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Presentacion

Esta memoria estd dedicada al estudio de tres problemas de frontera libre dadas por inter-
fases entre fluidos incompresibles: parche de temperatura en Boussinesq, parche de densidad
en Navier-Stokes y el problema de Muskat. Estos problemas proceden de diferentes sis-
temas fisicos cuya evolucién puede describirse mediante ecuaciones en derivadas parciales
parabdlicas no lineales y no locales. El trabajo se centra en propiedades cualitativas de las
soluciones, tales como ill-posedness o regularidad de la interfase para todo tiempo.

Las ecuaciones de Boussinesq son ampliamente usadas como una adecuada aproximacién
del movimiento de fluidos en fenémenos de conveccién natural. En estos procesos, el
movimiento fluido se debe a la accién de la gravedad sobre variaciones de densidad induci-
das por cambios de temperatura, sin agentes externos del movimiento. La aproximacién de
Boussinesq resalta este hecho al asumir constante la densidad en todos los términos salvo el
de gravedad.

Desde el punto de vista matematico, el mayor interés radica en la conexién entre el sistema
de Boussinesq bidimensional y las ecuaciones de Euler y Navier-Stokes en tres dimensiones.
En contraste con estas tltimas en el plano, donde la ecuaciéon de la vorticidad no presenta
término cuadratico, Boussinesq 2d consigue capturar el fenémeno de wvortex stretching. Al
igual que en las ecuaciones de Euler y Navier-Stokes en 3d, la regularidad para todo tiempo
de las ecuaciones de Boussinesq en dos dimensiones sin viscosidad ni difusividad térmica sigue
siendo un destacable problema abierto. De hecho, en ese caso, las ecuaciones de Boussinesq
pueden identificarse formalmente con las ecuaciones de Euler 3d en el caso axisimétrico con
rotacién, lejos del eje. Si se consideran fluidos viscosos o difusividad térmica no nula, entonces
en 2d no pueden producirse singularidades en tiempo finito partiendo de soluciones con energia
finita.

En el segundo capitulo, se consideran las ecuaciones de Boussinesq, con viscosidad pero
sin difusién, para dato inicial de tipo parche. Es decir, la temperatura inicial estd dada por la
funcién caracteristica de un dominio acotado. Desde el remarcable resultado de regularidad
global para el parche de vorticidad en Euler 2d, se han producido numerosos trabajos sobre
soluciones tipo parche en distintos modelos. FEn particular, se ha encontrado evidencia
numérica de colapso puntual al mismo tiempo que la curvatura se hace infinita en el sistema
surface-quasi-geostréfico. En ambos problemas, una cantidad escalar, la temparatura, es
transportada por un campo de velocidad definido a su vez a través de aquélla. No obstante,
se mostrard que la curvatura de un parche de temperatura en Boussinesq no puede hacerse
infinita en tiempo finito. Ademas, se probaran resultados analogos mostrando que la frontera
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de los parches mantiene su regularidad inicial, medida en espacios de Holder, para todo
tiempo. Para los casos de baja regularidad, se hara uso de la estructura parabdlica del
modelo aplicando resultados de méaxima regularidad para la ecuacién del calor. A partir
de éstos, una nueva cancelacion, encontrada en los operadores integrales singulares de tipo
parabdlico dados por las segundas derivadas de los nicleos del calor y su combinacién con
transformadas de Riesz, permitird lograr el control de la curvatura. Avanzando aun maés,
se aprovechard la regularidad adicional de la velocidad en la direccién tangencial al parche
para propagar interfases mas regulares. Estos resultados se encuentran publicados en [62].

Las ecuaciones de Navier-Stokes no homogéneas modelan flujos incompresibles de fluidos
con densidad variable. Son ampliamente usadas, por ejemplo, en dindmica ocednica. Sirven
también para describir un sistema de dos o mds liquidos inmiscibles. Matemaéaticamente,
la teoria de soluciones fuertes para Navier-Stokes inhomogéneo esta aun incompleta incluso
para el caso bidimensional, mientras que en tres dimesiones abarcan el conocido problema
del Milenio.

Anque la existencia globalmente en tiempo de soluciones débiles con energia finita se
conoce desde hace tiempo, hasta hace muy poco la teoria de soluciones fuertes requeria, o bien
densidad inicial positiva y al menos continua, o bien densidad inicial regular. Unicamente en
los dltimos anos estas restricciones se han superado parcialmente. En su libro de 1996, P.-L.
Lions propuso el llamado problema del parche de densidad: suponiendo que la densidad inicial
estd dada por un parche, la pregunta es si éste se propaga con la velocidad, manteniendo su
frontera la misma regularidad que la interfase inicial. La teoria de soluciones renormalizadas
de Di Perna y Lions garantiza que la evolucién del parche conserva el volumen, pero no aporta
informacién sobre la regularidad de la frontera.

En el capitulo tercero, se da un respuesta positiva para el caso en el que la interfase
inicial entre los liquidos tiene vector tangente bien definido y con regularidad Holder. Se
admite cualquier salto de densidad y cualquier tamano de la velocidad inicial. Ademas, la
estrategia de la prueba permite tratar el caso limite de dos derivadas, dando asi control sobre
la curvatura del parche. El parche evoluciona de acuerdo a una ecuacién de transporte,
dada por la conservacion de la masa. Para propagar regularidad del mismo, hace falta
primero obtener una ganancia de regularidad para la velocidad. Como la densidad esta
dada por una funcién salto, y por tanto de baja regularidad, el acoplamiento quasilineal
entre la densidad y la velocidad hace que la ganancia parabdlica de regularidad sea dificil de
conseguir por métodos estandares. Asi, el uso de estimaciones de energia con pesos en tiempo
y la mayor regularidad de la derivada convectiva son cruciales en ese paso. Combinando
diferentes técnicas, es posible construir la prueba a pasos, usando los resultados para inter-
fases poco regulares en los de mas alta regularidad. Los resultados han sido publicados en [64].

El movimiento de dos fluidos incompresibles e inmiscibles en un medio poroso da lugar
a un importante problema de frontera libre conocido como problema de Muskat. Muskat
lo planteé en primer lugar, basindose en la ley experimental de Darcy, para modelar el
comportamiento del agua a través de suelos con petréleo en los procesos de bombeo de las
industrias petroliferas. En la aproximacién de Darcy, la velocidad, en lugar de la aceleracién,
es proporcional al gradiente de presiones méds las fuerzas externas, tales como la gravedad.
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Considerando propiedades constantes pero distintas para cada fluido, las ecuaciones de Darcy
se reducen a una ecuaciéon que describe la evolucién de la interfase fluida.

En el dltimo capitulo, se estudia la existencia, unicidad y regularidad globalmente en
tiempo de soluciones en espacios criticos en el régimen estable, es decir, cuando el fluido mas
denso se encuentra debajo. Se hard considerando tanto densidades como viscosidades distintas
para cada fluido, y para pendientes iniciales en la interfase no necesariamente pequenas, sino
simplemente acotadas por una constante explicita. Ademds, se muestra que la interfase
se vuelve instantdneamente analitica y se aplana con el tiempo, dando tasas 6ptimas del
decaimiento medido en distintas normas. Finalmente, se vera que el caso inestable esta mal
propuesto incluso considerando soluciones de muy baja regularidad. Estos resultados pueden
consultarse en [63].
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Abstract

In this thesis, three incompressible fluid interface problems are studied: Boussinesq tempera-
ture patch, Navier-Stokes density patch and the Muskat problem. They come from different
physical scenarios whose evolution can be described by nonlinear and nonlocal parabolic
partial differential equations. The work focuses on qualitative properties of the solutions,
such as ill-posedness or global-in-time regularity of the interface.

Boussinesq equations are widely used as an accurate approximation of the full density-
dependent fluid equations to model phenomena dominated by natural convection. In natural
convection, fluid motion is due to gravity acting on density variations induced by temperature
gradients without external sources. The Boussinesq approximation emphasizes this fact by
assuming constant density in all terms except the buoyancy.

From the mathematical point of view, the main interest lies on the connection between
the two-dimensional Boussinesq system and the three-dimensional Navier-Stokes and Euler
equations. In contrast with Navier-Stokes on the plane, where the vorticity equation does
not have a quadratic term, 2d Boussinesq still captures the phenomenon of vortex stretching.
As in 3d Euler and Navier-Stokes equations, global well-posedness of the 2d inviscid and
non-diffusive Boussinesq system remains an outstanding open problem. Indeed, in this set-
ting, the 2d Boussinesq equations can be formally identified with the equations for 3d Euler
asixymmetric swirling flows away from the axis of singularity. When viscous fluids or thermal
diffusivity are considered, global well-posedness in 2d is known for finite-energy initial data.

In the second chapter, we consider the viscous Boussinesq equations without diffusion
for singular initial data of patch type. That is, the initial temperature is given by the char-
acteristic function of a bounded domain. Since the non-expected global regularity results for
the vortex patch problem in 2d Euler, there has been a long tradition for the patch problem
in different models. In particular, numerical evidence of pointwise collapse with curvature
blow-up was found in the study of patch solutions for the Surface-Quasi-Geostrophic active
scalar system. When diffusion is neglected, the Boussinesq approximation also becomes an
active scalar system, where the relation between the velocity field and the scalar is noticeably
nonlinear. Nevertheless, we show that the curvature of the boundary of a patch cannot
blow up in finite time. We also give analogous global-in-time results for lower and higher
regularity interfaces measured in Hoélder spaces. For the lower regularity regime, we make
use of the parabolic structure of the model by applying maximal regularity results for the
heat equation. Building upon this result, a new cancellation found in the singular integral
parabolic operators given by two spatial derivatives of the heat kernels and its combination
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with Riesz transforms allows us to gain control of the curvature. Going one step further, we
take advantage of the extra regularity of the velocity in the tangential direction to propagate
more regular interfaces. These results have been published in [62],

The inhomogeneous Navier-Stokes equations model physical systems in which fluids of
non-constant densities move as an incompressible flow. This regime is the case in many
geophysical problems, such as oceanic fluid dynamics. More prominently, these equations
can be used to describe a system of two or more immiscible liquids. Mathematically, the
theory of strong solutions for inhomogeneous Navier-Stokes is still not complete even in the
2d case, while the 3d case encompasses the well-known Navier-Stokes Millennium problem.

Although global weak solutions with finite energy were established long ago, until very
recently the strong solutions theory required the density to be either positive and at least
continuous, or smooth. Only in the last few years these constraints have been partially over-
come. In his book of 1996, P.-L. Lions proposed the so-called density patch problem: assuming
that the initial density is given by a patch, the question is whether the flow propagates the
patch with the same regularity as the initial interface. The renormalized solutions theory
of Di Perna and Lions guarantees that the evolution of the patch preserves the volume, but
nothing can be said about the regularity of the boundary from this weak solution framework.

In the third chapter, we give a positive answer when the initial interface between
the two liquids has C'*7 regularity or greater, for any density jump and any size of the
initial velocity. More remarkably, our proof also works in the limit case of W2, thus
providing control of the curvature. In this problem, the active scalar equation is given by
the mass conservation principle and the relationship with the velocity by the inhomogeneous
Navier-Stokes momentum equations. To propagate regularity of the scalar, a gain of
regularity for the velocity is first needed. As the density is given by a patch, and hence is
of low regularity, the quasilinear coupling between the density and the velocity makes the
parabolic gain of regularity difficult to achieve by standard procedures. Thus, the use of
time-weighted energy estimates and the higher regularity of the convective derivative are
crucial in this step. By a combination of different techniques, we can bootstrap our result
from low regular initial interfaces to higher ones, thus providing a unified approach. These
results have been published in [64].

The motion of two incompressible immiscible fluids through a porous medium gives rise
to an important free boundary problem called the Muskat problem. Muskat first derived it
based on the experimental Darcy’s law to model the behavior of water through oil sand in
typical pumping processes in the petroleum industry. In Darcy’s approximation, the velocity,
instead of the acceleration, is proportional to the gradient of the pressure plus the external
forces such as gravity. Assuming constant but different properties for each fluid, Darcy’s
equations are reduced to one describing the evolution of the fluid interface.

In the last chapter, we study global-in-time existence, uniqueness and regularity of solu-
tions in critical spaces in the stable regime, i.e., when the more dense fluid is at the bottom.
We do it for the actual physical case where the fluids have both different densities and vis-
cosities, and for initial slopes not necessarily small but just bounded by an explicit constant.
Moreover, we improved the previous known constants for the non-viscosity jump case. In
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addition, we show that the interface becomes instantly analytic and flattens in time, giving
large-time decay rates for the solution. We also show ill-posedness in unstable situations even
for low regularity solutions. These results can be found in [63].



viii ABSTRACT

A mis padres.



Agradecimientos

Con estas lineas concluye una larga y excitante etapa de trabajo y aprendizaje, que toma
forma en esta tesis. Quisiera aqui mostrar el justo reconocimiento que merecen todas las
personas que la integran. Por brevedad, me limitaré a expresaros mi mas sincera gratitud.

En primer lugar, quisiera dar las gracias a mi director, Francisco Gancedo, por su ina-
gotable optimismo y energia. El relajado ambiente de trabajo que crea, su humildad y su
pasién por los problemas consiguen disolver cualquier inseguridad aun en los momentos menos
buenos. Trabajar con Paco es acabar la manana sonriendo, preparado para ir a por todo y,
muy posiblemente, con el nombre de un nuevo restaurante por probar.

Fundamentales en este trabajo han sido Neel y el profesor Strain, a quienes agradezco
enormemente su acogida durante mi estancia en Filadelfia y la posibilidad de haber colaborado
con ellos. A Neel, ademds, toda su ayuda y las risas durante este ultimo ano en Sevilla
Quiero también dar las gracias a Diego Cordoba por mostrar interés en mi trabajo y a Peter
Constantin por aceptar mi préxima estancia en Princeton. Y no puedo olvidarme de Teresa
y el estupendo personal de secretaria del IMUS, siempre amables y dispuestos.

Reservo este espacio para Maria Jests, por descubrirme la fuerza de las ideas, mas alld
de las matematicas. Sus animos dulces y dedicados siempre estan presentes.

Quiero agradecer a todos mis companeros del IMUS por el cédlido recuerdo de los largos
cafés, el buen ambiente durante las comidas y la diversiéon en las cenas. Me siento espe-
cialmente afortunado de haber conocido a Marina y Vanesa, tan atentas y alegres siempre,
de compartir todo este tiempo con las pueblecitas mas divertidas y de tener companeros con
quienes compartir mis gustos gourmet. Por supuesto, muchas gracias a todos mis companeros
de despacho, los primeros y los nuevos, ain liderado por Marithania.

Toca ahora acordarme de todas esas personas que complementan la vida académica. De
los amigos de siempre, Ale, Patri, Lucia, ahora disperos por el mundo, mis amigos ingenieros,
Eloy y José Marfa, que hicieron de la ETSI un agradable recuerdo, y los mas tardios, Maria
y Jaime, que marcaron mis primeros momentos como doctorando. No pueden faltar los
olontenses, Antonio y Moi, companeros de salidas, viajes y de piso. Y Javi, por aunar en una
persona todo lo anterior.

Finalmente, me gustaria agradecer la influencia de mi familia. A mi tio Chema, por
mantenerse simpre cerca. A Javier, para que se acerque. A Dani y a Juana, por su eterna fe
ciega. Y a mis padres, por su constante presencia, su infinita comprension y su ejemplo. Por
todo.

ix



AGRADECIMIENTOS



Contents

Presentacién i
Abstract v
Agradecimientos ix
1 Preliminaries 3
1.1 Boussinesq approximation . . . . . . .. ... Lo Lo 3

1.2 Inhomogeneous Navier-Stokes . . . . . . . .. .. ... .. ... ... 5
1.3 Incompressible Porous Media, . . . . ... ... ... .. ... ......... 6

2 Boussinesq temperature patch problem 9
2.1 Introduction . . . . . . . . . . . .. 9
2.2 Persistence of C'*7 regularity . . . . . ... ... ... ... ... ... 12
2.3 Control of curvature . . . . . . . . . . ... 15
2.3.1 Definition of the operators . . . . . . . . . . ... ... ... ... ... 17

2.3.2 Bound for V2us . . . ... 19

2.4 Persistence of C?*7 regularity . . . . . . ... ... ... ... 24
2.5 Results with Holder and Besov velocities . . . . . . . . ... ... ... .... 31

3 Navier-Stokes density patch problem 35
3.1 Introduction . . . . . . . . .. L 35
3.2 Weak solutions and physical conditions . . . . . . .. ... ... ... ... .. 37
3.3 Persistence of C'*7 regularity . . . . . .. ... ... ... 39
3.4 Persistence of W2 regularity . . .. ... ... ... ... .. .. ... .. 42
3.4.1 Regularity of wy . . . . . . . L 42

3.4.2 Higher regularity forw . . . . . . . . ... oo 46

3.4.3 Higher regularity for Dyuw . . . . . .. .o 47

3.4.4 Critical regularity forw . . . . . . . ... oo 49

3.5 Persistence of C?*7 regularity . . . . . ... ... ... ... .. ... .. ... 51

4 The Muskat problem with viscosity jump 55
4.1 Introduction . . . . . . . . .. 95
4.2  Formulation of the Muskat Problem with Viscosity Jump . . ... ... ... 59

1



CONTENTS

4.3 Main Results . . . . . . ..o 62
4.4 A Priori Estimatesonw . . . . . ... o 66
4.5 Instant Analyticity of f . . . . . . . . . ... 74
4.6 L? maximum principle . . . . . . . ... 7
4.7 Uniqueness . . . . . . o o e e e 78
4.8 Regularization . . . . . . ... 81
4.9 Gain of L? Derivatives with Analytic Weight . . . ... .. ... .... ... 84
4.10 Large-Time Decay of Analytic Norms . . . . . .. ... ... ... ...... 88

411 Tll-posedness . . . . . . o Lo e e 90



Chapter 1

Preliminaries

In this chapter, we briefly describe the physical scenarios that give rise to the fluid interface
problems studied in the following chapters. We also include the equations that will be used
and comment some of their basic characteristics.

1.1 Boussinesq approximation

In natural convection phenomena fluid flow generates due to the effect of buoyancy forces.
Temperature gradients induce density variations from an equilibrium state, which gravity
tends to restore. These flows are usually characterized by small deviations of the density with
respect to a stratified reference state in hydrostatic balance. Potential energy is thus the main
agent of movement, compared to inertia. Oberbeck was the first to notice by linearization that
the buoyancy effect was proportional to temperature deviations [98], and later Boussinesq
[12] completed the model based on physical assumptions. It has been since then one of the
main ingredients in geophysical models, from ocean and atmosphere dynamics to mantle and
solar inner convection, as well as a basic tool in building environmental engineering.

In dimensionless variables, the Boussinesq equations in R? are given by the following
expression

V-u=0,
1
u +u-Vu=-VP+ ﬂAquHed, (1.1)

0, +u-Vo = LAO,
Pe

where u : R? x [0,4+00) — R? denotes the velocity, P : R? x [0,+0c0) — R represents
the pressure deviation from the hydrostatic one and 6 : R? x [0,+00) — R symbolizes
the temperature variations. The symbol A = Zle 0? denotes the Laplacian and V =
(O, - -, 0x,) denotes the gradient, x = (x1,...,x4) is the space variable and ¢ > 0 the time.
The Reynolds number, Re, indicates the ratio of fluid inertial and viscous forces while the
Péclet number, Pe, compares the rates of advective and diffusive heat transport. They are
thus inversely proportional to the viscosity v and thermal diffusivity « constants, respectively.

3
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Roughly, to obtain this system from the equations for density-dependent fluids, one first
substitutes

p(I'?t) = pm + ﬁ(xat)v

considering that the density variations, p, are small compared to the background state, p;,,
i.e., p/pm < 1. In addition, the density is assumed to be linear with respect to the tempera-
ture

p=—pmB(© = Om),

where (8 is the thermal expansion coefficient and the real temperature O is related to 6 by
the Richardson number, Ri, as follows

9= —RiZ =Ri (O - 0,).
m
The Richardson number, which coincides with the inverse of the Froude number squared and
measures the ratio of potential over kinetic energy, is assumed to be large enough so that
density variations are not negligible in the gravity term. The Boussinesq system (1.1) can be
rigorously obtained from the compressible Navier-Stokes-Fourier equations in the zero Mach
and Froude numbers limit [58]. An important feature of this model, particularly for numerical
purposes, is that it avoids the calculation of sound waves [59].

In two dimensions, Boussinesq equations can be rewritten by introducing the vorticity of
the fluid w = V+ - u = Oz, U2 — Oz, U1,

1
wt+u-Vw:EAw+8x19,
1
9t—|—u-V0—P—eA9,

where the velocity can be recovered from the vorticity by the Biot-Savart law

1 2zt

= %
27 |z|?

u=—-V+(-A)"tw

w.

For inviscid and non diffusive fluids, i.e., 1/Re = 1/Pe = 0, the equations can be formally
identified with the 3d Euler equations in vorticity form for axisymmetric swirling flows away
from the axis [91]. It is well-known that the global regularity of these equations is still an
outstanding open problem.

In this dissertation, we will consider two-dimensional viscous flows with infinite Péclet
number, so our equations will read as follows

V-u=0,
Diu — Au = —V P + fesy,
Dt9:0,

where the notation Dy = 0;+u-V for the total or material derivative will be used throughout
this work. In chapter two, we will consider initial temperature given by the characteristic
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function of a bounded domain, what we will simply call a patch,
090 T e D(),
bo(z) =
0 =« ¢ D().

We will first introduce the mathematical state of the art of the 2d Boussinesq equations and
then we will study the Boussinesq temperature patch problem.

1.2 Inhomogeneous Navier-Stokes

Classic fluid mechanics equations arise from the fundamental physical laws of mass and mo-
mentum conservation under the continuum assumption. Euler (1757) was the first to describe
the general motion of ideal fluids through a partial differential system. Mass conservation is
there written as a continuity equation for the density, p, of the fluid moving with velocity u,

pt+ V- (pu) =0,
while the conservation of momentum reads as follows
(pu)e + V- (pu@u) = pf — Vp.

Above, f denotes body forces, such as gravity, and p denotes the pressure, which only acts
in the normal direction. Friction forces are thus not considered in Euler equations. Euler
already noted that, to close the system, an equation of state, usually relating the pressure
with the density, is then needed. Assuming the compressibility effects are negligible, as is the
case in liquids and low Mach number flows, the incompressibility condition is added

V-u=0.

Considering no body forces for simplicity, f = 0, incompressible Euler system can be then
rewritten as

V-u=0,
pus + pu - Vu = —Vp
pe+u-Vp=0.

Navier (1822) started the study of frictional forces in fluids and later Stokes (1845) completed
the model for the viscous stress tensor that gives rise to the widely-known Navier-Stokes
equations. Two hypothesis are made: a linear relationship between the viscous stress tensor
and the rate-of-strain tensor (the so-called Newtonian fluids) and the isotropic condition,
that is, the fluid properties does not depend on the spatial direction. Then, the momentum
Navier-Stokes equations are

pus + pu-Vu=-Vp+ V- (AV-u)l+ D),

where p is called the dynamic viscosity, A denotes the bulk viscosity and Du denotes the
symmetric part of the gradient
Du = Vu + Vu*.
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Since initially homogeneous fluids, po(z) = po, remain homogeneous for all time in incom-
pressible flows, incompressible Navier-Stokes equations usually refer to the system governing
a constant density fluid with constant viscosity,

V-u=0,
ug +u - Vu = —Vp+ pAu.

However, incompressible flows of non-homogeneous fluids evolve according to the inhomoge-
neous Navier-Stokes equations

V-u=0,
ptt+u-Vp=0,
pug+u-Vu) =V - (uDu—pl).
Due to salinity and stratification, these equations are widely used to model oceanic or river
currents. They are also useful to describe mixtures of non-reactant liquids. Viscosity is thus
sometimes considered to be density-dependent p = u(p).
We will consider these equations on the plane and with constant positive viscosity. To
simplify notation, we take p = 1, so the system will be given by
V-u=0,
DtP = 07
pDyu = Au — Vp.

