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RESUMEN

En el presente trabajo se presenta un estudio numérico donde se caracteriza el inicio y crecimiento de los despegues
al compuesto sometido a cargas transversales biaxiales.

matriz cuyas dimensiones externas son mucho más grandes qu
tanto, los resultados obtenidos por los autores en trabajos
objetivo es, por un lado, predecir las cargas de fallo (carga
el crecimiento inestable de los despegues correspondiente te

e la curva de fallo de un material compuesto real sometido a
cargas transversales.

ABSTRACT

embedded in a matrix with external dimensions much larger th s

d, second, to verify the unstable character of debond growth
under transverse loads. The failure curve obtained in this s
failure mechanisms of an actual composite material subjected to these loads.

PALABRAS CLAVE: Composites, Mixed mode fracture, Interface crack

1. INTRODUCTION

Experimental, numerical and semi-analytical studies of

unidirectional composite lamina under biaxial transver-
se loads developed by the present authors and coworkers
are presented in several works [1, 2, 3, 4, 5]. These works

sion or compression) applied perpendicularly to the pri-
mary transverse tension (thus creating a biaxial state) on
the generation of the damage dominated by the primary

embedded in a large matrix, based on Boundary Element
Method (BEM) [6] and interfacial fracturemechanics, are
presented in [7, 8].

The present authors, in some recent works [9, 10, 11],
have made a step forward in the quantitative prediction

above mentioned problem, obtaining a failure curve in
which both tensile and compressive loads are considered

Brittle Interface Model (LEBIM) are used to study and

these works.

The aim of the present work is to make a new step for-

composite lamina, by modelling (using BEM and LE-
BIM) a more representative problem of an actual unidi-

in a matrix whose external dimensions are much larger

rature about the problem of an elastic circular inclusion
embedded in an elastic matrix with or without a partial
debond can be found in [10]. Details of the LEBIM im-
plementation in a BEM code are also presented therein.
Additional details about the weak formulation used to im-
pose interface conditions are presented in [12, 13]. So-
me fundamental results regarding the computation of the
Energy Release Rate (ERR) in the LEBIM can be found
in [14, 15].

The present paper is organized as follows. First the LE-

Anales de Mecánica de la Fractura 30, Vol. II (2013)

365



described. Then, a plane strain problem of a group of

under a remote biaxial transversal loading, is introduced.

interface crack onset and growth in this problem. The nu-
merical results include a study of the crack path formed

loads are obtained.

2. INTERFACE FAILURE CRITERION

As shown in [9, 10, 11], the LEBIM can be used in mi-
croscale models to simulate the damage initiation and

the LEBI constitutive law and the interface failure cri-

The continuous spring distribution that models the elastic

verned by the following simple linear elastic- (perfectly)
brittle law written at an interface point x:

Linear Elastic
interface

(x) kn n(x)
(x) kt t(x)

t(x) tc( (x))

Broken
interface

(x)
0 n(x) 0
kn n(x) n(x) 0

(x) 0
(1)

where (x) and (x) are, respectively, the normal and tan-
gential components of the tractions along the interface in
the elastic layer, n(x) and t(x) are, respectively, the nor-
mal and tangential relative displacements between oppo-
site interface points. kn and kt denote the normal and tan-
gential sti nesses of the spring distribution. The traction
modulus t t(x) 2(x) 2(x). The cri-
tical traction modulus tc adopted is deduced in the follo-
wing.

The ERR of the linear elastic interface at a point x
ned as: G(x) GI(x) GII(x) if 0 andG(x) GII (x)
if 0, with

GI(x)
(x) n(x)
2

GII(x)
(x) t(x)

2
(2)

The fracture mode mixity angle at an interface point
x (x) (x) (x). It is assumed that
the crack tip at x advances (or an interface point x breaks)
when the corresponding ERR G(x) reaches the critical
ERR valueGc( (x)), that isG(x) Gc( (x)). The fun-
ctional dependence ofGc on the fracture mode mixity an-
gle

Gc GIc[1 tan2((1 ) ˜)] (3)

where

GIc
¯c n̄c

2

¯2c
2kn

kn 2̄
nc

2
(4)

corresponds to the fracture energy in pure opening mode
I. is a fracture-mode-sensitivity parameter (usually ob-

c and c̄

are the critical normal component of traction and normal
relative displacement in mode I, i.e. ¯c c( 0).
˜ ˜ (

arctan kn
kt
tan 2

2 2

sgn arctan kn
kt
tan 2

(5)
sgn being the signum function.

