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Abstract

A general purpose in Graph Theory is to describe any graph structure and
provide all the information about it as possible. The study of invariants, properties
and graph families of interest has been the aim of many researches in last years.
There exist several classical lines of research in Graph Theory which have been
extensively investigated. The connectivity is one of them.

The connectivity of a graph represents the minimum number of vertices whose
removal disconnects the graph. This notion becomes more relevant when it is applied
to networks. The structure of a graph can model whichever type of network so that
the reliability of the network is related to the study of the vulnerability of the graph.

We propose one graph family, called strong product graph, and several para-
meters of great interest as the connectivity, the superconnectivity, the average con-
nectivity, the Menger number, the generalized connectivity and the mean distance.
In the present work, we study the mentioned indices on the strong product graph
in terms of known invariants of the involved factors and we give some general sharp

bounds which are best possible.
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Summary

A general purpose in Graph Theory is to describe any graph structure and provide
all the information about it as possible. The study of invariants, properties and
graph families of interest has been the aim of many researches in last years.
There exist several classical lines of research in Graph Theory which have been

extensively investigated. The connectivity is one of them.

The connectivity of a graph represents the minimum number of vertices
whose removal disconnects the graph. This notion becomes more relevant when
it is applied to networks. The structure of a graph can model whichever type
of network so that the reliability of the network is related to the study of the
vulnerability of the graph.

We propose one graph family, called strong product graph, and several
parameters of great interest as connectivity-type invariants. In the present work,
we study the vulnerability of the strong product graph in terms of the mentioned

parameters.
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Introduction

A known line of research in Graph Theory is the study of the vulnerability in
graphs. It is usually related to the reliability in networks. Transport and com-
munication, physical, biologic or social networks can be modelled by a graph. For
instance, a multiprocessor system, that is, processors communicated by exchan-
ging messages, can be modelled by a graph, where every vertex represents a
processor and every edge corresponds to a communication link. To study pro-
perties on the graph can provide useful information about the working efficiency

of the system.

To select or design a network, many of the requirements correspond to
known measures in a graph as the order, the size, the average degree, the dia-
meter or the connectivity, among others. Since it is almost impossible to design
an optimal network for all conditions, the selection criteria must be established

previously.

One of the most desirable criteria to construct a large interconnection net-
work is joining together the requirements of high reliability and small maximum
transmission delay between the nodes of the network. Hence, the priority aim
is to get a strong connectivity joint to a suitable diameter in such large graphs.
Another important feature or fundamental principle in networks design is its
extendability, that is, the possibility of building larger structures of a network

preserving desirable properties.
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The graphs products are useful to obtain large graphs from smaller ones
whose invariants are known or can be easily calculated. It is well known that
the product of graphs are an important topic of research in Graph Theory [12,
13, 59, 60, 77, 83, 49] due to the different applications that one can find in many

theoretical contexts.

For instance, graphs that have a product-like structure are used in com-
putational engineering for the formation of finite element models or construction
of localized self-equilibrating systems [62, 63, 64]. They are used in a biological
context [39, 46, 80, 93] for describing the relationships between genotypes and
phenotypes and estimating which combinations of properties are interconvertible
over short evolutionary time-scales. The graphs products are also used in com-
puter graphics and theoretical computer science [2, 3], where it is provided a
framework, called TopoLayout, to draw undirected graphs based on the topologi-
cal features they contain. Topological features are detected recursively, and their
subgraphs are collapsed into single nodes, forming a graph hierarchy. The graphs
products have a well understood structure, that can be drawn in an effective way.

Then, for an extension of this framework, they are of interest.

In general, for all the applications of a practical interest, the analysis of the
reliability in networks pursues to guarantee a certain robustness in the network
against inaccuracies and perturbations in the data. However, this analysis have
to be obtained from computer simulations or they need to be estimated from
measured data. In both cases, they are known only approximately. In order to
deal with such inaccuracies, exact solutions based on theoretical mathematical

reasonings need to be obtained.

From the point of view of Graph Theory, a natural and interesting question
is what can be said about a graph invariant in a product of graphs if it is known

the corresponding invariants in the factors.
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There are many works treating this problem [23, 52, 53, 54, 75, 91]. With
this thesis we want to contribute in this line of research presenting new results
about several vulnerability parameters which have been studied on a graph pro-

duct family called strong product.

Among the different types of graphs products that exist, the strong pro-
duct of two graphs, or simply, the strong product graph, is one of the most popular
products of graphs together with the cartesian product, the direct product and
the lexicographic product. All of them are constructed by a similar way. Given
two connected graphs, one of them has the role of main graph and the another
one has the role of the copy graph. Then these products consist on taking as
many copies of the latter graph as vertices the main graph has and to establish
certain adjacencies between the copies (different adjacencies for each product),

whenever they exist in the main graph.

The cartesian product may be the more studied product of graphs and
some of a lot of papers are [25, 65, 67, 69, 71, 77, 90, 99, 100]. In last years, the
researches have been also interested in the strong product graph and it is possible
to find some works related to a wide range of subjects, as the connectivity [23, 91],
geodetic [26], bandwidth [66] and independency [92], among others. This thesis
is focused on this family of graphs. More precisely, we study the vulnerability
of the strong product graph from different points of view, attending to several
parameters as the connectivity, the superconnectivity, the average connectivity,
the Menger number, the generalized connectivity and the mean distance, in terms

of known invariants of the involved factors.

The classical measures of reliability in a network have been the connectivity
and edge-connectivity, which represent the minimum number of nodes or links that
must fail to disrupt the connection in the network. Namely, for any connected

graph G, the connectivity (resp. edge-connectivity), denoted by k(G) (resp. A(G))



v

is the minimum number of vertices (resp. edges) whose removal separates the
graph. These parameters have been extensively studied and there exist lots of
papers treating connectivity-type problems. A well known upper bound for these
parameters was given by Whitney in [95], who proved that x(G) < A(G) < 0(G),
where 0(G) represents the minimum degree of G. It comes from the fact that
to disconnect a graph it is sufficient to remove the set of adjacent vertices to
any vertex or the set of incident edges in any vertex of G. When the previous
inequalities become equalities, the graph is called maximally connected. Sufficient
conditions for a graph to be maximally connected are given in terms of relevant
invariants in a graph, such as the number of vertices, the minimum and maximum
degrees, the diameter or the girth. Chartrand [27] proved that if G is a graph
with n vertices and minimum degree §(G) > [n/2] then \(G) = §(G). Soneoka et
al. [89] proved that a graph with girth g is maximally connected if its diameter is
at most g — 3 for even girth g, and g —2 for odd girth g. For more information and
references we remit the reader to an interesting survey by Hellwig and Volkmann

in [55].

Connectivity and edge-connectivity have been frequently used to describe
the reliability of a network, but these parameters present a weakness: they do
not take into account what remains after the graph is disconnected. One can ask
other questions as, for instance, how many components appear after disrupting

the graph or what is the size of the smallest remaining connected component.

To deal with these problems, a stronger measure of connectivity is the supercon-
nectivity, which was introduced in 1984 by Boesch and Tindell [20]. A graph is
called superconnected if every minimum disconnecting set is the neighborhood
of a vertex. Sufficient conditions for a bipartite graph to be superconnected in
terms of the diameter and the order can be found in [7]. Meng [78] treated this
parameter in line graphs, providing necessary and sufficient conditions for the

line graph of a connected regular graph to be superconnected. Balbuena et al.



in [8] studied the superconnectivity in graphs with given girth. There exist more

different works (see for instance [6, 9, 10, 11, 44]).

Connectivity and superconnectivity have been also studied in products
of graphs, as the cartesian product of graphs [90], the permutation graphs [84],
the product of Bermond of graphs [14], the direct product of graphs [24], the
Kronecker product of graphs [47] and the matched sum graphs [15]. In most of
these papers, general bounds on the index of connectivity are obtained in terms of
the connectivity, the order and the minimum degree of the factors. These bounds
show us that the graphs product structure generally produces a large and more

reliable network without a strong increase of links.

Concerning the strong product graph, its connectivity was studied in 2010
by Spacapan [91]. The author gave a lower bound involving the connectivities
and the minimum degrees of the graphs. In this thesis we show that this lower
bound can be improved. Indeed, we give a general lower bound which is sharp
under certain requirements on the factors. In addition, we prove that the strong
product of two maximally connected graphs is not only maximally connected but

also superconnected.

The connectivity, the maximal connectivity and the superconnectivity are
worst-case measures on graphs and they do not always reflect what really happens
throughout the graph. For instance, consider a tree and a complete graph joint
to a pendant vertex. They are two graphs with connectivity one. However, the
first graph is clearly more vulnerable than the second one, since in this last graph
only the fail of a particular vertex may disrupt it, while in the tree, there exists
several possibilities for disconnecting it removing just a vertex. Thus, it is of
interest to extend the study of the connectivity between every pair of vertices of
a graph, using other measures of vulnerability [4], which provide a more suitable

information about the global connectedness of a graph.
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Whitney in 1932 was inspired by the well-known theorems of Menger [79]
and he established an equivalency [95] between the connectivity of a graph and
the existence of internally disjoint paths. More precisely, he proved that a graph
is r-connected, that is, the connectivity is at least r, if and only if every pair of

vertices is connected by at least r pairwise disjoint paths.

Thanks to this characterization, Beineke, Oellermann and Pippert in [16]
introduced the average connectivity, defined as the mean on the number of pair-
wise disjoint paths that exists between any two vertices in a graph. This index
represents the expected number of vertices that must fail to separate the graph.
There are two papers where the average connectivity has been treated in depth.
In the first one, Beineke, Oellermann and Pippert [16] gave upper and lower
bounds on the average connectivity of any connected graph in terms of its order,
its size and the degree sequence of its vertices. They deduced that the average
connectivity is upper bounded by the average degree just as the connectivity is
upper bounded by the minimum degree, as well as they determined the maximum
value of the average connectivity in a graph with given order and size. In the
second one, Dankelmann and Oellermann [34] obtained new sharp bounds on the
average connectivity of a graph involving its order, its size, its average degree
and its chromatic number. They also obtained several bounds for some families
of graphs, such as planar and outerplanar graphs and the cartesian product of

two connected graphs.

The average connectivity has not been as extensively investigated as the
classical connectivity, but one can find some other interesting works (see for
instance [5, 56, 57, 61]). Concerning the graphs products, as far as we know,
results on average connectivity are proved for the cartesian product of two graphs
in [34] by Dankelmann and Oellermann. Namely, a sharp lower bound involving
the average connectivity, the order and the size of the factor graphs is given.

In this thesis we study the average connectivity of the strong product graph.
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A general lower bound in terms of the order, the average connectivity and the
average degree of the involved graphs is determined. In addiction, we prove
a sufficient condition which assures that the average connectivity of the strong

product graph attains its maximum value, that is, it is equal to its average degree.

Another index close to the average connectivity is the Menger number,
which is defined as the minimum number of pairwise disjoint paths of bounded
length between any two vertices in a connected graph. In a parallel computing
system, the efficiency can be analyzed in terms of the number of disjoint routes
of information which are able to connect two points in a short period of time.
In a real-time system, the information delay must be limited since any message
obtained beyond the bound may be worthless. Hence, a natural question is how
many routes ensure the transmission of information in an effective time. For this
aim, the Menger number can be an interesting measure of the communication
efficiency in an information system modelled by a graph, since after a certain

length, a route may be inefficient.

Lovéasz, Neumann-Lara and Plummer [74] introduced in 1978 the Menger
number by proposing initially the following problem. They defined two indices
on a connected graph. One index, denoted by Ay, is the maximum number of
vertex-disjoint paths connecting any two vertices in the graph whose lengths do
not exceed a certain quantity /¢, it is the now called Menger number between two
vertices in a graph. The another one, denoted by V;, is the minimum number
of vertices whose deletion disrupt all the paths of length at most ¢ joining two
vertices in the graph. In general, A, <V, and when A, = V,, it is the Menger’s
theorem properly. The authors in [74] focused on studying the ratio V;/A,, for
which it is trivial that 1 < V,/A, < ¢ — 1. They showed that V,/A, < |£/2], for
every pair of vertices in the graph and any positive integer ¢, giving a family of
graphs for which this bound is sharp. Since then, many Mengerian-type results

have been obtained [17, 51, 86, 88, 102]. In 1983 Chung [30] deduced the lower
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bound |(¢+1)/3] < Vy/A,. In [42] the authors proved that if a graph with order n
and minimum degree at least |[(n — k+2)/[(¢{ +4)/3]] + k — 2 is k-connected,
then such graph has k vertex-disjoint paths of length at most ¢ between any
pair of vertices. Hsu and Luczak in [58] treated a related parameter called the
k-diameter of a graph, that is, the minimum on the k-distances in a connected
graph, being the k-distances the minimum value on the lengths of the internally
disjoint paths with length at most k, between any pair of vertices in the graph.
They studied the k-diameter of k-regular and k-connected graphs, proving that

every k-regular k-connected graph on n vertices has k-diameter at most |n/2].

About the graphs products, in 2011 Ma, Xu, and Zhu [77] proved that
the Menger number of the cartesian product of two connected graphs is lower
bounded by the sum of the Menger numbers of the factor graphs. In this thesis,
we study the Menger number of the strong product graph, giving two sharp lower
bounds depending on the permitted length of the paths. In addition, we give the
exact Menger number for strong products of paths, of cycles and of path with
cycle. 'We complete this part by studying the average Menger number, which
represents, in any connected graph, the expected number of pairwise disjoint

paths with a prescribed length that exist between any two vertices.

It is usually interesting to know, not only how connected two vertices are
in a graph but also, in general, how connected k vertices are, for every integer
k > 2. The index to measure such local connectivity is he so-called generalized
k-connectivity. This parameter is a natural extension of the classical connectivity.
The generalized k-connectivity, roughly speaking, can be defined as the capability

of a network to connect any set of k nodes themselves.

If one wants to connect a pair of vertices in a graph, then the minimal
structure to join them is a path. However, if one wants to connect a set of k

vertices, then the minimal structure that must be used is a tree. This kind of



ix
tree for connecting a set of vertices in a graph is called a spanning tree.

The generalized k-connectivity was introduced in 2010 by Chartrand,
Okamoto and Zhang [29]. A graph is generalized k-connected if and only there
exist at least k pairwise disjoint trees connecting any set of k vertices in the

graph.

Some results concerning this parameter have been published recently.
In [29] it was proved that the generalized k-connectivity of a complete graph
on n vertices is exactly equal to n — [k/2] and besides, this notion is related to
the rainbow trees in a connected graph. Li, Li and Zhou [72] focused on the gene-
ralized 3-connectivity and its relationship with the classical connectivity. They
stated that the generalized 3-connectivity of any graph is upper bounded by its
connectivity. Moreover, they proved that the generalized 3-connectivity of a pla-
nar graph G is always the value k(G) or k(G)— 1. The generalized k-connectivity
in complete bipartite graphs was treated in [81]. The authors first obtained the
number of edge-disjoint spanning trees of a complete bipartite graph and de-
termined specifically such trees. Then, based on these results, they obtained
the generalized k-connectivity of complete bipartite graphs, for any k. Recently,
Li and Li [70] in 2012 analyzed the complexity of determining the generalized
k-connectivity in any connected graph, proving that the corresponding computa-

tional problem of deciding if a graph is generalized k-connected is NP-complete.

The only paper treating the generalized k-connectivity on graphs products
is [71], where Li, Li and Sun obtained two sharp lower bounds on the generalized
3-connectivity of the cartesian product graph, depending on a certain condition
in the main graph. In any case, they proved that the generalized 3-connectivity of
the cartesian product graph is lower bounded either by the sum of the generalized
3-connectivities of the factor graphs or the same sum minus one unity. In this

thesis we study the generalized 3-connectivity of the strong product graph.



We obtain sharp lower bounds, depending on the considered assumptions,
in terms of the classical connectivity and the generalized 3-connectivity of the

involved graphs.

An essential requirement in a realtime communication network, for ins-
tance, in a travel or the sending of a message, is to have a certain control on the
commuting time. For this reason, we finish this thesis by studing the Wiener

index, parameter directly related to the average distance.

The diameter, the radius and the eccentricity are well studied notions in
Graph Theory related to the distances in a graph. However, sometimes this con-
cepts may not be meaningful in a graph description. For instance, the diameter
of a graph represents the maximum of the distances between every pair of vertices
in the graph. One could think that in a graph with a large diameter, most of the
distances are large too. Nevertheless, it is not true in general. This is a reason
for which it is of interest the study of other parameters which leads us to have a

better idea on the distances in a graph.

The Wiener index or Wiener number of a connected graph G, denoted by
W (@), is defined as the total sum of the distances between every the unordered
pair of vertices in a connected graph. The study of this parameter began with the
chemist Wiener in his chemical work [96]. Wiener noticed that, in a molecular
network, the melting point of certain hydrocarbons is proportional to the sum
of the distances between the unordered pairs of vertices in the corresponding

connected graph which models such network.

This graphical invariant has been studied by many researchers under diffe-
rent names such as total status or sum of all distances. In 1976, Entringer, Jackson
and Snyder published [40], the first mathematical paper about the Wiener index,
although the authors did not give it this name, they just called it the distance of

a graph. The most relevant results were the sharp lower and upper bounds which
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were found. They deduced that the Wiener index of a connected graph is lower
bounded by the Wiener index of a complete graph with the same order and upper
bounded by the Wiener index of a path with the same order. Moreover, these
bounds are just attained when the graph is exactly the complete graph and the
path, respectively. This means that, fixed an order, the Wiener index are greater
for sparse graphs than for dense graphs. They also gave the exact values of this

parameter in paths, cycles, complete graphs and complete bipartite graphs.

In [94] several lower and upper bounds on the Wiener index of a graph are
obtained in terms of the order, the size, the radius, the diameter, the independence
number, the connectivity or the chromatic number. For instance, it was proved
that the Wiener index of a connected graph with n vertices, m edges and diameter
at most two is, exactly, n? —n — m, and if the diameter is at least three, it is
at least n> —n — m + 1. Gutman and Zhang [50] determined the only graphs
on n vertices and a given (vertex or edge) connectivity k& having minimum Wiener
index. This graph is K}, + (K1 U K, 1), which is the graph obtained by joining
every vertex of the complete graph K}, to one isolated vertex and every vertex of
the complete graph K, ;1. Wu [97] showed that the Wiener index of the line
graph of GG is greater than or equal to the Wiener index of GG, for any connected
graph with minimum degree at least two. For more information, we refer the
reader to two interesting surveys [36, 73]. The first one is mainly focused on
the Wiener index in trees, but it contains other general results as well as many
references about this topic. The second one collects the most recent results on

the Wiener index.

Considering the arithmetic mean on the total sum of the distances between
all the ordered pairs of vertices in a connected graph, one can obtain the average
distance or the mean distance. This parameter was introduced in 1977 by Doyle

and Graver [38] and it can be seen as a natural measure of the graph compactness.
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The average distance have many applications. For instance, to indicate the
average delay of the messages in the processors interconnections or to compare
the compactness of architectural plans. This is a extensive topic of research (see
for instance [1, 31, 32, 33, 43, 68]). It is evident the direct relationship between
the average distance and the Wiener index. To obtain the average distance of
a graph on n vertices it is sufficient to consider twice the Wiener index (this
quantity is usually called transmission) and to divide by n(n — 1), that is, the
number of ordered pairs of vertices in the graph. Hence, the real difficulty in this

issue is to determine the Wiener index of the considered graph.

For small graphs, one can compute directly the exact values of this pa-
rameter. Indeed, for families of graphs as the complete graphs, the paths and
the cycles, the exact values of the Wiener index and the average distance were
obtained, as well as general bounds [40]. Concerning graphs products, it was
proved in [49] that the Wiener index of the cartesian product of two connected
graphs G; and Gy is exactly |V (Go)[*W(G1) + |V(G1)[*W(G2). Concerning the
strong product, in [37] it was studied relationship between the Wiener index and
the clique number and the stability number of the factors. Pattabiraman and
Paulraja in [83] gave several exact values of the Wiener index of the strong pro-
duct of a complete r-multipartite graph and any connected graph in terms of the

order and the size of the involved graphs.

In this thesis we find bounds on the Wiener index of the strong product of
two connected graphs. We also give the exact values for certain strong products,
as paths and cycles, only in terms of their orders. Moreover, we prove that the
Wiener index of the strong product of two connected graphs is upper bounded by
the Wiener index of the strong product of two paths which have the same orders

as the factors.

This thesis has been structured in six chapters as follows.
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Chapter 1 is devoted to introduce several basic notations and general re-

sults on Graph Theory which will be useful throughout this memory.

In Chapter 2 we deal with the connectivity and superconnectivity of the
strong product graph. The known lower bound on the connectivity of this family
of graphs is improved and we give sufficient conditions for the strong product of

two connected graphs to be maximally connected and superconnected.

In Chapter 3 we pay attention to the Menger number, the average con-
nectivity and the average Menger number. Some sharp lower bounds for these
parameters are given. We also prove sufficient conditions to guarantee that the

average connectivity and the average Menger number attain their maximum value.

Chapter 4 is focused on the generalized 3-connectivity of the strong pro-
duct of two graphs. We give a sharp lower bound, which is best possible when a

factor has generalized 3-connectivity equal to one.

In Chapter 5 we give general bounds for the Wiener index of the strong
product of two graphs and the exact value when the factors have diameter not

too large.

In Chapter 6 we summarize the main conclusions of this thesis and more-

over, some open problems are described.

Finally, at the end of this thesis, the reader can find the bibliography
which has been the source of support and inspiration for the development of this

research work.
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Chapter 1

Preliminaries

This chapter is devoted to introduce basic notions which will be used
throughout this thesis. First, we recall some classical concepts on
Graph Theory and fix the notation. Second, we make a brief intro-

duction about the product graphs topic.

1.1 Basic notions

Those elemental notions not explicitly included here can be found in the books by
Chartrand and Lesniak [28] and by Diestel [35]. Special notations and definitions

will be presented where needed.

A graph G is a pair (V, E) where V = V(G) is a nonempty set of vertices,
E = E(G) is a set of edges and where every edge joins a non ordered pair of
vertices in G. Their cardinalities, denoted by |V (G)| and |E(G)]|, are called the
order and the size of G, respectively. Two vertices of G, = and y, are adjacent if
there exists an edge joining them. Such edge is denoted by e = xy or e = yx and

then, it is said that e and x are incident (also e and y are incident). Two non

1
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adjacent vertices or edges are called independent.

Throughout this thesis we only consider finite graphs, that is, the sets V(G)
and E(G) are finite, simple graphs, that means, at most one edge e = zy can exist
in G for every pair z,y € V(G) (we consider no loops), and also undirected graphs,

graphs for which every edge joins an unordered pair of vertices of G.

Given a graph G = (V, E), a subgraph of G is any graph G' = (V', E')
such that V' CV and ' C E. f E' = {zy € E : z,y € V'}, then G’ is said to
be induced by V' and we write G' = G[V’']. When V' = V, the subgraph (not
necessarily induced) is a spanning subgraph of G. Given two graphs G and G’,
their union is the graph GUG' = (VUV/  EUE'). f VNV’ =, then G and
G’ are vertex disjoint. If EN E' = (), then G and G’ are edge disjoint.

Let z,y € V(G) be two distinct vertices. A path from x to y, also called
an xy-path, is a subgraph P with vertex set V(P) = {x = wp,uy,...,u, = y}
and edge set E(P) = {uouy, ..., u,—1u,}, such that u; # u;, forall 4,57 =0,...,r
with ¢ # j. This path is usually denoted by P : ugu; ..., and r is the length of
P, denoted by [(P). We also use P, to denote such path. Vertices uy and u, are

called the end vertices and vertices of {uy,...,u,_1} are called internal vertices.

Two given xy-paths P and Q such that V(P)NV(Q) = {x,y} are said
to be internally disjoint (see Figure 1.1). A cycle in G of length r is a path
C : uouy .. .u, such that ug = u,.. The girth of a graph G, denoted by ¢(G), is
the length of a shortest cycle in G. If G contains no cycles, then g(G) = oo is
adopted.

