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Chapter | B8

Introduction

Although there is some earlier research on two-person games, it is generally considered that game
theory was born as a field of mathematics with the paper published by John von Neumann [66] in 1928.
Some years later, in 1944, the bases of this theory were established with the publication of Theory
of Games and Economic Behavior, written by Oskar Morgenstern and John von Neumann [67]. In
this book, it was shown that many social and economic situations can be described through strategic

games, and these games can be studied by using tools of mathematical analysis.

In a general way, it can be said that game theory studies cooperation and conflict situations, using
mathematical methods. This leads to the development of cooperative and noncooperative models.

This research is focused on cooperative models.

1.1 Preliminaries and notation

Cooperative game theory deals with groups of players that aim to share the benefits derived from
their cooperation. The cooperative model abstracts away from some details of the interaction among
the players and describes only the outcomes that result when players cooperate within different
coalitions. At this point we can consider two different approaches. In some situations, the outcome
of each coalition is described by a real number. The games used in these cases are called transferable
utility (TU) games. The adjective transferable refers to the assumption that a player can losslessly
transfer any part of his utility to another player, usually through money, and that the players’ utilities
are linear in money with the same scale for all players. So we can think that the number assigned to
a coalition in a TU game expresses an amount of money. If there is no possibility of transferring the

utility between players by using money or, if there is, the utilities are not linear with the same scale
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with respect money, then we use nontransferable utility (NTU) games. In NTU games the possibilities

of each coalition are represented by a set of utility vectors indexed by the members of the coalition.

1.1.1 Transferable utility games

A transferable utility game or TU game is a pair (IV,v), where N is a set of cardinality n with
n € Nand v:2Y — R is a function satisfying that v(()) = 0. The elements of N are called players,
and the subsets of N are called coalitions. For each coalition E, the number v(E), that is called
the worth of E, can be interpreted as the maximal gain or minimal cost that the players in E can
achieve when they decide to cooperate. Throughout this work, we interpret v(E) as the maximal
gain of each coalition. The function v is called characteristic function of the game. Usually, the TU

game (N, v) is identified with the characteristic function v.

Depending on the properties of the characteristic function we can distinguish different types of
games. A detailed description of these can be seen in Driessen [34]. Here, only those which are used

throughout this work are defined.

If v(E) <wv(F)forall ECF C N then the game v is said to be monotonic. If, in addition, v only

takes values in the set {0, 1}, then the game is called simple.

A game v is convex if for any coalitions F, ' C N the following inequality is satisfied
v(EUF)4+v(ENF)>v(E)+v(F).

Equivalently, a game v is convex if and only if for any coalitions £, F* C N, such that £ C F' and
for all i € N\ F, it holds that

v(EU{i}) —v(F) <v(FU{i})—v(F).
Convex games were introduced by Shapley [64] and they are useful in several situations in economic

sciences.

The set of all TU games on N is denoted by GV. Given v,w € GV the game v + w is defined
by (v+w)(E) =v(E) 4+ w(E) for all E C N. If ¢ € R the game cv is defined by (cv)(E) = cv(FE)

for all E C N. With respect to these operations, GV is a 2" — 1-dimensional real vector space. A

Values for games with authorization structure



1.1. PRELIMINARIES AND NOTATION 3

well-known basis of this vector space is given by the set
{up: Fe2N\{0}},

where
1 fFCE,

0  otherwise.

ugp (E) = {

For each nonempty F' C N the game uy is called the unanimity game of F. Every game v € GV

can be written as a linear combination of unanimity games. Thus,

v= Z Ny (F)up

Fe2N\{0}

where each coordinate A\, (F') of the game v with respect to the basis of the unanimity games is

called dividend of the coalition F in the game v. For all E € 2V \ {}}} we have that

v(E) = > Ay (F).

{Fe2N\{0}: FCE}

Therefore, for each E € 2V \ {()} it holds that

M(B)=v(E) = S AP

{Fe2N\{0}: FSE}

Solutions for TU games

Given a TU game (IV,v), a problem that arises is how to assign a payoff to each player in
a fair way. An allocation rule or value assigns to each game (IN,v) a payoff vector (v) € RV.
Many allocation rules have been defined in literature. The best known of them is the Shapley value,
introduced by Shapley [62] in 1953. Given v € G¥, the Shapley value of v, denoted by ¢(v), is

defined by
gi(w)= Y pel(BE)—v(E\{i})] forallieN,

{ECN:icE}

where
(n— [EDL(E] = 1)!

n!

PE =
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and |E| denotes the cardinality of E.

The Banzhaf value, introduced by Owen [58] in 1975, arises from considering that each player
is equally likely to join any coalition. Given v € GV, the Banzhaf value of v, denoted by B(v), is
defined by

Bi (v) = 1 Z [v(E)—v(E\{i})] forallie N.

{ECN:icE}

Some desirable properties for a value 1 : GV — R¥ are the following.

EFFICIENCY. For all v € GV it holds that

Dk (v) =v(N).

keN
ApDITIVITY. For all v1,ve € GV it holds that

Y (v1 +v2) = ¥ (v1) + ¥ (v2) .

A player i € N is said to be a null player in v € GV if v (E) = v(E \ {i}) for all E C N.

NULL PLAYER PROPERTY. If i € N is null player in v € GV it holds that

A player i is said to be a necessary player in v € GV if v (E) =0 for E C N\ {i}.

NECESSARY PLAYER PROPERTY. If i is a necessary player in a monotonic game v € GV it holds that

Vi (v) > (v) foralljeN

Let (IV,v) be a TU game. Given two different players i and j, the amalgamation of i and j
defines a new player denoted by ij. Let N = (N \ {i,j}) U {ij} and v% : 28" — R defined by

v(B) H§€E
v((E\{@})U{LjD if ij € E.

vij(E) =

Values for games with authorization structure



1.1. PRELIMINARIES AND NOTATION 5

AMALGAMATION. For all v € GY it holds that
i (v) + 1 (U):l/’;j (vij) for all ,7 € N.

The Shapley value satisfies all these properties except amalgamation whereas the Banzhaf value

satisfies all of them except efficiency.

1.1.2 Non-transferable utility games

A cooperative game with nontransferable utility or NTU game is a pair (N, V') where N is a set
of cardinality n € N and V is a correspondence that assigns to each nonempty £ C N a nonempty
subset V(E) C R¥. The set valued function V is called the characteristic function of the NTU game
(N, V). Usually, the NTU game (N, V) is identified with the characteristic function V.

If Vand W are NTU games, the NTU game V +W is defined by (V + W) (E) =V (E)+W (E)

for every nonempty £ C N. If o € RN the NTU game a %V is defined by (a* V) (E) = o xV (E)

E

for every nonempty F C N where a” is the restriction of o to E and * denotes the Hadamard

product. Given v € GV the NTU game corresponding to v is defined by

Vu(E) = {3: eRE: Z xp < U(E)} for every nonempty £ C N.
keE

Solutions for NTU games

The Shapley NTU correspondence was introduced by Shapley [63] and it was characterized by

Aumann [7]. Aumann considered the NTU games V satisfying the following conditions:

(i) V(E) is a convex comprehensive proper subset of R¥ for all nonempty E C N.
(i) V() is smooth, i.e., it has a unique supporting hyperplane at each point of its boundary.
(iii) For every z € O(V(N)) it holds {y e RN : y > 2} NV(N) = {z}.

(iv) There exists = € R such than V(E) x {0}N\F C 2 4 V(N) for every nonempty E C N.

We denote by T'V the set of NTU games satisfying (i), (ii), (iii) and (iv).
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Let V e TN, A vector z € RV is a Shapley NTU payoff vector of V if there exists \ € ]RﬂfJr
such that

1. x € V(N),
2. The set {)\E cz:z€eV (E)} is bounded above for every nonempty £ C N,

3. Axx = ¢ (v)) where vy is the TU game defined by

vy (E) = sup {)\E z:z€V(E)} for every nonempty E C N.

Let SH : I'V — 28" e the mapping that assigns to each V' € 'V the set of Shapley NTU
payoff vectors of V. The correspondence SH is called the Shapley NTU correspondence (on N).
Aumann [7] proved that the Shapley NTU correspondence satisfies the following properties.

EFFICIENCY. For every V € IV it holds that

SH (V) C 8 (V (N)).

CONDITIONAL ADDITIVITY. For every V, W € I'V such that V + W = U € I'VN it holds that

(SH (V) + SH (W))nad (U (N)) C SH (U).

SCALE COVARIANCE. For every V € I'Vand o € RL it holds that

SH(axV)=axSH (V).

INDEPENDENCE OF IRRELEVANT ALTERNATIVES. For every V,W € I'N such that V (N) C W (N) and
V (E) = W (E) for every nonempty 2 & N, it holds that

SH (W)YNV (N) C SH (V).

The Harsanyi configuration correspondence for NTU games was introduced by Harsanyi [42]
and it was characterized by Hart [43]. Hart considered the NTU games V satisfying the following

conditions:

Values for games with authorization structure
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(i) V(E) is closed, convex and comprehensive for all nonempty £ C N.
(i) V(N) is smooth.
(iii) For every z € O(V(N)) it holds {y e RN : y > 2} NV(N) = {z}.

