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Abstract

The main objective of this thesis is to study the long time behavior of several kinds of infinite di-
mensional dynamical systems associated to partial differential equations containing some kinds of
hereditary characteristics (such as variable delay, distributed delay or memory, etc) in terms of pull-
back/random attractors and the stability analysis of stationary (steady-state) solutions. The thesis
consists of three parts, and each part consists of two chapters.

Chapter 1 is devoted to the dynamics of an integer order stochastic reaction-diffusion equation
with thermal memory when the nonlinear term is subcritical or critical. First of all, instead of the
classic Galerkin approximations, a semigroup method together with the Lax-Milgram theorem is
used to prove the existence, uniqueness and continuity of mild solutions. Then, the dynamics of solu-
tions is analyzed by a priori estimates, and the existence of pullback random attractors is established.
Besides, we prove that this pullback random attractors cannot "explode", a property known as upper
semicontinuity.

It is well-known that integer order reaction-diffusion has been extensively applied in physics,
biomedical and chemical sciences. Nevertheless, this integer order reaction-diffusion equation is
inadequate to model some real situations, for instance, anisotropic diffusion, anomalous diffusion.
But fractional order reaction-diffusion equation can model these phenomena successfully.

Hence, in Chapter 2, we focus on the asymptotical behavior of a fractional stochastic reaction-
diffusion equation with memory, which is also called fractional integro-differential equation. Exis-
tence and uniqueness of mild solutions is proved by using the Lumer-Phillips theorem. Next, under
appropriate assumptions on the memory kernel and on the magnitude of the nonlinearity, the existence
of random attractor is achieved by obtaining some uniform estimates. Moreover, the random attractor
is shown to have finite Hausdorff dimension, which means the asymptotic behavior of the system is
determined by only a finite number of degrees of freedom, though the random attractor is a subset of
an infinite-dimensional phase space.

As we can see, the first two chapters consider an important partial function differential equations
with infinite distributed delay. However, partial functional differential equations include more than
only distributed delays; for instance, also variable delay terms can be considered. Therefore, in the
next chapter, we consider another significant partial functional differential equation but with variable
delay.

In Chapter 3, we discuss the stability of stationary solutions to 2D Navier-Stokes equations when
the external force contains unbounded variable delay. Above all, the existence and uniqueness of
solutions is proved by Galerkin approximations and the energy method. The existence of stationary
solutions is then established by means of the Lax-Milgram theorem and the Schauder fixed point the-
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orem. Afterward, the local stability analysis of stationary solutions is carried out by several different
approaches: the classical Lyapunov function method, the Razumikhin-Lyapunov technique and by
constructing appropriate Lyapunov functionals. Nevertheless, by these methods, the best result we
can obtain is the asymptotical stability of stationary solutions by constructing a suitable Lyapunov
functionals. Fortunately, we could obtain polynomial stability of the steady-state in a particular case
of unbounded variable delay, namely, the proportional delay.

However, the exponential stability of stationary solutions to Navier-Stokes equation with un-
bounded variable delay still seems an open problem. We can also wonder about the stability of
stationary solutions to 2D Navier-Stokes equations with unbounded delay when it is perturbed by
random noise.

Hence, in Chapter 4, a stochastic 2D Navier-Stokes equation with unbounded delay is analyzed
in the phase space of continuous bounded functions with limits at —co. The existence and uniqueness
of solutions in the case of infinite delay is first proved by using the classical Galerkin approxima-
tions. Next, the local stability analysis of constant solutions (equilibria) is carried out by exploiting
two methods. Namely, the Lyapunov function method and by constructing appropriate Lyapunov
functionals. Although it is not possible, in general, to establish the exponential convergence of the
stationary solutions, the polynomial convergence towards the stationary solutions, in a particular case
of unbounded variable delay can be proved. We would also like to mention that exponential stability
of other special cases of infinite delay remains as an open problem for both the deterministic and
stochastic cases.

Notice that Chapter 3 and Chapter 4 are both concerned with delayed Navier-Stokes equations,
which is a very important Newtonian fluids, and it is extensively applied in physics, chemistry,
medicine, etc. However, there are also many important fluids, such as blood, polymer solutions,
and biological fluids, etc, whose motion cannot be modeled precisely by Newtonian fluids but by
non-Newtonian fluids. Hence, in the next two chapters, we are interested in the long time behavior of
an incompressible non-Newtonian fluids with delay.

In Chapter 5, we study the dynamics of non-autonomous incompressible non-Newtonian fluids
with finite delay. The existence of global solution is showed by classical Galerkin approximations
and the energy method. Actually, we also prove the uniqueness of solutions as well as the continuous
dependence of solutions on the initial value. Then, the existence of pullback attractors for the non-
autonomous dynamical system associated to this problem is established under a weaker condition
in space C([—h, 0]; H?) rather than space C([—h,0]; L?), and this improves the available results that
worked on non-Newtonian fluids.

Finally, in Chapter 6, we consider the exponential stability of an incompressible non-Newtonian
fluids with finite delay. The existence and uniqueness of stationary solutions are first established,
and this is not an obvious and straightforward work because of the nonlinearity and the complexity
of the term N(u). The exponential stability of steady-state solutions is then analyzed by means of
four different approaches. The first one is the classical Lyapunov function method, which requires
the differentiability of the delay term. But this may seem a very restrictive condition. Luckily, we
could use a Razumikhin type argument to weaken this condition, but allow for more general types of
delay. In fact, we could obtain a better stability result by this technique. Then, a method relying on the
construction of Lyapunov functionals and another one using a Gronwall-like lemma are also exploited
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Resumen

En esta tesis estudiamos el comportamiento asintético de sistemas dindmicos infinito-dimensionales
asociados a ecuaciones en derivadas parciales funcionales que contienen algunos términos con pro-
piedades hereditarias (tales como retraso variable, retraso distribuido o memoria, etc.). En concreto
analizamos la existencia de atractores de tipo “pullback™ y aleatorios, estudio de su estructura y
caracter finito dimensional, asi como el estudio de la estabilidad de soluciones estacionarias. La tesis
consta de tres partes y cada parte contiene dos capitulos.

El Capitulo 1 est4 dedicado a estudiar el comportamiento asintético de una ecuacion de reaccion-
difusion estocdstica con memoria térmica en los casos en que el término no lineal sea subcritico
y critico. En lugar de la aproximacion clasica de Galerkin, se usa un método de semigrupo junto
con el teorema de Lax-Milgram para demostrar la existencia, unicidad, regularidad y continuidad de
las soluciones débiles. Posteriormente, analizamos la dindmica de las soluciones mediante estima-
ciones a priori, y establecemos la existencia de atractores aleatorios para el sistema dindmico aleato-
rio asociado al problema. Ademads, demostramos que este atractor aleatorio no puede “explotar”, una
propiedad conocida como semi-continuidad superior. Las ecuaciones en derivadas parciales de tipo
estdndar (en las que aparece el operador de Laplace (—A)* con @ = 1) se aplican ampliamente en
problemas de fisica, biologia y quimica. Sin embargo, en algunos casos, el proceso de particulas salta
de un punto a otro con probabilidad de decaimiento en la ley de potencia, que no podria caracteri-
zarse por estas ecuaciones estandar sino por ecuaciones fraccionarias (es decir, el operador de Laplace
(-A)*con0<a<l).

Por lo tanto, en el Capitulo 2 estudiamos una ecuacion fraccionaria de reaccidn-difusion es-
tocdstica que describe un proceso de reaccién-difusién con memoria que depende de la temperatura.
Mais precisamente, investigamos el buen planteamiento y la dindmica de la ecuacion fraccionaria
de reaccion-difusion estocéstica con memoria térmica, que también se denomina ecuacién integro-
diferencial. La existencia y la singularidad de las soluciones de esta ecuacion integro-diferencial se
demuestran usando el teorema de Lumer-Phillips. Luego, bajo hipétesis apropiadas sobre el niicleo
del término de memoria y sobre la magnitud de la no linealidad, demostramos la existencia del atrac-
tor aleatorio y logramos obtener algunas estimaciones uniformes que permiten concluir que el atractor
aleatorio tiene dimension de Hausdorff finita, lo que significa que el comportamiento asintético del
sistema estd determinado un ndmero finito de grados de libertad, aunque el atractor aleatorio es un
subconjunto de un espacio de fase de dimension infinita.

Como acabamos de exponer, en la primera parte hemos considerado una clase de ecuaciones en
derivadas parciales con retardo distribuido infinito, la existencia de atractor aleatorio, asi como su
semi-continuidad superior. Sin embargo, las ecuaciones en derivadas parciales funcionales incluyen

ix
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muchos maés tipos de términos con retraso que los distribuidos, por ejemplo, también los retrasos de
tipo variable tienen bastante interés. Por esta razon, en la Parte II, consideramos otro tipo de ecuacién
en derivadas parciales funcional que incluye el caso de retraso variable.

En el Capitulo 3, estudiamos la estabilidad de las ecuaciones 2D de Navier-Stokes cuando la
fuerza externa contiene caracteristicas hereditarias en el espacio de fase de funciones continuas y aco-
tadas con limite en —oco. Primero, demostramos la existencia, unicidad y regularidad de las soluciones
mediante las aproximaciones de Galerkin y el método de la energia. La existencia de soluciones esta-
cionarias la establecemos mediante el teorema Lax-Milgram y el teorema del punto fijo de Schauder.
La estabilidad de las soluciones la analizamos mediante varios enfoques diferentes: el método clasico
de funcién Lyapunov, la técnica de Razumikhin-Lyapunov y la construccion de funcionales de Lya-
punov apropiados. Sin embargo, mediante estos métodos, el mejor resultado que podemos obtener es
la estabilidad asintética de la solucidn estacionaria mediante la construccién de una funciones de Lya-
punov apropiada. Vale la pena mencionar que podriamos demostrar la estabilidad polinémica de la
solucién estacionaria en un caso particular de retraso variable no acotado. Sin embargo, también nos
preguntamos sobre el comportamiento asintético de las ecuaciones 2D de Navier-Stokes con retraso
no acotado cuando es el modelo contiene una perturbacién estocéstica.

Por lo tanto, en el Capitulo 4 analizamos algunos resultados de ecuaciones bidimensionales es-
tocasticas de Navier-Stokes con retraso ilimitado. La existencia y unicidad de las soluciones en el
caso de un retraso ilimitado (infinito) se demuestran primero utilizando la técnica cldsica de las aprox-
imaciones de Galerkin. El andlisis de la estabilidad local de las soluciones constantes (equilibrios)
también se lleva a cabo explotando varios enfoques. A saber, el método de las funciones de Lya-
punov, y la construccién de apropiados funcionales Lyapunov. Aunque no es posible, en general,
establecer condiciones que garanticen el comportamiento asintdtico exponencial de las soluciones,
algunas condiciones suficientes aseguran la estabilidad polindmica de la solucion estacionaria en un
caso particular de retraso variable ilimitado, mientras que la estabilidad exponencial para otros casos
especiales con retraso infinito permanece como un problema abierto tanto para el caso determinista
como para el caso estocéstico.

Observemos que en los capitulos 3 y 4 investigamos fluidos Newtonianos, en concreto, las ecua-
ciones de Navier-Stokes. Sin embargo, hay muchos fluidos importantes, como por ejemplo la sangre,
los plasticos fundidos, las fibras sintéticas, las pinturas y grasas, las soluciones de polimeros, suspen-
siones, adhesivos, tintes, barnices y fluidos bioldgicos, etc., cuyos movimientos no pueden modelarse
con fluidos Newtonianos de forma precisa, pero si que pueden hacerse usando fluidos no Newtoni-
anos. Por lo tanto, en los préximos dos capitulos, analizamos el comportamiento limite de los fluidos
no Newtonianos con retraso.

En el Capitulo 5 investigamos la dindmica de un fluido no Newtoniano incompresible no auténomo
con retraso. La existencia de una solucién global se obtiene mediante la aproximacion clasica de
Galerkin y el método de la energia. En realidad, también demostramos la unicidad de la solucién y la
dependencia continua respecto de los valores iniciales. Posteriormente analizamos el comportamiento
limite del sistema dindmico asociado al fluido incompresible no Newtoniano. Finalmente, establece-
mos la existencia de atractores de tipo pullback para el sistema dindmico no auténomo asociado al
problema.

Finalmente, en el Capitulo 6 consideramos la estabilidad exponencial de un fluido no Newtoniano
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incompresible. La existencia y la regularidad de las soluciones estacionarias se establecen primero.
La estabilidad exponencial de las soluciones estacionarias se analiza a continuacién por medio de
cuatro enfoques diferentes. El primero es el método clasico de las funciones de Lyapunov, mientras
que el segundo se basa en un argumento tipo Razumikhin. Luego, utilizamos un método que se basa
en la construccién de funcionales de Lyapunov y otro que usa un lema de tipo Gronwall que permiten
estudiar la estabilidad, respectivamente.

Los resultados de estos seis capitulos forman parte del contenido de los siguientes trabajos:

L. Liu and T. Caraballo, Analysis of a stochastic 2d Navier-Stokes model with infinite delay, J.
Dyn. Diff. Equ. (sometido).

e L. Liu and T. Caraballo, Well-posedness and dynamics of a fractional stochastic integro- differ-
ential equation, Phys. D, 355 (2017), pp. 45-57.

e L.Liu, T. Caraballo, and X. Fu, Exponential stability of an incompressible non-newtonian fluids
with delay, Discr. Cont. Dyn. Syst. B. (2018) (aceptado)

e L. Liu, T. Caraballo, and X. Fu, Dynamics of a non-autonomous incompressible non- Newto-
nian fluid with delay, Dyn. Partial Differ. Equ., 14 (2017), pp. 375-402.

e L. Liu, T. Caraballo, and P. Kloeden, Long time behavior of stochastic parabolic problems with
white noise in materials with thermal memory, Rev. Mat. Complut., 30 (2017), pp. 687-717.

e L. Liu, T. Caraballo, and P. Marin-Rubio, Asymptotic behavior of 2d-Navier-Stokes equations
with infinite delay, J. Diff. Equ. (por aparecer), (2018).



xii RESUMEN



Introduction

Background

The study of dynamical systems could date back to the late 19th century. In 1881, H. Poincare
worked on celestial mechanics [140], and introduced the theory of qualitative differential equations,
which is known as the geometric theory of differential equations. Thanks to this theory, we could
investigate the asymptotic behavior of solutions directly through the equation itself without obtaining
the explicit solutions to the equation. Actually, it is almost impossible to obtain explicit solutions
to most differential equations. Almost at the same time, the Soviet mathematician Lyapunov [124]
made a huge and pioneering work on the qualitative theory of differential equations. He studied the
stability of solutions, the existence and regression of periodic orbits, which later became the founding
of dynamical systems. Then, from 1912 onwards, Birkhoft expanded the study of dynamical systems

in the context of the three-body problem, including his ergodic theorem, Birkhoff [ 13, 14]. There are
many great works on dynamical systems since then, such as D. Ruelle [144] , S.Smale [15]]and F.
Takens [156], Liao Shantao, Wen Lan et al. [46, 62, 68, , 1.

Classified by the dimension of the phase space, dynamical systems can be classified into finite
dimensional dynamical systems and infinite dimensional dynamical systems. Research on finite-
dimensional dynamical systems has been undergoing at least 50 years old, but the problem of dy-
namical systems is far from being limited to finite-dimensional situations. In fact, many realistic
problems belong to the framework of infinite dimensional dynamical systems, as they are modeled
by partial differential equations. For instance, the problem of flow past body in flow mechanics,
namely, vortex appears when the water flows past the object that is settled in the water. Another
famous example is Benard’s convection problem, i.e., if we heat a closed container full of liquid,
and when its bottom temperature equals the top temperature, then the convection, even chaos occurs.
Besides, some dissipative partial differential equations, such as, reaction-diffusion equation[101],
Navier-Stokes equation[29], non-Newtonian fluids, Kuramoto-Sivashinskey equation, Cahn-Hilliard
equation as well as Ginzburg-Landan equation, etc, have showed similar chaos phenomena. In addi-
tion, compared with finite dimensional dynamical systems, infinite dimensional dynamical systems
display new trait, it could exhibit not only time chaos but also spatial chaos, which is related tightly
to our daily life. All of this demonstrate that it is necessary and very important for us to study infinite
dimensional dynamical systems. Even more, it is possible that we may find a new way to the study
of turbulence by investigating infinite dimensional dynamical systems. This is why physicists, math-
ematicians and mechanics are devoted to the investigation of infinite dimensional dynamical systems.

Xiii
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It is worth mentioning that infinite-dimensional dynamical systems not only interacts with other
fields of dynamical systems (such as differential dynamical systems, Hamiltonian dynamical systems,
topological dynamical systems, complex dynamical systems, ergodic theory, stochastic dynamical
systems, etc.), but also penetrates closely into many aspects such as physics, mechanics and even
biology, biomedicine, economics, ocean-atmosphere, and engineering technology.

On the other hand, in many case, the change of systems depends not only on the present state,
but also on the previous history. In fact, the time lag in dynamical systems is usually unavoidable,
even if the information is transmitted at the speed of light. In this case, partial functional differential
equations instead of partial differential equations can describe the evolution of the systems much
more better. Moreover, partial functional differential equations are also increasingly appearing in
the disciplines of population ecology, cell biology, and biomolecular chemistry. Needless to say, the
study of infinite dimensional dynamic systems generated by partial functional differential equations
has great significance. It attracts many mathematicians to start working in this area.

All of these indicate that it is imperative to study the asymptotic behavior of infinite dimensional
dynamical systems produced by partial functional differential equations, which has important theo-
retical significance. First of all, it can help to complete the theory of infinite dimensional dynamical
systems, promote the development of disciplines, such as functional differential equations, dynamical
systems as well as numerical mathematics etc. Moreover, this study has huge practical application
value. We benefit of understanding biology, medicine, chemistry, physics, control engineering, at-
mosphere, and ocean phenomena better, especially chaos, so that we could understand and master
the law of these disciplines. Then we could serve the world better with these knowledges, which, in
return, gives inexhaustible vitality of studying infinite dimensional dynamical systems associated to
partial functional differential equations.

Research state

In recent decades, the theory of infinite dimensional dynamical systems has made tremendous devel-

opments and produced many important achievements. Guo et al. [83, 86], Zhong et al. [155, 1,
Zhou et al. [183], Ladyzhenskaya [!11], Temam [75, 1, M.Vishik [164], Hale [89], Robinson
[143], Chueshov [48, 49] and Sell [145, ], Haraux [94, 95], Zelik [9, , ] study the global

attractors and their dimensions of some dissipative nonlinear evolution equations, the existence of
inertial manifolds and the problems of inertial manifolds. A.Babin and M.Vishik[6], V. Chepyzhov
and M.Vishik [47, ], T. Caraballo [23, 28], P. Kloeden [1006, ], Duan [154], Moise [134],
Cui and Langa [58], Miranville et al. [132, ], investigate the existence of pullback attractors for
non-autonomous infinite dimensional dynamical systems, meanwhile [51, 57, 74, ] focus on the
existence of random attractors to stochastic infinite dimensional dynamical systems, and Han et al.
[10, 34, 92, 93, ] studied the existence of attractor for lattice dynamical systems. For more in-
formation about attractors, please refer [54, 96, 98, ]. And for exponential attractor, trajectory
attractor, dimension of attractor, inertial manifolds, readers are referred to [43, 60, ].

As far as we know, compared to infinite dimensional dynamical systems associated to PDEs, there
are less work on infinite dimensional dynamical systems associated to PFDEs at present. Xu et al.
[112, ] and Caraballo et al. [19] mainly focus on the global exponential stability of dynamical
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systems and the existence of attractors. In this thesis, we will study the long time behavior of infinite
dimensional dynamical systems associated to several kinds of partial functional differential equations
in terms of pullback attractor and stability of stationary solutions. Consequently, we will structure our
work in three parts.

Part I: Parabolic problems with thermal memory

As an important mathematical-physical model, reaction-diffusion equations have extensive ap-
plications. For instance, we use reaction-diffusion equations to model nonlinear heat transport, or
to describe the motion of fluids, such as water, oil and gas in porous media, or to model the elec-
tron of semiconductors. In fact, the reaction-diffusion equations have also been applied in biological
mathematics, ecological environment, biomedical, chemical, physical problems. Besides, reaction-
diffusion equations have also been used to study both the reaction of Belousov-Zhabotinskii and the
metabolism of enzymes.

And there are many significant works on reaction-diffusion equations, for example, Pata et al.
analyzed the long time behavior of a deterministic reaction-diffusion equation with memory in [52,
] and studied the thermal equation in [78, ] and its existence of attractors. Li [ 13] proved the
existence of uniform attractors for parabolic problems with memory in the cases that the nonlinearities
are subcritical and critical. Nevertheless, as far as we know, most of those models are considered in
deterministic case, namely, they did not take into account white noise effects. Therefore, in the
first chapter of Part I, we focus on the long time behavior of a stochastic reaction-diffusion equation
with thermal memory. The existence and uniqueness of mild solutions instead of weak solutions are
proved by a semigroup method. Then the existence and uniqueness of pullback random attractor is
established in the critical and subcritical cases.

Notice that, the mentioned references deal with integer order reaction-diffusion equation. How-
ever, it has been proved that sometimes, especially when self-orgnization phenomena occurs, a frac-
tional order differential equation can model this phenomena more precisely. Thus, in Chapter 2 of
Part I, we study a fractional stochastic reaction-diffusion equation with thermal memory. First of all,
the well-posedness is proved by Lumer-Philips theorem. Then Sobolev embedding theorem is used
to prove the existence of random attractor with finite Hausdorff dimension. We would like to men-
tion that [85, ] studied the existence and ergodicity of random attractors in fractional stochastic
reaction-diffusion equations without memory.

All the results of Part I are new. In some extent, these results improve the available corresponding
work in the literature. The results in Chapter 1 have been published in [ 1 19] (L. Liu, T. Caraballo, and
P. Kloeden, Long time behavior of stochastic parabolic problems with white noise in materials with
thermal memory, Rev. Mat. Complut., 30 (2017), pp. 687-717), while the work [116] (L. Liu and
T. Caraballo, Well-posedness and dynamics of a fractional stochastic integro-differential equation,
Phys. D, 355 (2017), pp. 45-57) contains the results proved in Chapter 2.
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Part II: Navier-Stokes equation with infinite delay

This part is devoted to a well-known Newtonian fluids, i.e., 2D—Navier-Stokes fluids. Navier-
Stokes model is one of the most important mathematical physics equation, and is more widely used
in real life. For instance, in aeronautics and astronautics, the Navier-Stokes model can simulate the
helicopter hovering aerodynamic performance. On the other hand, the Navier-Stokes equation can
simulate the movement of small-scale water in offshore engineering. Studying the Navier-Stokes
equation also helps us to understand the oceans, benefit the development and utilization of marine
resources and develop the marine economy and industry.

Caraballo et al. [27, 29, 30, ] discuss the existence of solutions for 2D/3D Navier-Stokes
equations with time delays, existence and regularity of attractors, [35] analyze the existence and
uniqueness as well as exponential stability of the fixed point of the Navier-Stokes equations with time
delay. Marin-Rubio et al. [130] analyzed a case with distributed unbounded delay. However, there is
no work on Navier-Stokes equations with unbounded variable delay. Thus, in Chapter 3 we analyze
the asymptotic behavior of Navier-Stokes equations with unbounded variable delay. The existence
and uniqueness of weak solutions is obtained by the theory of partial functional differential equa-
tions. Then by constructing a suitable Lyapunov functionals, the asymptotical stability of stationary
solutions is proved. Besides, the polynomial stability is established under proportional delay case.
We would like to point out that in this case of unbounded delay, polynomial stability is the best result
we were able to obtain, but it remains as an open problem the point of analyzing whether there may
be cases in which we can prove exponential stability.

On the other hand, a natural question also appears. We wonder about the behavior of our model
when some noise may appear. There are some previous work already done concerning stochastic
2D-Navier-Stokes equations with finite delay. Here, in Chapter 4, we extend our previous analysis
carried out in Chapter 3 to the stochastic framework. In [157, ] Taniguchi studied the existence and
uniqueness of solutions and the exponential stability of solutions to the stochastic 2D-Navier-Stokes
equations. In Chapter 4, we discuss a type of stochastic 2D-Navier-Stokes equation with unbounded
delay, and taking into account that our random term is not linear, which means Ornstein-Uhlenbeck
transformation can not transform our stochastic problem into a random one, we cannot use the theory
of random dynamical systems, and this brings additional difficulties to our proofs. Furthermore, the
classical way to prove the uniqueness of solution is not enough now. A technical lemma is introduced
to prove the existence and uniqueness of weak solutions. Then the asymptotic stability of stationary
(steady-state) solutions is proved as well as the polynomial stability.

However, as we have already mentioned, the exponential stability of other special cases of infinite
delay remains as an open problem for the deterministic and the stochastic cases.

The results in Chapter 3 are contained in the paper [120] (L. Liu, T. Caraballo, and P. Marin-
Rubio, Asymptotic behavior of 2d-Navier-Stokes equations with infinite delay, J. Diff. Equ. (to ap-
pear), (2018)), while the ones in Chapter 4 are in [115] (L. Liu and T. Caraballo, Analysis of a
stochastic 2d Navier-Stokes model with infinite delay, J. Dyn. Diff. Equ. (submitted)).
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Part II1: Non-Newtonian models with delay

Even though there are many Newtonian fluids in our real world, such as water, alcohol and most of
the pure liquid, low molecular weight compounds, etc, we cannot ignore non-Newtonian fluids, since
many other very important fluids, such as blood, cornstarch, cytoplasm, polyethylene, oil, mud, apple-
sauce, agar, etc, are non-Newtonian fluids. Actually, non-Newtonian fluids have various application
in medicine, chemical industry and environmental protection. In medicine, for example, human blood
belongs to non-Newtonian fluids, mastery of non-Newtonian viscous features and hemodynamics of
blood, which is beneficial for observation and control the blood viscosity, but also helps to diagnose
and treat cardiovascular disease; and because artherosclerosis arises in the arterial wall shear stress is
closely related. In chemical industry, making full use of the viscous characteristics of non-Newtonian
fluids can be applied to wastewater treatment, which is very conductive to environmental protection.

There is a wide literature already published on non-Newtonian fluids. The existence and unique-
ness of solutions of non-Newtonian flow without delay is studied in [/, 12], while a maximal com-
pact attractor of a non-Newtonian system in an unbounded channel is obtained in [15]. Zhao et al.
[178—180] studied the existence and regularity of pullback attractors for non-Newtonian fluids prob-
lems with time-delay, while [ 103] focused on pullback attractor of a non-autonomous non-Newtonian
equation with bounded variable delays.

However, in these works, the existence and stability of stationary solutions to non-Newtonian
fluids with delay are seldom discussed. Hence, Part III is devoted to analyzing the asymptotic be-
havior of non-Newtonian fluids problems with delay. First, in Chapter 5 we generalize the result of
[103] to a more general delay case, in other words, our results hold true for variable and distributed
delays but with weaker condition on the forcing terms. The existence and uniqueness of weak solu-
tions are showed by the energy method. And the existence of pullback attractor in the phase space
C([-h,0]; H?) is established by using the pullback w-limit compactness and a priori estimates. These
results improve the corresponding ones in [103] .

Then, in Chapter 6, we analyze the existence and exponential stability of stationary solutions.
Though [85] investigated the stationary solution to a non-Newtonian fluids without delay, there is no
any detailed proof for the existence of stationary solutions. Therefore, the first goal of this chapter is
to prove the existence and uniqueness of stationary solutions, which is not a trivial task at all. Finally,
four different approaches are used to verify the exponential stability of stationary solutions.

The results in Chapter 5 are contained in the paper [| | 8] (L. Liu, T. Caraballo, and X. Fu, Dynam-
ics of a non-autonomous incompressible non- Newtonian fluid with delay, Dyn. Partial Differ. Equ.,
14 (2017), pp. 375—402.), while the results in Chapter 6 are contained in [| | 7] (L. Liu, T. Caraballo,
and X. Fu, Exponential stability of an incompressible non-Newtonian fluids with delay, Discr. Cont.
Dyn. Syst. B, accepted).

Open Problems

This work focuses on the asymptotic behavior of infinite dimensional dynamical systems associated
to several kinds of partial functional differential equations. In particular, stochastic reaction-diffusion
equations with memory, 2D Navier-Stokes equations with unbounded delay as well as non-Newtonian
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with bounded delay. Also the existence of pullback/random attractors is proved in some cases and the
asymptotic stability, either polynomial or exponential stability are obtained.

However, there are still many problems in these fields that need further study. As for reaction-
diffusion equation with memory, which has been proved to possess pullback attractor. But the di-
mension of the attractor and the existence of inertial manifolds is still unsolved, the existence and
uniqueness of stationary solutions and its exponential stability is unknown, either.

When it comes to the fractional reaction-diffusion equation with memory, we still wonder the
low bound of this random attractors, and the existence of inertial manifolds as well as their morse
decomposition. Besides, the long time behavior of time-fractional reaction-diffusion equation and
fractional Brownian motion are still unknown.

For Navier-Stokes equations with unbounded delay, we have shown the polynomial stability of
fixed points under the case of unbounded variable delay. Nevertheless, we wonder whether we can
obtain the exponential stability of stationary solutions and existence of attractor. Especially, we are
interested in the pantograph equation, which is a typical but simple unbounded variable delayed dif-
ferential equation. We believe that the study of pantograph equation can help us to improve our
knowledge about 2D—Navier-Stokes equations with unbounded delay.

To the end, we still studied non-Newtonian fluids with finite delay, the existence and uniqueness
of pullback attractor is established, and the exponential stability of stationary solutions are proved
as well. However, we still would like to analyze the Hausdorff dimension or fractal dimension of
the pullback attractor, as well as the existence of inertial manifolds and morse decomposition. Fur-
thermore, we also would like to discuss the dynamics of stochastic non-Newtonian fluids with both
finite delay and infinite delay. All the problems deserve our attraction, and actually, these are our
forthcoming work.
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Parabolic problems with thermal memory






Part I focuses on a kind of stochastic parabolic problems with thermal memory. Two chapters are
included in this part, i.e., Chapter 1 and Chapter 2. First of all, we recall some basic concepts and the
theory of random dynamical systems, and introduce Ornstein-Uhlenbeck process, which is one of the
keys to solve our problems in both chapters.

Then, in Chapter 1, we analyze the dynamics of a stochastic parabolic problem with memory
which describes the heat flow in a rigid, isotropic, homogeneous heat conductor with linear memory.
The nonlinear source term satisfies subcritical and critical growth conditions. Such a nonlinear heat
supply might describe, for instance, temperature-dependent radiative phenomena (see, e.g. [174]). In
addition, a non-Fourier constitutive law for the heat flux is considered in this chapter. The resulting
linearized model is derived in the framework of the well-established theory of hear flow with memory
due to Coleman and Gurtin [50]. More precisely, we study the existence and uniqueness of solutions
for this model, and then the existence and upper-semicontinuity of the random attractor is established.

Notice that equations with fractional derivative are becoming a focus of interest since the frac-
tional derivative and fractional integral have a wide range of applications in physics, biology, chem-
istry, population dynamics, geophysical fluid dynamics, finance and other fields of applied sciences.
One meets them in the theory of systems with chaotic dynamics (see [147]), dynamics in a complex or
porous medium [65, ]; random walks with a memory and flights [79] and many other situations. In
Chapter 2, we focus on the asymptotic behavior of a fractional stochastic reaction-diffusion equation
in materials with memory. The well-posedness is proved by a Lumper-Phillips theorem, and existence
of random attractor is obtained by a priori estimates, as well as the finite Hausdorff dimension of the
corresponding random attractor are showed.

Preliminaries

Now we are in a position to recall some notations about random dynamical systems as well as some
theory of pullback random attractors, see [2, 25, 28] for more information. We begin with the concepts
of parametric dynamical system, see [57]. Let X be a separable Banach space. To define a cocycle
for a non-autonomous stochastic equation in X, we need to use two parametric spaces, say, ; and Q,
where Q; is responsible for non-autonomous deterministic external terms and Q for stochastic terms.
We may take ), either as the collection of translations of deterministic time dependent terms [25, 63]
or simply as the collection of initial times [167]. In this paper, we choose €; as the collection of
initial times and write Q; = R. For random parameters, we will choose the standard probability space
(Q,F, P) where Q = {w € C(R,R) : w(0) = 0}, F is the Borel o—algebra induced by the compact
open topology of Q, and P is the Wiener measure on (Q, ¥ ). There is a group {6,},cr of mappings
acting on (€, ¥, P) defined by

O,w(-) =w(-+1)—w(t), forallwe QandreR. (0.0.1)
In terms of (0.0.1), one may define a new group {6,},cx on the product space R x Q := Q given by
0,(1,w) = (t + t,0,w), forall (r,w) e Q, t€R. (0.0.2)

Hereafter we write @ = (1, w) with (1, w) € Q.
A cocycle of non-autonomous random dynamical systems is defined as follows.



4 PARABOLIC PROBLEMS WITH THERMAL MEMORY

Definition 0.0.1. A mapping ® : R* x Q X X — X is called a continuous cocycle on X over R and
(Q,F,P{0}er) if forall t,s € R" and & € Q, the following conditions are satisfied:

(i) DG, (1,4),) :R*XQAXX - Xis (BRY) X F X B(X), B(X))-measurable;
(ii) ®0,@,-) is the identity on X;
(iii) Ot + 5, 0,-) = Ot 0,0, ) o D(s, @, -);
(iv) ©(t,D,-) : X — X is continuous.
Definition 0.0.2. A family D = {D(&)) T we Q} of nonempty bounded subsets of X is said to be

tempered if for any ¢ > 0
lim e sup{ | x|lx: x€ D(é_td))} =0.
>+

From now on, we use D to denote the collection of all tempered families of nonempty bounded
subsets of X.

Definition 0.0.3. Let K = {K(&)) e Q} € D. Then K is called a D-pullback absorbing set for a
cocycle ® on X, if for every B € D and all & € Q, there exists T = T(&, B) > 0 such that

® (1,0, B@_@)) K@) forallt>T.

Definition 0.0.4. Ler B = {B(®) : @ € Q} € D. Then ® is said to be D—pullback asymptotically
compact in X if for all & € Q, the sequence
{CD(tn, 9_th), X))t X, € B(é_,nd))}’il has a convergent subsequence in X when t, — +oo.

Definition 0.0.5. A family A = {A®) : @ € Q) € D is called a pullback random attractor for ® in
X if the following conditions are fulfilled:

(i) Foreach v € R, A(r, )~ is measurable with respect to the P-completion of ¥ in Q and A(®)
is compact for all @ € Q.

(ii) A is invariant, that is, for every & € Q,

O(t, 0, A (D)) = A@B,®) forall t > 0.
(iii) A attracts every member of D, that is, for every B = {B(®) : @ € Q} € D, and for every,
DeQ,
lim dist(® (£, 0@, B@_@)), A@)) =0,
t—+00
where distx(-, ) denotes the Hausdorff semi-distance under the norm of X, i.e., for two nonempty sets
A,BCX,
distx(A, B) := supdistx(a, B) = supinf |[a — b ||x .

acA acA bE



Next we turn to introduce the definitions concerning u.s.c. for a family of sets.

Definition 0.0.6. ([28]) Let Z and I be metric spaces. A family of sets {Ac}ee; in Z is said to be upper
semi-continuous (u.s.c.) at € € I if

lim distz(Ac, Ag,) = 0.

€€
The following propositions can be found in [28, 51, 56].

Proposition 0.0.7. Let ® be a continuous RDS on X over R and (Q, F, P,{0,},cr) according to Defi-
nition 0.0.1. If ® has a compact measurable (w.r.t ¥ ) D—pullback attracting set K in D, then ® has
a unique D—pullback attractor A in D given by

A(w) = m U o (t, 0_,o, K(é_,d))), foreach & € Q.

r=0 =r
Now, we still need to introduce the Ornstein-Uhlenbeck transformation, writing

0
(w) =~ f e*w(s)ds, (0.0.3)

(o)

it is easy to check that z(¢, w) = 7"(6,w) is an Ornstein-Uhlenbeck stationary process which solves the
It6 equation
dz + zdt = dW.

Therefore, if we denote z(w)(x) = z*(w)h(x), then the real-valued stochastic process z(f,w)(x) =
Z*(0,w)h(x) is a solution to
dz + zdt = h(x)dW. (0.0.4)

Let us now recall that (see Proposition 4.3.3 in [2]) that there exists r;(w) > 0 tempered s.t.
2 (@)P + 2 (@) + (=8 ()P + [(=8)7Z (@) < ro(w), where ro(6w) < ery(w),

and A will be specified later.
Then, it is straightforward to check that

(@) + (@) + (D)2 @) +(=A) W) < r(w), (0.0.5)

where r(w) satisfies the same as ry(w).
Then it follows from (0.0.5) that, for P-a.e. w € Q,

Ow)F + @I +(-A) ] @) + (A 2Gw)P < eMr(Bw), 1 € R, (0.0.6)
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Chapter 1

Long time behavior of stochastic parabolic
problems with thermal memory

A large class of physical phenomena in which delay effects occur, such as viscoelasticity, population
dynamics or heat flow in real conductors is modeled by equations in materials with memory, where
the dynamics is influenced by the past history of the state variables. This is because that materials
with memory have the property that the mathematical-physical description of their state at a given
point of time includes such states in which the materials have been at earlier points of time. Here, in
this chapter we study the following stochastic parabolic equation in materials with thermal memory
with subcritical and critical nonlinearity

a a ! !
o_g i (t — s)u(x, s)ds — AAu — f o (t — s)Au(x, s)ds + f(u)
ot 0t J_o —0o
JW (1.0.1)
=g(x, 0+ eh(x)z, x€O, t>r,
with initial and boundary values
u(x,7) = u(x), x€0, u(x,t)=0, x€9dO, t >, (1.0.2)

where O € R",n > 3 is a bounded domain with smooth boundary, 4 > 0 and € are constants. In
addition, u(x, t) is the unknown function, u, u, : R* — R are the heat flux memory kernels, f is the
nonlinear heat supply satisfying some dissipativeness and growth conditions, g(x, t) is time-dependent
forcing term, i € H*(O)NW??(0) and W is real valued two-sided Wiener process on some probability
space which will be specified later.
Equations with memory have received increasing interest in recent years. The authors of [19, 76,
, 81] studied the existence of pullback attractor, global attractors, uniform attractors and exponential
stability of heat equation (1.0.1) with u; = 0. Damped wave equations with memory were investigated
in [44, 61, , ], while hyperbolic phase-field systems with memory were considered in [73,
]. Li [113] proved the existence of uniform attractors for parabolic problems with memory in the
cases that the nonlinearities term is subcritical and critical. Nevertheless, as far as we know, most of
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those models are considered in deterministic case, namely they did not take into account white noise
effects. But the authors of [110, ] have demonstrated that, under certain circumstances, the noise
can benefit the system in some way. This is an interesting phenomenon because noise is generally
considered as a nuisance to systems. To the best of our knowledge, no work has been reported on the
existence and uniqueness of mild solution and limit behavior of solutions for equation (1.0.1) with
critical nonlinear term.

Motivated by the above considerations, we will analyze the dynamics of solutions to (1.0.1) when
the nonlinear heat supply f has a subcritical growth exponent and a critical growth exponent. More
precisely, we will focus on (1.0.1) in three aspects: (i) Existence, uniqueness and continuity of mild
solutions will be studied by a semigroup method (see [139]). (ii) The existence and uniqueness of
pullback random attractor will be proved by a priori estimates and solution decomposition method.
(iii) The upper semi-continuity of pullback random attractor will also be checked. We mention that
Caraballo [16] considered the existence and asymptotic behavior for a stochastic heat equation with
multiplicative noise in materials with memory, mean-square random attractors of stochastic delay
differential equations with random delay were studied in [173]. Readers are referred to [17, 18, 41]
for more information about stochastic partial differential equations with memory or delay.