In particular, we are interested in the so-called density patches solutions, that is to say, the
initial density will be given by

(z) p1 x € Do,
€Tr) =
Po p2 x€DE=R2\ Dy.

The patch will then be transported by the fluid flow
t
X(z,t) =a+ / u(r, X(7,z))dr.
0

In the third chapter we will first comment some known results and properties of inhomoge-
neous Navier-Stokes equations and later we will focus on Lions’ density patch problem.

1.3 Incompressible Porous Media

The dynamics of incompressible flows through a porous medium in R? are governed by the
following equations

V-u=0,
pt+u-Vp=0,
I

—u = —Vp — gpeq,
K
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where p is the density of the fluid, w is the velocity and p is the pressure. The symbols u,
k and g denotes the viscosity of the fluid, the permeability of the medium and the gravity,
respectively.

In the momentum equation, the velocity, instead of the acceleration, is proportional to the
gradient of the pressure and external forces. This law, first determined by Darcy [50] based
on physical experiments, can also be deduced from Stokes equations using homogenization
[113]. The basic idea is that the porosity of the medium restrains the fluid motion, so that
the inertia terms become negligible and the viscosity force acts as a restoring force linearly
with the velocity, the permeability being the proportionality constant.

In this work, we are interested in a particular setting known as the Muskat problem. It
describes the evolution of the free interface between two incompressible and immiscible fluids
moving in a porous media. We will consider an isotropic medium, i.e., constant permeability,
and constant but different densities and viscosities for each fluid

pt, x e DY), pt, xe DYt),

@, t) = { ,u2, € R2 \ Dl(t), plz,t) = { p2’ z € R2 \ Dl(t). (1.2)

A detailed discussion on the known results, properties and formulation of the Muskat problem
is given in the fourth and last chapter.
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Chapter 2

Boussinesq temperature patch
problem

2.1 Introduction

In this chapter we consider the following active scalar equation

0y +u- VO =0, (2.1)

for incompressible fluids
V-u=0, (2.2)

which depending on the physical context can be seen as the mass or energy conservation. In
this latter case 6 = 0(x,t) corresponds to the temperature transported without diffusion by
the fluid, which moves with velocity v = (ui(x,t),uz(z,t)). We close the system with the
Boussinesq model for the momentum equation

ur +u-Vu—vAu+ VP = g(0,0), (2.3)

where P is the pressure, v > 0 the viscosity, g the gravity, 2 = (z1,22) € R? and ¢t > 0. By a
change of variables we simplify matters by taking gravity ¢ = 1 and viscosity v = 1.

This system first arose as a model to study natural convection phenomena in geophysics
[65], [92], as for example in the very important Rayleigh-Bénard problem [28]. There, the
density variations can frequently be neglected except in the buoyancy term, avoiding in this
way the calculation of sound waves. From the mathematical point of view, the interest resides
on its connection to the Navier-Stokes and Euler equations since it presents vortex stretching
[91].

For that reason, the well-posedness of this model has recently attracted a lot of attention,
starting with the results of Chae [21] and Hou and Li [78] for regular initial data in the whole
space R?. Later, making use of paradifferential calculus techniques, results for rougher initial
data appeared. In particular, Abidi and Hmidi [1] established the global well-posedness for
initial data in the Besov space Bgl (see (2.45) for definition), then Hmidi and Keraani [73]
proved global existence and regularity for initial data 6y € L%, ug € H®, s € [0,2) and finally

9
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Danchin and Paicu obtained the uniqueness [44]. The persistence of regularity in Sobolev
spaces was completed by Hu, Kukavica and Ziane in [79]. Available global-in-time results in
three dimensions require the initial data to be small [44], as the system includes Navier-Stokes
equations as a particular case.

The Boussinesq system is also used to model large scale atmospheric and oceanic flows,
where the viscosity and diffusivity constants are usually different in the horizontal and vertical
directions. In these situations there are similar results for the case with anisotropic and partial
dissipation [2], [14], [84], [3], [85], and positive diffusivity but no viscosity [21], [74], including
results with Yudovich type initial data [45]. In contrast, the global well-posedness of the
full inviscid case remains still as an open question, mathematically analogous indeed to the
incompressible axi-symmetric swirling three-dimensional Euler equations [91]. Simulations
first indicated the possibility of finite-time blow-up, but there were also numerical evidence
in the opposite direction [52]. Recently, based on numerical studies, a new scenario for
finite time blow-up in 3D Euler equations has been proposed [90]. This situation has been
adapted to rigorously prove the existence of finite time blow-up first for a 1D model of the
Boussinesq equations [26] and more recently for a modified version of the two dimensional
case including incompressibility [75], [81]. In [53], the authors are able to prove finite-time
singularity formation in 2D Boussinesq for finite-energy initial data on spatial domains that
can get arbitrarily close to the half-space.

Related to these problems, we consider here a case with singular initial data: the so-called
Boussinesq temperature patch problem for (2.1)-(2.3). From (2.1) and the definition of the
particle trajectories,

dX
E(l’,t) = u(X(.’E,t),t), (2'4)
X(z,0) =z,

an initial temperature patch 6y = 1p,, i.e., the characteristic function of a simply connected
bounded domain Dy, will remain as a patch 6(t) = 1p), where D(t) = X (Do, t). Therefore,
one may wonder whether its boundary preserves the initial regularity. This kind of problems
were studied in the 80s for the well-known vortex patch problem. In that case, it was
first thought from numerical results that there was finite-time blow-up, but later the global
regularity was proved by Chemin [22] using paradifferential calculus and striated regularity
techniques. The same result was proved by Bertozzi and Constantin [11] in a geometrical
way making use of harmonic analysis tools.

Counter dynamics scenarios to look for singularity formation come from the evolution of
the interface between fluids of different characteristics. Used to model physically important
problems such as water waves, porous media, inhomogeneous flow or frontogenesis, this con-
tour dynamics setting has attracted a lot of attention in the last years. The appearance of
finite time singularities was first proved for the Muskat problem [16], [20], Euler [17] and
Navier-Stokes equations [18] and from there different scenarios and results appeared [40],
[41]. In the SQG active scalar incompressible system [27], for the patch problem [103] there
is numerical evidence of pointwise collapse with curvature blow-up [32]. In addition, it has
been shown that the control of the curvature removes the possibility of pointwise interface
collapse [60].



2.1. INTRODUCTION 11

Recently Danchin and Zhang proved [48] that if the initial temperature of the Boussinesq
system (2.1)-(2.3) is a C''*7 patch, it remains with the same regularity for all time. In this
sense, we will denote dD(t) € C1T7 if there exists a parametrization of the boundary

OD(t) = {z(a,t) € R*,a € [0,1]} (2.5)

with 2(t) € C117.

From the above, one may wonder if the curvature of a temperature patch in the Boussinesq
system can blow up without self-intersection or if, on the contrary, it remains bounded for
all time. We prove here that the latter occurs, that is, we show the persistence of W2
regularity for Boussinesq temperature patches.

In [48], the authors use Besov spaces to measure regularity and the techniques of striated
regularity to get the C'*7 propagation. The main idea is that to control the Holder regularity
of the patch one just needs to control the gradient of the velocity in certain directions, which
can be translated into the vorticity equation and then treat this as a forced heat equation,
hence achieving the gain of two derivatives. This result was done for a general 8y € Bgﬁq_l
q € (1,2) and then applied to temperature patches, as a patch always belongs to that space.

In this thesis we exploit the fact of 6 being a patch. Indeed, one can get the Holder
persistence of regularity by controlling the L'(0,T; C7) norm of the gradient of the velocity
using the particle trajectories of the system. This can be seen from the vorticity equation
rewritten as

9

w(t) = ePuwp — (B —A)g 'V - (uw) + (8 —A)g 1016, (2.6)

where (0; —A)y L denotes the solution of the heat equation with force f and zero initial
condition:

o031 = [ e

Above we use the standard notation e'®f = .7-"_1(6_”5'2]?), where " and F~! denote Fourier
transform and its inverse.

We note then that one could get u € L(0,T; Bgo’oo) by choosing more regular initial
conditions, since the main limitation comes from the temperature term and singular integrals
are bounded on Besov spaces. However, to control the boundedness of the curvature of the
patch it will be needed to control the L*° norm of the second derivatives of the velocity,

Ojui(t) = 079;(—=A) ! (" wo — (9 —A)g "0V -+ (uw) + (9 —A)y ' 01010)

(0f,05) = (=04, 01), i.e., we will need u € L'(0,T;W?2°). This is not trivial since neither
the Riesz transforms nor the operators 9;0;(9;—A)y " are bounded for a general function in
L*°. In fact, it is known that this operator takes bounded functions to BMO [106] (defined
using parabolic cylinders instead of Euclidean balls). In addition, while one may expect to
get rid of the Riesz transform by using striated regularity techniques (assuming that one
could first get further regularity in the tangential direction to interpolate the L® norm), it
would still be necessary to bound A(9;—A);'6 (see Remark 2.3.3). In fact, the associated

kernel ’ |2
1 X _ 2 At
ywrs (475 - 1) e~ l=1%/ (2.7)
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is not integrable due to the singularity at the origin along parabolas t = c|x|?. However, the
cancellation due to the sign change through the parabola t = |z|?/4 allows to appropriately
define these operators as principal values. What is more, although this kernel has nonzero
mean, we will show that it is bounded for § a patch. First we give a C'*7 result. Later we
refine the idea used in [11] to bound the gradient of the velocity, i.e., the combined fact that
for a C'*7 patch the intersection of a small circle with its boundary is almost a semicircle
and that the kernel was even with zero mean on circles. Although the latter is not true in our
case (see kernel (2.7)), we encounter that the kernels present certain time-space cancellations
on circles. In this scenario, the kernels now depend also on time so that the picture is no
more static and therefore we need to take care of the evolution of the distance of the point
to the boundary.

The above result would prove that for € a patch Vw is bounded. We can polish the idea
and adjust it to the operators

D 0;(—A) 1001 (9, —A)g .

The strategies above allow us to control the particle trajectories by estimating all the sec-
ond derivatives of the velocity. There is hope that one can take advantage of the cancellation
W - V60 =0, where W is a vector field tangent to the patch [48]. Going beyond, we can take
advantage of this cancellation and the W2 result to prove the persistence of regularity for
C?*7 patches.

In relation to the initial conditions, for wg € H® it is not possible to proceed as before for
s = 0 due to the term w; in (2.6): specifically, one encounters the failure of the embedding of
H'(R?) into L> and the restriction from the maximum gain of the heat equation shown in
[56]. Nevertheless, if we don’t restrict ourselves to Sobolev spaces, the result of persistence
of regularity for the patch is still true for more general initial conditions (see Section 2.5). In
this sense, the initial conditions to achieve the C'*7 result are at the same level of regularity
to those in [48] but in the Sobolev space scale.

The chapter is organized as follows: In the next section, we give a preliminary result of
the C'*7 regularity using particle trajectories and Sobolev spaces for the velocity. Then,
in Section 2.3 we present the main result: the control of the curvature. First we define
the operators involved, then show the new cancellations encountered and finally prove that
u € LY(0,T; W?*). In Section 2.4 we use the extra regularity of the patch in the tangential
direction to show the persistence of C?*7 regularity. Additionally, in Section 2.5 we give
results for initial conditions in different spaces.

2.2 Persistence of C'*7 regularity

In this section the persistence of C'*7 regularity is proved. We state the result for velocity
fields belonging to the Sobolev space HY*, s € (0,1 —~) (see Section 2.5 for ug € B e *' N
H#*2 s € (0,1 —7), s2 € (0,1)). This is roughly at the same level of regularity needed for
the result in [48], where for a general initial vorticity the striated regularity condition can be

translated into ug € B&;}o N B;le/q — B;’o—éo N 38,1, with ¢ € (1, %)
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Theorem 2.2.1. Assume v € (0,1), s € (0,1 — 7). Let Dy C R? be a bounded simply
connected domain with boundary 0Dg € C'*7, ug € HY*S a divergence-free vector field and

0o = 1p, the characteristic function of Dy. Then, there is a unique global solution (u,®) of
(2.1)-(2.3) such that

0(x,t) = 1pw)(z) and 9D € L>(0,T; cr,

where D(t) = X (Dy,t) with X the particle trajectories associated to the velocity field.
Moreover,

we L>®0,T; H' )N L2(0,T; H* ) N LY0, T; H**) n LY (0, T; C1H+9),
for any T >0, p < min{3,v+ s}, 0 < 3 <s.

Proof: The first part of the proof consists of a priori estimates. From the transport
equation for the temperature one gets

16()]I 22 < [160]l 22, 16(E) ]| < (|60 oo
The basic energy inequality also holds
1d

ol + 1 9uls < Mol w2, (2.9
so that by Gronwall’s lemma
()32 < (huollZ2 + IoliZ2) ¢ ~ 1601122 (2.9
¢ 2 1 2 2 t
| Ivunadr < 5 (olls + 100]E2) (210)

Now, we apply the operator A7™* to the velocity equation to find
1d
ATl AT = AT AT T [ A0 g
< A 2 AT (- V) g2+ AP0 ul| 216 e

Adding the energy inequality (2.8) to the above one and noting that 2(s++v) < s+ + 1 for
s+ € (0,1) leads to

5 Sl IVl + s < el + 1ol g
AT L2 AT (- V)| 2.
By Sobolev embeddings and Hélder’s inequality the last term above can be bounded as
AT (- V)| 2 < ellu - Vull p2/e—s < cllull ora——s [[Vull 2 < e A7 5ul| 2] V| 2,
so by Young’s inequality and (2.9) we get
1d

1
§§HUH§MS + §IIUHE1+7+S < (190172 + lluoll?2) € + el Vaul 2 [[ull - (2.11)



14 CHAPTER 2. BOUSSINESQ TEMPERATURE PATCH PROBLEM

To conclude, from (2.10) and Gronwall’s inequality applied to (2.11) it follows that

lu@) 7+ < ex(lluoll 2, luollz+s. 180l 22, 1),

t
/0 [u(T)3srssdr < ea(lluol L2, [fuol [ s 160 L2, )

These estimates can be justified by the usual limiting procedure [91].

Finally, to show uniqueness in this class, we consider two different solutions (u1,61),
(ug,02) with the same initial data, denote the difference @ = uy — u1, 6 = 62 — 6, and take
inner product:

1d, . - - o
5 illile < sl a3 — 19 + [ asdis
< [ Vel [~ [V~ [ Vo VA s < [Fual o3+ 271z,

where the incompressibility condition of u; and us and integration by parts have been re-
peatedly used. As |[VA710| ;2 = ||[A710| 2, proceeding as above

1d . _ . _
5&”‘/‘719”2“ =/(A19)v-(u19)dx+/(A19)v-(a92)dx
= —/VA_1§~Vu1 VA9 - /VA_léﬂegdx
1z 1 _ 1 -
< VA2 Vur |2 + §||92HL°<>IIUH%2 + 5102l [[VA )7

From the sum of both inequalities and Gronwall’s inequality the uniqueness follows.

Now the regularity of the velocity will be improved by using the vorticity equation. We
will show that w € LY(0,T; H?) N LY(0,T; C1™7*5), 0 < § < s. We consider the vorticity
equation as a forced heat equation

wr — Aw = —u-Vw + 05,0, wli=o = wo,
and split the solution into three parts
w(t) = witwatws, wi=ePwy, wr=—(0-A) V- (uw), wy = (0-A)g'010. (2.12)

Since wg € H~1*7*% by standard estimates for solutions of the heat equation in Sobolev
spaces, we deduce that wy; € L'(0,T; H'*7+5) for 0 < 5 < s, and therefore wy € L'(0,T; C7+9)
by Sobolev embedding. This is sharp as in general wy ¢ L(0,T; H**7 ) [56].

For the second part ws it suffices to prove that uw € L9(0,T; H'%) for some ¢ > 1. In
that case, one can make use of maximal regularity results for the heat equation to conclude
that wy € L9(0,T; H*779) and hence wy € L'(0,T;C7F#) (see for example [56]). From the
fact that u € L>(0,T; H'T*) N L?(0,T; H'*7+%), by interpolation it follows that,

2

eLr O,T;HlJrr, =
Y ( ), P 1—(s+vy)+r

>2, 0<r<s—+n.
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Since w € L2(0,T; H'") and ||uw|| grv+s < cl|ul| e ||w|| gr+s, by Holder’s inequality it follows
that
11 1
uw € LY0,T; H'"®), —=-+ - < 1.
a p 2
The temperature term, ws, must be treated in a different way, as up to now 6(¢) only be-
longs to L?(IR?), so the best we can achieve in the scale of Sobolev spaces is w3 € L°°(0,T; H').
Anyway, even if we assume that # remains as a patch, it would belong to H?, 0 < 1/2 (as
the characteristic function of a set with regular boundary belongs to these Sobolev spaces,
see e.g. [96]), but w3 € L*°(0,T; H'7) is not enough if v > 1/2. We use instead that
0 € L>°(0,T;L>®) < L>°(0,T;BY, ). Then w3 € L>(0,T;BL ). Since BY ., — C"
Vr < 1, summing up the three terms and recalling that the Riesz transforms are continuous
on Sobolev and Hélder spaces, we finally get the result u € L*(0,7; H?) N LY(0, T; C1+7+5).

Remark 2.2.2. By interpolation, we could improve the time integrability to get u €
LP(0,T; H?) for some p = p(v,s,3) € (1,2), although we won’t use it. However, to improve
the spatial reqularity, the restriction comes from the temperature term. Despite 8y € H? for
any o < 1/2, results in [79] are not sufficient to ensure that 6 remains in H, due to the fact
that the initial velocity has a low regularity comparable to that of the initial temperature. Once
we prove that the patch is preserved and remains reqular, the lines above would immediately
imply that u € LY(0,T; H***), n < {1/2,v + s}.

To conclude, we note that once chosen the parametrization (2.5), the tangent vector of
the patch is given by
Onz(a,t) = VX (20(),t) - Oazo(cv). (2.13)

From (2.4), one obtains that
OVXller < IVl VX lor + VXL [ Vulles,

so, since Vu € L'(0,T;C"), it follows from Gronwall’s lemma that
t
IVX|lor < [[VXollgmelo IVullzoedr +/ IVu(r) e [V X (7) | 12 el 1 7ulleeds,
0
and hence ||z|[ oo (o, 7;c14) < O(T). O

2.3 Control of curvature

This section deals with the main result of this chapter: the control of the curvature of the
patch. To that end we bound V2u in L(0,T; L>), which requires proving that the operators
Ok01 (0 — A)g ' and 9;-0;(—A) 71901 (0, — A)y " applied to a patch are bounded.

Theorem 2.3.1. Let Dy C R? be a bounded simply connected domain with boundary
0Dy € W2 ug € H'S with s € (0,1/2) a divergence-free vector field and 0y = 1p, the



16 CHAPTER 2. BOUSSINESQ TEMPERATURE PATCH PROBLEM

characteristic function of Do. Then, there exists a unique global solution (u,8) of (2.1)-(2.3)
such that
0(z,t) = 1p)(z) and 9D € L>(0,T; W2°)
where D(t) = X (Dy,t). Moreover,
ue C(Ry; HY$) N L2(0,T; H*) N LP(0,T; H*™) N L(0, T; W),
foranyT >0, p<3,1<p<2/(1+p—s),1<qg<2/(2-3).

Proof: From the previous theorem 6 remains as a C'*7 patch. Since the characteristic
function of a set with regular boundary belongs to H* for any p < 1/2, the result in [79] yields
the existence and uniqueness of solutions u € C(Ry; H'*$) N L2(0,T; H*>*), € C(Ry; H®).

Proceeding as in the second part of the previous theorem, we split the vorticity as in (2.12).
First, as u € L>®(0,T; H'*%) and w € L?*(0,T; H'**) it follows that uw € L2(0,T; H'**).
Using this, by the properties of the heat kernel the first two parts are treated as before:

wo € H® = wy € LY(0,T; H*%),5 € (0, 5), (2.14)
uw € L2(0,T; H'%) = wy € L*(0,T; H*T*). (2.15)
As the third term remains the same, w3z € L*(0,T; H'*#), one obtains by interpolation

u € LP(0,T; H>T#) where p = %ﬁﬁg) > %.

We are thus left to prove that u € L'(0,T; W), as the persistence of regularity for the
patch will follow by applying Gronwall’s inequality to the equation satisfied by the second
derivatives of the particle trajectories:

%VQX =VXT.V2u(X) VX + V?X - Vu(X).

In order to prove that V?u € L'(0,T; L), we use the Biot-Savart formula
(V) 51, = OOjui = =0 (=A) 100 (w1 + w2 + w3),
where i, j, k € {1,2} and 0f = —0a, 05 = 1. We denote
(V201)ijk = —Ok(—A)T10F0jw1 = —O(—A) 7190 6wy,
(V202)ijk = —Ok(—A) 105 0jwa = O(—A)71050;(0— A)g 'V - (ww), (2.16)
(V203)iji = —Ok(—A) 1005w = —0p(—A) 71 0;-0;(9r— D) ' 1.
As wy € LY(0,T; H**%) and we € L2(0,T; H**#), it is clear that V?vy, V2vy € L1(0,T; L),
The temperature term can be written as an operator applied to 6:
(V?v3),., = RiR;0x01(0,—A) 0 (2.17)

where R;, R; denote Riesz transforms.

ijk

The rest of the proof is structured as follows: first, in Section 2.3.1 we define the operators
001 (O — A)al and R;R;0,0: (0 — A)gl. Later in Section 2.3.2 we proceed to bound these
operators applied to the patch, i.e., we compute the bounds in L(0,7T; L>) for the gradient
of the vorticity and the second derivatives of the velocity. The bounds found give V?u €
LY90,T;L>),1<q<2/(2—s) (see Remark 2.3.2).
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2.3.1 Definition of the operators

Singular heat kernels: 9;01(0;—A);"

Denote the heat kernel K(z,t) = te —lal*/4t, Then, the operators for the patch can be
written as
t—e
Opws(x,t) = 01 (0 —A)y H0(2,t) = liH(l) (0pO1 K)(x — y,t — 7)0(y, 7)dydr, (2.18)
€E— 0 R2
where
1 x? 2
PK(x,t) = —— [ 2L — 1) e l2I7/4¢,
8mt2 \ 2t (2.19)
_ T1T2 x|/
K = — .
6281 (l‘,t) 167Tt3€

Note that the principal value is needed: due to the singularity of the kernels at (x,t) =
(0,0) along parabolas 7 = Mr? (M # 1/4 for 92K), the kernels are not absolutely integrable:

t
// ]8%K(y,7')|dyd7':+oo.
0 JR2

It is clear then that these operators are not bounded for a general L*° function.
Here we point out that while 910K (+,t) clearly has zero mean on circles for any ¢, this
is not true for 9? K. However, the time integral provides a new kind of cancellation:

t
; 2 —r? /AT
lgr(l) s, K (y, 7)dydr = hm/ / 2 (47_ — 1) 47 drdr

—R2 e—R2 /4T
= lim 72d7' = -
e—0 € 8T

(2.20)
1€—R2/4t

where Bp is the ball of radius R.

