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Abstract

This paper is about Lions’ open problem on density patches [31]: whether inhomo-
geneous incompressible Navier-Stokes equations preserve the initial regularity of the free
boundary given by density patches. Using classical Sobolev spaces for the velocity, we
first establish the propagation of C'*7 regularity with 0 < < 1 in the case of positive
density. Furthermore, we go beyond to show the persistence of a geometrical quantity
such as the curvature. In addition, we obtain a proof for C**7 regularity.
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1 Introduction
We consider an incompressible inhomogeneous fluid in the whole space R?,

V-u=0,
Op+u-Vp=0,

driven by Navier-Stokes equations
p(Ohu+u-Vu) = Au-Vp, (2)

where the unknowns p, u, p represent the density, velocity field and pressure of the fluid.

In the case of positive density, the first results of existence of strong solutions for smooth
initial data were proved by Ladyzhenskaya and Solonnikov [28]. When p > 0 is allowed,
Simon [36] proved the global existence of weak solutions with finite energy. Afterwards, this
result was extended to the case with variable viscosity by Lions in [3I]. There, the author
proposed the so-called density patch problem: assuming py = 1p, for some domain Dy c R2,
the question is whether or not p(t) = 1p(; for some domain D(t) with the same regularity
as the initial one. Theorem 2.1 in [31] ensures that the density remains as a patch preserving
its volume, but gives no information about the persistence of regularity.

Previously to this problem, the analogous question in vortex patches in Euler equations
arose great interest, due to the fact that several numerical results indicated the possible
formation of finite time singularities. First Chemin [9] using paradifferential calculus and
later Bertozzi and Constantin [3] by a geometrical harmonic analysis approach finally solved
the vortex patch problem proving the contrary: C''*7 vortex patches preserve their regularity
in time.
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On the other hand, the appearance of finite-time singularities has been proved in related
scenarios. For the Muskat problem density patches have been shown to become singular in
finite time [4], [5]. When vacuum is considered for Euler equations with gravity, ‘splash’
singularities were shown in the so-called water wave problem [6]. Later these results were
extended to parabolic problems such as Muskat [§] and Navier-Stokes [7]. Different proofs
of these results can be found in [II], [12]. In [I§] it is shown that the presence of a second
fluid precludes ‘splash’ singularities in Euler equations with gravity and surface tension. See
[20] for a different proof applied to the Muskat problem and also [13] for the result including
vorticity in the bulk.

Global-in-time regularity has been extensively studied for Navier-Stokes free boundary
problems considering the continuity of the stress tensor at the free boundary (see [43] and [I7]
for a discussion of physical free boundary conditions). Starting from the nowadays classical
local existence results [37], [2], global existence was achieved in [38], [40] for the scenario of
an almost horizontal viscous fluid lying above a bottom and below vacuum. See also [24],
[21], [22], [23] where the decay rate in time of the solution is studied in the previous situation
in order to understand the long-time dynamics. In the two-fluid case (also known as internal
waves problem in this scenario) global well-posedness and decay have been shown in [42].
See also [33] for the vanishing viscosity limit problem for the free-boundary Navier-Stokes
equations.

Recently several contributions have been made in the two-fluid case without viscosity jump
with low regular positive density. First, Danchin and Mucha [14], [15] showed the global well-
posedness of (I)-(2) for initial densities allowing discontinuities across C'! interfaces with a

sufficiently small jump and small initial velocity in the Besov space B;/lp 71, p e [1,4) (see
Section 2 for the definition). For densities close enough to a positive constant and initial
velocity in B;/f 1n B;/f 7“6, Huang, Paicu and Zhang [27] obtained solutions with C'*¢ flow
for small enough € > 0. Later Paicu, Zhang and Zhang [34] obtained the global-wellposedness
with initial data ug € H®, s € (0,1) and initial positive density bounded from below and above
removing the smallness conditions.

Based on these results and using paradifferential calculus and the techniques of striated
regularity, Liao and Zhang have recently proved the persistence of W*? regularity, k > 3,
p € (2,4), for initial patches of the form

po = p1lp, + p2lpg,

first assuming p1, p2 > 0 close to each other [29], then for any pair of positive constants [30].
By Sobolev embedding, this means that the boundary of the patch must be at least in C?*Y
for some 7 > 0. Using the well-posedness result in [I4], Danchin and Zhang [16] have recently
obtained the propagation of C''*7 patches for small jump and small ug (also for large ug but
only locally in time).

In this paper we consider the 2D density patch problem for Navier-Stokes without any
smallness condition on the initial data and without any restriction on the density jump.