We denote by Q% the set of NTU games satisfying (i), (ii) and (iii).

A payoff configuration for N is an element (xE)EGQN\{@} € HE€2N\{Q)} RP Let V € QN. A

payoff configuration (xE)E€2N\{®} is a Harsanyi solution of V if there exists A € }RL such that

1. g € 0(V (E)) for every nonempty E C N,

2. X-ay=max{\-z: z€ V(N)},

3. Msap = ¢(w|) for every nonempty £ C N, where w is the TU game given by w(F) = Mg

for every nonempty F' C N.

The mapping that assigns to each V € QV the set of Harsanyi solutions of V is called the
Harsanyi configuration correspondence for NTU games (on N) and is denoted by H. Hart [43]

proved that H satisfies the following properties.

CONDITIONAL ADDITIVITY. For every VW € QF such that V.+ W = U € QV and
(@E)peam\jgy € H (V) + H (W) such that zp € 9 (U (E)) for every nonempty E' C N, it holds
that

(zE) geav\(oy € H (U).

SCALE COVARIANCE. For every V € QY and o € RY, it holds that
H(axV)= {(aE *:UE)E€2N\{®} t (TB)pean\joy € H(V)}

INDEPENDENCE OF IRRELEVANT ALTERNATIVES. Given V, W € QF such that V(E) C W(E) for every
nonempty E'C N and (vg) peony fgy € H(W) such that zp € V(E) for every nonempty £ C N, it
holds that

(zE)peav\(oy € H(V).
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1.1.3 Permission structures and restrictions

Permission structures were introduced by Gilles, Owen and van den Brink [40] to model
hierarchical organizations. A permission structure on N is a mapping S : N — 2V Given i € N the
players in S(i) are called the successors of i in S. The players in Pg(i) = {j € N: i€ S(j)} are
called the predecessors of i in S. Let §: N — 2V denote the transitive closure of S, i.e., j € S(z) if
and only if there exists a sequence {i,}!_ such that io = i, 4q = j and i), € S (ip—1) forall1 <p < ¢.
The players in S(i) are called the subordinates of i in S. We denote Ps (i) = {j eEN:ie 5’(])}
The players in Pg (7) are called the superiors of i in S. The collection of all permission structures
on N is denoted by S™. A permission structure S on N can be identified with a directed graph
(digraph) on N. The vertex set is N and the pair (i,j) is a link if j € S (3).

If v e GV and S € SV the pair (v, S) is said to be a game with permission structure. Different
assumptions can be made about how a permission structure restricts the formation of coalitions. In
the conjunctive approach, Gilles, Owen and van den Brink [40] assumed that every player needs the
permission from all his superiors. So, if a coalition E is formed, a player in E is allowed to play if
and only if all his superiors belong to E. The set of players who are allowed to play within coalition

E is called the conjunctive sovereign part of E and is denoted by A (E), i.e.,
Af(E):{z’eE: Ps(z‘)gE}.

In the disjunctive approach, van den Brink [24] assumed that each player only needs the permission
from one of his predecessors (if he has any). In this case, a coalition is autonomous if for any player
in the coalition either he does not have any predecessors or at least one of his predecessors is in
the coalition. The disjunctive sovereign part of a coalition E, denoted by Ag (E), is the largest

autonomous subset of E.

In order to find reasonable payoff vectors for games with permission structure, van
den Brink and Gilles [27] proposed to modify the characteristic function v € GV taking
account of the limited possibilities of cooperation determined by the permission structure
S € SN. The conjunctive and disjunctive restricted games are defined, respectively, as
V3 (E) = v (A2 (E)) and v5 (E) = v (A (E)) for every coalition E C N. A value for games

with permission structure on N is a mapping ¥ : GV x S¥ — R¥. The conjunctive permission

value and the disjunctive permission value are defined as ¢° (v, S) = ¢ (v7) and ¢ (v, 5) = ¢ (v5)

Values for games with authorization structure



1.1. PRELIMINARIES AND NOTATION 9

respectively. In a similar way, van den Brink [26] introduced Banzhaf permission values. A complete

description of permission structures can be seen in van den Brink [23].
Derks and Peters [33] generalized the model proposed by van den Brink. They considered the
concept of restriction, that is defined as a mapping p : 2V — 2V satisfying

1. p(E) C E for any E C N,

2. If E C F then p(E) C p(F),

They interpreted the coalitions in the image of p as the only coalitions in which all the players can
cooperate freely. We could also interpret p(E) as the set of players that are allowed to play within

coalition E. With each restriction p, they associated the so-called restricted Shapley value 1), defined
by 4P (v) = ¢ (v o p) for every v € GV
1.1.4 Fuzzy sets. The Choquet integral

Fuzzy sets were introduced by Zadeh [71]. A fuzzy subset of N is an element of [0,1]". Given
e a fuzzy subset of N and i € N, the number e; is called the grade of membership of i in e. The

support of e is the set supp (e) = {i € N : e; > 0}. For every t € [0,1] the t-cut of e is the set
le]lt ={i € N: e >t}
Given e, f € [0, l]N, the fuzzy sets e U f and e f are defined, respectively, as
(eN f), =min(e;, f;) for everyi e N,

and

(eU f), = max (e, f;) for everyie N.

The fuzzy subset e is contained in f, which is denoted by e C f, if ¢; < f; for every i € N.
A fuzzy relation on N is a fuzzy subset of N x N.

In cooperative game theory, Aubin [6] defined a fuzzy coalition in N to be a fuzzy subset of N,

where for all i € N the number e; € [0, 1] is regarded as the degree of participation of player i in e.
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Every coalition 2 C N can be identified with the fuzzy coalition 15 € [0,1]" defined by

1 ifi € E,
(1E)i - .
0 otherwise.

The Choquet integral was introduced by Choquet [32] to deal with capacities. Later on it was
extended to set functions by Schmeidler [61]. Given v : 2¥ — R and e € [0,1]", the Choquet

integral of e with respect to v is

q

/edv = ; (Sp — Sp—1) v ([e]sp> ’

where {sg,...,s,} ={e;: i € N} U{0} with 0 =50 < ... < 5.

1.2 Historical background

1.2.1 Games with restricted cooperation

In a general model of cooperative games it is assumed that there are no restrictions in the
cooperation among the players, and, therefore, every subset of players can form a coalition. In real
life, however, political, social or economic circumstances may impose certain restraints on coalition
formation. This idea has led several authors to develop models of cooperative games with partial

cooperation.

One of the first approximations to partial cooperation is due to Aumann and Maschler [9]. They
used coalition structures to define some solution notions for TU games. A coalition structure is a
partition B = {Bjy,..., By} of the set N of players such that the cooperation is possible only among
the players that belong to an element B;. Later, in 1974, Aumann and Dréze [8] introduced the
concept of value for games with coalition structure. Other authors who have developed this line
of research are Owen [59], Hart and Kurz [44], Levy and McLean [48], Winter [68] [69] [70] and
McLean [50].

In 1977, Myerson [53], in his seminal work Graphs and Cooperation in Games, presented a new
class of games with partial cooperation structure. He considered a TU game (N, v) and a graph G

on the set of players. The links of G represent the bilateral agreements among the players. The pair

Values for games with authorization structure



1.2. HISTORICAL BACKGROUND 11

(v,G) is called a communication situation. Given a coalition E, two players in E will be able to
cooperate within the coalition only if they are connected in FE, that is, if there is a path between the
players that stays within E. In order to get together the information from the game and the graph,

a new characteristic function v% is defined

vW(E)= > w(F) forall ECN,
FEE/G

where E/G is the set of connected components of the subgraph of G induced by E. The number
v%(E) represents the worth of E when we consider the game v and the requirement that players can
only communicate along links in G. By considering the Shapley value of this new game, Myerson

obtains an allocation rule for communication situations, known as the Myerson value

v, G) = $(u).

Myerson characterized this allocation rule through certain properties of fairness and stability. The
model of partial cooperation introduced by Myerson gave rise to a line of research that was followed,
amongst others, by Owen [60], Hamiache [41], van den Nouweland [55], van den Nouweland and
Borm [56], Carreras [30], van den Nouweland, Borm and Tijs [57], Borm, Owen and Tijs [22],
Bergantifios, Carreras and Garcia Jurado [10], Calvo and Lasaga [29] and Ferndndez, Algaba, Bilbao,

Jiménez-Losada, Jiménez and Lépez [37].

In 1980, in his work Conference Structures and Fair Allocation Rules, Myerson [54] proposed a
generalization of his model of partial cooperation. This generalization arises from the fact that the
graph of a communication situation divides the set of coalitions into two classes. If the subgraph
induced by a coalition E is connected, then E is a feasible coalition, in the sense that all the
players in E can join together and cooperate regardless of the actions taken by the rest of players.
If the subgraph induced by E is not connected, then E is a non-feasible coalition. Abstracting away
from the graph, Myerson considered a structure that just indicates whether a coalition is feasible or
not. In this way, he covered a wider range of games with partial cooperation. Following this idea,
Bilbao [11] and Lépez [49] developed a model of partial cooperation based on the so called systems of
feasible coalitions and partition systems, which generalized the communication situations. A system
of feasible coalitions is a collection F of subsets of IV that contains the empty set and the singletons.

