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Abstract 
In this paper the interface crack growth associated to the inter-fibre failure under tension is 
studied by means of a two-fibres BEM model. The influence of the presence of an undamaged 
secondary fibre on the evolution of the interface crack at a primary one is analysed by means 
of Interfacial Fracture Mechanics concepts. The results obtained show that when the 
secondary fibre is aligned with the direction of the external load, its presence has an 
accelerative effect versus interface crack growth, whereas it has a protective effect for the rest 
of the positions considered. 

 
 

1. Introduction  
 
The mechanism of damage known as matrix/inter-fibre failure under uniaxial tension has 
already been the object of several studies by the authors for the single fibre case, [1-4]. Based 
on the hypothesis that transverse failure starts with the appearance of small debonds at the 
fibre-matrix interfaces, the studies presented in [1-4] allowed identifying the subsequent 
scheme, which defines the stages of the inter-fibre failure under uniaxial tension: 
 
1. Crack nucleation: it is assumed to be controlled by the radial stress that appears between 
fibre and matrix. In the single fibre case, the maximum values of the stress are detected at the 
angles 0º and 180º in relation to the tension applied. 
2. Interface crack growth: the crack grows symmetrically and in an unstable way along the 
interface until it reaches a certain length (60-70º), coinciding with the appearance of a finite 
contact zone at the tip. 
3. Kinking: the interface crack suddenly modifies its growth direction, kinking into the matrix 
in the direction perpendicular to the load applied. The coalescence between different cracks in 
the matrix leads to the final macro-failure. 
 
In this study, focusing on the second stage of the mechanism of damage, a two-fibres BEM 
model is developed in order to evaluate the effect of the presence of an undamaged secondary 
nearby fibre on the evolution of an interface crack existent at a central primary one. Interfacial 
Fracture Mechanics concepts [5] are used for the analysis of the results obtained. Previous 
studies focusing on different aspects of two-fibres models have already been developed by 
several authors, using FEM [6, 7] and analytical approaches [8]. 
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Thus, the objective of this paper is, considering different positions of the secondary fibre, to 
evaluate the effect of the nearby fibre on the matrix/inter-fibre failure; the study is focused on 
crack morphology and propagation, following the approach already presented in [9]. 
 
2. Numerical model  
 
The numerical study has been carried out using a tool based on BEM [10], that makes it 
possible to perform the numerical analysis of plane elastic problems considering contact and 
interface cracks, in a similar way to that described in [11] for planar problems and [12] for 
axisymmetric problems. The basic model employed is shown in Fig. 1 and represents the case 
of a crack which, under the plane strain hypothesis, grows along the interface symmetrically 
to axis x and in presence of a nearby fibre. 
 

 
Figure 1. Model including interface crack and a secondary fibre. 
 
Solid 1 represents the matrix and Solids 2 and 3 the primary and secondary fibres 
respectively. The fibres dimensions are defined by the radius r1 and the matrix dimensions are 
large enough in order to avoid the border effect. Specifically, the conditions b=100·r1 and 
a=b/2 are imposed. The materials chosen for the analysis correspond to a glass fibre-epoxy 
matrix system. The elastic properties are included in Table 1:  
 

Material Young modulus, E [Pa] Poisson coefficient, ν 
Matrix (epoxy) Em=2.79·109 νm=0.33 

Fibre (glass) Ef=7.08·1010 νf=0.22 

Table 1. Elastic properties of the materials. 
 
The fibre radius considered is r1=7.5·10-6m and the position of the secondary fibre, defined by 
the parameters r2 and θ2, is changed in order to generate the considered cases. For this study 
the initial distance employed between the fibres is r2=r2

0=2.416·r1, which corresponds to a 
fibre volume fraction of 62% (assuming hexagonal packing). 
 