Oseen-type kernels: R;R;0,0, (8t—A)61

We will see that Opws = akal(at—A)gle is bounded if 6(t) is a C'*7 patch for all t. To get
the boundedness of R;R;0,01(0r—A)y ! we need to treat the combined operators directly,
which we will write as a convolution with an explicit kernel:

1 1
(V20s) 5 (1) = / 7 ’28 b — )y = o / log [410;* 0;0ks(x — v, H)dy

t—e
= 0;-0,01,0 hm / ( K(x—y—zt—7)log |y\dy> 0(z, 7)dzdr.
R2 2w R2
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We notice now that the term in brackets can be seen as the solution of the Laplace equation
in R? with force K (z,t), which can be computed explicitly:

A K (2, ) / 2 og yldy = — (1o |+1/°O 4
$ = — xr — z .
T o R2 47rt &1yley 27 & 2 J|z2/at #

Thus the operators can be written as

t
RiR;0:0, (0, —A)g 0(x, t) = 03-0,0,0, / (A™YK)(t — 7) % 6(7) (z)dr,
0

or, as a kernel convolution in 6

t—e
RiR;0p01(0h—A)g '0(x,t) :=lim | Kijp(t — )  0(7) (2)dr,
€ 0
where
K; t) := L0 (AT K (1)) = 010,00, / ld
1 (0.) = 00,0 0A K 0,0) = 00,040k (5 [ e tog iy
(2.21)
a 050, <‘ E (1 el /4t)).
The eight possible kernels reduce to four:
24132 12212 e~ l=?/4t 11943, 6x1x 4339 1
Ky = 152 _ 132 G|zl t) — ; 142 B 122 1227
x| || 7 (4t) || || |z|? 4t
242212 3 ezl /4 4 2222 x2x2
Ko = [ 222222 _ 2 ) @ t)— —— [ —24+ =152 4 T2 )
2= (205~ ) G0~ S (2 G o + 12
Koo — 24x1x% 122129 (2, 0) ezl /4t 12x1x§ 6x122 4$1$%l (2.22)
EE\nlel T wlaP 7(4)2 ot 2P T e 4
2424 2422 3 e~lel?/4t /1222 1224 42t 1
Koy = (=L 4 220 Gllalt) ~ —5 (T~ T~ g )
mlz[>  wlz® wfz| m(4t) || || |z|? 4t
Ki91 = K112, Ko12 = — K11, Koo1 = —Ki11, Koo = —Kiyi2,
where 1 ]
G(lz|,t) = —= (1 — e lelP/aty _ —_o~lal?/4t, 2.23
(1) = (1= e = e (223)

All these kernels are not integrable, but they show cancellations in circles. In fact, the
kernels K111 and Kj99 have zero mean on circles, while for K12 and K11 we find the
cancellation (2.20):

t
1 2
li K =1 1) e/ drdr = ——e R /4
M.y, et iy [ i (1) e = e

t R )
8 3
lim Ko (y, 7)dydr = hm/ / " < T> oA s — 2 o~ R4t
e—0 € BR e—0 47_ 2

(2.24)

We split these kernels in two parts, K;j, = Kwk + Ky, where faB mk(y)da(y) =0.
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2.3.2 Bound for VZu4

In this section we prove that the gradient of the vorticity and the second derivatives of the
velocity are bounded in L' (0, T; L) if 0 is a patch. First we prove that dyws € L*(0,T; L>°).
We do it carefully for 01ws and then show the differences with daws.

Let v € (0,1) and consider a parametrization z(-,t) € C17 as in (2.5), which we know
that exists thanks to Theorem 2.2.1 and verifies

|0az|int(t) = 1inf |0a2(a,t)| >0,
a€(0,1]

|aaz(aat) B aaz(ﬂat”
Onz|~(t) = su
| "Y( ) Oq}ﬁ) |O[ _ Bh

for all ¢t € [0,7]. Take the cut-off distance
. 1/
0 = min ((%z\mf(t)) >0,

which is a fixed positive quantity by the previous result. Denote

< 00,

d(z,t) = d(z, 0D(t))

the distance from = to D(t) and write

t 1 _ 2
Ows(z,t) = pv/ / (21 —y)” 1 e_|x_y‘2/4(t_7)9(y,T)dydT =1 + I,
0 R2 87T(t — T)2

2(t — 1)
(2.25)
where pv denotes principal value defined as in (2.18) and the splitting consists in
t 1 2
I = / / . (yl - 1> e WP/ qydr,
0 JD@-r)nly|>s STTS \ 27
t 1 2
I = pv/ / : (yl — 1) e WP/ qydr. (2.26)
0 JD(t-r)nlyl<s 87T \ 27
The bound for I follows from the fact that § is a fixed positive quantity:
t poo 27 3 2 —r2 /4t 4
77 COS” (v T\ e t 1 2
I < — 1+ — dadrdr = | — + = | e % /%, 2.27
’1|_/0/5 /0 < 273 Jr7'2> gr ooarer <52+2>e (2.27)

Now we deal with [s. First, if 0 < d(z,7) for all 7 € [0, ], then cancellation (2.20) yields
1
II,| < 56*52/4# (2.28)
Let’s consider then the case in which the boundary of the patch is close to z, 0 <

d(xz,7) < §. Since the velocity of the patch is finite almost everywhere in time and space
(u € L*(0,T; L)), then the distance d(x, 7) is a Lipschitz function in time in [0, T]. In fact,
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d(z,7) = [lz — 2" (7)[, «"(7) = arg min [z —y(7)[],
y(1)€dD(r)

d(z,7) =d(z,0) + /OT w(z* (1) - n(z* (7)) dr’,

S0
|d(x,7) —d(z,0)| < Ur, |d(z,t)—d(z,t—71) <UrT, (2.29)

where U = ||ul|pge(1). We will decompose the space domain D(7) N [z —y| < § as follows:

Sp(x,7) = {2 €R?*: |z| = 1,z +rz € D(1)},
Y(z,7) = {z €R?: |2| = 1,Vp(z*(7)) - 2 > 0)}, (2.30)
Ry (2, 7) = (Sp(z, )\E(z, 7)) U (X(z, T)\Sr (2, 7)),

and use for each 7 the Geometric Lemma in [11]

R, 7)| < 27 <(1 + 27)6““;'37) + 27:;) , (2.31)

valid for all 7 € [0,7T]. From (2.26) we get

t  pd(zt—T) r 72 5
—(——=1)e /" drd
pV/(; /0 47_2 (47_ )6 rar
t pé 2 2
/ / / - 5 (r o @ 1> e "IN dadrdr
0 Jd(z,t—7) JE(z,t—7) 8T 27
) 2 2
/ / / ’ 5 (T s o 1) e "IV dadrdr
0 Jd(z,t—7) r(x,t—T) 8T 27

We first notice that (2.29) gives us the bound

L] < Ji+ Jo+ J3, where Jp =

)

Jy = (2.32)

)

Jz =

d(I,t i T)2efd(ac,t7‘r)2/47 < 2((1(.%’7 t)2 + U27_2)efd(z,t)2/4‘r+d(x,t)U/2
< o(U, 0)(d(w, 1) + r2)e =0 /47,

so that in J; the time-space cancellation in (2.20) yields the following

t 2 t 2
I < / A2t = 7)° w17 < o (1, 6) / (d(f”v’f) +1> o—d(@t)?/4r
0 0

872 72

<c(U,8)(1+1).

(2.33)

By the parity of the kernel, Jo can be estimated in a similar way to Ji:

0

< . 2.34
2 87_2 8’7’2 — C(U’ 5) (1+t) ( )
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Finally, to bound J3 we use the geometric lemma (2.31) and again (2.29)

t oo r /2 )
J3 < / / 5 ( + 1) R (z,t — 7)™ /*"drdr
0 Jd(z,t—r) 8T 2T

. g . (2.35)
2
< 3/ / |R,(x,t —T)le”" /3T drdr < Ly + Lo,
T,t—T) 872
where L s
1 —1—27 d(z,t—7) _,2/g
Li=3 / / S L
d(z,t—7) T2 (2 36)
327 / / o '
Lo =

4 57 d(x,t— T T

By (2.29), we can find the bound for L;

t ) t 1)
dlz,t) +UT _,2/4, U _,2/8,
L1§/ /xt UT(7)_2€ */8 drdT:/ /d(m UT—e 18 drdr
/ / e de,y) ) =57 rar + / / —x D =57 gy gy
-Urt 72 d(z,t) 72

/ fU/ o dydr +/ Ud(x,t) _aa/sr g +/ d(z,t) 2/,
d(w,t)

T 7
< c(U,8) (1+t/?),

so we conclude that
Js < c(U,6,7) (1+t'/2). (2.37)

From the splitting (2.32) and the bounds (2.33), (2.34) and (2.37), it follows that
| < c(U,6,7) (1+1). (2.38)

Thus, from (2.25) and the bounds (2.27), (2.28) and (2.38), we conclude that

|Owws(z,t)] < c(U,6,7) (1+1),

and therefore
10103l 1 1oy < €(U,8,7) (T +T?). (239)

Note that for dews the proof above reduces to bound the term Js in (2.32), as it has zero
mean on half circles. If we write the corresponding kernels (2.19) in polar coordinates

T t3 671"2/41‘,7
Y

r2 1 _
|8%K(T,a,t)‘ < 871'?6 /A + 871'76 T2/4t, |0102 K (1, )| <

one can see that the bound (2.39) is also valid for daws. O
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We proceed now to bound the second derivatives of the velocity. We want to show that
R;R;0yw3 € LY(0,T; L>). The operators K}, involved can be decomposed in two parts, one
with zero mean on half circles and another with the cancellation (2.20), as shown in (2.24).
Rewrite for example the kernel K12 = K¢, + K7, in (2.22) as

2 2

asin® «
4t

1 42
Kle(ﬁ Oé) = 7)26—7“2/% <2 _ 4r-cos

(it — 12 cos? asin® a> ,

1
K{ (o) = p— (3—24 cos® asin? o) G(r,t),

where G(r,t) is given by (2.23).

Using the same decomposition (2.30), we notice from (2.24) that the part corresponding
to Kjj, can be estimated in the same way as we did with 0? K obtaining the same bound
(up to a constant). Following the splittings (2.25) and (2.32), as K9, has zero mean on half
circles, we only need to estimate its contribution due to R,:

t ré
/ / / rK?{9(r, )dadrdr
0 Jd(z,t—T) r(z,t—7)

t o 2
1
< / / / *|3—24c052asin2 ol |G(r,7)| | Ry (2, t — 7)| dadrdr.
0 Jd(z,t—7) JO s

Jy =

Using (2.31) and the fact that G(r,7) > 0 Vr,7 > 0, one gets

d(z,t — )

t ré v
th/ / G@ﬂ<ﬂ+ﬁ)+wr>mmgmuﬁim, (2.40)
0 Jd(z,t—7) r o7

where

t ro t o
_ 27
L= 3/ / (;(T,T)id(w’t T)drdT, Lg = / / G(r,7)r"drdr.
0 Jd@t—r) T 07 Jo Ja(wt—r)

In the term Lg the singularity has been removed so we can integrate it directly

2v 0 1— —r2 /4t 27
Ls= / P dr< (2.41)
& 0 r3=7 4’)/

To deal with L; we write it as follows:

t 6 _
L; = 3/ <d7'> / 7d(m,t 7) G(r,7)drdr,
0 dr d(z,t—7) r

and we integrate by parts in time

¢ 5 _ ) _
L; = —3/ Ti / 7d(m,t T)G(r, T)dr | dT + 7‘/ 7d(x,t T)G(r, T)dr
0 dr d(z,t—T) r d

(z,t—7) r
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677"2/47' o

————— so that
2r2 /1

The second term can be bounded by noticing /TG(T, T)dr =

5 B 5
P, < sup T/ MG(r,t)dr < sup / TG(r,t)dr <
reot] Jd(x,t—1) r T€[0,t] Jd(z,t—T)

e

Now we take the time derivative in P; to find

P <Q1+ Q2+ Qs, (2.42)

t o
Q=3 / / o) g,
0 Jd(z,t—T) r

t o
d(z,t —7) _,2/4,
Q2:3/0 /d(M_T)( 3 )6 AT qrdr,
t

Q3 = 3/0 TG(d(x,t — 7),T)dT.

where

For the first one there is enough cancellation to integrate:

o= c/ (%/ g+ eI 471653) dr < () ("% +1).
0 0

The second one has already been treated in L; (2.36). Finally, the last term follows from the
fact that
G(r,7) <cr 32

Therefore, it is clear that
Ly <c(U,68)(1+1¢)

and thus, from (2.41) and (2.40),
Jy <c(U,6,7)(1+1). (2.43)

One can see from their expression in (2.22) that all the terms appearing in the different kernels
have already been studied as part of K{;, or K75. So finally, combining the bound (2.39)
(corresponding in this case to the term K7;,) and (2.43), from (2.17) we get the estimate

V03]l 3 (poey < €(U,8,9) (T +T?).
O

Remark 2.3.2. From the bounds above, we notice that we get indeed vz € L>(0,T; W),
Using (2.14) to interpolate, we find V*vy € L0, T; W2*), ¢ € (1,2/(2 — s)) C (1,4/3).
Taking into account (2.15), we finally prove that u € L4(0,T; W) for q € (1,2/(2 — s)).
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Remark 2.3.3. We note now that the ideas of striated regularity also show that the bounded-
ness of the operator 0;-9;(—A)"10x01(9; — A)y ' reduces to estimating A(9;—A)g 0. Indeed,
as

— L 2 A
Fule) = [ ESE s nagar+ 1 [} ] [ e P oe ryar

one can use the decomposition (Lemma 7.41, [7])
685 = a(@)[EP + b6 (W (@) - ),
l

where the function a;; are bounded, b;; are Hélder continuous and W is a vector field along
which 0 has some extra regularity (for example, the tangent vector field), so that W - V0 is
Holder continuous (in the case of a patch and the tangent vector field, W -0 = 0 in the sense
of distributions). Thus one can write

— t 2 A ~ — 2
V2u3 :/O aij(z)épre TG d§+/ Zb%'z 59(5))d5+;ﬁ Ol}fk&et'ﬁ' 0(¢),

hence applying the above decomposition again, the estimation of V?vs in L'(0,T; L™) reduces
to estimate || A(0; _A_I)QHLI(O,T;LOO) and to control the striated regularity of the second term,
which can be done by choosing W as the vector field tangent to the temperature patch (see
Theorem 7.40 in [7] or Section 2.4).

The above ideas rely strongly on paradifferential calculus techniques. In addition, the
quadratic form of the double Riesz transform is essential in the decomposition used, so we
would still have to deal with A(0y—A)y* (i.e., Opws).

2.4 Persistence of C**7 regularity

To get the propagation of this extra regularity for the patch we cannot proceed as before:
to use the trajectories, one would need the velocity to have ~-Hoélder continuous second
derivatives. However, it is sufficient to control this regularity in the tangential direction.

In order to do so, we will need some results related to the linear transport and heat
equations in Sobolev and Holder spaces. First, we recall the definition of Besov spaces (see
[7] for details). Consider the nonhomogeneous Littlewood-Paley decomposition:

Let B = {|¢| € R?:|¢] < 4/3} and C = {|¢] € R? : 3/4 < |¢] < 8/3}, and fix two smooth
radial functions y and ¢ supported in B, C, respectively, and satisfying

O+ w278 =1, VeeR? (2.44)

7>0

The nonhomogeneous dyadic blocks are defined as A;f = F~1(p(277¢) f (£)) for j > 0 and
A_if = F 1 (x(€)f(£)). Then, the Besov space By ,(R?), v € R, p,q € [1, 0] is defined by

B} ,(R?) = {u € §'(R?) : Jul gy, = 12771 Ajull o lliagj> -1y < o0}, (2.45)
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where S’(R?) denotes the space of tempered distributions over R?. We recall that H® = B3,
and C7 = B, « for s € R, v € (0,1).

Proposition 2.4.1. Let s > 0, r € (1,00]. Then, the following estimates hold

18:0k (0 = Ao fllzr oy < ell FllLg. ey (2.46)
10:0 (0 — A)alfHLlT(CV) < ellfllzs sy (2.47)
18:0ke  uoll 1y () < clluollcss (2.48)

Furthermore, there exists ug € C7 for which d;0e*®uq ¢ LlT(CV).

Proof: The proof of (2.46) can be found in [82]. The proof of (2.47) follows from Bernstein
inequalities and the decay of the heat kernel:

T t .
Haia’f(at_A)alfHLlT(m) < C/o sup 2](7+s)23(2—s)/0 e—c(t—T)QQJHAijLOOdet

jz-1
T ot ¢ .
< [ J (Y +S$ . . < .o
= C/O /0 (t = )i/ jsgl_p12 1A fllpoedrdt < (T Fll 1 (ms,)
We get (2.48) as before

T .
||aiak€tA’U,0HL%(CW) S C/ sup 23(7+S)2](2_8)6_Ct22] ||A]UO||Loodt
0 j=-1

T luoll s
< C/(; tl—is/’;dt S C(T)HUOHC’Y+5

To prove the last statement we proceed as follows
|0;0ke P ug|cr > csgg 297227 || A (e ug) || po > cs;qg 27792 g—ct2% | Ajuol| oo,
j= jz

therefore

1 )
R .
100" | Ly, () = € = c||7 inf (27118 uo0llz)

sup (22je—ct22j> igf (QjVHAqu‘|LOO)
>0 J=20 L Lk
Thus one only needs to find ugp € C7 such that infj>g (277||Ajuol|r) > 0. It is not difficult

to check that the function define by (&) — x(&)) satisfies the condition. O

= e ¢

Now we adapt these estimates to negative Holder spaces.

Proposition 2.4.2. Let g(z,t) = V- f(x,t), r € (1, 00|, then we have the following estimates

H(at - A)alg‘ L5(C) <c (HQHLTT(BC;%;V) + HfHLTT(Ll)) ) (2'49)
H(at - A)Elg\ ‘LIT(CW) <c (Hg”LlT(BgO?Q*S) + HfHLlT(L1)> ) (2.50)

A
1€29]| 1 ey < € (9l pozirse + 1£1122) (2.51)
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Proof: First, if we denote by x the first dyadic block in the Littlewood-Paley decomposi-
tion (2.44), we notice that

g€ Bgo?otﬁ < Jh € C7 such that g = Ah.

Indeed,
Ihlles = 27 || 71 (x@)i - f(f))' 4 sup 27| A (A g) L1
<l L 320 (2.52)
<217 (x@i5 1) || +lallaz

LOO

Note that if f € L',
]f-l (x<s>§|2 ~ f(s)) < el fll,
LOO

so it holds that
hllor < ellfllzr + llgll oz

Applying the classic estimates (2.46), (2.47) and (2.48) to (9, —A)g'g = A, —A)g'h
and e'®g = Aet®h, (2.49), (2.50) and (2.51) follow.
O

We are now prepared to state the propagation of regularity for C?*7 interfaces:

Theorem 2.4.3. Assume v € (0,1). Let Dy C R? be a bounded simply connected domain
with boundary 0Dy € C?*T7, ug € H75 s € (0,1 —v) a divergence-free vector field and
0o = 1p,. Then,

0(x,t) = 1pw(x) with 0D € L=(0,T;C*17),

where D(t) = X (Dy,t), and there exists a unique global solution (u,0) of (2.1)-(2.3) such
that
we L0, T; HH8) 0 L2(0, T; H?#) 0 LP(0, T; H*T0) N L(0, T; W),

foranyT >0, u< 3, p<y+s086<3, 1<p<2/(1—(y+s-9)),1<q<2/(2—(v+5)).
Proof: As ug € H™** and 6y € H°, for any § € (0,1/2), from [79] one gets that

uw e L>®0,T; H'*#) N L2(0,T; H>**) with u < 1/2, u < v + s. Using the splitting (2.12) to
bootstrap, for the initial data we find that

wo € H' = w; € L®(0,T; H'*) N LY (0, T; H*79), 5 (0,s),

while for the convection term it holds that

u € L0, T; H'H)
w e L>®(0,T; H")
w e L*0,T; HH)

uw € L*(0,T; H") 1 5 5
) ) = wy € L0, T; H'™MYNL*(0, T; H*H).
uw € L*(0,T; H')

The third term remains as before w3 € L>®(0,T; H'*°). Hence, w € L*(0,T; H"**) and
therefore u € L>(0,T; H'*7*9). By interpolation, v; € LP(0,T; H**%), where if v + s > 1/2
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and if v+ s < 1/2 then p = 211& sou € LP(0,T; H*9),

then p = —(Fs—0)—(s=3)"

2
1—(y+s—9)

where 1 Sp< m

Let’s consider the level-set characterization of the patch:
Do = {z € R*: po(z) > 0},
which for time ¢, D(t) = X(t, Dy), is given by the function ¢(t,-):
O +u-Ve =0, o(xz,0) = po(x).
The vector field W (t) = V+(t) is then tangent to dD(t) and its evolution is given by
OW +u-VW =W -Vu, W(0) =Vt (2.53)

In order to control the C?*7 regularity of 0D(t) one just need to show that VW remains
in C7. By differentiating (2.53) one obtains

VW +u-V(VW) =W -V(Vu) + VW - Vu + Vu - VIV. (2.54)
It is clear that we can choose g such that
Woe L*NL>®, VW,e€L*nL™. (2.55)
Then, from (2.53) and (2.54) we deduce that
W e L*(0,T;L*NL*>®), VW € L>(0,T;L*> N L>), (2.56)

since we know that Vu € LY(0,T; L>), V?u € L'(0,T; L>).
As u is Lipschitz, the following estimate holds for all ¢ € [0, T7:

t
IVWllon (t) <[V Wollcre Jo ITulmedr g o1 Jo IV uloedr / (IW - V2ullor +2| VW lon |Vl ) dr.
0

From this and previous estimates we get that

]VW\cw(t)gcl(T)—FcQ(T)/O Hw-v%um(f)mﬂg(n/o IVullen (F) [V [ on (7)dr-

(2.57)
We need to decompose the term W - V2u above to benefit from the extra cancellation in
the tangential direction. We will use the following lemma:

Lemma 2.4.4. For any v € (0,1), there exists a constant C' such that the following estimate
holds true:

t t
IW - V2ul 3 oy < C() (/0 IWler (19l +192ul) e + ||V-<Ww>||mdt) .
(2.58)
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Proof of Lemma 2.4.4: We decompose as follows

W) T(0pu(e) = Fla) + o [ P Bw(y)  wuay + T

27 |z —y|? 2 1 0]’
where
_ 1 O-ij(x - y) . 1 2x129 a:% — x%_
F(z) = 27TPV/ W(W@) —W(y)) - Vw(y)dy, oij(x) = W ;v% _ m% — 9225 .

As the vector field W is divergence-free, it yields that
W - V2ullev < [[Fllgy +llV - (Ww)llen
By the Lemma in Appendix of [11],
IFlley < CONW ller (IVwll oo + IV2ul| 220),

and the result follows. O
Hence, as u € L*(0,T; W) from Theorem 2.3.1, (2.58) yields

/ W - V2ul| e (7)dT < o(T) + 0(7)/ IV - (Ww)llcrdr.
0 0

Going back to (2.57),

VW [lon () < e1(T)+ea(T) /O V-(W) | o (7)dr+es(T) /0 IV ullon VIV | o (7)dr. (2.59)

So the problem is reduced to control the tangential derivatives of the vorticity in
LY(0,t;C7). We will use the properties of the heat kernel in Holder spaces applied to the
equation satisfied by V - (Ww):

WV -Ww)+u-V(V:-(Ww)) —AV - (Ww) =V - (W010)+V - (WAw — A(Ww)),
V- (Ww)|t:0 =V- (W()W()).
Notice that since W is a divergence-free vector field tangent to the patch 6, it is possible to

find
V-(Wo0) =V - (01(W0) — 00 W) ==V - (00, V).