The distance between two vertices z,y € V(G), denoted by dg(z,y), is
the length of a shortest zy-path. If there is no zy-path in G, dg(x,y) = oo is
assumed. The eccentricity of a vertex z in G is the maximum of the distances

from x to every vertex of G, that is, eccq(r) = max{dg(z,y) : y € V(G)}.
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o
Y

Figure 1.1: Three internally disjoint xy-paths in a connected graph.

The diameter of G is defined as D(G) = max{dg(z,y) : z,y € V(G)}, the
maximum of the distances between every pair of vertices in G. In other words,

the diameter of G is the maximum value of the eccentricities of every vertex in G.

The i-neighborhood of x in G is N&(x) = {y € V(G) : dg(z,y) = i}, with
i > 1 (see Figure 1.2). For i = 1 we directly write N}(z) = Ng(z) and it is called
the neighborhood of © € V(G). By Ng|z] we denote the closed neighborhood of
in G, that is, Ng(x) U {x}. For any subset W C V(G), Ng(W) = U Ng(x)\ W

zeW

and Ng[W] = N(;(W) umw.

Figure 1.2: A graph G with D(G) = 3 and NZ(z) = {u, v, w}.

The degree of a vertex = in G is dg(z) = |Ng(x)|, where the minimum

degree of G is 0(G) = min{dg(z) : € V(G)} and the mazimum degree of G is
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A(G) = max{dg(z) : x € V(G)}. The average degree of G is defined as

d(G)

mGV(G)

Clearly, 6(G) < d(G) < A(G) (see Figure 1.3). When §(G) = A(G) = d,
the graph G is called d-regular.

Figure 1.3: A graph G with §(G) = 2, A(G) =5 and d(G) =

It is well-known that any graph G without loops verifies the equality
Z da(x) = 2|E(G)].
zeV(G)

Therefore,
2|E(G)|

Vel

Given a graph G = (V,E) and a subset S C V, we denote by G — S
the induced subgraph G[V \ S], that is, G — S is obtained from G by removing

d(G) =

the vertex set S and their incident edges (see Figure 1.4). Similarly, for any
given subset W C E(G), the deletion of W from G yields another graph G — W
obtained by removing all the edges of W (see Figure 1.5).

A graph G is said to be connected if for every pair of vertices there exists a
path connecting them or, in other words, when G has finite diameter. A connected

graph containing no cycles (acyclic graph) is called a tree. The vertices of degree
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G-S

&)

S — {:L‘17 Lo, T3, :L‘4}

Figure 1.4: Deletion of a vertex set S in a graph G.

G-W

&

W = {617 €2, €3, €4, €5, 66}

Figure 1.5: Deletion of an edge set W in a graph G.

one in a tree are called leaves. Observe that every tree having more than one
vertex has at least two leaves. Since trees are acyclic graphs, every two vertices
of a tree can be joined by an unique path. Sometimes it is interesting to consider
one vertex r of a tree T' as special. Such vertex is called the root of T and T is

said to be an r-rooted tree.

A cut set of a connected graph G is a set S of vertices such that G — ' is
not connected or is an isolated vertex. The different parts in which G is separated
after removing a cut set S are called components. Then a component C' of G — S

is a maximal connected subgraph of G — S, where maximal means that no other
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connected subgraph of G — S contains C' as subgraph.

A connected graph is called k-connected if every cut set has cardinality at
least k. The connectivity of a graph G is the maximum integer x such that G is

k-connected. It is denoted by x(G) and defined as
k(G) = min{|S|: S C V(G) and G — S is not connected or an isolated vertex}.

In other words, the connectivity of a graph G is the smallest number of vertices
whose deletion from G produces a disconnected or a trivial graph (see Figure 1.6).
Complete graphs, K,,n > 1, are the only graphs which cannot be separated in

two or more components after removing any set of vertices. Thus, k(K,) =n—1
S

Figure 1.6: A 2-connected graph and its components after deleting S.

is adopted.

G G
I

S = {J]l,ZEQ}

The minimum cut sets of a graph G, also called the k-sets, are those
having cardinality k = k(G). A subset S of vertices of G is a minimal cut set
if and only if S — {z}, for every x € S, is not a cut set of G. If S is a minimal
cut set of a graph G, then every vertex in S must be adjacent to some vertex of
each component of G — S. Observe that every minimum cut set is a minimal cut
set. Notice also that the neighborhood of any vertex = € V(G) is a cut set of G.
Thus, k(G) < §(G) clearly holds. A graph G is called mazimally connected if
k(G) = 6(G).
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Going one step further, a graph G is superconnected if it is maximally connected
and every minimum cut set consists of the neighborhood of some vertex of degree

0(G) which does not belong to the cut set (see Figure 1.7).

Figure 1.7: A superconnected graph.

From the theorem of Menger [79], Whitney [95] deduced the following
characterization on the k-connected graphs. A graph G is called k-connected,
that is, K(G) > k, if and only if every pair of vertices is connected by at least k
internally disjoint paths. The connectivity between two distinct vertices x and y
in G, is denoted by kg(z,y) and represents the maximum number of pairwise
internally disjoint xy-paths in G (see Figure 1.8). Thus, the connectivity of a

graph can be seen as

k(G) = min{kg(z,y) : x,y € V(G)}.

Figure 1.8: ke(z,y) = 2, for any two vertices x,y in a cycle C.
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If n is the order of a connected graph G, the average connectivity of G is

the mean of the connectivities between all the pairs of vertices in . It is denoted

by ®(G) and defined as

:TZ

2 ev(G@

where the pair of vertices are taken non ordered and K(G) = Z ka(x,y) is
z,yeV(G)

called the total connectivity of G.

Given two distinct vertices x,y of G, the zy-Menger number with respect
to a positive integer ¢, denoted by (,(z,y), is the maximum number of internally
disjoint xy-paths in G whose lengths are at most ¢. The Menger number of G

with respect to £ is defined as

C(GQ) = min{((z,y) : x,y € V(G)}.

Similarly to the average connectivity, if n is the order of a connected graph
G, the average Menger number of G with respect to ¢ is defined as

@<G>=%) S Gy,

z,yeV(G)

where the pair of vertices are also taken non ordered and Z,(G Z Cg z,y)
zyeV(G

is called the total Menger number of G.

Consider a subset of vertices S = {x, xs,...,2,} C V(G), of a connected
graph G. A tree T in G is called an S-tree in G (or a {x1,z9,..., Ty }-tree)
it S C V(T). Trees T1,Ts,...,T, are r internally disjoint S-trees in G when
E(T;)) N E(T;) =0 and V(T;) N V(T};) = S for any pair of integers i and j, with
1 < i < j < r. For instance, in Figure 1.9 we depict a Tutte’s wheel on seven
vertices, denoted by Wi . If we choose the set of vertices S = {x,y, 2z}, then we

can obtain at most three internally disjoint S-trees.
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Denoting by x(S) the greatest number of internally disjoint S-trees in G, for an
integer k with 2 < k < n, the generalized k-connectivity of G, k(G), is defined
as

ke(G) = min{x(S) : S C V(G) and |S| = k}.

T @ @

Figure 1.9: Three {z,y, z}-trees in the Tutte’s wheel W .

For any connected graph G, the Wiener index of G, denoted by W(G), is
defined as

Z dg(l',y),

z,y€V(G)

where the sum is taken through all ordered pairs of vertices of G.

The average distance of a connected graph G is defined as the mean on

the distances between all the ordered pairs of vertices of G, that is,

> da(z,y) = chxy

w(G
(2)903;6\/ myEV

Finally, the hyper-Wiener index of GG is defined as

W@ =1 Y (dolrw) +di(em).

z,yeV(G)

where the sum is also taken through all ordered pairs of vertices of G.
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1.2 Graph products

The construction of new graphs from two given ones is not unusual at all. Basi-
cally, the method consists on joining together several copies of one graph accor-
ding to the structure of another one, the latter is usually called the main graph of

the construction and both of them are called the generator graphs of the product.

Cartesian product e [] o —_—

Direct product o X o —_—

Strong product o X o _

L exicographic product (%) _

S8 58 % I

Figure 1.10: Main graphs products.

Bermond et al. introduced in [18] a compound graph G[I'] on the graphs
I' and G which is obtained by replacing each vertex of I' by a copy of GG plus one
edge between the copies G*, GY (corresponding to vertices z,y € V(I')) whenever

x,y are adjacent vertices in I'. Other similar types of compound graphs have been
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proposed (see for example [45, 60]), the difference between them coming from the

number of edges between the copies graphs.

One of these types of compound graphs is the strong product of two given
graphs, which is subject of study in this thesis. The strong product graph is
one of the four standard graph products, together with the cartesian product, the
direct product and the lezicographic product of two graphs (see Figure 1.10).

The cartesian product of two connected graphs G, = (V(Gy), E(G1)) and
Gy = (V(G2), E(G2)), denoted by G100G,, has V(G1) x V(G3) as vertex set, such
that two distinct vertices (z1,x2) and (y;,y2) of G100G, are adjacent if x1 = 3,
and zoys € E(G3) or z1y; € E(G1) and x5 = 3. This family of graphs has been
extensively studied [25, 65, 67, 69, 71, 77, 90, 99, 100].

It is easy to deduce from the definition of the cartesian product some basic
properties, as we show in next remark. The first one is on the degree of a vertex

of G;JG4 and the second one is about the distance between two vertices.

Remark 1.2.1. Let (x1,x2), (y1,y2) be two distinct vertices in V(G10Gs).

(Z) dGlmGz((zla 1'2)) = dGl (ZL’l) +dG2 (1’2) Then 5(G1DG2) = 5(G1)+5(G2) and
A(G1OG,) = A(Gy) + A(Gy).

(11) dgyoe,((z1,72), (Y1,92)) = day(z1,11) + day (T2, y2). Then, it follows that
D(GOG,) = D(Gy) + D(G).

For instance, in the cartesian product P3[1Ps, where P3 and P5 are paths
of length 3 and 5, respectively, it is clear that
d(PsOPs) = 2 (see the green vertex in Figure 1.11),
A(P30OPs) = 4 (see the red vertex in Figure 1.11) and
D(P30Ps5) = 8 (see the pair of blue vertices (z1,z2) and (y1,y2) in Figure 1.11).
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(11,72) @—@—@—@0—@—@

O—e—e—0—0—0 (41,

Figure 1.11: The cartesian product of two paths of length 3 and 5.

In last years many researches have been interested in the strong product of
graphs. There are several works where different invariants and properties of this
family are treated [23, 26, 66, 91, 92]. The strong product of two connected graphs,
or simply, the strong product graph, was introduced in 1960 by Sabidussi [87] as

follows.

Definition 1.2.1. ([87]) Let G; = (V(G1), E(Gy)) and Gy = (V(Gs), E(G2))
be two connected graphs. The strong product G1 X Gy of G1 and G5 has as vertex
set V(G1) x V(Ga), so that two distinct vertices (x1,x2) and (y1,y2) of G1 K Gs
are adjacent if x1 = y; and xays € E(Gs), or x1y1 € E(G1) and o = y, or
r1y1 € E(Gy) and xays € E(G,).

In this family of graphs, two kinds of edges are distinguished: the copy edges,
which are the internal edges of every copy of G5, and the intercopy edges, which
are the external edges between the copies of G. Notice that for every edge
r1y1 € E(Gp) and every vertex xo € V(Gy), the vertex (x1,x9) is adjacent to
(y1,22) in G; X Gy (see the red edge in Figure 1.12), and also to each vertex of

U (y1,v), and reciprocally, the vertex (y;,x2) is adjacent to each vertex of
vENG, (z2)

U (z1,v) (see the blue edges in Figure 1.12). The former intercopy edges
vENG, (v2)
are called the cartesian edges (red edge) and the other intercopy edges are called

the non cartesian edges (blue edges).
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T1 Y1
GQ GQ

(z1,72) (y1,72)

Figure 1.12: Two kinds of intercopy edges in the strong product graph.

Notice that the cartesian product graph is a subgraph of the strong product
graph. In addition, from Definition 1.2.1, it clearly follows that the strong product

of two graphs is commutative (see Figure 1.13).

Figure 1.13: The strong product of a path and a cycle of order 3 and 6, respec-
tively.

Observe that for every xo € V(G3), the subgraph of G; X Gy induced by
the set {(u,x2) : uw € V(Gy)} is isomorphic to G;. This subgraph will be denoted
by G7*. Analogously, for each z; € V(G), the set {(z1,v) : v € V(G3)} induces
a subgraph isomorphic to G5, which will be denoted by G5'. Thus, G; X G, can
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be constructed by considering |V (G1)| copies of Gy, G5, ..., G3", corresponding
to the set of vertices V(G) = {x1,...,x,}, which are interconnected according

to the definition.

Some relationships between the minimum degree and the maximum degree
of G1 X G5 in terms of the corresponding parameters of Gy and G5 can be found
in [60]. We present some of them in the following remark, which directly comes

from the definition.

Remark 1.2.2. ([60]) Let Gy and G be two connected graphs. Let A(G;) and
d(G;) be the mazimum and the minimum degree of G;, for i = 1,2. Let (x1, z3)

be any vertex of Gy X Gy. Then

dG1®Gz((xl>I2)) = dG1 (Il)dGz(x2) + dG1 (xl) + dGz (I2)

As a consequence, it follows that 6(G1 X Gs) = 6(G1)0(Gs) + 6(G1) + §(G) and
A(G1 K Gq) = A(G1)A(G2) + A(Gy) + A(Go).

It is important to know the distances between the vertices in G; X G4 in
terms of the distances in the generator graphs GGy and G,. The following result

was also proved in [60] and will be used in this thesis.

Lemma 1.2.1. ([60]) For any pair of vertices (x1,x2) and (y1,y2) of G1 K Ga,

dGl‘X’GZ ((1’1, x2)7 (yla y2)) = Hl&X{dGl (xla y1>7 dGz (I27 y2)}'

As a consequence of the previous lemma, we deduce that the diameter of

the strong product graph is D(G X G2) = max{D(G;), D(G3)}.

For instance, in the strong product P3 X Ps, where P3 and P5 are the
paths of length 3 and 5, respectively, we can easily observe that
d(P3 X Ps) =3 (see the green vertex in Figure 1.14),
A(P3 X Ps) = 8 (see the red vertex in Figure 1.14) and
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D(P3XP5) = max{3,5} = 5 (see the blue vertices (1, z2), (y1, y2) in Figure 1.14).

(ZEl, 1’2) (@,

¢ (y1> 92)

Figure 1.14: The strong product of two paths of length 3 and 5.



16

Chapter 1.

Preliminaries



Chapter 2

Superconnectivity

We first give a lower bound for the connectivity of the strong product of two
connected graphs, which is an improvement of a previous one. In addition,
we prove that the strong product of two maximally connected graphs with

minimum degree at least two and girth at least five is superconnected.

2.1 Introduction

The connectivity of a graph G, denoted by k(G), is one of the best studied
measures of the vulnerability in graphs. It represents the minimum number of
vertices whose deletion from G separates the graph in two or more components

or produces an isolated vertex.

Recall that a cut set of a connected graph G is a set S of vertices such
that G — S is not connected or is an isolated vertex. Then, the parameter x(G)

is defined as the minimum cardinality of a cut set of G.

As we mentioned in Introduction, the connectivity parameter has been

17
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studied in several products of graphs. For instance, the connectivity of the direct
product GG; x G5 of two connected graphs, GG; and G5, was upper bounded in
2008 by Bresar and Spacapan [24], who proved that

K(G1 x G2) < min{ry(G1)|V(Ga)l, [V(G1)|k(Ga), kb (G1)kp(Ga) }

where k,(G;) is the smallest size of a set S; C V(G,;) such that G; — S; is a

bipartite graph, for ¢ = 1, 2.

The lexicographic product graph, denoted by G; ® G5, has been recently
studied in 2013 by Yang and Xuin [101], who prove that k(G1®G2) = k(G1)|V(G2)|,
whenever (G; is a non complete graph. The connectivity of the cartesian product
G10G, of two connected graphs, Gy and G,, was studied in 2008 by Spacapan
in [90]. The author proved that

/{(G1DG2) = mln{I{(Gl)|V(G2)|, |V(G1)|/€(G2), 5(G1DG2)}

Focus on the strong product graph, in 2010 Spacapan [91] proved the

following lower bound

K(Gl X GQ) Z Hlin{li(Gl)(l + 5(G2)), K(GQ)(l + 5(G1))}, (21)

which will be improved in this chapter. Before that, we present the description
of certain vertex sets which was introduced in [91] and gives us an idea on the

structure of the minimal cut sets in G; X Gs.

Definition 2.1.1. ([91]) Let Gy and Gy be two connected graphs. Let Sy and Ss

be a cut set of the generator graphs G1 and G,, respectively. Then
Sl X V(Gg) and V(G1> X SQ

are cut sets of Gy X Gy and each of them is called an I-set (see Figure 2.1).
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V(Gh) V(Gh)
V(G2) C I Sy I V(G,)
C
Sh

Figure 2.1: An I-set in G; K G3. C denotes a component of (G; X Gy) — 1.

Definition 2.1.2. ([91]) Let Gy and G5 be two connected graphs. Let Sy be a
cut set of G1 and set Ay, ..., A the components of G; — S1. Similarly, let Sy be
a cut set of Gy and set By, ..., B, the components of Gy — Sy. Then for every
ie{l,....k} and every j € {1,...,(}, the set

(Sl X V(B])) U (Sl X Sg) U (V(Al) X 52)

is also a cut set of G1 X Gy called an L-set (see Figure 2.2).

Figure 2.2: An L-set in G; X G5. C' denotes a component of (G; X Gs) — L.

Let us see an example for clarifying the definitions of I-sets and L-sets.
Let us consider the strong product P3XC, of a path and a cycle of order 4. Let us
denote the path by Ps; = ugujugus, being its vertex set V(P3) = {uq, u1, us, us}.

Let V(Cy) = {wo, v1,v2,v3} be the vertex set of Cy.

Consider the cut set S; = {u;} of P3 whose removal produces two compo-

nents, the isolated vertex wug, which is denoted by A; and the edge uous, which is
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denoted by A, (see Figure 2.3).

Ps

Chapter 2. Superconnectivity

P3 — 5
Ay Ag
o *—o
Ug Ug us

Figure 2.3: A cut set S; = {u;} of P3 and the components of P3 — Sj.

Similarly, let Sy = {vg, v2} be a cut set of C; whose removal produces also

two components, the isolated vertices v; and wvs, which are denoted by B; and

By, respectively (see Figure 2.4).

Cy

Vo

U3

Cy — 5

oV
By

By
U3 @

Figure 2.4: A cut set Sy = {vg, v2} of C4 and the components of C; — Ss.

Notice that the set of red vertices in Figure 2.5 is the I-set S; x V(G2) and

also that the set of red vertices in Figure 2.6 is the I-set V(G;) X Sy in P3 X Cy.

[ FL L F

Figure 2.5: The I-set S; x V(G3) in P3 X Cy.
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Figure 2.6: The I-set V(G1) x Sy in P3 X Cy.

Observe in Figure 2.7 that the blue vertices correspond to the set V/(A;) x Ss,
the red vertices correspond to the set S; x Sy and the green vertex corresponds

to the set S; x V(B;). Furthermore,
(V(Al) X SQ) U (Sl X 52) U (Sl X V(Bl))

is an L-set of P3 X C,. Indeed, it separates the isolated vertex A; x B from the
rest of the resultant graph by removing the L-set.

CHHH

Figure 2.7: An L-set of P3 X Cy.

The following theorem proves that every minimum cut set in G; X G5 is

induced by cut sets of its generator graphs.

Theorem 2.1.1. ([91]) Let Gy and Gg be two connected graphs. Then every

cut set in Gy X Gy of minimum cardinality is either an I-set or an L-set.

The cardinality of an I-set in G; X G5 can be easily computed. Indeed, if

S is a cut set of G; X G5 of minimum cardinality and S is also an [I-set, then

(G R Gy) = [S] = min{x(G1)|V(G2)|, [V(G1)|K(G2) }-
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Nevertheless, the cut sets S; and Sy which define an L-set of minimum
cardinality need not to be k-sets in G; and G5 respectively. We only can affirm

that if an L-set
(V(AZ) X 52) U (Sl X Sg) U (Sl X V(B]))

is a k-set of G X Gy, then B; is a smallest component of Gy — S and A4; is a
smallest component of G —S;. Hence, as we know neither the size of the smallest
component A; of G4 —S; nor the smallest component B; of Gy — S3, we cannot

compute the cardinality of such L-set.

Our aim in the next section is to get a more refined lower bound for
k(G X Gy). We will complete this study by showing that the strong product of

two non necessarily superconnected graphs may be superconnected.

2.2 News results on connectivity and supercon-

nectivity

We first focus on the connectivity. The following definition will be used in this

chapter.

Definition 2.2.1. Let G and Gy be two connected graphs and G = G1 X Gy. Let
S C V(G) be a cut set of G. A copy G5 of Gy in G corresponding to a vertex

x; € V(Gy) is split by S if there exist at least two distinct components C' and C'
of G — S such that

V(GEYNV(C) 40 and V(GE)NV(C') #D.

The following remark comes from the definition of strong product of two

graphs.
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Remark 2.2.1. Let Gy and G4 be two connected graphs and G = G1XG5. Given
any vertex x; € V(Gy) and any subset W C V(GY'), for every x; € Ng,(z;), it
follows that

[Nz [W]| = [Na(W) N V(Gy).

Our first result gives sharp bounds on the connectivity parameter of the
strong product G; X G5 of two connected graphs GG; and Gb.

Theorem 2.2.1. Let Gy and G5 be two connected graphs and G = Gy K Gy. If
Gy has girth at least 4, then

min{|V(G1)|k(G2), k(G1)|V(G2)|,0(G1)k(G2) + §(G1) + k(G2)} < k(G) < 4(G).
Proof. 1t is well known that £(G) < §(G) holds. Then we must prove the another
inequality. Let S C V(G) be a k-set of G, that is |S| = k(G).

First, suppose that there is no split copy by S in GG. Then, by applying Theo-
rem 2.1.1, the cut set S must be an I-set, yielding that

|S| = min{|V(G1)|k(Ga), k(G1)|[V(G2)|}-

Second, assume that there is some split copy by S'in G. Set V(G;) = {x1,...,z,}.
For each vertex x; € V(Gy), denote by

S, = V(GZ)N S.

Let U C V(G;) be the subset of vertices z; for which the copy G5 is split
by S in G. Without loss of generality, assume that U = {zy,...,x,}, with
1 << |V(GY)|.

Notice that
|Sz,| > K(Gs), for every z; € U. (2.2)
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If ¢ = |V(G1)|, we have U = V(G1) and by (2.2),

¢
1] = 1S, | = w(G)[V(G).

J=1

Otherwise, assume that 1 < ¢ < |V(G1)| —1. For every i = 1,...,/, let us denote
by

ki = min{|V(G5)NV(C)| : C is a component of G—S and V(G5)NV(C) # 0}.
Clearly, k; > 1 foralli =1,... /.

Given a vertex x, € V(Gy) such that z, € U, since the copy G5 is not split by .5,
there exists a component C of G — S such that V(G3) c V(C)U S.

Assume that z;z, € E(G;) for some ¢ € {1,...,¢}. Then, for every component C
of G — 8 different from C , observe that

Ne (V(G3) nV(C) NV(Gy) € S,

Thus, by Remark 2.2.1, we have
2,1 = [Ne (V(G3') N V(C) N V(G| = [Nez [V(GF) N V(O] (23)
Since Ngz: (V(Gy') NV(C)) € Sy, for each component C' # C, if it occurs that

V(G3)NV(C) # 0 and Neei (V(G3') N V(C)) # Sy, then Nea:i (V(G3) NV(C))
is a cut set of G3°, which means by (2.2) that

[Ngz: (V(G3) N V(C)) | = min{| Sy, |, £(G2)} = K(Ga).
Hence, from (2.3) it follows that
|Sag| 2 [Ngzi[V(G5') N V(O] = ki + w(Ga). (2.4)

Let r = min{|Ng, (z;) NU| : i =1,...,¢}. Clearly, 0 < r < ¢—1. Two cases need

to be distinguished:
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Case 1. Suppose that » = 0. That is, there exists i € {1,...,¢} such that
Ng, (x;) NU = ). Then, from (2.2) and (2.4) it follows that

|5|22\5xj\+ > [Sk,] = 06(Ga) + 6(Gh) (i + K(Ga)) -

zg€NgG, ()

Since ¢ > 1 and k; > 1, we obtain

|S] > k(G2) +0(Gh) (1 + k(G2)) = 6(G1)k(G2) + 0(Gh) + K(G2).