First, we show that initial C'* density patches preserve their regularity globally in time
for any p1,p2 > 0 and any ug € H"*, s € (0,1 —~). We note that the cancellation in the
tangential direction to the patch is not needed to propagate low regularities. Although one
cannot expect to get the needed regularity for the velocity in Sobolev spaces, we will take
advantage of the fact that p remains as a patch with Lipschitz boundary. The quasilinear
character of the coupling between density and velocity makes it harder to propagate the



regularity of the velocity and hence that of the patch. This extra difficulty, compared to
the same problem for Boussinesq system [19], is overcome by noticing that the characteristic
function of a Lipschitz patch belongs to the multiplier space M(B;I;Z) (see section below).
Hence we will prove that u € L'(0,7;C'*7) and thus the propagation follows by the particle
trajectories system

%(:ﬂ,t) = u(X(2,t),t),
X (z,0) =x.

Without considering regularity in the tangential direction to the density patch for the
initial velocity, the initial conditions in [30], [I6] are at the level of ug € B%j’f (€>0), ug € By 4,
respectively. Indeed, as in [19], from the results of maximum regularity of the linear heat
equation, we deem ug € H7*% is sharp at the scale of Sobolev spaces from this approach.

This low regularity result combined with new ideas allows us to show that the curvature
of patches with initial W% regularity remains bounded for all time. Following the particle
trajectory method to preserve the regularity, the curvature is controlled once that V2u €
LY(0,T;L>). This is critical because at this level of derivatives the step function p appears
together with the nonlinearity. So in principle one could find that V2u e L'(0,7; BMO). Tt
is possible to use time weighted energy estimates, introduced in [25], [26] for the compressible
model and in [34] for the incompressible case, combined with the characterization of a patch
as a Sobolev multiplier to get higher regularity. In particular, to deal with the regularity of
uy the convective derivative approach in [30] can be used. Going further, the C'*7 regularity
result in conjunction with the cancellation of singular integrals acting on low regular quadratic
and cubic terms allows us to bootstrap to achieve the control of the evolution of the curvature
(V2u e L'(0,T;L>)).

Finally, we continue the bootstrapping process to show a new proof for the propagation of
regularity with initial C**7 patches. Describing the dynamics of the patch by a level set, one
can get advantage of the extra regularity in the tangential direction. In particular, in checking
the evolution of this extra regularity one just needs to control the tangential direction of V2u.
Exploiting the smoothing properties of the Newtonian potential and the persistence of the
regularity for the curvature, we are able to prove the propagation of C?*7 regularity. We
realize that it is possible to find that extra cancellation dealing directly with singular integral
operators.

The structure of the paper is as follows: In next section some definitions and notation that
will be used along the paper are stated. Then, in Section 3 we show that the weak formulation
we use to understand the solutions satisfies indeed the expected physical conditions at the
interface. In Section 4 we prove the persistence of regularity for C'*7 patches and ug € H7*S.
In Section 4 we show further that the curvature of the patches remains bounded. Finally, in
Section 5 a proof of the propagation of C**7 regularity in which we deal directly with the
explicit expression of the tangential second derivatives of u is given.

2 Notation

We include here some definitions and notations used along the paper.
We will denote by (9, — A)g'f the solution of the linear heat equation with force f and



zero initial condition:

(0-8)' 7 = [ D8 f(ryar

Above we use the standard notation e'® f = f’l(e’t|§|2 f ), where ~and F~! denote Fourier
transform and its inverse.

The material derivate will be denote by Dy f = 0;f +u-Vf.

We recall the definition of Besov spaces (see [I] for details). Consider the following
Littlewood-Paley decomposition: let C' = {|¢| € R? : 3/4 < |¢| < 8/3}, fix a smooth radial
function ¢ supported in C' and satisfying

S p(27¢) =1, VEeR* {0}

JEZ

The homogeneous dyadic blocks are defined as A; f = F (277 f(€)) for j € Z. Then, the
homogeneous Besov spaces By ,(R?), v € R, p,q € [1,00] are defined by

B (B = {(f e« S'(R) < |l g = 1271 oo iy < o),

where S’(R?) denotes the space of tempered distributions over R2. We recall that H*® = 3572
and CF*7 = BEYY for s € R, v € (0,1), ke Nu {0}.
Let E be a Banach space embedded in S"(R™), n = 1,2. We will use the spaces L?(0,T; F)

with norm | f| 2z, gy = [[f |2l e 0,7)-
We will say that 0D € C'([0,T]; E) if there exists a parametrization of the boundary

OD(t) = {z(at) € R? « € [0, 17} (3)

with z € C([0,T]; E).
The multiplier space M(E) is the set of functions ¢ such that ¢f € E for all f € F and

lelaey = sup [of|e < co.
Ifl <t

3 Weak solutions and physical conditions

In this section we first state the definition of weak solutions for the system (I)-(2). Later we
show that under suitable regularity assumptions these solutions satisfy the naturally expected
physical conditions (see e.g. [I7] and the references therein):

- The interface moves with the fluid (no mass transfer):

zi(a,t) -n(a,t) =u(z(ayt),t) -n(a,t),
2(a,0) = zp(a),

where zg is a parametrization of the boundary of the patch 0Dy.