Using this energy based criterion, the critical traction mo-
dulus tc tc( (x)) 2

c ( ) 2
c( ), with

the general expressions of the critical normal and tangen-

,

c( ) ¯c 1 tan2[(1 ) ˜] cos ˜ (6)

c( )
kt
kn

¯c 1 tan2[(1 ) ˜] sin ˜ (7)

Finally, it can be seen that the LEBIM needs the input of
four independent variables: ¯c,GIc, kn kt ratio and . Ty-
pical range 0 2 0 35 characterizes interfaces with
moderately strong fracture mode dependence [17]. Furt-
her details of the above criterion deduction are presented
in [9, 10, 16].

3. DESCRIPTION OF THE PROBLEM

drical inclusions, with a circular section of radius a, are

Both the inclusions and the matrix are considered as li-
near elastic isotropic materials. Let (x y z) be the car-
tesian coordinates, the z-axis being the longitudinal axis
of the inclusion. The uniform remote loads x and y
are parallel to the x-axis (horizontal) and y-axis (vertical),
respectively.

Remote loads y 0 and x are applied along the si-
des of a large square matrix that surrounds the bundle of

for di erent values of the biaxiality ratio ,

x y

2[máx( x y )]
(8)

where 0 5 describes a pure compressive state in one
direction and 0 5 describes a pure traction state in
one direction. 0 5 1 values are considered in the
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posite micrograph.

15 , 30 , 45 , 60 and 75 with respect to the x-axis. As
mentioned above, a plane strain state is assumed in the
present bimaterial system.

4. MODEL OF THE PROBLEM

posite materials is chosen for this study: epoxy matrix
(m f ). The elastic properties of matrix

Em 2 79 GPa, m 0 33, E f 70 8 GPa
and f 0 22. The corresponding Dundurs’ bimaterial
parameters are 0 919 and 0 229, and the harmo-
nic mean of the e ective elasticity moduli in plane strain
E 6 01GPa, see [7, 8, 18].

The fracture and strength properties of the interface as-

ce fracture toughness in mode I, GIc 2Jm 2, and the
critical tension ¯c 90MPa. These values are chosen
because they are in the range of values found in the lite-
rature [18, 19, 20] and simulate a brittle interface beha-
vior as stated in [10], making the hypothesis of the LE-
BIM to appropriately represent a possible real composi-

kn and kt
(kt kn 4) is chosen. The fracture-mode-sensitivity pa-
rameter is 0

[10, 11].

The 2D BEM model represents ten circular inclusions
with a radius a 7.5 m inside a relatively large squa-
re matrix with a 1 mm side. 3632 continuous linear boun-
dary elements are used: 32 elements for the external boun-

(therefore, the polar angle of each element is 2 ).

a linear analysis is carried out to calculate which interfa-

calculated critical load corresponds to the load that cau-
ses the debond onset. Then, the solution algorithm makes
a sequence of similar linear analyses where the interfa-
ce points (springs) that have reached the critical value in
the previous step changes its interface condition (broken
spring). Each linear analysis becomes a new step and its
critical load corresponds to the load that causes a new de-
bond growth.

5. NUMERICAL RESULTS

In the following sections we will discuss the numerical
results obtained in the di erent analyses carried out using
the BEM model described above.

5.1. Debond onset and growth

each subsequent step to produce either a debond growth
or an onset of a new debond for the case with 0 5
(uniaxial loading in the y-direction) and no rotation of the

critical load cy (the critical load in the y direction) is

step number could easily be related with the summation
of the debond angles along all the di
interfaces. This is due to the fact that the solution algo-
rithm applied “breaks” only one interface spring in each

-
ces are of the same size, each step essentially represents
an increase of the total debond length by an arc length
corresponding to the polar angle of 2 .