The solution can be decomposed as follows
V- (Ww)(t) = (V- (Wowp)) — (8t—A)61V (uV - (Ww))

+ (O —A)g'V - (WAw — A(Ww)) — (8, —A)g 'V - (00, V) (2.60)
=G+ Gy + G + Gy.
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We will use now some classic estimates for solutions of the heat equation in Holder spaces to
achieve the gain of two derivatives integrable in time. We can apply (2.51) to G to obtain

1G1lzpemy < € (I - (Wowo)l pzires + [Wowollzr ) < e (IWowollprrss + [Woll 2 lwollzz )
=c (HVJ- - (Wo ® ug) — up - VLWOHBJO{L’}“FS + HW0||L2||W0”L2>
< ¢ (IWollmsslluollerse + ol V- Woll o + IWollzllwollz)

thus
IG1 oy < elt). (2.61)
Estimate (2.49) yields
1G2llzycy < e (I (¥ - (W)l iy + 10 - (W) o)

<c(IV- (@e W) —wW - Vul R PR g P AT PR

Ly (B
<c <”W”Lt°°(07)HUHL;’O(CV)HWHL:(CW) + [Wllzgo (poo) llewll p2r (oo [ Vell p2r ooy
W e ooy Nl e o) 190l g 2))

Now, as in Remark 2.3.2, since v1 € L*(0,T; H3+3) and v; € L?(0,T; H>T7*9), by interpo-
lation we obtain

2
we LI0,6; W),  with ¢e |1, ———— ),
| ) € hr—ir)
and similarly for any 0 < € <
we L®0,T; H) N L2(0,T; HY*) = w € L¥(0,T; H'™),

with
l—vy—s5+u "

l<r£<{—mMmM<1 4+ ——.
T 1l—v—s+e 1—(v+s)
Therefore, by choosing 1 < r < min{2/(2 — (y+s)),1 4+ /(1 — (v + s))} we get that
G2l L1y < c(t). (2.62)
In the term G5 we need to use the following commutator:

WAw — AWw) = —wAW —2VW - Vw = =V - (wWVW) = VIV - Vw,

t t
Gs = — / DAY (V- (wVW))dr — / DAY (VW - Vw)dr = Ga1 + Gas.
0 0

Notice that in G3; we find two derivatives applied to wVW . Therefore, proceeding as in
(2.52), we can apply a similar estimate to (2.49) in order to find that

1Gstllziiem < € (IV - @YWl patioy + IF ST 2y

< (IwllerIVWllen g + I9Wlligeqa Il rg ez )



30 CHAPTER 2. BOUSSINESQ TEMPERATURE PATCH PROBLEM

so taking into account (2.56), we get
1Gs1ll 1 ey < ellllwller VW llen ey + (). (2.63)
For G3y applying (2.50) yields that
1Gs2ll L1y <€ (HVW Vol 1 gty H VIV VWHL%(Ll))
< ¢ (IVW e (2o 19 3 1y + VW oo | V0l 22 )

and therefore
1G32ll Ly oy < () (2.64)
Joining (2.63) and (2.64) we obtain

1G5l < et) +clllwlen VW e |z - (2.65)

Finally, for the temperature term we use that V- (Wf) = W - V6 = 0 in the sense of
distributions:

1Gill ey < € (I - W)y moiss) + 19O W |y o))
< VW llzeqaoey (18023 cam + 10llzpcny)
so similarly to the others terms it is easy to find that
1Gills o < elt). (2.66)
Combining the above bounds (2.61), (2.62), (2.65) and (2.66), it follows that

t
/0 IV-(Ww)llew (T)dr = |Gl i vy < e(t) + clllwller VW ller Ly,

and going back to (2.59) we conclude that

t t 1/r
IVWlcn (t) < C(T)+C(T)/O IVullen () [VW]|er (7)dr+¢(T) </0 Hw||rcv(T)WWH7év(T)dT)

t 1/r
< o(T) +e(T) ( [ vl <T>uvvv||ew<f>d7)
1/ro

< ety o) [ 19l ml( A HVWuga)%s e ([ Iowi)

where we can choose 1 < r < r; < min{2/(2 — (y+s)),1 + /(1 — (v +s))} and 1/ry =
1/r — 1/ry. Therefore, raising to power 7o,

VWi (£) SC(T)JrC(T)/O VW&, (r)dr,

and hence applying Gronwall’s inequality the result follows.



2.5. RESULTS WITH HOLDER AND BESOV VELOCITIES 31

Remark 2.4.5. The result also holds for s = 0, i.e., ug € H'T7. We need to recall the
definition of the tilde spaces introduced in [23]:

Lo(BY,(R?) = {u € 80,682 : |lull 1p gy = 1277185l gz llings—1) < 00}
In this spaces one can prove the following results for the heat and transport equations:

Proposition 2.4.6. Let f € L1.(C7), fo € C7. Then,

1000 — A)5™ Fllz3 ey < ell Fllzy ey < el sy

19:0k¢™ foll 11,y < (D folle
Proof: By the definition of tilde spaces we can now integrate first in time,

10:0k (9 — D)5 Fll 1.y = sup 272 (0:00(9 — A)5 ™ Pl (1)
ios

t .
/0 221 e=e=T2Y 91| A, f | oo (7)dr

<c sup

sup <esup 274, fll g ) = el fll gy oy
ios

1 _
LT j>—1

The initial condition estimate follows from a similar procedure.

O
Proposition 2.4.7. Let f be the solution to the transport equation
fe+tu-Vf=g, f(0)=fo,
where Vu € LL(L>®), g € LL(C7) and fo € C7. Then,
10z < (Ifoller + gl oy ) oIVl poer.
The proof of Proposition 2.4.7 can be found in Theorem 3.14, Chapter 3 [7].
O

Now, Proposition 2.4.7 applied to (2.54) yields that

t
VW) < e(T) + (D)W - V2l 53y + e(T) /0 IVW e[ Vullordr.  (2.67)

Lemma 2.4.4 can be written using le instead of L%ﬂ, so applying Proposition 2.4.6 to the
term V - (Ww) yields the result for s = 0.

2.5 Results with Holder and Besov velocities

The results above have been presented using only Sobolev spaces for the velocity, but as
commented before they can be stated using also Holder or Besov spaces.
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Corollary 2.5.1. Let Dy C R? be a bounded simply connected domain with boundary 0Dg €
W2 uy € C1 N LP a divergence-free vector field, s; € (0,1), p € [1,2) and 0y = 1p, the
characteristic function of Dy. Then,

0(x,t) = 1p)(x) and dD € L=(0,T; W**).
Moreover, there exists a unique global solution (u,8) of (2.1)-(2.3) such that
uwe L0, T; H2) N L*(0,T; H**2) N LY(0,T; H*"*2) N L>=(0, T; C*') N L*(0, T; W),
foranyT > 0,0 <s9 <s51/2<1/2.

Proof: First we notice that as ug € C*1NLP, it also holds that ug € LPNH*2 for j € [p, oc],
s9 € [0,51/2). The a priori estimates are done exactly as in Theorem 2.2.1:

w € L0, T; H*2) N L*(0,T; H'™*2) N LY(0, T; H*™*2).

In addition, as ug € C*!, s; > 0, one trivially gets V2v; € LY(0,T;L>). To show that
u € LY0,T;W%*), we follow the same structure as in Theorem 2.3.1: use the splitting
(2.12) and treat each one of the terms V2v;1, VZvy and V2v3, given by (2.16) separately.

To deal with the temperature term, it suffices to prove that u € L*°(0,7; L) to apply
the steps of Theorem 2.3.1 to obtain V2v3 € L*>(0,T; L>). Proposition 2.1 in [48] would
yield that u € L*°(0,T;C**). We give a different proof that does not require the use of
paradifferential calculus. We apply the Leray projector to the velocity equation to obtain

up— Au= -V - (u@u) +V(=A) (V- -V - (u®u))+(0,0) — V(—A)"15:0.
Hence, we can write the velocity as follows:

u = wy +wy +ws + wg + ws,
wy = etAuo, we = — (0 — A)glv (u®@u), ws= (0 — A)61V(—A)71V (V- (u®u)),
wy = (0 — A)al(O, 0), ws=—(0— A)61V(—A)_1829.

(2.68)
From the properties of the heat equation we obtain
lwillpgecoy < clluollest,  wallpgepz, ) < cllfllzgeme),  Nwsllzgemz, ) < cllfllnge(roe)-
(2.69)

Using the boundedness of singular integrals in Holder spaces, ws can be treated as ws. First,
as u € L>®(0,T; H%2) N L?(0,T; H'*52), by interpolation

2

we L0, T; H'52) — L9(0, T; L*), =
( ) ( ), g 1= (52— 52)

Now we proceed as follows

ugulon(r) [t lullos lul

(t —7)1/2 =)o (t—T1)1/2 dr. (2.70)

[walo=1(t) < ¢
0
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Choose [ =2/(1 + €) with e € (0,1) and

so applying Holder inequality yields that

t 1/r
Jwsllen (8) < (T llull s 1 ( | el <T>d7) . (2.71)

From the decomposition (2.68), the bounds (2.69), (2.71) and recalling that [|ws|[cs: <
cllwa||cs1, it is easy to get

t 1/r
fullos () < o)+ o) ([l (1)
Raising to the power r and applying Gronwall’s inequality we conclude that
u € L>(0,T;C%) (2.72)

and therefore uw € L>°(0,T; L>).
To conclude, we need to prove that V2vy € LY(0,7T; L*). It suffices to show that uw €
L"(0,T;C?% for some 7 > 1,8 > 0. By interpolation,
2

4
L° T- H1+S4 — _ . 2.
w e (0, ; ), o 1551 > 3 S4 € (0, 82) ( 73)

Thus w € L(0,T;C**). From this and (2.72), uw € L7(0,T;C?), with § = min{s3, s4} > 0.
O

Corollary 2.5.2. Let Dy C R? be a bounded simply connected domain with boundary 0Dq €
W2 0y = 1p, and uy a divergence-free vector field in the Besov space 32171. Then,

0D € L>®(0,T; W)
and there exists a unique global solution (u,0) of (2.1)-(2.3) such that
w € L0, T3 By ) N L*(0,T; B3 1) N LY0,T; B3 1) N L*(0, T3 W),
forany T >0, p<1/2.
Proof: One can repeat the proof of Theorem 2.3.1 to get this result. In this case, the a
priori estimates are done using the result in [43]. Then, by splitting the vorticity equation,

one can take advantage of the fact that B21’1 — L°, it is an algebra and for the heat equation
with initial data in this space there is a gain of two derivatives integrable in time [24]. O
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Corollary 2.5.3. Let Dy C R? be a bounded simply connected domain with boundary 0Dg €
C7, g € B;ol,jo7+sl N H*2 a divergence-free vector field, s; € (0,1 —~),s2 € (0,1) and
0o = 1p, the characteristic function of Dy. Then, there exists a unique global solution (u, )
of (2.1)-(2.3) such that

0(z,t) = 1p)(z) and 9D € L>(0,T; cH).
Moreover,
w € L®(0,T; H)NL*(0,T; H'52)NLY(0,T; H**)NL>®(0,T; BL 2 *)NL! (0, T; C1 T+,

foranyT >0, p < min{%,sz}, 0< 581 <s1.

Proof: Since ug € H*?, we get the a priori estimates u € L>(0,T; H*2)NL*(0,T; H'**2)N
LY(0,T; H>™*). Now, we use the decomposition (2.68). As ug € B;{jﬁ*sl, it holds that
wy € L0, T; Bx\Z ) 0 L2(0,T; C79) 0 LY(0,T; C1HH81) | 5 < 0 < s1. Since wy, ws €
L>(BZ, ), we only need to deal with the nonlinear terms.

As wy = (0,—A)g'V - (u® u), it suffices to show that u € L*(0,T;C7*%) to conclude
that we € LY(0,T; C*7+51), 5, € (0, s1). By the estimates above, we only need to show that
wy € L2(0,T;C77). This means in turn that it suffices to show v ® u € L2(0,T; Boao' 77).
We will show now that u € L°°(0,T; B~1+7*+51) indeed. It is clear for wy,wy, ws.

Applying basic paradifferential calculus estimates (see Chapter 2 in [7]), we obtain

@ ull possver < elfull yorires (D) (ullzo (7) + lfull ). (2.74)

Proceeding now as in (2.70),

@ ull s (7) lull b () (lall oo (7) 4l a2 (7))
- T < c/ : T,
0

lozllp e (0= C/o (t —7)1/2 (t—7)4/2

we find that (for the same r as in (2.71))

t 1/r
fullzrgroon®) < ) + o) ([l e (ar)
00,00 0 00,00

so we conclude that u € L>®(0,T; Bxas' ™). From this and the inequality (2.74) we conclude
that u @ u € L2(0,T; Bxa' ™).
O



Chapter 3

Navier-Stokes density patch
problem

3.1 Introduction

We consider an incompressible inhomogeneous fluid in the whole space R?,

V.-u=0,

3.1
pt+u-Vp=0, (3:-1)

driven by Navier-Stokes equations
p(us +u-Vu) = Au — Vp, (3.2)

where the unknowns p, u, p represent the density, velocity field and pressure of the fluid.

In the case of positive density, the first results of existence of strong solutions for smooth
initial data were proved by Ladyzhenskaya and Solonnikov [83]. When p > 0 is allowed,
Simon [105] proved the global existence of weak solutions with finite energy. Afterwards, this
result was extended to the case with variable viscosity by Lions in [88]. There, the author
proposed the so-called density patch problem: assuming pg = 1p, for some domain Dy C R?,
the question is whether or not p(t) = 1p(, for some domain D(t) with the same regularity
as the initial one. Theorem 2.1 in [88] ensures that the density remains as a patch preserving
its volume, but gives no information about the persistence of regularity.

Previously to this problem, the analogous question in vortex patches in Euler equations
arose great interest, due to the fact that several numerical results indicated the possible
formation of finite time singularities. First Chemin [22] using paradifferential calculus and
later Bertozzi and Constantin [11] by a geometrical harmonic analysis approach finally solved
the vortex patch problem proving the contrary: C''*7 vortex patches preserve their regularity
in time.

On the other hand, the appearance of finite-time singularities has been proved in related
scenarios. For the Muskat problem density patches have been shown to become singular in
finite time [15], [16]. When vacuum is considered for Euler equations with gravity, ‘splash’

35
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singularities were shown in the so-called water wave problem [17]. Later these results were
extended to parabolic problems such as Muskat [20] and Navier-Stokes [18]. Different proofs
of these results can be found in [40], [41]. In [56] it is shown that the presence of a second
fluid precludes ‘splash’ singularities in Euler equations with gravity and surface tension. See
[60] for a different proof applied to the Muskat problem and also [42] for the result including
vorticity in the bulk.

Global-in-time regularity has been extensively studied for Navier-Stokes free boundary
problems considering the continuity of the stress tensor at the free boundary (see [116] and
[51] for a discussion of physical free boundary conditions). Starting from the nowadays
classical local existence results [108], [8], global existence was achieved in [109], [112] for
the scenario of an almost horizontal viscous fluid lying above a bottom and below vacuum.
See also [72], [69], [70], [71] where the decay rate in time of the solution is studied in the
previous situation in order to understand the long-time dynamics. In the two-fluid case (also
known as internal waves problem in this scenario) global well-posedness and decay have been
shown in [115]. See also [93] for the vanishing viscosity limit problem for the free-boundary
Navier-Stokes equations.

Recently several contributions have been made in the two-fluid case without viscosity jump
with low regular positive density. First, Danchin and Mucha [46], [47] showed the global well-
posedness of (3.1)-(3.2) for initial densities allowing discontinuities across C! interfaces with

a sufficiently small jump and small initial velocity in the Besov space B;/lp _1, p € [1,4) (see

(2.45) for the definition). For densities close enough to a positive constant and initial velocity
in B;/lp 1n B;/lp “lte Huang, Paicu and Zhang [80] obtained solutions with C''*¢ flow for
small enough € > 0. Later Paicu, Zhang and Zhang [100] obtained the global-wellposedness
with initial data ug € H®, s € (0,1) and initial positive density bounded from below and
above removing the smallness conditions.

Based on these results and using paradifferential calculus and the techniques of striated
regularity, Liao and Zhang have recently proved the persistence of W*P regularity, k > 3,

€ (2,4), for initial patches of the form

po = p1lp, + p2lpg,

first assuming p1, p2 > 0 close to each other [86], then for any pair of positive constants [87].
By Sobolev embedding, this means that the boundary of the patch must be at least in C**7
for some v > 0. Using the well-posedness result in [46], Danchin and Zhang [48] have recently
obtained the propagation of C''*7 patches for small jump and small uq (also for large uy but
only locally in time).

In this chapter we consider the 2D density patch problem for Navier-Stokes without any
smallness condition on the initial data and without any restriction on the density jump.

First, we show that initial C'™7 density patches preserve their regularity globally in time
for any p1,pe > 0 and any ug € H'5, s € (0,1 — 7). We note that the cancellation in the
tangential direction to the patch is not needed to propagate low regularities. Although one
cannot expect to get the needed regularity for the velocity in Sobolev spaces, we will take
advantage of the fact that p remains as a patch with Lipschitz boundary. The quasilinear
character of the coupling between density and velocity makes it harder to propagate the
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regularity of the velocity and hence that of the patch. However, we will prove that u €
L'(0,T;C'*7) and thus the propagation follows by the particle trajectories system

dx
ﬁ(‘”) = u(X(z,1),1),
X(z,0) = x.

Without considering regularity in the tangential direction to the density patch for the
initial velocity, the initial conditions in [87] is at the level of ug € B;IWFS giving regularity
C?**™. Analogously, in [49] the velocity is at the level of uy € B;l giving regularity C1*7.
Indeed, as in [62], from the results of maximum regularity of the linear heat equation, we
deem ug € H7"® is sharp at the scale of Sobolev spaces from this approach.

This low regularity result combined with new ideas allows us to show that the curvature
of patches with initial W2 regularity remains bounded for all time. Following the particle
trajectory method to preserve the regularity, the curvature is controlled once that V?u €
LY(0,T; L>). This is critical because at this level of derivatives the step function p appears
together with the nonlinearity. So in principle one could find that V?u € L'(0,T; BMO). It
is possible to use time weighted energy estimates, introduced in [76], [77] for the compressible
model and in [100] for the incompressible case, combined with the characterization of a patch
as a Sobolev multiplier to get higher regularity. In particular, to deal with the regularity of
uy the convective derivative approach in [87] can be used. Going further, the C1*7 regularity
result in conjunction with the cancellation of singular integrals acting on low regular quadratic
and cubic terms allows us to bootstrap to achieve the control of the evolution of the curvature
(V2u € LY(0,T; L>)).

Finally, we continue the bootstrapping process to show a new proof for the propagation
of regularity with initial C?*7 patches. Describing the dynamics of the patch by a level
set, one can get advantage of the extra regularity in the tangential direction. In particular,
in checking the evolution of this extra regularity one just needs to control the tangential
direction of V2u. Exploiting the smoothing properties of the Newtonian potential and the
persistence of the regularity for the curvature, we are able to prove the propagation of C>*7
regularity. We realize that it is possible to find that extra cancellation dealing directly with
singular integral operators.

The structure of the chapter is as follows: In next section we show that the weak formu-
lation we use to understand the solutions satisfies indeed the expected physical conditions
at the interface. In Section 3.3 we prove the persistence of regularity for C'*7 patches and
ug € HY%. In Section 3.4 we show further that the curvature of the patches remains bounded.
Finally, in Section 3.5 a proof of the propagation of C?*7 regularity in which we deal directly
with the explicit expression of the tangential second derivatives of u is given.

3.2 Weak solutions and physical conditions

In this section we first state the definition of weak solutions for the system (3.1)-(3.2). Later
we show that under suitable regularity assumptions these solutions satisfy the naturally
expected physical conditions (see e.g. [51] and the references therein):
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- The interface moves with the fluid (no mass transfer):

zi(a,t) -n(a,t) = u(z(a,t),t) - n(a,t),

z(a,0) = zp(a), (3:3)
where 2 is a parametrization of the boundary of the patch 0Dy.
- Continuity of the velocity at the interface:
oy = 1, ) = _ i, o) =0, 60
zeD(t) z€D(t)°
- Continuity of the stress tensor at the interface:
[T~ n]lap@) =0, (3.5)

where T = —p I+ (Vu + Vu*) and Vu* denotes transpose of Vu.

Definition 3.2.1. We say that (p,u,p) is a weak solution of the system (3.1)-(3.2) provided
that ¥ € C2([0,T); C2°(R?)),
T
/ / Ve - udzdt =0, (3.6)
RQ

/ Vpoda + / / pDypda, (3.7)

and that for all ¢ € (C°([0,T); C°(R?)))?

T T
#(0)- poug dx—i—/ / thﬁ-pudxdt—/ Vo : (Vu+ Vu*) da:dt—i—/ / pV-odxdt =0,
R2 0 JR2 0 JR2 0 JR2

(3.8)
where Ve : Vu = 3.2

i.j=1 0ipjOiu;.

Proposition 3.2.2. Let (p,u,p) be a weak solution of (3.1)-(3.2) with initial data as in
Theorem 3.3.1. Then, the conditions (3.3)-(3.5) hold.

Proof: The weak incompressibility condition (3.6) implies the continuity of the normal
velocity at the interface, which jointly to the mass conservation (3.7) yields the interface
dynamics condition (3.3) (see e.g. [38]). Moreover, the results given in Theorem 3.3.1 for
initial data in HY** gives that u € L'(0,T;C'*7), hence the velocity is continuous also in
the tangential direction for a.e. ¢ > 0.

We show then the continuity of the stress tensor. We can write

T
O:/ qZ)(O)pouod:n—i—/ / Dy - pudzdt
D(H)UD(t)e

(3.9)
// - (Vu+Vu* )dxdt+/ / pV pdadt.
(HUD(t)° D(t)UD(t)
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Taking into account that the normal velocity is continuous at the interface and (3.3), the
regularity provided by Theorem 3.3.1 allows us to integrate by parts to find that

T T
0 :// ¢ - (—p1Diyu+Au—Vp) dxdt +/ ¢ - (—p2Diu+Au—Vp) dxdt
0JD(t) 0JD(t)c

T T
- / / on - (Vuy + Vul)do + / / on - (Vug + Vus) do (3.10)
0 JoaD(t) 0 JaD()

T T
+/ / qﬁpmda—/ / ¢pondo.
o Jop() o Jap)

Thus we deduce that
T
/ / Ol =) T (Vo Vi) (Vs 4 V)] o =0, (311
0 oD(t

and hence, as p,u are regular enough (3.21), we conclude

[(=p I+ (Vu+Vu*)) - n]lopy) =0, ae. te€(0,T). (3.12)

3.3 Persistence of C'" regularity

We present below the theorem that establishes the propagation of regularity for C''*7 patches
in the case of positive density.

Theorem 3.3.1. Assume v € (0,1), s € (0,1 —7), p1,p2 > 0. Let Dy C R? be a bounded
simply connected domain with boundary 0Dy € CY, ug € HYT* a divergence-free vector
field,

po(x) = p1lpy(x) + p2lpe(z),

and 1p, the characteristic function of Dy. Then, there exists a unique global solution (u, p)
of (3.1)-(3.2) such that

p(w,t) = pilpw(x) + p2lpye(x) and dD € C([0,T];C'),

where D(t) = X (Dy,t) with X the particle trajectories associated to the velocity field.
Moreover,
we C([0,T); H'**) N LY(0,T; CH7+9),

1—(v+s) 2—(y+s)
2

t—2 we L®0,T;HY), t

u € L®(0,T; H?),

2—(y+s)

t— 2 w € L®([0,T); L*) N L*([0,T]; H'),

for any T >0, 5 € (0,s).
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Proof: First, as ug € H'™* and 0 < min{py, p2} < po < max{p1, p2} < oo, the results in
[100] yield the following estimates for any T' > 0:

A0(T) < C(Jluoll 2).
Ay (T) < C(lluolsrs+),
Ao (T) < C(||uo|| grv+s), (3.13)
T
/ IVullpoodt < OT, [fuollsrrse),
0

where the constant C' also depends on p1, ps, and Ag, A1, Ao are defined by

T
Ao(T) = sup | ulle + [ [Vulat,
[O,T] 0

AUT) = supt' =0+ | V|7,
0.7]

T
Az(T)ZEujl%tz O (Il /puel 2 + | Aulfz + [1Vp]72) + /0 2= 0% | Vuy | 7.

