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Coulomb-driven flow of a dielectric liquid subject to charge injection
by a sharp electrode
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Injection of charge by a sharp electrode into a surrounding dielectric liquid leads to Coulomb forces
that set the liquid into motion. An analysis is presented of this motion in a small region around the
edge of the electrode, which determines the injected current as a function of the far electric potential
seen by this region. By using an injection law appropriate for nonpolar liquids, the analysis predicts
an electric current that increases first exponentially and then as the gaiéite harmonic part of

the electric potential, sometimes with a range of multiplicity in between.13®9 American
Institute of Physics.S1070-6631(99)01207-6]

Electric conduction through a purified dielectric liquid references therein. Sharp or peaky electrodes, on the other
between a couple of electrodes subjected to a high potentidland, lead to high electric fields that are of interest, or con-
difference is often dominated by the motion of charge carricern, in applications. Atten and Haid&taetermined experi-
ers injected at one or the two electrodes by means of elegnentally thel -V characteristic of a knife-plane electrode as-
trochemical reactions. In these cases, the presence of a spasmbly in a closed cell, using the high electric field as a
charge(of densityq) in the electric fieldE existing in the means to ascertain the role of charge injection by the sharp
liquid leads to a Coulomb forogE that induces a motion of electrode in the different regimes found in their experiments,
the liquid. Such motion enhances charge, momentum andnd Takashimaet al!! carried out similar experiments and
heat transfer, which is of interest in a number of applicationgpproximate numerical computations for knife-plane and
including electrostatic precipitators, electrohydrodynamicneedle-plane electrode configurations. In both cases Cou-
ion-drag pumps, and electrohydrodynamic laminar and turlomb force leads to an electrohydrodynamic plume, analo-
bulent mixing; see Refs. 1 and 2 for reviews. While stronggous to a buoyancy-induced thermal plume, far from the in-
reproducible injections can be obtained by using electrodiajecting electrode, whose structure and stability have been
lytic membranes;* weak and moderate reproducible injec- Studied elsewhergRefs. 12—16). However, it is the flow and
tions in nonpolar liquids’ are probably more important in charge distribution in a region around the electrode tip of
applications. In the first case the charge density at the injecize of the order of its curvature radius that determines the
ing electrode is nearly independent of the local electric fieldnjected current for a given injection lag=f(E) at the
(autonomous injection), whereas it is a rapidly increasincglectrode surface. This flow was discussed in Ref. 16 and
function of the electric field in the second case. The injectiorWill be further analyzed here under the assumptions that the
law q/qo={(E/Eq)Y?K [ (E/E)*?]} %, whereE=|E|, K, motion of the liquid is induced locally by Coulomb force,
is the modified Bessel function of second kind and order oneather than by the recirculation possibly existing in the bulk
and q, and E, are constants, was proposed by Felici andof the cell, and that the Reynolds number based on the cur-
Gossé on the assumption that the rate limiting process forvature radius of the electrode at its tip and the characteristic
injection is the extraction of ions through the field-dependentelocity of the liquid (see below)is small. Neglecting the
barrier in the so called image-force region on the electroddnertia of the liquid and the diffusion of the charge, the equa-
surface(Schottky effect). tions and boundary conditions governing the steady two-

Coulomb-driven convection between plane-parallel elecdimensional flow around a parabolic electrode tip can be
trodes has been much studied; see, e.g., Refs. 8 and 9 aWitten in nondimensional form as follows
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d~3Y39V%2Bsin 9+ D+ - - streak, these asymptotic behaviors lead to the harmonic and
_0 atinlet biharmonic functions in(6).}” In the second term of the

q / asymptotic expansion off in (6) ¢n=2"Y(x?+y?)¥?