A partition system is a system of feasible coalitions such that for every coalition F the maximal
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elements in the collection of feasible coalitions contained in E form a partition of E. If a pair (v, F)
is considered, where v is a TU game on N and F is a partition system on NN, a new characteristic
function that collects the information from both the game and the structure is introduced. This

characteristic function, called the restricted game, is defined as

v (E)= ) w(F) forall ECN,
FeCf

where C%: denotes the partition of E formed by the maximal elements in the collection of feasible
coalitions contained in E. Similarly as in the definition of the Myerson value, Bilbao and Lépez
considered the Shapley value of the restricted game, thus obtaining an allocation rule for games with

partition system.

Notice that in the models proposed by Myerson and Bilbao the values of the game v on the non
feasible coalitions are irrelevant. This is connected to another model of partial cooperation that was
initiated by Faigle [36]. In this model, a game with restricted cooperation is a pair (F,v) where F
is the set of feasible coalitions, without any a priori structure, and v is a real function defined on
F. Although Faigle extended v to a collection possibly larger than F, he does not necessarily get
a characteristic function on 2/V. This is an essential difference with respect to the previous models,
which are based on obtaining a new game (from 2V into R) gathering the information from the

original game and the structure.

Faigle's work gave rise to a new line of research, in which his model is assumed and, additionally,
it is supposed that the family of feasible coalitions has a certain combinatorial structure. In this
line of research different types of combinatorial structures have been considered, like closure spaces
(see Bilbao [12], Jiménez [46], Bilbao, Lebrén and Jiménez [21]), convex geometries (see Bilbao and
Edelman [15], Bilbao, Jiménez-Losada and Lépez [18] and Bilbao, Lebrén and Jiménez [20], [19]) or
matroids (see Jiménez-Losada [47], Bilbao, Jiménez-Losada, Lebrén and Tijs [17], Bilbao, Jiménez-
Losada and Lebrén [16] and Bilbao, Driessen, Jiménez-Losada and Lebrén [14]).

In 1992, Gilles, Owen and van den Brink [40] presented another type of cooperation restriction.
They considered situations in which some players have veto power over the actions undertaken
by some other players. In order to model these situations, they introduced games with permission

structure, that consist of a cooperative TU game and a mapping that assigns to each player a subset

Values for games with authorization structure
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of direct subordinates. Depending on the interpretation of the superior-subordinate relationship, they
considered two different approaches. In the conjunctive approach [40] it is assumed that every player
needs the permission from all his superiors, whereas in the disjunctive approach [24] the permission
from any of his superiors is sufficient. In each case, proceeding in a similar way as Myerson did
with communication situations, they defined a new characteristic function, gathering the information
given by the game and the structure, that allowed them to define a value for games with conjunctive
or, respectively, disjunctive permission structures. They provided intuitive characterizations for each
case, showing in this way that the values obtained are reasonable (see van den Brink and Gilles [27]
and van den Brink [24], [26] ).

Algaba, Bilbao, van den Brink and Jiménez-Losada [3], [4], [5] and Chacén [31] studied games
on antimatroids as a generalization of the model of Gilles, Owen and van den Brink. In Bilbao [13],

games on antimatroids are considered as a particular case of games on augmenting systems.

In order to calculate the values introduced by Gilles, Owen and van den Brink, what we really
need to know about the corresponding permission structure is the so called sovereign part of each
coalition, that is, the set of players that are allowed to play within each coalition. Considering this
fact, Derks and Peters [33] abstracted away from the hierarchical nature of permission structures and
introduced the more general concept of restriction, which is a monotonic projection p : 2V — 2V
assigning to each coalition E' the subcoalition p(E) of players who can play when coalition E is
formed. Given a TU game (N, v) and a restriction p : 2 — 2% they considered the restricted game
vop. By applying the Shapley value to this new game they obtained a value for games with restricted

coalitions.

1.2.2 Fuzzy coalitions

In the previous models, the dependency relationships are complete in the sense that, when a
coalition is formed, a player in the coalition either can fully cooperate within the coalition or he
cannot cooperate at all. However, there are situations in which a player has a degree of freedom to
cooperate within a coalition. The concept of fuzzy coalition, introduced by Aubin [6], is useful for

modelling this kind of dependency relationships.

A critical issue arises when dealing with TU games and fuzzy coalitions: how to assign a worth to

a fuzzy coalition. In his seminal paper, Aubin proposed an optimal value, also studied by Jiaquan and
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Qiang [45]. Butnariu [28] assumed that different players should have the same membership grade
in order to cooperate and provided a different way to assign a gain to a fuzzy coalition. Tsurumi,
Tanino and Inuiguchi [65], by using the Choquet integral, came up with a reasonable method to

extend a game to the set of fuzzy coalitions.

1.3 Synthesis of contents

Our aim in this work is to propose a new model of games with restricted cooperation.

In chapter 2 we present the so called authorization structures, which extend the concept of
restriction introduced by Derks and Peters [33]. We define and characterize a Shapley value and a

Banzhaf value for games with authorization structure.

In chapter 3 we aim to model situations in which the dependency relationships among the players
are not complete. To that end we introduce fuzzy authorization structures. A Shapley value and a
Banzhaf value for games with fuzzy authorization structure are obtained and characterized. To do
this, we follow the approach described by Tsurumi, Tanino and Inuiguchi [65], using the Choquet
integral to define a new auxiliary game that combines the information from the original game and

from the fuzzy dependency relationships.

In chapter 4 the power in authorization structures is studied. Using the Shapley value and the
Banzhaf value we measure how favorable the situation of each agent in an authorization structure is. In
both cases, a fuzzy digraph is assigned to each authorization structure, measuring the dependence or
the dominance relationship between any two agents. Moreover, a characterization of those measures

is given. In a similar way, the power in fuzzy authorization structures is also discussed.

In chapter 5 a particular type of authorization structure, called interior operator structure,
is analyzed. Interior operator structures are characterized in terms of transitivity of the veto
relationships, and a Shapley value for games with interior operator structure is studied. Because
of the transitivity of the veto relationships, this value turns out to satisfy a property of structural

monotonicity. Finally, fuzzy interior operator structures are studied.

In chapter 6 we focus on the most simple authorization structures: conjunctive authorization
structures. We characterize them by proving that an authorization structure is conjunctive if and

only if all the dependency relationships induced are bilateral. A simplified expression of the Shapley

Values for games with authorization structure
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power measures defined in chapter 4 is given for these structures. We give a Shapley value and a
Banzhaf value for games with conjunctive authorization structure. We also study fuzzy conjunctive

authorization structures.

In chapter 7 we deal with NTU games. NTU games with authorization structure are introduced,
and a Shapley solution is obtained. We analyze the fuzzy case as well. Lastly, a Harsanyi solution for

NTU games with interior operator structure is presented.







Chapter2 iy

Games with authorization structure

Different approaches have been developed to model games with permission relationships among
the agents. In 1992, Gilles, Owen and van den Brink [40] introduced conjunctive permission structures.
Later, van den Brink [24] introduced disjunctive permission structures. Subsequently, van den Brink
and Gilles [27] and van den Brink [24] provided and characterized a Shapley value for, respectively,
conjunctive and disjunctive permission structures. Derks and Peters [33] generalized those approaches
by abstracting away from hierarchies and considering the so called restrictions. On the one hand, the
model considered by Derks and Peters is more general, but on the other hand the axiomatizations
given in [27] and [24] are somewhat more intuitive than that given in [33]. Our aim in this chapter
will be to provide a new model for games with permission relationships among the players. This
new model will fulfill two requirements. Firstly, it will more general than the one given in [33]. And,

secondly, it will allow us to define and characterize a sharing value in a similar way as in [27] and [24].

2.1 Authorization structures

Let n € N and let IV be a set of cardinality n. We think of IV as a set of players in a cooperative

game.

Definition 2.1 An authorization operator on N is a mapping A : 2 — 2N that satisfies the
following conditions:

1. A(E)C E forany E C N,

2. IfE C F then A(E) C A(F).

17
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The pair (N, A) is called an authorization structure. The set of all authorization operators on N is

denoted by AN

If A€ AN and E C N we interpret A(E) as the set of players that will be allowed to play
when coalition E is formed. Bearing this in mind, the two conditions considered in the definition of

authorization operator seem to be reasonable.

Definition 2.2 An authorization operator A is said to be normal if A(N) = N. The set of normal

authorization operators is denoted by AN

Note that the concept of authorization operator is more general than that of restriction introduced
by Derks and Peters [33]. If A is a restriction on IV then the coalitions A(E) are actually autonomous,
that is, A(A(E)) = A(FE) for any EC N, which, in general, is not true for authorization operators.

Therefore, restrictions are special cases of authorization operators.

Example 2.3 Imagine the following situation. A consumer electronics company wants to make a
new product. To do this, the company needs several components from various suppliers. We will
focus on three of those suppliers. For i = 1,2, 3, supplier i produces component i. The company has

signed an agreement with the three suppliers that establishes the following:

- The company will pay 7 dollars to supplier ¢ for every unit of component 7 delivered before the

deadline.