Case 2. Assume that r > 1. Since U # V(G), there exist vertices z;, x; € U such
that x;2; € E(G4) and | (Ng, (z;) U Ng, (z;)) \ U| > 1 because G; is connected.
Moreover, we know that Ng, (x;) N Ng, (z;) = 0, due to g(G1) > 4.

Hence, from inequalities (2.2) and (2.4) we have

D D - R S - R S N D R A

{EGNGl (z:)NU IEGNGl ((Ej)ﬂU ZBENGl (z)\U IEGNGl (ZBJ)\U

> [N, (2:) NU|K(G2) + [Ne, () N U £(G2)
+Ne, (2:) \ Ul (ki + £(G2)) + [ Ne, () \ U] (k; + £(G2)) -
Since k; > 1 and k; > 1, we deduce that
S| = (de, (1) +de, (2))K(G2) + [Ne, () \Ul+ [Ne, (1) \U| = 26(G1)k(G2) +1.

As §(G1) > 1 and k(G9) > 1, using that ab+ 1 > a + b, for all integers a,b > 1,

we finally have
|S| Z 5(G1)/€(G2) -+ 5(G1)H(G2) -+ 1 Z 5(G1)H(G2) + (5(G1) + H(Gg),

which finishes the proof. O

In order to present next result, let us denote by n;, x; and d; the order,
the connectivity and the minimum degree of GG;, for i = 1,2. From Theorem 2.2.1
and the commutativity of the strong product graph, it follows this consequence

whose proof is straightforward.
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Corollary 2.2.1. Let G; and G2 be two connected graphs of girth at least 4 and
G = Gl X Gg. Then

min{ang, K1N3, max{éllﬁg + 51 + Ka, /~€152 + K1+ 52}} S K (G) S 5(G)

Let us continue with a result which gives sufficient conditions for the strong
product of two maximally connected graphs to be maximally connected. These
conditions are addressed in terms of the minimum degree and the girth of the

generator graphs.

To do that we use the well-known Moore bound (see [21] p. 105) which
says that every graph with girth ¢ > 3 and minimum degree ¢ > 2 has at least
no(0, g) vertices, where

p

(9-3)/2 '
1+6 Y (6-1), ifgis odd
n0(57 g) = g/2—1 =0 (25>
2 Z (6 —1), if g is even
(=0

Theorem 2.2.2. Let G1 and Gy be two connected graphs with at least 3 vertices
and girth at least 4. Then G1 X Gy is mazimally connected if both G1 and Gy are

maximally connected and one of the following assertions holds:

(i) One graph has minimum degree 1 and the other one has girth at least 5.

(i) Both Gy and Gy have minimum degree at least 2.

Proof. Let G = G; X G5. To prove both points, we will apply Theorem 2.2.1,
that is,

min{|V(G1)[x(G2), £(G1)|V(Ga)|, 6(G1)K(G2) + 0(G1) + K(Ga) } < k(G) < 4(G).
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Since (G; and G5 are maximally connected graphs, then we have, in fact, that

min{|V(G1)[0(G2), 0(G1)|[V(G)],6(G)} < K (G) < 0(G).

(1) Without loss of generality, we may assume that G; has minimum degree 1

and G5 has girth at least 5. The another case is analogous.
First, suppose that 6(Gy) = 1. Since 6(G;) = 1, we have §(G; K G3y) = 3. Hence,
min{|V(Gh)], [V(G2)], 3} < (G) < 3.

Also, |V(G4)| > 3 = §(G) and |V (Gs)| > 3 = §(G), because both G; and G,
have order at least 3. Therefore, K(G) = 3 = 6(G) and we are done.

Second, suppose that 6(Gs) > 2. As Gy has at least 3 vertices and 6(G1) = 1, we

have
[V(G1)|6(Ga) > 30(G2) > 6(G1)0(G2) + 6(Gr) +6(Ga) =0 (G).

Since g(Gq) > 5, from the Moore bound (2.5) it follows that |V (Gz)| > 1+0(Gs)?

and also, using that a? > 2a for all integer a > 2,

H(GIV(G2)| = [V(G2)| 2 1+406(Ga)? = 1+20(Go)
= 0(G1)0(Ga) +0(G1) +6(G2) =6 (G).

Therefore, k (G) = 6 (G), that is, G; K G5 is maximally connected.

(77) Assume that §(Gy) > 2 and §(G2) > 2. Due to g(G1) > 4 and g(G2) > 4,
from the Moore bound (2.5) it follows that

[V(G1)| > 26(Gy) and |V (G2)| > 26(Ga).

Using that ab > a + b for all integers a,b > 2, we have

[V(G1)|6(G2) = 20(G1)0(Ga) = 0(G1)0(Ga) + 0(G1)0(Go)
> 5(G1)6(Ga) + 0(Gh) + 6(Ga) = 5(C).
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Similarly, 6(G1)|V(G2)| > §(G1)d(G2) + 6(G1) + 6(G2) = §(G). Hence,

and the result follows, that is, G; X G5 is maximally connected. O

Theorem 2.2.2 is best possible in the sense that the hypothesis cannot be
relaxed. On the one hand, observe that the hypothesis of girth at least 4 in both
graphs is necessary. For instance, consider the strong product of a cycle C, of
length g, with g > 4, and any complete graph K, with order n > 3, which has
girth 3. We can disconnect C, X K,, by removing two copies of K, corresponding
to two nonadjacent vertices of C, (see the red copies in Figure 2.8). Hence,

K(CaKK,) <2n<2+n—-1+2(n—-1)=9C,X K,).
Figure 2.8: A cut set of the strong product Cg X Kj.

On the other hand, we also check that the hypothesis of point (7) and (i7)
of Theorem 2.2.2 cannot be relaxed. It suffices to consider the strong product
of a path P, of length r, with » > 2, and a cycle C, of length ¢, with g < 4.
Both P, and C;, are maximally connected graphs. Observe that by removing
one copy of C, corresponding to whichever vertex of degree 2 in P, (see the red
copy in Figure 2.9), the resultant graph is disconnected. However, P, X C, is not
maximally connected, due to k(P, XK Cy) < g <4 <5=0(P.KC,).
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Figure 2.9: A cut set of the strong product Pz X Cs.

Finally, we can go one step further. We prove a sufficient condition on the
generator graphs which permits us to know the structure of any x-set. Namely, the
next theorem shows that the strong product G; XG5 of two maximally connected
graphs is superconnected if both G; and G5 have girth at least 5 and minimum

degree at least 2.

Theorem 2.2.3. Let Gy and Gy be two mazimally connected graphs of girth at

least 5 and minimum degree at least 2. Then G X G4 is superconnected.

Proof. Let us set G = G; K G5. Due to GG; and G5 are maximally connected
graphs and §(G1), d(G2) > 2, from Theorem 2.2.2; we know that G is maximally
connected, that is, k(G) = §(G). Then, we must just prove that every minimum

cut set isolates some vertex of G.

We reason by contradiction supposing that there exists a cut set S in G with

|S| = d(G) such that every component C' of G — S has order |V (C)| > 2.

We proceed in a similar way as in the proof of Theorem 2.2.1. For this goal,
set V(G1) = {z1,...,z,}, and for each vertex z; € V(G;), let us denote by
Sy, =V (G )NS.

If there is no split copy by S in G, then by applying Theorem 2.1.1, the cut set
S must be an I-set, yielding that

|S| = min{|V(G1)|x(G2), k(G1)|V(Ge)|} = min{|V(G1)[0(Ga), 6(G1) |V (Ga)l}-

By using the Moore bound (2.5) on the order of a graph with girth at least 5 and
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minimum degree at least 2, and also the inequality ab > a + b+ 2 for all a > 4,

b > 2, we have

[V(G1)[0(G2) > (1+6(G1)?*)0(Ga)
= 0(Gy) + 6(G1)d(G2)6(GY)
> 0(G1)0(Ga) + 0(Gy) + 0(Ga) + 2

> (S(Gl X Gg)

Analogously, we obtain that §(G1)|V(G2)| > 6(G1 K Gs).

We arrive at a contradiction in both cases, and therefore, we deduce that there

must exist some split copy by S in G.

Let U C V(G4) be the subset of vertices x; for which the copy G5 is split by S
in G. Without loss of generality, assume that U = {z1,..., 2.}, with 1 < ¢ < n.

For every ¢« = 1,...,/, let us also denote by

k; = min{|V(G5)NV(C)| : C is a component of G—S and V(G5)NV(C) # 0}.
Notice that, k; > 1 forallt =1,... /.

Let r = min{|Ng, (z;) N U| :i=1,...,¢}. Clearly, 0 <r < {—1.

Suppose that » > 1. By repeating the reasoning of Case 2 in the proof of Theo-
rem 2.2.1, we get |S| > 20(G1)k(Gy) + 1. Since Go is maximally connected and
d(G1),0(G2) > 2, using the inequality ab > a + b for all @ > 2, b > 2, we arrive

at the following contradiction

S| > 26(G1)3(Ga) + 1 > 6(G1)5(Ga) + 5(Gh) + 6(Ga) + 1 > 6(Gy B Gy).

Thus, necessarily 7 = 0, which means that there exists ¢ € {1,...,¢} such that

Ng, (x;) NU = . Then similarly to the Case 1 of the proof of Theorem 2.2.1, we
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have

¢
S = D 1S+ D> 15k
j=1

zq€NG, (zi)

v

l6(Ga) + 6(Gh) (ki + 0(G2))
> 0(G2) +6(Gh) (1 +6(Gy))
= §(G1)0(Ga) + 0(G1) + 6(Go),

yielding that all the previous inequalities become equalities, due to G5 is maxi-

mally connected. Therefore, we get ¢ = 1, that is, ¢ = 1 and U = {z1}. Moreover,

‘Sx1| = 5(G2) and ]{31 =1.

Thus, there exists a component C” of G— S such that V(G3*) NV (C") = {(z1, 2)},
for some z € V(Gs). Furthermore, Ngai((21,2)) = Si,, because S, | = 6(Ga)

and G is maximally connected.

Since G5! is a split copy by S in G, there is a component C' # C’ such that
V(G5) NV(C) # 0. Indeed, we can assure that |V(G5') NV(C)| > 2, because
otherwise, that is, if V/(G3') NV(C) = {(z1, 2")}, then Ngei ((21,27)) = S, and,
this fact together with the hypothesis that §(G5) > 2 yields that G contains a
cycle of length 4, being a contradiction with the assumption of g(G3) > 5. Hence,
V(G5 nV(C)| = 2.

As we suppose by contradiction that G is not superconnected, there exists at
least one vertex (z,,2") € Ngai((z1,2)) N V(C"). Clearly, x1 # z,, because
V(G3) NV (C") = {(z1,2)}, which means that z;z, € E(G;). Since r = 0,
x, ¢ U and therefore the copy G5” is not split by S in G, yielding that

V(GY) = (VG NV(C)) US,,.

Hence, Ng(V(G5') NV (C)) NV(Gy) C S,,, since z1x, € E(Gy). From Re-
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mark 2.2.1, it follows that

S0, > INa(V(G3)NV(C) N V(G
= [Nep[V(G2") nV(O)]| (2:6)

= [V(G2) nV(CO)] + [Nez (V(G3H) N V(C))].

Due to Ngai (V(G3') NV(C)) C Sy, if it occurs Nga (V(Gy') NV(C)) # Say
then Ngai (V(G3') NV(C)) is a cut set of G5 of cardinality less than |S;, [. This
contradicts the fact that |S,,| = 0(G2) and G9 is maximally connected.

Therefore, Ngz1 (V(G3') NV(C)) = S;, and from (2.6), we deduce that
52, | = [Nezn [V(G3H) N V(O]
= V(G5 nV(O)| + S| (2.7)

= [V(G3") nV(O)] +0(Ga).

Then, from (2.7) we finally obtain that

S| = [Se| + 15z, + > |5, |
zg€NG, (z1)\{zp}

> §(G2) +|V(GS) NV(O)| +8(G2) + (6(Gr) — 1) (1 +6(G2))
> 26(Ga) 4+ 24 (0(G1) — 1) (1 4+ 6(G))
= 0(G1)0(Ga) + 0(G1) +(G2) +1 > 0(G),

which is a contradiction. Hence, GG is superconnected and this finishes the proof.

O

Theorem 2.2.3 is best possible in the sense that the hypothesis cannot be
relaxed. First, the minimum degree at least 2 for each generator graph must be
assumed. Otherwise, the strong product of a path P, of length r, with r > 2,
and a cycle C, of length g = 5 would be a counterexample. In this case, both P,

and C, are maximally connected graphs and «(P, X C,) =5 = 0(P, K C,).



2.2. News results on connectivity and superconnectivity 33

However, the deletion of one copy of C, corresponding to any vertex of
degree 2 in P, (see the red copy in Figure 2.10), produces a disconnected graph
and every component is not an isolated vertex. Therefore, P, X C, is not super-

connected.

Figure 2.10: A cut set of the strong product Py X Cs.

Second, the hypothesis of girth at least 5 for the generator graphs must be
also assumed. Otherwise, the strong product of a cycle C, of length g, with g > 5
and a cycle C4 of length 4 is a counterexample. Observe that the connectivity
is K(C, K Cy) = 8 = §(C, ¥ Cy) and we can disconnect C;, X Cy by removing two
copies of Cy corresponding to two nonadjacent vertices of C, (see the red copies

in Figure 2.11).

= N
[ ] [ ]
N\ 4

Figure 2.11: A cut set of the strong product Cs X Cj.
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Chapter 3

Connectivity and Distances

We focus on three new indices of reliability in the strong product of two
graphs: the average connectivity, the Menger number and the average
Menger number. The average connectivity analyzes the reliability of a
graph not focusing on the worst case, but providing a measure of the ex-
pected number of vertices that must fail to disrupt a graph. The Menger
number and the average Menger number give us an information on the
number of routes of bounded length. Sharp lower bounds on these para-

meters are obtained.

3.1 Introduction

As we mentioned in Chapter 1, from the relationship between the connectivity
of a graph and the existence of internally disjoint paths given by Whitney [95],
it makes sense to measure the connectivity between two distinct vertices x and y

of G, denoted by kg(x,y), as the maximum number of pairwise internally disjoint

35
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xy-paths in G. By this way, the connectivity of a graph can be seen as

k(G) = min{kg(z,y) : z,y € V(G)}.

The classical connectivity is a measure which focuses on the worst case and
it cannot provide a complete information about the vulnerability of the graph.
For example, Figure 3.1 shows two graphs with connectivity 1. Nevertheless,
the former graph appears much more connected than the last one. Then it is
interesting to consider different vulnerability parameters in graphs which give us

a suitable information about their reliability.

G1 GQ

Figure 3.1: Two graphs with equal connectivity and distinct vulnerability.

In this chapter we pay attention to three of them. The average connec-
tivity, defined by Beineke, Oellermann and Pippert in [16], represents the ex-
pected number of vertices that must been removed to disconnect a graph. By the
theorem of Menger [79], it is related to the number of internally disjoint paths
that exist between any two vertices. Another index in which we are interested is
the Menger number, introduced by Lovész, Neumann-Lara and Plummer in [74].
This parameter takes into account, not only the pairwise disjoint paths between
two vertices, but also their lengths. Finally, we also study the average Menger
number, which reflects a mean on the number of pairwise disjoint paths with
a bounded length between two vertices. We develop the study of these three

parameters in Section 3.3, Section 3.4 and Section 3.5 of this chapter.
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3.2 Previous Results

In this section we present some technical results which are necessary to approach
the average connectivity and the Menger number of the strong product of two
connected graphs. On the one hand, we are interested in guaranteeing a minimum
number of internally disjoint paths between any two vertices in the strong product
graph. On the other hand, we want to fix a maximum length for such paths. To

study these indices, we need to introduce some previous notation.

Let G be a connected graph and consider two distinct vertices x,y € V(G).
Let ¢ be a positive integer. Let us denote by (y(z,y) the maximum number of

internally disjoint zy-paths of length at most ¢ in G, and by

C(G) = min{((z,y) : x,y € V(G)}.

For instance, consider a cycle Cg of length 6 as in Figure 3.2. Observe
that (3(x,y) = 2, meanwhile (3(u,v) = 1. It is easy to check that the maximum
number of internally disjoint paths of length at most 3 in Cg is always 1 or 2, for

any pair of vertices in Cg. Hence, in this case, we conclude that (3(Cs) = 1.

u (%

Figure 3.2: A cycle Cg verifies that (5(Cg) = 1.

Let G; and G5 be two connected graphs and let ¢ be a positive integer.
Denote by ¢; = (,(G;), for i = 1,2. Given vertices (x1,x2), (y1,y2) € V(G1 X G,),
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let Py,..., P, be (; internally disjoint z1y;-paths in G and let Q1,...,Q¢, be

internally disjoint xoys-paths in G, all of them of length at most ¢.

Without loss of generality assume that {(Py) = min{l{(F;) : i =1,...,(}
and [(Qq1) = min{l(Q;) : j = 1,...,(}. Also, for every z1y;-path P, in G; and
Toy2-path @); in Gy of length at least 2, we denote by P, and Qj, respectively, the

new path obtained from P; and ); by removing their end vertices (see Figure 3.3).

Figure 3.3: A path P, and its corresponding P

As we mentioned in Chapterl, for every xs € V(Gs3), the subgraph of
G1 X Gy induced by the set {(u,xs) : uw € V(Gy)} is isomorphic to Gy and it is
denoted by G7?. Analogously, for each z; € V(Gy), the set {(x1,v) : v € V(Ga)}

induces a subgraph isomorphic to G and it is denoted by G35'.

Thus, each zjy;-path P; in G induces an (x1,23)(y1, 22)-path in G2,
which will be denoted by P2, with vertex set V(P"?) = {(u,z3) : u € V(FP)}
and edge set E(P"?) = {(u1,x2)(u2, x2) : uyus € E(P;)}. Similarly, each xoyo-
path @); in the graph G, also induces an (xq, x3)(x1, y2)-path in G3', which will
be denoted by Q7', with vertex set V(Q7') = {(z1,v) : v € V(Q;)} and edge set
E(Q7") = {(z1,v1)(21,v2) 1 vive € E(Q;)} (see Figure 3.4).

For computing the total number of internally disjoint paths that exist be-
tween any two distinct vertices in the strong product graph G X Gy, the position

of such vertices is necessary to be considered.
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G1 G2
T
T2 Yo
@) Y1
G K Gy
G5!
T2
Y2
Gy
o)

Figure 3.4: The induced paths P and Q7' in C4 X C.

Two vertices may belong to the same copy of Gy and two different copies
of G (see the pair of green vertices in Figure 3.5). Also, two vertices may belong
to the same copy of G and different copies of Go (see the pair of blue vertices in

Figure 3.5). These two situations will be analyzed in Lemma 3.2.1.

Finally, two vertices may be in different copies of G; and different copies of G,
(see the pair of red vertices in Figure 3.5). This situation will be studied in

Lemma 3.2.2 and Lemma 3.2.3.

First result gives a lower bound on the number of internally disjoint paths

that exist between two distinct vertices (z1,x2), (y1,%2) in G; W Gy such that
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either x1 = y; or xy = 1o, that is, two vertices of G; X G5 which come from a

single vertex of (G; or a single vertex in Gj.

Figure 3.5: Possible positions of pairs of vertices in P3 X C}.

Lemma 3.2.1. Let G; and Gy be two connected graphs with at least 3 vertices.
Let ¢ > max{D(G1), D(G2),2} be an integer and x;,y; € V(G;) be two distinct

vertices, for i = 1,2. Then the following assertions hold:

(i) There exist at least (§(G1)+1)((G2) internally disjoint (z1, x2)(x1, y2)-paths
of length at most ¢ in G1XGy. Furthermore, if G1 has girth at least 5, then
there exist at least §(G1) additional internally disjoint (1, x2)(x1, yo)-paths
of length at most { + 2.

(i) There exist at least (§(G2)+1)((G1) internally disjoint (x1, x2)(y1, x2)-paths
of length at most £ in G1 X Gy. Moreover, if Go has girth at least 5, then
there exist at least §(G2) additional internally disjoint (xq, x2)(y1, 2)-paths
of length at most { + 2.

Proof. By the commutativity of the strong product of two graphs, it suffices to
prove (i). Let (o = (;(G3). Consider any vertex z; € V(G1) and two distinct
vertices s, Y2 € V(G3). Then, by hypothesis, there are at least (» internally
disjoint xoys-paths, @1, ..., Q¢,, of length at most £ in Gs.

First, we introduce some general constructions of (x1, z2)(x1, y2)-paths in G; KG,.
Consider u € Ng, (z1) and any @), for j € {1,...,(2}. Notice that if I(Q);) > 2,

then vertices (z1,z2) and (x1,y2) are adjacent to the first and to the last internal
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vertex of @}, respectively. Hence, it makes sense to consider the following path

in G; X Gy of length at most ¢ (see Figure 3.6),

Ru] . (xla x2)Q;‘L(x17 y2)

Gyt GY

Figure 3.6: Construction of path R,; in Lemma 3.2.1.

When there exists a vertex w, € Ng, (u) \ {1}, by hypothesis there also exist (s
internally disjoint @ays-paths, Q7. ..., Qg", of length at most £ in G3*. Then,
only for one but whichever Q7" verifying that [(Q5™) > 2, for j € {1,..., (2}, we

can consider the (z1,x2)(x1, y2)-path

Ry, + (w1, 2) (u, 22) Q5 (u, yo) (21, Y2)

of length at most ¢ + 2 (see Figure 3.7).

Gwl Gg qu

Figure 3.7: Construction of path R,, in Lemma 3.2.1.

Observe that R,; and R, are internally disjoint paths, for every u € Ng, (1),
every wy, € Ng,(u) \ {z1} and every j € {1,...,(2} (see Figure 3.8).

Second, we obtain the (§(G1) + 1)y internally disjoint (x1, xs)(x1, yo)-paths of
length at most ¢ and the 0(G1) internally disjoint (xy, x2) (21, y2)-paths of length



42 Chapter 3. Connectivity and Distances

Figure 3.8: Both paths R,; and R,,, in Lemma 3.2.1.

at most ¢ + 2 in G; X Go. Observe that vertices (x1,z3) and (z1,y2) belong to
the same copy G3' of Gi M Ga. Then, QF',..., Q¢ are ¢y internally disjoint
(1, x9) (w1, yo)-paths in G7 W Gy of length at most ¢. To construct the other
d(G1)C + 6(G4) paths, we distinguish whether 5y, is an edge of G5 or not.

Assume that xoys € E(Gs), that is, [(Q1) = 1. Let uw € Ng, (x1). The paths

R; : (I1,$2)(U,$2)($1,y2) and RZ : (l’l,l’g)(U,yg)(Il,yQ)

are contained in G; X GGy and they have length 2 < ¢. Moreover, since G is a
simple graph, for j = 2,..., (s, the paths ); have length at least 2 and it makes

sense to consider the paths R,;, for j = 2,..., (. Hence, we deduce that
QP R, R Ry, Rugy,

for every u € Ng, (x1), are

G+2dg, (21)+de, (#1)(G—1) = G+26(G1)+6(G1)(¢2—1) = (6(G1)+1)C+6(G1)

internally disjoint (x1, z2)(x1, y2)-paths of length at most ¢ in G; X Gs.

Now, suppose that zoys ¢ F(G2). For j = 1,...,( and u € Ng,(z1), we con-
sider the paths Q7' and R,;. Thus, we have (dg,(z1) + 1)¢2 internally disjoint
(1, x2) (1, yo)-paths of length at most /.
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Assume that g(G) > 5. If there exists a vertex u € Ng, (1) such that dg, (u) = 1,

then dg, (1) > 2 necessary, since G; has order at least 3. Hence

(da, (1) + 1) > 3¢ > 2¢ + 1 = (6(Gh) + 1) + 6(Gh).