To characterise the problem from the Fracture Mechanics point of view the Energy Release 
Rate, G, is used. The expression employed, based on [13], for a circular crack that propagates 
from a certain debonding angle, θd, Fig. 1, to θd+Δθd (Δθd<< θd), is: 
 

            dΔθ

ddθdrθddrdrr
d

dd dθθΔθθΔuθθσθΔθθΔuθθσ
Δθ

θ,θG
02

1
 (1) 

 
where θ is the circumferential coordinate with reference to axis x. σrr and σrθ represent, 
respectively, radial and shear stresses along the interface, and Δur and Δuθ represent the 
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relative displacements of the crack faces. Both modes of fracture, I (associated to σrr) and II, 
(associated to σrθ), are obviously considered in Eq. (1). For this study the value of Δθd 
employed has been 0.5º. 
 
Dimensionless results for G will be presented. These values are obtained, following [14,15], 
by dividing the values of G by G0: 
 

    1
2
00 81 rG mm      (2) 

 
where κm=3-4νm, µm is the shear modulus of the matrix and σ0 is the applied external tension. 
 
3. Energy Release Rate  

 
The G distributions versus the debonding angle of the crack (10°≤θd≤150°) are calculated 
from Eq. (1) and compared by changing the position of the secondary fibre (25°≤θ2≤155°). A 
selection of these distributions is represented in Fig. 2. The reference case (single-fibre) is 
included in the figure. 
 

 
Figure 2. G/G0 versus θd. 
 
Curves presented in Fig. 2 show that, when the secondary fibre is close to the symmetry plane 
(25°≤θ2≤40° and 140°≤θ2≤155°) and with reference to the single fibre model, the G values are 
total or partially above the reference energetic distribution. Nevertheless, the presence of a 
secondary fibre for the rest of the positions (intermediate ones) produces the opposite effect, 
since the curves reach lower values than the reference model. This G decrement is more 
significant for θ2=60° and 100°≤θ2≤110°. The smallest decrement is produced for θ2=80°. 
 
In particular and with reference to the G value associated to the first debond considered 
(θd=10°), it is observed that for θ2=25° and 140°≤θ2≤155°, the G distributions are above the 
reference case one. For the rest of the positions, the initial G values are below that associated 
to the reference case. 
 
Moreover, with reference to the qualitative distribution of the curves, another effect is 
observed. In several cases, the position of the maximum values changes. In particular, the 
maxima of the curves are reached for higher debonding angles in the 30°≤θ2≤60° cases than in 
the reference case, whose maximum occurs for θd=60°, whereas in the 110°≤θ2≤140° cases, 
the maxima are reached for lower debonding angles. 
 
In Figs. 3 and 4, Mode I and II components (GI and GII) are represented versus θd for different 
values of θ2; the reference case is also included. It is observed that the evolution of the 

θ2=25° 
θ2=40° 
θ2=60° 
θ2=80° 
θ2=100° 
θ2=120° 
θ2=140° 
θ2=155° 
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interface crack follows the subsequent stages: the crack starts growing under Mode I, later, it 
propagates under mixed mode and finally it grows under pure Mode II. As happened with the 
global G (Fig. 2), the GI and GII distributions remain partially or totally above the reference 
distribution when the fibre is close to the symmetry plane and below it for the rest of the 
positions.  
 

 
Figure 3. GI/G0 versus θd. 
 

 
Figure 4. GII/G0 versus θd. 
 
The GI distributions, Fig. 3, present significant differences for 25°≤θ2≤40°, with reference to 
the single fibre case. For this interval, the values of GI change abruptly, in terms of the energy 
level. With regard to the position of the maxima, for the 50°≤θ2≤155 cases it occurs at θd=20°, 
coinciding with the reference case, whereas for the 25°≤θ2≤40° cases it takes place at higher 
debonding angles. 
 
In the GII distributions, Fig. 4, the maxima are reached at θd=60° for the reference case and 
most of the positions considered. However, for 25°≤θ2≤60°, the maxima take place at larger 
values of θd. 
 