- The company will pay a total of 2(i + j) dollars to suppliers 7 and j for every pair made up of

a unit of component ¢ and a unit of component j delivered before the deadline.

- The company will pay a total of 20 dollars to the three suppliers for every set made up of a

unit of each component delivered before the deadline.

Each supplier has calculated that it would be able to produce one million units of the
corresponding component before the deadline. This situation can be modeled with a cooperative
game (N, v), where N = {1,2,3} and, for every E C N, v(E) is the revenue (in millions) obtained
by coalition F,

Values for games with authorization structure
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v({1) =1, v({2}) =2, v({3})=3,
U({l,z}) =0, U({lv?’}) =38, U({273}) =10,
v ({1,2,3}) = 20.

Imagine now the following. Supplier 2 finds out that supplier 1 makes use, in the production of
component 1, of a technology developed and patented by 2. So 2 sues 1 for violation of patent rights.
Supplier 3 preferred to avoid a patent war, but, in view of the maneuvers of 2, decides to sue 2. The
final scenario is this: supplier 1 cannot use or sell the component they make without the authorization
from supplier 2, and the latter cannot use or sell their component without the authorization from
supplier 3. Let us consider an operator A that assigns to each coalition £ C N the set of players in
E that don't need the authorization from a player in N \ E. We can represent A with the following
table

E {1y {2y {3} {1,2y  {1,3} {23} {1,2,3}

A(E) 0 0 {3} {1} (3} 2,3y {123}

It is clear that A is a normal authorization operator and is not a restriction. Notice that only player
1 would be allowed to play within coalition {1,2}. But observe that player 1 needs the permission
from player 2. In other words, the key point is that within coalition {1,2} player 2 cannot play but

gives authorization to play. That role would not be possible in the case of a restriction.

We know that both conjunctive and disjunctive permission structures are particular cases of

restrictions, and hence authorization structures. Look at the following example.

Example 2.4 On the table below we have defined three different authorization operators A, B and
Con N ={1,2,3,4}.
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E A(E) B(E) C(E)
E:4¢E E E E
{4} 0 0 0
{1,4} {1} {1,4} {1}
{2,4) {2} (2,4} {2}
{3,4} {3} {3,4} {3}
{1,2,4} {1,2} {1,2,4} {1,2,4}
{1,3,4} (1,3} {1,3,4} {1,3,4}
{2,3,4} (2,3} {2,3,4} {2,3,4}
{1,2,3,4} {1,2,3,4} {1,2,3,4} {1,2,3,4}

Let us consider the following digraph

It is plain to see that, for any £ C N, A(FE) is equal to the sovereign part of E in the conjunctive
hierarchy represented by the digraph above. Similarly, B(E) is equal to the sovereign part of E in
the disjunctive hierarchy represented by the same digraph. Finally, the structure determined by C'is
also hierarchical (and induced by the digraph above), but neither conjunctive nor disjunctive. In this
structure, a coalition is autonomous (note that C' is, as well as A and B, a restriction) if for any

element in the coalition, the majority of his predecessors are in the coalition too.

Values for games with authorization structure
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Definition 2.5 A game with authorization structure on N is a pair (v, A) where v € GV and
Ae AN

Given a game with authorization structure, we can define a characteristic function that gathers

the information from the game and the structure in a reasonable way.
Definition 2.6 Letv € G and A € AN. The restricted game of (v, A) is the game v € GV given
by

v} (E) = v(A(E)) forall EC N.

The number v (E) is the worth of E in the game with authorization structure (v, A).

Example 2.7 Let us calculate the restricted game of the game with authorization structure (v, A)

given in Example 2.3.

v ({2,3}) = v ({2,3}) = 10,
v ({1,2,3}) = v ({1,2,3}) = 20.

v ({1}) = 0 (0) =0,
v ({20) = 0 (0) =0,
v ((3) = 0 ({3) =3,
v ({1,2) = v ({1}) = L,
v ({1,3)) = v ({3}) =3,
(
(

Let us finish this section with another example. We study the following situation proposed by
van den Brink [25].

Example 2.8 Let N = {1,2,3,4,5} be the set of employees of a firm. This firm is hierarchically

structured. The firm structure S : N — 2V describes the hierarchical structure of the firm,
S(1) ={2,5}, S(2)={3,4}, S(3)=154)=5(5)=0.

This firm structure is illustrated in the following digraph
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The employees 3,4 and 5 are referred to as the workers. We assume that they operate the production
process in the firm. The other employees are the managers or coordinators, who do not actively
produce but coordinate. In order to produce, a worker must be coordinated by all his superiors in the
structure. The set of workers is denoted by Wy, and the set of managers is denoted by Mg. So we
have that

Ws =1{3,4,5}, Mg ={1,2}.

Finally we have a production game w : 2Ws — R that describes the potential production possibilities
of the workers in the firm. The value w(FE) is the nonnegative production output value that can be
generated if exactly the workers in £ C Wyg are active in the production process. In this example we

consider the production game given by
w(E) = |E|* forall E C Ws.

We aim to give a fair payoff vector, that will be used to determine the wages of the employees of
the firm. The situation described can be modeled with a game with authorization structure (v, A),

where v : 2V — R is given by
v(E) =w(ENWg) forall ECN,
and the authorization structure A is given by

A(E):{iEW: 5 1(i)gE} for all E C N,

Values for games with authorization structure
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where, for each ¢ € N, g_l(i) denotes the set of superiors of 4 in the firm structure.

Notice that the restricted game v4 is given by
vA(E) = w(A(E)) forall EC N.

So we have that

A({1,5)) =w({s}) =1,

{L23h) =w{3h =1,

vt ({L2,4}) =w({4}) =1,

vt ({1,2,5}) = v ({1,3,5}) = v* ({1,4,5}) = w ({5}) = 1,

1({1,2,3,4}) =w({3,4}) = 4,

v ({1,2,3,5}) = w ({3,5}) =4,
( )
(
(
(E

v

v

v

vA ({1,2,4,5}) = w ({4,5}) = 4,
v4 ({1,3,4,5}) = w ({5}) =1,
v ({1,2,3,4,5)) = w ({3,4,5}) = 9,

A

v )=w (@) =0 for any other E C N.

2.2 The Shapley authorization value

An allocation rule for games with authorization structure assigns to every game with authorization
structure a payoff vector. In this section we define and characterize an allocation rule for games with

authorization structure.

Definition 2.9 The Shapley authorization value, denoted by ®, assigns to each game with

authorization structure (v, A) the Shapley value of v,

O(v,A)=0¢ (UA) forallv e G and A € AVN.
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We aim to characterize the Shapley authorization value. To that end, we consider the following

properties.

® EFFICIENCY. For every v € G"N and A € AV it holds that

S Wi (v, 4) = o(A(N)).

keN
e ADDITIVITY. For every v,w € G and A € A" it holds that

T(v+w, A) = U(v, A) + U(w, A).

It is well known that the Shapley value satisfies the so-called null-player property. That is, for
every v € GV and i € N such that 4 is a null player in v it holds that ¢;(v) = 0. If we want to
determine an “adequate” allocation rule for games with authorization structure, it would not be a
good idea to look for an allocation rule satisfying that property. That is due to the fact that we have
to take the structure as well into consideration, since a player could make profit not only by playing,
but also by giving authorization to play. Suppose that we have v € GV, an authorization structure on
N and ¢ € N a null player in v. There might be other players depending on the authorization from
1, in which case player ¢ could still reasonably expect to be rewarded. But if all players depending
on 7 are also null players in v, 7 should not expect anything but a zero-payoff. That is the irrelevant

player property, that we state next. We need some previous definitions.

Definition 2.10 Let A € AN and i,j € N. A player j depends partially on i in (N, A) if there
exists E C N such that j € A(E)\ A(E \ {i}).

Definition 2.11 Letv € GV, Ac AN andi € N. A playeri is irrelevant in (v, A) if for every j € N
such that j depends partially on i in (N, A) it holds that j is a null player in v.

e IRRELEVANT PLAYER PROPERTY. For every v € GV, A € AN and i € N such that i is an

irrelevant player in (v, A), it holds that

\I/i(l), A) = 0.

Values for games with authorization structure



2.2. THE SHAPLEY AUTHORIZATION VALUE 25

Let v € GV and j € N. Recall that the player j is a necessary player in v if v(E) = 0 for every
E C N\ {j}. We know that for every monotonic game v € GV and j a necessary player in v it
holds that ¢;(v) > ¢x(v) for all k € N. The allocation rule we are looking for should satisfy this
“natural’ property too. In fact, it should satisfy something more. Suppose that we have v € GV, an
authorization structure on N, j € N a necessary player in v and ¢ € N such that player j cannot
play without the authorization from player 7. It seems logical to expect that no player will receive

more than player i. That is the property we state below.

Definition 2.12 Let A € AN and i,j € N. A player i has veto power over j in (N,A) if
J & AN\ Ai}).

e PROPERTY OF VETO POWER OVER A NECESSARY PLAYER. For every monotonic v € GV, A € AN
and i,j € N such that j is a necessary player in v and i has veto power over j in (N, A), it
holds that

Ui(v,A) > Wi(v,A) forall ke N.