To this end, the framework of this chapter is as follows. In the next Section 1.1, we recall some
definitions and basic theory of random dynamical systems. Then in Section 1.2, we show the well-
posedness of problem Eq.(1.0.1), and Section 1.3 establishes the existence of pullback random attrac-
tor. Finally, Section 1.4 contains the upper semi-continuity of the random attractor that is obtained in
Section 1.3.

1.1 Definitions and Basic Theory

We have already recalled some definitions at the beginning of Part I. But in order to improve the
completion and readability, we prefer to present some abstract spaces, which particularly fit this
chapter.

Let A = —A with domain D(A) = H}(O) N H*(O). Denote by (-,-) and || - || the L*(O) inner
product and the norm, respectively. Consider the family of Hilbert spaces D(A*/?), s € R, whose inner
products and norms are given by

(> dpaey = (A, A2 and || - llpasey = A2 -],
Then one has the compact and dense injections,
D(A*?) < D(A™?), Vs>,
and the continuous embedding,

DA = L0290), ¥ s5€10,5).

Recall the following interpolation results: let @ > B. For every ¢, 0 < " < 1, there is a constant
C=C(a,B,9),s.t

142l < CIAPull"| AP, ¥ u € DA™,
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where v = da + (1 — 9)B. For convenience, denote by
H, = D(A**) withnorm || - [|lpy, = |AY* - .
Then, H, = LZ(O), H, = Hé(O), and H, = H(l)(O) N HZ(O)

In order to deal with the memory term of (1.0.1), we introduce the family of weighted spaces. In
view of (H1) and (H2), we consider the weighted Hilbert spaces Lﬁt_(RJr; H,),i=1,2, endowed with
the inner products and norms, respectively,

(¢1’¢2)vi,(1~(,:vf(; Vi($)(@1(5), §2(8),ds, ||¢||f,.,%=fo vilg(s)ll, ds, i =1,2.

Asin [77, 80], we introduce the Hilbert spaces,
Q‘r’lv"Z = LE] (R+’ ?{r) N Lsz(R*—a 7-{r+1)’

endowed with the inner products,

(mmmm=j\M@@%MQN%MWM+I‘Mﬂ@mwmwﬁmmmwwx
0 0

and the norms

00

|mam=mm%m=f»«mw%me+f‘mmwmmmm%&
' 0 0

Finally, we define the product spaces,

M, =H xQ,

V1,V2?
where

H, = DA, Q.

V1,V2

= L12/1 (R+’ 7_{1’) N Liz(R+’ 7_{r+1)’
that endowed with the norms,
llzllhy, = e I, = llully, + ”’7”§lcl,yz’ z=(u,n) €M,

For the upper semi-continuity of a family of parameterized pullback attractors, we borrow the
following results from [24, 26].

Proposition 1.1.1. Let I be an interval of R. Given € € I, let {®(t, ©)}ee; be a family of continuous
RDSs on X over R and (Q, ¥, P,{6,},cr). Suppose that

(i) there exists a map R, : @ — R such that B = {B(&)) ={xeX:|[xllx <R (@)} : b€ Q} €D,

(ii) for each e € I, @ has a pullback attractor A and a pullback absorbing set D, such that for all
@ € Q, lim sup [|[D(®)|lx < Re, (@),
€€

(iii) | A«(@) is precompact in X for each & € Q,

334

(iv) there exists € € I such that lim ®%(t, ®, x,)) = O(¢t, @, x) for everyt € R*, @ € Q, €, € with

n—-+00

€, — €, and x,, x with x,, — Xx.

Then for each & € Q, dy(A«(®), A(D)) — 0 as € — &,.
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1.2 Well-posedness

Now we prove the existence of solutions by a semigroup method and the Lax-Milgram theorem.
Before stating the problem in a suitable framework, we enumerate the assumptions on the term in
which the delay is present. Hereafter, we suppose that the nonlinear heat supply f(u) satisfies

(1) feC'R), f(0)=0;
(f2) f(s)s > ails]P*! —an, s €R;
#3) If' (9l < az(1 + 5”1, s €R,

where | < p <1+ %, a;, i = 1,2, 3, are positive numbers. In order to study the dynamical behavior of
(1.0.1) with critical nonlinearity, we also impose the assumption as in [42, 1,

(f4) lim L& =,

|s| 00 |s|7

which implies that for any given v > 0, there is a positive constant C, such that
F(s1) = f(2)] < Ist = $21(Cy +VIsi [ + Visal ). (1.2.1)

Remark 1.2.1. (i) From (f3), it is not difficult to check that |f(s)| < a4 + as|s|’ holds for any
s € R, where a4, as are positive constants.

(ii) As it is pointed out in [ ]3], the lack of bound from below for f’ is the reason for 1 + % to be the
critical exponent for the nonlinearity f. And in case of (1.2.1), we call f is an almost critical
nonlinearity.

Assume that p] (00) = pr(00) = p;j(e0) = 0. Let vi(s) = u(s) and vo(s) = —u5(s) satisfy
(H1) v; e C'R*) N L'(RY), vi(s) > 0, vi(s) <0, i=1,2,¥seR",
(H2) vi(s) +6vi(s) <0, i=1,2,¥s e R",

where ¢; are positive constants, i = 1, 2.
Denote u1(0) = uo. Along the lines of the procedure suggested by Dafermos in his pioneering
work [59], we introduce the new variable

S !
n'(x,s) = f u'(x, r)dr = f u(x,r)dr, s>0, (1.2.2)
0 t—s

where
u'(x,s) =ulx,t—s), s=0.
Then the original equation (1.0.1)-(1.0.2) can be transformed into the following equivalent system by
(1.2.2):
0 ® ® dw
a—btl — Hou — AAu + f vi()n'(s)ds — f va()Arf' (s)ds + f(u) = g(x, 1) + €h(X)E,
0 0
on'(x,s)+0n'(x,s)=u, x€0, s>0,1>r1,

(1.2.3)
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with the initial and boundary values
u(x,7) = u(x), n°(x, s) = n:(x,5), x€0, ulx,t)=0, '(x,5)=0 x€90, s>0,r>1. (1.2.4)

Note that Eq.(1.2.3) is stochastic equation, and we need to transfer (1.2.3) into a deterministic one
only with random parameter.

Set v(t) = u(t) — €z(6,w). Problem (1.2.3)-(1.2.4) can be transformed into a pathwise deterministic
problem by (0.0.4)

a (o6} 00
a—‘; — oy — AAv + f vi(s)n'(s)ds — f va($)AR'(s)ds + f(u) = g(x, 1) + €(uy + 1)z + €Az,
0 0
o'+ =v+ez, x€O0,t>T1,
(1.2.5)
with the initial and boundary values
v(x, 7) = u(x, ) — €2(6:w) = v(x), n°(x,5) = n(x,5), x€O, s>0, (12.6)
v(ix,t) =0, 7'(x,5) =0, x€00, s>0,t>r. o
In order to present our results, we write the system (1.2.5)-(1.2.6) as a Cauchy problem
d
;§:L¢+H¢@@n, (1.2.7)

defined in the phase space
Mo = L*0) x Q)

Vi,V2

with norms
2 _ T IR ) 2 12 1112
017 = 110D = 1P+ 1y = I+ 1162 1m0y + 11 v 0

Also take ¢ = (v(¢),n") € My. Then system (1.2.5) is equivalent to the Cauchy problem (1.2.7)
with

Lo = (uov + AAv — f*w vi(s)n'(s)ds + fw va($)AR' (s)ds,v — i)
0 0

and
F(¢,0,w,t) = (—f(v+e€z)+ g+ e(up + 1)z + €1Az, €2) . (1.2.8)

It is proved in [138] that
on' = -0, +v+ez, 1(0) =0,
can be considered as 9,7' = Ty' + v + €z, where

Tn' = -0, n' € D(T),
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is the generator of a translation semigroup with domain
D(T) = € O, 10 € @), ,,.n'(0) = 0}.
Since the domain of L is defined by
D(L) = {¢ € MolL¢ € My},

we have
D(L) = {(v, n') € Molv € Hy(O),n' € D(T), ov + AAv — f‘x’ vi(s)n'(s)ds + foo v2(s)An'(s)ds € LZ(O)} )
0 0

For the coefficient A in (1.0.1), we assume that A4; — 2y, > 0, where A is the first eigenvalue of A
in H,(0). From now on, we denote by ¢ a generic positive number which may change its value from
line to line or even in the same line.

Theorem 1.2.2. (Well-posedness) Assume that hypotheses (f1)-(f2) are satisfied, g € L? (R; L*(0))

loc

and the initial data (v;,n;) € M. Then, problem (1.2.7) possesses a unique mild solution with
v € C([r,); LX0)) and 7' € C([1,); Q) ). (1.2.9)
If the initial data (v;,n.) € D(L), then the solution is regular, namely,

v € C([r,00); Hy(0)) and n' € C([1,); Q) ).

V1,2

In addition, if ¢ = (v,n"), ¢ = (v, ") are two mild solutions of (1.2.7), then for any T > T,

() — D3, < e llp(r) = POy, T<E<T, (1.2.10)
where cg is a positive constant depending on the initial data.

Proof. The proof is split into three steps.
Step 1: We show that the operator L is the infinitesimal generator of a C°—semigroup of contrac-
tion e in M,, that is, L is m-dissipative in M,. By the definition of Lg,

(Lo, P, = (ﬂoV + AAv — f vi(s)n'(s)ds + f va()An' (s)ds, v) +@=0m', 1)
0 0

V]

L2(0)
= pol VP = ANV - f vi(s) f dn' - n'dxds - f va(s) f 9,V - Vij'dxds
0 0 0 0]
01 0>
< lv‘0||V||2 - /1||VV||2 - 3||77[||L$1 R+:L2(0) ~ E”UZHL%Z(R“’;H(I)(O))
)

0
< (/J() - /ll/l)”V”z - ElllntllL‘z,l(R+;L2(O)) ||)7t||L‘2,2(R+,H(1)(O)) < 0, fOI‘ all ¢ S D(L),

2

which shows that L is dissipative in M.
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Now we show that L is maximal, i.e., for each F € M, there exists a solution ¢ € D(L) of
(I-L)¢ =F.
Equivalently, for each F = (fi, f>) € My, there exists ¢ = (v, ') € D(L) such that

v — oy — AAv + f‘” vi(s)n'(s)ds — foo va($)An'(s)ds = fi,
0 0

n'=v+oa = fio

(1.2.11)

To solve the above systems, we begin with multiplying (1.2.11), by e* and then integrate over (0, s),
n'(s) =v(l —e™) + f e’ fH(r)dr. (1.2.12)
0

Substituting (1.2.12) into (1.2.11); and denoting ky = [~ vi(s)(1 — e™)ds, ky = [~ va(s)(1 — e™)ds,
we obtain

(I+ky —po)v—(A+k)Av = —foo vi(s) fs eT_sz(‘r)dTals+j‘oo va(s) fs e *Afr(t)drds+ fi. (1.2.13)
0 0 0 0

In order to solve (1.2.13), we define the bilinear form
alwi,wr) = (1 + ky —,uo)fw]wzdx + (A +ky) f VwVwadx, wi,wy € H&(O).
0 o

It is easy to check that a(w, w,) is continuous and coercive in Hé (O). Also we have
H)(0) — L*(0) — H ' (0).

We are going to apply the Lax-Milgram theorem. It suffices to prove that the right-hand side of
(1.2.13) is an element of H~'(0). Obviously,

fi € LXO) — HY(0).

Let f* = — fooo vi(s) fos e fh(r)drds + fooo vo(s) fos e *Afr(t)drds. We only need to verify that f* €
H~'(0). We use similar arguments used by Giorgi et al. [77]. For w € H(l)(O) with ||[Vw]|| < 1, it is not
difficulty to check that

|(f*,w)H71 Hl' = '— ) v1(s) S e | f(r)wdxdrds + ) 0] S e | VAG@E)Vwdxdrds| < oo,
oo 0 0 o 0 0 o

which implies that f* € H-'(0). Then, by the Lax-Milgram theorem, equation (1.2.13) has a weak
solution

€ Hy(O).
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In view of (1.2.12), we obtain
7(s) =91 -e) + f H(n)eYdr
0

and need to show that 7/ € Q) . From (1.2.12) and the fact that ¥ € Hj(O), we find

IIVﬁ’||2<IIV\7||2+f eIV AP, IIﬁt||2<||\7II2+f el A(DIPdr.
0 0
Then

f vl(S)Ilﬁt(S)IIZdS+f va()IIViF ()l ds

0 0

<k lIPIP + kol IVFIP + f VDIV A@IPdT < o,
0

and hence i’ € Q° _ . It follows that

¢ = (7,71) € My

is a weak solution of (1.2.11).
To complete the proof of the maximality of L, we still need to show that ¢ € D(L). Indeed, from
(1.2.11),, we see that

oif = p+v-if e,

Since #'(0) = 0, we conclude that 77" € D(T). By inspection (1.2.11),, we find that

—HoP — AAT + f ) Vi()if (s)ds — f ) va(s)ARf (s)ds = =7 + f, € LXO).
0 0

Therefore (v, 7") € D(L).

Step 2: We are going to prove that the operator F(¢, 6,w, t) defined in (1.2.8) is locally Lipschitz
with respect to ¢ from M, into M, for w € Q, and that F(¢, 6,w, t) is continuous in (¢, ) and mea-
surable in w w.r.t. . Let B be a bounded set in My and ¢, ¢ € B. Writing ¢ = (v,77'), ¢ = (v, 7),
then

IF (¢, 6,0, 1) — F(§, 6,w, DI}, = f |f (@) — f(w)ldx. (1.2.14)
o
Since f € C!(R), for any N > 0, there exists L¢(N) > 0 such that for all [s;| < N, |s>| < N, we have

[f(s1) = f(s2)l < Le(N)ls1 = 52,

which along with (1.2.14) yields

IF(¢, 6, 1) = F(§, 6,0, DIy, = folf(ﬁ) = f@lPdx < LBy = ¥I* < LAB)IIv = [}, -
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From Step 1, Step 2 and the Lumer-Phillips theorem (see for instance [ 1 39, Theorem 6.1.4 and 6.1.5]),
problem (1.2.7) has a unique local mild solution

o, T, w, ;) = e (w) + f eHTIE(d(r, T, w, ¢y), B,0, r)dr (1.2.15)

T

defined on [, T']. Next, in Step 3, we will prove that the local mild solution, in fact, is global solution,
1.e., T = +oo.
Step 3: Set 6y = min{d,,d,}. Taking the inner product of (1.2.7); with v in L*(0), and (1.2.7),

with 7" in QY , , then adding the two results gives

p+1

2 2 +1 2
o < ctcllgl” + cedlll” + 277 + 119zl

d
—(VIP + 117120 ) + (A1 = 2u0)VIP + Solln'lI* + aylul
dt Qv

Hence with 6 = min{A4; — 2uy, %‘)} we have

d
E(IIVII2 + IIUtIIZng) + (vl + IIU’IIZQg]YVZ) <c+cliglP + ce(llzll® + I+ IV2P). (1.2.16)

By the Gronwall Lemma, we obtain, for any ¢ € [7, T],

t t
2 2 —o(t— 2 2 O(s— O(s— 2
VI + 1171 < el + il )+6f e’ ’)dS+6f g (s)IPds
V12 V1.2 T

!
+ ce f (RO + Oy + IVZ(O,w)I)ds < oo,
where we use the fact that z(6,w) is continuous in ¢, for any fixed T > 7t and ¢ € [r, T]. Then,

2 2 2
s by s Yt M = t” 0 < o,
g2, 7, , pr(W)lyq, = VI + 1171l
ViV

which means that the local mild solution we obtained above cannot blow up in finite time, i.e., T =
co. Hence, problem (1.2.7) has a unique global mild solution ¢ € C([t,00); M) for all t > 7, so
(1.2.9) holds. Moreover, the continuity with respect to initial data, namely, (1.2.10), follows from the
representation formula and the locally Lipschitz property of F. m|

1.3 Existence of pullback random attractor in M,

We now establish the existence of a pullback attractor in phase space M. From Theorem 1.2.2, we
know that ¢ = (v, 7") is a global solution to problem (1.2.7), define (Q, ¥, P, (6,):cr):

(D . R+ X Q X M() - MO, (t7a),¢r) - q)(t,a)’¢T)’
for the stochastic problem (1.2.7). Given t € R*, (1, w) € Q and ¢, € Mo, set

O(1, (1, w), ¢r) = P(t+7, T, 0_;w, p-(0_rw)) = (V(t + T, T, 0w, v (0_-w)), 7' (t + T, T, 0_r, 11:(O_w))(5)) ,
(1.3.1)
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where 7' (t + 7, T, 0_.w, :(0_,w))(s) = fos ut+7—-r"1 0w, u (6, w))dr.
Hence, ¢y = (u,7") is a global solution to problem (1.0.1). Then the solution ¢ = (u,7n') €
C([1, 00); My) defines a continuous random dynamical system over R and (Q, ¥, P, (6,);cr):

¥ R+ X Q X MO - MO’ (t’a)’ ¢’T) - lP(t’a)’ l/"r)
Given t € R*, (1,w) € Q and U € My, set
P, (r,w), o) =Yt + 7,7, 0_,0, Y (0_,0)) = ¢(t + 7, 7,00, p(0_,w)) + (€2(6,w),0).  (1.3.2)

Obviously, @ and V¥ defined by (1.3.1) and (1.3.2), respectively, satisfy all conditions (i)-(ii1) in Defi-
nition 0.0.1. On the other hand, we can see that

\P(t’ (T7 (,()), w‘r) = T(Qtw)q)(ta (T’ (U), ¢T)9

where T(w)(a,b)" = (a + ez(w),0)" is an homeomorphism of M,. Hence, ® and ¥ are equivalent.
In what follows, we establish uniform estimates for the solutions to problem (1.2.7) and prove the
existence and upper semi-continuity of a pullback random attractor for RDS ® based on Proposition
0.0.7 and Proposition 1.1.1. To this end, we specify a collection D; of families of subsets of M.
Suppose D = {D(®) : @ € Q} is a family of bounded nonempty subsets of M, satisfying, for
every @ € Q,
Lim e™ID@d)Ily, =0, (1.3.3)

where the positive number 6 = min{Ad4; — 2u}. Denote by D; the collection of all tempered families
of tempered nonempty subsets of M, which fulfil condition (1.3.3), i.e.,

Ds = {D = (D(@®) : & € Q) : D satisfies (1.3.3)}. (1.3.4)

1.3.1 Existence of pullback absorbing set in M

This subsection is devoted to obtaining a pullback absorbing set for the cocycle ®@ in M,. Henceforth,
we assume that g € C,(R, L*(0)), where C,(R, L*(0)) denotes the set of continuous bounded functions
from R into L*(O). We begin with the following lemma.

Lemma 1.3.1. Assume that (f1)-(f3) and (H1) — (H2) hold. Let B = {B(t, w) : (1, w) € Q} € D;. Then

V(7,7 = 1,60, ve I + 1l (7,7 = 1,600, nr—t)”ng] , SR@) (1.3.5)

for any ¢, = (v_1,1:-,) € BO_(7, w)), where R(w) = y1 +yi(€* + € r(w).

Proof. By a similar procedure as to Step 3 in Section 3, we have

d 2 2 2 2 1
VP + 171y )+ 8P + 1, )+ alull}
A (o + 1> 2k pl
<62(1+—1(“3 ) +6—°)||z||2+(2(“f:1)) P (13.6)
0 P )4

2k, 42
+ Q2+ 5—0)||Vz||2 + 71||g||2 +2a3/0).
0
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Multiplying (1.3.6) by € and then integrating over [t — ¢, 7] with ¢ > 0, we obtain for every w € Q,
W, =10, ve DI + 107 (@7 = o, e )llgy
-0t 2 2 O(s—T) 2
< e (vedl” + ||777—r||Q91’V2) %0 I_te TP+ lgl)ds (1.3.7)

+ o€’ f 7 (@) + IV2(0,w)IP) ds + yoe™! f PO} ds,
Tt T

A (5() 2(p+1) 50
Recall that z(6,w) = h(x)z"(6,w). Then we have

2 p+1
where yo = max {41, 204]0), 1 + H021F 4 2o (s )P syr 07 4 2,

2@ + 2O} + IV < r(Bw)

p+1

where r(6,w) satisfies ;
r(G,w) < e?"'r(w), teR.

Replacing w by 6_,w in (1.3.7), we obtain

2 2
V(T T = 1,00, v ) + 117 (7.7 = 1,00, 7:)ll
V12

T T

-5 2 2 S(s— ) Sto

< Ul + il )+7°f & lglids + o f 50 g
e Tt T—t

. T (1.3.8)
+ 70 f 7 (205 ) + V20, w)IP) ds + yoe™*! f (O, w)|r ds
Tt T

—t
0

-0 2 2
< e (vedl? + ey )+ %0 f
V1V

-t

0
(1 + |IglP)ds + yo(e* + ep”)f egsr(w)ds.
—t

Since (v, ;) € B(6_,(1, w)), there exists T(t, w, B) > 0 such that for all ¢ > T(t, w, B),

yo(1 + llgl®)
5 :

-0 2 2
e (vedll” + lIme—dllge ) <
V1o

Therefore, for all r > T(t, w, B),

2 2
V(@ T = 1,00, v )" + I (7, 7 = 1, 60, D)l 0
Vv

<y +y1(€ + €r(w) = R(w),

2yo(1+]iglI?
Yo( 5||g|| >’70}

where y; = max{ and ||g||> = sup ||g(-, )|I* < co. The proof is finished. O
reR

Remark 1.3.2. Denote v(r) = v(r,t — t,0_.w,v,_;) and n'(r) = '(r, T — t, 0_w, N._;)(5), we can prove
that there exist a positive constant py and a tempered variable r(w) such that

S(p—
(7 = 1,6, ve )P + (T = 1,6_c0, 10Dl < o+ po(€ + € e r(w).
ViV
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Define
D(t,w) := Dy = {p € Mo : 91, T = 1,0_c0, $e_(0_))Il3;, < R()}. (1.3.9)

Let D be the family consisting of these sets given by (1.3.9), i.e.,
D ={D(r,w) : D(r,w)is defined by (1.3.9), (r,w) € O} (1.3.10)

It is clear that D given by (1.3.10) belongs to Ds.
Next, we prove that the random dynamical system ® associated to problem (1.2.7) has a compact
measurable pullback attracting set.

1.3.2 Decomposition of solutions

In this subsection, we decompose the solution of (1.2.7) into a sum of two parts, of which, one part
decays exponentially and the other one is bounded in a "higher regular" space by using the method in
[38, 81], and obtain some a priori estimates for the solutions, which are the basis for constructing a
compact measurable attracting set for RDS .

For any (1, w) € Q, set

Di(t,w) = U o(r, 7 —t,0_w,D(1t — t,0_,w)) C D(1,w), (1.3.11)

=T (t,w,D)

then by (1.3.9),

O(t,7—1,0_0,D(t—1,0_,0)) = ¢(t,T—1,0_.w,Di(T - t,0_,w)) C Di(1,0w) C D(1,w), t=0.
(1.3.12)
For any (1,w) € Qandr > 0, let o(r) = ¢(r,7 —1,0_w, ¢, (0_,w)) (r > 7 — t) be a mild solution
of system (1.2.7) with the initial value ¢._,(0_,w) = (Vi—;, 1r—) € Di(T — 1,0_,0) C D(t — t,0_,w),
then it follows from (1.3.12) that ¢(r) € D(r — 1,0,_,w) for all r > 7 — t. We decompose ¢(r) into
¢(r) = ¢r(r) + ¢n(r), where ¢ (r) = (vi(r),17;(r)) and ¢n(r) = (vn(r), 775, (1)) satisfying, respectively,

0vy — Hovy — AAvy + f vl(s)n’L(s)ds + f vz(s)AntL(s)ds + f(vp) + Kvy, =0,
0 0

omy +0m;, =vp, x€0, s>0, r>7—-1,

(1.3.13)

with the initial and boundary values

ve(x, 1) =0, 77(x,8) =0, x € O, vi(x,7) = vo(x), n7(x,8) =1:(x,5), x€30,s >0, r<7—1.
(1.3.14)
and

By — piovy — AAvy + fo Vi((s)ds + fo va($)Any(s)ds + f(u) — f(v0)

=Kv, + g+ €e(uy + 1)z + €edAz, (1.3.15)

omy+0my =vy+ez, x€0, s>0,r>7-1,
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with then initial and boundary values
v(x, ) =0, 77(x,8) =0, x€ O, vi(x,7) =0, 7;(x,5) =0, x€dO,s >0, r<7T—1. (1.3.16)

Obviously, system (1.3.13) is a deterministic (non-random) non-autonomous system independent of
w. Notice that assumption (f2) implies that there exists K, > 0 such that f(u)u > —Kolu|*. Set
K > Kj. In order to estimate the component of ¢, we start with the estimate of v;.

Lemma 1.3.3. Suppose that assumptions of Lemma 1.3.1 hold. Then the solution of (1.3.13) satisfies
et = tvne I+ I n T = el < € Ro(@),

Proof. Multiplying (1.3.13), by v, and integrating over O in L*(O), multiplying (1.3.13), by 7, and
integrating over O in QO1 then adding the results, we obtain

Vi,V2?
1d 2 12 2 2 ” tot
EE(”VL” + ||77L||Q91 VZ) = polvell” + Vv |I” + vi(s) | Osmy - mpdxds
o ’ 0 o (1.3.17)
+ f va(s) f 0,Vn, -V, dxds + ff(vL)dex =0.
0 o 0
Some computations then yield
d
d—t(IIVLII2 + IIU’LIIZQQI,VZ) +S(lveIl” + IIU’LIIZle’VZ) + (K = Ko)llv.I* < 0. (1.3.18)

By the Gronwall Lemma, we conclude that there exits a tempered variable Ry(w) > 0 such that
et = tovie )l + T = Lol < e vl + ey ) < eRo(@).  (13.19)
This finishes the proof. O

Hereafter, denote Ri(&, 7, w) = p; + pi(€* + €’)iePEDp(w)", R(w) := R(t,T,w) = p; + pi(€* +
e?)ir(w)" for p;, I;, Bi,n; > 0,i=1,2,3,---,and € > 7 — 1.
Lemma 1.3.4. Assume that (f1) — (f3) hold with 1 < p < 1+4/n, or (f1) — (f2) and (f4) hold with
p = 1 +4/n, then the solution of (1.3.15) satisfies the inequality
(T, 7 = 1,600, O)lly. + Imy(7. 7 = 1,6, D)l < Ra(w),

. (1 2p-np+2
where 0 < o < min{1, 2=},

Proof. Taking the inner product of (1.3.15); with A%vy in L*(0), (1.3.15), with A7), in QY , , we

obtain
1d
2dt

< fg - A%vydx + vaL ~A%vndx + e(ug + 1) f 7-A%vndx + €l f Az - A%vydx
0 o o o

[oa o 4o 0
(IAZvull* + ||775v||2Qg1 L)~ HollA= vallP + A vyl + —20 ||77’||2Qg1 Lt f(f(u) — f)A%vydx
, , 0

+ f vi(s) ng(vN + €2) - ATn\dxds + f V() fAIE(T(vN + €2) -A%nﬁvdxds.
0 0 0 o)
(1.3.20)
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By the Young’s inequality, we have

fg -A%vydx + vaL - A%vydx + e(ug + 1)fz -A%vyndx + e/lfAz -A%vydx
o o o o

A4y
4

(1.3.21)

2 2 2 2 2 2
< — A%l + gl + Ivell™) + cedlzll” + lAz]I).

Note thatif p < 1 +4/n, then pT_ln — I‘T" < “T" and by Lemma 1.3.1 we know that

‘ fo (F) = F)A vydx

<c f (1 + [u”' + v P Dlvy + ezl A vyldx
o0

< Cf(l + luPt + Ile”‘l)llelA”ledX+cef(l +|ulP™t + P Izl AT vy ldx
o] o

)(Zn—np+2(l—a'))/2n

<c 1+(f |u|2dx)(p—1)/2 + (f |VL|2dX)(p_l)/2) (f |VN|2n/(2n—np+2(l—0'))dx
o o o
(n=2(1-0))/2n
X f |A‘7vN|2”/("‘2“‘(’»dx) +ce(1+( f lul*dx) P~V + ( f |vL|2dx)<P—‘)/2)
o o o

@n-np+2(1-0)/2n (n=2(1-c))/2n (1.3.22)
x f |Z|2n/(2n—np+2(1—(r))dx) (f |A(TVN|2n/(n—2(l_(J'))dx) D,
0 o

(1+0)/2
< AV vl - ”VN'|L2n/[n-2<PT’l)n—(1—<r)1

1 2
+ cel ATy | - lzll,

-1 -1
(1 [lull”" + v 1P

-1 -1
ettt € B 171 Al (177 | )

< ATy AT L+ P+ (el
el AT Pyl AT A+l v

< ATy Il T IAT ORI el (v P
+ cel AT oy || AT+ (T + vl

Lo
2

% 1 2 2 -1 —1\ 2 2 -1 —142 Cay)
<Z||A( ORI+ e+l + elPD T nll” + ce (1 + ull?™" + v lP)IA ™ 2P
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On the other hand, if p = 1 + 4/n, then

fo (f) = f(VL)A vydx
< f (Cy + VIl + Vv )lvy + €2l - AT vyldx
o
< f (Cy + VIl + Vv )lval - A vyldx + € f (C, + VIl + vlvi| ")z - JAvyldx
o o
< Cv(f |VN|2n/(n+2(1—o-))dx)(n+2(1—0'))/2n(f |A0'vN|2n/(n—2(1—o—))dx)(n—2(l—a'))/2n + V((f |u|2dx)2/n + (f |vL|2dx)2/n)
0] [0} o) o)

% (f |vN|2n/[n—2(l+o‘)]dx)[n—2(l+<r)]/2n(f |AO'VN|2n/[n—2(1—U)]dx)[n—Z(l—O')]/Zn
o o

+Cv€(f |Z|2n/(n+2(l—0'))dx)(n+2(1—0'))/2n(f |AO'VN|2n/(n—2(1—0'))dx)(n—2(1—0'))/2n +V€((f |M|2d.X)2/n + (f |le2dx)2/n)
o o o o

X ( f |Z|2"/[”—2<1+ff)]dx)[n—2(1+rr)]/2n( f | AO’VN|2n/[n—2(1—0')] dx)[n—Z(l—O')]/Zn
0 0

4/n 4/n

+[[vell
4/n

)| |VN||L2n/n—2(l+u') | |AO-VN||L}1—2(] -0)
4/n

< CV||VN||L2n/(n+2(1—(r))||AO-VN||L2H/(}1—2(1—U')) + VC(HM”

+ CVE||Z||L2n/(n+2(]—(r))||AU—VN||L2;1/(n—2(I—rr)) + veC(|lul|™" + |vell )||Z||L2n/n—2(]+(r)||AO—VN||L/172(170')

A e o ) s PRI
< leA Zonll? + cColvall? + vCo(lull + vellHOIA = vyl
2 201112 2 2 ICTTRTHIN
+ cCLe|lzll” + evee(lull + lvell=)IIA ™2 2|7
(1.3.23)

ftp=1+ %, then by Lemmas 1.3.1 and 1.3.3, we can choose v small enough such that, for every
(r,w) € Q,

l+o 1+

H ENTV e aa e Lr 2 2.2 4 22145712 2 z 2
vEUllull + lvelmlIA™= wall™ < ZllA=vall®, evier(lull + vell)7NA =2 2" < cet]A2 21" (1.3.24)

INES

From (1.3.20)-(1.3.24), we have

d o 2 12 A 2 t 2
AT + Wil )+ SCAT AP + il )

< (1 + [P~ + el vyl + ce2(1+ [P~ + [velP~)3IA )
+ e (P + 1AzIP) + (gl + e Ry(w)) (1.3.25)
< Ri(1, 7, w) + c€(1 + Ro(r, 7, ) ([0, ) + 1A F 26, ;)| + 1A2(6,—-w)IP)
+c(1 + e TIRy(w)).
Applying the Gronwall lemma to (1.3.25)c, it follows that for ¢ large enough,
IAZvy (T, T = 1, 0_w, O)|* + |7\ (T, T — 1, 0_w, O)lig; ., < Rs(w).

This completes the proof. O
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Lemma 1.3.5. Let the assumption of Lemma 1.3.4 hold. Then for any B = {B(t,w) : (T,w) € Qe
D;) € My and for any (ve_y, 1r—;) € B(0_(1, w)),

2 2
V(@ T = 1, 0w, ve Il + 7' (77 = 1,00, e Dllgr | < Ra(w).

Proof. Taking the inner product of (1.2.5); with A7 in L*(O) and (1.2.5), with A%%" in O, , . Then
we can finish the proof similarly to the proof of Lemma 1.3.1. O

On the basis of the above lemmas, we have the following results.

Lemma 1.3.6. For 0 < o < 1 and o < s < 1, we have
IAZ vy (T, T = 1,0, O)” + I}y (7, T = 1,0, O)[I3s < Rs(w).
V1:V2

Proof. Multiplying (1.3.15), by A®vy, and (1.3.15), by A°r,, then sum the results to obtain
ld s 1112 %0, ;1 LY 2 s

5 7 (A2 +Hlmyllys )+ S llmllgs = pollA2vall” + AIAZ vyl + | (f(w) = f(vi)A vyvdx
2dt V2 2 H1 4 0

< fg - A’vydx + vaL - Alvydx + ef((,uo + 1)z + AAz) - A’vydx + ef vl(s)fz - A'nldxds
o o o 0 o

+ef vz(s)fAlzsz-AI?njvdxds.
0 o)

If n > 4, by straightforward computations we have

(1.3.26)

2n>m—-200)p+2(s+o0—1), (1.3.27)

and if n = 3, we can choose o close to 1/2 such that (1.3.27) holds. Hence,

fo (f(u) = f(vp)A vydx
< Cf(l + ™+ P hlvy + €2l - 1A vyldx
o

S Cf(l + ™+ P hlvyl - 1A vyldax + ce f(l + ™+ vzl - 1A vy lda
o o

2n n=20 ., o n=20 o N
<el+( f Jul =27 dx) 2P - ( f vel7=7 dx) 3 P 8 ( f [vwl ™ dx)
0 o ) (1.3.28)
2n n=2(1-s) on =20 o wde g
. (f |ASVN|n—2(|—X)dx)72n +C€{1 + (f |u|n—2adx) 7 (p=1) +(f |VL|”*2"dx) 5> (P 1)}
o o 0

2n i 2n n=2(1-s)
(f 2" dx)> .(f |ASvy |05 dx) 2
0 0

o o l+s
<c{l+1ATulP™ + AT v P llvwll 2 1A vl

o -1 o -1 1+s
+ce {1+ 1ATulP™" + AT v~ il 2 1A vl
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where 71 =2n — [(n —20)p + 2(s + o — 1)].
Lets" =[-n+(n—-20)p+2(s+0—1)]/2. Since p < 1 + , we can choose p > 0 such that s" > 0.
By calculation, we get that O < s” < 1 + 5. Thus, using 1nterpolat10n inequality, we obtain

s’ _ 1+
< cllATvpll < clvwlPIA T vpll”, 0 < 9 < 1,

HVN”LZT;I = ||VN||n—2[—n+(n—20'2)’1l7+2(s+(r—1)]/2 -

which together with (1.3.28) implies that

A Lts o _ a S N
If(f(u) — f)Avydx| < ZIIA Tyl + (1 + JAZullP~ + AT v P T oy
o

(1.3.29)
+ (1 + ATl +[JATv ) TR A TR,
On the other hand, thanks to the Young inequality,
fg - Avydx + vaL -A’vydx + ce f(z + A7) - A’vydx
0,1 0] 0] (1.3.30)
Lis Its
< ZIIA TunllP + c(llgl + vl + eIzl + 1A zIP).
and
© +5 +s 6 s +s
f vi(s) szs dxds + ef va(s) fAIZZAanvdxds < ZO||77§v||2s +cer (A2 7)) + ||Asz||2).
O Vl.V2
(1.3.31)

Therefore, it follows from (1.3.26) and (1.3.29)-(1.3.31) that

d s 2 2 3 2 2
—(IA2vylI" + lImyllgs )+ SUAZvNll" + [Imyllg: )
dt V12 V12
2 z -1 z I 2
< c(I+lgll”) + (1 + 1A ull”™ + JAZv]IP7) = [yl
o _ o I A s 1+
+ce(1+[|AZullP™" + AT v P |AZZ] + ce(lzll + A7 2IP).

Applying Lemma 1.3.5 and the Gronwall lemma to the above inequality gives the desired result. O

1.3.3 Existence of the pullback random attractor

Now, we prove the compactness of the memory term. Note that for any (7, w) € Q. 1> 0,
o un(@ = 1.7 = 1,60, uy (6, )dr, 0<s<t,
My (T, T = 1,0_w, (O w))(s) =3 (1.3.32)
o un(c = 1T = 1,6, w0, uy - (O,—w))dr, s> 1.

Lemma 1.3.7. Under the assumption of Lemma 1.3.6. For every given (t,w) € Q, let

E(r,w) = E(t, w)(s) = U @t =160,y 0w))(5) € O,

Veet:Mr—)ED (T—1,01w) 120

where ¢ = (v, ") is the solution of (1.2.7). Then E(t, w) is relatively compact in Q°

Vi,v2©



24 CHAPTER 1. STOCHASTIC PARABOLIC PROBLEMS WITH THERMAL MEMORY

Proof. By Lemma A.1.10, we need to verify two conditions:
(i) E(r,w)is bounded in L} (R*; H) N H} (R*; Hy) and L (R*; Hy) N H,, (RY; H));
(i) SUPyepra Ml + 11715,) < h(s).

From Lemma 1.3.6, we know that E(, w) is bounded in L] (R*; H;) N L} (R*; H,). By (1.3.32), we
have

un(t = 5,7 = 1,050, uy—(0;_;w)), 0<s<1,

sty (T, T = 1, 0_rw, 1y (- w))(s5) = { (1.3.33)
0, s>t

By (H1), we know that v;, v, € C}(R*) N L'(R"), which along with Lemma 1.3.6 we find that E(t, w)
is bounded in H, (R*; Hy) N H, (R*; H;). Indeed, we have

fV1(S)|I5sn§VII2dS+f Vo)Vl ds
0

0

- f Vi)l (r - $)Pds + f V2 (5)IVu(x = )lds
0 0

= f vi(t = )|lun(s)lds + f vo(t = 8)|[Vun(s)|*ds < oo,
0 0

which implies (i) holds.
On the other hand, by (1.3.32) and using Lemma 1.3.6 again, we obtain that

sup (17" (Ml + 7' ()Ml
n'eE(t,w),seR*

= sup sup (Il (T, 7 = £, 020, My (O ) (SNl + iy (T, T = 1,020, Ty (O 0)) (S,
120 (Ve—y,Mr—)ED | (T—1,0-1w),s€RT

< S2(R(w) + Rs(w)) := h(s).

By (H2), we know that v, and v, decay exponentially, so it is easy to check that i(s) € Lil N Liz. Then
(i1) holds. By Lemma A.1.10, the proof is complete. O

We can now state our main result about the existence of pullback random attractor for the RDS ®.

Theorem 1.3.8. Assume that either (f1) — (f3) hold with 1 < p < 1+ %, or (f1), (f2) and (f4)
hold with p = 1 + %' Let (H1) — (H2) hold and g € C,(R; L*(0)). Then the RDS ® associated with
(1.2.7) possesses a compact measurable D—pullback attracting set A(t,w) C My and possesses a
Ds—pullback random attractor A(t, w) € A(t, w) N D(t, w) for any (1, w) € Q.