Otherwise, there exists a vertex w, € Ng, (u) \ {z1} for every u € Ng,(z1). As
g(Gy) > 5, then w, # w, for all u,v € Ng, (x1) with u # v. Therefore, the paths
R, for each u € Ng,(x1), are at least §(G;) internally disjoint (z1, x2)(x1, yo)-
paths of length at most ¢ + 2 in G; X GG5. Hence, in this case,

T1 1
1 7”'7@(27 Rulu"'vRqu Rwu

are at least (0(G1)+1)(2+06(G1) internally disjoint (z1, x2)(x1, y2)-paths of length
at most £ + 2 in GGy X (G5, which finishes the proof. O

Next two lemmas provide the number of internally disjoint paths between
two vertices in G; X G5 which come from x4, y;, two distinct vertices of Gy, and

X2, Y2, two different vertices of Gs.

For this goal, we introduce the following description of the paths P; and
Q; in G1 and Go, respectively. For i € {1,...,(;} and j € {1,...,(2}, denote
by Pt ubulb...ul, and Q; : vdv].. .v]., where notice that (ub, v]) = (21, 12)

and (ul vl ) = (y1,y2). Thus, the length of each path P, and Q; is r; and s;,

T U85

respectively.

Using paths of length at most ¢ in the generator graphs G; and G5, next

lemma shows constructions of paths in GG; X G5 whose lengths are also at most £.

Lemma 3.2.2. Let G7 and Gy be two connected graphs with at least 3 vertices
and ¢ > max{D(G1),D(G3)} be an integer. For every two distinct vertices
x1,y1 € V(G1) and every two distinct vertices xq,y2 € V(Ga), there exist at
least (o(G1)C(Ga) internally disjoint (x1, x2)(y1, y2)-paths in G1 X Gy of length at

most .
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Proof. The (;(G1)((G32) paths in Gy X Gy are constructed considering all the
possible combinations of pairs of paths, one from G and other from G,. Hence,
for each i € {1,...,(1} and each j € {1,..., (s}, associated to the xiy;-path P,
in G and to the zoys-path Q; in Go, we consider the (z1,22)(y1, y2)-path R;; in
G X G4 as follows:

(¢) If P; is shorter than @);, that is, if 7, < s; then (see Figure 3.9)

(ué,vé)(u’i,v{)...(u’i,vﬁj), lf'rz: 1
Rij : i i J : J i .J :
(u07 UO) cee (um—b Uri—l) e (uri—b Usj-—l)(umu Usj-)a lf i Z 2
Ggl Ggl
T2 Y2
-O-O-OYWO-O O-O-O~-OWVO-e

Figure 3.9: Construction of path R;; when r; < s; and r; > 2 in Lemma 3.2.2.

(1) If P; is longer than @), that is, if r; > s; then (see Figure 3.10)

(ub, v) (s, v1) - .. (i, 01), if 55 =1

Ry : o , : . : o
’ (b, ) o (ul vl ) (ul vl ) (k! ), if s > 2.

sj—17» ¥s;—1 ri—17 Ys;—1 ri? Us;
To complete the proof, notice that [(R;;) = max{r;,s;} < ¢ and all these paths

are internally disjoint in G; MGy, since each path R;; is associated to specific and

different paths F; in G and @); in Gb. O

Notice that Lemma 3.2.2 provides a tight bound and it is not difficult to

find several families of graphs which achieve it. For example, the strong product
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x Y1
Gyt Gy

s:—1

N\ ° 7

ST es

Figure 3.10: Construction of path R;; when r; > s; and s; > 2 in Lemma 3.2.2.

of two paths, of two cycles or the strong product of a path and a cycle, are some

of them.

We have just constructed (;(G1) (,(G2) internally disjoint paths in G X G,
of length at most ¢ which join two given vertices of G; X Gy, using paths of length
at most ¢ in the generator graphs GG; and G5. But if we allow the length of the
paths in G7; X G5 to be at most ¢ + 2, it is possible to construct more paths as

we prove in next result.

Lemma 3.2.3. Let Gy and G5 be two connected graphs with at least 3 vertices
and girth at least 5. Let £ > max{D(G1), D(Gq)} be an integer. For every two
distinct vertices x1,y1 € V(G1) and every two distinct vertices xa,y2 € V(Gs)

there exist at least

Ce(G1)Ce(G2) + Co(Gh) + G(Ga)

internally disjoint (1, x2)(y1, y2)-paths of length at most £ 4+ 2 in G1 X Gs.

Proof. Let us denote by (; = (,(G1) and (5 = (,(Gs). Let z1,y1 € V(G;) and
T2,Y2 € V(G2) be two pairs of distinct vertices. Let Py,..., P, be (; internally
disjoint x1y;-paths of length at most ¢ in G; and let @q,...,Q¢, be (» internally
disjoint xsyo.-paths of length at most ¢ in G5. We need to find (1( + (G + (o
internally disjoint (z1,z2)(y1, y2)-paths in G; X G5 of length at most ¢ + 2.
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(I) First, by considering the xjy;-path P, in G; and the zyy,-path @
in G, we construct three pairwise disjoint (x1,x2)(y1, y2)-paths in G; X G5 of
length at most ¢ + 2. These paths are denoted by Rj;, R}, and R* and their
construction is done according to the length of the paths P, and ).

(a) Assume that ry = 1 and s; = 1. Thus P, : 711 € E(G1), Q1 : 22ys € E(Gs).
Then, the three internally disjoint (x1,22)(y1,y2)-paths of length at most ¢ in
G1 X Gy are

Ry : (w1, 22) (21, 92) (Y1, 92),

Ry (@1, 29) (Y1, 22) (Y1, y2) and

R (w1, 22) (Y1, 92)-

Their lengths are I[(R11) = [(R};) = 2 and [(R*) = 1.

(b) Assume that r; = 1 and s; > 2. Then, the first two (x1, z2)(y1, y2)-paths are

Ray : (ug, vg)(un, v1) - - (uq, v,) and

,11 : (u(l),vé) cee (uév Uil—l)(uivvil>’

Notice that {(Ry1) = I(R};) = s1 < ¢. In this case, it is impossible to construct
in G; X G5 the third path induced only by P; and @);. We solve this problem in

two different ways depending on the value (.

First, suppose that (; = 1. Since x1y; € F(G1) and G; is a connected graph
with at least three vertices, there exists a vertex u € V(G) such that either

uxry € E(Gy) or uy; € E(Gy).

Without loss of generality, we may assume that uz; € E(G;). In such case,
observe that the first and the last internal vertex of the path @} are adjacent

in G; X Gy to (r1,72) and (x1,ys2), respectively. Then we obtain the third
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(21, 2) (Y1, y2)-path as follows (see Figure 3.11):

R*: ($1,$2)Q11L($1ay2)(y1,y2)7

which has length 1 +s; —2+14+1</¢+1.

G;l G12/1
— N\ \VIUO—@
v/

u
Gy ( o0—ove—o

Figure 3.11: Path R* when r; =1, sy > 2 and (; = 1 in Lemma 3.2.3.

Second, suppose that (4 > 2. Then there exists at least one path P, in Gj.
Moreover, since g(G71) > 5 and r; = 1, the path P, has length 7o > 4. Then

2 1 2

observe that uy = u§ = 1, uy = u2, = y1, v§ = 2 and v} = y,. In this case, we

construct the third path as follows:

If s; = 2, then (see Figure 3.12)

R+ (ug, vo) (ug, v ) (ur, 1, V) (U7, o, 01) - - - (ug, vp) (uf, ) (ug, vy, ) (u, vy, )-

If ro > s; and s; > 3, then (see Figure 3.13)
R* : (uéa Ué)(ui’ Ué)(ui—b Ué) e (ui—sp U;—l) te (ui Uil—l)(u(l)’ U;)(ui Uil)'
If ro < s1 and s; > 3, then (see Figure 3.14)

R (g, vg) (g, 09) (1, 01) - (1, V) -+ (05, ) (g, w3, ) (w03,
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Figure 3.12: Path R* when (; > 2, r; =1 and s; = 2 in Lemma 3.2.3.

Gml Ggl

Figure 3.13: Path R* when (; > 2, ro > s; and s; > 3 in Lemma 3.2.3.

Notice that [(R*) = max{s;,r2} +2 < £+ 2, in either case. The design of R*
is very special and different with respect to the previous ones since it must be

combined with the paths that will be described in (IIT).
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xq Y1
G, G,

-OWVWO-O-O-0 Q-OWO-0-0-@
T - Y2

/C;?' \Q§>vﬂ_@+1

Py
o~-owo-o-6-0 )__\ ccomwooeo ) cconvoeoo )| ccevwwe-o-oo

Figure 3.14: Path R* when (; > 2, r, < 51 and s; > 3 in Lemma 3.2.3.

(¢) The case r; > 2 and s; = 1 is symmetric to the previous one due to the

commutativity of the strong product of graphs.

(d) Assume that r; > 2 and s; > 2. Then, the (z1,x2)(y1, y2)-paths are

p

(uéL]? Ué) s (u(1)7 U;1—7‘1+1) co (u;l‘l—17 U,:Stl)(u}j? U,;Ll)’ lf 1 S S1
Py : 1,1V, 1 .1 1 1 1,1 .
(ug, vo)(ug, v1) - - (ug, _1,v5,) - - - (U, v,), if ry > s,
\
( .
(o) ed) o (w0 )l o), i <
ro
11 - ]
(U%U U(:)L) o (u7:’l’1—81+17 U(:)L) o (u%17 Uil—l)(u;!j? UESL1)7 lf 1 > 51,
\
and
(b o) - (o) (ol 0L, i < sy
R*:

(u(lb Ué) c (u§1—17 Uil—l) c (u:j—l? U;1—1)(u71“172};1)7 lf /rl > Sl‘

In this case, observe that [(Ry;) = [(R};) = max{r,s1} +1 < £+ 1, whereas

[(R*) < ¢. Hence, these three paths constructively prove the desired result when

G=G¢=1L1
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(IT) If ¢; > 2, then there exist the xays-paths Qo,...,Qc, of length at
most ¢ in Gy and s; > 3, for j € {2,..., (o}, since g(G2) > 5. Then associated to
the only x;y,-path P; in G and to the xoys-paths Qo ..., Q¢, in G we construct
two (1, 22)(y1, y2)-paths Ry; and Ry;, for j € {2,...,(} in G4 X G, of length at
most £ + 2 in G; X G4 as follows, distinguishing two cases.

p

(u(l)’ U(J]) s (u(l]’ Ugj—m) s (uil—h Ugj—l)(u}ja Ugj)a if 1 < Sj
Faj 19 (0 ] i 1 j 1 j RN

(u07 v )(u07 Ul) T (usj—27 USj—l) T (ur1—17 USj—l)(uT17 Usj)7 if 2 85>
\
( » ; - ; .

(u(l)’ U(J]) c (u%1—17 Uf‘l—l)(ui17vgl) R (u71‘1’ Ugj)’ lf Tl < Sj

4 ) (ud]) )
s (u71“1—17 Uij-Q)(u}“l’ Uij—l)(u:j’ Ugj)7 lf T1 Z Sj'

\

The lengths of the paths R;; and Rj; are at most max{ry,s;} +1 < £+ 1 and
observe that all these paths are internally disjoint with the three paths described
in (I) in either case, since they depend on each path Q); for j € {2,...,(}.

If (4 =1 and ¢, > 2, then (I) and (IT) provide 3+ 2(¢s — 1) = 2(> + 1 internally
disjoint (x1, x2)(y1, y2)-paths of length at most £ + 2 in G; K G5 and the proof is
finished.

(ITI) If ¢; > 2 then there exist the z;y;-paths P, ..., P, of length at
most ¢ in G7 and r; > 3, for i € {2,...,(1}, since g(G1) > 5. Then associated to
the only zyys-path ()1 in Gy and to each xyy;-path P; in Gy, fori € {2,...,(1},
we construct two (z1,22)(y1,y2)-paths R;; and R;; of length at most £+ 2 in
G1 X Go. Observe that the difficulty to construct the paths R;; and R}, takes
root in the fact that they must be internally disjoint with the path R* considered
in (I). For this reason, we need to distinguish different cases depending on the

length of the path Q.
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(a) If 57 = 1 then

Ril : (u6> Ué) S (uf‘i—la Ué)(u:«p U%)a
i s (uh, v) (g, vp) - (g, vp).

(b) If s; = 2 then

Riy : (ug, vg) - - (g, 9, v9) (1, v1) (1, 03),

i (g vo) (ul, vi) (uh, vg) - (U, 03).

(c) If -, = 3 and sy > 3, then

Ril : (u67 Ué)(uzlv Ul) s (uzlv Uil—l)(ua rUsll)(uéu Uil)a
/

i e (g, vg) (uy, vg) (u, 0) - (i, 05, ) (uf, vy, ).

(d) If r; > s; > 3 then

(uf, vo) (ui, v1) - (ul, g, vf) o (ul_y,vp ) (ul o)), if sp ds odd
Ril : (u67 Ué)(ull7 Ul) tre (u:lr.‘i—81—|—17 /U:ll) e
c (,U’?i“i—27 U;1—2)(u7i“i—27 Uil—l)(uf”i—l’ Uil)(uf”i’ Uil)’ lf 81 is eVen,

[ (whyed) o (g, 0d)
o (ufni_l, U;1—2)(u7iﬂi—1> Uil—l)(uip Uil)’ if 51 is odd
i . .
(u, vg) - - - (Up,—g,42: V) - - -

co(uk vl g) (kg vy ) (uk ), if sy s even,
\

(e) If sy > r; > 3 then

(uh, vo) (ui, v1) - (U, 08 ) - (Ul g, vh)) .o (ul vt ), if 7y is odd

P 51 ri> Usy
o
Z | (s vg) (Ui, v1) - (U5, 05, pypa) - (U, 05, (g, 0)),s if r; is even,
(g, vg) (i, v) (uy,vy) ... (uh, v}y to) - (ul, vy, if ry is odd
iy (ubvg) (ug, vg) (ub, o) . (uh, vl ) -

kvl o) (uk vl ) (ul vl ), if r; is even.
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The lengths of the paths R;; and R}, are at most max{r;, s1} +2 < ¢+ 2. Notice
that they are internally disjoint with all the paths described in (I) and (II).

If ;= 1and ¢; > 2, then (I) and (IIT) provide 3+ 2(¢; — 1) = 2¢; + 1 internally
disjoint (x1, z2)(y1, y2)-paths of length at most ¢ + 2 in G; X G, as we have

desired.

(IV) If ; > 2 and (¢, > 2, there exist the x1y,-paths P, ..., Py, and the
Tayo-paths Qa, ..., Q¢, of length at most £ in G; and G, respectively. Moreover,
as g(G1) > b5 and g(G2) > 5, 1, > 3 and s; > 3, for every i € {2,...,(;} and

every j € {2,...,(}.

Then, fori € {2,...,(1}and j € {2,..., (s}, associated to each x1y;-path P, in G,
and to each zyys-path @); in Go, we consider the path described in Lema 3.2.2
(see Figure 3.9 and Figure 3.10):

)

(g, vg) - - (1507, 0) - (U 05, 1), 0, i <s

(ug; vp) - - - (uij—la Uij—l) N (" Ugj—l)(uip Ugj)a if r; > s;.

It is easy to check that I(R;;) = max{r;,s;} < ¢ and that these (¢; — 1)(¢; — 1)
paths R;; are internally disjoint with all the previous paths because they are
associated to different paths in the generator graphs G; and Gs. If (; > 2 and
(2 > 2, then (I) to (IV) provide

3H+2G-1)+2G -+ (G -D(G-1)=0G+0 + ¢

pairwise internally disjoint (z1,x2)(y1,y2)-paths in G; X G5 of length at most
¢ 4 2, which finishes the proof. O

This section has been devoted to present the results which will be the key
point for next sections of this chapter. We have studied the number of internally
disjoint paths that exists between any two vertices in the strong product of two

connected graphs as well as their lengths.
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3.3 The Menger number

The Menger number is the first of the three parameters that we study in this
chapter. Given two distinct vertices z,y of a connected graph G, the xy-Menger
number with respect to a positive integer ¢, denoted by (;(x,y), is the maximum
number of internally disjoint xy-paths in G whose lengths are at most ¢. The

Menger number of G with respect to ¢ is defined as

C(G) = min{((z,y) : x,y € V(G)}.

Observe that (;(G) is an increasing function on ¢ and ((G) < k(G) < 6(G)
for every positive integer ¢. Clearly, if £ < D(G) then (,(G) = 0 and also, for
every integer ¢ > |V(G)| — 1, the Menger number is (;(G) = x(G). Thus, the
determination of (,(G) when D(G) < ¢ < |V(G)| — 2 is an open and interesting

problem.

Ma, Xu, and Zhu in [77] studied the Menger number of the cartesian pro-
duct of two connected graphs GGy and G5. Namely, for two integers ¢; > 2 and
ly > 2, they proved that

Cor0,(G10OG2) > G, (G1) + G, (Ga),

which is an equality when both G; and G4 are paths and, therefore, G10JG is a
grid.

In this section we focus on (,(G1 X G3), the Menger number of the strong

product of two connected graphs GG; and G5 with respect to a positive integer £.

We have mentioned that for any connected graph G, the Menger number
G(G) = 0 for all ¢ < D(G). Hence, since the diameter of the strong product
graph is D(G; X G) = max{D(G;), D(G,)}, from now on, we will consider only
integers ¢ > max{D(G1), D(G2)}.



54 Chapter 3. Connectivity and Distances

To estimate the Menger number (,(G7 X G3), we make use of the lower
bounds on the number of internally disjoint paths of length at most ¢ that join

any two arbitrary vertices in GG; X (G5, provided in Section 3.2.

Theorem 3.3.1. Let G1 and G4 be two connected graphs with at least 3 vertices
and ¢ > max{D(G;), D(G2)} be an integer. The following assertions hold:

(i) C(G1 R G2) > G(G1)C(Ga).

(ii) Coa(G1 W G2) > C(G1)C(Ga) + C(Gr) + G(Ge), if g(Gi) > 5 fori=1,2.

Proof. Let us consider vertices x1,y; € V(G1) and xq,y2 € V(Gs).

(7) If £ = 1, then G and G5 are complete graphs, yielding that Gy X G5 is a
complete graph and (;(G; X Gy) = (1(G) = (1(G2) = 1. Thus, point (i) directly
holds.

Hence, assume that ¢ > 2. If x1 = y; and x5 # yo, then, by applying point
(7) of Lemma 3.2.1, there exist at least (6(G1) + 1)((Ga) > ((G1)((G2) in-
ternally disjoint (z1,22)(x1,y2)-paths of length at most ¢ in G; X G5. Analo-
gously, if 1 # y; and x5 = yo, by point (i7) of Lemma 3.2.1, there exist at
least (6(Ga) +1)((G1) > ((G1)((Gy) internally disjoint (1, z2)(y1, x2)-paths of
length at most ¢ in Gy X Gs. If 7 # y; and zy # ys then, by Lemma 3.2.2,
there exist at least (o(G1)((G2) internally disjoint (xq, x2)(y1, y2)-paths of length
at most ¢ in G X Gy. Therefore, (,(G1 K G3) > (,(G1)C(Ga).

(77) Assume also that both G; and G have girth at least 5. If z; = y; and
To # Yo, then by point (i) of Lemma 3.2.1, there exist at least

(6(G1) + 1)C(G2) + 0(G1) = G(G1)Ce(Ga) + C(G2) + C(Gh)

internally disjoint (1, x2)(y1, y2)-paths of length at most £ + 2 in G; X Gs.
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The same conclusion is obtained when z; # y; and s = ys, due to point (ii) of

Lemma 3.2.1.

If 21 # y; and x5 # yp then, by Lemma 3.2.3, there exist at least

Ce(G1)Ce(Ga) + Ce(Gr) + Ci(Ga)

internally disjoint (x1, 22)(y1, y2)-paths of length at most £+ 2 in G X Gs.

Hence, (r10(G1 R Gy) > ((G1)C(Ga) + (o (Gr) + ((G2), which finishes the proof.
O

Theorem 3.3.1 (7) provides a tight bound. There exist several examples
for which equality (,(G1 X G3) = ((G1)((G2) holds, for instance, when both
G and G5 are isomorphic to the path P, of length ¢, when both G; and Gy
are isomorphic to the cycle Copy1 of length 2¢ + 1 and also when G; = P, and
Go = Copy1.

For example, consider the case G; = Py and Gy = Cs, and ¢ = 2. It is
clear that (3(Py) = 1 and (5(C5) = 1. Also, it is easy to check in this case that
(2(Py X C5) = 1, because there are pairs of vertices in Py X Cs for which there
exists only one path of length at most 2 (see Figure 3.15).

Theorem 3.3.1 (4) is also best possible in the sense that both hypothesis
cannot be relaxed. On the one hand, the bound in Theorem 3.3.1 (i) may not be
attained when at least one of the generator graphs has two vertices. For example,
by considering the paths P; and P, whose lengths are 1 and 2, respectively, if

{ > 2, observe that

C(Pr R Py) < k(PLRPy) =2 <3=Co(P1)Ce(Pa) + C(Pr) + Co(Po).

On the other hand, the same bound may fail when the hypothesis of girth
at least five is not fulfilled. For example, let C; X C4 be the strong product of
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Figure 3.15: Unique (x1, x2)(y1, y2)-path of length 2 in Py X Cs.

two cycles of length 4 and consider any integer ¢ > D(C4) = 2, for instance,
¢ = 3. Clearly (3(C4) = 2. From Theorem 3.3.1 (ii) there should exist at least 8
internally disjoint paths between whichever pair of vertices in C4 X C4. However,
if we choose two vertices, (x1,x2), (y1,¥2), in C4XKCy such that dg, (z1,y1) = 1 and
dg, (72, y2) = 2, then it is only possible to construct just 7 internally disjoint paths

of length at most ¢ + 2 = 5 between such vertices as we can see in Figure 3.16.

Figure 3.16: Pair of vertices in C4 X C4 for which the lower bound (ii) of Theo-

rem 3.3.1 is not attained after relaxing the hypothesis.
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The first consequence of Theorem 3.3.1 is the following result. It gives a
sufficient condition to guarantee the maximum possible value of (y4o(G1 X G5),

for certain /.

Corollary 3.3.1. Let Gy and G5 be two mazimally connected graphs with at
least 3 wvertices and girth at least 5. If € is a positive integer such that (,(G) =
K(G1) and ((Ge) = K(Ga), then

Cg+2(G1 & Gg) == (S(Gl & Gg)

Proof. Inequality (p40 (G1 K Gy) < §(G1 W Gy) clearly holds. We just need to

prove the another one. From Theorem 3.3.1, we have

Ce2 (G1 W G2) = ((G1) G(G2) + Co(Gr) + Go(Ga).
Since (¢(G1) = k(G1) and ((G2) = Kk(G2),

Cer2 (G1 W Ga) 2 K(G1) K(G2) + K(G1) + K(G2).
Also we know that both graphs are maximally connected graphs, hence

Cor2 (G1 W G) > 0(Gh) 0(G2) + 0(Gh) + 0(Ge) = §(G1 K Gy),
and the desired result is proved. O
As we mentioned above, (,(G) is an increasing function on ¢, therefore

G(G) < k(G) < 0(G) for every positive integer ¢. In fact, for every con-
nected graph G there exists a positive integer ¢ < |V(G)| — 1 for which equality

((G) = k(G) holds. Hence, from this fact and Theorem 3.3.1, it follows the next

consequence whose proof is straightforward.

Corollary 3.3.2. Let Gy and G5 be two mazimally connected graphs with at

least 3 vertices and girth at least 5. Then G X Gy is mazimally connected.
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We finish this section determining the exact Menger number of the strong
product of two graphs Gy X GGy when both GG; and G5 are paths, when both of
them are cycles and if one of them is a path and the another one is a cycle, for

certain values of £ and their orders. First, observe that:

If both G; and G5 are paths, P,, and P,,, with lengths r and 79, respectively,
being 1 > ry, then (. (P,,) = (4 (Pr,) = 1.

If both G; and G, are cycles, C,, and C,,, with lengths r; and rs, respectively,
being r; > ry, then (., 1(C,,) = ¢, -1(C,,) = 2.

Hence, by applying point (i7) of Theorem 3.3.1 and taking into account

the previous observations, next result can be proved directly.

Corollary 3.3.3. For integers ry > ro > 2, the following assertions hold.

(i) If P., and P., are paths, with lengths r1 and 7o, respectively, then

CTH—?(PH X PTQ) =3.