4. Fracture mode mixity  
 
Due to its importance for the determination of the damage evolution, the change of crack 
propagation from mixed mode to pure Mode II of fracture is carefully observed, even though 
there are not major variations on the debonding angle for which Mode I disappears. Table 2 
shows the values obtained for the different secondary fibre positions considered. 
 

θ2[°] θd(mixedII)[°]  θ2[°] θd(mixedII)[°]  θ2[°] θd(mixedII)[°] 
25 70  70 50  120 60 
30 70  80 50  130 60 
40 70  90 60  140 60 
50 60  100 60  150 60 
60 50  110 60  155 60 

Table 2. Debonding angle (θd), for which Mode I disappears for each secondary fibre position (θ2). 

θ2=25° 
θ2=40° 
θ2=60° 
θ2=80° 
θ2=100° 
θ2=120° 
θ2=140° 
θ2=155° 

θ2=25° 
θ2=40° 
θ2=60° 
θ2=80° 
θ2=100° 
θ2=120° 
θ2=140° 
θ2=155° 
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According to Figs. 3 and 4, for 25°≤θ2≤40°, GII becomes dominant versus GI at θd≈30-40°, i.e. 
later than in the single fibre model (θd≈25°). Moreover, in the reference case, Mode I 
disappearance is detected for θd≈60° whereas for the 25°≤θ2≤40° cases it occurs for larger 
debonding angles, specifically at θd≈70°. Nevertheless, for 60°≤θ2≤80°, an inversion of this 
tendency is observed, since Mode II starts to be dominant at θd≈20° and finally Mode I 
disappears at θd≈50°. For the rest of secondary fibre positions, there are not significant 
differences with reference to the single fibre case. 
 
5. Crack morphology  
 
The morphology of the crack numerically predicted for the single fibre model shows that the 
finite contact zone is not developed until θd≈60°. Fig. 5 shows that, with reference to the 
single fibre case, the contact zone is slightly delayed for 25°≤θ2≤40° (θd≈70°) and advanced 
for 60°≤θ2≤80° (θd≈50°). For the rest of the positions, the development of the finite contact 
zone does not start until θd≈60°.  

 

 
Figure 5. Contact zone evolution for different positions of the secondary fibre (θ2). 
 
For 25°≤θ2≤50 and 110°≤θ2≤155° the evolutions of the contact zone are below the reference 
case values, whereas for 70°≤θ2≤90°, they are above it. The θ2=60° and θ2=100° cases are 
considered as transition cases, since the detected contact zone values are close to the reference 
case ones. 
 
For instance, according to Fig. 5, the θ2=80° case, whose contact zone is advanced, produces 
larger lengths of contact, whereas the θ2=40° case, whose contact zone is delayed, produces 
smaller ones. Thus, the contact zone detected, e.g., for an interface crack of θd=90°, is almost 
4 times larger for θ2=80° than for θ2=40°. In order to check the results and visualise them on 
the crack morphology, this deformed situation is represented in Fig. 6, by amplifying the 
interface displacements 107 times. 
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Figure 6. Effects of the secondary fibre position on the interface crack contact zone. 
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6. Propagation of the interface crack 
 
The predictions about the interface crack growth can be performed, as explained in [9], using 
the estimation of the critical value of the Energy Release Rate, Gc, based on [16]: 
 

     kckc GG   1tan1 2
1     (3) 

 
where G1c is the critical value of Gc for Mode I and λ is the fracture mode sensitivity 
parameter (in this study, λ=0.25). ψk is the local phase angle and represents the evolution of 
the fracture mode mixity. It can be calculated following [17]: 
 

    










 

III

III
k GG

GG
FG 1arccos5.0      (4) 

 
where ε is the oscillatory index and F(ε)-1=1.0071. 
 
Fig. 7 shows the evolutions of ψk and confirms the tendencies observed in Sections 4 and 5 
about mixity and appearance of the contact zone. 
 