either a debond onset or debond growth for a load bia-
xiality ratio 0 5.
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Regarding the way the debond growth occurs it is use-
ful to recall that one of the main conclusions obtained

was that the debond growth initially occurs in an unsta-
ble manner (a snap-back or snap-through is produced).
Thus, once a critical load its reached, lower loads are
needed to cause the subsequent interface crack growth
[10, 11]. This fact is observed again in the present multi-

table growths (a serie of picks and valleys) occurs, each
of them corresponding to a debond onset and unstable
growth at a di

(numbering according to Figure 1).

of the solved problem multiplied by a factor of two is
shown for 3 di erent steps. These steps are marked with
letters A, B and C in Figure 2 and correspond to step num-
bers 62, 201 and 358 respectively. Although, the present
BEM code does not have the capability to let interface

crack path can be clearly seen in Figure 3(c) that may pro-
duce (after a coalescence of the debonds) a macro-crack.

5.2. Ultimate failure load

It is also remarkable that, in this particular case, the criti-
cal load cy

wer loads are needed when these debonds are produced.

However, for di erent values of the biaxiality ratio and
for di
same behaviour is obtained ( cy produces more than one
debond) while in other cases a larger load is necessary to
produce the following debonds. Nevertheless, this load is
at most 12% larger than cy.

Thus, it can be said that cy value give us an approxima-
tion of the failure load in the problem under study (load
necessary to produce a macro-crack).

5.3. Failure curves

From all the cases solved numerically by BEM for di e-
rent values of the biaxiality ratio and for di erent ro-

in the failure curves for the problem of ten circular inclu-
sions under biaxial transversal loads. These failure curves
are shown in Figure 4, the present BEM results are repre-
sented by the (color) lines with marks, while the conti-
nuous (black) line is a previous result obtained numeri-

analytically obtained by the use of the algorithm deve-
loped in [11] which combines an analytical solution in-

(a)



troduced in [10] and the LEBI failure criterion. Nevert-
heless, this analytical solution can not be applied for the

erent an-
gles with respect to the x-axis.

In Figure 4 each mark on a failure curve is related to a
di erent value of
a new failure curve. Notice that there are small variations
between the failure curves obtained for di erent rotation
angles. After observing the di erent deformed shapes in-

ses, it appears that the values of the critical loads cx and

cy

into account the angle between the load direction and the

critical pair. Thus, if we apply a load in a di erent direc-

to small changes in the failure curves.

As can be clearly seen in Figure 4, the failure loads for

model. In particular, when the compression load in the x-
direction is larger and keeping constant the tension load
in the y-direction ( tends to values smaller than 0.5), the
load necessary for initiating the debond cracks ( cy) is
smaller. In other words, compressions in the x-direction
make easier crack onset. On the other hand, as can be
seen from these results, when the tension load in the x-
direction is larger and keeping constant the tension load
in the y-direction ( tends to values bigger than 0.5), the
load necessary for a crack onset ( cy) is also larger.

6. CONCLUSIONS

A Linear Elastic-Brittle InterfaceModel (LEBIM) is used

been used to characterize the concurrent onset and growth

problem of ten circular inclusions under biaxial trans-
verse loading assuming material properties of a common

LEBIM has been solved by the collocational BEM.

From the numerical results it can be seen that after
reaching a critical load, the interface crack growth be-
comes unstable. A serie of picks and valleys appear each

obtained debonds clearly tends to form a macro-crack if
the coalescence of these interface cracks may occur.

Sometimes after reaching the critical loads more than one
debond is produced for the same load while in other ca-
ses a larger load is necessary to produce the following
debonds. Nevertheless, this load was at most 12% larger
than the critical load. Thus, it can be said that the criti-

approximation of the failure load of the problem under
study (the load necessary to produce a macro-crack).

The critical loads cx and cy seems to be related with

bundle are lower than the failure loads produced in the

has also been carried out. BEM results show that com-
pressions in the x-direction enables crack onset for lo-
wer tension loads in the y-direction. The presence of ten-
sions in the x-direction implies that larger loads in the
y-direction are required to cause crack onset. From all
the cases solved numerically by BEM a failure curve for
a group of circular inclusions under biaxial transversal
loads has been obtained.

transverse loading in [1, 2, 3, 4, 5]. The novelty of the
present model based on the LEBI formulation consists in
its capability of quantitative predictions about the concu-
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