1) If P., is a path and C,, is a cycle, with lengths r1 and ro, respectively, such
1 2
that ro > 5, then
€r1+2(737’1 X Crz) =9.

(iii) If C., and C., are cycles, with lengths 1 and 1o, Tespectively, such that
ro > 5, then
CT1+1(C7‘1 X CTz) = 8.

3.4 The average connectivity

The average connectivity is the next vulnerability parameter which is studied in

this chapter. For a connected graph G of order n, recall that the connectivity
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between two distinct vertices z and y in G, denoted by kg(z,y), is the maximum
number of pairwise internally disjoint xy-paths in G. Then, the average connec-
tivity, denoted by %(G), is defined as the mean of the connectivities between all
the non ordered pairs of vertices in G, that is,
_ 1
R(G) = (T Z kG (2,y).
27 zyeV(G)
Sometimes, in order to avoid fractions, we also consider the total connec-

tivity of G, denoted by
K@) = Y ralzy).
z,yeV(G)

The difference between the classical connectivity and the average connec-
tivity is that, while the connectivity is the minimum number of vertices whose
removal separates at least one connected pair of vertices, the average connecti-
vity is a measure for the expected number of vertices that have to be removed to
separate a randomly chosen pair of vertices. For instance, in Figure 3.17 there are

two graphs with connectivity 1, but it is obvious the graph G5 is more vulnerable

than Gy. In fact, ®(G;) = 2.2 and R(G2) = 1.

G1 GQ

Figure 3.17: Two graphs with equal connectivity but &(G1) > &(Gs).

To estimate the average connectivity of the strong product of two con-
nected graphs G7 and Gy, we must compute the number of pairwise disjoint

paths connecting two arbitrary vertices in G7 X Gs.
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In Section 3.2 we have proved that if both G; and (G5 have at least three
vertices and girth at least 5, for any two vertices x1,y; € V(G1), 2,92 € V(Gs)
and ¢ > max{D(G1), D(G3)}, there exist at least (,(G1)C(Gsa) + Co(G1) + (o (Go)
internally disjoint (x1, z2)(y1, y2)-paths of length at most ¢ + 2 in G; X Gs.

When the length of the paths between vertices (1, x2), (y1,y2) of G1 K G
is not decisive and we are only interested in computing how many paths are
internally disjoint, the (z1,z2)(y1,y2)-Menger number with respect to a large

enough value of ¢ leads us to study the connectivity between (x1, z5) and (y1, y2)

in G; X Gy. Namely, for ¢ > |V(G; K Gy)| — 1, we have

Kama, (71, 12), (Y1, ¥2)) = (21, 72), (Y1, 42)),

which means that Lemma 3.2.1 and Lemma 3.2.3 can be applied as we see in the

following remark.

Remark 3.4.1. Let G and Gy be two connected graphs with at least 3 vertices
and girth at least 5. Let x;,y; € V(G;) be two distinct vertices, for i = 1,2. The

following assertions hold:

(i) There exist at least (6(G1) + 1)k, (22, y2) + 0(G1) internally disjoint
(21, x2) (1, y2)-paths in G1 X G;.

(ii) There exist at least kg, (x1,y1)(0(G2) + 1) + (Gse) internally disjoint
(Il, ZL’Q)(yl, x2)—path5 m G1 X Gg.

(1i1) There exist at least kg, (21, Y1)k, (T2, Y2) + ke, (X1, Y1) + Ka, (T2, Y2) inter-

nally disjoint (x1, z2)(y1, y2)-paths in G1 X G,.

Remark 3.4.1 leads us to get a lower bound for the average connectivity

of the strong product of two connected graphs, as we will see below.
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Let GG; and G4 be two connected graphs of order n; and ns, size e; and es,
average connectivity ®(G1) and &(G3), and average degree d(G,) and d(G}), res-
pectively. We will obtain such lower bound on & (G; X G5) in terms of the afore-

mentioned parameters of G; and G,.

Theorem 3.4.1. Let G and G4 be two connected graphs with order nqy,ny > 3,

respectively, and girth at least 5. Then

1
ning — 1

—I—(’I’Ll — 1)(n2 — 1)E(G1)E(G2) + (ng — 1)8(G1) + (n1 — 1)E(G2)] .

E(Gl X Gg) > [(nl — 1)(712 +E(G2))E(G1) + (’I’LQ — 1)(’1’L1 +E(G1))E(G2)

Proof. Let G = G1 X Gsy. Let z;,y; € V(G;) be two distinct vertices, for ¢ = 1,2,

and denote by = = (21, 22) and y = (y1, y2).

Let P(G; K G3) be the set of non ordered pairs of vertices of G; K G5. Then
P(G; X G2) can be partitioned into the following sets:

A = U {{(u>$2)> (u>y2)} Su € V(Gl)}a

z2,y2€V (G2)

B = U H{(z1,v), (y1,v)} v € V(Gq)},

z1,y1€V(G1)

¢ = U @), (,92)} o0 # y1 and 25 # o}

z,yeV(G1KG2)

Moreover, their cardinalities are

V(G1 R Gy)| = ning,

e (7).

|B| = ny (7;1> and

a=2(3)(3)
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Hence,
RE(GIXGy) = % Z ke (21, 2), (Y1, Y2))
(2) P(G1XG2)
= % [Z ka ((u7 x2)7 (u7 y2)) + Z ka ((xlv U)v (yh U)) (31)
2 A B

+ Z kG (@1, 22), (Y1, yz))] :

C

To get the desired lower bound of the average connectivity of the strong product

graph, we start computing the three sums of equality (3.1).

Since the elements of A satisfy the hypothesis of Remark 3.4.1, it follows that

Y ke ((uza), (wye)) = Y [(1+ day (w)re, (22, y2) + d, (u)
A

A

= Z KG2($2,y2) Z (1+dG1(u))

z2,y2€V (G2) ueV (Gr)

+ (7;2> Z )dGl(u)

ueV(Gy

_ Z KGy (T2, Y2) (N1 + 2€1) + 2e; (n2)

2
z2,y2€V (G2)

= (n1+2e1)K(Gy) + 2¢; (7;2) .

Similarly, as the elements of B satisfy the hypothesis of Remark 3.4.1 and by the

commutativity of the strong product of graphs, we also deduce that

Dk (@1,0), () > (o +2e)K(Gr) + 26 () ).

Since the elements of C' satisfy the hypothesis of Remark 3.4.1, we have
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D ke ((@1,32), W1,92) = Y (ke (21, 51)Ka, (02, 52) + By (21, 1) + Kay (T2, 2))]

C

C
Z kG, (T1,91) + 1) (Fy (22, 92) + 1) — 1]
C

=2 Y (ke lenyp)+1) D (Key(r2,y2) + 1)

z1,51€V(G1) z2,y2€V (G2)

— 2K(G1)K(Go) +2 (”2) K(Gy) +2 (”21) K(Go).

Thus, from the partition of P(G; X G9) into the sets A, B, C, we deduce that

K(Gy B Gy)

Hence,

k(G1 X Gy)

v

v

Z ke ((T1,22), (Y1, Y2)) ZF&G u, T2), (U, y2))

P(G1XG2)

+Z/‘€G 21,0), (y1,v +Z/‘€G(($1,$2)>(y1>y2))
c

(n1 + 2e1) K (Ga) + 2¢4 (T;Q> + (g + 262) K (G1) + 2es (21)

Y2 (G K (G) + 2 (”;) K(Gy) +2 (7;1) K(Gs)

(n3 + 2e2) K (G) + (n] + 2e1)K(Gy) + 2K (G1) K (G5)

n n
42, ( 22) ¥ 2, ( 21) .

2

VAN (n1n2 — 1)

nlnzl T [(n1 — 1)(ns + d(G2))R(G1)

—l—(n2 — 1)(711 +E(G1))R(G2) + (n1 — 1)(712 — 1)E(G1)E(G2)

K (G1 X Gy)

+(n2 — 1)E(G1) + (n1 — 1)E(G2):| .
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Theorem 3.4.1 is best possible in the sense that the hypothesis of girth
at least 5 cannot be relaxed. Indeed, let G; be the graph formed by two cycles
of length 5 which share a common vertex z, and let GGy be a cycle of length 4.
Clearly G is 1-connected, since z is a cut vertex of G, and G5 is 2-connected.
Let us consider two distinct vertices 1,31 € V(Gy) \ {2} such that any z,y,-path
in G; pass through z. For any two vertices zo,y2 € V(Gsy), it is impossible to
find five internally disjoint (z1, x2)(y1, y2)-paths in G; K Gy, because each of these
paths must contain a vertex of the subgraph G3. But this graph has only four

vertices (see Figure 3.18).

- -
Gy

/
A\

(1, 22)

(yh Y2)

A\
/

Y1 E—
GZ

Figure 3.18: It is not possible to construct 5 internally disjoint paths between

(Il, ZL’Q) and (yl,yg) in G1 X GQ.

We finish this section, giving an upper bound on the average connectivity
of the strong product graph which es optimal under certain requirements. To do

that, we use the following result, proved in [16].

Theorem 3.4.2. ([16]) Let G be a graph on n vertices and e edges with e > n,
and let r = 2e — n|2e/n|. Then

") < @) - L)

The following result is a directly consequence from the Theorem 3.4.2.
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Corollary 3.4.1. Let G be a connected graph. Then ®(G) < d(G).

Proof. If |E(G)| > |V(G)| then we are done, due to the Theorem 3.4.2.

Otherwise, G must be a tree, since it is connected. In such case, observe that

ka(z,y) =1, for every z,y € V(G), which means that 7(G) = 1.

Furthermore, dg(x) > 1, for every z,y € V(G), thus d(G) > 1 and therefore,
R(GQ) = d(G). O

Finally, from Theorem 3.4.1 and Corollary 3.4.1, we give a sufficient con-
dition for the average connectivity of the strong product graph to be equal to its

average degree.

Corollary 3.4.2. Let Gy and Gy be two connected graphs with at least 3 vertices
and girth at least 5. If ®(G;) = d(G;), fori = 1,2, then

E(Gl &Gg) :E(Gl &Gg)
Proof. We know that % (G, X Gy) < d(G; X Gy). Thus we must prove the an-

other inequality. By applying Corollary 3.4.1 to the lower bound of Theorem 3.4.1,

we deduce that

E(Gl X Gg) > nln; 1 [(nl — 1)(77,2 +E(G2))E(G1) + (ng — 1)(711 +E(G1))E(G2)
+(n1 = 1)(ng — DR(G1)R(G2) + (n2 — 1)d(G1) + (n1 — 1)d(Go)]
> nmi — [ — 1)z + R(G)F(G1) + (2 — 1)1 +F(G1)R(G2)

+(n1 — 1)(n2 — 1)E(G1)E(G2) + (n2 — 1)E(G1) + (n1 — 1)E(G2)]

— 1 . [(n1n2 + (n1 — 1)R(G2) — 1)R(G1)
ning —

—|—(’I’L1’I’L2 + (’I’LQ — 1)E(G1) — 1)E(G2)

+(ning — ny — ng + 1)R(G1)R(G2)] .
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Hence,

E(Gl & Gg) Z ; [(nlng — 1)E(G1)E(G2) + (n1n2 — 1)E(G1)

ning — 1

+(ning — 1)R(G)]
= R(GR(G2) +R(G1) + R(Gy).

By applying the hypothesis &(G,) = d(G) and &(G3) = d(G5), we have
R (G1 R G2) > d(Gh)d(G2) + d(Gh) +d(G2) = d (G1 K Gy)

obtaining the desired result. O

3.5 The average Menger number

Similarly to the average connectivity, when the requirement of the lengths of the
disjoint paths has to be considered, it may be interesting to study the Menger
number not as a worst-case measure but also as a measure of the expected number

of pairwise disjoint paths with an upper bounded length.

Let G be a connected graph on n vertices. Let ¢ be a positive integer and
z,y € V(G) be two distinct vertices. We have denoted by (;(z,y) the maximum
number of internally disjoint xy-paths of length at most ¢ in G. The average

Menger number of G with respect to ¢ is defined as

@<G>:(%) S Gy),
2 z,yeV(G)

where the pair of vertices are taken non ordered and being the total Menger

number of G

2@ =3 Glay).

z,yeV(G)
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Lemmas proved in Section 3.3 lead us to get lower bounds on the average
Menger number of the strong product of two connected graphs, similarly to the

bounds on the average connectivity obtained in Section 3.4.

Let G; and Gy be two connected graphs with order n; and ns, size e;
and e, average Menger number (,(G;) and (,(G3), and average degree d(G;) and
d(Gy), respectively. Next we present the analogous result to Theorem 3.4.1 for
the average Menger number of the strong product graph, but now we distinguish

two cases depending on the permitted length of the paths, as we have taken into

account in Theorem 3.3.1.

Theorem 3.5.1. Let G; and Go be two connected graphs with order ny,no, res-

pectively. Let £ be a positive integer. The following assertions hold:

(i) If both Gy and Gy have order at least 3, then

C(GIRG) = —— [(m — 1)(1+ d(G2))E,(G)

ning — 1

+ (g — 1)1+ d(G1))Co(Ga) + (n1 — 1) (na — 1)(,(G1)(,(Ga)] -

(11) If both Gy and Gy have order at least 3 and girth at least 5, then

C(GIRGy) > ——— [(n — 1)(na + AG)TGH) + (n2 — 1)(my +AG1))Te(Go)

ning — 1

+(n1 = 1)(n2 = 1)¢,(G1)C,(Ga) + (n2 — 1)d(G1) + (n1 — 1)d(Ga)] .

Proof. Let x;,y; € V(G;) be two distinct vertices, for ¢ = 1,2, and denote by

r = (l’l,xg) and Yy = (yl,yg).

Let P(G; X G5) be the set of unordered pairs of vertices of V(G; X Gy), and
consider the following partition of P(G; X Gs):

A = U {{(u>$2)7 (u>y2)} Su € V(Gl)}a

z2,y2€V (G2)

B= {0 wo)}ve VG,

z1,y1€V(G1)

¢ = U {@n22), (n,92)} -1 # yand 2 # o}

z,yeV(G1XG2)
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Their cardinalities are |V (G X Go)| = ning, |A] = ny (7;2>, |B| = ny (7;1> and
. s To

|C‘_2<2)<2>'

Then the following equality holds:
_ 1
G(GiKGy) = =5 Z Ce (21, 22), (Y1, 2))

(2) P(G1XG2)
IS G (), () + 3G (@0, 0), 1,0) (3.2)
2 A

(5 B

)
+ 3 G (@1,32), (, yz))] :

We firstly prove case (i). To do that, we begin computing the sums of equa-

lity (3.2).

By applying Lemma 3.2.1 to the elements of A, it follows that

DG ((uma), (w,y2) = Y [(1+ da, (1) Gelwa, )]
A

A

— Z Co(2, 12) Z (1+dg, (u))

x2,y2€V (G2) ueV(G1)

= (ny+ 2e) Z Ce(2, Y2)

x2,y2€V (G2)

= (n1 + 261)Z€(G2)'

By Lemma 3.2.1 and the commutativity of the strong product of two graphs, we

also obtain that

D G (@1,0), (91,0)) = (na +2e2) Zo(Gh).

Since the elements of C' satisfy the hypothesis of Lemma 3.2.2, we have

> G (@ m2), () > Y (el 1) Cel@a, o)
C

C

= 2 Z Cg(l’l,yl) Z Cé(x2>y2)

z1,y1€V(G1) x2,y2€V (G2)

= 27Z)(G1)Zi(Gs).
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From the partition of P(G; X G2) we deduce that

Zg (Gl X Gg) Z (nl + 261)Z4(G2) + (n2 + 262)Zg(G1) + 2ZZ(G1)ZZ(G2)

Hence,
Va 2
((GIRG,) = R 1)Zz (G1 K Gy)
1 — _
B ning — 1 [(nl — (1 +d(G2))C(Gr)

+  (n2 = 1)(14d(G1))C(Ga) + (n1 — 1) (na — 1)¢,(G1)C,(Ga)] -

We secondly prove case (i7). Assume that both G; and G5 have girth at least 5.
Again, from Lemma 3.2.1 and Lemma 3.2.3 applied to inequality (3.2), it follows
that:

D Celluw), (wyye)) = Y [(1+dey (w)Celwa, y2) + da, ()

A A

= Y Gleay) Y (14dg,(w)

x2,y2€V (G2) ueV(Gr)

(7)) X )dGl(u) (3:3)

ueV(Gy

= (m+2e) Y Gleay) + 26 (7;2>

x2,y2€V (G2)

— (1 +261) Z4(Ga) + 261 (7”;2> .

> G(@n0), o) = (e+2e)Z0G) 42 () 3

B
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D G (@), (y,m2) = D [Glwn, 1) Gelwa, o) + Gelwn, 1) + Celwa, y)]
© c
= Y [(Colwr,y1) + 1) (Gelwa, o) +1) — 1]
c

= 2 Z (Ce(@1,91) + 1) Z (Celw2,92) + 1)

z1,51€V(G1) z2,y2€V (G2)

-1

= 27,(G1) Z4(G) + 2 (7;2) Zu(Gy) + 2 (7;1) Zu(Ga).
(3.5)

From inequalities (3.3), (3.4), and (3.5) and taking into account that the sets A,
B and C form a partition of P(Gy X Gs), it follows that

Zg (Gl X GQ) Z (n1 + 261)Z5(G2) + 261 (22)

+ (ng + 262)Z5(G1) + 262 <7;1)

4 270G Zu(Ga) + 2 (7;2> Zu(Gh)

+ 2( )ZZ(GQ)

Therefore,
_ 2
G XGy) = Zy(G1XG
Cf( 1 2) nlnz(n1n2_1> 5( 1 2)
1 - _
> 1 [(n1 = 1)(n2 + d(G2))C,(Gh)

+(ng — 1)(n1 + d(G1))¢,(Gy)
+(ny — 1) (ng — 1)C,(G1)C,(Ga)

+(n2 — 1)E(G1) + (n1 — 1)E(G2)] .
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We finish this section with a consequence on the average Menger number
of the strong product of two connected graphs. Under certain hypothesis, we
guarantee that the average Menger number is as large as possible. From Theo-
rem 3.4.2 inequalities (,(G) < ®(G) < d(G) clearly hold. Thus, the proof of the

next corollary is straightforward.

Corollary 3.5.1. Let G; and G5 be two connected graphs with at least 3 vertices
and girth at least 5. Let ¢ be a positive integer. If (,(G;) = d(G;), fori = 1,2,
then

G (GIRGy) =d (G RGy).
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Chapter 4

Generalized 3-connectivity

In this chapter a natural extension of the connectivity parameter is
treated, called the generalized k-connectivity. It is oriented to quan-
tify how connected any set of k vertices in a graph is. We focus
on studying the case of the generalized 3-connectivity of the strong
product of two connected graphs. A lower bound is given, being best

possible when the generalized 3-connectivity of a factor graph is one.

4.1 Introduction

The generalized k-connectivity was introduced by Chartrand, Okamoto and Zhang
in [29]. Briefly, a graph is said generalized k-connected if and only if there exists
at least k pairwise disjoint trees connecting any set of k vertices in such graph. Let
us define it formally. Let G be a connected graph and S = {z1,...,2} C V(G).
A tree T is called an S-tree (or an {xy,xa,...,xx} —tree) if S C V(T'). A family
of trees Ty, Ty, ..., T, are internally disjoint S-trees if E(T;) N E(T;) = 0 and
V(T;) NV (T;) = S, for any pair of integers i and j, with 1 <i < j <r.

73
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Denote by x(S) the greatest number of internally disjoint S-trees. For an integer k

with 2 < k < n, the generalized k-connectivity xx(G) of G is defined as

Kk(G) = min{k(S) : S C V(G) and |S| = k}.

Clearly, when |S| = 2, we have k2(G) = k(G), the classical connectivity of G.
If G has less than k vertices, ki(G) = 1 is adopted. In [72] was proved that
k3(G) < k(G), for any connected graph G. Thus, x(G) > 1 if and only if
k3(G) > 1.

Some papers and partial results have appeared in last years using this
parameter. Regarding the graphs products, Li, Li and Sun in [71], studied the
generalized 3-connectivity of the cartesian product graph. They gave sharp lower
bounds in terms of the generalized 3-connectivity of the factor graphs. More

precisely, they proved the following theorem.

Theorem 4.1.1 ([71]). Let G and H be two connected graphs such that k3(G) >
k3(H). The following assertions hold:

(1) If K(G) = k3(G) then k3(GOH) > k3(G) + k3(H) — 1. Moreover, the bound
s sharp.

(i) If kK(G) > k3(G) then k3(GOH) > k3(G) + k3(H). Moreover, the bound is
sharp.

In this chapter, we study the generalized 3-connectivity of the strong pro-
duct graph G1;XG5 when k3 = 1, that is, when there exists only a tree joining some
subset of three vertices in one of the factor graphs. We give sharp lower bounds

of k3(G1 X G9) in terms of the connectivity and the generalized 3-connectivity of

G4 and Gs.
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4.2 Specific notation and remark

Before proceeding with the main results of this chapter, we need to introduce

some basic definitions, specific notation as well as a useful observation.

Let T be a tree and x,y,z € V(T). When z, y and z are end vertices of
T, we say that T is an r-rooted tree, for certain particular vertex r € V(T') called
the root of T'. Moreover, given an {z,y, z}-tree T, simply deleting extra vertices,
we can construct an {x,y, z}-tree T C T with the minimum number of vertices
(see [71]). This tree T is called a minimal {z,y, z}-tree. The tree T is called an
xyz-path when T is an xz-path with y as an internal vertex. When an specific
order need not to be specified among the vertices z,y, z in such path T we call it

an {z,y, z}-path.

Next, we introduce a kind of trees which will play an important role in

this study.

Definition 4.2.1. Let G be a connected graph and x,y, z three distinct vertices
of G. An {x,y,z}-tree T of G is said to be special if either T is an r-rooted
{z,y, z}-tree with edge set E(T) = {rx,ry,rz} or T is a {z,y, z}-path such that
dr(z,y) <2 ordr(y,z) <2 ordp(z,z) < 2.

Remark 4.2.1. Let G be a connected graph and x,y,z three distinct vertices
of G. If g(G) > 5 and k3(G) > 2, let us notice that:

(i) If G contains an r-rooted {x,y, z}-tree T' with edge set E(T) = {rx,ry,rz},
then any other {x,y, z}-tree T of G is not special.

(ii) If there exist T\ and Ty special xyz-paths in G such that dr, (x,y) < 2 and
dr,(y,z) < 2, combining Ty and Ty, we can find another pair of xyz-paths

T} and Ty such that only T} is special (see the first case in Figure 4.1).
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(7ii) If there exist three special {x,y, z}-paths Ty, Ty and T3 in G such that
dr,(z,y) < 2, dp,(y,2) < 2 and dpy(z,2) < 2, combining these paths, we

can consider another set of paths T], Ty and Ty verifying that
V(T{UT,UTy) =V (T UT, UT;)

and such that at most two of these paths are special (see the second case in

Figure 4.1).
T, — T
T, — —1T,

T Y z T Yy z
T, — T/
T, — — T}
Ty — —T}
xr z X Yy | 2

Figure 4.1: It can be considered that there exist at most two special {z,y, z}-trees

in a connected graph with girth at least five.

To illustrate some constructions in Section 4.3 we will use the structure
of Figure 4.2, which represents two special {x,y, z}-paths, when they need to be

considered.

To fix notation, let us consider three vertices, x1,y1,21 € V(G1) and
T, Y2, 20 € V(G3) in each factor graph. Our goal is to study the maximum

number of internally disjoint trees that connect vertices x = (z1,%2), ¥y = (Y1, Y2)

and z = (21, 22) in V(G X G3).
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9
]

Figure 4.2: Representation of two special {z,y, z}-paths in a connected graph

with girth at least five.

To do that, throughout the proofs of next results, Py, ..., P, denote in-

ternally disjoint minimal {1, y;, 21 }-trees in Gy while @1, ..., @y, internally dis-
joint minimal {xs, s, 22 }-trees in Go. We always assume that Pj,..., P, and
Q1, ..., Qp, contain the minimum number of special trees. Without loss of gene-

rality, in cases (i) and (i) of Remark 4.2.1 we denote by P; (or 1, respec-
tively) the unique special tree, whereas in case (iii), we consider that ¢); and
Q2> are the special trees of GGy, and the same consideration holds for P; and
Py. Otherwise, we consider that |V (P)| = min{|V(P)| : i = 1,...,6} and
[V(Q1)] = min{|V(Q;)| : j =1,..., ¢}, when no tree is special.