In particular, we note that by interpolation we get

|l rea+s < Hqu 77w ||7+s <ct_ 5 (1-7-9)-2 5 (r+8),

and therefore i
u € LP(0,T; H'T9), pe[L,2/(1—(s—3))). (3.14)

Proceeding by interpolation again, it follows that

i) HutHH’YJrS)t — (v+3)q

—y—5 +35 —7
/ ||ut||m+gdt</ (el el )dtsC/ ! TR

hence by Holder inequality we conclude

ug € L9(0,T; H1T9), q€[1,2/(2— (s —3))). (3.15)
Next, we rewrite (3.2) as a forced heat equation
—Au=—pu-Vu+ (1 - p)u; — Vp.
We apply first the Leray projector P = I — VA™}(V-) to obtain
— Au = —P(pu-Vu) +P((1 — p)us), (3.16)
and denote

u = v+ U2 + v3,

A 1 1 (3.17)
v1 = g, vg = —(0—A)y P(pu - Vu), vg = (0p—A)y P((1 — p)uy).



3.3. PERSISTENCE OF C'*" REGULARITY 41

Recalling the following particular case of Gagliardo-Nirenberg inequality
2 1-2
1£llr ey < clFIZZ VAR 72,00, (3.18)
we deduce from (3.13) that
- Vaull 2 < flull 22V ull 2 | V2] 157 < et H30F9),
Therefore, it follows that
leallze + usllpe < ¢ (¢7F30F) 4 g1rh00)
Then, the splitting in (3.17) provides
Tis
L (Hv+s) S Cl|UO || Hv+s - 2 T U3)||Loo(L2)>
[luell < clluol[gr+s + 11 (1= A) 72 (v2 + v3)

so that using the decay properties of the heat kernel (see e.g. Appendix D in [102]) and
Young’s inequality for convolutions we obtain

[ha-ay

> K(t = 7)[[pr(lozll g2+ [vs|[ 2)d7
‘/ (’Y+S)+7- 1+ ('Y+5)

lull Lee (mr+s) < elluoll s +c (luoll gr+s)

=g

dr

<c(luollres) -
LF

< clluoll s ¢ (luoll o) T

(t—71)2

(3.19)
Notice that from (3.13) the velocity field satisfies u € L'(0,T; W), so the initial density
is transported and remains as a patch

p(x,t) = p1lpw)(z) + p2lp)e(v)
with Lipschitz boundary. We write (3.2) as follows
Au =P (pDsu). (3.20)
From (3.14) we deduce V - (u ® u) € LP/2(0,T; H'*®). This joined to (3.15) yields that
Dyu € L9(0,T; H'F¥) for g € [1,2/(2 — (s — 3))). By Sobolev embeddings we have that
2
Dyu € LY(0,T; L1-G+9)),
and therefore )
pDyu € LU0, T; L1-0+9).
Finally, recalling that the Leray projector is bounded in L? spaces, 1 < p < oo, we take the
inverse of the Laplacian in (3.20) to find that

[ 2 <c|AT (PP oy < cllpDeu

W2 T=(F9) %) Llf('2y+§)‘
From (3.14) it is clear that u € L9(0,T; L*°), therefore we conclude by Sobolev embedding
in Holder spaces that u € L4(0,T;C'*t7+5). Hence, the regularity of the patch is propa-
gated as explained in the lines following (2.13), yielding the persistence of C'™7 regularity

121l oo 0,1750147) < C(T).

O]
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Remark 3.3.2. From the momentum equation it is easy to see that
A7 + 11Vl = llpDeulln-

Noticing that p € M(H?), o € (—1/2,1/2) and recalling that Dyu € L1(0,T; H'**), it follows
that
pe LU0, T; H ),  we LY0,T; H* ), p<min{l/2,~v+ s}. (3.21)

3.4 Persistence of W?*> regularity

In this section we show that the curvature of the patch is bounded for all time if initially has
W2 boundary.

Theorem 3.4.1. Assume s € (0,1), p1, p2 > 0. Let Dy C R? be a bounded simply connected
domain with boundary 0Dy € W™, uy € H'T$ a divergence-free vector field,

po(z) = p1lp,(x) + p2lpg(z),

and 1p, the characteristic function of Dy. Then, there exists a unique global solution (u, p)

of (3.1)-(3.2) such that
p(x,t) = pilpw)(x) + palpge(x) and dD € C([0,T); W),

where D(t) = X (Dy,t) with X the particle trajectories associated to the velocity field.

Moreover,
u € C([0,T]; H') N L0, T; H*™*) N LP(0, T; W),
[

55w, € L°([0,T); L2) N L2([0, T]; HY),
t°2" Dyu € L°([0,T]; HY) N L2([0,T] ; H?),

for any T > 0, p < min{1/2,s} and p € [1,2/(2 — s)). If s < 1/2 it also holds that
u € L0, T; H**®) for any § € (s,1/2) with ¢ € [1,2/(1+6 — s)).

Proof: First, we notice that once we get u € LP(0,T; W) the propagation of regularity
for the patch follows by considering the particle trajectories associated to the flow. Hence,
we proceed to prove that the velocity belongs to that space.

3.4.1 Regularity of u;

We start by proving in this section that R L=([0,T]; L*) N L*([0,T] ; H"). As before,
it is easy to get

t
Hﬁmﬁw+A\VM@MTSdWN§- (3.22)

We now take inner product with u; and use Young’s inequality to obtain

d
Va3 + Z19ul?s < cllulla [ Vul.. (3.23)
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Using (3.18) with r = 4, from the velocity equation and Young’s inequality one infers that
IV2ull 22 + 1Vpll72 < e (lvpuelze + lulf2 Vulz2) - (3.24)
Hence, applying (3.18) again in (3.23) and using (3.24), we get
d
Iv/puelZ: + %HVUH%z < cflul|Z2 [Vl 72,

so by Gronwall’s inequality and (3.22) we conclude that

t
IValle+ [ I lade < [Duolacoliot,
We can close the estimates for v and wu; at this level of regularity:

lull Lo (r2) + llull 2 (1) < elluollz2,

(3.25)
lll ge crrry + Null 2.2y + luell 2 r2) < ¢ (luollz2) luoll -
From this last estimate, (3.24) rewrites as
IV2ullZ2 + IVplZe < e (IVpuelz. +1) . (3.26)

We proceed next by an interpolation argument. First, we consider the linear momentum
equation for v
pvr + pu - Vo — Av+ Vp =0, pt+u-Vp=0. (3.27)

By previous arguments it follows that
1ol Zee ) + IVPvel 72 2y < e (luollz2) ol (3.28)

IV20lZ2 < c (Ivovellze + lulZalIVulZ IVl Z2) |

and hence
V20172 < ¢ (IvVpvell7 + llvollz) (3.29)

Derivation in time of (3.27) yields the following equation
pott + pu - Vug — Avy + Vpy = —ppop — pru - Vo — puyg - Vo,

and thus we obtain
ld 2 2 2
——|Vpvelie + [|Vuelli2 = = | pelve“de — | pou-Vo-vde — [ puy - Vo - vde,
2 dt R2 R2 R2

where we have used that p; = —u-Vp. Multiplication by the weight ¢ and integration in time
implies that

t t
§H\/ﬁvt\|%2 + /0 7|Vl 3edr = [ + I + I3 + I, (3.30)
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where

1 t t
= [ IvAuladn n=—[ 1 [ alufdr
0 0 R2

t t
13 — _/ 7—/ Pl - Vo - ’UtdﬂZ'dT, _[4 = —/ ’7'/ pUt - Vv - ’Utdl‘dT.
0 R2 0 R2

The first term is controlled by (3.28) as follows
I < e(Jluollz2) oI - (3.31)

Recalling that u is divergence-free and that p; = —u - Vp, integration by parts in I yields
the following

t t
I g/ 7/ o+ Y|y Pddr < c/ A0l el o o] o
0 R2 0

By (3.18) and Young’s inequality I5 is bounded by

1 [t t
I, < 10/, T\IVvt!!i2dT+C(\|uO|!L2)/0 Tl 72| V7 2dr.

Using again (3.18) and (3.29) we get that

t
1/2 1/2
L < ¢ (JJuol ) / Tllv/pull 2 | Vol o2 lI/pve | o2 | Vol o dr
0
! 1/2 1/2
+ ¢ (JJuoll 1) / TPl g2 |V 0| g2 | vel |32 | Ve | 1o

and therefore by (3.28) and Young’s inequality it follows that

1 t t
L<3 THV%HQdeTJFC(HUO\Hl)/ 7|lv/puel 7z || v/pvelf2dr
0 0

+c(lluollz2, T) [lvol7p:-

(3.32)

After integration by parts, I3 is decomposed as follows
I3 = I3y + I32 + I33,

where .

I3 = — 7'/ pvy - Vu - Vo - udzdr,
0 R2

1322—/0t7'/RZP(
- (

t
I3z = / 7'/ p(u- Vo) - (u- Vog)dzdr.
0 R2

u®u) : Vv - vdrde,
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First we use again (3.18) and Young’s inequality to obtain
t
b < [l Vol | Vol edr
0
I 9 ! 4/3 2/3 2/3 <2 112/3
<10/, T[[Vuil[f2dr + ¢ ; Tllw- Vaul[ 5 [[Vevl [z Vol 271Vl dr
After using (3.29), Young’s inequality and the previous estimates on u and v yield
1 t t
I < 45 ; 7([Vo|[72dr + C(HUOHHl)/O Tllvpvellze (1 + [V2ull?2) dr
+ ¢ ((luoll g2, T) l[vol I

Since (3.18) and (3.25) give ||ul|zs < ¢ (JJuollz2) ||woll g, using (3.18), (3.29) and Young’s

inequality the terms I35 and I33 are bounded as I3;. Therefore,

1 t t
b< g [ rIVulidr v [ rlvEuls (14 V2l dr
0 0
+c(lJuollzz, T) ol -

Joining the above bounds (3.31)-(3.33) we get from (3.30) that

(3.33)
2 ! 2 2
tllv/pvell7e +/0 T[|[Vol|72dr < e((Juoll 2, T) [[voll3n

t
wo [ rlvpulis (19l + IVaulis +1) dr
thus by Gronwall’s inequality we finally find
t
0
We notice that from (3.27) we have ||\/pv¢||2(7) < c(|lug| gr) [[v||g2(7) for all 7 > 0, so if
we assumed vg € H?, repeating the steps above without weights would lead to

tllv/ouel7: +/ 7|Vl fadr < e (fuoll g, T) [lvoll7p-

t
Iv/puell? +/0 IVvel|Fedr < e (luoll e, T) llvol e
Finally, by linear interpolation between the last two inequalities [89] we conclude that
t
0l /pue 72 +/0 T Ve Fadr < e (Juoll g, T) luol 7
Using (3.26) we are able to finally find
t
0 pullze + ¢ VP 2 +/ T Vel Fadr < e (fuoll g, T) lluolffpes. (3.34)
0

We note that by Sobolev interpolation we have in particular that for § € (0, s)
ug € L2(0,T; H). (3.35)
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3.4.2 Higher regularity for u

This section is devoted to prove that uw € L*(0,T; H'™*) N L?(0, T; H*™"). First, we notice
that by Theorem 3.3.1 p(t) remains as a patch with Lipschitz boundary for all ¢ > 0 and
hence it is known that

pe L0, T;M(H?)) o€ <—;,;> :

From this and the estimates (3.25), (3.35) we infer that
2 1
(1=pu, pu-Vue L(0,T; H*), p < min 35

Thus, by classical properties of the heat equation applied to (3.16) we conclude that u €
L?(0,T; H***) with

[ull 2 (zr2+ny < e ([uoll s, T) - (3.36)
To get u € L>®(0,T; H'™%) we will use that (3.34) and (3.26) implies
N puellze + ¢ ou - Vullze < c(luollgss, T) . (3.37)
Then, we write the solution of (3.16) as
w=ePug+ (B-A)5" (P((1 = pu) — P (pu - V),
thus we have that

14s

lullpge ey < elluoll s+ ||(1 = 2)F (@ = A)5" (B((1 = p)ur) = P (pu - V)|

Lg(L2)

Applying Young’s inequality for convolution, (3.37) and the decay properties of the heat
kernel we get

t 1+s 1—s
/ |(1—A)=2 K({t—r71)||;27 2 dr
0

t
/(1,‘—7')_142r T dr
0

[ull oo (mrr+sy < clluol[ga+s + ¢
Ly

< clluo| gr+s +c ,
LF

so that we conclude

[ull Lo (rrr+2y < ¢ (lluoll s, T) - (3.38)
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3.4.3 Higher regularity for D,u

We will show that t%Dtu e L>([0,T]; H) n L?([0,T] ; H?). Applying D; to (3.2) yields
pD?u — ADyu + VDyp = —2Vu; - O;Vu + Au - Vu — vul - Vp, (3.39)

where Einstein summation convention is used. By definition of D,u, it follows directly from
previous estimates (3.34) and (3.38) that

t
AaDl + [ 7SIV Dl < e Cluollnn T) o By (3.40)
0

In what follows we will denote
F = F(Vu,V?u, Vp) = —2Vu; - 9;Vu + Au - Vu — Vul - Vp.
As ||[V2u| z2 + || VDl 2 < ||pDyul| 12, using (3.40) we notice that
IFI2: < ellVul2~ lpDels < ™[l

so from (3.36) we find

t
| N B < eQluolln s, ). (3.41)
0
By taking dot product of (3.39) with D?u and integrating in time we find
1 t
StV Dl + / 7%||\/pD?ul3adr = Ly + L + Ls + Lu, (3.42)
0
where
2—s [! 1—s 2 ! 2—s 2
L= 7%V Dyul|72dT, Lo=—|[ 7 Dju-VDp dxdr,
2 Jo 0 R?
t t
Ly = / 275 | D?u- Fduxdr, Ly= / 7275 | VD : V(u-VDyu)drdr.
0 R2 0 R2
The first term, Lj, is bounded by (3.40),
Ly < ¢ (JJuolFpss, T) - (3.43)
while using (3.41) it follows that
L[t 5
Lo< g [ 7 IVaDRulRadr + e (uollpse D). (3.44)
0

Noticing that V - D?u = V - (u - Vu; + Dyu - Vu + u - D;Vu), integration by parts twice in
Lo yields the following

) t
Lo 2/ 72_5/ (V-Diu) Dypdxdr :/ 77| V-(u- Vur+Dyu - Vu+tu - DiVu) Dipdadr
0 R2 0 R
¢
— _/ 7'2_8/ (u-Vuy + Dyu-Vu+u- DyVu) - VDipdzdr
0 R?

t
< / 7275w - Vg + Dyw - Vu + u - DyVul| 12|V Dip|| p2dr.
0
(3.45)
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We now use the equation (3.39) to estimate the high-order term VD;p. First, we notice
that
PAD;u = ADyu — VV - D;u, (3.46)

so that the equation rewrites as
~PADyu+ VDip =VYV - Dyu — pDiu + F.
Therefore we obtain
IPADgull 2 + [V Dipllz2 < ellv/pDiull 2 + |Fl| 2 + V'V - Dyull 2,
and using (3.46) we write
IADzul 2 + [V Depl 2 < ellv/pDiull 2 + | F|l 2 + 2/|VV - Dyl 2. (3.47)

If we denote
G=u-Vu + Diyu-Vu+u-DiVu,

going back to (3.45), estimate (3.47) provides the following

t t
La<c [ 7| ypDRul ol Glluedr + [ 2% (P2 + 2197 - Do) |G o
0 0
By Young’s inequality it is possible to obtain
1 t t
Lo<g [ PoIVEDRuR: +c [ 7 (PR + 199 Dl + |Gl dr. (349
0 0
The incompressibility condition yields
IVV - Deullfz = [V(Vu - Va*)|72 < el Vu - V2ul[72 < cllullFare [ V2ull 7.
Hence from (3.34) and (3.36) we find that
t
/ VY - Drul2s < e (Juollmss, T). (3.49)
0

On the other hand, the bound (3.38) allows us to write
Gl < et (IVuellFe + [ DeullZalullfpese + [V 2ull72) -
which joined to (3.40) and (3.34) yields
NG < e (870 NIVuel e + llullfpere + 1),

so we conclude using again (3.34) and (3.36) that

t
/ P3G 2adr < e (fuolle, T) (3.50)
0
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If we introduce the bounds (3.41), (3.49) and (3.50) in (3.48) we get that
Las ¢ [ P IVBDRs + eluolme 7). (351)
Finally, the term L4 is bounded by
Lios [ 719Dl el V2 Deal e < ¢ [ 19 Dyl 97D
taking into account (3.38). Estimate (3.47) gives
fa= /o 727V Dyul| 2 | /pDRul| 2+ /OtTQ‘SHVDtuHLz (IF |l 2 +2| V'V - Deu 1) do.

As in the bound of Lo, by Young’s inequality we have that

1 t B t B
Li<g [ olvaDRuls +e [ 719 Dmls + cQlunlmnie. 1),
0 0
and (3.40) implies
1 [t
Li<g [ roIVEDRulR: + c(lunlmns. 1) (352)
0

Introducing the bounds (3.43), (3.44), (3.51) and (3.52) in (3.42), we conclude that
t
£l + [ EDRuladr < e (Juolmsss, T).
0

Recalling (3.47), (3.41) and (3.49) we find in addition that

t
/ 7'278HDtuH§{2dT < c(JJuo|| gr+s, T) -
0

By Sobolev interpolation we note that in particular we have for § € (0, s),

2

D e LP(0,T; H'®), 1<p< —FF—.
t ( ) =P 2—(s—3)

(3.53)

3.4.4 Critical regularity for u

In this section we will conclude that u € LP(0,T; W?°°). From (3.20) we have that
Vi = V2A™P (pDsu),

where Pf; = f; — R;R; f;. The operators V2A~!P are Fourier multipliers and therefore can
be written as convolutions

HOATPSi(2) = (Kpij * f7) (2), (3.54)



50 CHAPTER 3. NAVIER-STOKES DENSITY PATCH PROBLEM

with kernels given by
_ &i&;
Kpij(x) = F <§k£2l <5ij =) (@) (3.55)
€] iy
By symmetries it suffices to consider the following three cases:

IATIPS (2) = (ffmj *fj) (z) + %fl(x)a

AP fy(x) = (ffllzj *fj) (z) + %f2(9€)a

HRATPfi(z) = (fﬁzlj *fj) (z) — %f2($)-

where the kernels K, kli; are even and have zero mean on circles. They can be computed
explicitly as they correspond to sums of second and fourth order Riesz transforms (see Chapter
3.3 in [111]). For simplicity we will denote by K the kernels K riij and we rewrite the above
equations as singular integral operators plus identities as follows

V2u = SIO (pDyu) + cpDyu. (3.56)
Then we decompose as follows

SIO (pDyu) = p2SIO (Dyu)
(p1— p2 / K(z —vy) - (Dwu(y,t) — Dyu(z,t)) dy

+ (p1 — p2) SIO (1D(t)) Dyu(x,t) = My + My + Ms.
By Sobolev embedding and (3.53) we get that
Dyu € LP(0,T;C%), (3.57)
hence we deduce that
[My] < c([Drulles (1) + ([ Drull2(1))

and analogously
| Ma| < cf| Dul|os (2).

As by Theorem 3.3.1 p(t) is a C'*7 patch for all + > 0, v € (0,1), and the fact that the
kernels in the singular integral operators are even, it is possible to obtain (see [11] for more
details)

| M3] < c|| Dyul| L (£)-

We therefore conclude that
ISIO (pDyu) (| 1o (o) < € ([[uollgr+s, T) 5 (3.58)

and hence (3.56) gives

2

LPO,T; W), 1<p<—"".
we LP(0,T; ); SP< YT
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Remark 3.4.2. We have obtained u € L*(0,T; H***) with u < min{s,1/2}. In the case
5 < 1/2 we can also get u € LI(0,T; H?>T0) with § € (5,1/2) and q € [1,2/(1+5—s)) C [1,2).
This is achieved by rewriting the equation as in (3.20) to take advantage of the smoothing
properties of the Laplace equation. If s < 1/2, from Dy € L'(0,T; H'*5) n L?(0,T; H?)
one finds by interpolation that Dyu € L9(0,T; H%). Since p is a multiplier in H® for any
0 € (s,1/2), from standard properties of the Laplace equation it follows that

we LI(0,T; H*+0).

3.5 Persistence of C?" regularity

This section is devoted to show that C?T7 regularity is preserved globally in time.

Theorem 3.5.1. Assume v € (0,1), s € (0,1 —7), p1,p2 > 0. Let Dy C R? be a bounded
simply connected domain with boundary 0Dy € C*TY, ug € H™ S o divergence-free vector
field and

po(x) = p1lpy(x) + p2lpe(z).
Then, there exists a unique global solution (u,p) of (3.1)-(3.2) such that

p(x,t) = p1lp(z) + p2lpye(x) and dD € C([0,T]; C*H).
Moreover,

u € C([0,T); HY'T) 0 L2(0,T; H**) N LP(0, T; W°°),

1—(y+s)

t 2 w e L>([0,T);L*) N L*[0,T]; HY),

2—(v

7 Dyu e L([0,T]; HY) 0 L2([0, T H2),

t

forany T >0, p < min{l/2,v+ s} and p € [1,2/(2— (y+$))). If v+ s < 1/2 it also holds
that uw € LY(0,T; H*T0) for any & € (v +5,1/2) with ¢ € [1,2/(1+6 — v — s)).

Proof: Since v+ s € (0,1), the estimates on w, u; and D;u follow as in Theorem 3.4.1.
We now describe the patch using a level-set function ¢:

Op+u-Vo=0,  o(,0)=p(x),

Do = {o € B : () > 0},

so that at time ¢, D(t) = X (¢, Do) = {x € R? : ¢(z,t) > 0}. Then, the vector field given by
W (t) = V1 (t) is tangent to the patch and evolves as follows

OW +u-VW =W -Vu, W(0)= V. (3.59)

To control C%*7 regularity of dD(t) we shall ensure that VW remains in C7. By differenti-
ating (3.59) one obtains
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OAVW +u-V(VW) =W -Viu+ VW - Vu + Vu - VIV.

Since u is Lipschitz, the following estimate holds for all ¢ € [0, T7:

t

VW | () <[V Wollgves o IVulloedr 1 e fo Wllmdf/ (IW - V2ullor +2|| VW || oo || V]| o-) -
0

From this and previous estimates we get that

1YW | (£) Scl(T)Jch(T)/O W - V2ul| g (7)dr-

Therefore the result is obtained once we prove that W - V2u € L'(0,T;C").

Applying Fourier transform in (3.54) gives that

F (Wi0ropu;) (&) = Wk(f) * F (Or0pus) (€) = Wk(f) . [flcfl <(5~ &i&j

RN

Using the notation (3.55), we introduce the following splitting

)7 D) @)

F (WioRopw;) (€) = (Kz‘jkl]:(PDtUj)) * Wi (&) — Kijua(€)F (WipDyuy) (€)
+ Kigra(€©)F (WipDyus) (€) = (Kiga (pWi) ) % F (Deuy) (€)

+ (Kijkz]:(ﬁwk)) * F (Dyuy) (§)

We note that since W is tangent to the density patch, the last term vanish

Raga (W) (€)= =i (165 (0= S22 ) ) 7 (01 (W) (©) =

Hence the previous splitting writes as
W(z,t) - Vu(z,t) = I + I,

where

Il — - K(ZL‘ — y) . (W(.T,t) - W(yvt)) p(y)t)Dtu(y’t)dy’

L= [ K=y) Wtey.t) Deuly,t) - Deulx, 1)) dy.