 
Figure 7. Local phase angle (ψk) evolution for different positions of the secondary fibre (θ2). 
 
The comparison of the evolutions of G and Gc predicts the ending of the unstable growth of 
the interface crack. This comparison is obtained using Eq. (3), where the calculation of G1c 
follows the approach employed in [9].  
 

 
Figure 8. G-Gc comparison for different positions of the secondary fibre (θ2). 
 
Fig. 8 shows the G and Gc results obtained for different values of θ2 (30°, 40° and 70°) and 
also includes the single fibre case. It can be observed that the single fibre model predicts 
unstable growth until θd≈70°. The results also show that the interface crack extends towards 
larger debonding angles for θ2=25° (specifically θd≈80°), θ2=30° (θd≈100°), θ2=40° (θd≈112°) 
and θ2=50° (θd≈105°), and smaller for 60°≤θ2≤90° (θd≈60°). Finally, for θ2≥100° (not 

θ2=25° 
θ2=40° 
θ2=60° 
θ2=80° 
θ2=120° 
θ2=140° 

G/G0 (θ2=30°) 
G/G0 (θ2=40°) 
G/G0 (θ2=70°) 
G/G0 (Ref.) 
Gc/G0 (θ2=30°) 
Gc/G0 (θ2=40°) 
Gc/G0 (θ2=70°) 
Gc/G0 (Ref.) 
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included in the figure), the crack growth prediction coincides with that associated to the 
reference case. 
 
7. Effect of the distance of the nearby fibre  
 
In order to evaluate the influence of the distance between both fibres, a change of the 
parameter r2 has been carried out. This change allows verifying the previously observed 
tendencies and establishing an r2 value from which the influence of the secondary fibre could 
be ignored. 
 
Table 3 shows the values of r2 and the relations r2/ r2

0 that determine the end of the influence 
of the secondary fibre on the different aspects of the interface crack problem studied in the 
previous sections. The results reveal that for the interval 1.5≤r2/r2

0≤2.5 the influence 
disappears for most of these aspects. However, the effects on the G level, for most of the 
positions of the secondary fibre, remain until r2/r2

0=7. 
 

Section  r2/r2
0 

3 Convergence of the G values towards the reference case 
(80°≤θ2≤90°) 

1.5 

3 Convergence of the G values towards the reference case  
(rest of the positions of the secondary fibre) 

7 

3 Disappearance of the delay/advance of the position of the G 
maximum 

2 

4 Disappearance of the delay/advance of the fracture mode mixity 2 
5 Disappearance of the delay/advance of the contact zone 2 
6 Disappearance of the variation of the unstable crack growth 2.5 

Table 3. Influence of the distance between the primary and secondary fibres. 
 
8. Conclusions  
 
According to the results, the most important effects on the interface crack are produced when 
the position of the secondary fibre lies within the interval 25°≤θ2≤90°. For the interval 
25°≤θ2≤50°, the unstable growth of the interface crack stops at larger lengths of the crack than 
in the reference case. Nevertheless, the opposite effect is produced for the interval 
60°≤θ2≤90°. Quantitatively, the effects for the 25°≤θ2≤50° cases are more significant, since 
the increase of the crack growth (θd≈80°-112°), with reference to the single fibre case, is 
larger than the decrease detected in the 60°≤θ2≤90° cases (θd≈60°). 
 
It is observed that for θ2=25° and 140°≤θ2≤155°, the G values at θd=10° (first debond 
considered) are above the reference case one, which means that a lower level of load is 
needed to initiate the propagation; i.e. an accelerative effect of the presence of the secondary 
fibre versus failure. For the rest of the positions, the G values at θd=10° are below the 
reference case, involving a protective effect. 
 
With regard to the distance between the fibres, it is observed that the most important effects 
disappear for r2/r2

0=2.5, although the total disappearance of the effects is produced for 
r2/r2

0=7.  
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