- Continuity of the velocity at the interface:

= li - li =
[u]lop() o u(z) e u(z) =0, (5)
zeD(t) zeD(t)¢



- Continuity of the stress tensor at the interface:
[T -n]lapw) =0, (6)
where T = -p Ig + (Vu + Vu*) and Vu* denotes transpose of Vu.

Definition 3.1. We say that (p,u,p) is a weak solution of the system ([I)-(2) provided that

! dad VpeCZ Ce (R?
A ‘/R2VQ0U’ xt—O, P e c([07T)7 O( ))7 (7)
and that for all ¢, ¥ e C=([0,T); CF (R?))
T
fRz\I'(O),oodx+/0 /R2 pDyWdzdt = 0, 8)
T T T
fR2¢(o),o0u0dx+f0 fR2Dt¢-,oudxdt—f0 fsz-(va )d:z:dt+f0 /Rsz-Qdedt:(;)).

Proposition 3.2. Let (p,u,p) be a weak solution of ([II)-([2) with initial data as in Theorem
[41 Then, the conditions [{)-@l) hold.

Proof: The weak incompressibility condition (7)) implies the continuity of the normal ve-
locity at the interface, which jointly to the mass conservation (8)) yields the interface dynamics
condition @) (see e.g. [I0]). Moreover, the results given in Theorem ET] for initial data in
H*S gives that u € L'(0,T;C'7), hence the velocity is continuous also in the tangential
direction for a.e. ¢ > 0.

We show then the continuity of the stress tensor. We can write

T
_ d f f Dy pududt
0 /R? ¢(O)pougdz + | DD t¢ - pudx

T T
_ : “) dadt f f  bdxdt,
/0 fD(t)uD(t)cv¢ (Vurvu’) dedt + 0 D(t)uD(t)va ¢de

Taking into account that the normal velocity is continuous at the interface and (@), the
regularity provided by Theorem [4.1] allows us to integrate by parts to find that

T T
0:/] (=prDyu+ Au— ddt// (=paDyu+ Au—vp) ddt
; D(t)gb (=p1Dyu+Au—Vp) dxdt + ; D(t)c¢ (=p2Dyu+Au—vp) dz

T T
_fo faD(t)ﬁbn'(VUl“‘V%)dU“‘fo /é)D(t)¢n-(VuQ+Vu2)da (11)

T T
+f0 faD(t) gbplnda—/o faD(t) ¢pando.

Thus we deduce that

(10)

T
-p2)Iq— 1) - >))] - ndo = 0. 12
Iy Lo ¢ L1 =p2)1a= (Ve + 9ui) = (Vo + V5))) - ndo (12)
and hence, as p,u are regular enough (24]), we conclude
[(-p Ta + (Fu+ V™)) -nllopey =0, ace. te(0,T). (13)
O



4 Persistence of C''*7 regularity

We present below the theorem that establishes the propagation of regularity for C'*7 patches
in the case of positive density.

Theorem 4.1. Assume vy € (0,1), s (0,1 -7), p1,p2>0. Let Dy c R? be a bounded simply
connected domain with boundary dDg € C™7, ug € H'** a divergence-free vector field,

po(x) = prlp, () + p2lpg(z),

and 1p, the characteristic function of Dy. Then, there exists a unique global solution (u,p)

of )-@) such that
p(x,t) = prlpe (x) + p2lpaye(x) and 9D e C([0,T];C7),

where D(t) = X(Dg,t) with X the particle trajectories associated to the velocity field.
Moreover, i
we C([0,T]; HY**) n L} (0, T;CT7*+%),

—(y+s) —(y+s)
T u e L0, T HY), 732w e L0, T; H?),
2—(y+s)

>y e L°([0,T]; L7) n L2([0, T HY),
for any T >0, 5€(0,s).