Let us also give a general idea of the notation used to describe the trees. If

P; is an z1y;21-path, we denote it as P; : 2,79 . . .g’iylyi ... 2421 (see Figure 4.3).

T @ vy, N Y 27 A
o—-eo - —eo—o - —o

Figure 4.3: Description of an x1y;z;-path P;.

If P, is an r’-rooted {w1,y1, 21 }-tree formed by three paths, we write it as

Po:rt. . . zizUrt.. .yilyl Urt...z 2 (see Figure 4.4).
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X1

n

21

Figure 4.4: Description of an ri-rooted {x1,y, 21 }-tree P;.

Similarly, when @); is an xoys29-path, we denote it Q); : xﬁ% .. .ggygy% . gézg
taking into account that 7 # gg and 7, # 2 for j > 3, whenever g(Gy) > 5. If

- is an s’-rooted tree formed by three paths, we write
j
Qj: sj...géxQUsj...géygUsj...gg@

and, in this case, at least one element of the set {zg,yé, 2} is not equal to s/
for j > 2. Moreover, we say that a tree T;; in G1XG; is associated to trees P; in G

and Q; in Gy when every vertex (u,v) € V(1};) is such that v € P, and v € Q;.

4.3 Lower bounds on k3(G; X Gy)

To estimate r3(G1 X Gq), we construct internally disjoint trees connecting any
three distinct vertices x,y, z € V(G1XG5y) based on trees of the generator graphs
G1 and Gy. To do that, for u € V(Gy), notice that every {xa, ya, 20 }-tree Q; of
Gy induces an {(u, ¥2), (u, y2), (u, 22) }-tree Q¥ in the copy G4 taking into account
that V(QY) = {(u,v) : v € V(Qy)} and E(QY) = {(u,v1)(u,v2) : viva € E(Q;)}

are the vertex and edge set, respectively.

Depending on the copies of GG; and G5 to which z,y, z belong, we distin-

guish four cases.
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First, we assume that z, y, z belong to a unique copy G5', and hence, x; = y; = 2;.

Lemma 4.3.1. Let G; and Gy be two connected graphs with at least 3 vertices.

Consider distinct vertices x = (x1,2), y = (x1,y2) and z = (21, z2) of G1 X Gs.

(1) There exist at least (0(G1) + 1)k3(Ga) internally disjoint {x,y, z}-trees in
G1 X G,.

(i1) If g(Gh) > 5, there exist at least (6(G1)+1)k3(G2)+(G1) internally disjoint
{z,y, z}-trees in G1 X Gs.

Proof. Since the vertices x,y, z belong to a unique copy G5' in G; X G5 and
Ta, Yo, z2 are connected at least by fo = k3(G2) internally disjoint trees Q1, . . ., Qy,

in G, then trees Q7" ..., Qy} are {5 internally disjoint {x,y, z}-trees in Gy X Go.

To construct another §(G1)r3(Ga) trees, we define next an {z,y, z}-tree T}' for
each u € Ng,(x1) and j € {1,...,03}. To do that, we distinguish if none, one or
two trees of the family (1,..., Qs contain direct edges between the vertices of

the set {xa, Yo, 20}

For each tree @; such that xoys & E(Q;), Y222 ¢ E(Q;) and x920 ¢ E(Q;), let

us denote

Q;L : qu - {(ua 1’2), (ua y2)’ (ua 22)}

If @1 is an zays2z9-path such that zoy, and/or y929 belong to E(Q;), then

Q% : qu - {(U>I2)> (u> 22)}

If @2 also contains a direct edge between two vertices of the set {xs,ys, 22}, we

assume that zoy, € F(Q1) and 225 € E((Q2) and then

Q5 = @y — {(u, 22), (u, 42)}.
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By the definition of the strong product of graphs, for j € {1,...,4}, each end
vertex of Q; is adjacent to at least one vertex of the set {z,y, z}. We define T}" as

a tree contained in G X G5 such that (see Figure 4.5, Figure 4.6 and Figure 4.7)

V(T}) = V(@) U {z,y, 2}

Therefore Q7',..., Q) , T',..., T are at least x3(G2) + 6(G1)rs(G2) internally

disjoint {z,y, z}-trees in G; K G5 and item (i) is proved.

If there exists u € Ng,(x1) such that dg,(u) = 1, then dg,(z1) > 2, and the

previous bound leads to
(1 + dGl (1’1)):%3(G2> Z 3%3(G2) Z 2/'{3(G2) + 1= (1 + 5(G1))H3(G2) + (5(G1),

which proves (i7).

G GGy
T2@ I ® Ty
— Twu
Y@ E @
2@ i @

Figure 4.5: Trees T}' and T, for every myysze-path Q; such that xay, ¢ E(Q;),
Yozo & E(Q;) and 1229 ¢ E(Q;).

Otherwise, let us assume that g(G;) > 5. For each u € Ng, (x;), we consider
wy € Ng, (u)\{z1}. Clearly, w, # w, for all u,v € Ng,(z1) with u # v, and this
fact makes feasible the construction of another {z,y, z}-tree denoted by T,,,, for
each u € Ng, (1), internally disjoint with all the previous ones and such that

Ty, N Ty, ={z,y, 2}
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Gs' Gy Gy
T2 — T]u
— T,
Y2
22

Figure 4.6: Trees T} and T, for every maysze-path @; such that ways ¢ E(Q,),
Yozo ¢ E(Q;) and 220 ¢ E(Q;).

Gy Gy — Q7'
—Qn

Yy iy
T3

—_— Twu

(u, z2)

Figure 4.7: Five {x,y, z}-trees in G; XG5 when 23y, € E(Q1) and 2929 € E(Q2).

If zoys & E(Q1U Q2), Y222 & E(Q1 U Q2) and x920 ¢ E(Q1 U Qs), then (see
Figure 4.5 and Figure 4.6)

Tw, : Q1" U (21, 22) (U, 22) (Wy, T2) U (21, y2) (U, Y2) (Wy, Y2) U (21, 22) (U, 22) (wy, 22).

In case () is an woysze-path such that zoys € F(Q1), then

T, + Q7" U (w1, 32)(u, 12) (W, T2) U (21, Y2) (U, T2) U (21, 22) (1, 22) (W, 22).
A similar tree can be constructed in the symmetrical case y220 € E(Q1).

If zoys € E(Q1) and x929 € F(Qs), then the vertex (u,xs) is adjacent to the
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three vertices x,y, z, (see Figure 4.7), and therefore, we consider

Ty, : (1, 22)(w, 22) U (21, y2) (1, 12) U (21, 22) (u, T2).

Hence, when g(G) > 5, the trees T, for u € Ng, (x;) are at least 6(Gy) addi-
tional {z,y, z}-trees internally disjoint with Q7*,..., Q) , Tt ..., Tj. O]

Now, we consider that z,y, z belong to two copies of G; and to two copies of Gj.

Lemma 4.3.2. Let G and G5 be two connected graphs with at least three vertices.
For distinct vertices x = (x1,%3), y = (x1,22) and z = (21, 22) of G1 X Gy, the

following assertions hold:

(i) If g(Gs) > 5, there exist at least 2k(Gy) internally disjoint {z,y, z}-trees in
G, X Gs.

(ii) If g(Gy) > 5, there exist at least 2k(G1) internally disjoint {x,y, z}-trees in
G1 X G,.

(iii) If g(G1) > 5 and g(Gs) > 5, there exist at least k(G1) + k(G1)k(Ga) +
k(G1) — 1 internally disjoint {z,y, z}-trees in G1 X Gj.

Proof. Notice that x,y belong to the copy G5' while z € G5'. By the theorem of
Menger (see [79]),there exist ky = x(G1) internally disjoint xy2i-paths Py, ..., Py,
in G; and ky = k(G2) internally disjoint zozo-paths @4, ..., Qk, in G. Without
loss of generality we may assume that |V (Py)| = min{|V(B;)|:i=1,...,¢;} and
V(Q1)] = min{|V(Q;)| : j =1,...,4s}. Then T = z;, 2} = 22 may occur.

(i) Associated to paths P, and @)y, we construct trees (see Figure 4.8)

Ty : Q7' U (21, 22) ... (21, 22) and

Q’il U (Zl, 1'2) e (ZL’l, 1’2) U (fl, 1’2)(1’1, 22), if Ql X929

il U (21,1'2) e (1'1,1’2) U (Zl,§2) Ce (fl,gz)(atl, 22), if Loz ¢ E(Ql)

o
Tll .
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xr1 Z1
€ G3
T@® @ @ @ T

Figure 4.8: Trees T}, T}, associated to paths P; and @); such that xoys ¢ E(Q1).

If ko > 2, we consider that g(G2) > 5 to guarantee that f% =+ g% for j > 2.
Associated to paths P; and (); we construct the following two {z,y, z}-trees T},

T7; in G X Gy, for each j € {2,... ky}.

If x121 € E(Py), for j =2,..., ks, then

Ty QU (z1,23)(21, 2) and

T+ (21, T2) (20, 7). . (21, 22) U (21, 2) (1, 22).

If x121 ¢ E(Py), for j =2,..., ks, then (see Figure 4.9)

Ty (21,22) - (21, 2)(T1, 23) - - (21, 25) (21, 22) U (F1. 28) (21, 2) and

T« (21, ) (T T .. (2, T . (21, 2) U (TL, T ... (Ei,ég)(xl,gé)(xl, 22),

Therefore, trees Thy, ... Tik,, 11y, . . . T}y, are 2k, internally disjoint {x,y, z}-trees

in G; X Gy and (i) is proved.

(71) Tt directly follows from item (i) due to the symmetrical position of vertices

z,y,z in V(G; X Gs) and the commutativity of the strong product graph.

(7i7) Let us assume that g(G1) > 5 and ¢g(Gy) > 5. If k; =1 and/or ke = 1, the

proof is finished.
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G3' X G3'
z ’\f O O Ti;
— T

i —

Figure 4.9: Trees T1;, T}; associated to paths P, and Q; such that x,2; ¢ E(P),
for j €4{2,... ko}.

Otherwise, it remains to construct (k; — 1)(ky — 1) additional trees. To do that,
for every i € {2,...,ki} and every j € {2,...,ko}, associated to paths P; and

Q;, we consider the tree

Tij (w1, 22)(TL, 7). .. (T4, 23) (w1, 20) U (T4, 23) . . . (24, 20) (21, 22). O

Next, we consider that x, y, z belong to two copies of G; and to three copies of Gj.

Lemma 4.3.3. Let G1 and Gy be connected graphs with at least three vertices.
For distinct vertices x = (x1,%2), y = (x1,y2) and z = (21, 22) in G1 X Gy, the

following assertions hold:

(i) If g(Go) > 5, there exist at least 2k3(Ga) internally disjoint {x,y, z}-trees
m G1 X GQ.

(17) If g(G1) > b, there exist at least 2k(G1) internally disjoint {x,y, z}-trees in
G X G,.

Proof. Notice that z,y belong to the copy G5' while z € G5'. Since G and G5 are
connected graphs with at least three vertices, k3(G;) > 1, i = 1,2, clearly holds.
Let us consider k; = k(G1) internally disjoint xq2;-paths P, ..., P

, in Gy, for
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which we assume that |V(P)| = min{|V(P)| : i = 1,...,k1}. Let lo = k3(Ga)
be internally disjoint {xs,ys, z2}-trees @1, ..., Qp, in G, such that at most @,

and ()9 are special trees.

(1) First, assume that at most (1 is an special tree. In this case, associated to

P, and @)1, we consider the trees (see Figure 4.10)
Ty 0 Q7P U (21, 22) ... (21, 22) and

17, : Q7' U ($17$2) e (21,372) U (x17y2) e (217y2)-

Gy Gy e
o L @ @ T @ @ @ @ — T11
- T1/1
ve L o L @ O O | A
O O O o: Y@ @ @ @
G G35
X
Y
z

Figure 4.10: Trees 711, T}, associated to trees Pp, Q1 when ) is an special tree.

If k3(Ga) = 1, item (i) is proved. If k3(Gs) > 2, we assume that g(Gs) > 5. In
case both ()1 and Q9 are special trees, we construct four trees associated to P,
)1 and (), as depict Figure 4.11, depending on whether both x,y have the same

degree or not.



86 Chapter 4. Generalized 3-connectivity
G5! G3'

b .

1
G

8

pv4

21
Gs

: ’
— — 5

‘e
Figure 4.11: Four {z,y, z}-trees in G; X G4 associated to paths Pj, Q1 and Qs,

when both ()1 and ()5 are special trees.

For each j € {2,...,¢} such that @); is not an special tree, we construct two

{7, y, z}-trees Ty, T7; in Gy K G5 associated to P, and Q).

First, we focus on a particular case. Assume that x;2; ¢ E(P;) and that (); is an
s/-rooted tree such that dg,(s/,x2) > 2, s’y, € E(Q;), s’z € F(Q;). It means
that Q; : s .. gég%xg U s’y U 572, where zJ may be equal to s’. Then

Ty, - (xl,zg)(f%,zg)(atl,gé) (L) U@ ). (2,2)) . (21, 22) and

Tllj : (x17x2)(x17£%>(fi7£2-) ce (f%’ Sj)(xlv y2) U (f%v Sj) s (é%v Sj)(zlv Z2)'

Notice that a symmetrical construction holds when s’z, € E(Q;), dg,(s7,12) > 2
and s/29 € E(Q;).

In any other case, the tree T}, is any tree contained in Gy X} Gy such that
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V(1) = A{z,y, 2} UV(Q]" — (71, 22))U
{(u,v) ru € Pr —{z1,21},v € Ng,(22)}.

Similarly, 77; is such that (see Figure 4.12)

V(1Y) = Az,y, 23 UV(QF —{(21,22), (21, 2) }U
{(u,v) ru e Pr —{z1,21},v € Ng,(22) U Ng,(y2) }-

Then, if g(G3) > 5, we have constructed 2k3(G2) internally disjoint {z, y, z}-trees
in Gl X GQ.

Gy' G G3 G
x 0 o} O x O O ? — Ty
— T
Yy % z
5 O O z Yy O O é

S S

Figure 4.12: General construction of trees 77;, T}

[; associated to P and @, for

Jje{2,..., 0}

i1) Let us assume that ¢(G;) > 5. We consider P; : 21T} ...2% 2 an x;z-path
1 1

in Gy, fori € {1,...,k }. Notice that x; # T} # 2% # 2 for i > 2.
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If K(G1) = 1, then trees Ty; and 7], provide the desired result. Otherwise,
k(G1) > 2 and associated to P; and @y, for i € {2,... k1 }, we construct two

{z,y, z}-trees T;1, T/, in G1 X Gs.

If @1 is an zoys29-path such that zoy, € E(Q1), then

Tir : (21, 22)(TY, y2) (21, 92) U (T1, 42) - - (T, 22) - - - (21, 22) and
TV« (w1, 22) (T, 22) (w1, 42) U (T, @2) .. (25, 22) - . . (21, 23) (21, 22).

In any other case, we have

V(To) = {w,y,2} UV(Q = {(T}, ), (@, 1)} ) U
{(u,29) : uw € P, —{x1,21}}
and
V(TL) = {42} UV(QF — (21, 25) ) U
{(u,v) :ue P —{x1,21},v € {x,y2}}

, , . g
Trees Thi, ..., Th1, 17, - -, T}, prove item (ii). O

The bounds of Lemmas 4.3.2 and 4.3.3 are sharp. To see that, it is enough
to check out that x3(Py X Py) = 2, where P, denotes a path of length two (see
Figure 4.13.)

Y

Figure 4.13: There exist 2 internally disjoint trees connecting vertices x,y, z in

Po X Ps.
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Finally, we assume that z,y, z belong to three distinct copies of G; and
to three distinct copies of G5. Next lemma shows a lower bound of x3(G; X Gs)

which is attained when r3(G;) = 1.

Lemma 4.3.4. Let G; and G4 be two connected graphs with at least three vertices
and such that g(Ga) > 5. For distinct vertices x1,y1,21 € V(G1) and distinct
vertices xq, Y2, 20 € V(Ga), there exist at least 2k3(Gs) + 1 internally disjoint

trees connecting vertices x = (x1,%2), y = (y1,y2) and z = (21, z2) in G K Gs.

Proof. Notice that vertices x, y, z belong to different copies G5, G%', G3', respec-
tively. Associated to one {x1,y1, 21 }-tree P; in G and to {5 = k3(G3) internally
disjoint {xs, ys, 20 }-trees Q1,...,Qy, in Go, we construct 2¢5 + 1 internally dis-
joint {x,y, z}-trees in G; X G5. Without loss of generality, when P; is a path, we
assume that it is an xyy;2;-path described as Py : 217 .. Y YTY -2 2 (where

Ti=y, Y, =T, Y =2 and/or z; = y; are possible).

I) Associated to trees P, and ()i, we construct three trees Ty, 177, and
11

T* in G1 X Gg.

a) If P, is a path and ), is a tree with leaves xs, o, 22, (see Figure 4.14), denoting

“‘11/1 = Q1" — {(y1,72), (Y1, 22) }, we consider

Thy - Q7 U (21, 2) - (Y1, y2) U (21, 22) - - (21, 22),

11, Q7 U (wy, ) . (21,22) U (Y1, 42) - - - (21,42) and

T QY U (w1, 22) (T1, 23) - - (y1, 23) U (y1, 23) - - (21, 28) (21, 20).

b) If both P; and )y are paths, we need to distinguish several cases depending
on the position of the vertices in the grid defined by P; and ;.

bl) If Q; is an Toys29-path described as Q; : zoT5 .. .géyggé ...z329 and
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Ty
&% a¥ Gi =T,
T*
@ e,
e o _ e o __ —
Y

(@) O/D z

Figure 4.14: Three trees in G X G5 associated to a path P, and a tree );.

taking into account that it may occur that f% = 1o, g; = T, y; = 2y OT 23 = ¥,

(see Case bl in Figure 4.15), we consider

T Q7' U (21, 70) -+ (4,5 W) (Y1, 92) U (21, 22) - - - (21, 22),

Ty - Q7' U (w1, 22) - (21,22) U (21, 9,) - - (T, 9,) (41, 92) and
T*: (21, 20) (T, T3) - (Y1, Tx) - (y1,25) - - (21, 28) (21, 22).

b2) Now, we assume that ()7 is an wozoyo-path. If y12z; € E(P;) and
Yozo € E(Q1), (see Case b2 in Figure 4.15) and therefore, we consider

T QT U (21, 92) - - (Y1, y2) (21, 22),
17, - Q7 U (21, m2) ... (21, 22) U (Y1, 92) (21, ¥2) and

T (w1, 22) (T, Th) - (Y1, T5) - - (Y1, 22) (Y1, y2) U (91, 22) (21, 22).

b3) Otherwise, dp, (y1, 21) > 2 or dg, (22,y2) > 2. Both cases are symmetri-
cal and hence we assume without loss of generality that dg, (22,72) > 2. It means
that Qy : 1275 ... 20%5 ... Yo With 29 # Z) # 1y, (see Case b3 in Figure 4.15). In

this case,
T (z1,29) .. (21, 22)(T1,23) - - - (21, Z3) (21, 22) U (Y1, Z3) - - - (y1, ¥2),

i 0 Q7'U (1,22) ... (21,22) U (Y1, 92) - - (21,92) and
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T - (.’1}1,1‘2>(T1,§%) C (f1722>(.’1}1,§%> ce (Il,y2> Ce (yl,y2> U (f1,22> ce (21, ZQ).

_Tll
—T7
¢ —_— ¥
Casebl
¢
[¢
¢
Case b2
¢
[¢
[¢
Case b3
¢
[6

Figure 4.15: Three {z,y, z}-trees in G; X G5 associated to P; and @1 paths.
¢) Assume that Pj is an r-rooted tree and that @ is also a rooted tree. Denoting
by Q{ = Q7 — {(r,xs), (r,y2), (r, 22) }, (see Figure 4.16), we consider
Thy - QU U (21, y2) - (1 92) -+ (Y1, 42) U (21, 22) - (1, 22) - (21, 22),

1) s (xr,29) . (ryxe) oo (Y1, 22) - (Y1, y2) U (@) o (21, 22) ... (21, 22) and

T QIEU(TJ &%) s @17&%)(1’17 'T2>U(T7 Q;) T (gpg?(ylv y2>U(T7 2%) s (517§%>(217 ZQ)’

d) The case P; being a tree and (); being a path is symmetrical to a) due to the

commutativity of the strong product of graphs.
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G Gy e Ty
— T

e T*
@ 0} Yy >
@] z

> >

%

.\o

(Ot 0]

o’

N

Figure 4.16: Three {x,y, z}-trees in G; K G5 associated to trees P; and Q.

Notice that the desired result is proved when k3(G3) = 1. From now on,
we assume that o = k3(G2) > 2 and we must consider whether @5 is an special

tree or not.

(IT) Assume that both @; and Q. are special trees. In this case, we
construct five trees associated to Py, @)1 and (). First, we assume that P, is a
path. If dg,(z2) = dg,(x2) = 1, then the five trees can be constructed with the
help of Figure 4.17. As a consequence of the symmetry of the path P, similar

constructions hold when dg, (22) = dg,(22) = 1.

We consider the remaining case dg,(y2) = dg,(y2) = 1. If zoys € E(Q1), then
Figure 4.18 helps us to construct the five trees associated to P, ()1 and Q)s.
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Z1 Y1 21
G2 GQ GQ

Figure 4.17: Five {x,y, z}-trees in G; X G5 associated to paths Py, Q1 and Qs .

Z1 Y1 Z1
a3 Gy G

LD

Figure 4.18: Five {z,y, z}-trees in G; X G associated to paths Py, @1 and @,
when 2y, € E(Q).

Z1 Y1 Z1
G3 Gj G

LD

Figure 4.19: Five {z,y, z}-trees in G; X G associated to paths Py, @ and @,
when z2ys ¢ E(Q1) and yo20 & E(Q2).

Symmetrical solution holds when ys25 € E(Q3).

Otherwise, xoys ¢ E(Q1), Y220 ¢ E(Q2) and Figure 4.19 shows the vertices con-
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tained in each of the desired five trees. Finally, when P is a tree, see Figure 4.20.

G:261 Ggl G;l

X

p f\
( X0)

)

\\@//

Figure 4.20: Five {x,y, z}-trees in G; X (G5 associated to a tree Py and paths ¢4
and @)s.

(ITI) For each j € {2,...,0(;} such that @; is not an special tree, we
construct two trees 1y, T l’j in G; X Gy associated to trees P, and @);. We need

to distinguish three cases:

a) Assume that P is an 21y, 2;-path and @), is an x929y,-path. Then
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le . (Il, l’g)(fl,fg) c. (21,§%> c. (21, ZQ) c. (Zl,y%) c. (yl,y%>(y1,y2) and
T : (2, @0) (21, 23) - (20, 29) (21, 20) (20, 3) - (1, Z0) - (w1, 02).

b) Assume that P; is an z;y;2;-path and @; is an s/-rooted tree. As usual,
Q; : 8. .xhra Usi.. Yy U s .2}z, Since j # 1, at least one element of

{al, v, 2} is different to s7.

If dp, (x1,91) > 2 and 2, = yg = 57, then

Tyj: (w1,22) (w1, 23) - (Y1, 2) - (y1,92) U (91,23) -+ (21, 23) (21, 22) and
Tllj . (Il, l’g)(fl, Sj) Ce (yl’ Sj)(yl,yg)(yl, Sj) e (Zl, Sj) e (21, ZQ).