The Lemma in Appendix of [11] yields the following

[ller < eWllov () (IlpDyull L (t) 4 [[SIO (pDyu) || L= () ,
Hallor < el Deullen () (oW | 2o (£) + [[SIO (pW) [| = () -



3.5. PERSISTENCE OF C**" REGULARITY 53

Proceeding as in (3.58) it is possible to find that

Hillzs. oy < e(lluollress, T),

12l L1 (ovy < elluollgreses, T) -
From the above estimates we finally conclude that

W V2ull g oy < e (luoll reass, T) -
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Chapter 4

The Muskat problem with viscosity
jump

4.1 Introduction

This chapter studies the dynamics of flows in porous media. This scenario is modeled using
the classical Darcy’s law [50]

wlx, thu(z,t) = —Vp(x,t) — p(z,t)eq, (4.1)

where the velocity of the fluid u is proportional to the spatial gradient pressure Vp and the
gravity force. Above z is the space variable in R? for d = 2, or 3, t > 0 is time and eg is the
last canonical vector. In the momentum equation, velocity replaces flow acceleration due to
the porosity of the medium. It appears with the viscosity pu(z,t) divided by the permeability
constant x, here equal to one for simplicity of the exposition. The gravitational field comes
with the density of the fluid p(x,t) multiplied by the gravitational constant g, which is also
normalized to one for clarity.
In this work the flow is incompressible

V- u(z,t) =0, (4.2)

and takes into consideration the dynamics of two immiscible fluids permeating the porous
medium R¢ with different constant densities and viscosities

1 T 1 1 T 1
)= { 1y TED se={ Ly LED (4.3

The open sets D'(t) and D?(t) are connected with R? = D'(t) U D?(t)UdDI(t), j = 1, 2 and
move with the velocity of the fluid

%(t) =u(x(t),t), Va(t) € DI(t), or z(t) € OD’(¢t). (4.4)

The evolution equation above is well-defined at the free boundary even though the velocity is
not continuous. The discontinuity in the velocity holds due to the density and viscosity jumps.

55
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But what matters is the velocity in the normal direction, which is continuous thanks to the
incompressibility of the velocity. The geometry of the problem is due to the gravitational
force, with the fluid of viscosity u? and density p? located mainly below the fluid of viscosity
p' and density p'. In particular, there exists a constant M > 1 large enough such that
R4 x (—o00, —M] C D%(t).

We are then dealing with the well-established Muskat problem, whose main interest is
about the dynamics of the free boundary 9D/ (t), especially between water and oil [97]. In this
work, we study precisely this density-viscosity jump scenario, i.e. when there is a viscosity
jump together with a density jump between the two fluids. Due to its wide applicability, this
problem has been extensively studied [9]. In particular from the physical and experimental
point of view, as in the two-dimensional case the phenomena is mathematically analogous to
the two-phase Hele-Shaw cell evolution problem [104].

From the mathematical point of view, in the last decades there has been a lot of effort
to understand the problem as it generates very interesting incompressible fluid dynamics
behavior [61].

An important characteristic of the problem is that its Eulerian-Lagrangian formulation
(4.1)-(4.4) understood in a weak sense provides an equivalent self-evolution equation for the
interface D7 (t). This is the so-called contour evolution system, which we will now provide
for 3D Muskat in order to understand the dynamics of its solutions.

Due to the irrotationality of the velocity in each domain D7(t), the vorticity is concen-
trated on the interface 9D (t). That is the vorticity is given by a delta distribution as follows

V Au(z,t) = w(a, t)d(z = X(a,t)),
where w(a, t) is the amplitude of the vorticity and X («,t) is a global parameterization of

0D (t) with
oD’ (t) = {X(a,t) : a € R?}.

It means that
u(z,t) - VAp(x)de = / w(a,t) - (X (a,t))da,
R3 R2
for any smooth compactly supported field ¢. The evolution equation reads
0: X (a,t) = BR(X,w)(a,t) + Ci(a, t)0a, X (o, 1) + Ca(r, 1) 0y X (, 1), (4.5)
where BR is the well-known Birkhoff-Rott integral

BR(X,w)(a,t) = —%p.v. /R R ;(( ((:’tt)) - ;(( ((5’33 A w(B,1)dB, (4.6)

which appears using the Biot-Savart law and taking limits to the free boundary. Above the
constants C1 and Cs represent the possible change of coordinates for the evolving surface and
the prefix p.v. indicates a principal value integral. It is possible to close the system using that
the velocity is given by different potentials in each domain and we denote the potential jump
across the interface by the function Q(a,t). Taking limits approaching the free boundary in
Darcy’s law yields the non-local implicit identity

u? =l 0% — pl
Qa, t) = A, D(Q)(a,t) — 24, X5(a,t), A, = . A, = , 4.7
(a,t) = AD(Q)(a,t) pXs(a,t), Ay 21 P (4.7)
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where D is the double layer potential

1 X(a,t)—X(B,1)
D(Q t) = —p.v. <00, X(B,1) N0, X(B,8)Q25,1)dS. 4.8
@)(0t) = gop | s - 0L X (8.0 A 0, X (B ORS00, (45)
In that limit procedure, the continuity of the pressure at the free boundary is used, which is
a consequence of the fact that Darcy’s law (4.1) is understood in a weak sense. Relating the
potential and the velocity jumps at the interface provides

w(a,t) = 0nyQa, 1) 0ny X (at, ) — Ony Q(a, 1) 0ay X (a1, 1), (4.9)

and therefore it is possible to close the contour evolution system by (4.5)-(4.9) (see [37] for a
detail derivation of the system).

Then the next question to ask is about the well-posedness of the problem. A remarkable
peculiarity is that, in general, it does not hold. The system has to initially satisfy the so-called
Rayleigh-Taylor condition (also called the Saffman-Taylor condition for the Muskat problem)
to be well-posed. This condition holds if the difference of the gradient of the pressure in the
normal direction at the interface is strictly positive [4],[5], i.e the stable regime. For large
initial data, well-posedness was proved in [33] for the case with density jump in two and three
dimensions. In that case, the Saffman-Taylor condition holds if the denser fluid lies below
the less dense fluid. The density-viscosity jump stable situation was proved to exist locally
in time in 2D [36] and in 3D [37]. Although these proofs use different approaches, it was
essential in both proofs to find bounds for the amplitude of the vorticity in equation (4.7) in
terms of the free boundary. There are recent results where local-in-time existence is shown
in 2D for lower regular initial data given by graphs in the Sobolev space H? for the one-fluid
case (p? = 0) [25] and in the two-fluid case (u? > 0) [95]. In the 2D density jump case the
local-in-time existence has been shown for any subcritical Sobolev spaces W2P, 1 < p < oo
[31], and H®, 3/2 < s < 2 [94]. Here, the terminology subcritical is used in terms of the
scaling of the problem, as X*(a,t) = A1 X (A, At) and w?(a,t) = w(Aa, At) are solution
of (4.5)-(4.9) for any A > 0 if X (o, t) and w(a,t) are. Therefore WH>, W2! and H%/? are
critical and invariant homogeneous spaces for the system in 2D.

On the other hand, the Muskat problem can be unstable for some scenarios, when the
Saffman-Taylor condition does not hold. In particular, if the difference of the gradient of the
pressures in the normal direction at the interface is strictly negative, the contour evolution
problem is ill-posed in the viscosity jump case [107] as well as the density jump situation [33]
in subcritical spaces. With the Eulerian-Lagrangian formulation (4.1)-(4.4) it is possible to
find weak solutions in the density jump case where the fluid densities mix in a strip close
to the flat steady unstable state [110] and for any H® unstable graph [20]. In the contour
dynamics setting, adding capillary forces to the system makes the contour equation well-posed
[54]. When the Saffman-Taylor condition holds, the system is structurally stable to solutions
without capillary forces if the surface tension coefficient is close to zero [6]. However, there
exist unstable scenarios for interfaces interacting with capillary forces [99] which have been
shown to have exponential growth for low order norms under small scales of times [68]. The
system also exhibits finger shaped unstable stationary-states solutions [55].

A very important feature of this problem is that it can develop finite time singularities
starting from stable situations. The Muskat problem then became the first incompressible
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model where blow-up for solutions with initial data in well-posed scenarios had been proven
rigorously. Specifically, in the 2D density jump case, solutions starting in stable situation
(denser fluid below a graph) become instantly analytic and move to unstable regimes in finite
time [15]. In the unstable regime the interface is not a graph anymore, and at a later time the
Muskat solution blows-up in finite time showing loss of regularity [16]. The geometry of those
initial data are not well understood, as numerical experiments show that some solutions with
large initial data can remain smooth [34], and the patterns can become more complicated for
scenarios with fixed boundary effects [66]. As a matter of fact, some solutions can pass from
the stable to the unstable regime and enter again to the stable regime [38].

The Muskat problem also develops a different kind of blow-up behavior in stable regimes:
the so-called splash singularities. This singularity occurs if two different particles on the free
boundary collide in finite time while the regularity of the interface is preserved. This collision
cannot occur along a connected segment of the curve of particles in neither the density jump
[35] nor the density-viscosity jump case [39]. In particular, the splash singularity is ruled out
for the two-fluid case [60] but it takes place in one-fluid stable scenarios [20].

The question we study in this thesis is about the global in time existence, uniqueness,
regularity and decay of solutions of the Muskat problem in stable regimes and ill-posedness in
unstable regimes. In the viscosity [107], density [33] and density-viscosity jump 2D cases [55],
[25] there exist global in time classical solutions for small initial data in subcritical norms
which become instantly analytic, thereby demonstrating the parabolic character of the system
in these situations. See [10] for the same result in the 2D density jump case with small initial
data in critical norms, represented on the Fourier side by positive measure. In [31], global in
time existence of classical solutions are shown to exist with small initial slope. In [29], global
existence of 2D density-jump Muskat Lipschitz solutions are given for initial data with slope
less than one. See [67] for an extension of the result with fixed boundary and [30] for the
3D scenario, where the L® norm of the free boundary gradient has to be smaller than 1/3.
In [29] and [30] global existence and uniqueness is proved for solutions with continuous and
bounded slope and L! in time bounded curvature in the density jump case for initial data in
critical spaces with medium size. More specifically, the initial profiles are given by functions,
ie. X(,0) = (a, fo(a)), for a function fo(«) of size less than ko:

ol = [, delellio(e)] < hoa,  d=2.3

where ko 4 is an explicit constant, ko3 > 1/51in 3D and kg2 > 1/3 in 2D. In [101], the optimal
time decay of those solutions are proven, for initial data additionally bounded in subcritical
Sobolev norms. We also point out work [13], where the Lipschitz solutions given in [16] are
shown to become smooth by using a conditional regularity result given in [31] together with
an instant generation of a modulus of continuity.

Next, we describe the main results and novelties in this work. This chapter extends the
global existence results in 2D and 3D from [30] to the more general case with density-viscosity
jump. Moreover, in 3D we improve the available constant for global existence and make it
equal to the 2D constant in the A, = 0 case. Precisely, it is given by initial data satisfying
that

1 foll 710 = / AN Fol©)] < R(ALD,
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where k : [0,1] — [k(1), ko] is decreasing and k(0) = ko = ko2. We would like to point
out that due to the nature of equation (4.7), maximum principles are not available for the
amplitude and the slopes in the L norm and the parabolic character of the equation is not
as clear as in the case A, = 0. We provide the first global existence result for this important
scenario in a critical space. The space F&! appears as a natural framework to perform the
task of inverting the operator (I — A,D) in order to get bounds for w in terms of the interface.
In particular, we also improve the method in [30] as we are able to show smoothing effects,
proving that solutions with medium size initial data become instantly analytic. Furthermore,
we show uniform bounds of the interface in L> and L? norms with analytic weights. Then,
we show optimal decay rates for the analyticity of the critical solutions, improving the results
in [101].

Finally, we show with the new approach that solutions are ill-posed in the unstable regime
even for low regularity solutions understood in the contour dynamics setting. We give precise
statements of these results in Section 4.3. In next section we provide the contour equations
we use throughout the chapter.

4.2 Formulation of the Muskat Problem with Viscosity Jump

We start by deriving the contour equation formula given by (4.5)-(4.9) in terms of a graph.

This equation will be used throughout the chapter to state the main results and to prove

them. To simplify notation we shall write f(a,t) = f(«) when there is no danger of confusion.
In the 3D case, if the evolving interface can be described as a graph

X(Oé,t): (CKl,CkQ,f(CE,t)), o = (a17a2) €R27
then the equations (4.5) are reduced to one equation as follows

0= =g, [ 2= BenlB) - en ) 1(5)
w7 Je T N f(0) — (5.1 (B)P

dg+ C4 (Oé),

dp + C(a),

1 / w1 (B)(f (@) — f(B)) — (a1 — Br)ws(B)
4 R2

0= (@ (@) - (B. AP

fi(a)=

1 /R2(a1_61)w2(ﬁ)_<a2_62)w1<5)d6+01(0<)8a1f(a)—l—Cg(a)@an(oz).

4 (e, f())= (B, F(B))I?

Thus, substituting the constants from the tangent terms into the evolution equation and
applying a change of variables, we obtain the equation for f:

ft(Oé) = 11(06) + 12(04) + Ig(Oé), (410)

where

(@) = — Lpy. [ Pralo=5) = Bula =) db (4.11)

A e (14 (Asf(@)2): IBP
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Iz(a)zlpV/RQAﬁf(a)aazf(a) ( ) Aﬁf(a)aoaf( ) ( _B)ﬁ (4'12)

A (1+(Asf(a))?)? ce

1o, [ B0t () = BBt (@) g 4B
dr R (L4 (Apf(a))?) EE

Above we use the notation Agf(a) for
Agf(a) = (fa) = F(B)IBIT

We have the following equations for the vorticity coming from (4.9):

I3(a) = (4.13)

w1 = 8a29, Wy = —(9&19, w3 = 6a296a1f — 8a1 Q@azf. (4.14)
Introducing (4.14) into (4.11) and (4.12) they can be written as

L(a) = —po. ! B 90(a - g,

7 Jar (14 (Bpf(a))2)3 I8P

1 / Asf(@)Vi(@)  VQa—B)
A e (14 (Apf(a))?)? 18]
By adding and subtracting the appropriate quantity, we obtain the following

I(a) = dg. (4.15)

h(e) = 5Ae) + oo [ ((+ @@ =1) - vala = g)as.

where the operator A is given by the Riesz transforms
A= Rlaal + R28a2 (4.16)

and also as a Fourier multiplier by A = |€]. Plugging the identity for € (4.7), the equation
below shows the parabolic structure of the equation as

(o) = —A,Af(a) + %AD(Q)(@)

. (4.17)
g [ (0 Bar@)P) = 1) e — g
Using formulas (4.14) and (4.7) in I3(«) (4.13) we are able to find that
A [ BVE@)VD@)(0  B) V(0 ) df
Ia(e) = P '/m (14 (Agf(a))?)? 18* (1.18)

We can finally write the contour equation (4.10) by using formulas (4.17), (4.15) and (4.18)
to get:

fi=—AAf +N(f),  where  N(f) = Ni(f)+ Na(f) + N3(f), (4.19)
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where N(f) = N(f,) and

Ny = D) (@),

N L V/RQ<§|+A5f(a)Vf(a) 6) VQ(a — B)

=Y e O BarE 18 e W (4.20)

Ao [ 5 V(@) VD) (o= B) - VEf(a—B) dB

NP (1+ (Apf(a))?)? 183"

The equation for €2 is given implicitly by
Qa,t) = A,D(Q)(a,t) — 24,f (e, 1), (4.21)

where the operator D(2) (4.8) is rewritten as follows

1 [ Dsfla) = 2L g )

PO = 01 Jeo TWr Gart@p P 1B (422
Note that the derivatives of D(2) can be written in the following manner
00, D(Q) (e, 1) = 2BR(f,w)(cv, t) - Do, (v1, 2, f (), (4.23)
and therefore
00, Qa, t) =24, BR(f,w)(a,t) - On,; (a1, 2, f(a)) = —2A,04, f(a, t). (4.24)

In the case of a graph, the Birkhoff-Rott integrals are also reduced in the following manner

BR(fvw) = (BRl(fvw)v BRQ(f?w)a BR3(f,U))),

def

where we use the shorthand BR; = BR;(f,w) to be the terms

BRy — ;;p.v. /R2 %Q‘uB(Oz - B) — Agf(a)wa(a—pB) a3

4 (14 Agf(a)?)? B2 (4.25)
-1 Apf(@)wi(a—B) = Gws(a = B) ap
B1 B2
-1 Y WW(a*ﬁ)*le(a*ﬁ) ag
BRs3 = e p- ./R2 it Aﬁf(a)Q)% 7’5’2 (4.27)

We state now the results in 2D. Proceeding similarly as above one obtains that

fo=—AAf+ N(f),  where  N(f)=Ni(f)+ Na(f), (4.28)
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where N(f) = N(f,) and
Ay

N1 = 7AD(Q)(0¢),
L A = 0uf(@) 0o ) (29
Ny = 27Tp.v./ 1+ Apf(a)? Aﬂf(a)Tdﬁ.
The equation for {2 is given implicitly by
Ao, t) = A, D(Q)(a, t) — 24, f(a,t), (4.30)
where the operator D(Q)(«, t) is rewritten as follows
1 [ Apf(a) = daf(a—B) Qa—B)
D(Q)(a,t) = 7T/R T+ Asf(a)? 5 dg. (4.31)

Note that the vorticity is given by w(a) = 9o(a).

4.3 Main Results

We present the main results and briefly give an outline of the structure of this chapter. The
first result is global well-posedness in the critical space F5' N L? in 3D, where we define the
norms

900 [ 1EPIF©1d6, 5> -2
We also denote || f|| o1 = || f|| 701

Theorem 4.3.1 (Existence and Uniqueness, 3D). Let fo € F2' N L? satisfy the bound

1 foll 1.0 < K(lAL])

for a constant k(|A,|) depending on the Atwood number A,. Then there exists a unique
solution to (4.19-4.22) with f € L>(0,T; FH1 N L2)NLY(0,T; F>1) such that f(a,0) = fo(a)
and

t
IFllz2 (@) < W follzes  [[f1l 202 () +0/0 [l 21 (T)dr < [ foll 11 < E(JALD, (4.32)

for a positive constant o depending on the initial profile fo(c).
In the 2D case, we analogously have the following:

Theorem 4.3.2 (Existence and Uniqueness in 2D). Let fy € FLIN L2 satisfy the bound

[ foll 1 < e(lAu])

for a constant c(|A,l) depending on the Atwood number A,. Then there exists a unique
solution to (4.28-4.31) with f € L>(0,T; FH'NL2)NLY(0,T; F>') such that f(a,0) = fo(a)
and

t
1122 @) < W follze,  [[fll 200 () +0/0 [l 721 ()dr < [ foll 11 < c(|AuD),
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for a positive constant o depending on the initial profile fo(c),

20 folZs (3 Iol2)
2
(1= 11fol%.)
o Mol (24001 = 610l = 8Afolls + Aol — 240l ol +2)

B 2 2
(1= 1f0lZ)” (1= 1ol = 240l foll 1)

o[ follgra) = =1+ v+

Computing the constant explicitly for |A,| =1, we obtain c(1) ~ 0.128267.

As noted in the introductory section, in the 3D setting, when A, = 0, the constant £(0)
matches the size of the initial data in the 2D without viscosity jump proven in [29], and
therefore, improves the size of the initial data in the 3D case without viscosity jump given
by [30].

In the graph below the 3D constant k(] A,,|) is pictured with respect to |A4,|. The maximum
is ko ~ 0.362606 and the minimum k(1) ~ 0.080604. The graph in the Figure arises from
estimating the size of initial data, k(|A,|), needed to satisfy the positivity condition (4.60)
of the high order rational polynomial given in the proof.

0.4 T T T T T T T T T

DDS 1 1 1 1 1 1 1 1 1
1]

0.1 D2 03 04 05 0B 0OF 08 08 1
Figure 4.1: k(|AL|)

To prove Theorem 4.3.1 and in particular (4.32), we first need to prove apriori estimates
on the vorticity and potential jump functions. These estimates on [|w;|| z..1 for s = 0,1 are
computed in Section 4.4. The key point of the vorticity estimates is to demonstrate a bound
on ||wil| 1 by a constant multiple of || f|| .11, as wi(a) is of similar regularity to V f(«).
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Next, we introduce the following norms with analytic weights:

100 [ lgredifieopds, v>0, 520 p=1, (4.33)

with [|f[| zo» = || fll 0. In the Section 4.5, we then use the vorticity estimates to prove
uniform bounds on the analytic weighted quantity [ f[| z1.1(?):

Theorem 4.3.3 (Instant Analyticity). Suppose f(a,t) is a solution to (4.19-4.22) with ini-
tial data satisfying || foll ;1.1 < E(|Apl) or (4.28-4.81) with initial data satisfying || foll 711 <
c([Apl). Then there exist v = v(|| foll z1.) > O such that the evolution of the quantity || f|| zs1
satisfies the estimate

t
1f1] 2.2 (2) +U/O £l 22 (T)dr < [ foll 10 < k(| Au])- (4.34)
Furthermore, if fo € L? then

1fll 702 < Il foll 2 exp(R(]| foll 1.1)), (4.35)

where R is a positive rational polynomial.

Setting v = 0, we obtain the desired estimate (4.32). Following the instant analyticity
argument, we present an L? maximum principle for the Muskat problem with viscosity jump
in Section 4.6. Next, in Section 4.7, we give an argument for uniqueness of solutions in the
space FO! noting that FO! < L. All of these apriori estimates finally allow us to perform
a regularization argument in Section 4.8. In this argument, we perform an appropriate
mollification of the interface evolution equation for f(«,t) and show that the regularized
solutions fé»(a,t) converge strongly to f(a,t) in L*(0,T; FY') and satisfy (4.32). Taking
the limit f"(a,t) — f(a,t), we establish the global wellposedness result of Theorem 4.3.1.

In this thesis, we also show analytic results in L? spaces in Section 4.9. Specifically, we
prove uniform bounds on an analytic L? norm, as given by (4.35) as well as

d
%Hf”i—g? (t) < _0'||f||§_-5+1/2,2 (4.36)

for 1/2 < s < 3/2. Note that in general, we denote F5> by HS for s # 0 and F* by L2
throughout the chapter. We will use this L? estimates to show the L? decay and ill-posedness
results.

Given solutions with initial data as described in Theorem 4.3.1, in Section 4.10 we obtain

large-time decay for solutions to the Muskat problem by using estimates similar to (4.34),
(4.35) and (4.36):

Theorem 4.3.4 (Sharp Decay Estimates). Suppose f(«,t) is a solution to (4.19-4.22) with
initial data satisfying || foll 711 < k(|Apl) and || fol L2 < co. Then for any 0 <s <1

HfH}'-;J(t) < Cy(14t)57 1,
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for arbitrarily small A > 0 and some nonnegative constant Cs depending on the initial profile
fo(a) and the exponent s. Moreover, for any T > 0, there exists a constant Cr s depending
on fo, T and s such that

1l (1) < Crat™.

fort > T. In 2D, we have the following decay rate for solutions with initial data satisfying
[foll 1.1 < e([Aul) and || foll 2

||f||j:8,1(t) < Cs(1+4 t)_5_1/2+>\‘
The H} decay rates in 2D are the same.

Remark 4.3.5. We call the decay rates in Theorem 4.5.4 sharp for the following reason.
If fo € FY1 N L2, then it can be seen that fo € F5! for —1 < s’ < 1 but fola) need not
be in F~U1. If we consider the linearized contour equation with initial data || fol|zs for
—1< & <1, then for any s > s, we have the equivalence for the linear solutions

o
L foll £ 2 1E5% €™ foll o [l 3o -

This estimate yields, for example, the optimal rate of t5 =1 for decay of Ilfll 711 Because we
at most can guarantee that | fo| 7o < +oo for =1 < s" <1 but not for any lower value of
s, the decay rates above are sharp. Finally, for v # 0, since || f|| zo1 < [|f||zs1, the rates are
also sharp for the analytic weighted norms.

In Section 4.10, we additionally note that for fy satisfying the conditions of Theorem
4.3.4, it immediately follows that the solution f(«,t) is in the spaces Fsn H¥ for any
s > —1 and 8" > 0. Moreover, due to the decay of the quantity | f||z1.1, we can show that
there exists a constant ks and time T depending on s > 1 and the initial profile fy such that

t
1l (8) + 0 /T 1]z (F)dr < (4.37)

for some v > 0 and for all t > T, for a time T large enough and depending on s and fp.
Therefore, we obtain decay rates for ¢ > T:

£ 1| () < O™~

analogously to Theorem 4.3.4. We can draw similar conclusions for the Sobolev norms with
analytic weight.