Proof: First, as ug € H'** and 0 < min{p1, p2} < po < max{pi, p2} < oo, the results in [34]
yield the following estimates for any 1" > 0:

Ao(T) < C(Jluo| =),
A (T) < C([uo =),
As(T) < C(|lug| mves), (14)

T
[ 19ulimdt < CT ol ),
where the constant C' also depends on pi, pa, and Ag, Ay, As are defined by
2 T 2
Ao(T) = sup | pul2+ [ [Vuladt,
(0,7] 0

Ay(T) = sup t'70%) | gu|2,,
T

)

T
Ay(T) = sup 70 (/puel 2 + [Aul 2z + | Vo)) + fo £ 0 |G [

In particular, we note that by interpolation we get

e D o T A e e
and therefore i
we LP(0,T; H'*), pe(L,2/(1-(s-3))). (15)



Proceeding by interpolation again, it follows that

(}§1Y+§)t 2125 (y+3)q

fo e [ fo T(HutulL;V—%t\ 7Y desc 02—235 (1y-5)q | T
hence by Holder inequality we conclude
ug € LI(0,T; H'*9), qe[1,2/(2-(s-3))). (16)
Next, we rewrite (2)) as a forced heat equation
ug — Au=—pu-Vu+ (1-p)ug — Vp.
We apply first the Leray projector P =I5 - VA™Y(V-) to obtain
up — Au=-P(pu-vu)) + P((1 - p)uz), (17)
and denote
u = vy + vy + U3,
1 = ePug, vy = —(8y = A)g ' P(pu - Vu), vz = (0 = A)g'P((1 - p)uy). (18)
Recalling the following particular case of Gagliardo-Nirenberg inequality
£ lir@ey < el A1 I9A1RT, rel20), (19)

we deduce that
1/2

Ju-vaulrz < Jul

3
|Vl 2| V2ul iy < et 130,

Then, the splitting in ([I8]) provides

yis
lull Loz zrvesy < cluo s+ (1= A) 72 (vg +03) | oo (12,

so that using the decay properties of the heat kernel (see e.g. Appendix D in [35]) and
Young’s inequality for convolutions we obtain

y+s

2 dr

¢ e -1+
[ 1= 2% K-l

¢ e PR
‘/0 (t—-7) 2772 dr

Notice that from (I4) the velocity field satisfies u € L' (0,7; W), so the initial density
is transported and remains as a patch

|ull gz zrveey < ol + e (fuol vs)
L7

(20)
< clluo| zoes + c(uol <)

< C(HUOHH'Hs) .
Ly

p(x,t) = p1lpw) (z) + p2lpe ()

with Lipschitz boundary. It is known (see [41]) that the characteristic function of a Lipschitz
bounded domain belongs to the multiplier space M(B? ) if and only if -1 + % <s< é, where
a,be[1,00]. Therefore we have that

. 1 1
peLoo(OaT7M(BZb))7 _1+_<3<_7 (21)
’ a a



so in particular

pe L0, T; M(BLJIH)). (22)
We write (2)) as follows
Au=P(pDiu). (23)

From (I5) we deduce V- (u®u) € LPI2(0,T; H'*%). This joined to (I8) yields that Dyu €
L0, T; H"*) - L9(0,T; H"*) for g € [1,2/(2-(s—5))). By embedding in Besov spaces we
have that

(e e]

Dtu € Lq(07 Ta B—l’g%),

and taking into account (22]) it follows that
pDyu e LI(0,T; B71;Y+§)

[ee]

Finally, recalling that the Leray projector is a Fourier multiplier of degree zero and hence it
is bounded in Holder spaces, we take the inverse of the Laplacian in (23]) to find that

fulgnenes < 1A pDuttlgnerss < oDl s

From (I3) it is clear that u € L9(0,T; L*), therefore we conclude that u e LI(0,T; C1*7+5),
Hence, using the particle trajectories system () and Grénwall’s inequality we obtain

¢ t t
VX o < [V Xollcneld 1707 o [Fjwu(r) om0 X ()] el 1Plemt,

which yields the persistence of C1*7 regularity of the density patch | z| e 0,101+ < C(T).
Remark 4.2. From the momentum equation it is easy to see that
| AulFp + VP10 = [pDeul -

Noticing that p e M(H?), o € (-1/2,1/2) and recalling that Dyu € L9(0,T; H'**), it follows
that
pe LY0,T; H), we LY0,T; H***), p<min{1/2,v+s}. (24)

O

5 Persistence of W?2* regularity

In this section we show that the curvature of the patch is bounded for all time if initially has
W2 boundary.

Theorem 5.1. Assume s € (0,1), p1,p2 > 0. Let Dy c R? be a bounded simply connected
domain with boundary 0Dy € W, ug e H'** a divergence-free vector field,

po(x) = p11p,(x) + p2lpg(z),

and 1p, the characteristic function of Dy. Then, there exists a unique global solution (u,p)

of M)-@) such that
p(x,t) = prlpey(x) + palpgeye(x) and D e C([0,T]; W),

8



where D(t) = X(Dg,t) with X the particle trajectories associated to the velocity field.

Moreover,
we C([0,T]; H**) n L*(0,T; H***) n LP(0,T; W>>),

75wy € L2([0,T]; L) n LA([0,T] ; HY),
3" Dyu e L=([0,T]; HY) n L2([0,T]; H?),

for any T > 0, p < min{1/2,s} and p € [1,2/(2 - s)). If s < 1/2 it also holds that u €
L0, T; H*9) for any 6 € (s,1/2) with q € [1,2/(1 +6 - 5)).