for (x,y)—«. Herex andy are distances along the axis of +x]¥?—1 is an exact solution of the problem with=0 and
the parabola and normal thereto, measured from its focus antie parameterb,, measures the harmonic field seen by the
scaled with twice its curvature radius at the ftig/2; r region of concern. Finally d/dn=(dldx+ 3ydlay)/(1
=(x?+y?)2 and #=arctant-y/x), with §==/2 at x>0,  +y?/4)2 denotes the derivative normal to the electrode in
y=0; and (¢, w, ¢, q) are the stream function, the vorticity, (5).
the electric potential, and the charge density scaled with Equations(1)—(4) were rewritten in parabolic coordi-
(eEgrél,u, eEg/,u, E.ro, €Ec/rp), respectively. Heree and  nates, discretized using second order finite differences, and
€ are the liquid viscosity and permittivity, art, is a char-  solved with a pseudotransient method. Valuesyafinging
acteristic electric field, depending on the injection law from 10 to 30 were used in most of the computations. These
=f(E) and defined by the conditiof(1)=1 in nondimen- values are representative of the limit—«, in which the
sional variables. In what follows the lag=exp{y(E—1)}, extreme sensitivity of the charge density at the electrode with
with vy constant, will be used for definiteness, though thethe electric field leads to two regions on the electrode sur-
results should be valid for anf(E) increasing rapidly with  face: an injection region wheig>0 andE=1, and the rest
E if y=d(Inf)/dEg-,. Equations(1) and (2) are the mass of the electrode, wherg=0 andE< 1. Figure 1 shows as
and momentum conservation equations in the vorticity-a function of®,, for several values of the nondimensional
stream function formulation; the last two terms of E2).are  mobility « and of y.
the curl of the Coulomb force. Equatid8) is Poisson’s law As can be seen in Fig. 1, the electric current begins
for the electric potential and E@4) is the continuity equa- increasing very rapidly withb,,, presents multiplicity in a
tion for the electric charge, which moves with velocity range of®,, if y is sufficiently large, and settles to a power
+ xE, where k is the charge mobility nondimensionalized law when® ,— . On decreasing in the middle branch, the
with eE.rqo/u. The Reynolds number alluded to before is reduction of the field due to the space charge and its image is
Re:peEﬁré/,uz, and formulation(1)—(6) relies on the as- nearly balanced by an increase of the harmonic field, so that
sumption Re<1. the field on the electrode decreases very little, as required by
The electric field away from the injecting electrode is the injection law wheny is large.(This description and the
dominated by the space charge and its image by the eleshape of the curve depend on the manner the two contribu-
trodes. This charge is confined to a thin streak around théons to the field are defined, which is not uniqum the
symmetry plane by the action of the converging flow, whichsteep lower branch the harmonic field dominates. The results
in turn is dominated by the Coulomb force acting on theof Fig. 1 are valid even if the charged streak is nonhomoge-
charged streak. The far field conditiof® result from the neous or unstable beyond the region analyzed here, insofar
balance of the Coulomb force and the viscous shear force oas the characteristic time of its evolution is large compared
the sides of the streak. The first forceBgJ/u, where, ad-  with the local residence timeu{ eE2 in dimensional vari-
vancing thatjv|> |V ¢| whenx>1, J=Ilim,_..f” uqdy ables. Then®d,, is a slowly varying function of time and a
is the electric current per unit depth of the electrdttebe  Sshaped response may lead to jumps and hysteresis of the
found as part of the solutionso thatJ/u is the charge den- current.
sity integrated across the streak, dhgis the electric field at In the absence of space charge, the electric potential is
the symmetry plane, due mainly to the charged streak and ith .. ¢,, and the maximum electric field &,,=®P./2, at the
image by the injecting electrode. This field can be seen to belectrode tip, so that the conditidy, =1 defining the onset
of order J/u. The second force is of ordar/x, and the of charge injection fory— o amounts teb.,=2. This should
balance of the two requiresu=0(J?*%) and E, be the limiting position of the lower turning points in Fig. 1.
=0(JIYIx¥3). Since V?¢p=V2w=V*y=0 outside the In addition, sincep,~x*?away from the injecting electrode,
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the onset voltage between the electroded/js= O(RY?), uid around a sharp two-dimensional electrode injecting
where R>1 is the distance between the electrodes scaledharge with a lawg=f(E) that reflects the high sensitivity
with rg. of charge injection with the electric field. The analysis leads

In the asymptotic limitb ,— oo the charge is confined to to a current-harmonic field relationshig-{ ®.,) that may be
a thin layer on the electrode surface and to a streak on theonotonically increasing o&shaped, features an injection
symmetry plane. Lety and § be the characteristic charge onset wheny—o, and becomes a power lal- D in the
density in the layer on the electrode and the thickness of thispace charge-limited injection limip,—c. An analogous
layer, gs and &, the corresponding magnitudes in the streakanalysis for paraboloidal electrodes leads to the séragv
at (nondimensionaldistances of order unity from the elec- up to logarithms.
trode, andE=0O(®.)>1 the characteristic electric field.
The balance of Coulomb force and viscous force introduce ACKNOWLEDGMENTS
before requires noEqsds~v, wherev is the characteristic
velocity of the liquid. This velocity tends to zero at the elec-
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In summary, an analysis has been carried out of the this force to the viscous force and by equating the two expressioks of
creeping flow induced by Coulomb forces in a dielectric lig- above.