Proof. For any (1,w) € Q, in view of Lemma 1.3.6, let By(t, w) be the closed ball of H, of radius
Rs(w), where 0 < s < 1. Setting

A(T,w) = By(1,w) X E(1, w), (1.3.34)
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then A(t,w) € Ds(M,). Since the embedding H, — L*(O) is compact, B,(t,w) is compact in
L*(0). We have proved in Lemma 1.3.7 that E(t, w) is compact in Qem, so A(T,w) is compact in
Mo(:= L2(0) x Q° ).

Vi,V2

Now we show the following attraction property of A(t, w), namely, for every By € Ds(My),
lim dp, (Dt T = 1,00, Bo(t — 1,0_,w)), AT, )) = 0. (1.3.35)
t—+00

By Lemma 1.3.1, there exists t. = 1.(7, w, By) > 0 such that
(T, T —t,0_w, Bo(t — t,0_,w)) C D(1,w), Vt>t.. (1.3.36)
Lett>t.and ty =t —t. > T(1,w, By). Using the cocycle property (iii) in Definition 0.0.1, we have

(1,7 —1,0_w, Bo(T — t,0_,w))

= ¢(1,T -ty — t., 0w, Bo(T — 1y — 1., O_,w))

= ¢(1, T — ty,0_rw, d(T — 1o, T — to — ., O, Bo(T — 1y — 1., 0_,w)))
C ¢(1,7 — 1o, 0w, D(T — 19, 0_,w)) C Di(7, w).

(1.3.37)

Take any ¢(7, 7 — t,0_rw, ¢pr_(0_w)) € (1,7 — t,0_.w, Bo(T — t,0_,w)) for t > t, + T (1, w, By), where
¢+(0_rw) € Bo(t — t,0_,). From (1.3.37) and Lemma 1.3.6, we have

¢N(T’ T t’ 9_7(1), ¢T—t(0—‘rw)) = ¢(T’ T- t’ Q—Tw’ ¢T—t(9—‘rw)) - ¢L(Ts T t, 9_.,(1), ¢L,‘r—t(9—7w)) € A(T’ (U)

(1.3.38)
Thus, by Lemma 1.3.3, we obtain
inf [l¢(r, T — 1,0_c, ¢ (0_cw)) — x5y, < NPL(T. T = 1,0, P+ (0 0))I3,
XEA(T,w) (1.3.39)
< Ro(w)e™, Yt >t, + T(t,w, By).
It follows that
dpo(®(1,7 = 1,0_,0, Bo(8 - 1,6_,w)), A(T, w)) < Ro(w)e™ — 0 as t — +oo, (1.3.40)

which means (1.3.35) holds. By Proposition 0.0.7, RDS @ associated with (1.2.7) possesses a
PDs—pullback random attractor A(t, w) C A(t, w) N D(t, w). The proof is completed. O

1.4 Upper semi-continuity of pullback random attractor

In this subsection, we regard the coefficient € € R as a parameter in system (1.2.7). In view of
Theorem 1.2.2 and 1.3.8, we can define a family of random dynamical system {®€(z, (7, w))}ccr asso-
ciated to (1.2.7), and know that {D(¢, (T, w))}ecr possess a corresponding family of pullback random
attractors {A°(7, w)}r. Here let us consider the upper semi-continuity of pullback random attractors
{A(T, W)}eer as € = € by Proposition 1.1.1.

Based on Proposition 1.1.1 and the results in Section 4, we have the following upper semi-
continuity of pullback random attractors {{A(7, w)}ccr for {D(t, (1, W))}eer -
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Theorem 1.4.1. Suppose that the conditions in Theorem 1.3.8 hold. Then for any (t, w) € Q,

lim dp, (A(1, w), A(1,w)) = sup inf  ||¢ — Blip, = 0. (1.4.1)
[Sand 1)

PEAE(T,w) PEAD (T,w)

Proof. Let us check that conditions (1)-(iv) of Proposition 1.1.1 are fulfilled.
(1) It is trivial to verify that for any € € R, there exists F' = {F(1,w) = {¢® € M, : ||¢50||f\,((J <
R (t,w)} : (t,w) € Q) € D with R (t,w) =2y, + yl(eg + eg”)r(w). 3
(i1)) By Lemma 1.3.1 and Theorem 1.3.8, we know that for any (7,w) € Q and € € R, the pullback
random attractor A*(1, w) for ®(¢, (1, w)) is included in the absorbing ball D(e, w) = {¢¢ € M, :
”‘/’6”3\/(0 < R(1,w)}, i.e., A(1,w) C D(1,w) C My, where R(t, w) = vy; + y1(€* + €”)r(w). We can
check that
lim sup R.(7, w) < R (T, w). (1.4.2)
E—€)

(i11) Let |e| < 1. For every (r,w) € Q, using Theorem 1.3.8 once again, we find that A*(1, w) C
AS(1, w) € M,. Note that Rs(w) and R.(7, w) are both increasing functions in |e|. By the construction
of A°(t, w) in (1.3.34), we can choose the compact set A(t, w) satisfying

Aé(r,w) c Al(r,w), Ylel < 1. (1.4.3)
Hence,
| A | A o) € Al w) € M. (1.4.4)
lel<1 lel<1

Thus, <) A(7, w) is precompact in M.

(iv) Let l[e] < 1. Forevery t > 0, (1,w) € Q, let (1, (1, w), P<(w)) and ¢9(t, (1, w), P (w)) be
the solutions of (1.2.7) with € and ¢, initial data ¢¢(w) and ¢3’ (w), respectively. Set U = ¢ — ¢® =
(w.€) = (v = v, 7. — 11,,), then

U=LU+FQU), U, =¢(w) — ¢(w), (1.4.5)

where

LU = (ﬂoW + AAw — fw vi(s)E (s)ds + f‘” Va($)AE (s)ds, w — 835’) ,
0 0

F(U) = F(¢, 6w, 1) = F(¢°, w, 1)
= ((e — €@)(uo + Dz(Giw) + (€ — €)AAZ(Ow) + f(u®) — f(u), (€ — &)z(6iw)),
Urw) = (v; =v2,m; = 11?).

Take the inner product of (1.4.5) with U in M to obtain

1d
Ed—tllUlli/(O = (LU, U)m, + (F(U), U) pm,.- (1.4.6)

By (H2), we have
0
(LU, U)p, < (o = 11 DIwl* = Eollf’H%0 < =0llUI,- (1.4.7)
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(FU),U)pm, = (e — €)(uo + l)fzwdx — (e — )1 f VzVwdx + (e — eo)f vi(s) fzftdxds
o o 0 o

+ (€ — &) f‘” vz(s)szV§’dxds + f(f(ufo) — f(u))wdx
0 o o

0
< c(e = &) (Il +11V2IP) + cwll + IVwif*) + Zollftllﬂ“‘ggl’v2 + fo(f(bf“) — fu))wdx

(1.4.8)
For the last term in (1.4.8), we have
fo (f®) — fu))wdx < Re(r, T, w)(IWI* + IVwIP), ifp <1+ %, (1.4.9)
and
L(f(ueo) — fu))wdx < Ry(r, T, 0)|IVw|?, ifp=1+ % (1.4.10)
It follows from (1.4.6)-(1.4.10) that
%nuni% < Ry(r, 7, U, + cle — ) (O + IVz@w)IP), r>1-1. (1.4.11)

Apply the Gronwall lemma to (1.4.11) with w replaced by 6_,w to find

2
||U(T7 T-1 0_7-(1), UT—I)”MO
2 2
= VT = 10w,V ) = VO T = 10w VI + (T T = 1, 0w, 1) = 1 (7.7 = 1,600,072 )l
V1,V
T 2 I3 ,—Bg(s—7) 1.
< ||¢E(T’ -1, H_Tw, ¢5—1) _ ¢eo(7., -t H_Tw, ¢io_t)||3woef,,,ps+ps(e +€P)8eP8 r(w)'8ds
T
T 2 Ig ,—Bg(s—7) n
+e(e - @)’ f e @M (G W) + V26, )P
Tt

(1.4.12)

From (1.4.12), we see that for any (1,w) € Q, 1 > 0, €, — €, and ¢ ,, ¢, € My with ¢7, — ¢, it
holds that:

lim (llv"’ (T, 7T — 1,00, V") — V(T T = ,0_w, v )|
e (1.4.13)
It (27 = 1, 0w, 0) =l (1.7 = 1, 0w, DI, ) =0.
n S0%)
Up to now, all of the conditions (i)-(iv) of Proposition 1.1.1 are satisfied. The proof is finished. O

Remark 1.4.2. We would like to mention that in [113], Li proved the existence of uniform attractor
for (1.0.1) with € = 0, but did not consider the pullback set up for the asymptotic behavior, which is
our motivation for our paper.
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Up to now, we have studied stochastic standard parabolic problem with memory as well as subcrit-
ical and critical nonlinearity, namely, Eq. (1.0.1). The existence of random attractor as well as upper
semi-continuity of the random attractor are established. However, as we said at the very beginning of
this Part that the fractional derivative equation can exhibit significant self-organization phenomena or
asymmetry, which is very different from the classic derivative equation. Besides, the fractional differ-
ential equations have a wide range of applications in physics, biology, finance and so on. Therefore,
in the next chapter, we discuss a stochastic fractional parabolic problem with memory.



Chapter 2

Dynamics of a fractional stochastic
reaction-diffusion equation with thermal
memory

In this chapter we investigate the well-posedness and dynamics of a fractional stochastic integro-
differential equation describing a reaction process depending on the temperature itself, and which
is derived in the framework of the well-established theory of heat flows with memory (see [50]) on
O C R?, which is a bounded domain with smooth boundary 60,

% +B(1 = y)(=A)u + f‘” () (=AN)u(t — s)ds + f(u) = k(x) + h(x)cii—‘:/, x€e0,t>0, (2.0.1)
0

with boundary condition
u(x,t) =0, x€a0, t>0, (2.0.2)

and 1initial condition
u(x, 1) = up(x, 1), x€0, t<0. (2.0.3)

Here, @ € (0,1), 8 € (0,4+c0) and y € (0, 1), u(x, t) is the unknown function, while u is a decreasing
and non-negative memory kernel; f is a nonlinear reaction term (for instance, f(u) = u® — u), k(-) €
L*(O0) and h(-) € H?**(O) are given functions. W is a two-sided real-valued Wiener process on a
probability space which will be specified later. In the present case, the dynamics of u relies on the
past history of the diffusion term, that is, j(;oo US)(=A)*u(t — s)ds.

Problem (2.0.1) with @ = 1 as well as h(x) = 0 is well known and has been extensively studied
(see [22, 55]), and can be interpreted as a model of heat diffusion with memory which also accounts
for a reaction process depending on the temperature itself (see [76] and related references therein).
Namely, if u(#) represents the temperature of a material occupying O for any time ¢, as in [50], we can
consider the following heat flux law

q(x, 0 = —B(1 —y)Vu(x, 1) - f ) u(s)Vu(x, t — s)ds,
0

29
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where (1 —7) is the instantaneous heat conductivity and u(s) is a memory or relaxation kernel. Then,
assuming the total energy is proportional to u (with proportionality constant 1 for simplicity), the
standard semilinear heat equation with memory, 1.e.,

% — B(1 — y)Au - f ) u()Au(t — s)ds + f(u) = k(x), (2.04)
0

could be recovered from the energy balance
u+ Vg =k~ flu),

(see [38] for a more detailed explanation and more references on the topic). This kind of equation
can also be proposed to describe many different phenomena, such as the evolution of the velocity of
certain viscoelastic fluids [64], the thermo mechanical behavior of polymers [87, ], the diffusion
of the chemical potential of a penetrant in polymers near the glass transition [ 102], and some models
in population dynamics [67]. Concerning equation (2.0.4) (which is a deterministic heat equation
with memory) existence, uniqueness, and asymptotic behavior results can be found in [55, 78, 81]. In
particular, equation (2.0.4) is shown to have a uniform attractor, which has finite Hausdorff dimension
(see [78]), whereas in [77] the existence of absorbing sets in suitable function spaces is achieved.
Observe that the aforementioned literature mainly dealt with versions of Eq. (2.0.4) in a determin-
istic context. But, it is sensible to assume that the models of certain phenomena from the real world
are more realistic if some kind of uncertainty, for instance, some randomness or environmental noise,
is also considered in the formulation. In fact, the random perturbations are intrinsic effects in a variety
of settings and spatial scales. They may be most obviously influential at the microscopic and smaller
scales but indirectly they play an important role in macroscopic phenomena. We will take into account
an additive noise in our model which we interpret as the environmental noisy effect produced on the
system, and will exploit the theory of random dynamical systems (see [2, | 1]) to obtain information
on the dynamics of our model, in particular we will be able to prove the existence of random attractor.
When a = 1, problem (2.0.1) reduces to a standard stochastic heat equation with memory. In this
case, a similar stochastic equation with additive noise in materials with memory is studied in [38],
and the existence of pullback attractors is also established, while in [ 16], the existence and stability of
solutions for stochastic heat equations with multiplicative noise in materials with memory is proved.
Nevertheless, the previously cited references are concerned with equations with standard Laplace
operator, namely, @ = 1 in equation (2.0.1). However, it is mentioned in [&] that some research on
classical diffusion equation may be inadequate to model many real situations, for instance, a particle
plume spreads faster than that predicted by the classical model, and may exhibit significant self-
organization phenomena or asymmetry, see details in [152]. In this case, these situations are called
anomalous diffusion. One popular model for anomalous diffusion is the fractional diffusion equation,
where the usual second derivative operator in space, i.e., the Laplacian operator —A, is replaced by a
fractional derivative operator (—A)* with 0 < @ < 1. Indeed, equations with fractional derivative are
becoming a focus of interest since the fractional derivative and fractional integral have a wide range of
applications in physics, biology, chemistry, population dynamics, geophysical fluid dynamics, finance
and other fields of applied sciences. One meets them in the theory of systems with chaotic dynamics
(see [147, ]); dynamics in a complex or porous medium [65, ]; random walks with a memory
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and flights [79] and many other situations. When u = 0, this is the case of no memory term, (2.0.1)
reduces to a fractional stochastic parabolic equation with noise. In this case, the ergodicity of a
stochastic fractional reaction-diffusion equation with additive noise is studied in [85], whereas the
existence of random attractor for a fractional stochastic reaction-diffusion equation is proved in [121]
under the assumption of a € [%, 1). However, as far as we know, there are no works dealing with
fractional stochastic reaction-diffusion equations with both white noise term and memory terms, and
this is the reason of the current investigation in this paper.

Inspired by [38, 85], we are devoted to investigating a stochastic fractional integro-differential
equation. More precisely, in this work, we analyze the well-posedness and dynamics of a fractional
stochastic reaction-diffusion equation with memory term, which is expressed by convolution integrals
and represent the past history of one or more variables. The main features of the present paper work
are summarized as follows: Both the fractional diffusion term (instead of standard diffusion term, i.e.,
—Au) and the memory term are considered. Besides, the well-posedness is analyzed by a semigroup
method (see [ 1 39] for more information), which is different from the classical Faedo-Galerkin method
(see [160]). Then the existence of random attractor is established by a priori estimates and solutions
decomposition. Moreover, by using the method introduced by Debussche in [60], we obtain that the
random attractor has finite Hausdorft dimension.

2.1 Definitions and Basic Theory

Let (X, | - |lx) be a separable Hilbert space with the Borel o—algebra 8(X), and {6, : Q@ — Q, t € R}
be a family of measure preserving transformations of a probability space (Q, 7, P).

In this chapter we need some theory of random dynamical systems. Since we introduced them in
Preliminaries I, all we need to do is to replace @ by w in Definition 0.0.1-0.0.4 as well as Proposition
0.0.7. Besides, we need to replace "cocycles" by "random dynamical systems" in this chapter, since
we only work on stochastic equation without time-dependent forcing term. We would also like to
mention that we only recall some notations and propositions that are particular for this chapter in
Section 2.1.

Definition 2.1.1. Let X be a metric space with a metric d. A set-valued map w — B(w) taking values
in the closed/compact subsets of X is said to be a random closed/compact set in X if the mapping
w > dist(x, B(w)) is measurable for all x € X, where d(x, D) := inf,ep d(x,y). A set-valued map
w — U(w) taking values in the open subsets of X is said to be a random open set if w — U(w) is a
random closed set, where U“(w) denotes the complement of U, i.e., U := X\U.

Definition 2.1.2. Let A be a linear operator on a Hilbert space X. For any m € N, the m—dimensional
trace of A is defined as

Tr(A) = sup Y (Auj u))x,

J=1

where the supremum ranges over all possible orthogonal projections Q in X on the m—dimensional
space QX belonging to the domain of A, and {uy,u,, - - - ,u,} is an orthonormal basis of OX.
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Proposition 2.1.3. (See [/22]) Let A(w) be a compact measurable set which is invariant under a
random map Y(w)(+),w € Q, for some ergodic metric dynamical system (Q,F, P, (0,)icr). Assume
that the following conditions are satisfied.

(i) Y(w)(-) is almost surely uniformly differentiable on A(w), that is, for every u,u + h € A(w),
there exists DY (w, u) in L(X), the space of the bounded linear operators from X to X, such that

P (w)(u + h) = P(w)(u) — DP(w, whl| < k(w)|All'*,
where p > 0 and %(a)) is a random variable satisfying %(a)) > 1 and E(In %) < 00,

(ii) wy(DY¥Y(w,u)) < wy(w) holds when u € A(w) and there is some random variable w,(w) satisfying
E(In(wy)) < 0, where

wa(D¥(w, ) = a)(DY¥(w, u)) - - - ag(DY¥(w, u)),

as(D¥Y(w,u)) =  sup inf || DY (w, u)v||.

GeX,dimG<d VEGIMIx=1

(iii) a;(D¥Y(w,u)) < ai(w) holds when u € A(w) and there is a random variable a|(w) > 1 with
E(Ina;) < co.

Then the Hausdorff dimension dy(A(w)) of A(w) is less than d almost surely.

Throughout the work, we denote by A = (—A)® (0 < a < 1) the fractional Laplace operator with
domain D(A) = H**(0). With usual notation, we introduce the space L, H* and Hj acting on O. Let
|| -1 and (-, -) denote the norm and the inner product on the real Hilbert space L*(0), respectively, and
let || - ||, denote the L”—norm. With abuse of notation, we use (-, -) to denote also duality between L”
and its dual space L9.

The inner products on H*(0), H**(0) can be defined in the following manner:

(1, Vao) = (=A) 21, (=A)2v)

and
W, V) o0y = (FA)"u, (=A)v).

Assuming p(co) = 0, set
g(s) = —/'(s). (2.1.1)

In what follows, we take 8 = 2,y = % for simplicity, and the following set of hypotheses are required:
(H1) g(-) e C'RT)NLYRT), g(s) =0, g(5) <0, g'(s)+dg(s) <0, VseR" and some § > 0;

(H2) f() € C'RY), f(wu > arlul” — s, f'(u) > —as, |f@)] < @a(l + ulP™),
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where «; (i = 1,2,3,4), p > 1 are positive numbers.

Note that (H1) implies the exponential decay of g(-). Nevertheless, it allows g(-) to have a singu-
larity at s = 0, whose order is less than 1, since g(-) is a non-negative L'—function.

Now, let L;(R*, L*(0)) be the Hilbert space of L*—valued functions on R*, endowed with the inner
product

(771,772)L§(R+,L2<0)):f 8(S)f771(S,X)'Uz(S,X)dXdS-
‘ 0 )

Similarly on M := Ly(R*, H*(0)) and M, := L{(R*, H**(0)), respectively, we have the inner products

71, 1m2) 2@ He0)) = f 8(s) f (=81 (s, %) - (=) (s, x)dxds
0 o

and

(115 12) 12w+ 122 0)) = f g(s) f(—A)am(S, x) - (=A)*'ma(s, x)dxds,
0 0

where operators (—A)*/? and (—A)® are considered with respect the spatial variable x € O. In the
sequel, we will omit the variable x when no confusion is possible.
Finally, we introduce the Hilbert spaces

H = L*(0) x L;(R*, H*(0))

and
V = H(0) x L,(R*, H**(0)).

Using (2.1.1) and the classic variable change (1.2.2) (which is from Chapter 1), Eq. (2.0.1)-(2.0.3)
could be transform into

0 « aw
a—b; + (=A)%u + f g()(=A)1'(s)ds + f(u) = k(x) + h(x)E, x€0, t>0, (2.1.2)
0
on'=-0m4q' +u, x€0, t>0, s>0, (2.1.3)
with boundary condition
ux,t)=0, x€00, t>0, (2.1.4)
and initial condition
u(x, t) = up(x, 1), no(x, s) =no(x,s), x€0,t<0, s>0. (2.1.5)

And the term 0
°(x, s) = f u’(x, rdr = f u(x,r)dr, x€ O, s>0,
0 —

N

is the prescribed initial integral past history of u(x,?), which does not depend on uy(x,?), and is
assumed to vanish on 00, as well as u(x, t). As a consequence it follows that

n'(x,s) =0, x€dO, t>0and s> 0.
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Indeed, the above assertion is obvious if ¢ > s, and if # < s we can write
!
n'(x, 8) = no(x, s — 1) + f u(x, r)dr.
0

In order to present our results, let us write system (2.1.2)-(2.1.5) as a Cauchy problem. Denote
w(t) = (u(t),n'), wo = (o, o), and set

Lw = (=(-A)"u - f g()(=A) "7 (5)ds, u — o).
0

and W
Fw,0w) = (k— f(u) + hz, 0).
Problem (2.1.2)-(2.1.5) can be written
d
Y o Lw+ F(w, 60) (2.1.6)
dt
w(x, 1) =0, x€d0, t >0, 2.1.7)
w(x, 1) = wo(x, 1), x€ O, t<O. (2.1.8)

Now we present our main results of this paper.
Theorem 2.2.4 Assume that hypotheses (HI)-(H2) are satisfied and initial data (uy,ny) € H. Then,
problem (2.1.6)-(2.1.8) possesses a unique mild solution in the class

u € C([0, c0); L*(0)), and i’ € C([0, 0); M). (2.1.9)

If initial data (ug,n9) € D(L), then the solution is more regular, i.e., u € C([0,00); H*(O)), and
n' € C([0,0); My). In addition, if w(t) = (u,n") and w(t) = (a,77") are two mild solutions of (2.1.6)-
(2.1.8), then for any T > 0,

Iw(@) = wn)llz, < e Iw0) = w(O)ll7, 0<1<T, (2.1.10)

where ¢ > 0 is a constant independent of the initial data.

The proof of Theorem 2.2.4 is presented in Section 3 by means of semigroup arguments.

The next main result of our paper concerns the generation of a random dynamical system, the ex-

istence of the corresponding random attractor and its finite Hausdorff dimension. These are included
in Theorems 2.3.7 and 2.4.2 which are the content included in the theorem below (see Sections 4 and
5).
Theorem (See Theorem 2.3.7 and 2.4.2) Assume that k(-) € L*(O) and that hypotheses (HI)-(H2)
hold with a € [%, Dandp e [2,1+ ﬁ). Then the random dynamical system © generated by (2.1.6)-
(2.1.8) possesses a random attractor A in H. Moreover, if the second derivative of f is bounded,
then the random attractor has finite Hausdor{f dimension.
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2.2 Well-posedness

In this section, we show the existence, uniqueness and continuous dependence of mild solutions of
the problem (2.1.6)-(2.1.8).
Formally, if u solves Eq. (2.1.2), then the variable v(¢) = u(t) — z(6,w) should satisfy

ov

5 + (=A% + f g()(=A)'n'(s)ds + f(v +2) = k(x) + z — (=A)"z.
0

with boundary condition and initial condition:
v(x, 1) =0, 7'(x,5) =0, x €0, t >0, v(x,1) = vo(x, 1), 1°(x,5) =no(x,5),x€0,s>0,t<0,

where we use Ornstein-Uhlenbeck transformation, and z(6;w) is from (0.0.4).
Similarly, we can write the above system as a Cauchy problem. To this end, denote ¢(¢, w, ¢y) =
(v(t, w, vo), n'(w, no(+))) with vy = uy — z(w), n° = no(+), we have the following compact form

dy

Y Lo+ Flo.0

a - i) 2.2.1)
©(0, w, @) = (vo, 10()) := o,

where

L= (—(—A)av - f QA (s, -0 + V) (222)
0

and
F(p,00) = (k= f() = (~A)'2(0,0) + 2(B,0), 2B,w)). (2.2.3)

By the proof in [138], we obtain that the domain of T is
D(T) = {' € M|0,n' € M, n(0) = 0}.
Since the domain of L is defined by
D(L) = {p € H|Ly € H},

one has
D(L) = {(v, nYeH|ve Lz(()), n' € D(T), — (-A)"v — f g(s)(=A)*n'(s)ds € LZ(O)}.
0

We begin with the following lemma, which is an important step to prove the existence of mild
solution of problem (2.2.1).

Lemma 2.2.1. Operator L is the infinitesimal generator of a C°—semigroup of contractions e*' in H.
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Proof. We show that L is m-dissipative in /. By (H1) and the definition of Ly, we infer that

(3 1 *© a
(Le, @) = =lI(=D)2v* + Ef g @I=2)1'(s)IPds <0
0

for all ¢ = (v,n") € D(L). This proves that L is dissipative in H.
Next we show that L is maximal, that is, for each F' € H, there exists a solution ¢ € D(L) of

(I-L)p=F.
Equivalently, for each F = (fi, f>) € H, there exists ¢ = (v,n') € D(L) such that
v+ (=AY + f g()(=A)n'(s)ds = fi, (2.2.4)
0

n=v+om = fo (2.2.5)

To solve system (2.2.4)-(2.2.5), we first multiply (2.2.5) by ¢* and integrate over (0, s). Then,
n=v(l-—e*)+ f e fH(r)dr. (2.2.6)

0

Including (2.2.6) into (2.2.4) we obtain, by denoting k; = fow g(s)(1 —e™)ds,

v+ (=AY + k(=AY = fi — foo g(s) fs e (=N fr(t)dtds. 2.2.7)
0 0

In order to solve equation (2.2.7) we define the bilinear form

alwi,wy) = fwlwzdx + f(—A)gwl . (—A)%wzdx + ky f(—A)gwl . (—A)%wzdx, wi, wy € H*(O).
0 o o

It is easy to check that a(wy, w,) is continuous and coercive in H*(O). And we have
H*(O0) — L*(0) — H™ ().

We now aim at applying the Lax-Milgram theorem. It suffices to prove that the right hand side of
(2.2.7) is an element of H~*(0). Obviously,

fi € H(O).

Let f* denote the last term in (2.2.7), and we only need to show that /* € H ~*(0). We apply arguments
similar to those used by Giorgi [76]. For w € H*(O) with ||(=A)>w|| <

‘ f g(s) f ( f (=A)? fz(T)(—A)gwdx)des
0]

< f =AY A f o()edsdr
0 T

|(F* s W o

< fo e g@I=A)?2 L@l f e*dsdr

=f0 g@ON(=0)2 f(D)lldT < oo,
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which implies that f* € H*(0). Then, thanks to Lax-Milgram’s theorem, Eq. (2.2.7) has a weak
solution
v e HYO).

Now, in view of (2.2.5), it follows

7(s) = (1 — e ™) + f e,
0

Let us show that 77 € M. From (2.2.6), taking into account that ¥ € H*(0), we obtain

I(=A) 277 ($)I* < I(=A)29]1* + f e I(=A)? fr(D)|dr.

0
Then, as above in the proof of f*,

f dDI=A)3 T (I2ds < koll(=A) T + f o(s) f N f@IPdrds
0 0 0

< koll(=) 37 +j; g@ON=0)2 f()IPdr

< koll(=) 3P + L@, < oo,
and hence 7' € M. It follows that
¢=@iq)eH
is a weak solution of (2.2.4)-(2.2.5).
To complete the proof of maximality of L we prove that § € D(L). Indeed, from (2.2.5) we see
that
o =fr+v-7 € M.
Obviously 7(0) = 0, we conclude that 7 € D(T'). By inspection of (2.2.4) we find that

(-A)*V + fw g() (=N (s)ds = -V + f; € L*(O).
0

Therefore (v, 7)) € D(L). i
Lemma 2.2.2. The operator F : H — H defined in (2.2.3) is locally Lipschitz continuous.

Proof. Let B be a bounded set in H and ¢, ¢ € B. Writing ¢ = (v, ), @ = (v,77") and using (H2), one
obtains

IF(6.010) — F@. 6012, = 1f@) — f@IL
_ f|f(v+z>—f<v+z> P dx
o

:f|—f’-<v—v>|2dx
o

<j}axv—mﬁdx
0]

< ajllv - |
<

3l ~ @ll3-
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To complete the existence of solution, we still need the following lemma.

O

Lemma 2.2.3. Assume that (HI)-(H2) hold. Then for any fixed T > 0, the solution ¢ of problem

(2.2.1) satisfies the following inequality:

T
(e, @, o)l < ligoll3, + ¢ f e (lz0:0)I + l1zBs)II) + [(=A) 2 2(0,w)I)d's
0

+c(e - 1), Vte[0,T].
Proof. Taking the inner product of (2.2.1) with ¢ in H yields

1d
37 tllsollfH = (Lo, o)u + (F(p, 0,w), )1,

where

(Lo, 9y = —II(=A)2V|]* - f g(s) f (=A) 27" - (=A)2vdxds + (=0 + v, )u.

0 o

From (H1), we have
1 0 ’ a e a a
(=01 + v, )y = if g(S)II(—A)Zn’IIZdS+f g(S)f(—A)zv-(—A)zntdde
0 0 0

2
On the other hand,

(F(g, 6,0), @3 = L(k — fuw) — (-A)z + z)vdx + (2, ") um.

By Holder’s inequality and Young’s inequality, we obtain

© a a 6 (3
(z.7)m = f 8(s) f(—A)2Z - (=A)?n'dxds < leﬂtllfu +cll(=A)3 2%,
0 0
From (H2), and Young’s inequality,

a
- ff(u)vdx < ——lllullp + (1 + Izl + 11zI15),
o

2 kl[?
o) A

(=(=A)"z,v) < —||<—A>%v||2 + §||<—A>%z||2,

Ay 2
(z,v) < IIVII /llllzll-

S ™ N °° . o
<-2 fo g)I(=A)n'Pds + fo g(s) fo CNEYCNE S

(2.2.8)

(2.2.9)

(2.2.10)

(2.2.11)

(2.2.12)

(2.2.13)
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It follows from (2.2.8)-(2.2.13) that

d o 0 A a
EIISDII%, +I(=A) v + Ellntll?w +aqlull} < EIIIVII2 + (1 + 11z + llzllh + 11(=2)22I1%).

1

1 _ .
p/2 + pi(p=2) — 1, we obtain

By Young’s inequality with
a
AP < S35 + O] < anllull + (1 + 1)
Take A = min{%, g}, then
Lol 2 AP < el 2 P A)2 7)) 2.2.14
TPl + Aligllyy + =22 IE < e+ (211 + el + I =4)22[1). (2.2.14)

By the Gronwall lemma,

!
lkp(t, . @o(@)IE, < e llpo(@)I + f (1 + @) + IO,
0

(2.2.15)
+ I(=A)*2(B,w)IF )ds.
Notice that z(6,w) is continuous in ¢, for any fixed 7 > 0 and ¢ € [0, T']. Then, we obtain
T
ll(t, w, po()Il3, < llpo(w)ll5, + Cf e“(llz(ﬁsw)ll2 + llz(6sw)II7
0
+I(=A)2 2(O,w)IP)ds + c(e — 1) < oo,

The proof is completed. O

Theorem 2.2.4. (Well-posedness) Assume that hypotheses (HI)-(H2) are satisfied and initial data
(uo,1m0) € H. Then, problem (2.1.6)-(2.1.8) possesses a unique mild solution in the class

u € C([0, c0); L*(0)), and i’ € C([0, 0); M). (2.2.16)

If initial data (ug,n9) € D(L), then the solution is more regular, i.e., u € C([0,00); H*(O)), and
n' € C([0,0); My). In addition, if w(t) = (u,n") and w(t) = (a,77") are two mild solutions of (2.1.6)-
(2.1.8), then for any T > 0,

Iw(t) = wt)llz, < e Iw0) — w07, 0<t<T, (2.2.17)
where ¢ > 0 is a constant independent of the initial data.

Proof. From Lemma 2.2.1 and 2.2.2, and Lumer-Phillip’s theorem (see for instance Pazy [139], The-
orem 6.1.4 and 6.1.5), problem (2.2.1) has a unique local mild solution

!
‘,D(t, w, ()00) = eLt‘pO(w) + f eL(t_r)F((p(r’ w, (PO), Qr(,())dr (2218)
0
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defined in [0, T'].

Let us prove that 7 = co. Indeed, Lemma 2.2.3 implies that the local solution (v,n") cannot
blow-up in finite time and thus 7 = co. Hence, problem (2.2.1) has a global solution ¢(-, w, ¢y) €
C([0, o), H) with (0, w, ¢y) = @o(w) for all r > 0. Then, (2.2.16) holds. Moreover, the continuity
with respect to initial data, i.e. Eq. (2.2.17), follows from the representation formula (2.2.18) and the
Lipschitz property of F. O

Note that u(t, w, ug) = v(t, w,uy — z(w)) + z(6,w). Then the process ¢ = (u,7n’) is the solution of
problem (2.0.1)-(2.0.3). We now define a mapping ® : R* x Q x H — H by

(D(t’ (U)¢0 = ¢(t’ w, ¢0)
= (u(t, w, uo), ' (w, Mo)) (2.2.19)
= (v(t, w, up — Z(w)) + z(6,w), n'(w, 1)), forall (r,w, Pg) € R* x Q X H.

It is not difficult to check that @ is a continuous random dynamical system associated to Eq.(2.0.1).
In the next section, we establish uniform estimates for the solutions of problem (2.0.1)-(2.0.3) and
prove the existence of a random attractor for ®.

2.3 Existence of random attractor

In this section we prove the existence of random attractor for our problem. We begin with the uniform
estimates of solutions that will be necessary for our analysis.

2.3.1 A priori estimates

Now, we first prove the existence of random absorbing sets for the RDS ®, which is necessary to
establish the existence of random attractors. From now on, we always assume that D is the collection
of all tempered subsets of H with respect to (Q, F, P, (6,),cr). The next lemma shows that ® has a
random absorbing set in H.

Lemma 2.3.1. Assume that (H1) — (H2) hold. Then there exists a random absorbing set { K(w)}uecq €
D for ® inH, i.e., forany B = {B(w)}weq € D and P — a.e. w € Q, there is T 1p(w) > 0 such that

O(t,0_,w)B(O_,w) C K(w), Vt>Tpw).

Proof. The process is similar to that of Lemma 2.2.3 with slight modifications. We only sketch it. We
first derive uniform estimates on ¢(t, w, @) = (V(t, w, vo), ' (W, 1M0)) = (u(t, w, uy) — z(6;w), n'(w, No)),
from which the uniform estimates on ¢ = (u(t, w, uy), 7'(w, 1)) follow immediately. Multiply (2.2.14)
by ¢! and integrate over [0, 1] to obtain

!
ll(t, w, eo)ll5, + f e'SIN(=A)2v(s, w, vo(w))|I*ds
0 (2.3.1)

t
< e Mligo(@)lf + ¢ f "1 + BB w)ds,
0
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where
BOw) = 2B + G, + (D)3 26w < r(Bw),
and r(6,w) satisfies
r(G,w) < e%mr(w), teR.

Replacing w by 6_,w in (2.3.1) yields

f
(2, 61w, @o(0-w)ll, + f e IN(=A)2v(s, 0w, vo(0_,w))IPds
0

A
< e Yol + ¢ f "1 + B(O,-w))ds

00 (2.3.2)

< e_hllgoo(é)_tw)llgH + cf e“e_%sr(w)dr +c(l —e™)
~t

<e”mwﬂuwma+f%?%1—e46+a

Note that O(t, w)po(w) = P(t, W, Po(w)) = (V(t, w, uy — z(w)) + z(6,w), ' (w, 19)). Consequently, from
(2.3.2), we have, for all ¢ > 0,

1D, 0_,w)do (0I5,

= |Iv(t, 6, up(0_,w) — 2(0-,w)) + Z(W)II* + I (O, Mo (O_,w))II3,

2/[v(t, 0-,w, ug(0-,w) — 2(O_,w)II* + 2llZ()II* + |7 (-, no(0-w))Il3; (233)
2e " (llug(0-1w) — Z(0_,w)II* + Mo (O w)I3) + cr(w) + ¢ + 2l|z(w)II? o
4e™ " (|luo(O—w)II* + lIno(O—w)Il3; + IO )II*) + crw) + ¢ + 2llz(W)I]?
4

e (lgo(B-)llz; + IO W)IP) + cr(w) + ¢ + 2llz(W)I.

N NN

Since ¢o(f_,w) € B(O_,w)(€ D) and ||z(w)|* is tempered, there exists T)z(w) > 0, such that for all
t 2 Tp(w),

4e~"(lgo(0_w)ll, + l1z(O_)IIP) < cr(w) + ¢,
which along with (2.3.3) shows that, for all t > Tp(w),
1D(2, 6_,w)o(0-w)ll3, < (1 + r(w) + llz(W)IP) := Ro(w). (2.3.4)
Given w € €, denote by
K(w) = {¢ € H : llg(t, 00, go(@- )3, < Ro(w)} .

It is obviously that {K(w)}wecq € D. Further, (2.3.4) indicates that {K(w)},cq 1s a random absorbing
set for @ in H, which completes the proof. O
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We next derive uniform estimates for 1 in H*(O).

Lemma 2.3.2. Assume that (H1) — (H2) hold. Let B = {B(w)},ecq € D. Then there exists Trp(w) >
T p(w), such that for all t > Trp(w) and P — a.e. w € Q, it follows

1+1
f e CIN(=A) 2 us, 01w, ug(0--w))|Pds < cRo(w),
t

where Ry(w) is defined as in Lemma 2.3.1.

Proof. By a similar procedure as it was done in Lemma 4.3 in [1 | ], we can obtain

t+1
f (=25 v(s, 01w, vo(O- - w)IPds < c(1 + r(w)).

On the other hand,

I(=A)Zu(s, 61w, up(O_, ))II* = I(=A)2v(s, 01w, vo(O_- 1)) + (=A) 2 2(B,— 1)

) ) . , (2.3.5)
< 2/I(=A)2v(s, O_1—1w, vo(O——1 )" + 2||(=A)22(0;— 1 w)I|” for all £ > 0.

Integrating inequality (2.3.5) with respect to s over [0, ], one can check that there exists T,p(w) >
T15(w), such that for all £ > T»p(w) we have

1+1
f (=) u(s, 0_-1w, up(0- - w))|Pds < c(1 + r(w) + [lz(w)]).

The proof is therefore completed. O

In order to show the existence of random attractor for ® associated with the problem (2.0.1)-
(2.0.3), we need to prove the existence of compact measurable attracting set of @.