Proof: First, we notice that once we get u € LP(0,T; W?°) the propagation of regularity
for the patch follows by considering the particle trajectories associated to the flow. Hence,
we proceed to prove that the velocity belongs to that space.

5.1 Regularity of u;

We start by proving in this section that tl%sut e L=([0,T];L*) n L*([0,T]; H"). As before,
it is easy to get

¢
2 2 2
Ipults+ [ 19ultadr < cluolss. (25)
We now take inner product with u; and use Young’s inequality to obtain
2 d 2 2 2
IVul3s + S1vuls < clulalul,. (26)
Using (I9)) with r = 4, from the velocity equation and Young’s inequality one infers that
IV2ull 2 + 19pl72 < e (Iv/puel7z + lul72[Vul72) - (27)
Hence, applying (I9) again in (20) and using (27]), we get
d
2 2 2 4
IvVpuelze + — [ Vulze < clulzz[Vulze,

so by Gronwall’s inequality and (25]) we conclude that

t
IValls + [ 1/puladr < [9uolaectolsat

We can close the estimates for v and wu; at this level of regularity:

lull e 2y + lul zz ) < eluol 22,

(28)
lull Loy + Tl a2y + luel 22,22y < e (luollz2) [uol -
From this last estimate, [27]) rewrites as
2, 112 2 2
[V*ulz> + 1plz: < e (VP72 +1). (29)

We proceed next by an interpolation argument. First, we consider the linear momentum
equation for v
P+ pu- Vo —Av+ Vp =0, pr+u-Vp=0. (30)



By previous arguments it follows that
2 2 2
[0 Zee ) + WPl L2 (12) < e (luol22) [vol 7, (31)

2 12 2 2 2 2
IVlz < e (IVpvelze + lulz2 [ Vulz2[Volz2),

and hence
2 12 2 2
V2072 < e (I/poel 72 + lvoll7) » (32)

Derivation in time of (B0]) yields the following equation
PUs + pu - Vor — Avy + VP = —ppvg — pet - VU — puy - Vo,

and thus we obtain

1d 2 2 2
5@\\\/5%”9 + [ Vg 72 :_/]1%2 pelve] d:n—fRz ptu-Vv-vtd:E—/Rz put - Vv - ved,

where we have used that p; = —u- Vp. Multiplication by the weight ¢ and integration in time
implies that

t t
SIvpulis + [ rIveliedr = Lt b+ B+ I, (33)

where

=3 [ Iaulad b= ["7 [ ouPdrd
=— v T =- T v|“dxdr
1 2 Jo PVt 120aT, 2 0 R2pt t )

t t
1:-]] Vv - vdedr, 1:—// Vo - vdadr.
3 OT Rzptu v-vpdxdr 4 OT Rzput v - vpdxdT

The first term is controlled by ([31) as follows

I < c(fluo]z2) ol 7 (34)

Recalling that u is divergence-free and that p; = —u - Vp, integration by parts in I yields the
following

t t
I < fo TfRz pu- Vo dadr < ¢ fo TIV0e ] 2 [l o o | par
By ([I9) and Young’s inequality I5 is bounded by
L ort 2 t 2 2
s [ rlveltadr+ cluole) [ rlvpultalvulfadr (35)
Using again ([I9) and (32]) we get that
t 1/2 1/2
Li<c(luolm) | 7IVpuel 2 [Vol 2l vovel gz [ Vol 2 dr
t 1/2 1/2
tc(uolen) | mIVpudl 2 1vol ezl vovel 2 Vol > dr,
and therefore by ([BI)) and Young’s inequality it follows that
Lot 2 ¢ 2 2
<o [ rlvedadr + ol [ rlvpudialyv/puliadr

+¢(uol g2, T) ool 1

10



After integration by parts, I3 is decomposed as follows
I3 = I3y + I39 + I3,
where ]
I3 = —/ 7'/ pug - Vu - Vo - udzdr,
0 R2
¢
I :—/ / u®u): V- vdrde,
32 0 T R? p( ) aT
t
I =—/ 7'/ u- V) - (u- Vg )dxdr.
33 0 R? p( )+ ( t)
First we use again (I9) and Young’s inequality to obtain
¢
Iy < [ rlpu-ula ol s Vol pede
1 rt t 4/3 2/3 2/3 2/3
<o [ rlvultadr+e [ rlue vl 1vaul1vel vl dr.
After using ([32)), Young’s inequality and the previous estimates on u and v yield