Finally, and importantly, we use the L2 uniform bound (4.35) to obtain an ill-posedness
argument for the unstable regime of the Muskat problem in Section 4.11:

Theorem 4.3.6 (Ill-posedness). For every s > 0 and € > 0, there exist a solution f to the
unstable regime and 0 < § < € such that || f||ms(0) < € but || f||z=(0) = 0.

This ill-posedness result is very significant because we show instantaneous blow-up of
solutions in very low regularity spaces.
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4.4 A Priori Estimates on w

In this section, we will prove the necessary estimates on |lw;|| z.1 for s = 0,1 and i = 1,2,3.
These estimates will be used later to prove the bound (4.34) on the evolution of a solution
in [[f|| z11. We first show that [lw;|[o1 is bounded by quantities depending only on the
characteristics of the fluids and |[f|| #1,.. Then, using the estimates on ||w;||z01, we further
show that the quantities |lw;|| £, for i = 1,2,3 are linearly bounded by | f|| 2. with the
linear constant depending on || f|| z1.:-

Proposition 4.4.1. Given the constants Sy, C1, Cy depending on Ay, ||f|| 11 that are

defined by
| f1l 1.1 1— A5 Ch
S1=——Lr— Ci=—7">=Fr2, Ch= : 4.38
=1/, 54,5, A—24,5)0- %) 4%
we have the following estimates
lwill 7o = [|0ay | Fo1 < 2C1 AL f 1.1 (4.39)
[wal| 701 = [[Oa; 2| Fo1 < 2C1 A, || f 1 211 (4.40)
and 5
lwsll o <124, ApColl flI1,15 (4.41)
100, Dl For < 64,Ca fll%1,, i=1,2.
For the potential jump function ), we moreover have the estimate
19 10 < 24,B1[ £l 1.1, (4.42)
where 94§
By = — L 4.43
T 184,58 (4.43)
Proof. First, by formulas (4.14) and (4.21) we have that
[wil[ 7.1 = [|0a | 0.1, [wil[ 7.1 = [|0a | 0.1, (4.44)
and
||w3”]-'071 = Haazgaoqf - (‘)alQ(‘)anH;o,l = AM||8042D80¢1f - aoaDaazf”}—O’l (4 45)

< Aullfll #1190y Dl Fo1 + |00y PllFo.1)

so it suffices to bound the quantities ||0q, || 70,1 and ||0n, D|| 701 for i = 1,2. Notice that from
(4.21) and (4.23) we have that

10,20 701 < Apl100, Dl os + 24, Il 1.1
10, Dllros < 2 BRy | pos + 2] BR300, (4.46)
10u; Dll 701 < 2/[BRy |l 701 + 2| BR300y | 701
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Thus, we proceed to bound the terms || BR|| 701, || BR2|| 70,1 and || BR3|| 70,1, given by (4.25),
(4.26) and (4.27). We start with the term ||BR1||zo,1. We first need to bound the Fourier
transform of the Birkhoff-Rott integral terms. For the first term in BR;,

(4.47)

B2 aar —
BRi(f)(a) = — V'/ﬂww sla—5) dp

47 p- 14 Aﬁf(@)2)% Wv

we first apply a change of variables in .

B2
1 WW:’)(O‘ +8) 4
BR = —DPp.V. :
11(f)(@) . /R2 (1+A_ﬁf(04)2)% 1512
Hence,
B2 B2
. Bus(a—B)  ap pwsa+p8)  ag
BR = —|(p.v. —5 — Db.V. :
u(le) =g ( /]Rz (14 Agf(a)?)z 1B /]R2 (1+A_pf(e)?)2 WQ)

By using the Taylor series expansion for the denominator, given by

1 = 0 o (2n + 1)!
(et g e = g

we obtain that

BRu(1)(@) = g S (1" [ (Fenta = pasf(a)

n>0 R?
- Danlo+ B)A ") o
Applying the Fourier transform, the products are transformed to convolutions:
BR(E) = g7 L1 on [ 5 (007 (2 femic. )
— GO (1 flem(e.~5)
where ey
m(€.B) = ~—

Writing the integral in polar coordinates with 8 = ru and u = (cos(6), sin(0)),

BRI = g7 Y (00 [ [Tsin(0) (a(@e ™« (427 Hmic.ri)
n>0 -m

— (O (2 F(©m(E.r,—u)) ) L.
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By a change of variables in the radial variable,

BRu () = " /_ / sin(0) (s (€)™ 5 (20 f(€ym(E, —r,u)

n>0

(e w (42 f(Om(E, —r, )~ db,

T

Note that m(&, —r,u) = —m(&, r, —u), and hence, we obtain

— — 7T 0 . A~
BR() = g So(-1"an [ [ sin0) (€« (2 flemlc, )
n>0 —m J—00

(€)™ (2 F(Eym(e,r,—u)) ) o
Thus,
ER\n@) = 1_6:7lr / / sin(6 aﬁg Ye et (* 20 F(E)m(E, w))

dr

— (e x (42 f(Em(E, v, —u)) ) Tdb.

Writing out of the convolutions in integral form and using the equality

1
m(&,ru) = iu - 5/ eir(=s)utgg
0

we obtain that

BRu1(€)
2n—1
16WZ /Rz /R2 /_Wsm )wi3(€ = &1) jH1 (- (& = &11)) (- &an) £ (&5 — &11)
/0 /0 / (e_iAT— i )drd51 ~ds2,d0dSy - - - d€ony1.
where

2n—1
—u-(€=&)+ Y (I—sj)u- (& — &) +u- o
i=1

Next, notice that

I G
0 0 J—oo

1 1
< 7r‘ / . / sgn(A) — sgn(—A)dsy - - - dsap| < 27.
0 0
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Moreover, if £ = (€M), £®)), then
- €] = | cos(0)e® + sin(0)€@| = [¢]|sin(0 + a)],
where a satisfies sin(a) = €1 /|¢|, and therefore, cos(a) = £)/|¢|. Using these estimates,

BRAI© < § > an (2] 170D (1) ©) [

n>0 T

2n

|sin(6)| [ | sin(6 + a;)|df
j=1

for some angles «j. Finally, note that

T 2n ™
/ | sin(6)] H |sin(f + «a;)|df < / | sin(8)|*"T1dh = 4/a,.

- i .
Summarizing, - .
BRAIE) < 5 3 (621 1FOD) * 3501 (©). (4.48)

n>0

The estimates on BR12, BR, and BRj3 follow as the one on BRj;. We conclude that

1 1
|BR: | o1 < ST (11l 210 ezl ox + [lwsl 7o) 5
- ”f”j_—m
1 1
| BRz|| 701 < ST (11l g1 el Fon + [lwsll 7o) 4
- ”f”j_—m
1 1
|BRs|| o1 < ST (lwr[| 701 + (w2l 7o),
- ”f”j_—m

Introducing this bounds into (4.46) we find that

Hf” 1,1 1
[0a, D|| por < 17’?2 2llwzll o1 + flwrll o) + T—mra—llwsllFo.
ol A [ = [1f11% 0

Substituting the bounds for the vorticity (4.44),(4.45), it follows that

(PRI
|00 Dllpor < 77— (20 Qlz0s + 1022l
Fl,1

11l 10
+ Aulifg (10, Dl 0.1 + (|00, Dl| 0.1 -
- Hf”j_-l,l

Analogously,

/1] 211
100, Dl o1 < W (2010 2| 0.1 + |0y 2| 70.1)
F11

[EAEN

ATUE (19, D s + 19, D).
- ||f||]:1,1

+ A,
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If we denote
| f1l 1.1 S

S1 = 52271_/1“317

I

the above inequalities can be written as

1001 Dl 0.1 < 52 (2]|00y 2| 0.1 + [0y | 700 + Ap|Oay Dl 0.1)
100, Dl 0.1 < 52 (2]| 0y 2 701 + [0y Q[ 701 + Apl| Oy D| 70.1) -
Therefore, it is not hard to see that
52(2 + AMSQ)
1—(A,852)?
82(2 + ANSQ)
1—(A,52)?

100, Dl 701 < (100, 201 + 1902 0.1,

100, D 01 < (180s 2l 701 + 100, 2l 00 ).

By defining the following constants

S

So
1o (AN52)2(

o R

2+ A4,5,), o 1+2A,55),

and recalling (4.46) and the bounds above we have that
100 | o0 < Aper]| Oy U 701 + Apcal| 00 2l o1 + 24, [ £l 1.1,

100, 2| 701 < Apcr]| 00, Q| 701 + Apucal| Oy Q| Fo1 + 24 [ f[| 1.1
Therefore, we can conclude that

1
— Aula + ca)’

HaOtiQH]:O’l < 2AP||f||f1’1 1

This expression can be simplified further to obtain that

1-— AMS1

00,2 For < 2Ap”f”jr1,lm'

Going back to (4.51) we find that

1- A8

Sy
o, D|| o1 <

! 1 — (A,S52)?

= 6Ap[| fl| 1.1

3(1 + AuS2)2Apr||j:L1

Si(1— A,Sy)
(1—24,51)(1— 54,8

(4.49)

(4.50)

(4.51)

This last two bounds combined with the estimates (4.44), (4.45) conclude the proof of (4.39)-

(4.41). Finally, to show (4.42), we do the following using (4.51):
12011 < AullOay DI || 7o + Apl|Oa: D) [ 701 + 24, [ fll 11

6A,S
< 1_751“52”9||jn,1 + 24, fl 1.1
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Therefore,
1-2A4,5:

s e
This concludes the proof. ]

921 < 24, (

Proposition 4.4.2. Define the constants C3, Cy and Cs depending on A, and || f|| z1.1,

gy M () 61/ 11 (1 = AuS1) |
L= £l1%0. PO 10 = 24,81) (1 = 5A4,,51)
o Lt S3A2 (C3+ Cy + 451C1| fll 1.1 (4.52)
4 = )

1—-3A,5(1+ A,S2)

Co — So 3+AMSQ(3+03+Cl+4S101|]fHF’1)
ST 1 1— 34,51+ 4,5) !

where Cy, S1 and Sy are given by (4.38) and (4.49). Then, we have the following estimates
[will 11 = [[0ay Q| 211 < 24,Cul| f| £2.1,

(4.53)
[wall 11 = |00y Q| 21,1 < 24,Cull f ] 22,1,
and
Jeall 15 < A4 Ag 11152 (G5 +3C), o
||8aiD||]l-1,1 < 2Ap05||f||]l-1,1||f||j:2,1» t=1,2. '
Moreover,
191 2.1 < 24,Ba|| f | 2.1,
where 1+ 2524,(Cy + Cs + 4S1C1 | £ 1)
By = 2l T s TRl A (4.55)

1—-6A,5(1+ A,S2)
Proof. Using the formulas for the vorticity it follows that
lwill g1 = 10as U 2115 Nwall 11 = (1000 Q| 1.1,

lwsll 1,0 < Apllfll 1,1 (190 DIl 1,1 100, DIl £1.1)
+ Aullfll 72,1 (10ar Pll 701 + ([0 Dl 70.1).-
It suffices then to bound ||0n, Q| 1,1 and [|0a,D|| 1.1 From (4.24) we have that

106 Q| 1.1 < 24 fl| 2.1 + Apll Oy Dl 1.1, (4.56)

10, Dl 1.1 < 2| BRu 1.1 + 2| BRs|| o | f1] 20 + 2| BR3|| g1 || f[| 1.1
Using an analogous bound to (4.48), it follows that

BR[| 14 —/ €| BRi(€ |d€< /Iéllw G RFIOIILS
n>0

+33° [ 1m0 - I OD ©ds

n>0
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By the product rule, we can distribute the multiplier || to each term in the convolution to
obtain

IR0 < 5 322 [ GO G 1FOL - PLEOD©de

n>1

iy Soent ) [1@O 62 150+ PIFOD €

n>0

P (RECIRCERERICE
£33 [0 @O = 1 IFOD s

n>0

Using Young’s inequality, we finally obtain that

2
1] 22,1 L+ 1%,
[BR1 11 < w0 [l o + g wall Fo [ F] 2
(1= 1712.) (1 —1£1%.)
I 1
ST el + ST el
F11 F11
Proceeding in a similar way we have that
1 1
1BRs 10 < 57— Ulwillza 4 llwall 1.0)
111
/1 2.1

+ 3 [1F 1l 20 (e[| 0.0+ fleoz ] 7o)

(1= 17112,

From the bounds in Proposition 4.4.1 we can write the above estimates as follows

L 1200 ) (14 64uCall 1l 51.)
(1= 1712,)° (4.57)

1 1
+ §Sl||aa19||f1,1 + AM§SI (”8a1D||]l-1,1 + ||8a2D||]l-1,1) -

IBRll 11 < Apll fll 2 [ fll 211 (

1 1
=113
Then, using (4.57) and (4.58) as well as the estimates from Proposition 4.4.1, we obtain
1001 Dl 1,1 < 2| BRu| 1,1 + 2 BR3|| 7o [ fll 21 + 2 BRul| o | £l 10
< 51|00, Q| 1.0 + ApSi1l|0a, D £11 + ApS1l|0a, Dl 14
+ 203 A0 || Il 1 1l 20 + 28101 A f 1| 2o + 8STCLA| fll 1 11| 2
+ 51100, 2l 11 + 51100, Q| 14
< 251|001 Q| 711 + 5110002 711 + ApS1|0ay Dl 511 + ApS1]|0asDl| 14
+ 2514, f || z2.1 (C3 + C1 + 4S1C1 | f | £1.1)

1BRsll 10 < AC1 A ST fll 520 + 5 (10 Ul 1.1+ 110y Q| £1.0)- (4.58)
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Recalling the definition of S; and S» (4.49), from here we can write that

01 Pl 10 < 252[[00, Q| 1.0 + S2([00s Q| 210 + ApS2]| 00 D|| 214
+ 24,5 || fll 21 (C3 + C1 4+ 451C1 || fll £1.0) »

and analogously,

100Dl 711 < 25200, 2| 21,1 + S2[100, 2l 21,1 + ApS2l|00y D 11,0
+ 24,8 fl £2. (C?, +C + 4S1cl||f”f'1,1) :
We conclude that
100, D] 711 < S2(2 + ApS2) |00y Q| 11 + S2(1 + 24,,52) [|Oay 2| 1,1
+ 283 A Ap| fll 21 (C5 + C1 + 451C1|fll 110
10asD| 711 < S2(2 + AuS2) |00, Q| 1.1 + S2(1 4+ 2A4,,52)[|0a, Q| £1.1
+ 255 AL A fll 20 (Cs 4+ C1 + 4S1Ch | fll £1.1) -

Now, we will introduce these inequalities into (4.56) to close the estimates. First, we have
that

100, 2l 7110 < 24, (1+ 5542 (Cs + C1 +4S1C1 || fll £10) ) £ 1] 7220
+ A“SQ(2 + A“S2)Haa19H}'-1,1 + A,U,SQ(l + 2AuSQ)H8GQQH}"L17
which implies that
A#SQ(l + QAMSQ) ||8 Q” .
1— A,Sy(2 4 A,Sy) " o2 IFn
1+ S%AZ (C3 +Cy + 4S101||f”]-"171)
1— A, (2 + A,S2) '

100, Q2| 1.1 <

+ 24, fl 721

The above inequality combined with the analogous one for 0,,¢? yields that

1 1+ S3A2 (C3+ C1L +451C1 fll 1.1)

H@a.QHﬁl < 2AprH]'_-21 e
¢ ’ ’ (142A,52) A A
1 1Jf4u252(2+A”M§2) ! n52(2 #52)

1+ S%Ai (03 +Cq + 45101||f||j:1,1)
1— 34,51+ A,S2)

= 24, /1l 2.1

By denoting
1+ S%Ai (Cg +Ch + 4S1C1HfH]'_-1,1)

1—3A4,55(1+ A,Ss) ’

4

we conclude that
Haaz'QH]l‘l,l < 2ApC4HfH]':2,17 (4.59)

and therefore
19,2l 211 < 24,821 2 (3(1 + 4,82)Ca + AuSa(Cs + C1 + 45101 f| 1))
= 24,05 fll 1 1 f Nl 21
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where we have denoted

So 3+A”52(3+C3+01 +45101||f||]_'-1,1)

Cr =
" Iz 1— 34,5 (1+ A,S,)

Thus, the estimates for the vorticity are

”wiH}"l,l < 2Apc4||f”]-"271’ i1 =1,2,
lwsll 10 < AALAN G0l f 1| 22 (Cs + 3Ch).

Finally, we estimate the quantity ||| z2:.

||QH}"2,1 < AuHaalD(Q)Hj:l,l + AuuaazD(Q)H}'-l,l + QAprH}"Z,l
< 6A4,52(1 + ApS2) + 24,(1 4 283A,(Cr + Cs 4+ 451 Ch| | 7)) ]| 72 -

Therefore,
1+ QS%AH(C& +C5 + 45101Hf||]':1,1)
1—6A,5(1+ A,5)

12l 20 < 24, 11l 221

This concludes the proof. ]

Remark 4.4.3. Because we actually have the triangle inequality
m
61° <IE =&l + D16 — &al® + [mnl®
k=1
for all 0 < s < 1, notice that the same arguments as above can be used to show that

ol zon = 10aal st < 24,Caullf ] £aer

and
lwsll 1 < 44 A Fl %l f Il 21 (Cs 0+ 3C2,)

where the constants Ca,, C, and Cs,, now depend on || f|| z1 rather than || f|| 11

4.5 Instant Analyticity of f

We dedicate this section to proving the norm decrease inequality (4.63) which will be needed
to obtain the global existence results. Note that (4.63) states that the interface function
becomes instantly analytic given medium-sized initial data fy € FL1. Precisely, we show the
following:

Proposition 4.5.1. Assume the initial data fy satisfies that

o (I follz1.1) >0, (4.60)
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where

2B1 + By — Bal|foll %,
o ([lfoll 1.0) = —v + 4, (1 - 2( A= lfoll% )2 Fll)HfOH?’n,l
fll

(120 205~ 2051 foll?
AT Tl

All the constants above are defined precisely in (4.38), (4.43), (4.52), and (4.55), which are
given during the proofs of the previous estimates. Then

22| foll s = 24,4C5 L foll f> :

t
15200+ (Uoll 1) [ 1815200 < ol s

Proof. We will use the evolution equation (4.19) and (4.20). Differentiating the quantity
| f]| £1.1, we obtain

HfH;n dt(/\i! vHel £ )\dg)

9 tu\£| “ l/t\§|1 ftf+fft
<v [ieperiiii + [ e (LI ag

<(v-4,) / €29 Fe)de + / £l NP (€)|de.

Hence, using the decomposition (4.20), we can use the Fourier arguments as earlier, such as
(4.48), to pointwise bound the nonlinear term

INCH©)| < INLAE)] + N ()] + INs(F)(€)]

in frequency space. The latter two terms are bounded by

N1 < - (G- 1FON) - 1)) (€) (4.61)
n>1
and -
NI©) < 285 (621 170D =1 -1P@) @) ©) (4.62)
n>1

—

The estimate on Ny (f)(§) is done in Section 4.4:

A
IN e = ZEID@ g2 < 24, 4,C51 1 1l 22
For the other two nonlinear terms, using the triangle inequality

€] <€ — & + 61 — &af + -+ + [Eanl,
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we obtain that
th|§| < th|§—§1|th\§1—§2| . th|§2n\

and therefore

/ €l N (F)(€)lde < S / |£|e”'f‘f' Sk !If()l)*I-IIQ(E)I)(f)d§

n>1

<20 [ (62 IO -] |- P FE)) €

n>1

#3 [ (e F O + |- P s

n>1
< S 2l U g 1 gz + 3 112 120
n>1 Y n>1

<24,B1) 20| fIIE 1l 20 +24,B2 ) 1IN £1l 2

n>1 n>1

Similarly,

[1ele N ©)lag
< 2 (2 20 I I gl g+ 3 M IZAID )

n>1 n>1
for the N3 nonlinear term. Plugging in the estimates (4.41) and (4.54) for D(2), we obtain
[t SRS €) e < A (12003 mll £ 15150 42053 11T 151 1)
n>1 n>1

By collecting the previous estimates, we obtain that

d
Iz @) < —allfll g2, (4.63)

where

= —v+ Ay = 24,405 fll 10 — 24,81 ) 2n] ] Yii 24,8, > IIf i

n>1 n>1

= Aud, (12053 nl 125 +205 3 IF125)- (4.64)

n>1 n>1
Writing the sums in a definite form,
2
2By + By — f2|f2||}'-3,1 ) ||f”i_11
(1- HfH]_-gl) v

S IR E st

0 = v+ Ay = 24,4, G5\ £ — 24, (
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This completes the proof. ]

Remark 4.5.2. We would also now like to comment on our estimate in the case of no
viscosity jump, which is the regime considered in [30]. Setting A, = 0, we obtain from (4.64)
that

o=4,(1-2) (2n+Dllfol% .

n>1

Hence, o is a positive constant for || fol| z1.1 satisfying

2y @n+Dfol%, <L

n>1
This is the condition for the 2D case in [30]. However, here we show that this condition is
also sufficient in the 3D case, thereby improving the previous results.
4.6 [? maximum principle

For completeness, we present the proof of a L? maximum principle for Muskat solutions in
the viscosity jump regime. Given that the viscosities and densities of both fluids are constant
on each domain (4.3), from Darcy’s law (4.1) one obtains that the flow is irrotational away
from the free boundary:

curl u(z,t) =0, x € DY(t) U D?(t).
Thus we find that the velocity comes from a potential ¢
u=Vo, (4.66)
and since the flow is incompressible we obtain that
A¢p =0.

Now, integration by parts shows that
ozlf'/ PApdx = —;ﬁ'/ v¢.v¢daz+ui/ Vo -npdo,
Di Di aDi
so using (4.66) it reads as

—ui/ ]u\de—k/ u-nu'pdo = 0.
Di oDi

Recalling that the normal velocity is continuous across the boundary due to the incompress-
ibility condition, by adding the balance of both domains we can write

- /R3 plul? dz + /8D u-n(p?e? — ptot)do = 0. (4.67)
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Here ¢ is the potential in D?. Introducing (4.66) in (4.1) we find that
pet = —p—p'as.

From this and the continuity of the pressure along the boundary we obtain that

— /5 plul?dx = (py — pl)/ u - nxsdo. (4.68)
R

oD

If the boundary is described as a graph
D(t) = {(o f(a,1) € R : a € R},

since it moves with the flow one has that

fil@) = u(a, f(a ))'(*3a1f( )= azf( ) 1))
= u(a, f(a)) - () /1 + (0o, F())? + (Dag f(0))%.
Going back to (4.68) we find that

(p2 = p1 / fi(a da+/ plul? dz = 0,

so by integration in time we finally obtain the L? maximum principle

(7 = A3 +2 [ lul®d = (o2 = o) ol
R3

4.7 Uniqueness

Proposition 4.7.1. Consider two solutions f and g to the Muskat problem with initial data
fo, 90 € L2 N FY1 that satisfy the condition (4.60). Then,

d
g = gllror = =Clf = gll 211,

and moreover, || f — g||r~ = 0.

Proof. Using (4.19), we can write, as before

d 1(F — )T —9)©) + (F — )(©a(F — 9)(©)
S =gl = = S
oo = f3 T =9

3
<= A — gz + > [N 0)(©)lde
=1
where Nj; are the nonlinear terms given by (4.20). For example,

[T =l = 5 [ D@ - ADEa) )l
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where Q(f) is the term € in the case of the solution f and similarly for 2(g). We define the
terms Ny and N3 later. As previously done, we use the decomposition (4.16), where d,,D(£2)
is given by (4.23). Hence, we can write for i = 1

[, 10 D) = 00, Do) Ol
< [ IBR(DE) - BR@(©)de + [ | |BR:(1)0a, ) ~ BRA9)0a9(6)Ide.
R2 R2

First, we consider the BR; = BR;1; + BRjs term. Using the Taylor expansion, we can write
BRH(f) as

(ws(hla= B (=1 an(Bsf (@)

Badf
1813

— () + A1) an(Apf(@))
“ BR{,(f) — BR;,(f).