Although at first sight the following fairness property might seem a little contrived, it is actually
quite natural and intuitive. Suppose that we have a game and an authorization structure on N,
T C N and i € T such that in case coalition T" were formed i could not play. Imagine now that
somehow coalition T acquires the power to authorize i to play. It seems reasonable to think that all
the players in T' will benefit equally from that fact. That's what the fairness property states.

Let Ac AN, T € 2V \ {0} and i € T. We define

AT 9N N

E - ATi(E) _{AA@) if ¢ E,
(

E)u{i} fTCE.

It is clear that AT € AN,

e FAIRNESS. For every v € GV, A € AN, T € 2V \ {}} and i € T it holds that

| (v,AT’i) — Vv, A) =Y, (U,AT’i) —VU;(v,A) forall jeT.




26 CHAPTER 2. GAMES WITH AUTHORIZATION STRUCTURE

Notice that if i € A(T) then AT# = A. Therefore, the expression above is non trivial only if i & A(T).

In the following results we show that the five properties seen before uniquely determine the

Shapley authorization value.

Theorem 2.13 The Shapley authorization value satisfies the properties of efficiency, additivity,

irrelevant player, veto power over a necessary player and fairness.

Proof. We are going to show that the Shapley authorization value satisfies the five properties.

EFrFICIENCY. Let v € GV and A € AV . It holds that

D> 0w, A) = dr (v) = v (W) = v(A(N)).

keN keN

ADDITIVITY. Let v,w € G and A € AN, It is easy to check that (v 4+ w)? = v + wA. We can
derive that

P(v+w,A)=¢ ((v+ w)A) = d(v + wh) = p(vY) + Pp(w?) = B(v, A) + D(w, A).

IRRELEVANT PLAYER PROPERTY. Let v € GV, A € AV and i € N an irrelevant player in (v, A).
We must prove that ®;(v, A) = 0. Taking into consideration that ®;(v, A) = ¢; (v) and that ¢
satisfies the null-player property, it is enough to show that i is a null player in v2. For that, take
E C N. We have to show that v4(E) = v (E \ {i}).

First, notice that
A(E)\ A(E\ {i}) C{j € N : j depends partially on i in (N, A)}.

Since i is an irrelevant player in (v, A), every player that depends partially on i in (N, A) is a null

player in v. So we can derive that

A(E)\ A(E\{i}) C{j € N: jis anull player in v}

Values for games with authorization structure
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and, hence

v(A(E)) = v (A(E\ {i}))

or, equivalently
vH(E) = v (E\{i}).

PROPERTY OF VETO POWER OVER A NECESSARY PLAYER. Let v € GV be a monotonic game,
A€ AN and 4,7 € N such that j is a necessary player in v and i has veto power over j in (N, A).
We must prove that ®;(v, A) > ®y (v, A) for all k € N. Recall that given a monotonic w € GV and
i € N a necessary player in w it holds that ¢;(w) > ¢i(w) for all kK € N. Keeping that in mind and
the fact that ®(v, A) = ¢ (’UA), it is enough to prove that v4 € GV is a monotonic game and i is
a necessary player in v, Firstly, the monotonicity of v derives directly from the monotonicity of v
and the definition of authorization operator. It only remains to prove that i is a necessary player in

A

v, Since v is monotonic it is enough to prove that v (N \ {i}) = 0. As i has veto power over j

in (N, A), it holds that j € A(N \ {i}). From this and the fact that j is necessary in v we obtain
that v (A (N \ {i})) = 0, or, equivalently, v (N \ {i}) = 0.

FAIRNESS. Let v € GV, A€ AN, T € 2V \ {0} and 4,5 € T. We must prove that
D (v, A7) = @j(v, A) = ©; (v, A7) — D;(v, A). (2.1)
Let's focus on the left-hand side.
@; (v, ATY) = @0, 4) = 65 (1) = 5 (v*)
= Y pev(AT(E) —v (AT(E\ () - o(A(E)) +o(AE\ {7}))],

{ECN:jeE}

where the numbers pg are the coefficients of the Shapley value. As j € T, it is clear, from the
definition of AT that AT(E\ {j}) = A(E \ {j}) for all E C N. So the sum above is equal to

S o v (AT(E)) —o(A(E))] .

{ECN: jeE}
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Notice that if we take ¥ C N such that T ¢ E it holds that AT{(E) = A(E). So we can write the

expression above as

ST pe v (ATH(E)) —u(A(E))].

{ECN:TCE}

We have shown that

B (0, A7) ~ @0, )= Y pe[v(ATHE)) —v(A(E))]. (22)
{ECN:TCE}

Following a similar reasoning as above, we can also prove that

O (v, AT = @i(v,A) = > pplv(ATHE)) - v(A(E))]. (2.3)
{ECN:TCE}

From (2.2) and (2.3) we conclude (2.1). O

We have already seen that the Shapley authorization value satisfies the five properties. Now we

see that such properties uniquely determine the Shapley authorization value.

Theorem 2.14 An allocation rule for games with authorization structure is equal to the Shapley
authorization value if it satisfies the properties of efficiency, additivity, irrelevant player, veto power

over a necessary player and fairness.

Proof. Let U be an allocation rule for games with authorization structure satisfying the properties
of efficiency, additivity, irrelevant player, veto power over a necessary player and fairness. We must

prove that ¥ = &.

Let n € N and let N be a set of cardinality n. Our first goal will be to show that
U(cup, A) = ®(cug, A) forall ¢ > 0, E € 2V \ {} and A € AV, So, take ¢ > 0 and E € 2V \ {0}
We want to see that

Ulcup, A) = d(cup, A)  forall Ae AV, (2.4)

Firstly, we define

m(A) = |A(F)| forevery Ac AV,
FCN
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We prove (2.4) by induction on m(A).

1. BASE CASE. Let A € AV be such that m(A) = 0. In this case all players are irrelevant. Since
U and ® satisfy the irrelevant player property, it holds that ®;(cug, A) = V;(cug, A) for every
1€ N.

2. INDUCTIVE STEP. Let A € AN. We consider the three following sets:

Hy={i € N : iis an irrelevant player in (cug, A)},
Hy= {i € N : there exists j € E such that i has veto power over j in (N, A)},

Hs= N\ (Hl U HQ).
Since ® and V¥ satisfy the irrelevant player property it holds that

®,(cup,A) =0 forall i € Hy, (2.5)
Ui(cug,A)= 0 forall i € Hy. (2.6)

And from the property of veto power over a necessary player we can derive that there exist
b,b' € R such that

®i(cup,A) = b forall i € Ho, (2.7)
U;(cug,A)= b forall i € Hy. (2.8)

Now suppose that i € Hs. Since i ¢ H; there must exist j € E such that j depends partially
on i in (N, A). This means that there exists F' C N such that j € A(F)\ A(F \ {i}). Notice
that F' £ N, since otherwise i would have veto power over j and this would contradict i ¢ Hs.
Take K minimal such that K C F and j € A(K). It is clear that ¢ € K. We define

B: 2V — 9N

T - B(T) :{Afﬂﬁ AR

K)\{j} if T=K.

It is straightforward to check that B € AN and BXJ = A. By using the fairness property we
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obtain

(I)z‘ (CUE, A) — @i(cuE, B) = Py (cuE, A) — @j(C’U,E, B),
\I/Z' (cuE,A) — \I/i(cuE, B) = \Ifj (CUE, A) — \I/j(CUE, B)

Since j € E C Hy we know that ®;(cug, A) = b and U;(cup, A) = V. If we substitute those

values into the equalities above we have

d; (CUE,A) = b+ (I)Z'(C’U,E,B) — <I>j(cuE,B),
U; (cug, A) = b'+ Yi(cug, B) — ¥j(cug, B).

As m(B) = m(A) — 1, it follows by induction hypothesis that ¥(cug, B) = ®(cug, B).

Therefore,

®; (cup, A) = b+ ®i(cug, B) — ®j(cug, B),
U; (cug, A) = b'+ ®i(cup, B) — ®j(cug, B),

and hence
®; (cug, A) =V, (cug, A) =b—1.

So we have proved that
(I)i (C’U,E,A) — \I/Z' (CUE,A) =b-— b, for all 7 € H3. (29)
Now, on the one hand, from (2.5), (2.6), (2.7), (2.8) and (2.9), we can obtain

D Bi(cup, A) = > Wi(cup, A) = (b—V)|Hy U H,
1EN iEN

and, on the other hand, as ® and U are efficient we know that

Z Q)i(cuE, A) = Z \I/i<CUE,A).

1EN 1EN

Therefore, it follows that (b — b')|H2 U Hs| = 0. Since E C Hy, E # (), it holds that b = ¥/,
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what leads to VU (cug, A) = ®(cug, A).

So we have seen that ¥(cug, A) = ®(cup, A) for all ¢ >0, E € 2N\ {} and A € AV,

Let ¢ >0, E €2V \ {0} and A € AN It holds that
U(cup,A) + V(—cug, A) = ¥((¢ — c)ug, A) =0,
where we have respectively used additivity and the irrelevant player property. We conclude that
U(—cup,A) = —¥(cug, A).