1 t t
I < [ 7lvuliadr+euol) [ rlvpulis (1+[9%ul3:) dr

+¢(uol g2, T) Jwol -

Since ([9) and 28) give |u]rs < ¢ (|Juolz2) |uol g1, using (I9), B2) and Young’s inequality
the terms I3s and I33 are bounded as I3;. Therefore,

1 rt 2 t 2 2 42
IgSE ; T|Vug|72dT + ¢ ; T|v/poel 72 (1+HV UHLg)dT

+¢([luolz2, T) ool 7

(37)

Joining the above bounds [34)-(37) we get from (B3]) that

t
tvpulia+ [ rIvultadr < e(luol 2. T) ool
! 2 2112 2
ve [ rlvaulta (192l + | v/pul?s + 1) dr,
thus by Gronwall’s inequality we finally find
typuilie+ [ rIvurlZadr < T) Juol
pulta+ [ 7Ivoiliadr <cluolin, T) ool

We notice that from [B0) we have |\/pvi|2(7) < c(|luol 1) [v] g2 (7) for all 7> 0, so if we
assumed vy € H?, repeating the steps above without weights would lead to

t
IVoulze+ [ 19ulFadr < e(luol, ) ool

Finally, by linear interpolation between the last two inequalities [32] we conclude that

t
e+ [ IVl adr < e(luol s, T) ol

11



Using (29]) we are able to finally find

1-s 2 I-5) o2, |2 b 2 2
Ol d + VRl + [Pl dr < eluolin T) w3 (39)
We note that by Sobolev interpolation we have in particular that for § e (0,s)

ug € L2(0,T; H®). (39)

5.2 Higher regularity for u

This section is devoted to prove that u e L% (0,T; H**) n L?(0,T; H***). First, we notice
that by Theorem 1] p(¢) remains as a patch with Lipschitz boundary for all ¢ > 0 and hence
it is known that

peL™(0,T; M(H")) “( ; ;)

From this and the estimates (28]), ([B9) we infer that
1
(1-p)ug, pu-vue L*(0,T;H"), ,u<min{§,s}.

Thus, by classical properties of the heat equation applied to (7)) we conclude that u €
L?(0,T; H***) with
lull L2, (m2eny < e (fuolpaes, T) - (40)

To get ue L*®(0,T; H'**) we will use that (38) and (29) implies

7% /puel 2 + ¢ I/pu- Vuls < e (fuof gvs, T). (41)
Then, we write the solution of (7)) as

u=ePug+ (9 - A)g" (B((1-p)ue) =P (pu-vu)),
thus we have that

Juul e 1100y < clluol s + | (1= 2) 7 (8 - A)5! (B (1= p)ur) =P (pu- VO 12y

Applying Young’s inequality for convolution, ([@Il) and the decay properties of the heat kernel
we get

t +5 =S
[ 1a-28)F K@-n)lprFar
L
f(t T)_H_5 ~Tdr

|l e (s < e (Juo] gavs, T) - (42)

HUHLL}(’(HlJrS) < CHUQ HH1+s +cC
T

< clug| gies + ¢

I

Ly

so that we conclude

12



5.3 Higher regularity for D;u

We will show that t%Dtu e L*=([0,T] ;Hl) N L2([0,T] ;Hz). Applying Dy to ([2]) yields
thzu —ADyu+ VDyp = -2Vu; - 0;Vu + Au- Vu - vu' - Vp, (43)

where Einstein summation convention is used. By definition of D;u, it follows directly from
previous estimates (B8] and (42]) that

oDl + [ P19 Dl < e gl T) ol (44)
In what follows we will denote
F = F(Vu, V?u,Vp) = =2Vu; - &;Vu + Au- Vu - vul - Vp.
As | V2u| 2 + |Vp| 12 < |pDsul 2, using (@) we notice that
|F172 < c| Vuli=lpDeulz < ct™ ]2,

so from ([40) we find

t
fo TSP 2adr < o (Jluo| gies, T) (45)
By taking dot product of @3] with D?u and integrating in time we find
1 2-5 2 ! 2-5 2,112 _
2t [VDu|72 + 7 |\/pDju|j2dT = L1 + Ly + L + Ly, (46)
where
2-s [t 4 2 b oo 2
Ly = f 75|V Dyul 2.7, Lo=- f r f D2u-VDyp dadr,
2 Jo 0 R2
t t
Ly - f 723 f D2u- F dedr, Ly= f 72 f VD : V(u- VDyu)dadr.
0 R2 0 R2

The first term, L, is bounded by (@4l),
Ly < e(Juonee,T) (47)
while using (@5)) it follows that

1 rt o
Ly <z [ 7 y/pDRuliadr + e (fuolims, 7). (48)

Noticing that V- D?u = V - (u- Vug + Dyu - Vu +u- DyVu), integration by parts twice in Ly
yields the following

t t
Lo :fo 7'2_8/]1@2(V-Dt2u)DtpdxdT :fo 7'2_szzv-(u-Vut+Dtu-Vu+u - DyVu) Dyp dxdT
t
= f 72 fR2 (u-Vug+ Dyu-Vu+u-DiVu) - VDipdrdr (49)
0

¢
< fo 7275w - Vg + Dyu - Vu + u - DyVul| 2|V Dyp)| f2dr.