Next, we get that the integrand of the n-th term in BR11(f) — BR11(g) is given by

BR(f) — BR{1(9) = (-1)"an(p1p3" — 163")
(=1)"an(p1p3™ — qip3™ + aip3™ — q1gepy” "t + qrgepy” t — o+ a3 pe — 1g3™)

= (—1)nan((p1 —q)p3" + pa" H(p2 — @2) + @1qepa™ A (p2 — q2)+
4 g (pa - q2)> (4.69)

where p1 = w3(f)(a — B), p2 = Ap(f)(a), @1 = ws(g)(a — B) and g2 = Ap(g)(c). We do the
same for BRy; by defining p_1 = w3(f)(a+ B), p—2 = A_3(f)(a), ¢—1 = w3(g)( + B) and
q—2 = A_g(g)(a). Next, using the Fourier arguments to bound BRy; as in Section 4.4, we
can obtain that

BRL(F)(€) — Bﬁ?(g)(fn
< 5 S les(F) —ws(o)] « (27 1F1) + ()| = (2] 1F1) # |- IF— 90

n>0
+ows(g)l o+ G (g * |- (1 = ()] (4.70)
Hence, applying Young’s inequality,

/ |BR11

F)(€) — BR11(g)(§)|d€

1 n n—

52 lws (f) = ws(g) | Foall FI, + Hw3(g)||f0@Hf||2;1,11||f—9||f1,1
n>0

+o A lws (@) Foallgl 3 = gll g (471)
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Next,

w3 (f) —ws(g)
= 0o, D(U[))Oay f — 00y D(§2(9))0a1 9 — 0oy D(QUf)) Oy f + Oay D(2(9))0ar g
= 0oy (D(U(f)) — D(£2(9)))0ar f + 90y D(€2(9))(0ar (f — 9))
— 00, (D(Q(S)) — D(2(9))) 0z f — 0y D(£2(9)) (Oax (f — 9))-

Hence,
w3 (f) — ws(g)|lFoa
<

100, (D(Q(f)) = DU D701 [1F 1| 1.1 + 10 (DQ(f) = gD o1 [|f 1] 1.1
+ 100, D) 701 [1f = gll 311+ 100: DU |01 | = gll 11 (4.72)

Furthermore, for BR1s we similarly obtain

|BR12(f) — BRi2|| zoa
<

1 n n
3 > 10a,2(9) = 8oy 29 o 115+ 1100, 29 | poa I FIF NS — 9l 211

n>0
+ o [0 29 o 9115 1 = gl 1

Next, for the BR3 integral term

[, B D00,1(6) = B @)0un0(6) i
< IBR5(f) ~ BRs(0) 701/l psa + I BR(0)] 5. 17 — gl 0

Next,

|BR3(f) — BR3(g)l| o1
1 n n—
<3 Z Z 100, 2(f) — aOéiQ(g)H]:O’leH?]_"l,l + ||8aiQ(g)HFO»1Hf”iﬁ,lle — gl #1a
i=1,21n>0
+...+ HaaiQ(Q)HIOJHg’@ﬁ:l”f — gl 10

The key point to note here is that these estimates are precisely those used to prove the
vorticity estimates in the norm F! in Proposition 4.4.2 if we replace the quantities

100, 2 )| 1.1 0 |00, 2(9)l 711 ¢ 1100;82(9) = 0o, ()|l 701

(4.73)
1fll 720 or [lgll 20 > ILf = gll 710,

and notice by counting terms that the computation of (4.69) creates the same effect on
the estimates as the effect created by the triangle inequality (or product rule) in the case of
estimates of Proposition 4.4.2. Therefore, continuing to compute the estimates for uniqueness
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as above and comparing with the estimates of Section 4.4 and 4.5 by using the substitutions
(4.73), we obtain the analogous estimate, for example:

100, 2(f) = 0o SUg) | Fo1 < 24,Callf = gll 1.1-

These vorticity estimates and performing similar computations on the nonlinear terms IV,
we can see that

d
aHf —gllpor < —ollf —gll z11

where ¢ is the same positive constant as in Proposition 4.5.1. It can be seen by the swap of
terms described above in (4.73). O
4.8 Regularization

We describe now the regularization of the system together with the limit process to get bona-
fide and not just a priori estimates for the Muskat problem. We denote the heat kernel (.
as an approximation to the identity where € plays the role of time in such a way that (.
converges to the identity as e — 07. We consider the following regularization of the system

Of7 = NG Cr )+ n (NG Gon 1.2, [(0) = (Gox o)), (474)
where N(-,-) is given by (4.19) and (4.20), and Q¢ by
OF (@, £) = A D () (o, t) — 2A,Ce % Ce * f(ar, 1), (4.75)
The operator D°(() is written as follows

1 [ ValCr G )@= B) = Bs(Gx 4 ) (@) @t (o p)

Da(Q&)(OZ) = o - (1 + (AB(CE*CE*.]%)(O‘))Q):S/Q |B’2 d/B (476)
Integration by parts also provides the identities
ey — _ L Ap (90, (Ce* Ce* f9)) (@) B- Va2 (a—p)
O VY (oY o) A - (@1
s B VallxCor f2) (a=B) = Dp(Cex Cx f2)(@) 9, 0° (a— ) i '
21 Jge (14 (Ap(Cexlex fo)())?)?/2 16/ '

Then it is easy to estimate €2€ as in Section 4.4 in terms of (. *(.* f¢ with the condition
[1Ce * e * f¥]| 711 (t) < 1. These estimates provide a local existence result using the classical
Picard theorem on the Banach space C([0,T:]; H*). We find the abstract evolution system
given by 9;f° = G(f¢) where G is Lipschitz on the open set {g(z) € H* : [|g|| ;1. < 1}.
We remember that f¢(z,0) € H* due to fy € L?2. The next step is to reproduce estimate
(4.63) for s = 1. As the convolutions are taken with the heat kernel, it is easy to prove
analyticity for f¢ so that for v small enough we find that || f¢|| 1,1 bounded. Even more, we

v

know that || f€[| z1.1(¢) < k(|AL|), as continuity in time provides that this quantity is close in
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size to || f€]| £1.1(0) = [ £l £,1(0) < [[foll g1,0 < k(JAy|) if Tz > 0 is small enough. Therefore,
in checking its evolution as in Section 4.5 we find that

d
SNl g (1) < —CllGer Gox o,

so that integration in time provides

t
171500 +.C [ 16 Gl (e < ol (4.78)

Next we repeat the computations in Section 4.9 for the regularized system. It is possible to
find that

1023 (8) < 1 foll 2 exp (R foll 71.0))-
Energy estimates provide
d
TN < PUICG*Fe150)

where P is a polynomial function. Then, using that

¢ llze < CEIF N2 < CONollzexp (Cll ol 510))

we are able to extend the solutions in C([0, T]; H*) for any T > 0.

Next, we find a candidate for a solution by taking the limit e — 0" after proving that f¢
is Cauchy L*°(0,T; F%!). From now on, we consider € > &’ > 0. Then, as in Section 4.7, we
are able to find that

175 = £ lroa (8) U # fo = G # Follzoa + 1)+ Ta(®)
where .
10 = [ NG x G f7 = GG x S moa (1)
and

t
I(t) = /0 1Co % N (Ce % Co % f5,Q5) = Cor % N(Cor 5 Cor % 5, Q)| o1 (5)ds.

As before, in order to get the inequality above, we use the decay from the dissipation term
to absorb the bounds for (. * N (o * (e * f¢,Q°) — (e % N(Co * (¢ * re, QEI). Then, using the
mean value theorem in the heat kernel on the Fourier side, it is possible to get

¢ % fo = Cor % foll 701 < Cl foll 1282, (4.79)

Similarly

t
L) <C / G Cor [ || 2 (s)ds €% < O fol| 1™
0
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A further splitting in the mollifiers, together with the inequality
[1Ce # Ce * [ | psn(s) < |[Cer * Cor % f€ || s (5), 520,

allows us to find for the nonlinear term, as before, the following bound

t
I(t) < C(HfoH;l,l)/O I¢er % Cor # £ || 2 (5)ds €72 < Ol foll )

It yields finally
175 = £ |70 () < Cll foll fr.0)e™, (4.80)
so that we are done finding a limit f € L>°(0,T; F%!). The interpolation inequality

1901%12 < Nlgll 7o llgll £2a

provides

t
/ HCE * Ca * fefga’ * Ca’ * f€/||.27_'~1,1 (S)dS <
0 (4.81)

t
/0 A()(ICe % Ce % S (5) + 1o % Cor % 17 || 10 () s,
where

A(s) = [1Ge %G (= £l o (5) + 1G5 G 7 = Corx Gor e 7 [ 70 (5).
The first term in A(s) is controlled by (4.80) and for the second term we apply a similar
approach as in (4.79) to find
A(s) < C(|l foll gra)e?.
Using (4.78) in (4.81) we find finally

t
/0 G % Co o 5 = Cor % Gt £ | % a (8)ds < C ([l foll 1 )e2, (4.82)

which provides strong convergence of (. * (. * f€ to f in L?(0,T; F-1).
Next we can extract a subsequence f°” in such a way that

o~

(5 (€, 1), exp (—8m2e, €[ fon (6,1)) — (F(E. 1), F(£,1))

pointwise for almost every (£,¢) € R? x [0,T]. Therefore for ¢t € [0,7] \ Z with measure
|Z| = 0 it is possible to find the same pointwise for almost every ¢ € R%. Fatou’s lemma
allows us to conclude that for ¢t € [0,7] \ Z and

M(t) = | fll 1 (t) + C / TPe

it is possible to obtain
t
M(e) < imint (15525300 + € [ 16 Gort £330 5)ds) < Wl
0

The strong convergence of . * (. * f€ to f in L?(0,T; FY') together with the regularity
found for f allow us to take the limit in equations (4.74,4.75,4.76) to find f as a solution to
the original Muskat equations (4.19-4.22). Now we use the approach in Section 4.6 to get the
L? maximum principle for f.
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4.9 Gain of L? Derivatives with Analytic Weight

In this section, we first show gain of L? regularity. In particular, we prove uniform bounds
in L2 = .7:8’2, which will be used to show decay of analytic L? norms, and more prominently,
the ill-posedness argument of Section 4.11:

Theorem 4.9.1. Suppose fo € L2NFY and Il foll 71,1 satisfying the condition (4.60). Then,
f(t) € L? instantly for all t > 0. Moreover

IF11Z2 (8) < [1follZ exp(R(]| foll £1.0)),

with R a rational function. In particular, this implies that f(t) € H® instantly for all t > 0.

Proof. Differentiating the

A _— .
S (1) = M%MWM+;/WMWWMW@M
+/?Mmﬁ%mﬂM%+/¥W%@@WﬁM6

We now bound the nonlinear terms. For example,

/WWWEMW@%quw@MM

and using the bounds on N; (4.61) in (4.62) followed by the product rule we obtain that

/2”t|§||N()||f |dg<z/ A F@L (112001 (21 1F D) (€)de

n>1

<Z/Ww (- Q) M) 5 (27 e £ () ) (€)dg

n>1

< Z/Ié!lﬂ ) (M FO) * (627 - [ F(-))de

n>1

<Z2n/\€! ()€ (I FC)) (|- [2e M F O 5 (621 - e ™M1 F(-) ) de

n>1

+Z/|§| Q€)1 (|- [2e M F ) (527 - e M| £ ()] de

n>1

< > 2l gl ez 1l gsrza I F IS+ 19 sz £l 2 1 £

n>1

< *HQH21/2+2H \\f\le\\f\l23/21!\f\4n ?

n>1

120 g Il g 1 F 1%,
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where the last line is obtained using Young’s inequality for products. We set €, = ¢/n? for
some small constant € > 0 that we can pick. We can bound the other terms of Ny and N3
similarly. It remains to bound [[D(Q)]| ;172 and ||| 41/2. First,

1920 172 < ALIDE a2 + 24,1 £ 172

Hence, we need to bound || D(Q)]| ;1/2 appropriately:

IDEO) 072 < 23 [€]2 G2 || F)]) #2012

n>0

<22HfH2”+1HQH v + 220+ DI|Fl| g2 [LF 17011920 2.
n>0

Using this estimate for D(€2),

1920l a2 < (1 =24, ) I1F13ED)

n>0

(240 30 @n + DI v | FIZ 1 g + 24,11 2 )

n>0

For || f|| z1.1 of our medium size, the inverted term on the right hand side above is a bounded
constant. Also,

D)2 < D IR (X =24, Y I~

n>0 n>0
2n
(24, 30 @n+ DI/ | F 12100z + 24,01 12
n>0
+ @A D)l ll 128192012

< C( A ga) (11 2190z + 71| )

Now, it can be seen that [|[[2 < C~’(||f|\f1,1)HfHLg where C~’(Hf||jr1,1) —0as |[fllz1 — 0.
Thus, summarizing, we can pick ¢ > 0 small enough in the Young’s inequality step in the
bounds of the integral terms of Ny and the other nonlinear terms,

1.
SEIB0 < (v~ A el a0 I + el s 11,

where c(e, || fll z1.1) — 0 as [|[fl|z11 — 0 or as ¢ = 0 and &(|[f]| z11) — 0 as ||f[|z1 — O.
Hence, picking € sufficiently small, but not 0, the first term on the right hand side is negative.
By Gronwall’s inequality, we obtain

17135 (6 < L foll3a exp (ool (0 / 1122 (7))
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Finally, the exponential term on the right hand side is uniformly bounded because by inter-
polation

t t t
LU andir < [l g0 (r)dr < Uollens | 170 (Fhr < ol
This completes the proof. ]

Next, recall the notation

190y = 17152 = [ I8 ) P

We will use the following inequality on the time derivative of the H; norm when performing
decay estimates in L? spaces:

Proposition 4.9.2. Let 1/2 < s < 3/2 and assume fo € F"' N L? satisfying (4.60). Then,
d
@HfHHlS, < _CHf”H;‘H/?- (4.83)

Proof. Differentiating the quantity || f|| ;. and integrating by parts we obtain

1d

5%”](”25 = VHinIﬁ+l/2 - Ap||f||25+1/2 + K1 + K2 + K,

where the terms K; corresponds to the nonlinear terms Nj; in (4.19). Then we have that
AM 2s 2vtlE|| £
Ky < == [ €7 OIADQ)()]dE

Using the identity A = R10,, + R20a,, it suffices to prove the following bounds on 9,,D(12):

/!f\zsez”t5'\f(§>HR18a117(Q)(£)Id£</|€!25\f(§)\I%D(Q)(i)!df
< HfHH3+1/2”8a1D(Q)HH571/2-

Hence, it suffices to appropriately bound |[0a, D(€)]| ;7s-1/2. Using (4.23) we have that

106, DI 5172 < 20 BR[| o1/ + 2| BR3Oa, 1 gro-1/2
S 2(HBR1||H5—1/2 + HBRSHH;_I/QHf”.F,}l
+ HfHHi-O—l/QHBR?)H]_-BJ)-
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Similarly to previous estimates in Section 4.4, we use the triangle inequality and Young’s

inequality to obtain that
Lg)

§<Zan GO # () R,
n>1

. % (%;)H(’ 21t ()]) (527 \e””"lf(')!)‘ L2>

<5 E:27”L||ws||f01||f||2 Nl geern + 5 ZHW3|| VL K[

n>1 n>0

|BRul 12 < ;(ZO |72 9 (1)) * (21 110D ) (©)|

and

|BRi2l|ys1s2 < ;(z [lg1=2/2em el (5301 (211 1D ) (€) )

n>0

> @2+ )|\ NG ()« 2 - e F ) s« - P2 M F O
L
n>0

<

DO | =

. % (7; ‘(| 2t ()]) # ($20 L - Ie”t"l\f('ﬂ)‘ L2>

1
< 3 S @t Dllwall A prore + 5 3 leall vl

n>0 n>0

and

| BRsl| o1z < 5 (ZHI&IS 2 ”t'ﬁ'(uwl()w|w2<>|>*<*2"|-\|f<->|>)<£>\L2>
n>0 13

< Q(Z%H@”ﬂ'm(-n GO * 2 e F)) <] 2 Ol

n>1

u o,
n>0

) (e =10 N e = O Ry e M EEFO1)]
< 5 3 2n(lorll ppn + loall o) AR N e

n>1

+5 Z leorll o172 + lleall o121 111

n>0
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Hence, we now have to prove estimates on [|wj || ;s-1/2 for 1/2 <'s < 3/2. This follows similar
patterns: v

||(‘3QIQ|]H5,1/2 < 2APHfHHf,+1/2 + QAM”BRlHHs—l/z + 2AMHBR3801fHH571/2.

Notice that using the triangle inequality as above on |£]*~/2, since 0 < s — 1/2 < 1, we
obtain analogously to the steps in Section 4.4 that

HaaiQHHfl/z < 2Ap04,quHH5+1/2-

Moreover, for i = 1,2
Jeoll -2 < 24,Ci

T

and
lwsll ys-1/2 < AAL A F1I%1 (Cs + 3C2, ) f |l gs+1ve-

Now we can follow the steps in Proposition 4.5.1. Plugging in the estimates above and
performing similar estimates for Ky and K3, we obtain for 1/2 < s < 3/2

d
gl = =Clfll s, (4.84)

for a positive constant C' depending on f and v. O

4.10 Large-Time Decay of Analytic Norms

In this section, we begin by proving the Decay Lemma we will use to show large time decay
of solutions to the Muskat problem:

emma 4.10. ecay Lemma). Suppose ||g||=s;.0(t) < Cp an
L 4.10.1 (Decay L S %y (t) < Co and
T p
—Ngll% 20 (8) < =Cllgll”. ey 1/p5 (2) (4.85)
dt Fu F
such that s1 < sy and p € [1,00). Then
g1 ez (8) S (14 8) 51752,
Proof. Consider » > 0. Then
ol = [ e 9le7Iao e

> / e PIEl [P |g (¢ P
|€]>(1+6t)

> (14 6t)° / e PRl 1P g () Pag
[€]>(1+0t)*

= (1436 (g% -1, — / " Pl |g VR g g ).
v €l<(1+6t)*
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We can use (4.85) and the above argument with r = sy + 1/p to obtain that
d s E
%HQHZ])};N + C(1+ 0t) Hg”l;—jw < _CHQHZ]);-ﬁzﬂ/p,p + C(l + 5t> HQHZJ)'_-lfzp
<caraye( [ ekl )
€< (1+6t)*

<cursyraay ([ ekl )
[€1<(146t)°

<CO(1+ 5t)5(82_81)p(1 + 5t)SHQH§;—S1,p
< CCp(1 + 6t)%=275UP(1 + 6t)°.
Now, let 0 > (s3 — s1)p and choose § such that do = C, s = —1. Then

d ag g d o—
(U 80 gl zn) = (1 68)° gl s + 0091 (1+ 62)°

g d o—
= (1+68)7 1920 + Cllgll gz (1 4 6¢) !

d _
= (L 30 (19 + Cllglan(1+60)7)
< CCy(1 + 5t)7(s2ms0p=1,

Integrating in time we obtain that

C
[P o—(s2—s1)
(1 +6t) ||9||];—32,p < (5t(1 + (1+6)727°0P)

for some constant C. Dividing both sides of the inequality by (1 + 0t)° we obtain our
results. m

We can now use this lemma to prove large-time decay rates for the analytic norms. By
Holder’s inequality, for s > —d/2 and r > s+ d/2

IS ‘

5,1 S "2 . ~oNe /O
Hf”]:y ”fHHu (1+ |£‘2)r/2

S Ml

Hence, by the estimate (4.83), we obtain for —1 < s’ < 0:

£l 5.1 (8) < Cs (4.86)

Ll

for a fixed constant Cs. By the Decay Lemma, this implies that
£l for S (L)1 (4.87)

for 0 < s < 1 and arbitrarily small A > 0. This proves Theorem 4.3.4. We can further
demonstrate decay of other analytic norms. For example, the quantities || f|| zs1 for s > 1
also decay in time. First, note that

1 e (8) < lle NP lnge 1f o < lle™™ NP ok (Ay) < 0
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for any t > 0. Moreover, using the weighted triangle inequality

P <+ 1§ =&l + 16 =&+ + &),

it can be seen that p
ZN g () < —C IS g 1)

for a positive constant C(s) depending on s and [|f|| z11 when [[f|| z11 is sufficiently small.
However, by (4.87) for s = 1, the quantity [ f|| z1.1(?) does indeed decay to a sufficiently small
quantity when t > T for some T > 0 depending on s and the initial data fy. Hence, since,
as noted earlier, || f{| 251 (7s) < 0o, we can apply the Decay Lemma to obtain

Theorem 4.10.2. Let s > 1. Then, ||f| .1 (t) < oo for all t > 0 and we have the decay
1l < Crot="
fort > T, and Cy 5 depending on s and the initial data fo.

We can similarly see by the uniform bounds of Theorem 4.9.1, that || f|| ;. (¢) < oo for all
s > 0 and ¢t > 0. Hence, by similar arguments to above and Proposition 4.9.2, the Decay
Lemma 4.10.1 with p = 2,

Theorem 4.10.3. Suppose s > 1/2. Then ||f| ;. < oo for allt > 0 and we have the decay

1113, < Cast ™

fort >Ts and Cs 5 depending on s and the initial data fo.

4.11 Ill-posedness

We will make use of the results previously shown to prove that the Muskat problem in the
unstable case p; > ps is ill-posed for any Sobolev space H® with s > 0. First we notice that
our initial data f € L? N F"! need not be in H*.

Lemma 4.11.1. There exists a function f € L* N FYL with

[ follzz <00, [[foll z1.1 < Ky
for a constant k,, of medium size such that f ¢ H® for any s > 0.

Proof. We give an explicit counterexample. Consider a radial function f : R? — R. Let for
n > N for some N > 0 integer

n? if 7 € [n%,n% + 1/n7]

0 otherwise,

€F ) = rlf(r)] —{
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where o, § and ~ are positive. Then one can compute
o
f11 = 2m r2|f(r)|dr < 2m notY 4 72 < o
Fl,
0 n>N

when o+ —y < —1. For 0 < s < 1/2 we have that

[e.9]
11 = [l w2etar
and having chosen IV > 0 appropriately large,

2257127_‘_ Z n20+6(2371)7'y <or Z n2077(n5 + nf'y)stl
n>N n>N

<or / (r|f ()2 Ldr
0
<on Z n2a+5(2s—1)—'y‘
n>N

Hence, pick o, § and « such that 20 + §(2s — 1) — v = —1. Then, ||f||;2 < +oc and for
s >0, ||fll s = +o0o. This counterexample gives the proof in the 3D case, as we can force
fll 711 < K, by multiplying this counterexample by the appropriate constant.

In the 1D interface case, let for n > N for some N > 0 integer

o i 6 0
£f(£):{n f&en’n®+1/n7

0 otherwise
such that v > o +1, 20+~ > 20+ 1 but 2§(1 — s) + v = 20 + 1. Then one can compute that
1fllnz < 00, | fll £11 < Ky and || £ s = +oo.
O

Remark 4.11.2. This example can be adapted to show that even if f € Foin L?, it need
not be in H®.

Theorem 4.11.3. For every € > 0, there exists a solution f to the unstable regime and
0 < 6 < e such that ||f||gs(0) =& but || f||g=(5) = oo.

Proof. Take fy € L? N FY! satisfying condition (4.60) for the Muskat problem in the stable
regime such that || fo|| s = co. By the gain of regularity in (4.35)

1f 172 (8) < [le™ e[ Loe 1 £ 1 22 (8) < e(8)| foll 2 exp (R(Ilfo||;1,1)> <e

by picking initial data with || fo[[ 2 sufficiently small. If f(z,?) is a solution to the stable case
problem, then f(z,t) = f(x,—t+ ) is a solution to the unstable case p; > ps. Hence,

1F11r=(0) = [ fllz=(8) < € and ||| z=(8) = || fll a2+ (0) = 0.
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