We can write
U(—cug,A) = —V(cug, A) = —P(cug, A) = ®(—cug, A).

So we already know that ¥(cug, A) = ®(cup, A) forall c € R, E € 2V \ {0} and A € AV, Finally,
take v € GV and A € AV . It holds that

Y(v,A) = ¥ Z Ay(B)ug, A | = Z U (Ay(E)ug, A)
Ec2N\{0} Ee2N\{0}

= ) 2A(BupA=2( > A(BlupA|=231A).
Ee2N\{0} Ee2N\{0}

Example 2.15 Let us calculate ®(v, A) where v and A are those defined in Example 2.3. We
already calculated the restricted game v in Example 2.7. Now we use the definition of the Shapley

authorization value
d(v,A) = ¢p(v?) = (3.5,7,9.5).

We can obtain an expression of the Shapley authorization value that does not involve the restricted

game, but the game and the authorization operator separately.
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Corollary 2.16 Let v € GV and A € AN. Then, if ®(v, A) is considered as a column matrix, it
holds that
D(v,A) =24 - A,

where Z4 is the matrix in M, on_1(R) defined by (ZA)i,E = ®;(ug,A) for every i € N and
E € 2N\ {0} and A, is the column matrix given by the Harsanyi dividends of v.

Proof. Making use of the linearity of the Shapley authorization value we can write

,(v,4) = & > Ay(Bup, A
Ee2N\{0}

= ). AE)®i(ug, A)

Ee2N\{0}

— Y ZasAe).

Ee2N\{0}

Example 2.17 Let us use the expression given in the preceding result to calculate ®(v, A) in Example

2.3. Firstly we calculate the characteristic function of uj% for each nonempty F C {1,2,3}.

F ufl}(F) qu}(F) ufg}(F) uf‘m}(F) uﬁg}(F) uf2,3}(F) u?1’273}(F)
{1y 0 0 0 0 0 0 0
{2} 0 0 0 0 0 0 0
{3} 0 0 1 0 0 0 0
{1,2} 1 0 0 0 0 0 0
{1,3} 0 0 1 0 0 0 0
{2,3} 0 1 1 0 0 1 0
{1,2,3} 1 1 1 1 1 1 1

Values for games with authorization structure
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We calculate @ (ug, A) for each nonempty £ C N

@ (ugy,4) = o(ufy)
D (ugz,4) = o (ufy)
® (ugzy,4) = ¢(U’{43})
® (ui2),4) = ¢(U‘{41,2})
@ (v 4) = o(ufiy)
® (ugsy, 4) = ¢(u’{42,3})
® (up1234) = ¢(U’{“1,2,3}

and we write Z 4

ZA

Now we calculate A,

| =
| =

S N
NI =

N N

=
)

—_

—
~—

[ = | =

fow

Lol NIF o= ol m—
Lol m NIF o) = ol =

~ — N~ SN——"—

L =

N—
T N N7 N N

N Ot s W W N~
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Finally,

L S S 1 .
2 3 3 3 2 3

3

1 1 1 1 1

Pod)=Za-bo=1 5 5 0 5 3 5 ||

4
1 1 1 1 1 19
o - 1 = = - = 5 -
2 3 3 2 3 5 2

2.3 The Banzhaf authorization value

In the previous section we used the Shapley value to provide an allocation rule for games with
authorization structure. In this section we use the Banzhaf value to give another allocation rule for

these games.

Definition 2.18 The Banzhaf authorization value, denoted by ‘B, assigns to each game with

authorization structure (v, A) the Banzhaf value of v,

B(v,A) = B (v?)  forallveGY and A e AN,

In order to characterize the Banzhaf authorization value we consider the following properties for

an allocation rule ¥ : GV x AN — RV,

e 2.EFFICIENCY. For every v € GV, A € AN and i, € N such that every player in N \ {i,j} is
an irrelevant player in (v, A), it holds that

> Wi(v, A) = v(A(N)).

keN

Values for games with authorization structure
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Suppose |N| > 2. Let 4, j be two different players in N. We denote ;} a new player, i.e., ;; Z N.
Let N = (N '\ {i,j}) U {ij}.

Let A € AN. We define A% : 2NV” — 2N 35 follows
A(E) if ij ¢ E,
a9E) = [A(B\GH Ui )\ L Uil ifij e Band {i.j} C A((B\{ih) U {ij})
A(ENGHUE )\ GG e Band {7} 2 A((B\ (i) U{i.}).

It is easy to check that AY € ANY.

Let v € GV. We define v € GV as follows

o(E) if ij ¢ B,

v(E) = ~ ~
) o((B\{iHULi}) fijek.

Definition 2.19 Let v € GV, A € AN and let i,j be two different players in N. The players i and
Jj can be amalgamated in (v, A) if for every E C N such that {i,j} C E and {i,j} ¢ A(FE) it holds
that

v (A(E)) = v (A(E)\ {i,j}) -

e AMALGAMATION. For every v € GV, A € AN and i, two different players in N such that 4, j
can be amalgamated in (v, A), it holds that

Ui(v, A) + ¥;(v,A) = \Ilf(vij, Aij).
ij

In the following results we characterize the Banzhaf authorization value.

Theorem 2.20 The Banzhaf authorization value satisfies the properties of additivity, irrelevant

player, veto power over a necessary player, fairness, 2-efficiency and amalgamation.
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Proof. That the Banzhaf authorization value satisfies additivity, irrelevant player, veto power over
a necessary player and fairness can be proved in a similar way as we did for the Shapley authorization
value in Theorem 2.13. Let us see that the Banzhaf authorization value satisfies the properties of

2-efficiency and amalgamation.

2-EFFICIENCY. Let v € GV, A € AN and i,j € N be such that every player in N\ {i,} is an

irrelevant player in (v, A). We distinguish two cases.

Case = j. We consider two possibilities:

(a) 4 is a null player in v. The result derives easily from the fact that all players in A(N) are null

players in v.

(b) i is not a null player in v. Taking into consideration that the Banzhaf authorization value
satisfies the irrelevant player property, it suffices to prove that B;(v, A) = v(A(N)). Since all
players in N \ {i} are irrelevant players in (v, A) and i is not a null player in v, we conclude
that 7 does not depend partially on any player in N \ {i} in (N, A). From this we conclude
that

AE)n{i} = A({i}) forall EC N with i€ E. (2.10)

Now, taking into consideration that all players in A(N) \ {i} are null players in v we can write

Bi(v,A) = pi (v") = 2n1_1 Y. [(AE) v (AEB\{i})]

{ECN:icE}

= o Y wABE)N ),

{ECN:icE}

and, using (2.10), we have that

Bi(v, A) = in,l Y o(Ad{i)) = v(A({i}) = v(AN) N {i}) = v(A(N)).

{ECN:icE}

Case ¢ # j. Taking into consideration that the Banzhaf authorization value satisfies the irrelevant

player property, it suffices to prove that

By (v, A) + B;(v, A) = v(A(N)).

Values for games with authorization structure
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It holds that
Bi(v, A) + Bj(v, ) = G (v1) + 55 (v*)

=gt D, WAEU{i}) —u(AE))]
ECN\{i}
+ 2n171 Y (AEU{)) - u(AE))
ECN\{j}

_ 2n171 S (ABU{) —v(AE))]

{ECN\{i}:jeE}

bok Y RAEUL) - o(AE)

{ECN\{i}:j¢E}

b Y RAEUEY) - wAE)

{ECN\{j}:icE}

+ % Y. WAEU{)) -vAE). (2.11)

{ECSN\{j}:igE}

In order to evaluate this sum, we distinguish several cases:

(a) Neither i nor j is a null player in v. Taking into account that all players in A(N) \ {i,5} are

null players in v, the sum (2.11) is equal to

LS pAEUE) NI — v (AE) N )

n—1
{ECN\{i}:jeE}

bor Y wABEUENN ()

ECN\{i,j}

bor Y WAEUENN L) v (AE) N ()

{ECN\{j}:icE}

borr Y v(AEULEN) NG, (212)

ECN\{i,j}

Since the players in N \ {4, j} are irrelevant players in (v, A) and ¢ and j are not null players

in v, it follows that neither ¢ nor j depends partially on any player in N \ {7, j}. This implies
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that
A(F)nd{i,j} = A{i,j}) forall F C N with {i,5} C F,

AG) N {i} = A({i}) forall G C N withi € G C N\ {j}.

and
AH)N{j} =A{j}) forall HC N with j € H C N\ {i}.

So the sum (2.12) is equal to

s Y WAL v AU+ e Y (A

{ECN\{i}:jeE} ECN\{i,j}

b Y DA AT+ e Y v(AD)
{ECN\{j}:icE} ECN\{i,j}

[v(A({i,5}) = v (A{I))] + %v (A({i}))

N —

% v (A{i, 1) —v(A{i})] + %v (A1)

— w(A({i.}) = v (AN) N {i,5}) = v(AN)).