Similar constructions hold for dp, (y1,2) > 2 and 2} = yl =5

c) In any other case, to unify the description of the trees Ty; and Tj;, without
loss of generality we provide an specific role to the vertex y = (y1,¥2). As usual,
if P, is a path, then we consider that P; is an x1y;2,-path. If P is an r-rooted
tree, we assume either that dg, (s7,y2) > 2 or that Q; is an xoys29-path. Also, we
consider that @% = % when @); is a tree. Under these assumptions, to construct

the tree T'; it is enough to consider that

V(1) = QF —{(y1,22), (Y1, 22)} U
{(u,v) :u € Pr —{x1,21},v € Ng,(w2) U Ng,(22)} U

{z,y, 2}

Similarly, T7; is such that

V() = A
{(z1,22),---,(21,79) } U

{(u,v) ru € Pr—{z1,21},v € Ng,(y2) } U
{z,y, 2}

xl,l’g), ey (Il,g2)} U

(
(
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If /3 > 2 and @ is the unique special tree, (I) and (III) provide
3420l —1) =20+ 1

internally disjoint {x,y, z}-trees, as desired. Otherwise, (II) and (III) provide
54 2(ly — 2) = 205 + 1 such trees. O

The bounds of Lemmas 4.3.1 and 4.3.4 are sharp. In fact, applied to P;
and P, paths with at least three vertices, they provide three internally disjoint
trees connecting any three vertices x,y, z of G; X G5 and this bound is sharp

because k3(P X Py) < §(P X P,) = 3.

Due to the commutativity of the strong product of graphs, it is not neces-
sary to study the remaining positions of three vertices z,y, z in G; X G,. In fact,
as a consequence of Lemma 4.3.1, it follows the existence of at least 2r3(Gs) + 1
internally disjoint trees joining vertices (x1, z3), (Y1, x2), (21, x2) when g(Gs) > 5.
Also, from Lemma 4.3.3, it follows the existence of at least 2r3(G5) internally

disjoint trees connecting vertices (x1,x2), (y1,x2), (21, 22) when g(Gg) > 5.
Now, we are ready to prove the main result of this chapter.

Theorem 4.3.1. Let G1 and Gy be two connected graphs with at least 3 vertices
and such that g(G2) > 5. Then k3(G1 X Gy) > 2k3(G2). The bound is sharp.

Proof. The bound k3(G1XGy) > 2k3(G2) is consequence of the inequality 0(Gy) >
k(Gs) > Kk3(Gy) and Lemmas 4.3.1, 4.3.2, 4.3.3 and 4.3.4. Notice that the given
bound is only attained when we consider vertices = = (z1,22), ¥ = (y1,%2),

z = (21,22) in G1 X G2 such that rr =1 % 21 O To = Y2 % z9. O

When the generator graphs G; and Gq are such that k(G1) = 6(G;) =1
and k3(Gy) = §(Gy), the generalized 3-connectivity of the strong product of Gy

and (5 is almost determined, as we show in next result.
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Corollary 4.3.1. Let Gy and Gy be two graphs with at least three vertices and
such that k(G1) = §(G1) = 1 and k3(G3) = §(Gs). Assume also that g(Gy) > 5.
Then 5(G1 X Gg) -1 S /€3(G1 X Gg) S 5(G1 X Gg)

Proof. Since k3(G) < k(G) < §(G) for every connected graph G, it remains only
to prove the given lower bound of k3(G; X G3). Taking into account that the

minimum degree of the strong product of G; and Gj is
(S(Gl X GQ) == (5(G1)5(G2) + 5(G1) + (S(Gg) = 2%3(G2) + 1,

from Theorem 4.3.1, it follows that r3(G1 X Gs) > 2k3(G2) = 6(G1XGy) —1. O
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Chapter 5

The Wiener index

This chapter deals with a parameter related to the control on the distances
in a connected graph, called the Wiener index. Sharp lower and upper
bounds on the Wiener index of the strong product of two connected graphs
are given and the exact value for the strong product of some families of

graphs is determined.

5.1 Introduction

Classical parameters on distance in graphs, as the diameter, the radius or the
eccentricity, are very studied in Graph Theory. However, sometimes these indices
cannot provide a suitable information about the graph description. Let us see
an example. Consider the graph G obtained by a complete graph and a path
P sharing a common vertex (see Figure 5.1). In this case, notice that there are
[V (G)| = (I(P)+1) pairs of vertices separated at diametral distance (for example,
x and y in Figure 5.1), which is small if the length of P is large enough, but there

are many pairs of vertices in the graph directly communicated.

99
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Figure 5.1: A graph G with a big difference between its diameter and its average

distance.

Then, it is interesting to search another type of parameters to obtain a
more comprehensive information about the distances in a graph. We focus on
the Wiener index of the strong product of two connected graphs. As we saw
in Introduction, the Wiener index was introduced in [96] and for any connected
graph G, it is denoted by W(G) and defined as

WG =5 Y deley)

z,y€V(G)

where the sum is taken through all the ordered pairs of vertices of G.

The Wiener index is related to the average distance, introduced by Doyle
and Graver in [38] and denoted by u(G). The average distance of a connected
graph G is the expected distance between a randomly chosen pair of distinct
vertices, namely, the mean on the distances between all the ordered pairs of

vertices of (7, that is,

Z dg(l','y)
)

x 2W(G)
Q) — YeV (@ _ .
2
Therefore, studying the Wiener index of any connected graph, we could obtain

directly the average distance of such graph. This is a reason for which we consider

interesting the Wiener index.
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One can compute directly the exact values of this kind of parameters in
small graphs, see for instance the graph G of Figure 5.2. It is easy to check that
W(G) =21 and p(G) = 1.4.

Figure 5.2: A graph G with W(G) = 21 and u(G) = 1.4.

Indeed, as we mentioned in Introduction, for complete graphs, paths or
cycles, the Wiener index and the average distance were deduced, as well as certain

general bounds [40] as the following ones.

n(n—1) n®—n
— < <

for every graph G of order n. This bound comes from inequality
W(K) <W(G) < W(P),
respectively, where K and P are the complete graph and the path on n vertices.

Our aim is to find bounds of W (G, X G2) for any two connected graphs
G1 and G,. First, we need to introduce some general notations that we will use

throughout this chapter.

Let G; and G5 be two connected graphs with order ny,ns, size e, es, Wiener
indices

1
Wy =W(Gy) = 5 Z de, (z1,91)
z1,y1€V(G1)
and

1
Wy =W(Gs) = 3 Z da, (T2, Y2),

z2,y2€V (G2)
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where all the sums are taken through all the ordered pairs of vertices of G; and

G, respectively.

First of all, we introduce a sets of ordered pairs of vertices of G; and G5 which
will play an important role in the development of this study. For every ¢ =

0,...,D(Gy) and every j =0,...,D(G3), let us denote

R, ={x1,y1 € V(Gy) : dg,(x1,y1) = 1}, with cardinality r; = |R;|
and

S; =A{x2,y2 € V(G2) : dg,(z2,y2) = j}, with cardinality s; = |5}

Notice that the sets R, and S; form a partition of the sets of ordered pairs of

vertices of GG; and G, respectively. That is

D(Gh) b(Gz2)
U R, =V(Gy) x V(G1) and U Sj =V(Gz) x V(Ga).
i=0 7=0

Observe also that
D(Gh)
Z 'éri — Z dGl(xbyl)a
i=0 z1,51€V(G1)

and similarly,
D(G2

)
dsi= > day(x2,1).
=0

z2,y2€V (G2)

Attending to this notation, we have the following equalities:

To =Ny, T1 = 261 and So = Ng, S1 = 262 (51)
D(Gh1) D(G2)

Z r; =n7 and Z sj =nj (5.2)
1=0 j=0

D(G2)

1 (G1) 1
5 Z wr; = W, and 5 Z jsj = Wa. (5.3)
i=1 j=1
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Given any two vertices (z1,z2) and (yp,y2) of G W Gy, recall that

dGlﬁGb((xlv x2)7 (y1, y2)) = max{d(;l (xh y1>7 dGz ('T27 y2>}' (54)

Instead of working properly with the distance matrix of V(G7 X Gs), we consider
more useful to regroup the original distances in boxes depending on the distance
between the ordered pair of vertices in the generator graphs G; and G,. We will

denote this new matrix as D = [d;;] (see Table 5.1).

So | St T S; T SD(GQ)
RO dOO dOl
Rl le dll
R; di
Rp(ay) dp(G1)D(Gs)

Table 5.1: Matrix D = [d;;].

The entrances of this matrix D are the sets R; and S; described above, for
i=0,...,D(Gy) and j = 0,...,D(G2). Each element d;; of D represents the
distance between any pair {(x1,z2), (v1,y2)} and {(y1,y2), (1, x2)} of the set of
ordered pairs of vertices of G4 X G such that z1,y; € R; and 9,92 € 5;. In
fact, the value of each cell is d;; = max{i, j} and the number of ordered pairs of

vertices which are at distance d;; in Gy XM Gy is exactly 7;s;.
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Moreover, denoting by x = (x1,22) and y = (y1,y2) two any vertices in V(G K

G), observe that

D(G2) D
Z deime, (T, Y) Z Z d;ijris;, (5.5)
z,y€V (G1X¥G2) 7=0 =0

where the sum is taken through all the ordered pairs of vertices of G; X G.

We want to clarify it through an example. Consider any two connected graphs
G and Gy such that D(Gy) < D(Gs). Table 5.2 is the matrix of distances D
described above. This table represents the distances between any ordered pair of
vertices in G; X (G5 from the point of view of the distances between the vertices
in each generator graph. For example, two distinct vertices (z1,x2), (y1,v2) €
V(G1XGy) coming from xq1,y; € Ry and 9, yy € S5, are at distance 5 in G1 X G,
which is the value that exists in the cell (2,5) of Table 5.2.

So | S| S2 | Sz | Sa| S5 | S

Ry | O 1 2 3 4 5 6

Ry |1 1 2 3 4 5 6

Ry | 2 2 2 3 4 5 6

Rs3 | 3 3 3 3 4 5 6

Table 5.2: Matrix D for G; X G5 with D(G) = 3 and D(G2) =
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5.2 General equality of W(G; X G3) and lower

bounds

We start this section with a result which provides a general equality for the Wiener
index of the strong product graph W (G X Gs) in terms of known parameters of
the generator graphs GG; and G, as their orders, their Wiener indices and their

cardinalities r; and s;, which were defined in Section 5.1 as follows:
ri = |R;| where R; = {x1,11 € V(Gy) : dg,(x1,91) = 1}

and

s; = |Sj| where S; = {x2,y2 € V(G2) : da,(z2,y2) = j}.

Theorem 5.2.1. Let Gy be a connected graph with order ny and Wiener in-
dex Wy, for k = 1,2, such that D(G1) < D(Gs). Let r; and s; be defined in
Section 5.1. The following assertions hold:

(i) If D(G1) =1 then
W(Gl X Gg) = n2W1 + H%WQ

(i) If 2 < D(G;) < D(G,) then
D(G1 —1 D(G1)
W (G, B Gy) = noWi + n2Ws + Z > (i = )ris;.
= i=7+1

Proof. Let © = (x1,22),y = (y1,y2) be two vertices in V(G; W Gy). By the

definition of the Wiener index and applying equality (5.5), we deduce that

D(Gl

W(G K Gy) = % Z da,m6, (7, Y) Z Z dijris;,

z,yeV(G1X¥G2) =0 4=0

where, r; and s; are the cardinalities of the sets R; and S;, as well as d;; are
the distances of the matrix D defined in Section 5.1, for 0 < i < D(G;) and
0<j < D(Gy).



106 Chapter 5. The Wiener index

Furthermore, since d;; = max{i, j}, we may describe

j’f’Z'Sj, for ¢ S ]
dij'risj = max{i,j}risj = (56)
(i — j + j)ris;, otherwise.

Then, by applying the definition of the Wiener index and by (5.6), observe that

D(G2) D(G1)

WG KRGy = % Z daywa, (7, Y) Z Z dijris;

(z,y)€V(G1RG?2)
(5.7)

D(G1)—1 D(G1)

1 1
= Z Z dw’f’ZSJ = Z Z dzgrzsj

J =D(G1) =0

(7) Assume that D(G1) = 1. Then, by (5.7), we have

D(Gz 1

W(GlgGg :—SQZZ’I“Z + = Z ]S]Z’r’,

Taking into account equalities (5.1), (5.2) and (5.3), we know that

1 D(Gh) D(Gh) 1 D(G2)
So = Na, 5 Z iTi:Wh Z ri:n% and 5 Z ij:WQ,
=0 i=0 j=1

yielding that

W(Gl X Gg) = 7’L2W1 + H%WQ
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(77) Assume that D(G;) > 2. From equality (5.7), we deduce that

D(G1)—-1 D(G1)

W(GIRGy) = % Z Z]rzstr Z (i =7+ J)ris;)
i=0 i=j+1
] D(G2) D(Gh) B
DI
J =D(G1) =0
1 D(G1)-1
S SN DoF RS e
7=0 i=j+1
D(G2) D(Gh)
DI
J D(Gl) i=0
—1 D(G1) —1D(Gh1)
= Z Z ]rlsj Z Z TZS]
1= 7=0 i=j5+41
D(G2) D(Gh) K
DD I
J =D(G1) =0
1 D(G2) D(Gy) -1 D Gl
= 5D s> it Jris;
§=0 i=0 i= ]+1

D(G1) D(G1 -1 D(G1)

Z
1D(G2) 1 D(Gh)

SED T INESEY SUEE LS ol of B
j=0 =1

=0 = i=7541

Again, from equalities (5.1), (5.2) and (5.3), it follows that

1 D(G2) D(Gy) 1 D(G1)
5 Z ij:W2, Z T’z’:nf, So = Ny and 5 Z irl-:Wb
Jj=0 =0 i=0

leading to
D(G1)—1 D(G1)
W (G R Gy) = noWy + nWa + 5 Z Z (i — j)rss;.
=1 i=j+1
O

Equality (i) of Theorem 5.2.1 leads us to deduce several lower bounds on
W(G1; W Gs) in terms of known invariants as the order, the size, the minimum

degree and the Wiener index of the generator graphs, as the next theorem shows.
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Theorem 5.2.2. Let G}, be a connected graph with order ny, size ey, minimum
degree 6 and Wiener index Wy, for k = 1,2, such that 2 < D(G1) < D(Gs).

The following assertions hold:

(i) If D(G1) > 2 then
W(Gl & Gg) 2 7’L2W1 + R%WQ + €9 (2W1 — n% + nl) s
with equality if and only if D(G,) = 2.

(ii) If D(Gy) > 3 then
%74 (Gl X GQ) Z n2W1+an2+62 (2W1 — n% + n1)+52 (Wl — n% +ny + 61) ,
with equality if and only if D(G1) = 3.

(iii) If D(G1) > 3 and Gy has minimum degree at least 2 and girth at least 5,
then
W (G1 K Gy) > ngWi+n3Wo+205e5W1 +2e1e5(53 —1) —e3(25, —1)(n? —ny),
with equality if and only if D(G1) = 3 and Gy is regular.

Proof. (i) Assume that D(G;) > 2. Then, by Theorem 5.2.1, we have

-1 D(G1)
W (G1 X GQ) = n2W1 + n1W2 + - Z Z Tzsy
= i=j+1
(Gl)
2 .
Z n2W1 + n1W2 + 815 ZZ:; (Z — 1)7”2
1 D(Gy) D(Gy)
= HQW;[ + H%WQ + 815 ZZ:; iT’,’ — ZZ:; T
1 D(Gh) 1 D(Gh1)
= naWi +niWs + 2ey 5 ; iri_i ; T

From (5.2) and (5.3), it follows that

1
—ZZTZ—Wl——Tl W1—61
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and
D(Gh)

Z ri:nf—ro—rl :nf—nl—Qel,
i=2
yielding that
1
W (Gl X GQ) Z n2W1 + H%WQ -+ 262 ((Wl - 61) - i(n% — Ny — 261))

= n2W1 + H%WQ + €9 (2W1 — n% —+ nl) .

Further, observe that the previous equality becomes equality if and only if r; =0

for ¢ > 3, that is, when D(G4) = 2, since 19 = nq, r1 = 2e; and

Ty =n3 —19—11 =n7 —n; —2ey.

(#7) Suppose that D(G;) > 3. Similarly to the first case, by Theorem 5.2.1, we

have
-1 D(G1)
W (G RGy) = ngWy +n2W, + Z > (i = j)rs;
7j=1 i=j+1
1 D(Gh) 1 D(Gh)
> noWi+niWsy + 515 ; (t—1D)r; + 325 Zz:; (1 —2)r;
1 D(Gh) 1 D(Gh)
= nyW; +n1W2+S1 5 Z; iy 5 Z_; i
1 D(G1) D(Gy)
+S2 5 Z mp — T
=3 =3
D(G1)
As Z r; = n3, it follows that
i=0
1 S 1 n3 —mny
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and
D(G1)
Z ri:nf—ro—rl—rgzn%—nl—Qel—rg,
i=3
yielding that
1 & n3—n
2 . 1— M
W (G R Gy) > noWy +niWs + sy §;zri—< 5 —61)
1 D(Gh)
"‘82 527;7’1'—(71,%—711—261—7’2)
i=3
1 D(G1)
As 3 ; ir; = Wi, we have
1 D(Gh) . . 1 ”
- mr; = — = = —
9 1 27“1 1— €
=2
and
D(Gl

1
- E ZT’Z Wl——’f’l—TQ Wl—el—’f’g,

which means, together Wlth s1 = 2eq, that

2 _
W(Gl X Gg) Z n2W1 +7’L%W2 + 51 ((Wl — 61) — <n1 5 nl — 61)>

+$2 ((Wl — €1 — 7“2) — (TL% — Ny — 261 — 7’2))

= Wi+ niWa+es (2W1 —ni+ny) + 53 (Wi —ni+ny +ep).
(5.8)

Observe that the equality is attained if and only if D(G;) = 3, due to

2 3
1 o T T3
52 (.Z ‘- ””) 5= (g ) s+ g

and rg, 1,79 and r3 satisfy equations: rg = nqy, 1 = 2eq, rg+ 11+ 10+ 13 = n%

1
and 3 (r1 + 2ry 4 3r3) = Wy, that is,

D) —
= =W, —
9 +’l“3 1

and %le—n%+n1+el.
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(73i) Assume that Go has minimum degree d; > 2 and girth at least 5. Then

the neighborhood of each vertex v € V(Gs) is an independent set and there are
d

2( G2 (U>) ordered pairs of vertices at distance 2. Moreover, any two vertices in

2
G, at distance 2 have exactly one common neighbor v. Therefore,

v Y 2<d6‘22(”>): S (dey(v)? — dey(v))

veV (Ga) veV (G2)
= Y de,(0)= ) da(v) = ) da,(v)de,(v) — 2
veV (Ga) veV (Ga) veV (Ga)

2 52 Z dG2 (’U) — 262 2 52262 — 262 = 262(52 — 1),
veV (G2)

with equality if and only if dg,(v) = d5 for every vertex v € V(Gy), that is, when
the graph G is regular. Then, we obtain another lower bound of W (G; X G5)
only in terms of known parameters of the generator graphs just replacing s, by

2e5(dy — 1) in (5.8), as follows.

W (Gl X Gg) Z 7’L2W1 + TL%WQ + €9 (2W1 — nf + nl)

+(25262 — 262) (Wl - TL% +ny+ 61) .
That is,

W (Gl X Gg) 2 7’L2W1 + R%WQ + 25262W1 + 26162(52 — 1) — 62(252 — 1)(71% — nl),

obtaining the desired lower bound, which is an equality if and only if G5 is regular

and D(Gy) = 3. O

Point (i) of Theorem 5.2.2 generalizes Theorem 1 of Pattabiraman and

Paulraja in [83], as we see in the next remark.

Remark 5.2.1. (Theorem 1 of [83]) Let Gy = Ky, . .m, be a complete bipartite

.....

graph with n, = Zm, vertices and ey edges. Let G5 be a connected graph on ns
i=1
vertices and ey edges. Then

my X Gg) = ng(n% — Ny — 61) + n%Wz + 62(711% — Ny — 261).

.....
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5.3 Wiener index of the strong products of paths

and cycles

We provide the exact value of the Wiener index of the strong products of paths
and cycles in terms of their orders. For this aim, we use equality (ii) of Theo-
rem 5.2.1, due to the cardinalities r;, i = 1,...,D(G;) and s;, j = 1,..., D(G)

can be easily determined.

We start with the strong product of two any paths. Notice that a path P of
3 _

and admits 2n — 2¢ ordered

order n has diameter n — 1, Wiener index

pairs of vertices at distance 7, fori =1,...,n — 1.

Corollary 5.3.1. Let Py, Py be two paths on ny,ng vertices, respectively, such

that 2 < n; <ny. Then

n’ny (n? n?2 1 ny (nt n? 1
W(P, X Py) = 122<€1+§2—§)——1<—1——1—|——).

Proof. By the hypothesis, D(P;) < D(P;). We apply equality (iz) of Theo-
rem 5.2.1 with G; = P; and Gy = Py. Observe that r;, = 2n; — 2i, for

t=1,...,n1 —1land s; =2ny — 2j, for j =1,...,ny — 1. Hence,

ny—2 ni—1
1
W (Pl X Pg) = n2W1 + H%WQ + = Z ((2712 — 2]) Z (Z — j)(2n1 — 2Z)>

2 4 =
j=1 i=j41
3 3
= 6 Mo + 6 1
mng (my _ni w1\ _md o om om
3 4 2 4 2 60 12 15

n2 2 2 1 4 2 1
_oming (mp omy 1\ m(mp omp LY
2 6 3 2 3 \ 20 4 5!

Next result shows the Wiener index of the strong product of any two cycles.
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Observe that a cycle C of order n has diameter D(C) = {SJ and Wiener index

n . .
3 if n is even.
W(C)=1< ,3_
if n is odd.

8 )
If n is odd, it is easy to check that C admits 2n ordered pairs of vertices at
distance i, for : = 1,..., D(C). If n is even, then C admits 2n ordered pairs of

vertices at distance ¢, for ¢ = 1,..., D(C) — 1 and n ordered pairs of vertices at

distance D(C).

Corollary 5.3.2. Let Ci,Cy be two cycles with ny, ny vertices, respectively, such

that 3 < ny <no. Then

((ning (n3  ni 1
—+ =+ = ) d )
5 (12 + 1 + 6)’ if ny and ny are even
2 2 2
W (C, R Cy) = ”12”2 (% n % - g) . if ny and ny are odd.
2 2 2
— + = - — h .
5 (12+ 1 12) , otherwise

Proof. By the hypothesis, D(C;) < D(Cs). Then we use equality (i) of Theo-
rem 5.2.1 taking G; = C; and G5 = C5. First, observe that for graph C;, we have
T; :2711, for i = 1,,D(Cl) — 1 and
ny, if ny is even.
'D(C) =

2nq, if nq is odd.

Analogously, for Cy, we have s; = 2ny, for j =1,...,D(C2) — 1 and

ne, if ng is even.
SD(C2) =
2ng, if ny is odd.

We must distinguish two cases depending on the parity of the number of vertices

of the shortest cycle C;.
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3
Case 1. Suppose that n; is even. Then D(Cy) = %, Wy = % and rpc,) = n1.

By applying equality (i7) of Theorem 5.2.1, we get

n n 12 n . —~,
W (Cl X (,’2) = —17’1,2 + =2 ’rl,%’n,Q + 5 Zl 2712 <—1 - ]) niy + Z (7’ - ])2”1

) , if ny is even.

) , if ny is odd.

n1—1 ni{’—nl

Case 2. Assume that n; is odd. Then D(C;) = 5 and Wy =

Similarly to the previous case, we obtain

n;—3 ny—1

nd—mn n2 1< -
W(01&CQ) = 18 N9 + §2 n%n2+522n2 Z(Z_])2nl

L~ j=1 i=j+1

3 2 3

n2n2 7’L2 7’L2 1 . .
1 1 2 f
, 1I Ng 1S evell.

2 \12 4 12
- 2 2 2
LR f .
5 (12 + 1 3) , if ny is odd

Last, we finish with the Wiener index of the strong product of any path

and any cycle.

Corollary 5.3.3. Let P,C be a path and a cycle with ny; and ny vertices, respec-

tively, such that ny,ny > 3. The following assertions hold:
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(1) If ng < {%J + 1 then

4
WPRC) ={ |
-
(13) If ng > {% + 1 then
( n2n n2
G
W({CKP)=
L 6 Ly

Proof. As D(P) =n; —1 and D(C)
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2 2 1
% % — g) , if nog is even.
2 2 5
% %_6)’ if ng is odd.
1 3 2
5) — Z_;S (% — 1) , if ny is even.
5 ns (ny 5 3ny . .
Z) T (Z_i) ~ %1 if no is odd.