2.3.2 Asymptotic compactness

In this subsection, our main purpose is to obtain a random compact attracting set of ®. To this end,
we decompose the solution of (2.2.1) into a sum of two parts: one decays exponentially and the other
is bounded in a “higher regular" space by using the method in [81], and obtain some a priori estimates
for the solutions, which are the basis to construct a compact measurable attracting set for ®. More
precisely, we split the solution ¢ to (2.2.1) as the sum ¢ = ¢; + ¢y, Wwhere ¢, = ¢, (t, w, po) = (v, 17})
and oy = on(t, w, @o) = (v, 17y) satisfy, respectively,

6tch = L‘PL,
2.3.6
{ @L(t, w, o) = oL(w) = (vo, o), s 20, 2.3.6)

and

{ 0:on = Loy + F(p, Ow), (2.3.7)

en(t,w, @) = (0,0), s>0.
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First we have to show that ¢; has an exponential decay, that is,
llpr(t, 0w, por(B- )iz, < e VlpoO- )z, ¥ @o(6-w) € H. (2.3.8)
It is apparent that the solution ¢; to (2.3.6) fulfills the estimates (2.3.2) with ¢ = 0, namely,

llor (£, 6-w, o (0-w)liz; < e ligor(O-w)liz, = e ligo(O- I3, (2.3.9)

Note that ¢; = ¢, we have

6.2, 610, Por(O-))llz, < ™ Vlldo(6- )l (2.3.10)

Since

1n (2, 010, 0)llz, < 2ll(1, 010, Po(0-))llz, + 22, 610, Por(6-))Il3,,

we also have
llpn(t, 60—, O)lI7, < 10| (O w)ll5, + c(1 + r(w)). (2.3.11)

For further reference, we denote by 7}, (w, 170) the second component of the solution ¢y to (2.3.6) at
time ¢ with initial time O and initial value ¢(0,w, o) = ¢o(w). Observe that 7}, can be computed
explicitly from the second component of (2.3.7) and the zero boundary data as follows:

fos uy(t—rydr, 0 <s<t,

2.3.12
fot uy(t —r)dr, s>t. ( )

ni\l(w’ 770) = {

Our goal is to build a compact attracting set for the random dynamical system ®.

Lemma 2.3.3. Assume that (HI)-(H2) hold, a € [%, 1) and p € [2,1 + ﬁ). Then there exists
Tsp(w) > Thp(w), such that for all t > Tsp(w) and P-a.e. w € Q, it follows

L (" .
lign (2, 61, O)II3, + 3 f e CON(=A) vn(s, 01w, 0)Pds < Ri(w),
0

where Ry(w) := ¢ (1 + C() (RA(w) + Ro(w) + r(w) + 1)).

Proof. First we take the inner product of the first part of (2.3.7) with (=A)?vy in L*(O) to deduce

1d

Ed_z”(_A)%VN”Z = —[I(=A)"vxl* - f g(s) f (=N - (=A)*vndxds
0 0 (2.3.13)

+ f (k= ) = (~AY'z + 2) - (~A)ydlx.
o]
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Using (H2), Lemma A.1.7 and Young’s inequality, we obtain

1 -
—ff(u)(—A)“dex < _”(_A)QVNHZ +clll+ ||
o

1
gll( Aoyl + ¢+ CIIMIIZ
(2.3.14)
1 2 411=¢
gll( N NIP + ¢ + cll(=A) 2ul|ul
1
gll( Aol + ¢+ e(1 + 1= ulH(A + [lul),
where ¢ = %(’;%?).
On the other hand, by Young’s inequality, we have
3
f (k(x) = (=A)*2) - (=A)"vndx < gll(—A)"VNII2 +c(1 +I(=A)zlP),
0
@ 4 g 2 1 a
z- (=A) vydx < —[I(=A)2wyll” + —=I(=A)>z]|".
0 4 A
By the precedent inequalities,
1dll( A)fvyl? = 1||( A)fvyl? 1||( AvylP foog(s)f( Ay - (=A)"vydxds
57 vnll™ = —Il(= NI = SII(= NIIT = - (=
2 0 0 Y N (2.3.15)

+ (1 + =M 2ulP)(A + lulP) + c(1 + I(=2) 22 + 1I(=A)"2I).

Taking now the inner product of the second part of (2.3.7) with (—A)zanjv, and thanks to similar
computations as above,

1 00 00
Sl == [ e [ carpdsds+ [ [ v s
t 0 o

+f g(s)fz (=A)**n\dxds

)
<3 f (=AY |Pds - f o(s) f (=A)"v - Arfydxds + cll(=A) 2P
0 0 0]
(2.3.16)
Adding (2.3.15) and (2.3.16),

d 0 o N
E”‘PN”(ZV +51=4) Myl + (=2 vyl
A o a
< Elll(_A)ZVNHZ +cp(Bw) + c(1+ (=) ul)(1 + [lull®) + ¢,

Using Gagliardo-Nirenberg’s inequality A.1.7,

g 1 a
A=A vyl < ill(—A) vll? + clivall.
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Taking A = min{%‘, g}, by the previous inequalities we have
ill 15, + Alewll3 +1||(—A)“ I? < ep@w) + (1 + (=) ul)(L +lul?) + cllvylP + ¢, (2.3.17)
S lenly enlly + 3 vll® < ep(Bw) + ¢ u u cllvy c, (2.3.

where p(,w) = (1 + I(=A)2z(Gw)I* + I(=A)*z(Bw)II).
On the one hand, Lemma 2.3.1 and Lemma 2.3.2 ensure that there exists T3z(w) > T,p(w) such
that for all ¢t > Tsp(w),

t+1
f (1 + (=D u(s, 0511, ug(O- - )P + u(s, 51w, o(0-—1))|P)ds
t

r+1 1+1
+ f IV (s, Os—r—1w, vo(O_—1w))IPd's + f pOy_-1w)ds
t t
< cR%(w) + cRy(w) + cr(w) + c.

Then, by Lemma A.1.7 and Lemma A.1.8 we can prove that for all > T5p(w),

L[
||¢N(t,9-tw,0)||%;+§ f e CIN(=A) Vu(s, 01w, 0)Pds
0

<c (1 +C(A) (Rg(w) + Ro(w) + Hw) + 1)) = Ry(w),
as claimed. O

Remark 2.3.4. Notice that, unlike the previous results, we are imposing now some restrictions on
the values of « and p in Lemma 2.3.3. Indeed, the constant { = % ;’%?), appearing in (2.3.14), must
belong to the interval (0, 1), and this implies that, for a given a € [%, 1), p has to belong to the interval
2,1+ ﬁ (see Figure I below). We would like to emphasize that the statement in Lemma 2.3.3 also
holds true for a € (0, %), but as we will need to impose a € [%, 1) in Lemma 2.3.6 to ensure asymptotic

compactness of our random dynamical system, we prefer to state it in this way.

Remark 2.3.5. Caraballo et al. [385] proved the existence of a random attractor for random dynam-
ical systems associated to (2.0.1) with « = 1 and p > 1, while [55] investigated the deterministic
version of (2.0.1) (i.e. h(x) = 0) with « = 1 dealing with global attractors for the whole range p < 4.
And in [121], authors considered (2.0.1) with u = 0 in the whole space R", they assume that p > 1
and o € [%, 1) hold, and proved random attractor in L*(R").

We now are in the position to finalize the proof of the existence of a random attractor.

Lemma 2.3.6. Assume that (H1) — (H2) hold, a € [%, Dandp e (2,1 + ﬁ). Denote by
Nv=U U Unv@wm,
n0€K(0-1w) 12T3p(w) WEQ

where {K(w)}ueq is defined in Lemma 2.3.1 and Tsg(w) is defined in Lemma 2.3.3. Then N is rela-
tively compact in Lﬁ(R*, HY(0)).
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Figure 2.1: @ > f(p) = %(1 - ﬁ)

Proof. Itis clear from Lemma 2.3.3 that N is bounded in L3(R*, H**(0)). Let 77y, € N. The derivative
of (2.3.12) yields

0 uy(t—1s), 0<s<t,
Sy = { 07( ) >)t_ (2.3.18)
Thus
00 a 2 ! !
f g(s) antN ds = f g(s)llun(t — s)|Pds = f g(t — )|lun(s)|*ds
0 0 0 (2.3.19)

A
< 5(0) f D (s)Pds < co.
0

We then conclude that AV is bounded in L3 (R*, H**(0)) N H,(R*, L*(0)). Moreover, we can verify
that, for every ' € N,

2
sup IVl =
n'eN,s>0

s+ [ IVunIPdr, 0<s<t,
s+ [ IVunIPdr, s> 1

By the embedding H**(0) < H;(O), we find that

t
sup [[V7]I> < se - f e (A un()IIPdr = h(s), t > 0.

n'eN,s=0 0

Consequently, from Lemma 2.3.3 and the relation u = v + z, it is obvious that

00 00 t
f gV (s)lPPds < f sg(s)et*ds f e "ON(=A) uy(PIPdr < oo,
0 0 0
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which shows that N' C Lf,(R*, H®*(0)) is a bounded set and Ah(s) € L;,(R*). Using A.1.10, the proof
can be completed immediately. m|

Now we restate our main result about existence of random attractor for the RDS ®:

Theorem 2.3.7. Assume that (H1)—(H?2) hold, a € [%, Dandp € [2,1+ ﬁ). Then for every w € €,
the random dynamical system © associated with Eq. (2.0.1) possesses a compact random attracting
set K(w) € H and possesses a random attractor A = {A(w)}wea With A(w) = K(w) N K(w), where
K = {K(w)}ueq is defined in Lemma 2.3.1.

Proof. Let By(w) be the closed ball in V = H*O) x Lg(RJr;Hz“(O)) of radius R,(w). Setting

RK(w) = By(w) x N with N is the closure of NV, which is defined in Lemma 2.3.6. Since H*(0) <
L*(0) is compact and N is compact in L;(R*; H*(0)). Thus, K(w) is compact in H with H =
L*(0) x LY(R*; H*(0)). Now we show the following attracting property of K(w) holds for every
B = {B(w)}yeq € D, ie.,

lim disty (©(t, 0_,w)B(0_w), K(w)) = 0. (2.3.20)

t—+00
By Lemma 2.3.1, there exits t* = ¢*(B) > 0 such that

d(t,0_,w)B(O_,w) C K(w), Yt >1", (2.3.21)

where K = {K(w)}4eq is the absorbing set for ® in H.
Setting t = 7 + " + t; > 0, and using the cocycle properties, we deduce that

D(t,0_,w)B(O_,w) = Ot — t* — 11,0411, 0_,w) 0 (" + 11, 0_,w)B(O_,w)

- (2.3.22)
C O(t, 6_jw)K(w).

Pick any ¢(¢, 0_,w, ¢o(0_,0)) € O(¢,0_,w)B(O_,w) fort > t* + t; > 0. Applying now Lemma 2.3.3 with
Tsp(w) = t* + t; implies

I=A)Tuyll* < llgnll3, < c(Ry(w) + I(=A)2 z(w)|?).
It is then clear that ¢y = (uy,ny) € K(w). Therefore, from (2.3.10),

. 4 *
inf )||¢(t) = mllgr < gl < e'Nigo(Ow)llge, ¥t > 1 +1.

mekK(w

We conclude that
disty (©(1, 0_,w)BO_,w), K()) < e ¥|lgo(0_w)lls — 0, as t — +oo.

The proof follows immediately from Proposition 0.0.7. O
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2.4 Finite Hausdorff dimension

In this section, we prove that the random attractor A(w), whose existence has been proved in Section
2.3, has finite Hausdorff dimension. To this end, we need the following condition on f:

If”(u)| < B, forsome B > 0. (24.1)

Set ®(w) = O(1, w) and consider the following first variant equation of equation (2.1.6),

dd—‘:/ = LW+ F'(W,6,0)W, (2.4.2)
with ) 3
W(x,1) = Wo(x,£) = h, 1 <0, (2.4.3)
F' (W,00)W = (-f w)U(1),0) (2.4.4)
and
LW = (—(-=A)U - fo ) g()(=A)V(s)ds, U - V,), (2.4.5)

where W = (U(#), V(¢)) with U(f), V(¢) are the derivative of u(f), 7 of problem (2.1.6), respectively.

Lemma 2.4.1. Assume that (H1) — (H2) hold, @ € [1,1) and p € [2,1+ $2-), and (2.4.1) is fulfilled.
Then the mapping ®©(w) is almost surely uniformly differentiable on A(w): P-a.e. w € L, for every
w € A(w), there exists a bounded linear operator D®(w, w) such that if w and w + h are in A(w),
there holds

ID(W)(w + h) — D(w)(W) — DO(w, whllge < kW)l

where p > 0 and %(w) is a random variable such that
k(w) > 1, E(nk) < oo, weQ.
Moreover, for any w € A(w), DO(w, w)h = W(1), where W(¢) is the solution of Eq.(2.4.2).

Proof. Letw = (u(t),n"), w = (a(t),7") be solutions to Eq.(2.1.6) with initial data w(0) = wy, w(0) =
wo and wy — wy = h. Then Y = w — w satisfies the following problem
dy _
i LY + F(w,0,w) — F(w, 6,w) (2.4.6)
with F(w, ,w) — F(w, 8,w) = (f(i) — f(u),0) and Yy = wy — wgy = h.
Taking the inner product of (2.4.6) with Y in H, we obtain

d
EIIYH% = 2(LY, V)3 + 2(F(W, 6,w) = F(W, B,w), Y. (2.4.7)
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Notice that
2(F(w, Bw) — F(w, ,w), Y)g = 2(f (1) — f(u), u — )
= =2(f"(w)(u — @), u — in)

2.4.8
< 2a3]lu — alf® ( )
< 2a3lYIE,.

and .
2LY, Yy = =2(=D)F (u - I + f gOIMEM - )IPds <0. (2:4.9)
0
Then, it follows from (2.4.7)-(2.4.9) that
iIIYIIZ < 2as|Y11; (2.4.10)
dl’ H S 3 IH - ST,
By Gronwall’s lemma, we obtain
1Y (7, , Yo)llg, < €lAllz, YO<1<1. (2.4.11)
Now, set Z = Y — W, then .
V4
i LZ + F'(w,0,w)Z + Hw,w) (2.4.12)
with
Z(x,t) = Zo(x,1) =0, t<0, (2.4.13)

whereZ=w—-u-Un -7 -V), F'(w,0,w)Z = (—f' (u)(u—u— U),0), while Hw,w) = (f(u)(u —

u) = fw) + f(@),0).
Take the inner product of (2.4.12) with Z in H to get

%HZH%, =2LZ, Z)y + 2(F' (W, B,0w)Z, Z)31 + 2(H(W, W), Z) 9. (2.4.14)

Note that
2ALZ, 2y = =20(=D)i(u— i - U)ll3, + fom gOIEMI -7 = V)IPds <0, (2.4.15)
2(F' (W, 0,w)Z, Z)3 < 2a3)lu — it — U||* < 2a3||Z||§{, (2.4.16)

and from (2.4.1) and Taylor’s series, we derive

2(HwW, W), g = 2(f" w)(u — &)’ ,u — it = U)

_ _ _ (2.4.17)
< cillu —all* + cllu — it — UIP < erllu = all* + cl|ZII3,.
It follows from (2.4.14)-(2.4.17) that
d
d—tllzlli( < ellZIG, + cillu — @l (2.4.18)
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Therefore, by Gronwall’s lemma, we find

!
12115, < c1e' f lu(s) — a(s)||*ds, (2.4.19)
0

which together with (2.4.11) gives that

1Z(Dllg < Crl)llAll" (2.4.20)
where Ci(w) = %(64”3 —1)and p = 1. Choose k(w) = max{Ci(w),1}. Hence, we obtain
E(Ink) < oo.

Therefore, ®(w) 1s almost surely uniform differentiable on A(w). Furthermore, the differential of
®(w) at w is DO(w, w). The proof is completed. O

Next, we check condition (iii) of Proposition 2.1.3. In fact, taking the inner product of (2.4.2)
with W in H and performing analogous calculations to those leading to (2.4.20), we obtain

IW(DIZ, < €23 Woll3,. (2.4.21)

Since a1 (D®(w, w)) is equal to the norm of D®(w, w) € L(H), we choose

a1(w) = max {e"“g, 1}.
Then one has
@ (DD(w, W) < a1(w),
and
E(Ina;) < co.

Theorem 2.4.2. Assume that (H1)—(H?2) hold, « € [%, Dandp € [2,1+ ﬁ), and (2.4.1) is fulfilled.
Then the random attractor A(w) has finite Hausdorff dimension.

Proof. Now, we only need to verify condition (ii) of Proposition 2.1.3.
To this end, let W = (U, V) be a unitary vector belonging to the domain of L + F’(W, 6,w) with
F'(W,0,w)W = (=f'(u)U,0). Then

(L+FW.00)W, W)W = (LW, W)y — (f W)U, U);2. (2.4.22)
By means of direct calculations
o s
(LW, Wy < =R UI = SIIVI,, (2.4.23)

and
—(f'U, U2 < a3l|UIP. (2.4.24)
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Thus,
7 (YR T X g 0
(L + POV, 60)W. W), < —I=A)2UIP = SIVI, + asllUIP. (2.4.25)

Therefore, we conclude that L + F'(W, 6,w) < A, where A is the diagonal operator acting on L*(0) ®
L3(R*, H*(0)) defined by

(A + as] 0
0 —S(=A)"

From the definition of T'r,, (Definition 2.1.2), it is clear that Tr,,(L + F'(W, ,w)) < Tr,(A). Since A
is diagonal, it is easy to see that

TraA) = sup ) (AW, Wy

where the supremum is taken over the projections Q of the form Q; ® Q,. This amounts to consider
vectors Wj where only one of the two components is non-zero (and in fact of norm one in its space).
Choose then m > max{B;,5,} > 0, and let n;, n, be the numbers of vectors Wj of the form (U, 0) and
(0, V), respectively. Using Sobolev-Lieb-Thirring’s inequality, we have

Tra(A) < =B1l01n1* + ny — [232 01 n* + gng + asny, (2.4.26)
and from [60] we can deduce that
Wn(DD(w, W)) < exp {—ﬁl|0|“ Lo 4 (1 4 @) — ﬁ|0|“ I+a gng}
Denote
Bu@) = exp{ IO + (1t asym — LHOMAE + )
On the other hand, (2.4.26) gives that
< B0 n* + (1 + az)n; — ﬂl()l“né” + gnz.

Since as m goes to infinity either n; or n, (or both) goes to infinity, it is clear that there exists m, such
that g,,, < 0. Then we have w,,,(D®(w, w)) < Wy, (w) and E(In w,,,) < 0. Thus the desired conclusion
follows from Proposition 2.1.3.

]

As we have seen, in Part I we studied the long time behavior of a stochastic (fractional) parabolic
problem with delay, in which the delay is expressed by memory. In the next Part II, we will analyze
another kind of parabolic equation with variable delay, i.e., 2D—Navier-Stokes equations with infinite
delay.
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Navier-Stokes equation with infinite delay
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This Part II includes Chapter 3 and Chapter 4. The asymptotic behavior of one type of Newtonian
fluids, i.e., the Navier-Stokes equations with infinite delay, is studied here. Navier-Stokes equations
are within the most important mathematical physics model, and which is more widely used in real life.
For instance, in aeronautics and astronautics, the Navier-Stokes model can simulate the helicopter
hovering aerodynamic performance. On the other hand, the Navier-Stokes equation can simulate the
movement of small-scale water in offshore engineering. Studying the Navier-Stokes equation also
helps us to understand the oceans, benefit the development and utilization of marine resources and
develop the marine economy and industry.

Owing to the fact that Navier-Stokes equations provide a suitable model to describe the motion of
several important fluids, such as water, oil, air, etc, the long-time behavior of Navier-Stokes models
(and its variants) has been regarded as an interesting and important problem in the theory of fluid dy-
namics, and has been receiving much attention for many years (see [3-5, 51, 66, ] and references
therein). The structure of this Part II is as follows. Next, we recall some basic definitions and abstract
spaces. Then in Chapter 3, we consider deterministic Navier-Stokes equation with infinite delay. To
conclude, in Chapter 4 we consider stochastic Navier-Stokes equation with unbounded delay.

In order to increase the readability of this work, we present the Navier-Stokes equations with
infinite delay as

% —vAu+ (u-Vu+Vp = f(t)+g(t,u,) in (0,T) X O,

divu=0in(0,7) x O,
u=0in(0,T) x 00,
M(Q’ x) = ¢(9’ X), 0¢€ (—OO, 0]7 X e O’

where O C R? is an open and bounded set with boundary 60, v > 0 is the kinematic viscosity, u is
the velocity field of the fluid, p denotes the pressure, ¢ is the initial datum, f is a nondelayed external
force term, and g is the external force containing some hereditary characteristic.

Now we recall some definitions. To start, we consider the following usual abstract spaces,

V ={ue () :divu=0},

H = the closure of V in (L*(0))? with norm | - |, and inner product (-, -), where for u, v € (L*(0))?,

2
wv) =) f 1, (0v;(x)dx,
=10

V = the closure of V in (H}(0))* with norm || - ||, and inner product ((-, -)), where for u, v € (H}(0))?,

2
(= O ) 4

= o 6)C,' Gxi

Identifying H with its dual by the Riesz theorem, it follows that V. ¢ H = H’ C V’, where the
injections are dense and compact. We use || - || for the norm in V’ and (-, -) for the duality pairing
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between V and V’. Now we define A : V — V'’ by (Au,v) = ((&,Vv)), and the trilinear form b on
VXV xVby

2
an
b(u,v,w) = ”Z::l Luia_mwjdx Yuv,weV.

Let us denote B : V X V — V'’ the operator given by (B(u, v),w) = b(u,v,w), for all u,v,w € V, and
B(u) = B(u, u).

We recall that

b(u,v,w) = =b(u,w,v) Yu,v,we,

and, consequently,

bu,v,v) =0 Yu,v,weV.

Note that the trilinear form b satisfies the following inequalities which will be used later in proofs
(e.g., cf. [72, 130])

lb(u, v, u)| < ||u||§L4(O))zllvll
<2721Vl ¥ u,v € V. (2.4.27)

There are several phase spaces which allow us to deal with infinite delays (e.g., cf. [91, 97, 1.
As commented in the introduction, we aim to establish well-posedness and stability results for 2D
Navier-Stokes equations with infinite delay operators in

BCL_.(H) = {go € C((—00,0]; H) : elim () exists in H} ,
which is a Banach space equipped with the norm

llllser oy = sup  le(O)lq.
fe(—00,0]

Similarly, we define
BCL_ (V) = {go € C((=00,0]; V) : lle(0)]] is bounded on (—o0, 0] and alim ©(0) exists in V},

Let us introduce some notation and assumptions on the delay and delay operator. We will denote
R, = [0, c0). Let X be a Banach space and consider a fixed T > 0. Given u : (—o0,T) — X, for each
t € (0,T), we denote by u, the function defined on (—co, 0] by

u,(6) = u(t + ), 6 € (—,0].



Chapter 3

Navier-Stokes equation with infinite delay

In this chapter, we investigate the following Navier-Stokes problem with unbounded delay

%—vAu+(u-V)u+Vp=f(t)+g(l‘,uz)in(0,T)><O,

(P)S divu=0in (0,T) x O,
u=0in(0,7T) x 00,
u(@, x) = ¢(0, x), 6 € (—0,0], x € O,

where O C R? is an open and bounded set with boundary 40, v > 0 is the kinematic viscosity, u is
the velocity field of the fluid, p denotes the pressure, ¢ is the initial datum, f is a nondelayed external
force term, and g is the external force containing some hereditary characteristic.

Due to their importance in fluid dynamics and in turbulence theory, the Navier-Stokes equations
with delay have also been extensively studied over the last years. The analysis of the Navier-Stokes
equations with hereditary terms was initiated by Caraballo and Real in [37], and developed in [20,

, 32, 35, 39, 40], where several issues have been investigated the existence and uniqueness of
solution, stationary solution, the existence of attractors (global, pullback and random ones) and the
local exponential stability of state-steady solution of Navier-Stokes models with several types of delay
(constant, bounded variable delay as well as bounded distributed delay). In the papers [69, 72, 77,

—129] the authors have discussed the asymptotic behavior and regularity of solutions of 2D Navier-
Stokes equations (and 3D-variations of Navier-Stokes models) with delay (finite and infinite). Wei
and Zhang [171] have obtained the exponential stability and almost surely exponential stability of the
weak solution for stochastic 2D Navier-Stokes equations with bounded variable delays by using the
approach proposed in [21, 37].

It is worth emphasizing that all the mentioned works deal with finite delay (constant delay,
bounded variable delay or bounded distributed delay) in the phase spaces C([—h, 0]; H) and L*(—h, 0; H)
or infinite distributed delay in

C,(H) ={p € C((=0,0]; H) : Glir_n 67990(9) exists in H} (y > 0).

In fact, a complete application of theory of attractors is carried out in [130] for a 2D Navier-Stokes
model with infinite delay in C,(H) under some assumptions relating the force f and the delay operator

57
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g among others. The positive character of y plays a key role in those arguments. Without the help of
this extra exponential weight related to the y parameter, we still aim to study long-time behavior of
solutions to problem (P), but the techniques from [130] do not seem to fit. So we wonder what can be
obtained if the space C,(H) is replaced. To our best knowledge, there is no work about Navier-Stokes
models with unbounded variable delay in the phase space

BCL_.(H) ={p € C((-00,0]; H) : 91i1}1 () exists in H}.

Inspired by [37, 130], in this chapter we study the asymptotic behavior of solutions to 2D Navier-
Stokes equations with unbounded variable delay in the phase space BCL_.,(H). We discuss the ex-
istence, uniqueness of weak solution, stationary solution as well as stability of stationary solution by
several different approaches. More precisely, the existence and uniqueness of solution is proved by
the classic Galerkin approximation and energy method, while the existence of stationary solution is
established by the Schauder fixed point theorem and the Lax-Milgram theorem. Then, three methods
are considered to discuss the stability of the stationary solutions. First, we consider the local stability
of stationary solution by using Lyapunov functions, in which the differentiability of the delay term is
required, and this maybe seem as a strong condition in some situations. Fortunately, we can use the
Lyapunov-Razumihkin method to weaken the differentiability condition on the delay term, and only
the continuity of the operators of the model and continuity on the delay term are necessary, which
allows to include more general types of delay. By this method, but dealing with strong solution, a bet-
ter result can be obtained. Besides, by constructing Lyapunov functionals, we also show the stability
of stationary solution, which improves the one we obtain by a direct approach. Moreover, we verify,
by exhibiting a special case of unbounded variable delay, that it may not be possible, in general, to
ensure exponential stability of the stationary solutions when dealing with variable delays. In fact,
we are able to ensure the polynomial stability of stationary solutions in the particular case of propor-
tional delays. Therefore, for general unbounded delay the polynomial decay is a sharp result. It is
still an open problem to establish some sufficient conditions ensuring asymptotic convergence to the
stationary solutions with an exponential rate in some other situations of unbounded variable delays.

The framework of this chapter is as follows: in the next Section, we make clear the assumption
on delay term and present some examples of delay terms. And in Section 3.2, we prove the well-
posedenss of problem (P), then three different methods are used to analyze the stability of stationary
solution to problem (P) in Section 3.3. Finally, in Section 3.4, we verify the polynomial stability of
stationary solution in case of unbounded variable delay.

3.1 Preliminaries

We now enumerate the assumptions on the delay term g. Assume that g : [0,7] X BCL_(H) —
(L*(0))?, then

(gl) For any & € BCL_.,(H), the mapping [0,T] > t — g(t,&) € (L*(0))* is measurable.

(g2) g(-,0) =0.



3.1. PRELIMINARIES 59

(g3) There exists a constant L, > 0 such that, for any ¢ € [0, 7] and all £, € BCL_.(H),

lg(2,&) — g(t, M| < Lgllé — nllpcr_ooay-

Remark 3.1.1. (i) As itis pointed outin [1350], condition (g2) is not really a restriction, otherwise,
if 1g(-,0)| € L*(0, T), we could redefine f(t) = f(t) + g(¢,0) and g(t,-) = g(t,-) — g(¢,0). In this
way, the problem is exactly the same, but f and g satisfy the required assumptions.

(ii) Conditions (g2) and (g3) imply that, for any ¢ € BCL_..(H),

18(7, &) < Lglléllper_omn Y € [0, T1,
and therefore |g(-, &) € L=(0, T).

Now we provide some examples of (unbounded) delay forcing terms which can be set within our
general set-up (see [69, 70, 72, 77]).

Example 3.1.2 (Forcing term with unbounded variable delay). Let G : [0,T] x R*? — R? be a mea-
surable function satisfying G(t,0) = 0 for all t € [0,T], and assume that there exists M > 0 such
that

IG(t,u) — G(t,V)|gz < Mlu — V|2 Yu,v € R%

Consider a function p : [0,T] — R, which plays the role of the delay. Assume that p(-) is measurable
and define g(t,&)(x) = G(t, E(—p(1))(x)) for each ¢ € BCL_(H), x € Oandt € [0,T].

Obviously, g satisfies (g1) — (g2). Now we check that g satisfies assumption (g3), for any é,11 €
BCL_.(H),

8(t,6) — gt = f G (1, E(=p(1)) = G(1,n(=p())Pdx

o

<M’ j; E(=p(1)) = n(=p(1)Pdx

< M? sup fo £6) — n(O)PPdx

6<0
2 2
= M-||€ - UIIBCL_W(H)-

Example 3.1.3. The above example is using the mapping G via the Nemytskii operator to deal with
an operator from [0, T| x H into (L*(0))?. So it is a particular case of the following. Take a Lipschitz
mapping (uniformly w.r.t. [0,T]) G : [0,T] x H — (L*(0))? and consider g(t,&) := G(t,(—p(1)) for
any measurable function p : [0, T] — R,. This operator g also fulfils (g1) — (g3).

Example 3.1.4 (Forcing term with distributed delay). Let G : [0,T] X (—00,0] x R? — R? be a
measurable function satisfying G(t, s,0) = 0 for all (t,s) € [0,T] X (—o0,0], and suppose that there
exists a function a € L'(—c0,0) such that

IG(t, s, u) — G(t, 5, V)|p2 < @(s)|u — vz Yu,v € R?, Y1 € [0,T], a.e. s € (—00,0).
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Define g(t,&)(x) = f_ooo G(t, 5,E(s)(x))ds for each ¢ € BCL_(H), t € [0,T], and x € O. Then the
delayed term g in our problem becomes

0
gt,&) = f G(t, s,&(s))ds.

(o9

It is easy to check that g satisfies (g1) — (g2). On the other hand, if £,m € BCL_(H), for each
t € [0,T], we deduce

0 2
18(1,6) = g6, I’ < fo f G, s,&(s)(x0) — G, 5, TI(S)(X))hRZdS) dx

<,

o
0 0

< fo f a(S)dS) ( f a(S)If(S)(X)—U(S)(X)IﬂézdS)dx

0
< lerllzr =00y f a(s) fo I€(5)(x) = n(s)(0)Pdxds

0 2
f a(S)If(S)(X)—U(S)(X)IR2dS) dx

(o)

0
< lellzr-eo0) f a(s)(sup fo IE()(x) = n()(x)Pdx)ds

) s<0
< ledl? 1€ = nll
s L (=00,0) MIBeL_ o)

After introducing the above operators an equivalent abstract formulation to problem (P) is
d
d—bt‘+vAu+B(u) = f+a(tu) V>0, G.1.1)
Uy = ¢. (3.1.2)

Next we give the definition of weak solution to problem (3.1.1)-(3.1.2).

Definition 3.1.5. Given an initial datum ¢ € BCL_.(H), a weak solution u to (3.1.1)-(3.1.2) in the
interval (—oo, T) is a function u € C((—oco, T1; H) N L*(0, T; V) with uy = ¢(0) such that, for all v € V,

d
77 D)+ v((u(®),v)) + b(u(®), (1), v) = (f(1), v} + (8(t, uy), v),

where the equation must be understood in the sense of '(0,T).

3.2 Well-posedness

In this section we establish the existence of weak solution to (3.1.1)-(3.1.2) by a compactness method
using the classic Faedo-Galerkin scheme. Denote

1= VIl
" v

For the existence of weak solution we have the following result.
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Theorem 3.2.1. Consider f € L*(0,T; V"), g : [0, T] X BCL_.(H) — (L*(0))? satisfying (g1) — (g3)
and ¢ € BCL_.,(H) given. Then there exists a unique weak solution to (3.1.1)-(3.1.2). Furthermore, if
f € L*0,T;(L*(0))?) and ¢ € BCL_..(H) with ¢(0) € V, then the weak solution is a strong solution,
ie.,uc L*0,T;D(A)NC(O0,T]; V).

Proof. We split it into several steps.

Step 1. The Galerkin approximation. By the definition of A and the classical spectral theory of
elliptic operators, it follows that A possesses a sequence of eigenvalues {4} ;>; and a corresponding
family of eigenfunctions {w;};>; C V, which form a Hilbert basis of H, dense on V. We consider the
subspace V,, = span{w;, wy, - -- ,w,,}, and the projector P,, : H — V,, given by P,,u = Z;f’:l(u, wiwj,
and define u(¢) = 221 ¥Ym j()w, where the superscript m will be used instead of (m), for short, since
no confusion is possible with powers of u, and where the coeflicients v,, ;(f) are required to satisfy the
Cauchy problem

d
E(u’"(t), wj) + (" (1), w)) + b™ (@), u" (1), w;) = (f(O),w) + (gt,uf"),w;), 1< j<m,
u"(0) = P,¢(0), 0 € (—00,0]. (3.2.1)

The above system of ordinary functional differential equations with infinite delay fulfills the condi-
tions for the existence and uniqueness of a local solution (e.g., cf. [90, 97, ]). Hence, we conclude
that (3.2.1) has a unique local solution defined in [0, ¢,,) with 0 < ¢,, < T. Next, we will obtain a priori
estimates and ensure that the solutions ™ do exist in the whole interval [0, T].

Step 2. A priori estimates. Multiplying each equation of (3.2.1) by ,, ;(#), j = 1,...,m, summing
up, and using Cauchy-Schwartz and Young’s inequalities, we obtain

1d
5= " OF + " OIF < IFONN" O + Lol lpermlu™ (@)l

2dt
Vemee WO
< SO + =+ Lll s,

Hence,

t 1 f !
" @) + Vf " (s)IPds < lu"(0) + ;f I£(s)lI2ds + 2Lgf 16 3o dls- (3.2.2)
0 0 0

Particularly, we have

1 f !
2 2 2 2
||u:n||BCL7w(H) < ”¢”BCL,DO(H) + ;fo ||f(S)||*dS + 2Lg£ ||MT||BCL%(H)dS~

Applying the Gronwall lemma, we obtain

1 t
2 2 2 2L
" gLy < (||¢||BCL_w(H) + ;f If(o)llds | e,
0
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whence there exists a constant C > 0, depending on some constants of the problem (namely, v, L, and
f),and on T and R > 0, such that

"N 3er_any < C(T,R) Yt € [0,T], lIdllscr iy <R, Ym > 1,
which also implies that {#"} is bounded in L*(0, T'; H).

Now it follows from (3.2.2) and the above uniform estimates that

y f " (s)Pds < W) + f (%Ilf(s)lli+2LgC(T,R) ds.
0 0

We can conclude the existence of another constant (relabelled the same) C(T, R) such that
16" 17207y < C(T,R) Ym > 1.
From (2.4.27) and (3.2.1),
G lle < vl -+ 212l L+ 1AL+ AT 218, ),

which, together with Remark 2.1(ii) and the above estimates imply that {(x™)'} is bounded in L*(0, T; V).
Step 3. Approximation of initial datum in BCL_.,(H). Let us check

P,$ — ¢ in BCL_.(H). (3.2.3)
Indeed, if not, there exist € > 0 and a subsequence {6,,} C (—o0, 0], such that
|P,.¢(6,,) — $(0,)] > € Ym. (3.2.4)

Assume that 8,, — —oo. Otherwise, if 6,, — 0, then P,¢(0,) — ¢(0), since |P,,d(6,,) — ¢(0)| <
|Pn(6,,) — Pnd(O)| + |Pnp(6) — p(0) — 0 as m — oo. With §,, — —oo as m — oo, if we denote
X = elim ¢(0), we obtain

|Pm¢(0m) - ¢(6m)| < |Pm¢(9m) - me| + |Pm-x - Xl + |.X - ¢(0m)| - O’

which contradicts (3.2.4), so (3.2.3) holds true.
Step 4. Compactness results. Following the same lines as those in [130, Theorem 5, p. 2017]
with slight modifications, we can prove that

u" - u in C([0,T]; H).
Then steps 3 and 4 imply that
u' = u, in BCL_(H)Vt<T.

Actually,

sup |u"(t + 6) — u(t + 6)] = max {sup |P,¢(0 + 1) — dp(0 +1)], sup |u"(t+6) — u(t+ 6)|}

6<0 6<~t —1<60<0

< max {”Pm¢ - ¢”BCL,OO(H)’ sup |I/£m(t + 0) - I/l([ + 9)'} — 0.

—1<6<0
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Therefore, combining (g3), we can prove that
g(,u") = g(,u) in L*(0,T; H).

Thus, we can finally pass to the limit in (3.2.1), concluding that u solves (P).
Step S. Uniqueness of solution. The uniqueness of solution can be obtained by using the Gronwall
Lemma (see [21, ] for more details). O

3.3 Asymptotic behavior of solutions

In this section we analyze the long time behavior of solutions in a neighborhood of a stationary solu-
tion to (3.1.1) in some particular settings for the delay operator. First of all, we provide several results
ensuring the existence of stationary solutions and establish sufficient conditions for uniqueness. Then
we show various different methods that can be used to study the stability properties: the Lyapunov
function, the Razumikhin technique as well as by the construction of appropriate Lyapunov function-
als. All the cases will be related to model (3.1.1) with unbounded variable delays. We would also
like to mention that for particular unbounded variable delays, the exponential stability of stationary
solutions cannot be obtained. However, we will be able to obtain some polynomial stability in the
case of proportional variable delays.

3.3.1 Existence and uniqueness of stationary solutions

In order to investigate the existence and properties of stationary solutions to (3.1.1), we need to make
some extra assumptions. Namely, we assume that f is independent of time, i.e., f(t) = f € V',
and g, defined now for all positive times, also is autonomous somehow. Indeed, if we put directly
g autonomous, then the delay should have a distributed or fixed form, but an infinite variable delay
would not be possible, therefore the explicit presence of ¢ in the operator should not removed if we
aim to keep the variable delay case. Namely, we introduce a new assumption for g. Denote by i the
trivial immersion i : H — BCL_.,(H) given by i(u) = &t with ii(¢) = u for all < 0. We require now
that g fulfills

(g4) g(s,é) =g(t,¢é) forany s,t € R, and € € i(H).

If (g2) — (g4) holds, we trivially have that § : H — (L*(0))? defined as 2(u) = g(0,i(u)(0)), i.e.,
8 = glr.xicm), 1s of course autonomous, Lipschitz (with the same Lipschitz constant L,) and g(0) = 0.

Example 3.3.1. Combining Examples 3.1.2 and 3.1.3 it is obvious that given a measurable function
p:R, > R,and G : H— (L*(0))? Lipschitz with G(0) = 0, then R, X BCL(H) > (1,&) — g(t,&) =
G(£(=p(1))) € (LX(O))” fulfills (g1) — (g4).

A stationary solution to (3.1.1) is a function u* € V such that

VvAu" + B(u*) = f + g(u”). (3.3.1)



64 CHAPTER 3. NAVIER-STOKES EQUATION WITH INFINITE DELAY

Notice that (3.3.1) is not related to any delay form, and has already been analyzed in some previous
works (e.g., cf. [21, 37, 72, ]). Existence, eventually uniqueness and regularity of stationary
solutions can be obtained from

Theorem 3.3.2. Suppose that g satisfies conditions (g2) — (g4) and v > A;'L,. Then,
(a) forall f € V', there exists at least one solution to (3.3.1);
(b) if f € (L*(O))?, the solutions to (3.3.1) belong to D(A);

(c) if (v — /lfng)z > (24)7Y2||f|l., then the solution to (3.3.1) is unique.

3.3.2 Local stability: a direct approach

In this section we prove the local stability of stationary solution obtained in Theorem 3.3.2 when g is
close to that in Example 3.3.1 (with a smoother driving term p) by a straightforward way.