(b) 4 is not a null player in v and j is a null player in v. Taking into account that all players in

A(N)\ {i} are null players in v, the sum (2.11) is equal to

s Y v(AEUENN Y

{ECN\{i}:jeE}

boer Y v(ABUEN N

ECN\{i,j}

+2n1_1 Y. AEU{HN{}) - v (AE) N {iD)]. (2.13)

{ECN\{j}: icE}

Since the players in N \ {4, j} are irrelevant players in (v, A) and i is not a null player in v we
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conclude that i does not depend partially on any player in N\ {i,7}. This implies that
A(F)n{i} = A({s,7}) n{i} for all F C N with {i,j} C F

and
AG)N{i} = A({i}) forall G C N withi e G C N\ {j}.

So the sum (2.13) is equal to

s Y vAEN D ey Y v (A

{ECN\{i}: j€E} ECN\{i,j}

+2% > wA{EL ) N{i}) - v(A{i})]

{ECN\{j}:icE}

= 5o (AWN N D + 5o (AR + 5 o (A [ 3) N D) — v (A (i)

= 0(A({i,3}) N {i}) = v (AN) N {i}) = o(A(N)):

(c) ¢ is a null player in v and j is not a null player in v. Analogous to the previous case.

(d) @ and j are null players in v. The result derives easily from the fact that all players in A(N)

are null players in v.

AMALGAMATION. Let v € GV, A € AN and let i, j be two different players in N such that i and j

can be amalgamated in (v, A). We must prove that

B, (v, A) +B;(v, A) = B~ (v, AY). (2.14)

)

Let's start from the right-hand side.

B (019, ) = oY [ (A (Bugm)) - o (aY ()]

n—2
ECN\{i,j}

Y e (ru@) e )

{ECN\{ij}: {7} CA(EU{i,g})}
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+ 2:_2 3 07 (A7 (BU{ij})) - v (47 (B))]
{ECN\{ij}:{i.i} LA(EU{i.i})}
= s > [ (A (B U {)\ (3D U G}) - o (4 ()]
{ECN\{i,j}: {i,j} CA(EU{i,5})}
+ o > v (A(B Ui, 7))\ {0,3) 07 (A(2)]
{ECN\{ij}:{i.i} L A(BEU{i.i})}
= s > (AU {i.5}) v (4 (B))
{ECN\{i,j}: {i,j} CA(EU{i,5})}
1 . .
+ o > [0 (AEU {0\ {6 ) — v (A(E))].

{ECN\{i.j}: {i.5} L A(BU{i.5})}
Now, as ¢ and j can be amalgamated in (v, A), we know that for every E C N \ {4,;j} such that
{i,j} £ A(EU{i,j}) it holds
v(A(EU{i, ) \{ij}) = v (A(EU{i,j})).

Substituting into the sum above we obtain

o 1 o
B, AY) = 5 > [ (A(EU{Ej})) —v(A(E))]
{ECN\{i,j}: {i.7}CA(EU{i,j})}
1 ..
o > [ (A(EU{Ej})) — v (A(E))]
{ECN\{i,j}: {i.5} L A(EU{i.1)}
1

= 5 D WAEU{LG) - v (AE).

ECN\{i,j}

Now let's focus on the left-hand side of (2.14). We can write

Bilo, 4) + B0, A) = s Y [(ABU{I}) — o(AE)]
ECN\{i}
bomr Y WAEUH)) - o(E)
ECN\{j}
= Y RABULLGY) - e (AEU )
ECN\{i.j}
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n QTl_l Y (AEU{D) v (AE))]

ECN\{i,j}

+2L S wAEU]LG)) - v (AEU{))]

" et
n 2n1_1 > (AEU{G}) —v(A(E))]
ECN\{i,j}
_ 2n1_2 Y W(ABULL)) — v (A(E))].
ECN\{i,j}

We have already seen that the Banzhaf authorization value satisfies the six properties. Now we

see that such properties uniquely determine the Banzhaf authorization value.

Theorem 2.21 An allocation rule for games with authorization structure is equal to the Banzhaf
authorization value if it satisfies the properties of additivity, irrelevant player, veto power over a

necessary player, fairness, 2-efficiency and amalgamation.

Proof. Let ¥ be an allocation rule for games with authorization structure satisfying the properties
of additivity, irrelevant player, veto power over a necessary player, fairness, 2-efficiency and

amalgamation. We must prove that ¥ = ‘B.

Firstly, we show that

U(cug, A) = B(cug, A) forall E € 2V \ {0}, A€ AV and ¢ > 0. (2.15)

We proceed by induction on the number of players.

1. BASE CASE. If n = 1 the equality follows directly from the property of 2-efficiency.

2. INDUCTIVE STEP. Let E € 2V \ {#} and ¢ > 0. We must prove that

U(cup, A) = B(cug, A) forall A e AN, (2.16)
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We recall that

m(A) = Y |A(F)| forevery A AV,
FCN

We prove (2.16) by induction on m(A).

2.1 BASE cASE. Let A € AN be such that m(A) = 0. In this case all players
are irrelevant. Since W and ‘B satisfy the irrelevant player property, it holds that
U, (cug, A) = B;(cup, A) =0 for every i € N.

2.2 INDUCTIVE STEP. Let A € AN. We consider the three following sets:

Hy={i € N : iis an irrelevant player in (cug, A)},
Hy={i € N : there exists j € E such that i has veto power over j in (N, A)},
Hs= N\ (Hl U HQ).

Since B and W satisfy the irrelevant player property it holds that

Bi(cup,A) =0 forall i € Hy, (2.17)
U;(cug,A)=0 forall i € Hy. (2.18)

And from the property of veto power over a necessary player we can derive that there

exist b, b’ € R such that

Bi(cug,A) = b forall i € Hy, (2.19)
U;(cug,A)= b forall i € H. (2.20)

It can be proved, in the same way as in Theorem 2.14, that
B, (cup, A) — ¥; (cug, A) =b—1V forall i € Hs. (2.21)

Now we consider different cases.

(i) Case |E| > 2. Take j and k two different players in E. It is clear that j and & can
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(iii)

be amalgamated in (cug, A). We can write

b+b = Bj(cug,A) + Br(cug, A) :%7@ ((cuE)jk,Ajk)
j

= B~ |cu AR =0 (e N, Ak
ik <E\{j,k}>u{jk} ik (E\{j,k}>u{jk}

= ((eupV* A7) = Wjcup, A) + U(eup, A) =V + V.
J

and we obtain b = b'. Using (2.17), (2.18), (2.19), (2.20) and (2.21) we conclude
U(cup, A) = B(cug, A).

Case |[E| = 1 and |(H2 \ E) U H3| > 2. Take j and k two different players in
(H2 \ E) U Hs. It is easy to check that j and k can be amalgamated in (cug, A). It
holds that
Bj(cup,A) + By(cup, A) = %ﬁc ((cuE)jk,Ajk> = stk (cquAjk>
= \117C (cuE,Ajk) = \117€ ((cuE)jk,Ajk>

j j
= VYj(cug, A) + Vi(cug, A),

and thus
%j(cuE,A) — \I/j(CUE,A) = \I/k(CUE,A) — EBk(CUE,A).
Using (2.19), (2.20) and (2.21), the previous equality can be written as b—b' = b/ —b.

So we obtain b =¥/, that leads to ¥(cug, A) = B(cug, A).

Case |[E| = 1 and |(H2 \ E) U Hz| < 1. On the one hand, using the 2-efficiency

property, we can write

Z Bi(cug, A) — Z U;(cug, A) = cug(A(N)) — cug(A(N)) =0,
iEN 1EN
and, on the other hand, from (2.17), (2.18), (2.19), (2.20) and (2.21) we obtain

> Bi(cup, A) = Y Wi(cup, A) = (b— )| Hy U Hs|.
1EN €N
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From both expressions we obtain b = b’ and, therefore, ¥(cug, A) = B(cug, A).

So we have proved (2.15). Now, using additivity and reasoning as we did in the proof of Theorem
2.14 we conclude ¥ = 9B. O

Values for games with authorization structure
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Games with fuzzy authorization structure

In the previous chapter we studied games in which there are dependency relationships among the
players. These dependency relationships were considered to be complete, in the sense that, when a
coalition is formed, a player in the coalition either can fully cooperate within the coalition or cannot
cooperate at all. Nevertheless, in some situations it is possible to consider another option: that a
player has a degree of freedom to cooperate within the coalition. In this chapter we aim to present

a model for these situations.

3.1 Fuzzy authorization structures

In order to deal with fuzzy relationships among the players we extend the concept of authorization

operator.

Definition 3.1 A fuzzy authorization operator on N is a mapping a : 2V — [0,1]V that satisfies

the following conditions:
1. a(E) C 1 forany E C N,
2. IfE C F then a(E) C a(F).

The pair (N, a) is called a fuzzy authorization structure. The set of all fuzzy authorization operators
on N is denoted by FAN.

Suppose that a is a fuzzy authorization operator and v is a game on N. Then, given £ C N and

i € N, we interpret a;(E) as the proportion of the whole operating capacity of player i that he is

45
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allowed to use within coalition E.

Definition 3.2 A fuzzy authorization operator a is said to be normal if a(N) = 1x. The set of

L _ — N
normal fuzzy authorization operators is denoted by F A .