= {%J, it follows that D(P) < D(C) if and

only if n; < {%J + 1. Thus, two cases need to be distinguished.

Case 1. Suppose that n; < {%J + 1. Then D(P) < D(C) and we apply equality
(77) of Theorem 5.2.1 with Gy =P and G, =C.

We know that 7; = 2ny — 2 holds in P, for i = 1,...,n; — 1 and s; = 2n, holds

inC,forjzl,...,{%J—l. Then,
3 _ 2

W(PRe) = MM, |2
6 | 8

3 2

oni-m nj

- "6 "B

4 3 2

ninyg (n?  nl

4 3 2

obtaining the equality ().

we deduce that
ny—2 ny—1
n2ny + 5 Z 20,y (Z (i — 5)(2n, — 2¢))
j=1 i=j+1
2 T N9 nq 2 T
— —ny— —+1
ning G ( 5 1T + )

— 3) , if ny is even.

6) , if ny is odd.
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Case 2. Suppose that n; > {%J + 1. Then D(C) < D(P) and we use the equal-
ity (zi) of Theorem 5.2.1 with G; = C and Gy = P. Now, we have s; = 2ny — 2j
in P, for j € {1,...,n; — 1} and we have r; = 2ny in C, for i € {1,..., D(C) — 1}

ng, if ny even.
and D) =
2no, if ny odd.

If ny is even, then

WERP) = Hn+ B
ng—2 ng—2
L (2n1 — 2§) (n2 ) + 3 (i )2
5 n J B J | N2 PA t—])4n2
7j=1 i=j+1
3 3 2 2 3 2
L PO StV SN WU SENL SN BN NEC YRS
R (6 2+3) 16(12 3)

If ny is odd, then

ng—3 ng—t
nd—n nd—n 1< 4 .
W(C&,P) = 28 2n1—|— 16 1”%“‘5 (2711—2]) Z(Z—])27’L2
j=1 i=j+1
_ n% — ngnl i ni’ — N ng i nlng‘ _ nlng’ _ nlng
8 6 24 8 24

niNg ng 5n§ 3na

s 102706 64
_omm (o ms DY mg(na 5 8n
6 VY] 48\ 4 2 64

This proves (ii) and the result. O
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5.4 An upper bound for W(G; X G,)

nd—n

Entringer, Jackson and Snyder in [40] proved that W(G) < , for any
connected graph G on n vertices, with equality if and only if G is a path on n
vertices. This upper bound comes from inequality W (G) < W (T'), where T is a
spanning tree of GG, with equality if and only if G = T'. In this subsection, this

upper bound is extended to the strong product graph.

It is clear that if GG is a connected graph and H C G is a subgraph of G
such that |V (G)| = |V(H)|, then W(G) < W(H). Hence,

W(G1 X Gy) < W(G1OGy) = |V(G2)PW(Gy) + [V(G)|PW (Ga).

In this section we provide a sharp upper bound. We first prove that
W(G1 X Gy) < W(P; K G,), for any two connected graphs G and Gy on n; and
ng vertices, respectively, and where P; is the path with the same order as Gj.
Then, as consequence, the upper bound W (G X Gy) < W(P; K Py), where Py

and Py are the paths on n; and ny vertices, respectively, clearly holds.

Theorem 5.4.1. Let Gy be a connected graph with order ny, for k = 1,2. Let

P1 be the path on nq vertices. Then
W(G1 X Gg) S W(Pl X G2)7

with equality if and only if Gy is the path P;.

Proof. Let G1 and Gy any two connected graphs with n; and nsy vertices, respec-
tively. Notice that it is sufficient to prove that W (T} X Gy) < W(P; X Gs),
where 77 is a spanning tree of G, due to T} X Gy C G; X G5 and hence,
W(G1 X Gy) < W(T1 K Gy).

Without loss of generality, we may suppose that n; > 3, since if n; = 1 or ny = 2,

then T7 = K7 or T7 = K, and the result directly holds.
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We apply induction on n;. If ny = 3, then T} is exactly a path on 3 vertices,
yielding the upper bound. Assume that the result holds for ny — 1. That is,
suppose that W(7T] X G2) < W(P'; K Gy), being 77 and P’y a tree and the path

on ni — 1 vertices. We will prove it for n;.

Let us denote by x = (z1,x2) and y = (y1,y2) any two vertices in V(17 X Gs).
By (5.5), we have

D (T1) D

W(Ty K Gy) = % Z drre, (T, Y) Z Z dijris;,

z,yeV (T1XG2) =0 35=0

where the sum is taken through all ordered pairs of vertices of 71 X Gy, r; and s;
are the cardinalities of the sets R; and S; and d;; = max{i, j} are the distances

of matrix D defined in Section 5.1, for 0 < i < D(T}) and 0 < j < D(Gy).

Let u be a leaf of T} and let G the copy of G, in T} MGy corresponding to vertex
u € V(T1). Let us consider a partition of the set of ordered pairs of vertices of

T1 X G5 into the following two sets:

A={z,y e V(I1 X Gy) : 1 # u and y; # u}

and

B={z,ye V(I1 X Gq) : ¥y = u or y; = u}.

Namely, on the one hand, A is the set of ordered pairs of vertices of T X G5 such
that * ¢ GY and y ¢ GY. On the other hand, B is the set of ordered pairs of
vertices of 17 X G5 such that z € G or y € G§ or =,y € GY.

Hence,

W(Tl X Gg) = Z dT1®G2 ([L’, y)

z,yeV (T1XG2)

1
Z dryre, (T,y) + B Z drize, (T, Y).

z,yeA z,yeB

N = N
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1
First, we bound 3 Z drme, (%, y). Let us denote by 7] = T —{u}. Since u is a
z,y€A
leaf of Ty, observe that dr, (x1,y1) = dgy (21, 41), for any two vertices 1,y of T7.

Then for any two vertices =,y € V (T} X G5) we deduce that

dT1®Gz (ZL’, y) = rnaX{dT1 (1’1, yl)a dGz (I2> y2)}
= max{dle (1, 91), dey (22, 92) } = driRa, (z,9).

Hence, applying the induction hypothesis, it directly follows that

1
5 Z dTlﬁGQ(xuy) =

T,yeA

> drme(n,y)

z,yeV (T|RG2)

Z dP{&Gz (LU, y)

z,y€V (P XRG2)

(5.9)

(VAN
N — N =

1
Second, we estimate 5 Z drmae, (2, y). Denote by e, = ecer, (u) the eccentricity
z,yeB
of vertex w in V(7}). Let us define the next subsets of ordered pairs of vertices

of the sets R;,

R = {(z1,31) € R : 11 = wor y; = u},

for every 1 =0, ..., e,, due to R =0, fori =e,+1,..., D(T}). The cardinalities
of these subsets are denoted by r¥ = |R¥|. Observe that rj = 1 and also that

i = 2|Nj, (u)|, for every i =1,..., e,. Moreover, Zﬁu =2(n; — 1).

i=1

Hence, by (5.5), we get

1 1 .
3 > dnme,(r.y) = 3 dijri's;.

z,y€B i=0 j=0
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Due to d;; = max{i, j}, it follows that

1 1 €y D(GZ)
3 > dnma,(r,y) = 527“? dijs;
z,yeB i=0 j=0
1 eu i D(G2) i
S 21 DO WU oY
i=0 =0 j=1 =0
eu . 1 7 .
= i g 2_E—0)s + W(Gs) |,
=0 7=0
1d
where f; = 3 Z(z — j)sj + W(G2) is a increasing function on ¢ thanks to the
=0
cardinalities s; are positive for all j =0,..., D(G2). Hence,
1 >
5 Z dT1@G2(xvy) = Zri fi-
z,yeB =0

Now, we distinguish two cases depending on the eccentricity of u in T7. Suppose
that e, = n; —1. Then r =2, for all « = 0,...,n7 — 1 and therefore, T} = P,

which finishes the proof.

Assume that e, < ny — 1. Then T # P; and hence, there exists ig € {0,...,e,}
such that [N (u)| > 2. Indeed, at least one vertex of Nj¢(u) is a leaf. In such

case, we make the following transformation on the tree Tj.

Between all the possible vertices of Nfﬁi (u), we delete a leaf and add it to a vertex
at distance e, from u in 7T}. For instance, in Figure 5.3 we illustrate a possible
case, where for ¢ = 3, there are three vertices, and two of them are leaves. Then
we delete vertex v (the red vertex) and we add it to a vertex at distance e, from

u (the blue vertex).

By this way, if we represent the cardinalities (r}):*, in a list of length n; — 1, we

have initially
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Figure 5.3: Transformation in 7.

and after the transformation we get

(ri, ., rd =2 . 18 20,...,0).

“ey iO o leyo

Notice that both lists have the same length n; — 1 and the same sum of elements,

Moreover, due to the function f; is an increasing function on i, we have

ey i0—1 Cy
dortfi <Y il =2 fio+ Y rifit 2 e i (5.10)
i=1 i=1 i=ig+1

Using iteratively the previous transformation, from the sequence

(g, 71y ey Tty e, 0,...,0)

107 "0 ey

we obtain the sequence

(1,2,...,2,2,...,2)

which is, in fact, the sequence of neighborhoods of u in a path P; of n; vertices,

being u one of the two end vertices of P;.
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Hence, by (5.10), we deduce that

€y

%Z dT1@G2(x7y) = ngfz

x7y€B =0

(&7
= rifot Y Tl
i=1

= f0+i:7"ffi (5.11)
< f0+z_2fi

1
- 5 Z dﬂ&Gz (Ia y)a

(z1=u)V(y1=u)

being u one of the two end vertices of P;.

Finally, from (5.9) and (5.11), it follows that

Z dT1®G2 ([L’, y)

z,yeV (T1XG2)

1
Z dryre, (T,y) + 5 Z drime, (T, Y)

x,yEA :L‘,yEB

1
> dpmes(wy) + 3 Y. dpwa(r.y)

z,y€V (PiXRG2) (z1=u)V(y1=u)

Y. dpwa(n,y)

z,yeV (P1XG2)

= W(PLRG,).

W(T, KRGy =

VAN
NI = NI~ N~ N

with equality if and only if 77 = Py, which finishes the proof. O

To end this subsection, we present the following corollary which directly comes
from Theorem 5.4.1, thanks to the commutativity of the strong product graph

and whose proof is straightforward.

Corollary 5.4.1. Let Gy be a connected graph with order ny, for k = {1,2}.

Let Py and Py be two paths on ny and ny vertices, respectively. Then

W(G1 R Gy) < W (PR P,),
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with equality if and only if Gy = Py and Gy = Ps.

Notice also that if we suppose that G and G5 are two connected graphs with
order ny, and ng, respectively, such that 2 < n; < ng, then Corollary 5.3.1 and

Corollary 5.4.1, lead us to get the upper bound

WG B Gy) < ™12 (”_ﬁ”_%_l)_ﬂ(”_‘f_”_h}).

2 6 3 2

5.5 Hyper-Wiener index of the strong product

graph

This last section is devoted to present some results on the hyper- Wiener index of
the strong product graph. It was introduced by Randié [85] in 1993 with the aim
to search new optimal molecular descriptors or invariants of a relatively simple
structural interpretation which can describe molecular properties of interest. For

any connected graph G, it is denoted by WW (G) and defined as

WG =7 X (dalwy) +(wm).

z,yeV(G)
where the sum is taken through all the ordered pairs of vertices of G. Hence, it
is clear that the Wiener and the hyper-Wiener indices are directly related by the
equality

1 1 9

WW(G) = W (G) + > dg(xy).
z,yeV(G)
Similar bounds those obtained in [40] for the Wiener index have been

deduced for the hyper-Wiener index. For any connected graph G on n vertices,

Gutman et al. in [48] proved that

_ 4 3_ 2 _
n(n2 1) <WW(G) < n* +2n 24n 2n’
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which comes from the fact that WIW(K) < WW(G) < WW(P), where K and

P are the complete graph and the path on n vertices, respectively.

Since the hyper-Wiener index has a high correlation to the Wiener index,
it is possible to establish analogous results for WW (G, X G2) to the obtained

ones for W (G1 X Gy), as we show below. Thus, the proofs are omitted.

Continuing with similar notations, we use WW; and WW5 to denote the

hyper-Wiener index of G; and G, respectively. That is,

D(Gy)
W, — % S (doy (o) + d (00, )) = % S (i+®)n (5.12)
21,91€V (G1) i=1
and
X | DG2)
WW, = 1 Z (dGQ(xg,y2) + d2G2($2,y2)) =1 (G +7%s;,  (5.13)

1

x2,y2€V(G2) J
where both sums are taken through all the ordered pairs of vertices of GG; and

G, respectively.

Theorem 5.5.1. Let GGy, be a connected graph with order ny, Wiener index and
hyper-Wiener index Wy, and WWy, for k = 1,2, such that D(G1) < D(Gs). Let

r; and s; be defined as above. The following assertions hold:

(i) If D(Gy) =1 then

WW (G R Gy) = ngWW, + niWW,.

(i) If 2 < D(G,) < D(Gy) then

D(G1)-1 D(G1)
WW (G B Ga) = noWW, + n2WW, + 1 SN (i—j+i = Prs;

j=1  i=j+1
Theorem 5.5.2. Let G} be a connected graph with order ny, size ey, minimum
degree Oy, and hyper-Wiener index WWy., for k =1,2. Let 2 < D(G;1) < D(G»).

The following assertions hold:
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(i) If D(G1) > 2 then
WW (G R Gy) > noWWy + i WWs + es (2WW; — nf 4+ ny),
with equality if and only if D(G1) = 2.
(i1) If D(Gy) > 3 then
WW (G R Gy) > ngWWy +niWWs + ey WWy —nf 4 ny)

+ 59 (WW1 — g(n% —ny) + 261) ,
with equality if and only if D(G1) = 3.
(iii) If D(G1) > 3 and Gy has minimum degree at least 2 and girth at least 5,
then
WW (GLRGy) > noWWy 4+ n2WWs, + 256, W,
+4eres(dy — 1) — ex(309 — 2)(n? — ny),
with equality if and only if D(G1) = 3 and G2 is regular.

Finally, we present an upper bound for the hyper-Wiener index WW (G X
() of the strong product of two connected graphs.

Theorem 5.5.3. Let Gy be a connected graph with order ny, for k = 1,2. Let

P1 be the path on nq vertices. Then

with equality if and only if G is the path P;.

Thanks to the commutativity of the strong product graph we present the next

corollary which directly comes from Theorem 5.5.3.

Corollary 5.5.1. Let Gy be a connected graph with order ny, for k = {1,2}.

Let Py and Py be the paths on ny and no vertices, respectively. Then
WW(G1 K Gy) < WW (P K Psy)

with equality if and only if Gy = Py, and Gy = Ps.
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Chapter 6

Conclusions and Open problems

This chapter is devoted to summarize the main results of this the-
sis, as well as to propose some open problems whose solution would
be an advance in the research of vulnerability parameters in graphs

products.

6.1 Superconnectivity (Chapter 2)

In Chapter 2 we have focused on the connectivity and superconnectivity in the

strong product of two connected graphs. We have obtained the bound
min{n; kg, K119, max{diks + 01 + K2, kK102 + K1 + 0o} } < K (G) < H(G),

being G = G; X G, and n;, d;, k; the order, the minimum degree and the connec-

tivity of G, for ¢ =1, 2.

Then sufficient conditions for this family to be maximally connected have
been given in Theorem 2.2.2. Namely, we have proven that if G; and G5 are two

connected graphs with at least 3 vertices and such that at least one of them has

127
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girth at least 4, then G; X GGy is maximally connected if both G; and G4 are
maximally connected and either one graph has minimum degree 1 and the other

one has girth at least 5 or the minimum degree is at least 2 in both graphs.

In addition, we have proven that the strong product of two maximally
connected graphs with girth at least 5 and minimum degree at least 2 is super-

connected.

After this brief summary, some possible lines of future work are:

e On the restricted connectivity of the strong product graph.

The connectivity is a very extensively studied parameter, as we saw in
Introduction, and it has given rise to many others connectivity-type indices
last years. Two of them are the restricted connectivity and the restricted
edge-connectivity, denoted by ' and ), respectively. There exist some
works which deal with these parameters in graphs products [12, 13, 82].
Our proposal is to find sufficient conditions for the strong product of two
connected graphs to be XN-optimal, that is, N (G1XG3) = £(G1XG,), where
£(G1 X Gy) is the minimum edge degree.

e On the toughness of the strong product graph.
Another interesting parameter of the resilience in graphs is the socalled
toughness which pays special attention to the relationship between the car-
dinality of a cut set in a graph and the number of components after deletion.
For any connected graph G, this parameter is denoted by 7(G) and defined

as

7(G) = min {|S|/w(G — S) : § C J(G)},

where J(G) = {S C V(G) : S is a cutset of G or G—S is an isolated vertex},
and w(G—95) denotes the number of components in the resultant graph G—5
by removing S. We have started the study of the toughness in some graphs
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products as the corona and the cartesian product of graphs. For this last

family we have proved the following result:

Theorem 6.1.1. Let G be a connected graph with minimum degree § and
independence number 3. Then

V(G)]
1+

0+1

} < 7(K,0G) < min {%(G), T} .

min {T(G),

We consider interesting to generalize this result to the cartesian product of

two arbitrary connected graphs.

6.2 Connectivity and Distances (Chapter 3)

In Chapter 3 sharp lower bounds on the average connectivity, the Menger number

and the average Menger number of the strong product family have been given.

For the average connectivity of the strong product graph, & (G; X Gs), in
Theorem 3.4.1 we have shown that if G; and G5 are two connected graphs, with

orders ni,ny > 3 and girth at least 5, then

E(Gl X Gg) > [(nl — 1)(712 + E(Gg))ﬁ(Gl) + (n2 — 1)(77,1 —i—E(Gl))E(Gg)

ning — 1

+(n1 — 1)(ny — DE(G1)R(G2) + (ng — I)E(Gl) + (ng — 1)3((}2)] .

Moreover, in Corollary 3.4.2 we gave sufficient conditions to guarantee that if G,

and Gy are two connected graphs with at least 3 vertices, girth at least 5 and

R(G;) = d(Gy), for i = 1,2, then

E(G1®G2) :E<G1®G2)

In the case of the Menger number of this family of graphs, (,(G; KG,), we

found in Theorem 3.3.1 two different lower bounds depending on the permitted
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lengths in the paths. For any two connected graphs, G; and Go, with at least 3
vertices and ¢ > max{D(G1), D(G5)}, it follows that

(1) C(G1 R Ga) = C(G1)C(Ga).

(i) Ce2(G1 W Ga) = G(G1)Ce(G2) + C(Gr) + Ce(Go), if g(Gy) = 5 for i =1, 2.

Similarly to the average connectivity, in Corollary 3.3.1 we proved that if G; and
G are two maximally connected graphs with at least 3 vertices, girth at least 5

and /¢ is a positive integer such that (,(G1) = k(G1) and ((Gy) = K(G3), then

Cora(Gy B Gy) = 6(G1 K Gy).

Finally we also provided bounds on the expected number of pairwise dis-
joint paths with a maximum fixed length in the strong product graph. That is,
the average Menger number, (, (G X Gs). For two connected graphs, G; and
G5, with nq, ny vertices, respectively, in Theorem 3.5.1 we have proved that

(i) If both G; and G, have order at least 3, then

G(GIRGy) = —— [(n — 1)(1 +A(G2))C(Gy)

ning — 1
+  (na — 11 +d(G1))C(Ga) + (n1 — 1)(ng — 1)(,(G1)C,(Ga)] -

(i) If both G; and G5 have order at least 3 and girth at least 5, then

C(G1RGy) > !

[(1 = 1)(n2 + d(G2))C(G1) + (n2 — 1) (1 + d(G1))C,(Ga)

ning — 1
+(n1 = 1)(n2 — 1)C,(G1)C,(Ga) + (n2 — 1)d(G1) + (1 — 1)d(Ga)] .
Again, we have shown that

((GLIRGy) =d(GLRGy),

when (7 and G, are two connected graphs with at least 3 vertices, girth at least 5

and (,(G;) = d(G,), for i = 1,2.

To continue this line of research, some other parameters are of interest.
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e On the persistence of the strong product graph.

The diameter is often taken as a measure of efficiency in a network. An in-
teresting question is how many edges at most can be removed from a graph
without increasing the diameter of the remaining graph. This question is
called the edge-deletion problem. Omne of parameter related to the edge-
deletion problems is the edge-persistence, introduced by Boesch et al. [19]
and by Exoo [41]. The edge-persistence of a connected graph G, denoted
by D*(G), is the minimum number of edges whose deletion from G in-
creases the diameter. In 2001, Xu [98] generalized this notion to the socalled
bounded edge-connectivity. For any connected graph G, a positive integer k
and z,y € V(G), the zy-bounded edge-connectivity, denoted by \i(G;x,y)
with respect to k is the minimum number of edges whose deletion from G
destroys all zy-paths of length at most k. The bounded edge-connectivity of
G with respect to k is defined as

Me(G) = min{\, (G z,y) - x,y € V(G)}.

A natural question is whether the persistence (edge-persistence) is equal to
the Menger number. For any connected graph G, does (p(e)(G) = D7 (G)
holds? The answer is negative. Bondy and Hell gave in [22] several coun-
terexamples. Recently, Lu, Xu, and Hou [76] deduced bounds on the
bounded edge-connectivity and the edge-persistence for the cartesian pro-
duct graph. More precisely, they showed that for any two connected graphs,

G1 and G5, and two positive integers, ki, ko > 2,
)‘k1+k2(G1 X G2) > )‘k1 (Gl) + )‘k2(G2)

We propose to study the bounded edge-connectivity in the strong product
graph, trying to give a sharp lower bound as well as to study the particular

case of the edge-persistence.
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e On the average connectivity and the Menger number in other graphs pro-
ducts.
The average connectivity and the Menger number are parameters not very
extensively studied in graphs products. Thus, it may be of interest to
continue the findness of bounds for some families, as the lexicographic and

the Kronecker products.

6.3 Generalized 3-connectivity (Chapter 4)

In Chapter 4 we have focused on the generalized 3-connectivity of the strong
product graph, k3(G; K G3). We gave some sharp lower bounds in terms of the
connectivity and generalized 3-connectivity of the generator graphs, depending on
the additional constraints over (G; and G5. Finally, in Theorem 4.3.1 we deduced
that k3(G1 X Go) > 2k3(G3), for G1 and Go two connected graphs with at least

3 vertices and girth at least 5. Moreover, this bound is sharp when x3(Gy) = 1.

To complete this study on the generalized 3-connectivity of the strong

product graph, we describe some of the problems which are still open:

e To obtain a sharp lower bound on k3(G1XG5), for any two connected graphs.
From Chapter 4, one can suppose that the number of cases to be studied to
obtain a sharp lower bound on k3(G; X G3), for any two connected graphs,

is high and difficult to describe. We have the following conjecture anyway.

Conjecture 6.3.1. For any connected graphs Gi and G with at least 3

vertices and girth at least 5, it holds

K,g(Gl X Gg) 2 /€3(G1)/€3(G2) + /€3(G1) + /€3(G2) — 1.
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If Conjecture 6.3.1 is true, it would follow that the generalized 3-connectivity

of the strong product graph is almost determined:
5(G1 X Gg) -1 S K,g(Gl X Gg) S 5(G1 X Gg)

for graphs G, with at least 3 vertices, with girth ¢(G;) > 5 and such that
Hg(Gi) = 5(Gz>, for i € {1, 2}

e To deduce conditions to assure that k3(G1XGy) attains its mazimum value.
As for connectivity, it is always an interesting open problem to determine
additional conditions on the factor graphs G; and G5 that guarantee the
equality k3(G1 X Gy) = 0(G1 X Gy).

e On the generalized k-connectivity.
As far as we know, there are a lot of lines of research still open for this
parameter. For instance, to study kx(G), for £ > 4 and G a connected
graph. In particular, we consider specially interesting the case k = |V (G)],

that is, how connected all the vertices of a graph are.

e On the generalized k-connectivity in graphs products.
It would be also interesting to approach ki(G1 X Gs), for k > 4, as well as
the generalized k-connectivity, for k& > 3, in other products of graphs for

which this parameter has not been studied yet.
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