Theorem 3.3.3. Consider f € (L*(0))?, the delay forcing term is given by g(t,u;) = G(u(t — p(t)))
with G : H — (L*(0))? a Lipschitz operator with Lipschitz constant M, G(0) = 0, and p € C'(R,,R,)
with p, = sup,s,p’(t) < 1. Then there exist two constants l, l,, depending only on O, such that if

(2 —P*)/lTlM L )
>

2v +
1-p. V—/ll‘lle| VA(v — A7 M)?

IfI, (3.3.2)

then there exists at least one solution u.,, € D(A) to (3.3.1), and there exists a positive constant C,
such that for any ¢ € BCL_(H), the solution u to (3.1.1)-(3.1.2) with f(t) = f satisfies

() = ttool” < C (I6(0) = ool + 11 = teollF 20y 001, ¥t > O-

Proof. Consider u the solution to (3.1.1)-(3.1.2) for f(r) = f and let u,, € D(A) be a solution to
(3.3.1) (this is possible since (3.3.2) implies that v > /ll‘lM = /ll‘ng so Theorem 3.3.2 applies). We
set w(f) = u(t) — u., and observe that

ditw(t) + vAw(t) + B(u(t)) — B(us) = G(u(t — p(1))) — G(uteo).

By standard computations,

d
Elw(t)l2 = “2VwOII> = 2(Bu(?)) — B(uw), w(t)) + 2(G(u(t — p(1))) — G(us), w(t))

< =2Vw@)I* = 2b(W(1), teo, w(D)) + 2Mu(t — p(1)) — ool lW (1)

< (=2v + A7 MW@ = 2b(W(E), oo, w(1)) + MIw(t — p(£))I*. (3.3.3)

By (2.4.27), and using Sobolev embeddings (introducing suitable constants ¢, c;, ¢;), we have

21DV e, (D] < 2WOP, Mol

1/2 3,-1/2 2
< 22 Plw() Pl Auc-
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Since u,, solves (3.3.1), we deduce

VIAu,|

S1+1G(ue)l + |B(uteo)|
J1+ Mluoo| + collucollltcolo
2,-1/2

—1/2 14 3,V
<1f1+ A PMIlucll + —S—llualP + = 1Au,
2v 2

<|
<|

from which we obtain that

APMm A2

2 1 171
|Auoo| < ;lfl + ”uoo” +

(7[5
v y2 ®

On the other hand,

Vlluoollz = (f, uw) + (G(uoo)’ uoo)
< A7 flllcoll + A7 MlJul 2,

which implies

A7 1]
ool < ————.
v—A] M
Hence, from the above inequalities,
it < G MGt
v V(v — A'M) Vi(v — A, M)
Now, thanks to the previous inequalities,
Lo < (—2v+ 7'M+ i 2 FP)Iw®IP + Miw(z = pO)F,  (3.3.4)
dt ! y=AM7 Ay - A7 M) T
where
o= co2 212, 1 =22 cctay . (3.3.5)

Taking n = s — p(s) = 7(s),

! M !
M f bwis — pls)Pds < - f (.
0 ~ P+ J-—p(0)

Therefore, integrating (3.3.4) over [0, 7],
-1

(A ! !
NI < 2 L v+ Ai'M ! 2 3 2
w®|” < w(0)| +f0 (1 . v+A M+ v—/lfllel + o= M)y 17 [Ilw()II"ds

M 0
f lw(s)I*ds,
1 =ps Jp)

—+
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which, together with (3.3.2), yield

w@)* < w(0)* +

M 0
f w(s)ds,
L=p. Jopo)

whence the statement follows taking C = max {1, M/(1 — p.)}. O

Remark 3.3.4. Notice that if we wish to obtain exponential stability by the Lyapunov method, we can
multiply (3.3.3) by e". Then by a similar process with slight modification, we would obtain

[
v—A'M

! l
W < wO)P+ f (M;l—2v+ﬂflM+ [ — |f|3)e“||w<s)||2ds
0

vi(y — A M)
!
+ Mf eSlw(s — p(s))°ds.
0

Now we estimate the delay term. Setting n = s — p(s) = 7(s), we have

1—p(1) - )
f '™ Plw(n)dn.

0(0)

!
f ew(s = p(s)Pds <
0 1-p.

Assuming v '(f) < t + h (what implies that necessarily p(t) € [0, h], h > 0) for all t > —p(0),

t e/lh !
f eVlw(s — p(s))Pds < 1 f e'Mw(n)dn.
0

TP J-p(0)

Therefore,

! ! !
w@P < W)+ f (u;l—zvm;lMJr S— 2
0 v

3 As 2
ellw(s)|[*ds
— /ll‘lM)3|f|) (o)

+ Mf elw(s — p(s))Pds
0

!
_ _ L I
< w(0 2+f AN =2v+ AT M+ + 3)e“ w(s)|[ds
W(O) 0( 1 M T

M Ah t M Ah 0
+—— | etw(s)Pds + — f () 2dn,
1-p.Jo 1 =p. J_p0)

neglecting the first integral on the right hand side, which is negative for 0 < A < 1 thanks to (3.3.2),
we have

~ Me/lh 0
W) < e (IW(O)I2 + 1 f eﬂ"lW(n)|2d77)
= Px J-p(0)

< Ce™ (WO + ll¢ = teelliz—pt0101:1)) -
where C = max{1, Me"" /(1 — p,)}. However, as mentioned before, this argument requires that p(t) €

[0, h] is bounded. In other words, we could not prove, in general, the exponential stability of stationary
solution to (3.1.1) with unbounded variable delay by Theorem 3.3.3.
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Remark 3.3.5. Observe that there exists at least one stationary solution under assumptions of The-
orem 3.3.3, but it might not be unique since the relation on the coefficients are different from The-
orem 3.3.2 (c), which ensures the uniqueness of stationary solution. However, if2(2/11)_1/4||f||i/2 <

A7 Mp, . . . Lo .
‘l_p*p +— Alll ViR (V_iz,l I |f1%, then Theorem 3.3.2 (c) implies that the stationary solution is unique.
1 1

3.3.3 A Razumikhin technique

In the previous paragraph we have showed the local stability of stationary solution when the delay op-
erator g contains unbounded variable delay which is driven by a continuously differentiable function
p. However, it is possible to relax this restriction and prove a result for more general delay forcing
terms by using a different method, namely, the Razumikhin method, which is also widely used in
dealing with the stability properties of delay differential equations. But it is worth mentioning that
this approach requires some kind of continuity concerning both the operators in the model and the
delay term, and we also need to work with strong solutions instead of weak ones.

Theorem 3.3.6. Consider f € (L*(0))* and g : R, x BCL_(H) — (L*(0))? satisfying conditions
(gl) — (g4) (uniformly for any T > 0) and such that for all ¢ € BCL_.,(H) the mapping R, > t —
g(t,&) € (L*(0))? is continuous. If there exists a stationary solution u. € D(A) to (3.1.1) such that

= VA(P(0) — ), (0) = o) = (B(¢(0)) — Bluo), $(0) — 1t
+(8(1,¢) — 8(1, 1), $(0) — ) < 0, 1> 0, (3.3.6)

whenever ¢ € BCL_,(H) with ¢(0) € V and ¢ # u., satisfies

I — teollzer__ny = 16(0) — uaol?, (3.3.7)

then, for such ¢,
u(t; ¢) — ttool* < ll¢p = ttcoller sy ¥ 1> 0. (3.3.8)

Proof. We argue by contradiction. Suppose there exists an initial datum ¢ € BCL_.,(H) with ¢(0) € V
and ¢ # u., such that (3.3.8) is false. Then, denoting

o =inf{r > 0 : Ju(t, §) = ool > 1l — theollzer iy}
we obtain that forall 0 < r < o
jut; §) = teol* < (073 $) = tteol® = llp = teoller iy (3.3.9)
and there is a sequence {#;};>; C [0, o) such that ¢, \, o, as k — oo, and
Julti; ) = sl > lu(or; §) = ueol*. (3.3.10)
On the other hand, by virtue of (3.3.9) it is easy to deduce that

. 2 _ 2 _ . 2
sup [u(o + 0; @) — uoo|” = lltte — Ueollper_ oy = (075 @) — U,
0<0
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which, in view of assumption (3.3.6)-(3.3.7), immediately implies
= VAWU(07; ¢) — Ueo), (075 P) — o) — (B(u(075 §)) — Buteo), u(07; ) — Uoo)
+(8(0, uy (-5 9)) — (1, o), u(0; ) — ) < 0.

By the continuity of the operators in the problem, there exists €. > 0 such that for all € € (0, €,] and
telo, o+ €]

= Au(t; §) — o), u(t; P) — Uteo) — (Bu(t; ¢)) — Bueo), u(t; ¢) — teo)
+ (gt u (-5 9)) — 8(t, uso), u(t; ) — o) < 0.

Denoting w(t) = u(t; ¢) — e,

d
EIW(I)I2 = =2v(Aw(1), w(1)) = 2 B(u(t, $)) — B(uo), w(1)) + 2(8(t, u;) — g(1, o), W(1))

for all ¢ € [0, o + €]. Therefore we obtain
w(o + € d)I° — [w(o; 9> = - 2f V(Aw(1), w(1)) — (B(u(t, $)) — B(uw), w(t))dt
+2 f(r e(g(t, u;) — g(t, us), w(t))dt < 0.

Thus [w(o + €; ¢)]> < |w(o; ¢)|?, which contradicts (3.3.10). Hence (3.3.8) is true. o

Remark 3.3.7. (i) The above result is valid even without uniqueness of stationary solution.

(ii) In the spirit of Example 3.3.1, it can be applied when g(t,&) := G(&(—p(1))) for (1,&) € R, X
BCL(H), withp € C(R;;R,).

A sufficient condition which implies (3.3.6) but easier to check in applications is given in the
following

Corollary 3.3.8. Suppose that f and g satisfy the assumptions of Theorem 3.3.3. If

)
V2(v — ;' M)?

I

- 7'M

If1+ 111, (3.3.11)

2v > 207'M +
v
where 11,1, are defined in (3.3.5), then there exists at least one solution u., € D(A) to (3.3.1). More-
over, for all € BCL_.(H) with ¢(0) € V and ¢ # u., the strong solution u(t; $) to (3.1.1)-(3.1.2),
satisfies (3.3.8).

Proof. Since v > A;' M, existence of stationary solution is guaranteed by Theorem 3.3.2 ().

For the second statement we check that condition (3.3.11) implies the ones of Theorem 3.3.6.
Indeed, suppose that ¢ € BCL_.,(H), with ¢(0) € V, is close to some stationary solution u., (but not
equal, otherwise it is trivial) and satisfies

||¢ - Moolléczlm(y) = |¢(0) - uoo|2~
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Now we verify that (3.3.6) holds. Indeed

— V(A(P(0) ~tteo), $(0) = thoo) =(B($(0)) = Bluteo), $(0) — ttoo) +(8(t, ) — 8(1, o), $(0) — )
<= VlI$(0) = e’ = B(P(0) — th, theo, $(0) — ttec) + Ml — ool o (11)|H(0) = theo]
<= VlI$(0) = U’ + A7 MI$(0) = ueoll® + [D(P(0) = theo, o, $(0) = ho)-

By similar computations to those in the proof of Theorem 3.3.3

— V(A(P(0) ~tteo), $(0) = thoo) =(B($(0)) = Bluteo), $(0) — ttoo) +(8(t, #) = 8(1, tto), $(0) — Uh)

S|veAiM + 3 11(0) — ol
4 1 2(V _ /11—1M) |f| 2V2(V _ /1171M)3 |f| )||¢( ) u ||
which is negative by (3.3.11). Thus, (3.3.6) holds and therefore (3.3.8) too. 0

Remark 3.3.9. Observe that the Razumihkin technique only requires continuity on the delay term and
the operators of the model. Here (3.3.11) allows more choices for v ensuring stability than the values
provided by the condition (3.3.2). In other words, this latter result improves the former one.

3.3.4 Stability via the construction of Lyapunov functionals

In this paragraph we analyze the stability of a very particular stationary solution to (3.1.1) by con-
structing Lyapunov functionals. Namely we assume that the stationary solution is the trivial one,
of course modifying suitable the assumptions on f and g. We start by recalling a result, borrowed
from [40], which is the key to prove the result concerning the construction of Lyapunov function-
als. To this end, let us introduce an abstract problem; consider operators At,)) : V - V' and
f(t,") : BCL_(H) — (L*(0))> with A(t,0) = 0 and £(z,0) = 0. Assume that the following problem is
well-posed and the solution is continuous with respect to "t", i.e. u(-; ¢) € C((—oco0, T1; H)NL*(0, T3 V),
forall T > 0:
du = A(t,u) + f(t,u) Yt >0
di ’ Y ’ (3.3.12)
u(s) = ¢(s), s € (=00,0],
To prove the stability of the trivial solution to (3.3.12) by constructing Lyapunov functionals, we
have the following result (cf. [40, Theorem 1.1] for a similar result).

Proposition 3.3.10. Assume that there exists a functional U : R, X BCL_,(H) — R, such that, for
any ¢ € BCL_.,(H), the following conditions hold

U(t,u) >yl V1 >0,
<

U(0, ugp) 72||¢“129CL_M(H)’

d
V) < —yslu@)’, >0,

where y1,v2, Y3 are positive numbers and u(-) = u(-; ¢) is the solution to (3.3.12). Then the trivial
solution of (3.3.12) is asymptotically stable.
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Proof. From the first two conditions of Proposition 3.3.10, we have

yilu@®)P? < Ut,u) < U0,u0) < UO0,0) < ¥allplizer s

which means

(P < %nwléam(m, Vi > 0. (33.13)

Notice that £ U(t,u,) < —yslu(r)|*, we deduce that

f u(s)Pds < EllczblI%;CL,w(H). (3.3.14)
0 V3

On the other hand, the solution of problem (3.3.12) is continuous respect to "t", which implies that the
function |u(?)|? is continuous with respect to "t", which together with (3.3.13) and (3.3.14), we obtain
that

lim |u()* = 0,
t—+00
namely, the trivial solution of problem (3.3.12) asymptotically stable. O

We will apply the above result to the following equation, which is a particular case of (3.3.12).

fl—b; = A(t,u) + F(u(t - p(1))), (3.3.15)

where A(t,-) : V — V' and F : H — (L*(0))? are appropriate operators. The following result is a
slight variation of [40, Theorem 2.1].

Theorem 3.3.11. Assume that operators in (3.3.15) satisfy

<A(t7 l/l), l/l> < _7’||u||2, Y > 0’
F:H— (L*0)* |Fw|<aul, ueV,
peC(R,RY), P () <p. < 1.
Then the trivial solution of (3.3.15) is stable provided that
o

/ll VI—P*

Proof. We construct U : R, X BCL_.,(H) — R, for (3.3.15) in the form

C 0 2
1 f \p(s)Pds,
— P+ J—p(r)

Y= (3.3.16)

U(t, ) = [pO)F +
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where ¢ > 0 is a suitable constant, to be determined later on, such that U is a Lyapunov functional.
Denoting by U(t) = U(t, u,(-; ¢)), where u,(-; ¢) is the solution to (3.3.15) with initial value ¢, we have
U@t = lu(d)? + = fip(l) llu(s)||*ds. Consequently,

1—p. Jt

c (P — c(1-p'(1))

1 - p. (1-p.)
< =29l + 2eu(t = pO)lu()] + %Ilu(t)llz — clu(t — p(1)

(1 - p*)
2
+ “—)) lu()R,
C

where Poincaré and Young’s inequalities have been used. Minimizing the coefficient in brackets in
the right hand side, which is attained for ¢ = a /1 — p., we conclude that

lu(z — p(e)I?

d -
7 U0 = XA u(®) + Fu(t = p@0)), u(®)) +

< (—2y+/l]_1(1 <

*

d
UM =2 (—7 + 1 )IIM(I)IIZ.

a
A1 —p.

Then by (3.3.16) it arises %U (1) < 0. As it is easy to check that U(., -) satisfies all the conditions in
Proposition 3.3.10, the stability statement holds. O

Now going back to our original problem of this section, suppose that the origin is a stationary
solution to (3.1.1), where we are assuming that f = 0 and g(t,u,) = G(u(t — p(¢))) with G : H —
(L*(0))?* a Lipschitz continuous function with Lipschitz constant M > 0 and G(0) = 0.

Corollary 3.3.12. Consider the Navier-Stokes problem
du
I + vAu + B(u) = G(u(t — p(1))) Vt >0, (3.3.17)

where G : H — (L*(0))? fulfills the above conditions and v > /l]lM. Then, u = 0 is the unique
stationary solution. Moreover, it is stable provided that v > M/(1; \/1 — p.).

Proof. The first part is a consequence of Theorem 3.3.2 (c¢).

Second statement follows from Theorem 3.3.11. Indeed (3.3.17) can be set in (3.3.15) by denoting
A(t,u) = —vAu — B(u) and F(u(t — p(1))) = G(u(t — p(1))) takingy =vand @ = M. ]
Q-p)A7'M

2(1-ps) -~
Ml = for p. € (0,1), Corollary 3.3.12 improves, for this case, the condition

Remark 3.3.13. Taking f = 0in Theorem 3.3.3, the trivial solution to (3.1.1) is stable if v >

. Q-p)A7'M
Since i

established in Theorem 3.3.3.

3.4 Polynomial stability: a special unbounded variable delay case

As mentioned in the introduction, the main goal of this paper is to analyze the stability of stationary
solutions to (3.1.1) in the unbounded variable delay case, less studied than finite delay cases. Three
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different methods have been used to study the stability of stationary solution in previous sections.
However, instead of exponential stability, only local stability of the stationary solution of (3.1.1) is
obtained. In fact, even for simple ordinary differential equations with unbounded variable delay, for
instance, the pantograph equation, in which the delay term is given by p(t) = (1 = )t with0 < 4 < 1,
the exponential stability of stationary solution cannot be reached. But, fortunately, in this simple
case the polynomial stability of stationary solution can be obtained, see [!, , ] for details.
Enlightened by [1], we show that it is still possible to prove the polynomial stability of stationary
solution to Navier-Stokes equation with proportional delay, which is a particular case of unbounded
variable delay. To this end, we first review the following pantograph equation and some technical
lemmas that are used in this framework.
An example of the pantograph equation reads

X' () = ax(t) + bx(Ar) ¥Vt > 0, x(0) = xp, 1 € (0, 1), (3.4.1)

which has been studied in [, , ] amongst many others.
The following lemma will be useful.

Lemma 3.4.1. (Cf. [/, Lemma 3.4]) Leta € R, b > 0 and A € (0,1). Assume x is the solution to
(3.4.1) with x(0) > 0. Suppose p € C(R,,R,) satisfies

D* p(t) < ap(t) + bp(Ar), t >0,
with 0 < p(0) < x(0) and where D* denotes the Dini derivative. Then p(t) < x(t) for all t > 0.

Lemma 3.4.2. (Cf. [/, Lemma 3.5]) Let x be a solution to (3.4.1). If a < 0, b € R, then there exists
C =C(a,b,A) > 0 such that

t
lim sup |xt(7)| = C|x(0)],

>0

where u € R obeys
0=a-+|blA".

Then, for some (possible new) C = C(a, b, 1) > 0, we have
|x(1)] < Clx(O)|(1 + 1), t>0. (3.4.2)

Observe that if u < 0, then (3.4.2) implies polynomial stability of the trivial solution to (3.4.1).
Next we use this idea to prove the polynomial stability of stationary solution to (3.1.1).

Theorem 3.4.3. Consider (3.1.1) with f = 0, g(t,u;) := Lyu(At) withO < A <1,L, € Randv >
/ll‘lngI. Then the origin is the unique stationary solution and any evolutionary solution u converges
to zero polynomially, namely, there exist C = C(v, Ly, A) > 0 and p < 0 such that

lu())? < Clu(0)*(1 + t)* ¥t > 0,

where u satisfies |Ly| — 2vA; + |Lg|A* = 0.
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Proof. Taking the inner product of (3.1.1) with u in H, we obtain
d 2 2
2 HOF + 2Vu@II” = 2L (u(A1), u(®)).
By Poincaré and Young’s inequalities we have that
d 2 2 2 < |L 2 L 2
ZHOF + 240U < Lgllu(®OI" + [Lllu(an)]"

Denoting by w(t) = |u(?)|?,
W () < (=20v + [Lw(?) + Lylw(Ar).

By Lemmas 3.4.1 and 3.4.2, there exists C = C(v, L, ) > 0 and y € R such that
w(t) < Cw(0)(1 + 1),

Since —24;v + 2|L,| < 0, it holds that ¢ < 0. Then the polynomial decay of solutions follows.

73

O

Remark 3.4.4. (i) From Theorem 3.4.3 we find that, as long as we have v > /lfl |L,|, any solution
to (3.1.1) converges polynomially to zero. In this case, this result improves all the stability

results established previously.

(ii) In fact, our result can be extended to a more general case, namely, if the delay term is defined

as g(t, ) = G(¢(—(1 — )t)), which is also Lipschitz.

(iii) From []] we know that the convergence to equilibria needs not be at an exponential rate for

equations with unbounded delay. Actually, for unbounded variable delay, even in the simplest
case, i.e., the pantograph equation (3.4.1), only polynomial stability can be obtained because
the solutions behave in polynomial way (cf. [ 104, Theorem 3] for more details). Consequently,
it is still an open problem to obtain sufficient conditions for the exponential stability of solutions
for equations with other types of unbounded variable delay. This will be investigated in future.
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Chapter 4

Stochastic Navier-Stokes equation with
infinite delay

In this chapter we generalize the results in Chapter 3 to the stochastic case. In other words, we will
investigate the following stochastic Navier-Stokes equation with infinite delay

VA T = )+ 810000 + gt 1) L i ) X O, (4.0.1)
divu=0, in(r,T)x O, (4.0.2)

u=0,in(r,T) X 90, (4.0.3)

u(t + s5,x) = ¢(s,x), s € (—00,0], x €0, (4.0.4)

where O C R? is a bounded open set with boundary O, v > 0 is the kinematic viscosity, u is the
velocity field of the fluid, p is the pressure, ¢ is the initial datum, f is a nondelayed external force
field, and g, g, are external forces containing some hereditary characteristic.

In [45, ], authors established exponential stability to stochastic Navier-Stokes equations with
bounded variable delay, respectively. And Taniguchi proved the existence and asymptotic behaviour
of energy solutions to Navier-Stokes equations driven by Levy processes and external force terms
with finite delay in [158].

However, as far as we know, there is no available work about stochastic Navier-Stokes equations
with infinite delay, neither distributed delay nor unbounded variable delay. It is worth mentioning that
many authors took the weighted space C, as the phase space when dealt with differential equations
with infinite delay, and obtained exponential stability and convergence. Nevertheless, the methods
that are used to prove exponential stability and the convergence of solutions only work for differential
equations with distributed delay, and it does not work for unbounded variable delays, for example,
the stochastic pantograph equation. Fortunately, authors in [120] solved this problem by choosing

BCL_(H) ={p € C((—00,0]; H) : Hlir_n () exists in H}

as the phase space. But in this case, only asymptotic stability was established as they were not able to
prove exponential stability. Yet under some special unbounded variable delay case, they obtained the
polynomial stability of stationary solution.

75
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Motivated by [ 1, 158], we study now a type of stochastic 2D-Navier-Stokes equations with infinite
delay. More precisely, we will prove the existence and uniqueness of solution to Eq. (4.0.1), then
focus on the stability analysis with unbounded variable delay. Besides, we study the polynomial
stability of the stationary solution to Navier-Stokes equation with proportional delay. The classical
Galerkin method will be used to prove the existence of solutions. However, the traditional technique
to prove uniqueness of solution, used in the deterministic case, is not enough to verify the uniqueness
of solution any more in the stochastic case. The main reason is that we cannot bound the trilinear
term directly as we did in the deterministic case. Therefore, more technical skills are needed. Indeed,
we use some auxiliary lemmas to solve this difficulty, and this is not trivial at all. And we can claim
that the stability results proved for stochastic Navier-Stokes equations with unbounded variable delay
are new.

4.1 Premilinaries

Let (€, P, %) be a probability space on which an increasing and right continuous family {;}e0.«0)
of complete sub-o—algebra of § is defined. Let 8,(f)(n = 1,2,3,---) be a sequence of real valued
one-dimensional standard Brownian motions mutually independent on (€2, P, i¥). Set

W@ = ) EBDes 120,
n=1

where 4)(n = 1,2,3, - - -) are nonnegative real numbers such that Z A, < 4+o0,and{e,}(n =1,2,3,--)

is a complete orthonormal basis in the real and separable Hllbert space K. Let Q € L(K, K) be the
operator defined by Qe, = Ae,. The above K—valued stochastic process W(¢) is called a Q—Wiener
process. Given real numbers a < b, and a separable Hilbert space H we will denote by I(a, b; H) the
space of all processes X € L2(Q X (a, b), § ® B((a, b)), dP ® dt; H) (where B((a, b)) denotes the Borel
o—algebra on (a, b)) such that X(f) is F—measurable a.e. t € (a, b). The space I*(a, b; H) is a closed
subspace of L*(Q X (a, b), § ® B((a, b)), dP ® dt; H).

We will denote by C(a, b; H) the Banach space of all continuous functions from [a, b] into H
equipped with sup norm. We will write L*(Q; C(a, b; H)) instead of L*(Q, &, dP; C(a, b; H)).

Let us also consider a real number 77 > 0. If we consider a function x € C(—c0,T; H), for
each r € [0, T] we will denote x;, € C(—00,0; H) by x,(s) = x(t + s5), Vs € (—o0,0]. Moreover, if
y € L*(—c0, T; H), we will also denote y, € L*(—c0,0; H), for a.e. t € (0, T), by y,(s) = y(t+ s) a.e. s €
(=00, 0].

We now enumerate the assumptions on the delay terms g, g,, we assume that g; : [7,7] X
BCL_(H) — (L*(0))?,i=1,2.

(gl) Forany ¢ € BCL_.,(H), the mapping [1,T] > t — g(t,&) € (L*(0))* is measurable.

(g2) &(-,0) =
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(g3) There exists a constants L,, > 0 such that, for any ¢ € [r,T] and all £,n € BCL_.,(H),

18, &) — gi(t, M| < L |IE — nllper_o -

Remark 4.1.1. (i) As pointed out in [ 130], condition (g2) is not really a restriction, since otherwise,
if |gi(-,0)| € L*(1, T), we could redefine fi(t) = f:(t) + gi(t,0) and g,(t,-) = gi(t,-) — gi(t,0). In this way
the problem is exactly the same, f and g satisfy the required assumptions.
(ii) Conditions (g2) and (g3) imply that
1gi(, &) < Lgllllper_s

so |gi(t,€)| € L=(7, T).

Examples of delay forcing term which satisfy (g1) — (g3) could see Example 3.1.2, 3.1.3 and
3.1.4 in Chapter 3. Later on, to illustrate the different methods for the stability analysis, we focus on

unbounded variable delays case. Readers are referred to [120] for details of the examples .
Next we give the definition of weak solution for problem (4.0.1).

Definition 4.1.2. A stochastic process u(t),t > 0, is said to be a weak solution of Eq. (4.0.1), if
(1a) u(t) is F-adapted,

(1b) u(t) € I*(=00,T; V) N L*(Q; C(—00, T; H)),

(Ic) The following equation holds as an identity in V'

u(t) = $(0) — v f Au(s)ds - f B(u(s))ds + f (f(s) + gi(s.u) ds + f &5, u)dW(s), t€[0,T].
0 0 0 0
M(t):¢([), tE(—O0,0]

The following lemma (see Sritharan and Sundar [153]) is essential to prove the uniqueness of
solution.

Lemma 4.1.3. There exist a A > 0 such that for any u,v € V,
~2(B(u) — BW), uu — v) — v(A(u — v), u — v) < A|[Fu — v

Denote by

2
i v

Ay = inf % >0
vev\(o} ||
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4.2 Existence and uniqueness of solutions

In this section, we establish existence and uniqueness of weak solution for Eq.(4.0.1). We begin with
the uniqueness.

Lemma 4.2.1. Assume that (g1) — (g3) hold true. Then, for ¢ € I*’(-=0,0;V) N L*(Q; BCL_..(H)),
such that E[sup_, < lp(s)|*] < oo, there exists at most one weak solution to (4.0.1).

Proof. Let u(t) and v(¢) be two solutions to (4.0.1) with the same initial value u(s) = v(s) = ¢(s), s <
0. Let N > 1 be any fixed integer and

!
Ty = inf {t <T: f v(s)ids > N}.
0

Without loss of generality we may assume that £ fOT v(s)lids < co. Actually, this is a direct conse-

quence of Lemma 4.2.4. Set
t
r(f) 1= exp (—/1 f |v(s)|jds),
0

where A > 0 is the one in Lemma 4.1.3. Hence,
r(t A Ty) = exp(—AN).
Applying 1td formula to the function r(f)|u(t) — v(t)]>, we have that

t

rOl(®) = V(o) = -2 fo rLu(s) = v(s)Pds
ez [ ' H(5) u(s) — ¥(s), ~vA(u(s) — ¥(s)) — Blu(s)) + BO-) ds
ez [ ' H(5) u(5) =~ W(5) 1 (5,10) = 15, v)
ez [ ' H(5) u(s) — ¥(5). 8205 ) — (s, Vo) W)

+f r(s)lga(s, us) — ga(s, v,)Pds.
0

Thanks to Lemma 4.1.3, taking the supremum (w.r.t. 7) and then taking expectation.

+ vEf " r(s)||u(s) — v(s)llzds
0

E[ sup  FDlu(h) — v(D)P

O<I<tATN

[
<2E Oiup | f r(S)(u(S)—V(S),gl(s,us)—gl(s,vs))dsl]
<ISIATN 0
Y
+2FE [O iup | f r(S)(u(S)—V(S),gz(s,us)—gz(s,vs))dW(S)l]
<ISIATN 0
[
+E| sup f r(s)|g2(s, us)—gz(s,vs)lzdS].
O<I<tATy JO




4.2. EXISTENCE AND UNIQUENESS OF SOLUTIONS 79

The first term on the left-hand side of the above inequality can be bounded by

[
2E [ sup | f r(S)(u(S)—V(S),gl(s,us)—gl(s,vs))dSI]
0

O<I<tATN

< %E[ sup  r(D)lu(l) — v(D)I?

O<I<tATN

!
+ 4L§l f Er(s A tiy)lu(s A ty) — v(s A Ty)ds.
0

On the other hand, Burkholder-Davis-Gundy’s inequality yields

!
2E [ sup | f r(S)(u(S)—V(S),gz(s,us)—gz(s,vs))dW(S)I]
0

O<I<tATN

<8E { sup r'2(Dlu(l) - v(D)| - [ f r(s)|ga(s, us) — ga(s, vs)liodS]”z}
0 2

O<I<tATN

< 1E[ sup  r(Dlu(l) — v(DI] + 64L2) f Er(s ATp)lu(s A ty) — v(s A Ty)ds.
0

4 O<I<tATy

And

[ t
E [ sup f r(5)|ga(s, us) — ga(s, vy)Pds| < L§2 f Er(s ATy)lu(s A Ty) — v(s A Ty)*ds.
0 0

O<I<tATN

From the previous inequalities we have

!
E[sup |u(s A Ty) — v(s A Ty)*] + 2VE f r(s Aty)llu(s A ty) — v(s A Tyl Pds
0

0<s<t

!
< (BL;, +130L; )™ f E sup |u(t ATy) —v(t ATy)ds.
0

0<7<s

By the Gronwall Lemma,

E[sup |u(s A ty) —v(s A ty)*]1 = 0.

0<s<t

Thus for any fixed N > 1,
uit Aty) =v(t Aty), a.e., weQ.

By Markov’s inequality,

_E INEOHE

Pty <T) = P(f |v(s)|3ds > N) < —,
0 N

since E fot |v(s)|ids < oo, we obtain that 7y — T as N — oo. Consequently, u(t) = v(¢), a.e., w € €,
for all < T. The proof is completed.
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Remark 4.2.2. In above proof, we used Markov’s inequality, and that is why we need the fourth
moment of solutions be finite, see [ 4] ] for more details about Markov’s inequality.

O

Let 0 < T < oo and thus T = oo means [0,7] = [0,0). Let {Wj};il C D(A) be a complete
orthonormal basis in L?(0Q). Now we use the Galerkin approximation method to prove the existence
of weak solutions to Eq. (4.0.1). Set

Un(1) = Z @ (OW),
j=1
where @, ;(?) are determined by the following ordinary differential stochastic systems:

(un(1), w)) = (uOn’Wj)+f(_VAun(S) + PyB(un(5)) + P f(s), w))ds
0

! !
+ f(Pngl(s’ uns), Wj)ds + f(PngZ(s’ uns)dW(s)7 Wj)’ ] =12,---,n,
0 0

with an initial value u,(t) = P,¢(t), t € (—o0, 0], where ugp, = u,(0) = P,¢(0) = > (uo, wj)w;.
=1
Consider the next stochastic equation

un(t) = Upp T f (—VAM,,(S) + B(un(s)) + Pnf(S))dS + f Pngl(s’ uns)ds + f PngZ(Sa uns)dW(s)
0 0 0
up(t) = Pp(t), 1 € (=00, 0],
where ug, = u,(0) = P,¢(0).

Lemma 4.2.3. Assume that (g,) — (g3) hold and Efot |f(s)|*ds < oco. Then, for ¢ € I*(=o0,0; V) N
L*(Q; BCL_(H)) such that E[ sup |¢(s)[*] < oo, there exists a constant co > 0 such that

—00<5<0

!
E[sup |u,(s)*] + f Ellu,(s)|*ds < ¢y, uniformlyinn > 1.

0<s<t 0

Proof. Use Itd’s formula for |u,(¢),

(DO = |Puuol* +2 f (=vAu,(s) — B(u,(5)), u,(s))ds + 2 f (f(s) + 81(S, Uny), tn(5))ds
0 0 4.2.1)

+2 f (gZ(S’ uns)’ Ltn(S))dW(S) + f |82(S, uns)lzds-
0 0
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Note that (u,(?), —B(u,())) = 0. Taking supremum w.r.t ¢ in (4.2.1) and expectation, we obtain

t
E[sup |un(s)|2]+2Vf Ellu,(s)Ids
0<s<t 0

< Elugl® + 2E[sup | |un()Ilf(s)lds] + 2E[ sup f |t ()18 1 (5, tns)lels]

0<7<t JO o<t

+2E[sup | | (un(5), 825, n))dW ()] + E[ sup f 182(5, upy)ds]

o<t 0 0<T<t

= Elul +J, + o+ J5 + Ja.

Ji = 2E[sup Tlun(S)IIf(S)IdSKIE[SUP Iun(T)Iz]dT+Ef |f(s)Ids.
0 0

0<7<t JO 0<7<s

Jo = 2E[sup f |t ()IIg1 (s, un)lds] < 4 E[sup lu, ()] +4L; f E[sup |u,(1)’1ds +4L; E[ sup |p(s)['].

O<7<t 0<s<t 0<7<s —00<s<0

By Burkholder-Davis-Gundy’s inequality,

J3 =2E[sup | | (uu(s), g2(s, uns))dW(s)|]

0<r<t 0

< 8E[( f |t ()P |g2(s, tns)Pds) %]
0

1 !
< zElsup Jun($)*] + 64L;, f E[sup |u,(v)]*1ds + 64L. E[ sup |p(s)'].
0

0<s<t 0<7<s —00<s<0

T !
Jy=E[sup | | lga(s, uns)’ds] < L, f E[sup |u,(0))ds + L} E[ sup |p(s)['].
0

O<r<t 0 0<7<s —00<s<0

1 t
SE[sup |u,(s)] +2Vf Ellu,(s)|*ds
0

2 O<s<t
! !
< Elug)* +E f |f(s)Pds + (A4L2 + 65L; )E[ sup |¢(s)|*] + (1 +4L; +65L2) f E[sup |u,(7)]*1ds.
0 —00<s<0 0 0<7<s
Then the conclusion follows directly from the Gronwall Lemma. O

Lemma 4.2.4. Assume that (g,) — (g3) hold and Efot [f(s)[*ds < oco. Then, for ¢ € I*(—0,0;V) N
L*(Q; BCL_o(H)) such that E[sup_,_,, |¢(s)|*] < oo, there exists a 6 > 0, which is independent of n
and will be specified later, such that E fot lun(s)l5ds < 6.
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Proof. Applying the 1td formula to |u,(¢)|*,

(O = |Pyito|* + 4 fot | () (s (), =vAU(S) = Butn(5)))ds + 4 fot ()P (f(5) + 108, tns), tn(8))ds
+4 fo t |1 () (14 (5), 825, tns))AW(s) + 6 fo t ()P 1825, thns )y .

Taking supremum and expectation,

E[SUP |, ()| + 4VE [ f |un(s)|2||u,,(s)||2ds]
0

0<r<t

< Elugl* + 2E +2E | sup f ()P (LG, |l + Iun(s)lz)ds]
0

0<T<t

Supfo un($)PASP + lun()P)ds

0<r<t

T

sup | ()P (un(5), 82(5, tns))AW (5)

0<7<t JO

= E|M0|4+11 + L+ 1+ 1.

T

2 2 2
+ 6Lg2E[sup [e4,($)]” 1t ds]

0<7<t JO

+4F

Now we estimate [;, i = 1,2, 3,4, one by one.

Iy = ZE[SUP Tlun(S)Iz(lflz + Iun(S)Iz)dS] < 3f E[ sup |u,(0)[*)ds + Ef [f(s)l*ds.
0 0

0<7<t JO 0<7<s

I = 2E[Sup f Jun ()Ll + Iun(S)Iz)dS] <2(1+ L;Jf E[ sup |u,()*lds + L; E[ sup |p(s)[*].
0 0

o<r<t 0<7<s —00<5<0

Using Burkholder-Davis-Gundy’s inequality,

1 !
I; < ZE[sup |u,(7)[*] + 256L;, f E[ sup |u,(7)[*ds + 256L E[ sup |¢(s)[].
0

2 o<7<t 0<7<s —00<s<0

!
I, <6L;, f E[sup |u,(0)[*lds + 6L, E[ sup |¢(s)[*].
0

0<7<s —00<s<0

Consequently,

1
_E[Sup |I/t,,(T)|4

2 0<r<t

+ 4vE [f Iun(s)lzllu(s)llzds] <cp+ cgf E[ sup Iun(T)|4]ds.
0 0

0<7<s

By the Gronwall Lemma, there exists a Cy > 0 such that

< Co.

+8vE [f lun(5)Pllue(s)] dls
0

E [Sup ()|

0<r<t
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From inequality A.1.1, we obtain that
it ($)la < 274 ()]t ()] /2

Thus, there exists a constant 6 = % such that

! 1 !
Ef lu, (5)]5ds < EEf |t ()|t ()P ds < 6.
0 0

The proof is completed. O

Under more suitable assumption, we can prove the existence and uniqueness of solutions of our
problem. There is a positive constant A (the same as the one in Lemma 4.1.3) such that for all
u,v € L*(—oc0, T; V) and for all ¢ € [0, T], it holds

f 18205, us) — ga(s,vy)Pds — v f llu(s) — v(s)lI*ds
0 0
<A f v(s)[3lu(s) — v(s)|* + 2 f (B(u) — B(v), u(s) — v(s))ds (4.2.2)
0 0

+ vf (Au(s) — Av(s), u(s) — v(s))ds — 2 f (g1(s, ug) — g1(s,vy), u(s) — v(s))ds.
0 0

We have the next Theorem:

Theorem 4.2.5. Assume that (g1) — (g3) and (4.2.2) and E fot [f(s)[*ds < oo hold. Then, for ¢ €
I*(=00,0; V) N LA(Q; BCL_o(H)) such that E[sup_,_. |¢p(s)I*] < oo, there exists a unique solution u
to

u(t) = ¢(0) — v f Au(s)ds — f B(u(s))ds + f (F(s) + g1(s, uy)) ds + f 22(s, u)dW(s),
0 0 0 0
I/l(t) = ¢(t)7 re (—OO, 0],

where the equation holds as an identity in V' almost surely for every t € [0, T].