13



We now use the equation ([43]) to estimate the high-order term VD;p. First, we notice
that
PADyu=ADyu—-VV - Dyu, (50)

so that the equation rewrites as
-PADyu+VDp=VV-Dyu- thzu + F.
Therefore we obtain
IPADgu| 2 + |V Dipll 2 < e|/pDiu| 2 + | F| 2 + VY - Dyl 2,
and using (B0) we write
|ADgu| 2 + | VD 2 < e|/pDu| 2 + | F|l 12 + 2[ VY - Dyul| 2. (51)

If we denote
G=u-Vu+Du-Vu+u-DVu,

going back to (49]), estimate (BI) provides the following
t t
Lose [ IpDRul s Glosdr + [+ (Fl 2 2099 - Dl o) |G o
By Young’s inequality it is possible to obtain
1 rt o5 by
Lysz [TrypDtulle+e [ 77 (1P + 199 Dl + 1GI3:) dr. (52)
The incompressibility condition yields
[V - Dyul[fz = [V (V- Vu) Lz < e Vu- V2ulfa < clulfp [ T2ulZe.
Hence from (B8] and {Q) we find that
t
/0 19y - Dyul2s < e (luo| s, T) - (53)
On the other hand, the bound ([42]) allows us to write
1- 2 1- 2 2 2 212
G2 <t (IVuelz2 + 1Deul7e |ul Frove + [Vullz2).-
which joined to ([#4]) and (B8] yields
t0GI7e < e (870 Va] T2 + ulfpze + 1)
so we conclude using again (38)) and (@0) that
b 2
[ G dr < e Juol g T (54)
If we introduce the bounds ({3)), (53]) and (B4]) in (G2) we get that

1t
ngéfo 7278 /BD2u)22 + ¢ (Juol grive, T) - (55)

14



Finally, the term L4 is bounded by

t t
Ly < fo 72|V Dyt 2 | u] grave |V D p2dr < fo 77|V Dy 2 | V2 Dyu| 2,

taking into account ([@2)). Estimate (&I) gives

t t
Lise [ 7 |VDulpa|pDRul adr+e [ [V Dl (|12 +2199 - Dyuls2) d.

As in the bound of Lo, by Young’s inequality we have that

Lis [[rolypniulta ve [ 719Dl + e (fuolmes, T),
and ([@4)) implies
Liss ['r1ypDiuls + e (luolgen, T)
Introducing the bounds ([47), @S], (55) and (56]) in ([@Q), we conclude that
oDl + [P |pDRuladr < e luolgres, 7).

Recalling (51I), (@3] and (B3]) we find in addition that

t
| IDledr < e (ol T).

By Sobolev interpolation we note that in particular we have for 5 € (0, s),

2

Dy e LP(0,T; H™), 1<p<—"r.
2-(s-9)

5.4 Critical regularity for u

In this section we will conclude that u e LP(0,T; W**). From (23) we have that

v2u = viAP (pDyu),

(57)

where Pf; = f; — R;R; f;. The operators V2A~!P are Fourier multipliers and therefore can be

written as convolutions

WOATPfi(x) = (Kpiij * f;) (),

YRS &i&j
Ka) =7 (G (30~ 7))

By symmetries it suffices to consider the following three cases:

with kernels given by

RATPL(2) = (K + f5) (2) + %fl(ﬂﬂl
RATPy(2) = (Kgj + f5) (2) + gf2($)7

10 AP f1(2) = (K215 * f5) (%) - %f2(95)-
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where the kernels f(klij are even and have zero mean on circles. They can be computed
explicitly as they correspond to sums of second and fourth order Riesz transforms (see Chapter
3.3 in [39]). For simplicity we will denote by K the kernels K rij and we rewrite the above
equations as singular integral operators plus identities as follows

v2u = S10 (pDyu) + cpDyu. (60)
Then we decompose as follows
SIO (pDyu) = po SIO (Dyu)
+(p1 — p2) o) K(x-y) - (Du(y,t) — Dyu(x,t)) dy
+ (p1 = p2) SIO (1p(sy ) Dyu(a,t) = My + My + Ms.
By Sobolev embedding and (&1 we get that
Dyue LP(0,T;C%), (61)

hence we deduce that
My <c(|Dyuf s (t) + | Deufz2(2))
and analogously

M2 < CHDt’LL||C§ (t)

