - ||c denotes the norm of the uniform convergence and

|u($7 t) - u(y7 t)|
luleyary = swp  ———F———  luley@n = sup

lu(z,s) - u(z,t)|
(z,t),(y,)eQr |£Z? - y|"/ (z,8),(x,t)eQr |S - t|’)’

Consider the differential operator

n

n
Lu=u— Y aij(x,t) Ug, 2, + Y. a;(2,1) Ug, +alz,T)u.
ij=1 i=1

We will say that the problem

Lu=f(x,t),
u|t:0 = ¢(.’L‘), (63)
u|ST =®(x,t).

satisfies the compatibility conditions of order m > 0 if
B 6"'u‘ B oFd
weS Pk =0 Otk li=o

The next two results are classical and well known (see Theorems II1.12.2 and IV.5.2 of [22]):

u(k)(x)| =™ (z) for k=0, m.

Theorem 6.1. Suppose u € Wqu(QT) is a generalized solution of Lu = f(x,t). If f and the
coefficients of the operator L belong to C**>(Qr), then u belongs to C***1**/2(Qr).

See also the comments in [22], p. 223, below the statement of Theorem II1.12.2.

Theorem 6.2. Suppose that o > 0, the coefficients of the operator L belong to C**/*(Qr)
and the boundary S is sufficiently reqular (more precisely, of class C**2). Then, for any f €
C2(Qr), ¢ €C*2(Q) and ® € C>/2*1(Sr) satisfying the compatibility conditions of order
[a/2], (6.3) possesses exactly one solution in C**>*/1>*1(Qr).
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