(4.2.3)

Proof. By Lemma 4.2.3-4.2.4, we obtain that the subsequence u,(7) (relabeled the same) converges
weakly to u(t) € L*(Q; L*(0,T; H)) N L*(Q x [0, T]; V) N LYQ x [0, T]; L*(O)). Moreover,

—vAu, — B(u,) — x weakly in L*(Q x [0, T1; V'),
g1(t,uy) = ¢ weakly in LX(Q x [0, T]; H),
g2(t, ) — o weakly in L>(Q x [0, T1; H).

We use the absolutely continuous function ¢ on [0, 7] with ¢, € L*0,T) and ¢(T) = 0 defined as
follows

1 0<s<t—7,
_ )1 1 1
QDk(S)— §+k(t—S) t—ﬁ<S<t+ﬁ,
0 t+ﬁ<s<T.
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Apply It6 formula to function (u,(s), £)¢i(s), & € H)(O), to get

f+ 57 T
0 = (uno, ) (0) — kf 1 (un(5), E)ds + j; (=vAu,(s) — B(un(s)), E)pi(s)ds

T T T
+f0 (gl(s,uns),f)sok(S)dS+f0 (gz(s,uns),f)sok(S)dW(S)+fo (f(9), Oer(s)ds.

Let kK — oo in above inequality, we have
T
(un(1), &) = (ttno, &) + fo (=vAu,(s) — Bun(s)), §)ds

T T T
+f0 (g1(s,uns),§)dS+f0 (gz(s,uns),f)dW(SHfo (f(9),&)ds.

Take n — oo,
u(t) = up + f (x(5) + f(s) + O)ds + f odW(s).
0 0

Define p(r) = fot lz(s)l3ds, z € L*(Q % [0,T]; L*(0)) and z(s) = ¢(s),s < 0. Using [td formula to
exp(—Ap())|u(t)[> and exp(—Ap(1))|u,(t)|?, respectively.

Ee™*Olu()] = Eluy) — E f Ae™¥Oz(9)3lu(s)Pds + 2E f eI (s) + F(5) + £, u(s))ds
0 0

!
+Efe_”p(s)|0'|2ds,
0

and

!
Ee¥Olu, ()P = Eluyof — E f Ae Oz (s)ilun () ds
0
!
+ 2Ef e (—vAu,(s) — B(uy(s)) + f(5), un(s))ds
0
!
+mffWQw%ammm
0

!
+E f e gy(s, uys)ds.
0

Define «,, 8, and vy, as follows
! !
a, = -E f Ae™PDNz($) 3 (s) — z(s)*ds + 2E f e YO (—vAU,(5) — B(uy(s)), u,(s) — 2(5))ds
0 0
! !
—2F f e ¥ (—vAz — B(2), u,(s) — 2(s))ds + 2E f e YO (g1(s, tns) — 81(5,25), Un(5) — 2(5))ds
0 0

A
L E f PO gy (s, thns) — g2(5, 2,)ds.
0
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Bn=~-E f AP (9)glun(s)ds + 2E f e O (—vAu,(5) = Bluy(5)), un(s))ds
0 0

f !
+2Efe_/lp(S)(gl(S’Mns)’un(s))ds+Efe_/lp(S)ng(s’uns)|2ds-
0 0

Yn=-E fo t A2z = 2(un(s), 2(5)))ds
+2F fo O (—vAu,(s) = Buy(s)), —2(s))ds
- 2E j; l e O (—vAz = B(2(5)) + 81(5, 2,), n(8) = 2(5))ds
+2E f; (g1 (s, Uny), ~2(5))ds + E fo o (825, 25) = 282(5, tns), 82(5, 25))ds.

Obviously,
a, = ﬁn + Va-
By Lemma 4.1.3 and (4.2.2), we have a,, < 0.

0 > lim inf «,

n—o00

> -FE f Ae™¥O7(s)3lu(s) — z(s)*ds + 2E f ey, u(s) — z(s))ds

0

_ 2Ef YO (—vAz — B(2), u(s) — z(s))ds + ZEf eOL = g1(5,20), u(s) — 2(5))ds
0

0

f
+ Ef e V\o — go(s, z,)ds.
0

Take z(#) = u(¢) in above inequality, it follows that o = g,(t, u,), t € [0, T'], where we use the fact that
e~ is bounded for ¢ € [0, 1]. On the other hand, notice that

B = EeOlu, (0 = Elu, (0) — 2Ef e[ (s), un(5))ds.

0

lim inf B8, > Ee ¥ Olu(t)]* — Elu(0)* — 2E f e PO (F(s), u(s))ds
0

n—oo

=-E f Ae™¥O|7(8)|3lu(s)*ds + 2E f e YOy + £, u(s))ds

0

!
+Ef e 9| gy (s, uy)|ds.
0
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lim inf y, > -E f Ae™¥O7()3(1z2()* = 2(u(s), 2(s)))ds + 2E f e (y, —z(s))ds
0 0

n—oo

-2E f e (—vAz — B(z), u(s) — z(s))ds — 2E f e (g (s, z,), u(s) — z(s))ds
0 0

+2F f eI, ~z(s))ds + E f e (gy(s,25) — 282(5, Uy), 82(5, 75))dss.
0 0

0 > lim inf @, > lim inf B, + lim inf vy,

n—oo n—oo
t

>-FE f Ae™¥O7(9)3lu(s) — z(s)*ds + 2E f e POy + £, u(s) — z(s))ds
0 0

-2E f e (—vAz — B(z), u(s) — z(s))ds — 2E f e (g (s, z,), u(s) — z(s))ds
0 0

!
L E f e POgy(5, 25) — ga(s, uy)ds.
0

Thus

!
0<E f e W)ga(s, z5) — gals, uy)Pds
0

<2E f e Y (—vAz — B(2) + g1(s, z,), u(s) — z2(s))ds — 2E f eIy + &, u(s) — z(s))ds
0 0

!
Y f PO )Hu(s) — 2(s)Pds.
0

For any fixed v € C;’(0). Set z(¢) = u(t) — 6v.
!
0<2E f e PO (—vA®u — 6v) — B(u — 0v) + g1(s, u; — 6v), v)ds
0

t f
- 2E f e YOy + £, v)ds + OAE f e~ \(s)HvI*ds.
0 0

Let 8 — 0, we obtain
!
E f (v + ¢+ vAu(s) + B(u(s)) — g1(s, uy),v)ds = 0.
0
Since v is any, and Cg°(0) = H(O).

f (=vAu(s) — B(u(s)) + g1(s, uy))ds = f()( +0)ds.
0 0

Hence,

u(t) = uy — f (vAu(s) + B(u(s)))ds + f f(s)ds + f g1(s,uy)ds + f 22(s,ug)dW(s), a.e. w € Q.
0 0 0 0

Therefore, there exists a unique weak solution to (4.0.1) on [0,7]. This completes the proof of the
theorem. O
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Corollary 4.2.6. Assume that (g1) — (g3) hold, E[ sup |f(s)|*] < oo, and

—00<s<0
2
vaAy > 2L + L,.

Then for every ¢ € I*(—00,0; V) N L*(Q; BCL_o(H)) such that E[ sup |p(s)|*] < oo, there exists a

—o00<s<0
unique solution u to (4.2.3).

Proof. It is not difficult to verify that the assumption vA; > 2L, + ng is sufficient to obtain (4.2.2).
Therefore, the proof is finished by Theorem 4.2.5. O

4.3 Asymptotic behavior of solutions

In this section we analyze the long time behavior of solutions in a neighborhood of a stationary
solution to (4.0.1). First, we state a general result ensuring the existence and uniqueness of stationary
solutions. Then, we show two methods to study the stability properties: the Lyapunov function
as well as the construction of Lyapunov functionals. Both cases will be related to the unbounded
variable delay case. We also would like to point out that, although we will provide some sufficient
condition ensuring the asymptotic stability of stationary solutions, to prove that this stability is indeed
exponential remains as an open problem in general in the unbounded variable delay case. Nevertheless
we will be able to prove polynomial asymptotic stability in some particular cases which have some
relevance in applications.

4.3.1 Existence and uniqueness of stationary solutions

For convenience, we consider our model in an abstract formulation as

d AW
d—bt‘ +VAU+ B = [+ g1t ) + ga(tu) 4.3.1)

with f(t) = f € V’. A stationary solution u* to (6.2.1) must satisfy

(VAu" + B(u*) — f — g1(t,u")t = f g (s, u”)dW(s), Yt >0, 4.3.2)
0

and, according to [37, Remark 3.1], this means that #* must be a stationary solution of the determin-
istic equation, in other words
VAuU" + Bu*) = f + g1(t,u"), (4.3.3)

which is an equality in V’ and is a deterministic case of equation (4.3.2).

Thus, to discuss the stability of weak solutions to stochastic (4.3.1), we first need to consider the
existence of stationary solutions to equation (4.3.3).

To carry out our analysis, for any u € H we denote by # the function defined in (—o0,0] by
i(0) = u, for all 8 < 0, and we assume that the forcing term g, g, satisfy that

gi(t,i) = Gi(u), i =1,2,forall u € H,
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where G; : R? — R?, i = 1,2 are functions satisfying
G1(0)=0, 4.3.4)
and that there exists M; > 0, i = 1, 2 for which
IGi(u) — Gi(V)lz2 < Miu — v]ge, Yu,v € R?, i =1,2, (4.3.5)

and by G;(u) we denote the element in H defined by G;(u)(x) = G;(u(x)) for all x € O.
Then equation (4.3.2) and equation (4.3.3) can be rewritten respectively as

VAU + Bu") - f - G(u") = Gz(u*)WT(t), vVt > 0, (4.3.6)

and
vAu" + B(u*) = f + G(u"). 4.3.7)

Remark 4.3.1. As it is pointed out in [57, Remark 3.1], any stationary solution, for instance u”,
to (4.3.6) is also a stationary solution to equation (4.3.7) , but it is possible that equation (4.3.7)
possesses more than one stationary solution, for example u;, and u; # u*. However, if we assume
that equation (4.3.7) has a unique stationary solution u,, then u, = u*, and in this case it must hold
G,(u*) = 0 since (4.3.6) must hold for all t > 0.

From now on, we always suppose that the stochastic equation (4.3.1) has a time-independent
solution u.,, which satisfies equation (4.3.6) . Actually, this can happen when we take g, in such a
way that g, vanishes at a stationary point, for instance, g>(t,u) = G,(u — u,). See [37, Remark 4.3]
for more details.

Theorem 4.3.2. Suppose that G, satisfies conditions (4.3.4)-(4.3.5) and v > /ll‘lM 1. Then,
(a) forall f € V' there exists at least one stationary solution to (4.3.1);
(b) if f € (L*(O))?, the stationary solutions belong to D(A);
(c) if (v — /lIIMl )2 > (2/11)‘% ILf |+, then the stationary solution to (4.3.1) is unique.
Proof. By a similar method as that of [37, Theorem 4.1, p. 1087], the theorem can be proved. We

omit it here. O

4.3.2 Local stability: A direct approach

In this subsection, we prove the local stability of stationary solution by a straightforward way. Sup-
pose that p € C!([0, +0)), p(t) > 0 for all ¢ > 0 and p, = supp’(f) < 1.

=0
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Theorem 4.3.3. Let gi(t,u,) = Gi(u(t — p(1))),i = 1,2, satisfying (4.3.4)-(4.3.5). Assume that there

1
exists constant ¢, > 0, depending only on O, such that if f € (L*>(O))* and v > /lflMl + (2/11)‘%||f||§
satisfies in addition
(2 —p )M, + M5 cilfl

+ .
A4(1=p.) (v — A7 M)
Then there exists a unique stationary solution u.,, € D(A) of (4.3.7), and for all $ € BCL_(H) N
L*((—00,0); H), the corresponding solution u of (4.0.1) with f(t) = f satisfies

2v > (4.3.8)

) , M+ Mg 0 5
Elu(t) — us|” < Elug — uoo|” + ﬁ f E[|o(s) — us|“1ds. (4.3.9)
—P* —00

Proof. Consider u the solution of (4.0.1) for f(¢) = f, and let u,, € D(A) be a stationary solution to
(4.3.1). Apply It6 formula to function |u(f) — u.|?,

u(t) — uool® = luo — usol* +2 f (—VA(u = Uos) = B(ut) + B(uto), U — tteo)ds
0
+2 f (G1(u(s — p(s))) — G1(Ueo), U — U )d S (4.3.10)
0

+2 f (G2(uls — p(9))) — Ga(Ueo), u — U )dW () + f G (u(s — p(s)))[;ods
0 0 2

Take expectation,

t

Elu(t) — usl* = Elup — uc|* = 2v f E[llu — us|*1ds — 2 f E(B(u) — B(uo), 1t — Ueo)ds
0 0 (4.3.11)

+2 [ BGiuts = p(o)) = G = uedds + | EIGatuts = pls)fyds.
0 0 2

2(B() — Bttes), st — thes) = 25(1 — tooy thoos U — thos) < —=ltt = ttoo|Pllit ]l

VA4,

Since,

VAU, + B(us) = f+ G1(Us),

/1 .
VA (v = A7 M)

ool <
On the other hand,
f
2f E(G(u(s = p(5)) = G1(Uoo), U — Ueo)ds
0

Q-pIM, (" 5 M, fo 5
S ——— | Elllu—usll"1ds + E[ sup |p(s) — u|“1ds.
/11(1 _p*) 0 (1 _p*) —co —oo<E)<0 ¢




90 CHAPTER 4. STOCHASTIC NAVIER-STOKES EQUATION WITH INFINITE DELAY

By (4.3.2), we have

t MZ t M2 t
f E|Gy(u(s = p())ods < ———— f Elllu - u|lds + —2 f E[ sup |¢(s) — ucl}ds.
0 2 (1 =p.) Jo 0+) Jo

(1 - —00<s<0

Hence,

2-p)M M3
Elu(t) — uo|* < Elug — uoo|* + (—2)/ + alfl 2 = pIM, + 2 )

+
VL -A7'My) A -p) 4l -p)
! 2 M1 + M% 0 5
f Elllu — usol*1ds + —f E[ sup |p(s) — ul"1ds.
0 (1 _,0*) —oc0 —00<s<0

Therefore, by (4.3.8) we have

) , M+ M 5
Elu(t) = ol < Elitg = tto* + ———2E[I(5) = ttsls o, g1
(1 -p.) ”
The proof is completed. O

Remark 4.3.4. In order to obtain that the weak solution to Eq.(4.3.1) converges exponentially to
Uy and thus u., is exponentially stable in the mean square by this technique, we need that p(t) be

bounded. See [120] for details.

4.3.3 Stability via the construction of Lyapunov functionals

In this subsection, we first show the asymptotic stability of the trivial solution by constructing suitable
Lyapunov functionals of the following class of nonlinear stochastic partial differential equations, and
later we will apply these abstract results to our Navier-Stokes model. See [149] for more details.

Let us consider the following problem

du(t) = (A(t, u(t)) + f(t,u,))dt + g(t,u,)dW(t), te][0,T],
u(t) = ¢(1), 1€ (—0,0],
where A(z,-) : V — V' with (A(t,u),u) < 0, forallv € V, f(t,:) : BCL_.(H) — H and g(¢,-) :

BCL_.(H) — L(K, H) satisty the following Lipschitz conditions: there exist L, L, such that for all
t>0andall é,n € BCL_(H),

|f (@& — f@&m| < Lell§ = nllser_.cns
lg(2, &) — g(t, M| < Lgll¢ — nllser -
The existence and uniqueness of solution to (4.3.12) can be proved by a similar process as we did in

Section 3. For a fixed T > 0, given an initial value ¢ € I>(—c0,0; V) N L*(Q; BCL_.,(H)), a solution
to (4.3.12) is a process u(-) € I*(—co, T; V) N L*(Q; C(—o0, T; H)) such that

(4.3.12)

(4.3.13)

u(t) = ¢(0) + f A(s, u(s))ds + f f(s,uz)ds + f g, ug)dW(s), te€[0,T], P—a.s.
0 0 0
u(t) = ¢(t), t € (—c0,0],

(4.3.14)
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where the first equality is defined in V”.

From now on, we are interested in the longtime behavior of the solutions to (4.3.12). To this
end, we need the It6 formula for the solutions of (4.3.14). We define an associate operator L which
is usually called the “generator” of equation (4.3.14). To deal with the stochastic differential of
the process o (t) = v(t,u(t)), where u(t) is a solution of equation (4.3.12), and the function v(z, u) :
[0,00) X V — R, has continuous partial derivatives

ov(t, u)
or °

, ov(t,u ., o*v(t,u
v,(t,u) = éu ), v, (t,u) = a(uz ),

vi(t,u) =

the It6 formula for o(¢) reads
do(t) = Lv(t, u(t))dt + (v, (t,u(1)), g(t, u,)dW(t)),

where the generator L is defined in the following way

1
Lv(t,u(t)) = vi(t,u(®)) + v, (t,u(®)), At, u) + f(t, u)) + ETr[v;’u(t, u(?)g(t, u,)Q0g"(t, uy)).

The generator L can be applied also for some functionals V(z,¢) : [0,00) X H — R,. Notice that,
although we are using the same letter V to denote the functionals and the Hilbert space, no confusion
is possible. Suppose that a functional V(¢, ¢) can be represented in the form V(z, ¢) = V(¢, ¢(0), ¢(6)),
0 < 0 and for ¢ = u,, which is defined as ¢(0) = u(t + 6) put

Ve(t,u) = V(t, @) = V(t,u,p(6)), <0,

4.3.15
u = (0) = u(n. (+315)

Denote by D be the set of functionals for which the function V,(z, u), defined by (4.3.15), has a
continuous derivative with respect to # and two continuous derivatives with respect to u#. For function-
als from D, the generator L of the equation (4.3.12) has the from

1
LV(t,ur) = Vo (8, u(®0) + (Vi (1, (D), At w(0) + (8 u)) + STr[vy (1, u()g(t u) Qg™ (1, u)].

For functionals from D, the Itd formula implies
!
E[V(t,u)—V(s,u,)] = f ELV(r,u.)dr, t>s. (4.3.16)

Next proposition is a generalization of Theorem 2.1 in [149, p. 34] to an infinite dimensional
framework. More precisely, Theorem 2.1 in [149] was stated and proved for stochastic ordinary dif-
ferential equations with finite delays while we will prove it for stochastic partial differential equations
with unbounded delays.
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Proposition 4.3.5. Let V(t,u,) be a continuous functional such that for any solution u(t) of problem
(4.3.12) with p > 2, the following inequalities hold:

EV(t,u,) >y Elu(t)|’, VYt >0,
EV(0,9) < y2llgllf,

E[V(t,u) = V(0,9)] < —%f Elu(s)I"ds, 1> 0,
0

where ||g|I! := sup Elp(0)|P. Then the trivial solution of (4.3.12) is asymptotically p-stable (i.e. asymp-
6<0

totically stable in the pth-moment).

Proof. For simplicity, we only prove the case when p = 2, although the proof for p # 2 can be
obtained in a similar way. By the assumption, we know that for any ¢ € BCL_.,(H),

VE@) < EV(t,u) < EV(0,¢) < 72llgll} = 2 sup Elp(9), (4.3.17)

6<0

which implies that the trivial solution is stable.
Notice that, by (4.3.17), we have

sup Elu(nf* < %uqsn? (4.3.18)
1

20

On the other hand, it follows from the condition of this proposition, we find
« 1
f Elu(s)*ds < —EV(0,¢) < ﬁ||¢||§ < oo, (4.3.19)
0 V3 ¥3

Applying the generator L to function |u(¢)|* and using (4.3.13), we obtain

ELIu(0F = 2Eu(t), A(t, u(t) + f(t,u) + Elgct, u)f
< 2E(u(t), f(t, ) + Elga(t,ur)?
< Elu@ + (L7 + L)Elulger )
= Elu(t)]* + (L} + L})E sup Ju(t + )]
0<0 (4.3.20)
< Elu(t) + (L + L)E sup u(t + OF + (L} + L)E sup u(t + 0F
< Elu()P + (L} + LYIBIT + (L} + LY) sup Elu(n)]

< Y4,

where vy, is a positive constant. Since from (4.3.16),

E[V(t,u,) — V(s,uy)] = f ELV(r,u,)dr.
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By (4.3.20), we have for any ¢, > #; > 0,

|Elu(t)l? = Elu(t)P| < ya(t, = 11),

that is to say the function E|u(f)|* is Lipschitz, from which and (4.3.18)-(4.3.19), we obtain that
hm E|u(t)|* = 0.Therefore, the proof is finished. O

Theorem 4.3.6. Assume that the forcing terms g;(t, u;) are given by g;(t,u;) = G;(u(t — p(1))),i = 1,2,
and satisfy (4.3.4)-(4.3.5). Let f = 0 and
(2 - p )M, + M

(1= p.)

Then, there exists a unique stationary solution u., = 0 to (4.3.7), and any weak solution u(t) to (4.3.1)
converges to zero in mean square. In other words, zero is asymptotically mean-square stable.

Proof. We prove this theorem by constructing a Lyapunov functional following the general method
of construction described in [40]. Setting

Vit u) = lu()l?,

then
LVi(t,u;) = 2(=vAu(t) — Bu(?) + G (u(t — p(1))), u(1)) + |G (u(t — p()))I*

< =20l + 2(G1(u(t — p(t))), u(t)) + |G2(u(t — p()))F

< (=2vA7" + M) + (M + M)u(t — p(t))I.
Let

2 t
Vo(t, uy) = M+ My f u(s)I*ds,
L=ps Jipy

so we have

M, + M% 2 2 2
LVy(t,u;) < l—lu(t)l — (M + M5)|u(t — p(@))|".

*

My+M3

Thanks to the above inequalities and the fact that 2v > A;'M; + T We obtain that there exists a

positive constant y, such that the Lyapunov functional V(t u,) defined by V(¢ u,) + V,(¢, u,) fulfills

—~1 M, + Mg 2 2
LVt u) = LVt u) + Valt, u)) < (=2vA7 + My + ——)u@®)” < —yu(@®)” <0
_p*

Therefore, the functional V(t,u,) = Vi(t,u,) + Vo(t,u,) = |u(t)) + Aﬁljpﬂjg ftip(t) lu(s)|>ds satisfies the

conditions in Proposition 4.3.5, thus the trivial solution of (4.3.7) is asymptotically mean-square
stable, which also means that the stationary solution to (4.3.7) is unique. O
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4.4 Polynomial stability for special case

In this subsection, we will prove the polynomial stability and convergence of solution when the un-
bounded variable delay term is specially taken as p(#) = (1 — )t with0 < A < 1.

To do this, we need to introduce the following stochastic pantograph equation and some technical
lemmas that are needed later. But these lemmas have been presented in Chapter 3, we omit them here.

Theorem 4.4.1. Consider (4.0.1) with f = 0, gi(t,u;) = Lg u(qt), g:(t,u;) = Lg,u(gt) with0 < g < 1
and 2A,v > 2|L, | + Lﬁz, then there exists unique trivial solution u = 0 of (4.0.1), and all the solutions
of (4.0.1) converges to zero polynomially, namely, there exist C > 0 and u < 0 such that

Elu(®)* < CE[u(0)*(1 + ¢y, forallt>0 4.4.1)
where i satisfies |Lg,| = 2vA; + (ILg, | + L )g" = 0.

Proof. Let f = 0. Applying It6 formula to |u(f)|>, using a similar process as it did in Theorem 4.1 in
[1], we obtain
t+h

t+h
Ellu(t + h)"] = E[lu(t)’] < (-=2vA; +|Ly, DE f lu(s)Pds + (L, | + L} )E f lu(gs)|*ds.

Denote by v(¢) = Elu(?),
V(1) < (224 + [Lg, Dv(®) + (Lg, | + Lﬁz)w(qt). (4.4.2)
By Lemma 3.4.1-3.4.2, there exist C = C(Lg,, L,,, A;,v) > 0 and € R such that
v(t) < Cv(0)(1 + 1),
Since —24;v + 2|Lg,| + L;, < 0, it holds that u < 0, and
Elu(n)l* < CElu(0)(1 + .
Then the polynomial decay of solutions follows directly. O

Remark 4.4.2. (i) Inthis special case, gi(t,u;) = Lou(qt), i = 1,2 with0 < g < 1l and f = 0.
As long as we have 24,v > 2|L,, |+L§2, then we can prove that the solution converges polynomially
to zero. In this sense, this result improves the stability results we established previously.

(ii) In fact, our result can be extended to more general case, namely, if the delay term g(t, ¢) is defined as
g(t, ) = G(d(—(1 — 1)), with G satisfying a Lipschitz condition with Lipschitz constant L,.

As one of the most important Newtonian fluids, both the deterministic and the stochastic Navier-
Stokes equations with unbounded delay have been discussed in this Part II. We obtained the polyno-
mial stability of stationary solution in some special case, but the exponential stability, in general, is
still an open problem as well as the existence of attractor in this case. However, at the same time,
another type of fluids are also worth analyzing, namely, the so-called non-Newtonian fluids. Actually,
many fluid materials, such as molten plastics, synthetic fibers, paints and greases, polymer solutions,
suspensions, adhesives, dyes, varnishes, and biological fluids like blood etc., their flow behavior can-
not be characterized by Newtonian relationships in the real world, these fluids belong to the class of
non-Newtonian ones. Therefore Part III will be devoted to studying the asymptotic behavior of some
non-Newtonian fluids with finite delay.
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As it is well known, the Navier-Stokes model of fluid restricts the linear relation between the
stress tensor and the velocity gradient (see [ 143, ]). Fluids satisfying such constitutive relation-
ship are called Newtonian fluids, e.g. air, gases, water, motor oil, alcohols, and simply hydrocarbon
compounds. However, for many fluid materials, such as molten plastics, synthetic fibers, paints and
greases, polymer solutions, suspensions, adhesives, dyes, varnishes, and biological fluids like blood
etc., their flow behavior cannot be characterized by Newtonian relationships in the real world. By
weaken the constraints of the Stokes hypothesis, the mathematical theory of viscous non-Newtonian
fluids generalizes the usual Stokes model in three important aspects: nonlinear constitutive relations
between the viscous part of the stress tensor and velocity gradients, dependence of the viscous stress
tensor on velocity gradients of order two or higher, and constitutive relations for higher order stress
tensors which must be present in the balance of energy equations as soon as higher order velocity
gradients are considered into the theory [15, 84].

Actually, non-Newtonian fluids models have many application in medicine, chemical engineering
and environmental protection. In medicine, for example, human blood belongs to non-Newtonian
fluid, understanding non-Newtonian viscous features and hemodynamics of blood is not only benefi-
cial for blood observation and control, but also help for cardiovascular disease diagnose and treatment,
and because artherosclerosis arising in the arterial wall shear stress is closely related, considering that
the blood is non-Newtonian fluid, therefore studying blood flow in the brain direction helps to deter-
mine the location of cerebral aneurysms. In chemical industry, making full use of the viscous charac-
teristics of non-Newtonian fluid can be applied to wastewater treatment, which is very conducive to
environmental protection.

Part III focuses on the following incompressible non-Newtonian fluid with finite delay on a
bounded domain:

% +w-Vu+Vp=V-ule(n)+ f(t,u) + g(x,1), in (1, +00) X O, 4.4.3)
V-u=0, in(1,+00) X O, 4.44)
u(t +6,x) = ¢(0,x), 8€[-h0], xeO. (4.4.5)

which is supplemented by the boundary conditions (v;je = 2u; %, i,jl =1,2,and n = (ny,n,) the
exterior unit normal to 9O)

u=0, vjnm =0, i, jk=1,2, on 00 X (1, +0), (4.4.6)

where O is a smooth bounded domain of R?, the unknown vector function u = u(x,t) = (uV, u®)
denotes the velocity of the fluid, g(x, 1) = g(¢) = (g'V, g?) is a time-dependent external function, and
the scalar function p represents the pressure. The first condition in (4.4.6) represents the usual non-
slip condition associated with a viscous fluid, while the second one expresses the fact that the first
moments of the traction vanish on 90, it is a direct consequence of the principle of virtual work. The
time-dependent delay term f(¢, u,) represents, for instance, the influences of an external force with
some kind of delay, memory or hereditary characteristics, although we can also model some kind of
feedback controls. Here, u, denotes a segment of the solution, in other words, given 2 > 0 and a
function u : [s — h, +00) x O — R2, for each ¢ > s we define the mapping , : [-h,0] X O — R? by

u, (0, x) = u(t + 0, x), forde[-h,0], xeO.
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In this way, this abstract formulation includes several types of delay terms in a unified way. For
example, terms like

0
Fi(t,u(t — h)), Fy(u(t - p(1))), f F5(t,0, u(t + 0))do, 4.4.7)
-h
where F; (i = 1,2, 3) are suitable functions, and p : R — [0, k], can all be described by the following
corresponding f; defined as

0

fit,9) = Fi(t,¢(=h)), fo(t,¢) = Fo(p(=p(D)), f3(t,¢) = fh F5(t, 6, $(6))db, (4.4.8)

where ¢ : [-h,0] — X (X denotes certain Banach or Hilbert space concerning the spatial variable).
Then, when we replace ¢ by u, in (4.4.8), we obtain (4.4.7). Readers are referred to [30, 31, 33] for
more details.

The structure of Part III is as follows. Since Chapter 5 and Chapter 6 work on exactly the same
systems, namely, problem (4.4.3)-(4.4.5), in order to avoid unnecessary repetitions, in Preliminaries
below we recall some definitions and abstract spaces, as well as the reformulation of problem (4.4.3)-
(4.4.5). Besides, we will state assumptions on the delay term f(¢, u,) in this section. Then, in Chapter
5, we investigate the dynamics of a non-autonomous incompressible non-Newtonian fluids with de-
lay, and prove the existence of pullback attractor. Finally, in Chapter 6, we analyze the exponential
stability of problem (4.4.3)-(4.4.5).

Preliminaries

We first recall some notations which are necessary for our analysis although they are similar to those
in[7, 15, ], but we prefer to introduce them here for completeness.

L?(0) will denote the 2D vector Lebesgue space with norm || - [|1»(0); particularly, || - [l,2¢0) = Il - II,

H™(O) is the 2D vector Sobolev space {¢ : ¢ = (¢1, ) € L*(0), V¢ € L*(0), k < m} with norm
1 o

H,(O) is the closure of {¢ : ¢ = (¢1,¢2) € C*(0) X C*(0)} in H'(0),

vV denotes the {¢p € C*(O) X C®(O) : ¢ = (¢1,¢), V- ¢ =0},

H is the closure of V in L?>(O) with norm || - ||; H’ is the dual space of H,

W denotes the closure of V in H*(O) with norm || - ||; W’=dual space of W,

(-, -)—the inner product in H, (-, -)-the dual pairing between W and W"’.

disty, (X, Y)—the Hausdorff semi-distance between X, Y € M, where M is a normed space, defined
by

disty (X, Y) = supinf ||x — y||s-
xeX YeY

Set

2 2
Oe;j(u) de;j(v) faeij(u) Oe;j(v)

) = Ay - - dx, u,veWw 449

R e

ijk=1
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On the one hand, from the definition of a(-, -) and Lemma A.1.3 in Section 6, we see that a(-, -) defines
a positive definite symmetric bilinear form on W. As a consequence of the Lax-Milgram Lemma, we
obtain an isometric operator A € L(W, W’), via

(Au,v) = a(u,v), u,ve Ww.

On the other hand, denoting D(A) = {u € W : Au € H}, it turns out that D(A) is a Hilbert space
and A is also an isometry from D(A) to H. Actually, A = PA?, where P is the Leray projector from
L*(0) to H and, for any u € D(A), we have (see [180])

crllullw < [|Aul. (4.4.10)

We also define a continuous trilinear form on Hy(O) x H,(0) x H;(O) by

2
oV
b(u,v,w) = Z f(;u,-a—ij_wjdx, u,v,w € Hy(O).

ij=1
Since W C H(l)(O), b(-,-,-) is continuous on W X W x W and it is easy to check that (see [160])
b(u,v,w) = -bu,w,v), bu,v,v) =0, Yu,v,we W. “4.4.11)

Now we can define below continuous functional B(u) := B(u,u) from W x W to W’, for any u € W,
in the following way,
(B(u),w) = b(u,u,w), YweW. 4.4.12)

To finish, we set

() = 2p0(€ + le(u)?)™"2,

for u € W, and define N(u) as

2
(N(w),vy =) f p(we;(we; (v)dx, v e W. (4.4.13)
o

ij=1

Then the functional N(u) is continuous from W to W’. When u € D(A), we can extend N(u) to H by
setting

(N(u),v) = - f {V - [u(w)e(u)] - vidx, Yv e H. 4.4.14)
0
From a physical point of view, the initial boundary problem of Eq. (4.4.3) can be formulated as

% + (- Vyu+Vp =V (2ue(e+lef)% = 2u1Ae) + f(t,u) + g(x.1), in (1, +00) X O, (4.4.15)

V-u=0, in(1,+00) x O, (4.4.16)
u=0, vinn =0, ondO X (1, 0), 4.4.17)
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u(t+6,x) = ¢0,x), 8€[-h0], xecO. (4.4.18)
As usual, in the variational set-up, we get rid of the pressure and rewrite our problem (4.4.15)-
(4.4.18) in a weak formulation as follows (see [15, D
0
a—b; + 2 Au + B(u) + N(u) = f(t,u;) + g(x, 1), in (1, +00) X O, (4.4.19)
u(t +6,x) = ¢(0,x), 8€[-h0], xeO. (4.4.20)

We now state the assumptions that will be imposed on the function f : [1,T] x Cy +— (L*(0))?
containing the delay along our analysis. We will assume that the given delay term satisfies:

(H1) For any ¢ € Cy, the mapping [7,T] 3 t — f(t,&) € (L*(0))* is measurable,
(H2) f(-,0) =0,

(H3) 3 L; > O such that for any ¢ € [7,T] and all £, € Ch,

lf (@ &) — f(& o) < LAl —7llcy»

Remark 4.4.3. As it is pointed out in [50, 70, ], (H2) is not really a restriction, and condition
(H2) and (H3) imply that

lf @ 2oy < Lellélley,s

so that || f(-, O)lliz0) € L*(7, T).

Examples of delay terms satisfying (H1) — (H3) can be seen in Chapter 3 but in a finite interval for the
delay. Now we are in the position to study the global dynamics of a non-autonomous incompressible
non-Newtonian fluids with delay.



Chapter 5

Dynamics of a non-autonomous
incompressible non-Newtonian fluids with
delay

The objective of this chapter is to study the well-posedness and dynamical behavior of the following
non-autonomous incompressible non-Newtonian fluids with delay in a 2D bounded domain, and for
the completeness of the chapter, we rewrite the non-Newtonian fluid system as:

% +w-Vu+Vp=V-ule(n)+ f(t,u) + g(x,1), in (1, +o0) X O, (5.0.1)
V-u=0, in(t,+00) X O, (5.0.2)
u(t + 6,x) = ¢(0,x), 8€[-h0], xecO. (5.0.3)

System (5.0.1)-(5.0.3) is supplemented with the boundary conditions (v;je = 2u 1%, i, j,l=1,2, and
n = (n1, ny) the exterior unit normal to 00)

u=0, vjum =0, i, jk=1,2, on 00 X (1, +0), (5.0.4)

where O is a smooth bounded domain of R?.

Problem (5.0.1)-(5.0.4) models the motion of an isothermal incompressible viscous fluid with
u(e(u)) = (u;j(e(u)))2x2, which is usually called the extra stress tensor of the fluid and is a matrix of
order 2 X 2 in which

wij(e(u)) = 2uo(e + le) 2 eij — 2 Aeyj, 0,5 =1,2,

1 du;  Ou; 2 (5.0.5)
eij = e;j(u) = E(B_)CJ + a—xj), le* = ”ZZI |€ij|2,

where o, 11, € and @ (0 < @ < 1) are positive constants which generally depend on the temperature
and pressure. In (5.0.5) if y;;j(e(u)) depends linearly on e;;(u), then we say the corresponding fluid

is a Newtonian one. If the relation between y;;(e(u)) and e;;j(u) is nonlinear, then the fluid is said

101
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to be non-Newtonian. One can refer to [12, 15] and related references therein for more physical
explanations.

The existence and uniqueness of solution of non-Newtonian flow is studied in [7, 12, 15]. In
[177, , ] the existence of (compact, global, pullback) attractor for a non-Newtonian equation
without delay has been analyzed, while [ 103] focused on pullback attractor of a non-autonomous non-
Newtonian equation with variable delays. Caraballo and Real [36] proved the existence and unique-
ness of solution for functional Navier-Stokes models with delay, and a non-classical non-autonomous
diffusion equation with delay was considered in [31].

Enlightened by [31], in this paper we first aim to show the existence, uniqueness and continuity
of solutions to (5.0.1)-(5.0.4) by the energy method (see [31, 70, 71]) and the classical Galerkin
approximation (see [160]). Our second goal is to establish the existence of pullback attractor in phase
space C([—h, 0]; H*(O)) by using pullback D — w—limit compactness and a priori estimates.

We would like to mention that we will give a relatively complete proof of the existence, unique-
ness and continuity of solutions to Eq.(5.0.1), which will be obtained assuming that g belongs to
a more general space than the one in [103], namely, g € LlZDC(R; W’) instead of g € LlZDC(R; H).
And the assumption g € LIZOC(R;H) is needed only when we show the existence of pullback ab-
sorbing set in the space Cy. Moreover, we only need g € LIZ(;C(R; H) and satisfying (5.3.14), i.e.,

lim sup fT " e 2 An1=9)|o(s)|2ds = 0, to establish that the process is pullback D — w—limit compact

M=+ p>r

in Cy. However, in some references, the fact that g € C(R; H) is required to prove the pullback
P — w-limit compactness in Cy which is a much stronger assumption than ours. Besides, in [103]
the authors established the existence of pullback attractor for non-Newtonian fluid with variable de-
lay, and we generalize this result to model more general delay. In other words, our result is true for
both variable and distributed delays.

5.1 Definition and Basic Theory

We now recall some definitions and results concerning dynamical systems and pullback attractors.
These definitions and results can be found in [30, , , ].

Let (X, dy) be a metric space, and denote Rfl = {(t,7) € R?> : 7 < t}. A process U on X is a
mapping Rfi XX 3 (t,7,x) — U(t,7)x € X such that U(r,7)x = x forany 7 € R, x € X, and
Ut,r)(U(r,7)x) = U(t,7)x forany 7 < r <tandall x € X.

Let P(X) denote the family of all nonempty subsets of X, and consider a family of nonempty
sets Dy = {Dy(t) : t € R} c P(X). Let D be a given nonempty class of sets parameterized in time,
D ={D(t) : t € R} c P(X). The class D will be called a universe in P(X).

Definition 5.1.1. For any o > 0, we will denote by D, (X) the class of all families of nonempty subsets
D ={D() : t € R} ¢ P(X) such that

lim (ef” sup ||u||§) =0.
t—

—00 ueD(f)
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Definition 5.1.2. It is said that Dy = {D(t) : t € R} C P(X) is pullback D—absorbing for the process
{Ut,t):t=2t1lon X ifforanyt € R and any D = {D(t) : t € R} € D, there exists a 1y(t, D) < t such
that

U(t,7)D(t) C Dy(t) for all T < 1o(t, D).