As by Theorem BTl p(t) is a C1*™7 patch for all ¢ >0, v € (0,1), and the fact that the kernels
in the singular integral operators are even, it is possible to obtain (see [3] for more details)

Ms < ¢| Dyl ().
We therefore conclude that
ISIO (pDiu) || o, (r=y < ¢ (o s, T) (62)

and hence (60]) gives
2

e LP(0, T: W™ l<p< ———.
u (7 b )7 p 2—(3—5)

Remark 5.2. We have obtained u € L*(0,T; H***) with yu < min{s,1/2}. In the case s < 1/2
we can also get u e LI(0,T; H**0) with 6 € (s,1/2) and q € [1,2/(1 +8 - s)) c [1,2). This is
achieved by rewriting the equation as in [23) to take advantage of the smoothing properties
of the Laplace equation. If s < 1/2, from Dyu € L*(0,T; H*¥) n L2(0,T; H®) one finds by
interpolation that Dyu € L9(0,T; H®). Since p is a multiplier in H® for any 6 € (s,1/2), from
standard properties of the Laplace equation it follows that

we L0, T; H*).
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6 Persistence of C**7 regularity

This section is devoted to show that C?*7 regularity is preserved globally in time.

Theorem 6.1. Assume vy € (0,1), s (0,1 -7), p1,p2>0. Let Dy c R? be a bounded simply
connected domain with boundary dDg € C*7, ug € H*** a divergence-free vector field and

po(z) = p1lp,(x) + p2lpg ().
Then, there exists a unique global solution (u,p) of [@)-@) such that
p(x,t) = p1lpe) () + p2lpeye(z) and 9D e C([0,T]; c*).
Moreover,

we C([0,T]; H*) n L2(0,T; H**) 0 LP(0,T; W>*),

1-(v+s)

t—2 wu,eL®([0,T];L%)n L*([0,T];H"),

2=(y+s)

t=2 Dpue L*([0,T];H") n L*([0,T]; H?),

for any T >0, p<min{1/2,y+s} and pe[1,2/(2-(y+5))). If v+ s<1/2 it also holds that
we L9(0,T; H**°) for any & € (y +s,1/2) with q € [1,2/(1+6 -~ - 5)).

Proof: Since v+ s € (0,1), the estimates on u, u; and Dyu follow as in Theorem 5.1 We
now describe the patch using a level-set function :

Opp+u-Vo=0,  ¢(z,0) = po(x),
Do = {z e R*: py(x) > 0},

so that at time t, D(t) = X (t, Do) = {z € R? : ¢(z,t) > 0}. Then, the vector field given by
W (t) = V*p(t) is tangent to the patch and evolves as follows

OW +u-VW =W -vu, W(0)= V. (63)

To control C?*7 regularity of 9D(t) we shall ensure that VIV remains in C?. By differentiating
([63) one obtains

VW +u-V(VW) =W -V2u+ VW -Vu+vVu-VW.
Since w is Lipschitz, the following estimate holds for all ¢ € [0,T]:

¢
[VW s (&) ST Wo|re i 1741 e 17l [y 92 2|9 W e[V co) dr
From this and previous estimates we get that
¢
[VW e (t) < er(T) + co(T) /0 W - V2u| o (7)dr.

Therefore the result is obtained once we prove that W - v2u e L1(0,T;C7).
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Applying Fourier transform in (58] gives that

F (Wedhhus) (€) = Wi(€) * F (9pdhus) (€) = Wi(€) » [fk& (52.]. ]

e BE

Using the notation (B9), we introduce the following splitting

)f(,thuj) (g)] .

F (Wide0w) (€) = (KijuF (pDyuj)) » Wi (&) = Kijr(§)F (WipDyuy) (€)
+ K (§)F WipDiuj) (€) - (KijuF (pWi)) * F (Dyuy) ()
+ (Kijklf (ka)) * F (Dyuj) (€).

We note that since W is tangent to the density patch, the last term vanish

Hence the previous splitting writes as
Wz, t)-Viu(z,t) = I + I,

where
I = /Rz K(z-y)-(W(x,t)-W(y,t)) p(y,t)Dyu(y,t)dy,

I= fRQ K(z-y) - W(y,t)p(y,t) (Diu(y,t) - Dyu(z,t)) dy.
The Lemma in Appendix of [3] yields the following

[Tiller < clWen () (lpDyul L (2) + [SIO (pDiu) | L= (1)) ,
|12l cv < | Dyulon (8) (oW Lo () + [SIO (pW) || L= (2)) -

Proceeding as in (62)) it is possible to find that
1110 L2 oy < e (luol gresss, T,
I 2] 21 oy < ¢ (luol grsaes, T) -
From the above estimates we finally conclude that

IW - V?ull 1 ) < € (luoll s, T) -
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