Definition 5.1.3. Let {U(t,7)} be a process on X. We say that {U(t,7)} is pullback D — w—limit
compact with respect to each t € R, if for any family B = {B(¢) : t € R} € D and for any € > 0, there
exists t; = t1(B, t,€) > 0, such that

K

U U(t,t— s)B(t — s)] <€,

s>t
where k is the Kuratowski measure of non-compactness (see [125] for more information).

Definition 5.1.4. The family Ay = {Ap(t) : t € R} € P(X) is a pullback D—attractor for the process
{Ut,r):t>1tin X if:

(i) for anyt € R, the set Ap(t) is a nonempty compact subset of X,
(ii) Ay is pullback D—attracting, i.e.,

lir_n distx (U(t,7)D(1), Ap(t)) =0, forall D € D, foranyt e R,

(iii) Agp is invariant, i.e.,

U(t,7)Ap(t) = Ap(t), forall T < t.

To analyze our problem with delay, we need to construct our process in a Banach space of seg-
ments of solutions. Namely, the space Cy which we will define below. Let X be a Banach space and
let 7 > O be a given positive number (the time delay). Denote by Cx the Banach space C([-A, 0]; X)

endowed with the norm ||@||c, = sup |[|¢(6)llx. To study the pullback D — w-limit compactness of
0e[~h,0]
the process on Cy, we borrow some techniques from [ 100, ].

Proposition 5.1.5. (see [/00]) Let {U(t,7)} be a continuous process on Cx. Suppose that for each
teR, B={B(t) :te€R} e Dande >0, there exist 1y = 1y(t, B, €) > 0, a finite dimensional subspace
X, of X and 6 > 0 such that

(i) for each fixed 6 € [—h,0]

Pu(t + 6)

5270 uy(-)eU(t,t—s)B(t—s)

is bounded,

X
(ii) forall s > 1y, u,(-) € U(t,t — s)B(t — ), 61,6, € [—h,0] with |6, — 0| < 6,

1P(u(t + 6,) — u(t + 6,))llx < €
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(iii) forall s > 71y, u,(-) € U(t,t — s)B(t — 3),

sup ||(I = P)u(t + 0)llx <€,
0e[~h.0]

where P : X — X, is the canonical projector. Then {U(t, 1)} is pullback D — w—limit compact in Cyx
with respect to each t € R.

The following proposition is similar to that of [28, , ].

Proposition 5.1.6. Let {U(t, 7)};»: be a process on Banach space Cx and D be a universe in P(Cyx).
Then, {U(t, T)};>: possesses a unique pullback D—attractor Ay = {Ap(t) : t € R}, for any t € R and
D e D,

Ap(t) = w(D, 0 = (|| Ut 1)DE)

TSt TST
if and only if
(a) {U(t, T)}i>c has a pullback D—absorbing set in Cy,

(b) {U(t, T)}ss is pullback D — w—limit compact in Cy.

5.2 Existence and continuity of solutions

In this section, by classical Faedo-Galerkin approximation and the energy method, we prove the
existence, uniqueness and continuity of solutions to problem (5.0.1)-(5.0.4). But, in order to simplify
the process of prove, we reformulate (5.0.1)-(5.0.4) into an abstract way, namely, (4.4.19)-(4.4.20)

Theorem 5.2.1. (Existence and uniqueness of solution) Assume (H1)—(H3) hold. Let g € LIZOC(R, W)
and ¢ € Cy. Then, for any T € R,

(a) there exists a unique weak solution u to problem (4.4.19) satisfying

ueC([r—h T HNL(r,T;H) N L*(1,T; W), VT > 1.

(b) If (0) € W, and g € LZZUC(R, H), then there exists a unique strong solution u to problem (4.4.19)
satisfying
ueC(r-h,TI;W)NL (1, T; W) N L*(1,T; D(A)), VT > 1.

Proof. We split the proof into several steps.

Step 1. A Galerkin Scheme.

By the definition of A and the classical spectral theory of elliptic operators (see [ 26]), we see that
operator A possesses a sequence of eigenvalues {4,}*, and a corresponding family of eigenfunctions
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{w"}>, € Wn D(A), which form a basis of W and are orthonormal in H, we consider the subspace
W,, = span{w!,w?,--- ,w"}, and the projector P,, : H — W,, defined as

P,u= Z(u, whw", u € H.
n=1
Define
Mm(t) = Zymnwn’
n=1

where the upper script m will be used instead of (m) for short, since no confusion is possible with
powers of u, and the coefficients vy,,, are required to satisfy the following system:

ot
= (f(r,u)"),w") + (g(t,x),w"), ae.t>1, 1 <n<m,

0 m n m _.n m n m n
(_u (0. w )+ 240 (Au”, W) + (B (1)), W) + (NG (D), W) (5.2.1)

and where the equations are understood in the sense of 9'(t, T'), and the initial conditions are
u"(t+6) = P,p(0), for 6¢€[-h,O0].

The above system of ordinary differential equations with finite delay fulfills the conditions for ex-
istence and uniqueness of local solution in [30, Theorem Al, p. 2450]. Hence, we can ensure that
problem (5.2.1) has a unique local solution defined in [, #,,] with T < ¢,, < 400 (see [V 1] for a similar
result).

Next, by a priori estimates, we verify that solutions #” do exist for all time ¢ € [7, +00).

Step 2: A priori estimates

Multiplying (5.2.1) by ¥, summing from n = 1 to n = m, and using Lemma A.1.3 in Appendix,
we obtain, for all 7 € [, 1,,], that

1d
EEIIM’"(I)II2 + 2ci il (DI, + (B@™ (1)), ™ (1)) + (N(u™ (1)), u™ (1)) (5.2.2)
< (f(tu), u™ (@) + (g, u"(1)).
Integrating over [, ¢],
1 ! ! !
illum(t)ll2 + 2c1 f ™ ()3 ds + f (B(u"(s)), u"(s))ds + f(N(u’"(S)), u"(s))ds
v T T (5.2.3)

1 ! !
<5|IM'"(T)||2+f(f(s’u’s"),um(S))dS+f<g,um(S)>dS-

First, by (4.4.11) and (4.4.13),
f{B(u’"(s)), u"(s))ds =0, (5.2.4)
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and

f(N(um(s)), u"(s))ds > 0. (5.2.5)

By the fact that ||v||y > ||v|| forallv e W,

f(g,um(s»ds 1,u1f” (s)||st+

From (H3) and Young’s inequality,

1 !
— [ gt as. (5.2.6)
1 Jr

f(f(s,u’;’),u'"(S))dS<f||f(s,uT)||-||um(S)||ds

!
<Lff [l el ()l s (5.2.7)

C1,U1 Lf’ '
"(||wds + W% ds.
fn IR, Cmen "2,

It follows from (5.2.3)-(5.2.7) that

‘ L2 ' 1 '
"0 + 26 f (5 < i, + f I, s+ —— f g ds, V1> 1. (52.8)
T 1M1 It 1H1 Jr

Replacing ¢ by # + 6 in (5.2.8) we obtain

L2 1
I, < llgllz, + — ||u’"||c,,ds + — IIg(s)IIW ds, V1>
Cii C1H1

and therefore, the Gronwall Lemma implies

. 1 [
« >(||¢||gH + Wf lg(s)II? ,ds), Vizt, VYm> 1. (5.2.9)
1M1 JUr

i
I, < e

Then, by (5.2.9), we can check that for each T > 7 and R > 0, there exists a positive constant
C(t,T,R, Ly), depending on the constants of the problem ¢, 1, Ly, g, and on 7, T, R, such that for all
m>1,

W12, + 1Py oy < C@ TR Ly, [l <

In particular, thanks to inequalities (5.2.8) and (5.2.9), and the fact that g € L2 (R; W’), we deduce

loc

{u™} is bounded in L¥(t — h, T; H) N L*(7, T; W), VYT > 1. (5.2.10)

On the other hand, for almost all 7, B(u(t)) and N(u(?)) are elements of W’, and the measurability of
the mappings

t€[0,T] — B(u(t)) e W',
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and
t€[0,T] - Nu(r) e W’

are straightforward. Moreover, thanks to (4.4.11), the Holder inequality, embedding theorems, and
Lemma A.1.1 in Appendix, we have that for all ¢ € W,

2

0p;
Z ‘Luia—xjujdx

KBu), @)l = |b(u, u, )| = | = b(u, ¢, u)| =

= (5.2.11)
< CIIMII@IIQDIIH(;W) < cllul - [Vl - el o) < cllull - 1 Aull - [|Agp]l.
Using the fact that u(u) = po(e + le]?) ™% < ,uoe(;%, we can also obtain
2
KN (), )| = |2 Z f u(e(u))e;j(ue;j(p)dx
ij=1v0
. 2
< 2u0€,° f Z leij(w)e;j(@)ldx (5.2.12)
0j=1
< cf|Vull - Vel
< cflAull - [|Agll.
As a consequence of (5.2.11) and (5.2.12), the estimates hold true,
IB@)llw < cllul] - [|Aull (5.2.13)
and
IN@)|lw < cllAull. (5.2.14)
Hence,
T T T
f I1B(u(s))|l-ds < Cf lu()IP|Au(s)Pds < Cf I, | Au(s)|Pds < oo (5.2.15)
and
T T
f ||N(u(s))||%v,ds < cf lAu(s)|*ds < oo. (5.2.16)
To this end, we need to show that {(«™)’} is bounded in L>(t, T; W’). Let ¢ € C'([0, T], W) and ¢ be
the projection of ¢ in W, onto the space W,, = span{w', w2, W By (5.2.1), we have
a m
Lw”dx
o Ot
2 2 m
de;j(u™) De; (W) 29

2
- Z fﬂ(um)e,-.,-(um)e,-j(w”)dx + ff(t, u;”)w”dx + fg(x, t)wndx, n=1,2,---,m.
(0] (0] o

i,j=1
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Using (5.2.17) and the definition of ¢,
T T

8 m a m

[ [Grewa=[ [

T o ot T o ot
2 T 2 T m
de;i(u™) de; (™) ou',

=2 ! S dxdt ~ ffm—’mddt

H i;ler‘ j(; 0x; 0xy g Z T Oul 0x; A

i,j=1

Q" dxdt

2 T T (5.2.18)
- Z f fy(u’”)e,-.,-(u”’)e,-j((pm)dxdt + f ff(l, uy )" dxdt
i,jzl T o) T o
T
+ f f g(x, " dxdt
T o
=Lh+L+6L+1+1Is.
From (5.2.10),
[l + 1y + Is| < Cillo" | 20.7:w)- (5.2.19)
By a similar argument to that one in (5.2.11) and (5.2.12), we can check that
T
|| < sz e[| - 1IVU™ | - IV lldt < C3lle™ || z2e,7;m) (5.2.20)
as well as
151 < Calle™ll22¢2,7:w)- (5.2.21)
Hence, from (5.2.17)-(5.2.21), we can conclude that
T oun m
FSOdth < Cslle™l 2wy < Csll@ll iy (5.2.22)
T o
and e
- < Cs. (5.2.23)
ot 2w
where C; (i = 1,2, -+, 6) are positive constants. Thus,
{(u™)'} is bounded in L*(t, T; W’), VT > 1. (5.2.24)

Step 3: The energy method and compactness results
Now, we combine some well-known compactness results with the energy method to pass to the
limit in a subsequence of {u#™} to obtain a solution of (5.0.1). Observe that

U \i-nr) = Pup — ¢ in Cy. (5.2.25)

By Step 1, Step 2 and compactness theorem, we deduce that there exist a subsequence (which we
relabel the same) {¢™}, a function u € C([t — h,00); H), with ulj;_p = ¢, u € LX(t,T; W), y €
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L*(t,T; W) forall T > 7, and an element & € L™(r, T, H) for all T > 7, such that

um sy weakly-star in L™(7,T; H),

u™ — u weakly in LT, T; W),

™) — x weakly in L*(t,T; W), (5.2.26)
u™ — u strongly in L*(t, T; H),

fC,u™) N ¢ weakly-starin L¥(7, T; H).

We first prove that y = v’ = %. Indeed, since the approximate solutions {u"} satisfy

S d m
W"(s) = Pud(7) + f %dt, se[nT], m=1,2,---.
From (5.2.25), we know

Ppé(t) = ¢(7).

Then
u(s) = B(r) + f s,

by [160, Lemma 3.1, Chapter II], we immediately deduce that y = v’ = %'
Using (5.2.26)4, we can also assume that

u"(t) - u(@) in H ae.te|1,T], (5.2.27)

which is not enough to deduce that £(-) = f(-, u.).
However, we can obtain convergence for all # > 7 with a little more effort and in a more general
case. Notice that,

u™ (@) — u"(s) = f(u’")’(r)dr inW',Vs,te|r,T],

and by (5.2.24) we have that {¢™} is equi-continuous on [7, T'] with values in W', forall T > .

Since the injection of W in H is compact, the injection of H into W’ is compact as well. Thus,
from (5.2.10) and the equi-continuity of {#”'} in W’, using Arzela-Ascoli theorem, we have (again, up
to a subsequence)

u" > u inC([r,T; W), YT > 1. (5.2.28)

This, jointly with the fact H ¢ W’, (5.2.10) and [ 160, Lemma 3.3, Chapter II], allows us to claim that
for any sequence {t,,} C [1, 00), with ¢,, — ¢,

u"(t,) — u(t) weakly in H, (5.2.29)
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where we have used (5.2.28) in order to identify which is the weak limit.
Now we prove that in fact

u"(t,) > u@) in C(Ir,TI;H) YT > . (5.2.30)

If not, then, taking into account that u € C([7,0); H), there would exist T > 7, ¢, > 0, a value
1o € [1, T], and subsequences (relabelled the same) {¢™} and {¢,,} C [7,T], with lim ¢, = t;, such that

m—+0oo
”um(tm) - u(tO)“ =€, Ymz=1.

To conclude that this is false, we use an energy method. Note that the following energy equality holds
for all u™:

d
Eztllu’"(t)ll2 + 2pa(u” (1), u™ (1) + (BW™ (), u" )y + (NW" (), u" (1))

(5.2.31)
= (f@u), u"(0) + (g, u"(1)).
By Lemma A.1.3, we find that
1d
d—llu OIF + 2l DI, + (B (@), ™ (1)) + (N@"(0)), u" (1)) (5.2.32)
< (f@uf), u" (@) + (g, u" (D).
Integrating (5.2.32) over [s, t] with respect to f,
1 t ! !
S OF + 20 [ WlRdr+ [ B+ [ e oar
s s K (5233)

1 ! t
<5|IM’"(S)||2+f(f(nui"),um(r))dr+f(g(i’),um(r»dr-

Since (B(u™(r)), u"(r)y = 0 and (N (r)), u"(r)) = 0, and

f (fr ™, u"(r)dr < 2L f e () + o f £ (r, ™)\ Pdr

C
il f "l + 5 f l1"lc, dr
1 1

< am f W PBodr + Ct - ), VT < s <1 <T.

2
where C = LL it , and D corresponds to the upper bound of |[u|¢,,, it follows

™ (ON* < ™ (I + 2f(g(r), u"(r)ydr+2C(t—s), V1<s<t<T. (5.2.34)
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On the one hand, observe that by (5.2.26), passing to the limit in (5.2.1), we have that u € C([1,T]; H)
is a solution of a similar problem to (5.0.1), namely,

0
(a—tu(t), W) + 2au(t), w) + (B(u(t), w) + (Nu(0), w) = (£, w) + (g, w), YweW,
fulfilled with the initial datum u(7) = ¢(0). Therefore, it satisfies the energy equality
1 t t !
EIIM(I)II2 + 21 f a(u(r), u(r))dr + f (B(u(r)), u(r))dr + f (N(u(r)), u(r))dr
1 ! !
= §||M(S)||2 + f (&), u(r))dr + f(g(r), u(r))dr, Ve <s<t<T.
On the other hand, from (5.2.26)s we deduce that
t t
f lEMIPdr < lim inff Nf(r,uMIPdr < D(t - 5), VT <s<t<T,
s m—oo s

which implies that u also satisfies inequality (5.2.34) (here we applied Lemma A.1.3) with the same
constant ¢;.
Now, consider the functions J,,,, J : [, T] — R defined by

1 !
In(t) = Ellu’"(t)ll2 - f(g(r), u"(r))dr — C(t — 1),

1 !
J(1) = Ellu(t)ll2 - f (8(r), u(r))dr — C(t - 1),

with C defined in (5.2.34). By (5.2.34) and the analogous inequality for u, it is clear that J,, and J are
non-increasing continuous functions. Moreover, by (5.2.26) and (5.2.27),

Ja(t) > J(t) ae.te|r,T]. (5.2.35)
Now we are ready to prove that
u"(t,) — u(ty) in H. (5.2.36)
Recall that from (5.2.29) we have
llu(to)l] < lim inf ||u™(2,,)]]. (5.2.37)
m—+oo
Therefore, if we show that
Lim sup [lu” ()l < |luto)ll; (5.2.38)
then combining with (5.2.37), we can obtain lim |u"(¢,)|| = ||lu(#y)||, which means (5.2.36) holds
m—+oo0

true.
Note that the case ty = 7 follows directly from (5.2.25) and (5.2.34) with s = 7. Hence, we can
assume that #, > 7. Owing to this result, we approach #, from the left by a sequence {7}, namely,
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lim 7, / ty, being {7;} values where (5.2.35) holds. Since J(-) is continuous at £, for any € > 0 there

k—+o0

is k. such that [J(%) — J(#)| < 5 for all k > k.. On the other hand, taking m > m(k) such that #,, > 7,
as J,, is non-increasing and for all 7, the convergence (5.2.35) holds, one has

In(tm) = J(to) < [J(f) = J(@)| + | (B) = T (%)),

and taking m > m’(k) > m(k.), such that |J,,(f.) — J(f.)| < 5. It can also be deduced from (5.2.26)
that

f "(e(r), W (r)ydr — f (), u(r)ydr,

We conclude that (5.2.38) holds. Thus, (5.2.36) and finally (5.2.30) are also true, as claimed. This
also implies, thanks to (5.2.25), that " — u, in Cy for all + > 7. Therefore, we identify the weak
limit ¢ from (5.2.26). Indeed, from the above convergence and since f satisfies (H3), we have that
fCu™ — f(,u)in L*(1, T; (L*(0))?) for all T > t. Thus, we can pass to the limit finally in (5.2.1)
concluding that u solves (5.0.1).

Step 4: The uniqueness of solution

This can be obtained in the following way. Consider two weak solutions of (5.0.1), # and v, with
the same initial data, and denote w = u — v. We notice that

1 1 1 1 1
b, v, )T < 272l VUl 2 IIVVIlwIIVWIZ, - w,v,w e W

%V + 241 Aw + B(u) = BOv) + N(w) = N(v) = f(t,u,) = f(t,v), (5.2.39)

with initial value
w(t) = 0. (5.2.40)

Take the inner product of (5.2.39) with w to yield that
EEIIWII + 2ia(w, w) + (Bu) — Bv),w) + (N(u) — N(v), w) = (f(t,u;) — f(t,v), w).
From the monotonicity of u(u), it follows that
(N() - N(v),w) =2 f [u(we;j(u) — u(v)e;j(v)le;j(w)dx > 0, (5.2.41)
0

and we also have
(B(u) — B(v),w) = b(u,u,w) — b(v,v,w) = b(w, v, w). (5.2.42)

f 8l/lj d
OW,aXiWJ X

< @ Wl [Vl - [IVull < aslwll2[|Aw]l - [ Aul].

Then, for some ; > 0,i=1,2,3,

2
|b(u, u, w) = b(v, v, w)| < < w7Vl

(5.2.43)
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Using Lemma A.1.3, together with (5.2.42)-(5.2.43), we find that, for some ¢ > 0,

d
d_t”W”2 < clwll- AW - Aull + 2(f (2, u) = f(2,v0), w)

< clwll - 1AW - Aull + 2L ¢llur = vil] - [[wl]
< clwll - AW - lAull + 2L l[w| - [Iwl]
<

2 2 2 2
cilwlly + cllwli"l|Aull™ + 2Lsllwillc,,, forallz> 7,

and therefore,

d
d—t||w||2 < cwlPllAull® + 2L \wll,,, forallt > 7.

Integrating the above inequality over [7, f] with respect to ¢,

f t
Wl <Cf IIW(V)IlzllAu(r)llzdr+2Lff Iz, dr.

Hence,

!
Iwillz,, < f(CIIAu(r)IIZ + 2Lp)lw,ll¢, dr.

By the Gronwall lemma, we have
Iwiliz., = 0.

Finally, the regularity in (b) is a consequence of well-known regularity results and the fact that, if
g € L2 (R;(L*0))?), then the function g(r) = g(t) + f(t,u,), t > 7, belongs to Ly (1, 0; (L*(0))?).

The proof is finished. O

Theorem 5.2.2. (Continuous dependence of solutions on initial values) Let g € L> (R;W'), f :

loc
R X Cy + (L*(0))? satisfying (HI) — (H3), and ¢, & € Cy be given. Let us denote u = u(-;1, ¢)
and v = v(-; T,\) the corresponding weak solutions to problem (5.0.1). Then, the following estimate
holds:

t
lut, = wilIz,, < 1lp — YlIZ,, exp { f (cllAu()IP +2Ly) ds} :
Proof. Denote w = u—v. Analogously to the arguments in Theorem 5.2.1 for the proof of uniqueness

of weak solution to problem (5.0.1) we obtain

ow
ot
Multiplying (5.2.44) by w,

+ 211Aw + (B(u) — B(v)) + (N(w) — N(v)) = f(t,u;) — f(t,vy). (5.2.44)

d 2 2 2 2 2
2+ 3ealiwlly < cliwlFllAull™ + 2Lyl willc,
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Integrate the above inequality over [7, f] with respect to ¢ to get

t t
Iw@IF < Iw@IF + Cf Iw(s)IPlAu(s)I[*ds + 2Lff Iwillz,, ds,

particularly,

!
Iwillg, < Iw@IP + f (cllAu()IP + 2Lz, ds.

Again by the Gronwall lemma, we have

!
w2, < lw()[Pexp { f (clausIP +2L)) ds},

namely,

1
||, — Vf”%H < |l — wl%Hexp {f (cIIAu(s)||2 + 2Lf) ds} .

The proof is completed immediately. O

5.3 Uniform Estimates

In this section, we analyze the existence of pullback D—attractor in Cyy.

5.3.1 Existence of pullback absorbing sets

Now, by the previous results, we are able to define correctly a process U on Cy and Cy associated to
(4.4.19), and then to obtain the existence of pullback attractors.

Theorem 5.3.1. Let g € > (R; W) and f : R X Cy — (L*(0))* satisfying (H1) — (H3). Then, the

loc

process U(t,7) : Cyg — Cy, with T < t, given by

U, )¢ = u(:;7, ¢),
where u = u(-; T, ¢) is the unique weak solution to (4.4.19), defines a continuous process on Cy.
Proof. 1t is a consequence of theorems 5.2.1 and 5.2.2. O

Remark 5.3.2. By a reasoning similar to the one in Theorem 5.2.2, we can conclude that U depends
continuously on the initial values in Cy, which jointly with Theorem 5.2.1, allow us to show that U is
also a well-defined process on Cy, with g € L? (R; H) and initial datum ¢ € Cy,.

loc
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Next, we show the existence of pullback D—absorbing sets of U in Cy and Cy, and then verify

the pullback D — w—limit compactness of U in Cy,. Hereafter, we suppose that

L]%eﬁh

C1i

there exists 0 < 8 < cju; such that o := 8 — >0, (5.3.1)

and

!
j“eﬁﬂmmm§+wmumﬂds<«uVreR

(o9

and denote by D the class of all families of nonempty subsets D = {D(?)},.g C P(Cx) such that

. 2
lim (e‘” sup ||u||CX) =0,
f——co ueD(r)

where o is defined in (5.3.1), Cx = Cy or Cx = Cy.

Remark 5.3.3. If ciu1h > 1, there exists 8 which satisfies (5.3.1) when ethc < iy, if eyh < 1,
then we can choose 3 which satisfies (5.3.1) as long as eC”“hL? < (c1u1)?* holds.

We now prove the existence of a pullback absorbing set in Cy.

Lemma 5.3.4. (Pullback absorbing set in Cy) Assume that (HI)-(H3) hold and g € L> (R; W’). Let

loc
B = {B(t) : t € R} € D. Then, there exists Tg > 0, such that for any t € R, all r > Ty and
¢ € B(t —r) C Cy, the weak solution u(-;t — r, @) of Eq. (4.4.19) satisfies
iz, = U@t = Nelie, < p@),
where pi(t) := 1 + = f_tm e”*|1g()II5,. ds.

Proof. The uniform estimates that we require for the solutions which define the process U are analo-
gous to those provided in the proof of theorems 5.2.1-5.2.2, but there with Galerkin approximations.
For the sake of brevity, we only sketch the main ideas:
Multiplying (4.4.19) by u, by Lemma A.1.3, we have

%ditllull2 + 21 lullyy + (Bu), u) + (N(u), u) < (f(t, ), 1) + (g, u). (5.3.2)
Observe that
(B(w),uy =0, (N(u),u)y > 0.
By (H3) and the Young inequality,

2
f 2 Ci1M b

u + ——||ull,
261/11” e, > lleellyy

(f (@t u), u) < |FCE udll - llull < Lllul] - [l <
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and
C1H
(8 u) < —|| [k
W 21 M1
From the above inequalities we obtain
2

d o 2 Lf 2 1 2

—|lull” + 2 p||ully, < ——||u + — . 533

dt” [ 14 el Chulll ey, clﬂlllgll (5.3.3)

Multiplying (5.3.3) by €* with 0 < 8 < ¢ u, and integrating the resulting over [, f] yield

L? ! 1
PP < Fu@IP + —— f Ay, ds + —— e‘“ng(s)uw ds.
Cid1 Jr H

Ci1H

In particular we have

t 2 (7+h) 2 L]%eﬁh ' s 2 2 4
P llullz, < LTPlul + o P Nujllz., ds ds. (5.3.4)
1M1 T

By Lemma A.1.4 in Appendix, we obtain that

Lzeﬁh
(h ) (t ) (t-5)
A ull, <& ’||¢||C,,+— f & ()l ds, V1> T,
which means that

Sh !
e .

iz, < 7PNl + — . f e Ng(s)ds, V1> T
1M1 T

We now consider the initial time ¢ — r instead of 7, and then

!
2 2 - 2 h— s 2
e, = UGt = NBIE, < EIgIR, + e f e lIg(s)f}ds
t—r

. (5.3.5)
<R, + 7 [ e gl
We deduce from (5.3.5) that there exists 75 > 0, such that for all » > T and all r € R, it holds
e, < 1+ f m " lIg()llyds = pi(2). (5.3.6)
The proof is finished. O

Denoting by B¢, (0, p;(?)) the closed ball in Cy of center zero and radius p;(?), it is easy to check
that lim e’ 2(t) 0. Hence, B¢, (0, pi(?)) is a pullback D—absorbing set for the process U in Cy.
t——00

To our purpose, the following lemma is needed.
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Lemma 5.3.5. Assume that (HI)-(H3) hold and g € LIZOC(R; W’). Then for Ty the absorbing time
corresponding to the set B¢, (0, p,(?)) in Lemma 5.3.4, there holds

f a(u(s;t — 1, @), u(s;t — r,$))ds < p5(1),
t—1

forallr > Tg,t € R, where p%(t) = cpf(t) + ce~TD f_’w e‘T"'IIg(s)II%V,ds

Proof. Denote u(-) = u(-;ty — r,¢) for ¢ € B(ty — r) € Cy, where £, € R is a fixed, but arbitrary,
number, and let us take r >

T, where we have chosen the same o than in that proof. We can then
integrate (5.3.3) over [t — 1,t] fort > toand r > T,

!
201#1[ lu)llfds < llut = DIP + 11f IIMSIICHdS+— lg($)II5ds.

-1
Therefore,

CiM1

! !
— a(u(s), u(s))ds < ciu; f llu(s)If5yds
(6] -1 -1

1 2 Lf‘ t 2 1 t 2
< llu(z = DI +—f llusllc, ds + f llg(s)lly-dss.
2 2e11 Jim Cn 2e111 Ji- S
Notice that by Lemma 5.3.4, for all r >

T, it follows

1 L? 4
—[lu(t = D> + —— SIZ ds < cpi(D),
2IIM( l et f sl ds < cpi(D)

and

!
fllg(S)llz/ds f 70 Dlg(s)Ilds < (’(’_”f e llg(s)lgds.

(o)

Hence, we can deduce for all » > T},

f a(M(S), M(S))ds < cp%([) + Ce—(r(t—l)f
t—1

—00

e”llg()lly-ds := p3(1).
The proof is completed immediately.

O

Lemma 5.3.6. (Pullback absorbing set in Cy) Assume that (HI)-(H3) hold and g € L? (R; H). Then
the weak solution u of (4.4.19) satisfies

iz, = U@ 1= nliz, < p30),

forallt > Tg+ 1+ hand t € R, where p%(t) :
c(p®) + eV [' e lig(s)IPds), and as = pi(r).

= @ + )", ar =

c(1+p{0p30). @ =
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Proof. Denote u(-) = u(-;ty — r,¢) for ¢(0) € W, where 7y € R is a fixed number, and let us take

r > Tg. We multiply (4.4.19) by Au and obtain that for s > ¢,

1d
5 75 2u(s), u(s)) + 2ullAul® + (B(w), Auy + (N(u), Auy = (f(s, u,), Au) + (g, Au).

On the one hand,

LZ
(f (s, ug), Au) < |If (s, u)ll - |Aull < Lyllusllc, - |Aull < %IIAMIIZ + 'u—fllusllﬁ,,,
1
u 1
(8. Aw) < FllAulP + —gIP.
H
By Holder’s inequality and the Gagliardo-Nirenberg inequality,
i 1
KB(w), Awp| < [|Bull - [|JAull < [lollsl|Vuellzs - [|JAull < cllell loel | el > [|Aul]
3 1 1
< cllAull? |l llull> < %IIAMIIZ + — [l Pl
M1
Moreover, from the definition of N(u), one can check that
(N(u), Auy = — f (V- [u() - e} - Au dx
o
< c(IVull + [|Aull) - |Aull < %IIAMIIZ + cl|Aul?.

It follows from (5.3.7)-(5.3.11) that

2
d 2
Tealuu) + 2l < =l + glP + e (1 + atu,wlll) alu,u).
s M1 M

On the other hand, from Lemma 5.3.4 we have for all r > T},

t [212 2
f 2 2
—luglle, + —llgll

ft_l [ pro

In view of Lemma 5.3.5, for all r > T,

t

ds<c (p%(t) +e 7D f

—00

e‘”llg(S)IIZdS) :

! t
f au(s), u(s))llu(s)|*ds < f a(u(s), u(s))e " e”|lu,llz, ds < e pi(t)p3(0).
-1 =1
Now, by Lemma A.1.3 and A.1.5 in Appendix, we can conclude that

1 1 )
||u(s)||%v < C—a(u, u) < c—(az + asz)e”, forall s > 1y + 1, provided r > Tp,
1 1

(5.3.7)

(5.3.8)

(5.3.9)

(5.3.10)

(5.3.11)

(5.3.12)
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where a; = c(l +pf(t)p§(t)), a, = c(pf(t) + 770D f_too e”"'llg(S)szS), as = p3(1), and consequently,
ifwetaker >Tp+h+1,

1
sup |lu(to + Oy, < —(az + az)e™ := p3(1), (5.3.13)
6e[—h,0] Ci

where the constants ay, a,, a3 and c; in (5.3.13) are independent of the fixed time 7y € R. Thus (5.3.13)
holds true for all #, € R. Denoting from now on

u(-) =u(5t—r,9),
we have forallte R, r>Tg+h+ 1,

1
ludle, = 11Ut =Nz, < (@ +ay)e” = p3(0),
1

as claimed. O

Obviously, it is easy to check that lim e‘”pg(t) = 0. Denote by B¢, (0, p3(?)) the closed ball in Cy,
1——00

of center zero and radius p;(f). Thus, B, (0, p3(?)) is a pullback D—absorbing set for the process U
in Cw.

5.3.2 pullback D — w-limit compactness

From now on, we assume that

t
lim sup f e 1191 0(5)||2ds = 0. (5.3.14)

m—+oo >T

Remark 5.3.7. An example for g satisfying (5.3.14) is given in [/ 70], i.e., if g is normal in LIZOC(R; H),
then (5.3.14) holds, which is proved in Lemma 3.1 of [123].

Now, we are in a position to prove pullback 9 — w—limit compactness of the process U in Cy.

Lemma 5.3.8. Suppose that (HI)-(H3) and (5.3.14) hold. Then the process {U(t, 1)} corresponding
to problem (4.4.19)-(4.4.20) is pullback D — w—limit compact on Cy.

Proof. By the classical spectral theory of elliptic operators, there exists a sequence {4,}7 | satisfying
O<li<AH<-<A, <+, A, > +tooasn — +oo, (5.3.15)

and a family of elements {w,}> , C D(A), which forms a basis of W and is orthonormal in H, such
that
Aw, = A,w,, ¥Yn €N, (5.3.16)

Let W,, = span{w, w,, - -- ,w,,}, where m € N will be specified later. Then W, is a finite-dimensional
subspace of W. Denote by P,, the orthogonal projector from W into W,, and we obviously have
||P,]] <1 foreachm € N.
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Set u = u; + u,, where u; = P,u and u, = (I — P,,)u. We decompose Eq. (4.4.19) as follows:

0o
Lj;t“) + 20 Atts + Blu) = PpB(ity) + N(u) = PyNGu) = £t ) = Prf(t i) + (I = P)g (53.17)
with initial data
u(t+1)=U-P,)p(), te[-h0], (5.3.18)
and
Ou, (1)
o + 2 Auy + P, B(uy) + P,N(uy) = P, f(t,uy,) + P,g (5.3.19)
with initial data
u(t+1) = P,o(t), te[-h,0]. (5.3.20)

We divide the proof into two steps: Step 1: For every fixed r € R, any B = {B(¥) : t € R} € D and
any € > 0 we observe that forany T > ¢t — s with s > 0, U(T, t — s)(¢) = {ur(-;t — s,¢) : uis a strong
solution to the problem (4.4.19) with ¢ € B(t — 5)}. We now show that condition (iii) of Proposition
5.1.5 holds.

Taking the inner product of (5.3.17) with Au, = A(I — P,)u in H, we have

1d
5 2 2) + 2t (At, Au) + (B(w) = P Blu), Aug) + (N@) = PuNGu). Ay g5

= (f(t,u) = Puf(t,ui), Auz) + ((I = Pp)g, Auy).
Since (u;,u,) = 0, from Holder’s inequality and Gagliardo-Nirenberg’s inequality,

1d
Ed_ra(uz’u2)+2”1”Au2”2 < KB(u), Aup)l + KN (u), Aug)| +(f (2, up), Aup)l + (T = Pr)g, Aur)l, (5.3.22)

L2
|(f (2, 1), Aup)| < %HAMHZ + 'u—fllutII%H, (5.3.23)
1

1
(I = Pp)g, Aup)| < %HALQHZ + Iu—llgllz, (5.3.24)
1

1 1 1 3
KB(w), Auz)| < ||B)I| - lAuzll < llullpsl[Vull sl Auall < clle|> [V ol foel [ | Al [| A sz

3 103 M1 2 3 3
< cllul Vel iy llAuall < Z-Awll” + cllul PIVell - lully,— (5.3.25)

Hi 2 s
< Z||AM2|| + Cllual [ luellyy

KN(w), Aup)| = ‘— f{V [u(@e(uw)]} - Aurdx
0 (5.3.26)
< c(||Vull + [|Aul]) - [JAuz|] < %HAMHZ + cllAull*.

From (5.3.22)-(5.3.26) it follows

2

d f 2 3 S

Ea(uz, 1) + 21| Aug|l* < Iu—lluzll%,, + 'u—llgll2 + cllullZ ey, + cllull5 (5.3.27)
1 1
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On the other hand, from (5.3.15)-(5.3.16), we infer

lAw|* = A1 (Attn, t1y) = Ay ra(un, uy),

which along with (5.3.27) give

2
d 2 3 3
anbm)+%uhmawbm)<Ifﬂm%H+;mmF+dWWWm;+dMﬁu (5.3.28)
1 1

Applying the Gronwall lemma to (5.3.28) in the interval [7,7 + 6],

a(uy(t + 6), ur(t + 0)) < a(us(1), uy(1))e ™ 14m+1(+070)
1+0 5 5
=201 Ay 0— 2 2 E 3 2
+c f e 2 Ama (1 ”(||us||c,,+||g<s)|| +||u(s)||z||u(s>||;v+c||u(s)||w)ds
;

From (5.3.14) and Lemma 3.1 in [123], we can select m + 1 large enough such that for all € > 0 and
t > 1+ h, we have 2u 4,1 — o > 0, and

1+0 cl€e
sup f e A1 (H6=9)) o (5)|Pds < —. (5.3.29)
6e[-h,0] 2

Thanks to Lemma 5.3.4 and 5.3.6, we can deduce that for large enough m + 1,

sup_a(uy(7), up(7))e 1t 4070

6e[-h.0]
=201 A1 (1+6-7) 2411 A1 (146—-T7) Cl1€ (5330)
< ¢ sup ||u27||C et < pa(T)e 2Hhn < &€
6el-h,0] 4
and
1+6
- - 3 3 ClE
¢ su e A O Yl |12, + ) (I, + NIy | ds < —. 5331
; Cn 4 4 1
6e[~h,0]

Therefore, from (5.3.29)-(5.3.31) we have
1
luadle, < C—a(uz(l +0), ur(1+0)) <e,
1

as claimed.
Step 2: We consider problem (5.3.19) and check condition (ii) in Proposition 5.1.5. Notice that

2 2 2012
Aullyy < Al [l < A llea |17

Without loss of generality, we assume that 8,6, € [-h,0] with 0 < 6; — 8, < 1. Hence,

1+6) du
o1 (2 + 61) — w1 (£ + )llw < VAllui(t +61) —ui (2 + 6)|| = VA, ||—1||df
t+6;
1+6>

<V | (2w VAl + 1B+ IN@ON + G, )+ [1Pagll) ds.
t+6
(5.3.32)
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Since
1 1 1 3 3 1 3 2
1Bl < lugllalIVellzs < cllanllZIVullZ e |# [|Aw|* < cllag 13V |12 |Aum 17 < cllAugl”,  (5.3.33)

IN@OIl < eIV |l + A ) < cll Auy], (5.3.34)

and
(s, ur )l < Lyllugsllcy, - (5.3.35)

Thus, it follows from (5.3.32)-(5.3.35) that

1+6,

llur (2 + 61) — w1 ( + 02)llw < Cf (Ilul(S)Ilw + ey (DI + llusllc, + IIng(S)II)d& (5.3.36)

t+6,

Using Lemma 5.3.5 and Young’s inequality,

1+6> t+60

c Ny (Il + s (9)II5) ds < 0f luy (I ds + cl6> — 6,
Lal ( ) o) Cw (5.3.37)

< cp3D)le™ ™ — e + clh, — 6.

and
t+6 t+6
c f llullc, ds < c f llusllg, ds + cl6, — 61] < coi(Dle™ ™" — ™| + clf — ). (5.3.38)
1+6; 1+6;

Noting that g € L? (R; H),

loc

46 1+6 . 1
f IPng(s)llds < ¢ f (|01 — 02 lIg()II* + —l)ds
t+6, 146, 410, — 6,2

e 2 . | (5.3.39)
< cl6) - 6, f llg(llI"ds + Z|91 — 6,
t
From (5.3.36)-(5.3.39), we obtain
e (2 + 61) — ur (2 + O)llw = ||Pr(u(t + 61) — u(t + 6)llw <€,
for any 6,6, € [—h, 0] with |6, — 8,| < ¢, so condition (ii) in Proposition 5.1.5 is proved. By Lemma
5.3.6, we know that condition (i) in Proposition 5.1.5 holds true. Hence, we can conclude by Propo-

sition 5.1.5 that the process {U(t, 7)} is pullback O — w—limit compact in Cy.
This completes the proof. O

5.4 Existence of Pullback D—attractor

We now state and prove the second main result of this Chapter.
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Theorem 5.4.1. Suppose that (HI)— (H3) and (5.3.14) hold. Then the process {U(t, T)} associated to
problem (5.0.1)-(5.0.4) has a unique pullback D—attractor {Ap(t)}er in Cy.

Proof. By Lemma 5.3.6, we know that {U(¢, 7)} has a pullback D—absorbing set in Cy,, while Lemma
5.3.8 shows that {U(¢, 1)} is pullback D — w—-limit compact in Cy. Consequently, the proof can be
completed immediately by Proposition 5.1.6. m|

Remark 5.4.2. We have obtained the existence of pullback attractor to a 2D-dimensional incompress-
ible non-Newtonian fluid with finite delay. But, in our opinion, there is still much work to be done
in this field. For example, it will be very meaningful to obtain some results on the finite (fractal or
Hausdorff) dimensionality of the pullback attractor. Also, we could consider the regularity of the at-
tractor as well as its internal structure for which it is important to study the existence of steady-state
solutions and their stability properties. Also the interesting and important 3D-dimensional case is
worth being considered. We plan to analyze all these topics in some forthcoming papers.
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Chapter 6

Exponential stability of an incompressible
non-Newtonian fluids with delay

Enlightened by the analysis carried out in [2 1], in this chapter we study the exponential stability of
our incompressible non-Newtonian fluids with delay, i.e., problem (4.4.3)-(4.4.6) analyzed in Chapter
5 and which we recall here again

% + (- VYu+Vp = V- pe(u)) + f(t,u) + g(x, 1), in (1, +00) X O, 6.0.1)
V.u=0, in(r,+0)xO, 6.0.2)
u(t + 6,x) = ¢(0,x), 8€[-h0], xecO. (6.0.3)

System (6.0.1)-(6.0.3) is supplemented by the boundary conditions (7;;e = 2u; %, i, j,l = 1,2, and
v = (v1, v2) denotes the exterior unit normal to d0)

u=0, 7jvivi=0,1,j1=1,2, on 00 X (1, +00), (6.0.4)

Our main goal is to study the exponential stability of steady-state solutions by using the several
methods developed in [21, 45, , ]. More precisely, the classical Lyapunov theory is used to
prove the exponential stability of solutions in the cases in which the delay terms are continuously
differentiable. Fortunately, this assumption, which somehow may be restrictive, can be weaken by an
appropriate application of the Razumikhin technique, where only the continuity on the operators of the
model is needed but more general types of delay are allowed, since continuity is the only requirement
for delay terms. A third way to study the asymptotic behavior of our problem is by constructing
Lyapunov functionals. In this way, a better stability result is achieved as long as a suitable Lyapunov
functionals can be constructed. The fourth alternative is based on a Gronwall-like lemma, which only
needs measurability for the delay functions but still ensures exponential stability.

Nevertheless, to establish our main stability results, we first need to prove the existence and even-
tual uniqueness of stationary solutions, which is not a trivial task due to the difficulties in handling the
nonlinear term N(u). Indeed, the proof of the existence of stationary solutions is much more compli-
cated and involved when we compare with other models, for example, Navier-Stokes. In other words,
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many more technicalities are required to deal with the nonlinear term N(u) and to obtain the exis-
tence of stationary solution, what represents one of the main difficulties of this work. In this respect,
it is worth mentioning that Guo and Lin studied in [84] the existence and uniqueness of stationary
solutions of non-Newtonian viscous incompressible fluids without delay, but this reference does not
contain a completed proof for the existence of such stationary solution, a gap which is solved in our
current paper since it can be obtained as a particular case of the analysis we are doing in this paper by
just taking & = 0. We would also like to point out that the existence and uniqueness of solutions, and
the existence of pullback attractors of our delay model have been investigated in our previous work
[118].

For better reading of this chapter, we rewrite problem (4.4.3)-(4.4.6), which is an abstract version
of system (6.0.1)-(6.0.4), as :

(Z—L; + 2u1Au + B(u) + N(u) = f(t,u,) + g(x, 1), in (1, +00) X O, (6.0.5)

u(t +6,x)=¢6,x), 6<c[-h0], xeO. (6.0.6)

Here, we would like to emphasize that the delay term f(t, u,) satisfies assumption (H1) — (H3), which
is given in Preliminaries of Part Il and g € L? (0, T; L*(0)).

loc

6.1 Existence and uniqueness of stationary solutions

In this section, we first recall an existence and uniqueness result concerning our model, completed
with a statement about the regularity of solutions. Next we will prove a result ensuring the existence
and uniqueness of stationary solutions to our problem by exploiting the techniques of Galerkin’s
approximations, Lax-Milgram theorem as well as Schauder fixed pointed theorem. The presence
of the nonlinear term N(:) requires of a more involved and technical analysis compared with the
Newtonian case, which implies the nontrivial character of this proof.

In the sequel, we will use the following inequalities.

IAull® > Allullys ey > Noal, (6.1.1)

where A, is a positive constant.

To make this chapter as much self-contained as possible, let us recall a result ensuring existence
and uniqueness of solution to our problem which was stated and proved in Chapter 5, namely, Theo-
rem 5.2.1 (see also [118]).

Theorem 6.1.1. (see Theorem 5.2.1 and []18]) Assume that (H1) — (H3) hold. Let g € LIZOC(R, W)
and ¢ € Cy. Then, for any T € R,

(a) there exists a unique weak solution u to problem (6.0.5) satisfying

ueC(r—hTLHNL(r,T;H) N L*(t,T; W), VT > .
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(b) If (0) € W, and g € L} (R, H), then there exists a unique strong solution u to problem (6.0.5)

satisfying
ueC(r-hTL,W)Nn L, T;W)N L*(1,T; D(A)), YT > 1.

Although our interest in this paper is to analyze the stability properties of solutions in the case
of variable delays, we can consider the existence of steady-state solutions in a much more general
case which is described below. Indeed, to carry out our analysis, we will assume that there exists a
function F : R> — R? such that for any constant function £(-) : [=h,0] — W, i.e. &) = & € W for
all 8 € [-h, 0], it holds

f(t,E)(x) = F(&(x)), forallt e R,x € O, (6.1.2)

where F satisfies
F0)=0 (6.1.3)

and that there exits Ly > 0 for which
|F(u) — FOV)lg2 < Lelu — vlz2, Y u,ve R (6.1.4)
Now, we can study existence and uniqueness of steady-state solutions to the equation

du

7 + 2 Au+ B(u) + N(u) = f(t,u,) + g, (6.1.5)

with g € W’ independent of 7. Recall that such a stationary (or steady-state) solution to (6.1.5) is a
u* € W such that

2u AU + B(u*) + N(u™) = f(t,u™) + g
for all # > 0, which can be written, according to our assumption, as
2uAu” + Bu*) + N(u™) = g + F(u"). (6.1.6)
Theorem 6.1.2. Suppose that F satisfies (6.1.3)-(6.1.4) and 24,y > Lg. Then,
(a) forall g € W', there exists a stationary solution to (6.1.5);
(b) if g € (L*(0))?% the stationary solutions belong to D(A);

(c) there exists a constant Co(O) > 0, such that if QA1 — Lg)* > Co(O)||gll., then the stationary
solution to (6.1.5) is unique.

Proof. (a) Denote W, = span{w;, wa,- -+, wy,}, where {w,}>, € W N D(A) form a basis of W and are
orthonormal in H. Now consider that for fixed z”* € W,,, there exists u™ satisfying

2 (Au V™) + (", u" V) + n(Z", U™ V) = (F(Z™), V") + (g, v™), YW e W,. (6.1.7)

Notice that for each 7" € W,,, the functional (u, v) — 2u,(Au,v)+b(Z", u,v)+n(z", u,v) is bilinear,
continuous and coercive in W,, X W,,. On the other hand, the functional v — (F(z"),v) + (g, V) is
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obviously linear and continuous. Thanks to Lax-Milgram theorem, for each 7" € W,,, there exists a
unique u™ € W,, such that (6.1.7) holds true.
Define the mapping 7, : W,, — W,, given by

T(ZWZ) — uﬂ‘l.

We will see that for each m we can apply Schauder’s fixed point theorem to the map T, (restricted to
a suitable subset K,, ¢ W,,) and ensure that we obtain u™ € W,, such that

2ui(Au" V™) + b(u™, u" V") + n(" U V) = (FW™),v™) + (g, V"), VW" € W,,. (6.1.8)
Indeed, setting v"* = «™ in (6.1.7) yields that
2ui(Au™, u™) + n(Z", u", u"™) = (F(Z™"), u™) + (g, u™). (6.1.9)

By (6.1.1),
2 (A", u™) = 22,y "Iy,

and

(FE"), u™) + (g, u™) Lrllz" ™1+ gl ellee™ I w

<
< Lellz"|lllu™lw =+ gl ™| lw.
Since n(z", u™,u™) > 0, the previous inequalities imply

20 m e lw < LellZ” |1 + llgll-

Because 24;u; > Lp, one may take k > O such that k24;u; — Lr) > ||gll. and, consequently,
20l < Ll + kA1 - Li).

Define K,, = {z € W,, : ||zllw < k}, which is a convex set of W, and also compact since the inclusion
W C Hé (O) is compact as well. Obviously, T,, : K,, = K, is well defined due to the choice of the
constant k. Now we will use Schauder’s fixed point theorem to establish the existence of stationary
solutions. To do this, we still need to verify the continuity of 7,,. Actually, take z",z}' € W,,, and
denote u!" = T(z!"), i = 1,2, the respective solutions of (6.1.7). For any v"" € W,, we deduce

2ui(A(ut = uy), V™) + b U V") = b(2y, uy V') + (@ ul V) = a2y uy v = (F(2)) = F(25), V™).
(6.1.10)
Particulary, put v* = ' — 3 in (6.1.10), then by (6.1.1) once more,

2 mlluf — Wy 15 < by, uy V") = b u V" + n(, uy V) = n(@ L ul v + (FED = F(2),0™).
(6.1.11)
As for the trilinear term,

b(Zy, uy V") = bz, uf' V") = b(zy — 21, ul ul — uy

< ||Z’2" - Z'1n||(L4(0))2||VMT||(L2(0))2||M}; - MTII(L“(O))Z

<
< ool = 2y llwllu lwlley” — wi'llw
<

m m

cillzy — z7 llwllug” — ufllw.

(6.1.12)
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Then we estimate the nonlinear term,

n(zy, uy , V") — n(zy', up', v")

2

D f [k )eij(uy) = (@ e (e (V" )dx

o

ij=1

2 2
Z ‘fo[ﬂ(zizn) — u(@H]eij(uy)e; ; (V™ )dx — Z fo,u(z’{’)le,-j(u’z” — u!)*dx

ij=1 i,j=1

(6.1.13)

2
<), fo (@) = (e e (" )dx.

ij=1

Using the mean value theorem to u(z5') — u(z}"), there exists a constant s with |e(z}")| < s < le(z3)],
such that

(@5 = (@) = 2pu0(e + e 7F = 2uo(e + le@HP) 7
= 2p0(=3)E + 57T (e - le@P) (6.1.14)
= —apo(e + 57 F (le@)] + le@N(e@)] — leE@).
Hence,
n(zy, uy' V") = n(Z, ul, v

2
< 2ap0 Z j(; (€ +1e@P) ™ le(@)lle(ds — Z)les u)ller;(v"ldx

i,j=1

_as2 (6.1.15)
< 2aupe” 2 ||€(Zg1)||(L4(0))2||€(Zg1 - ZT)”(L“(O))Z||eij(ug1)||(L4(0))2||€ij(u’1n - M;n)”(L‘*(O))2
_at2
< 2appe 2 oollzy llwllzy = 25wl Nl — w5 llw
_at2
< 2appe 7 a3llZ = 2 llwllu — uillw.
On the other hand,
(F) = FE, =) < Lelldy = 2l - ]
< LpllZd = 2 llwllut — w3y lw.
By all above inequalities, we obtain
_at2
20l = uylly < (e + 2apoe” 7 c3 + LIy — 2wl — uyllw- (6.1.16)

The continuity of the mapping 7 : z — u in K, follows from (6.1.16). Therefore, by Schauder’s
fixed point theorem, there exists z” € K, such that 7(z") = z, which means that (6.1.8) holds true
for every m. Next, we pass to the limit on the solutions and conclude the existence of a stationary
solution u to (6.1.5). Put v" = ™ in (6.1.8), then

Zﬂl(AMm, um) + n(um’ um’ um) = (F(Mm)’ um) + <g, um>'
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Thanks to some standard computations, we find that

QA = Le)llu™|lw < 11glls.

which gives a uniform bound of ¥ in W (namely, |lu"|ly < (2A;u1 — Lr)7Ylgll.). We can extract
a weakly convergent subsequence (relabeled the same) ¥™ — u in W, by the compact injections
(H*(0))* c (H}(0))*  (L*(0))*), we have |ju™ — M”(Hg(c)))z — 0 and [|u™ — ull 2002 — O.

To proceed, we fix any w; € W,,. Since we have a subsequence of equations (6.1.8) for every m
greater than j, it is clear that we can pass to the limit on every term to obtain

2ui(Au,w;j) + b(u,u, wj) + n(u,u, w;) = (F(u),w;) + (g, wj). (6.1.17)
The first term is obtained by the weak convergence ™ — u in W. In fact,

de;j(u™) 0Oeij(w)) Oe;j(u) Oe;j(w))
, ) = 2 ( ,
0xy 0xy 0xy 0xy

2 (Au™, wj) = 2y ( ) = 2u1(Au, wj) asm — co.

The trilinear term

b™, u",w;) — b(u,u,w;) = =b"™ — u,wj,u™) — b(u,w;, u" — u)

< cqllu™ — ull(L4(O))2”Wj”(H(')(O))z”um”(L“(O))Z + CS”“”(L“(O))z||Wj||(Hé(O))2”um - M||(L4<0)2
1/2 1/2 1/2
(LZ(O))leum - u”(Hé(O))z”W]”(H(l)(()))z||um||(L2(0))2||um||(Hé(0))2

1/2

12 1/2
+ el ol oI lasgonplle” = ul g ol =l 0.

< collu™ — ull

The nonlinear term

n", u",w;) —n(u,u,w;) = (N@u")—Nu),w;)

< KN@™) = N@w), wil
< esllu™ = ull oy W ill o = 0-
And the delay term
(F(u™) = F(u), Wj) < Lpllu™ - M||(L2(0))2||Wj||(L2(O))2 - 0.
Thus, (6.1.17) holds true for every w; € W,,. Since the set of linear combinations of wi, wa, -+« , Wy, -+

is dense in W, we deduce that (6.1.5) is satisfied at least by u* = u.
(b) Regularity. From (a) we know that

2uiAu+ B(u) + N(u) = F(u) + g, (6.1.18)
which must be understood in the sense of ’. Now taking the inner product of (6.1.18) with u gives

2uy (Au,u) + (N(u), u) = (F(u), u) + (g, u).
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By standard calculations,
llullw < QApr — L) llgll- (6.1.19)

From (6.1.18), we have
2u[|Aul] < [|B(u, wl| + [IN@)I| + |F @)l + [lgl]-

Notice that
1B, w)l| < collulllluelzzy 02 < crollullyys
and
INwWI| = 2/uto(f(6+IVbtlz)_“lAulzdx)”2
o)

< 2p0€ || Aul|

< 2u0e ey llullw.
Hence,

2uillAull < crollully, + 210 *crillullw + Lellullw + 1 £
< (010(2/11,111 — L) Al + Quoe ey + 2/11#1)) QA = L) Il

which implies u € D(A).
(c) Uniqueness. Let u;, u, be two stationary solutions of (6.1.5), and v = u; — u,, then

2u1 (A(uy — up), uy — up) + b(uy, uy,v) — b(uy, uz, v) + n(uy, uy, v) — n(uz, up,v) = (F(uy) — F(up), v).

Note that n(uy, u;, v) — n(uy, up,v) = 0, and

1b(v, uz, v)|
Co(O) VI3 l1uallw
Co(O)A 1y — L) glllleey — sl

|b(uy, uy,v) — b(ua, uz, v)|

NN

(F(uy) = F(u2),v) < Lelluy — uallyy,
whence
2451 |luy = ullyy < (LF + Co(O)2A 1y — LF)_1||8||*) lluy — wall5ys
and therefore
[(2/11/11 — Lp) = Co(O)2A1u1 — LF)_lllgH*] lluy = sy, < 0.
Since (2411 — Lr)* — Co(O)ligll. > 0,
oty — M2||%v =0.

This completes the proof. O
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6.2 Local asymptotic behavior

In this section, as it was mentioned previously, we will use four approaches to analyze the long time
behavior of solutions. They are: the classical Lyapunov function method, the Lyapunov-Razumikhin
type argument, the construction of Lyapunov functionals approach, and a Gronwall-like lemma tech-
nique.

It is worth pointing out that the first method requires a differentiability assumption on the delay
term, which can be relaxed by a Razumikhin method approach but at the price of more continuity
with respect to time ¢ for the operators in the problem, in addition to the fact that we have to work
with strong solutions instead of weak ones. However, a better stability result can be obtained by
constructing appropriate Lyapunov functionals as long as one can find the appropriate ones, which is
not a straightforward task. In the end, a Gronwall-like lemma technique is exploited for the stability
analysis by only assuming measurability on the delay term. This scheme has already been used in the
analysis of stability properties for the stationary solutions of 2D Navier-Stokes equations with delay
(see [21] for more details).

6.2.1 Exponential stability: Lyapunov function

Now we will show that under appropriate conditions, our model has a unique stationary solution, U,
and every weak solution of (6.0.1) converges to u., exponentially fast as t — +oo.

Theorem 6.2.1. Suppose that f(t,u;) = F(u(t — p(t))) with p € C'(R™; [0, h]) such that p’(t) < p. < 1
forall t > 0. Assume that there exists [; = [,(0) > 0, such that if g € (L*(0))* and 2A,u, > L and, in
addition,

(2= p.)LF N l
1 - p. 24y — L
Then, there is a unique stationary solution u., of (6.1.5) and every solution of (6.0.1) converges to u,

exponentially as t — +oo. More precisely, there exist two positive constant C and A, such that for all
uy € H and ¢ € L*>(=h,0; W), the solution u of (6.0.1) with g(t) = g satisfies

4y > llgll- (6.2.1)

luat) = teall> < Ce™ (Ut = el + 119 = sl ) (62.2)
forallt> 0.

Proof. Let u be solution of (6.0.1) for g(¢) = g, and u,, € D(A) be a stationary solution to (6.0.1).
Denote w(¢) = u(t) — u., since that

dw(t)

+ 2t Aw + B(u(1)) = B(ueo) + N(u(t)) = N(ueo) = F(u(t — p(1))) = F(uc0).
Fix 4 > 0, by standard computations

d
Ee”IIW(f)II2 <@ =4 + Lp)e W@l + 2¢V1b(w, w, )l + Lret|lw(t = p(0)I. (6.2.3)
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Notice that
6w, w, o)l < Lolwllzsop IV Wllwsope il < Lillwiylliteollw-
On the other hand,
211 (Ao, Uoo) + (N(Uoo), o) = (F(Uhoo), Uoo) + (&, Uoo),
which implies, arguing as in (6.1.18)-(6.1.19)
llteollw < 2111 = L)™' gll,

and

d
T wOIP < (4= 4ar + Le+ h Ay = L) lgl) Iy + Lre Tt = p0)IP.

Denote by r(¢) = t — p(¢). Then the function r(-) is strictly increasing in [0, +c0), and there exists
au > 0 such that r'(f) < t + u for all t > —p(0). Thus, by performing the change of variable
n = s — p(s) = r(s) in the integral containing the delay, we obtain

!
WP < WO + (A = 4dipay + Lp + [1Q2A4pa1 — LF)“IIgII)f eVlw(s)Iliyds
0

1—p(1) PR 5 1
+ e’ Plwll———=dn
L«» ' (r-' (i)
!
< IWO)IP + (A = 4y + Ly + LAy = L)™' Igll) f elw(s)|,ds
0
Au 4 e/l,u 0
f lw(n)|Pan + f (P
1 -p.Jo 1 =p. Joi
2 1 et ' P 2
< [Iw(O)|| +(A—4ﬂlu1+LF+ll<2alm—LF>- 1A+ 1= ) f w3 ds
.

et 0 2 2
+ f elw(mll~dn.
lL—p.Jou

Since (6.2.1) is satisfied, then there exists A4 > 0, small enough, such that

(6.2.4)
+

A
1 —p.

A= 44y + Ly + L4y — Le) Vgl + >0,

which combines with (6.2.4), we conclude that for this 4 > 0,

e/ly 0
Iw@dIP < [IwO)I + N f elw(n)|dn,
—Px J-n
which implies (6.2.2).
The uniqueness of u., follows from the fact that if i, is another stationary solution of (6.1.5), then
u = il 1s a solution of (6.0.1) with uy = i, and ¢ = ii.,, then applying (6.2.2) and letting t — +oo,
one deduces ||ite, — Ue||* < 0. The proof is therefore completed.
O
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6.2.2 Exponential stability: A Lyapunov-Razumikhin approach

In the previous part we established the exponential convergence of weak solutions of problem (6.0.1)
to the unique stationary solution when the variable delay term is continuously differentiable. And
we will relax this condition by a Razumihkin method. Only the continuity with respect to time ¢ of
operators in this model and the solutions is required, but we need to work with strong solution rather
than the weak ones.

Theorem 6.2.2. Suppose that g satisfies (H1) — (H3), and for each & € C([—h,0]; W), the mapping
t € [0, +00) > g(t, &) € (L*(0))? is continuous. Assume that 2A,u; > Ly and g € (L*(0))?, and there
exists a unique stationary solution u., of (6.1.5) such that for some A > 0 it holds

= 211 (A($(0) = tteo), p(0) = tteo) = (B($(0)) = B(teo), $(0) = thoo) = (N($(0)) = N(tes), $(0) — t1)

+ (f(t, ) = (1, 1), $(0) = o) < =AUIB(0) = uel?,
(6.2.5)

whenever ¢ € C([—h,0]; H) with $(0) € W satisfies
llp — uoon%‘([_h,o];[-[) < e/lh||¢(0) - uoollz-

Then, the strong solution u(t; ¢) of (6.0.1) converges exponentially to the unique stationary solution
U as follows
lu(t; @) — usoll® < el — teollZ:(_pogern (6.2.6)

Proof. If (6.2.6) does not hold true, then there exists an initial datum ¢ € C([—h, 0]; H) with ¢(0) € W
such that

) 2 -a 2
lu(t; §) — ueoll” > €™l — toollEr_n01et1)s

for some values of ¢.
Denote

: . . 2 -A 2
o = inf {t Nu(t; @) — usol|” > e t”¢ - uoo”c([_h,o];[-])} .

Thus for0 <t < o,
eV|u(t; ) — ueoll® < V(s ) — weoll® = p = tteallepopany-
On the other hand, for any 7 € [0, 0 + &], there exists # ~, o such that
e luti; @) = usll? > e*llu(o ¢) — ul. (6.2.7)
However,
T ONu(or + 6, ¢) — usll < €7 llu(os §) — ull’, 6 € [=h, 0],
from which we deduce that

2 Ah . 2 Ah 2
it — voollepoey < €7 (o @) — uoll” = €™lue-(0) — uell”,
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which means that

= 211 (A(up(0) — tteo), ur(0) — o) — (B(ut(0)) — Bluho), U (0) — theo) = (N(ut(0)) — N(tho), 5 (0) — th)
+ (f(t, u(r) - f(t’ Moo)’ MO'(O) - MOO) < _/l”u(r(o) - MOOHZ-

As u(-;¢) € C([—h, +0); W), by the continuity concerning the operators of the problem, there exists
€. > Osuchthat forall e € (0,¢,] and t € [0, 0 + €],

= 211 (Au(t; @) — Uoo), u(t; @) — Ueo) — (B(u(t; ) — Blutoo), u(t; §) — o) — (N(u(t; $)) — N(tteo), ut; §) — o)
+ (f(t (5 ) = [t too)s (5 $) = thoo) < =Au(t; ) — |-
Thus, denoting by w(?) = u(t; ¢) — U,

dw(t)
dt

+ 2 Aw + B(u) — B(us) + N(u) — N(u) = f(t,u,) — f(t, Uoo).

Take inner product of above equation with w,

1d
EEIIW(I)II2 + 201 (Aw, w) + (B(w) — B(ue), w) + (N(u) — N(uw), w) = (f (£, u;) = f(1, ueo), w)
for all t € [0, o + €], and integrate over [0, 0 + €],

A . 2 A . 2
e TONw(o + & P = e lu(os ¢) — ueoll

o +& g +E +&
=2 f eYllw(t; @)l dt — 4, f e"(Aw, w)dt — 2 f e (B(u) — B(us), w)dt
7 +& 7 o +E u
-2 f e"(N(u) = N(uts), w)dt + 2 f e(f(t,u;) — f(t, Uso), w)dt < 0,
which contradicts (6.2.7). mi

The following corollary provides a sufficient condition which implies (6.2.5) but easier to verify.

Corollary 6.2.3. Suppose that f satisfies (H1) — (H3), and for all ¢ € C([—h,0]; W) the mapping
t € [0, +00) = f(t,&) € (LX(0))? is continuous. Assume that 2A,u; > Lp and g € (L*(0))?* so that
there exists stationary solution u., of (6.1.5). Assume also that there exists a constant l; > 0 such that

if
21 > L + LAy — Le) A, (6.2.8)

then the stationary solution u., of (6.1.5) is unique, and for all ¢ € C([—h,0]; H) with ¢$(0) € W, the
stationary solution to (6.0.1) corresponding to this datum, u(t; ¢), satisfies

. 2 A 2
lu(t; §) — usoll” < e™ll¢p — MOO”C([—h,O];H)’ forallt > 0.
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Proof. Let ¢ € C([—h,0]; H) with ¢(0) € W be such that

2 Ah 2
llp — uoo”c([_h,o];y) < e|p(0) — usll”,
where A > 0 is a constant to be chosen later on. Then

= 2111(A($(0) = teo), $(0) — 1) = (B(¢(0)) = B(utoo), $(0) — tt0)
— (N(#(0)) = N(uteo), $(0) — tteo) + (f (2, ) = f(1, o), $(0) — U

< =221 u1[19(0) — teollzy — B(B(0) — Uoo, oo, $(0) — teo) + Lrllep — ueollllp(0) — ttcol 690
< 20 l1(0) = el + Lee™$(0) — ttally = BHO) =t teor $(O) — 1) (029)
< 2011 11¢(0) — uwllyy + Lre™[I¢(0) — ucollyy + L2211 — Le) " I F (0 — ueollyy
= (=211 + Lpe™ + LA = Le) ™ 111 119(0) = sl
If (6.2.8) is satisfied, there exists A4 > 0 such that
A =20y + Lee™ + 1,4y — L) '|IfIl <O,
and for this fixed A, we can obtain from (6.2.9) that
= 2u1(A(¢(0) — o), 9(0) — o) — (B(¢(0)) — B(uteo), $(0) — 1teo)
— (N(#(0)) = N(uw), $(0) — ueo) + (f (£, ) — f(£, o), $(0) — tte)
< = A/1¢(0) — ool < =All(0) — ucoll*.
O

6.2.3 Exponential stability: Constructing of Lyapunov functionals

Our interest in this subsection is to analyze the exponential stability of solutions to problem (6.0.1)
by constructing some Lyapunov functionals, a method which was proposed by V. Kolmanovskii and
L. Shaikhet and has been extensively used in functional differential equations, in difference equations
with discrete time or with continuous time (see [ 109, ] for more details and references).

LetA: W —> W, fit, ) : C([-h,0]; H) = W’; fo(t,-) : C([—h,0]; W) — W’ be three families of
nonlinear operators defined for # > 0O satisfying A(1,0) =0, fi(1,0) = 0, f(¢,0) = 0.

Consider the equation

du .
jl: = A, u(t) + fitu) + foltu), 150, 6210
u(s) = y(s), s € [-h,0].

Denote by u(-; ¢) the solution to (6.2.10) corresponding to the initial value . Now we recall a theorem
which will be crucial in our stability investigation.
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Theorem 6.2.4. (See [40]) Assume that there exists a functional V(-,-) : R X Cy +— [0, +0c0) such
that the following conditions hold for some positive numbers 8, 6, and A:

V(t,u) > 61V, >0
V(0. u0) < SR,

d
E’V(l’ u[) < O, t > 0’

for any € Cy such that u(-; ) € C([—h, +00); H). Then the trivial solution of (6.2.10) is exponen-
tially stable.

Notice that this theorem implies that the stability analysis of Eq. (6.2.10) can be reduced to the
construction of appropriate Lyapunov functionals.
To this end, consider the following evolution equation

‘;—‘t‘ = A(t,u(d) + Fu(t — p(1))), (6.2.11)

where A(t,-), F : W — W’ are proper partial differential operators (see conditions below), which is a
particular case of Eq.(6.2.10). And we are going to study exponential stability to problem (6.2.11).

Theorem 6.2.5. (See [2]]) Suppose that the operators in (6.2.11) satisfy

(At,u), uy < =yllully,y > 0
F:Wo W, IF@l. <Bluly, ueW,
p(1) € [0, h], p'(1) < p. < 1.

Then the trivial solution of Eq.(6.2.11) is exponentially stable provided

B
Vl—p*'

Here we apply this method directly to our case, but only give a sketchy proof. We construct
a Lyapunov functional V for our model Eq.(6.1.5) with g(r) = 0 in the form V = V| + V,, where
Vi(t, u,) = e|lu(?)||?, and we obtain

Y >

d
21 u) = A ()P + 2" (=21 Au(t) = Bu(1)) = N(u(D), u(t)) + 2¢" (F(u( = p(1))), u(?))
< A u@I? = 4 e @l + 2Lre lult = p()llw - lu®llw

L
S@—4m + f)eﬂlllu(t)lliv + eLre"u(t — p(0))l-

Set

eL d
Vot ) = 5 4 f N s)|[5ds.
1—p(t)

- Mx
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Then
d 8LF SLF , _
ZValtu) = 1_—meﬂ<‘+h)||u(t)||%v “1o, e ) POt — p(0))ly
eLpe'
< T ol = eLpeutt = p(E)ly-

Hence, differentiating V =V, + V,

eLpe'

. e @Iy

d d d L
V() = Vit ) + —Valtug) < —@Ai - f ~-A-

Choosing € = 4/1 — p., we have

d L Lpe'
“V(tu) <~ — —mee — A = — ) |u(n)II3,
dt 1-p, 1-p.
5 Lo — 1 (6.2.12)
= (@i - —== = A = ——=—=)e" Il
V1 —p. I -p.
Denoting now
Lp(e™ -1
=+ 22D 0=,
1 -p.
there exists 4 > 0 small enough such that
L
2QA ) — ———) > h(A).
1 —p.

Then it follows directly from (6.2.12) that %V(t, u;) < 0, and the Lyapunov functional V(t,u;) =
eMlu@)|? + f_LpF* ft ip(t) e M|lu(s)|I% ds satisfies the conditions in Theorem 6.2.4, which implies that
the trivial solution of Eq.(6.1.5) is exponentially stable.

Remark 6.2.6. (a) Here F : W — W’ is a Lipschitz continuous operator with Lipschitz constant
Lr > 0and F(0) = 0. If G : H — H with Lipschitz constant Ly with Ly > Ly, then F : W — W' is

Lipschitz , and from 2,41, > ? Ly

, we obtain that 2, > =
—Px —Px
(b) Although applying this method, we also need the differentiability of variable delay function, the

stability result that we obtained is better than the first case, in which 2A;u, > (i(_lp_*/)f; is required, but
here we only need 24,y > \/% which means we have more choice for u,.
>

6.2.4 Exponential stability: A Gronwall-like Lemma

Now we study the stability of stationary solutions to Eq.(6.1.5) via a Gronwall-like lemma. For
convenience, we will consider Eq.(6.1.5) with g(¢) = 0 and f(¢, ¢) = F(¢(—p(?))), for ¢ € Cy, where
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G : H — H is Lipschitz continuous with Lipschitz constant Ly > 0 and F(0) = 0. For the delay term
o we only assume that it is measurable and bounded, i.e., p : [0, +c0) — [0, h]. Compared with the
ones required in the three previous approaches, this is the weakest assumption. But we still can prove
the exponential stability of steady-state solutions.

Lemma 6.2.7. ([45]) Let y(-) : [—h, +00) — [0, +00) be a function. Assume that there exist positive
numbers vy, ay, a, such that the following inequality holds:

ae™” + a, fot e sup y(s+6)ds, t>0,
y(b) < 9e[—h,0]
aje™”, t € [-h,0].
Then,
y(t) < aye™, forallt > —h,

where u € (0,vy) is given by the unique root of the equation ;’Tzﬂe”h = 1 in this interval.

Theorem 6.2.8. Suppose that g(t) = 0 and f(t,u,) = F(u(t — p(t))), where F : H — H is Lipschitz
constant Ly > 0 and satisfies F(0) = 0. Assume that p : [0, +o0) — [0, h] is a measurable function.
Then the zero solution of (6.0.1) is exponentially stable provided

4/1],[11 > Lf.
Proof. Let us first choose a positive constant A > 0 such that
A—- 4/11/11 + Lf > 0.

Notice that the weak solution u(-) to model (6.0.1) corresponding to the initial datum ¢ satisfies

eMlu@)IP = lipO)I* + ﬂf e®llu(s)IPds — 4 f e (Au(s), u(s))ds
0

0

-2 fo | (N (u(s)), u(s))ds +2 fo t e (F(u(s = p(5)), u(s))ds
< lgO)I* + ﬂfot eCllu()IPds — 4, fot ellu()lPds

+ 2L fot e®lluts — p(s)llluCs)llds
< llpO)II” + /lfot eVllu(s)IPds — 4 fot eVllu(s)Ids

+ Ly fot eVllu(s)IPds + Ly fot eVllu(s — p(s)IPds

t !
< lIpO)IP + (A = 411 + Lf)f e®lluls)|Pds + Lff e®llu(s - p(s))IPds
0 0

f
< llenopy + (A = 4dipay + 2Ly) fo e 968[1_1’1230] llu(s + O)|ds.
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Hence, from the Lemma 6.2.7, we know that the unique zero solution to Eq.(6.0.1) is exponentially
stable.
m]

Remark 6.2.9. In this Chapter we have exhibited several methods to analyze the exponential stability
of incompressible non-Newtonian fluids when some hereditary properties are taken into account in
the forcing term of the model, and our analysis has been carried out when the delays are bounded.

In the case of constant delays, the autonomous theory of global attractor may provide an appropri-
ate framework to study the problem. But for more general delay terms, such as variable or distributed
delays, the problem becomes non-autonomous and it is necessary to consider a non-autonomous
framework for the global asymptotic behavior of the model. Several options, for instance, the the-
ories of skew-product and uniform attractor are available, but we would like to emphasize that the
theory of pullback attractors may allow more general non-autonomous terms in the models. In this
respect, the existence of pullback attractor of an incompressible non-Newtonian fluid with bounded
delay has been established in Chapter 5 (see also [115]).

Although many other aspects on this model have already been investigated (see [7, 12, 15, ,

, | and the references therein), there are still many interesting problems related to incom-
pressible non-Newtonian fluids that need to be studied in future. For instance, what are the effects
that some environmental noise may produce in the phenomenon, which will then become a stochastic
non-Newtonian fluid. Amongst the many topics that we could analyze within the field of stochas-
tic non-Newtonian with delay (bounded or unbounded), we could wonder about the existence and
uniqueness of solutions, in particular the stationary one, their stability properties, and the existence
and structure of random attractors as well. We plan to work on this problems in future.
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Some useful lemmas

In this Appendix we recall and prove some useful results from functional analysis.
The following key lemmas have been cited in Section 2 of [15] with appropriate references:

Lemma A.1.1. If u € H)(O), then

1/4 1/2 1/2
lull a0y < 2" lull o IV ull ey -

Lemma A.1.2. Ifu € W, then there exists a positive constants c,, depending only on O, such that

L%

||Vu||L4(O) < C()”M”Hl(o) HX(0)"

Lemma A.1.3. There exist two positive constants ¢, and ¢, which depend only on O such that
cillully < a(u,u) < collully, Yu e W.

Lemma A.1.4. (Gronwall’s Lemma, see [[58], p. 9]) Let x,y, Y be real continuous functions defined
in [a,b), y(t) > 0 for t € [a, b]. We suppose that on [a, b] we have the inequality

x(t) <Y(@) + f y(s)x(s)ds. (A.1.1)

Then t t
x(6) < Y(@) + f y(s)¥(s)exp [f y(u)du] ds. (A.1.2)

in [a, b]. Particularly, if ¥ is differentiable, then from (A.1.1) if follows that

x(t) < W(a)exp (f y(u)du) + f exp (f y(u)du) Y (s)ds, (A.1.3)

forallt € [a,Db)].
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Lemma A.1.5. (Uniform Gronwall’s Lemma [103]) Let t € R be given arbitrarily. Let g, h and y
be three positive locally integrable functions on (—oco, t] such that y’ is locally integrable on (—oo, 1],
which satisfy that

dy

— < gy+h for s<t,
1 S8 S

and

! ! !
f g(s)ds < ay, f h(s)ds < ay, f y(s)ds < as, Vs <t,
t—1 t—1 t—1
where a\, a, and az are positive constants. Then
y(t) < (ap + az)e™, Vs <t.

Lemma A.1.6. (Young’s inequality.) Let a, b > 0. Then for every p,q satisfying 1 < p,q < oo,
L+ 1 =1, it holds
g 1 p b‘l
a-b <8a— e — forall € > 0.

p q
Lemma A.1.7. (Gagliado-Nirenberg)(see [136]) Suppose that O C R" is a bounded domain with
smooth boundary. Let u € L1(O) and its derivatives of order m, D™u belong to L'(O), where 1 <
q,r < 00. Then for the derivatives D'u,0 < j < m, there holds

D ully < cllullmllull 5 (A.1.4)
where 1 _ i 1
=t D i -0,
p n ron q
for all o in the interval '
L <o<l1.
m

Here the constant ¢ depends only on n,m, j,q,r and o.
The following lemmas will be also useful in this thesis, and readers are referred to [77] for details.

Lemma A.1.8. Let ¢ be a non-negative, absolutely continuous function on R,, T € R, which satisfies
for some € > 0 and 0 < o < 1 the differential inequality

S0+ ep < A+m@oQ) +mit) 1€R,

where A > 0, and m, and m, are non-negative locally summable functions on R.. Then

1 1 [ ~e(i-y)
my(y)e dy,
— O— -

1-—

$(1) <

A 73
[p(@e ™7 + =1+ f m (e " dy] 4
o € - 1

foranyt e R..



143

Lemma A.1.9. let m € T (R, X) for some T € R. Then, for every € > 0,

!
| mee ey < ey e
,

Lemma A.1.10. (See [/38]). Let u € C'(R*) N L'(R*) be a non-negative function, such that if
u(so) = 0 for some sy € R*, then u(s) = 0 for every s > so. Let By, B, By be three Banach spaces,
where By, B, are reflexive, such that

By — B — By,

where the first injection is compact. Let C C Lﬁ(R*; B) satisfy
(i) Cis bounded in Lﬁ(R*; By) N Hj(RJr; B)),
(ii) sup,cc (I < h(s), Vs € RY, for some h(s) € L (R™).

Then C is relatively compact in LZ(R*; B).
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