Example 3.3 Let us go back to example 2.3. We introduce some changes. Supplier 1 admits that
they use a technology patented by 2. However, 1 demonstrates that they are capable of producing
component 1 without using that technology. But in that case they would only be able to produce
six hundred thousand units before the deadline. Something similar happens with the other dispute.
Supplier 2 can produce component 2 without the technology patented by 3, but if they do so then

they only will be able to produce nine hundred thousand units within the stipulated time.

For any £ C {1,2,3} and i € {1,2,3} the expression a;(E) denotes the proportion of his
maximum production that supplier i can reach within coalition E. We can represent a with the

following table.

E {1} {2} {3} {1,2} {1,3} {23 {1,2,3}

a(E) | (0.6,0,0) (0,0.9,0) (0,0,1) (1,0.9,0) (0.6,0,1) (0,1,1) (1,1,1)

Definition 3.4 A game with fuzzy authorization structure on N is a pair (v,a) where v € GV and
aec FAN.

In a similar way as we did in the crisp case, given a game with fuzzy authorization structure we
can define a characteristic function that gathers the information from the game and the structure in

a reasonable way.

Definition 3.5 Let v € GV and a € FAYN. The restricted game of (v,a) is the game v* € GV

defined as follows
v (F) = /a(E) dv forall EC N,

Values for games with authorization structure
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where /a(E) dv denotes the Choquet integral of a(E) with respect to v.
The number v*(E) is the worth of E in the game with fuzzy authorization structure (v, a).

Example 3.6 Let us calculate the restricted game of the game with fuzzy authorization structure

(v,a) given in Example 3.3.

v ({1})
v® ({2}) =0.9v ({2}) = 1.8,
vt ({3}) = v ({3}) =3,

( 0.6 ({1}) = 0.6,
(
(
v®({1,2}) =0.9v ({1,2}) + 0.1v ({1}) = 5.5,
(
(
(

<

@ ({1,3}) = 0.6 v ({1,3}) + 0.4v ({3}) = 6,
v ({2,3}) = v ({2,3}) =10,
v ({1,2,3)) = v ({1,2,3}) = 20.

Suppose we want to determine the worth of a coalition F in a game with fuzzy authorization structure
(v, a). The calculation of the corresponding Choquet integral implies summation over a set of indexed
numbers. A priori, this set depends on the coalition E. Nevertheless the following lemma will allow

us to consider the same set for all the coalitions.

Lemma 3.7 Let v € GV and f € [0,1]". Let {h; : | = 0,...,m} C [0,1] be such that
{hi:1=0,....om}D{fi: 1€ N} with0 = hg <...< hp,. Then it holds that

m

/fdv =3 (i — i) ([f}hl> .

=1

where [f],, ={i € N: fi > Iy} forl=1,...,m.
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Proof. Let r € {0,...,m} and lp,...,l, € {0,...,m} be such that 0 = [y < ... < [, and
{hi, : k=0,...,r} ={fi: i € N}. It holds that

r

[ e =3~ )0 (11,)

k=1

-y }: (hy — by v (I, )
k=1 j= zk 141

—Z Z (hs = hs—1)v (f1n,)
k=1 j=l,_1+1

=§§m¢—m;nv0ﬂm)

(hs = i) v (If11,) -

<.
Il
—_

I
NE

<.
Il
-

d

Using the lemma above we can obtain the expression of the restricted game given in the following

remark.

Remark 3.8 Let v € GN and a € FAN. Let {h; : 1 = 0,...,m} C [0,1] be such that
{hi:1=0,...,m} D{ap(F): FCN,ke N} with0=ho <...<hy. It holds that

v (E) = (h —h1)v([a(B)]y) forall ECN.
=1

Let a € FAYN and t € [0,1]. We define a’ € A" as follows
a'(E)=[a(E)y={k€ E: ax(E) >t} forall ECN.

The following expression of the restricted game will turn out to be very useful in order to prove the

results in this chapter.

Remark 3.9 Let v € GV and a € FAN. Let {hy : 1 = 0,...,m} C [0,1] be such that
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{hi : 1 =0,....m} D {ar(F) : F C N,k € N} with0 = hg < ... < hy,. Then it holds
that

h

(hl hl—l) Ua !

a

Ms

=1

3.2 The Shapley fuzzy authorization value

An allocation rule for games with fuzzy authorization structure assigns to every game with fuzzy
authorization structure a payoff vector. In this section we define and characterize an allocation rule

for games with fuzzy authorization structure.

Definition 3.10 The Shapley fuzzy authorization value, denoted by ¢, assigns to each game with

fuzzy authorization structure (v, a) the Shapley value of v®,

o(v,a) = ¢ (v*) forallve G anda e FAV.

The Shapley fuzzy authorization value has been studied in Gallardo, Jiménez, Jiménez-Losada and

Lebrén [38]. We give another expression of ¢ in the following lemma.

Lemma 3.11 Let v € GY and a € FAN. Let {h; : | = 0,...,m} C [0,1] be such that
{hi:1=0,....m} D{ar(F): FCN, ke N} with0=ho <...<hp. It holds that

Z — hy—1) (v, a™),

=1

where ® s the Shapley authorization value.

Proof. Taking into account Remark 3.9 and the linearity of the Shapley value, we have that

p(v,a)

¢ (v%)

-

=1
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I
NE

(b= 1) o (v

N
Il
—

(hy — hy_y) ®(v,aM).

I
NE

~
Il

1

O

We aim to characterize the Shapley fuzzy authorization value. To that end, we consider the

following properties.

e EFFICIENCY. For every v € GV and a € FAY with a(N) € {0,1}" it holds that

S wi(v,a) = v(supp(a(N)).

keN

e ADDITIVITY. For every v,w € GV and a € F.AY it holds that
?ﬁ(v + w, a) = W% a) + ¢(w7 a)'

Definition 3.12 Let a € FAY and i,j € N. A player j depends partially on i in (N, a) if there
exists E C N such that a;(E) > aj (E\ {i}).

Definition 3.13 Let v € GV, a € FAYN and i € N. A player i is irrelevant in (v,a) if for every
Jj € N such that j depends partially on i in (N, a) it holds that j is a null player in v.

Note that if ¢ is an irrelevant player in (v, a) then, in particular, is a null player in v, since i depends
partially on 7 in (N, a).

e IRRELEVANT PLAYER PROPERTY. For every v € GV, a € FAN and i € N such that i is an

irrelevant player in (v, a), it holds that
Y;i(v,a) = 0.

Definition 3.14 Let a € FAY and i,j € N. A player i has veto power over j in (N,a) if

aj(N\ {i}) = 0.

Values for games with authorization structure
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e PROPERTY OF VETO POWER OVER A NECESSARY PLAYER. For every monotonic v € GV, a € FAN
and i,j € N such that j is a necessary player in v and i has veto power over j in (N,a), it
holds that

Y;i(v,a) = Yp(v,a) forall k € N.

Givena e FAN, T e2V\ {0}, i€ T and s € [0,1], we define

al>bs 2N — [0, 1N

» ya;(E ifk=iand T C F,
. aZ’l’s(E) _ max(s,a;(E)) i i an
ai(E) otherwise.

It is clear that a"s € FAN.

e FAIRNESS. For every v € GV, a € FAN, T € 2V \ {0}, i € T and s € [0, 1] it holds that
Y (v,aT’i’s) —j(v,a) = (v,aT’i’S) —i(v,a)  forall j€T.

Notice that if s < a;(T) then a’*»* = a. Therefore, the expression above is non trivial only if
s € (a;(T),1]. This property is an extension of the fairness property of the Shapley authorization
value. If a coalition acquires the power to increase the capacity of cooperation of one of the players

within the coalition then all the players in the coalition will benefit equally.
e REDUCTION. For every v € GV, a € FAY and t € (0,1) it holds that
Y(v,a) = t4(v,a) + (1 = ) (v, al"M),

where, foralli € N and £ C N,

d"N(E) = min <1, ai(tE)> ;

altl] (E) = max <0, a1<1E_)t_t> .

Our aim is to see that the Shapley fuzzy authorization value is uniquely determined by the six

properties seen above.
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Theorem 3.15 The Shapley fuzzy authorization value satisfies the properties of additivity, efficiency,

irrelevant player, veto power over a necessary player, fairness and reduction.

Proof. We prove that ¢ satisfies the six properties.

EFFICIENCY. Let v € GV and a € FAY with a(N) € {0,1}. It holds that

S gn(v,a) = 3 61 (1) = v (V) = v (supp(a(N)).

keN keN

ADDITIVITY. Let v,w € GV and a € FAY. It is easy to check that (v 4+ w)® = v® + w®. We can

derive that

pv+w,a) =¢((v+w)?) =" +w’) =) + p(w?) = (v, a) + p(w,a).

IRRELEVANT PLAYER PROPERTY. Let v € GV, a € FAY and i € N an irrelevant player in
(v,a). We must prove that ¢;(v,a) = 0. Let {t; : | =0,...,r} = {ax(F): F C N,k € N}
with 0 = tp < ... < t,. Taking into consideration that ® satisfies the irrelevant player property,
it is clear from Remark 3.9 that it is enough to prove that i is an irrelevant player in (v, at,) for
every [ = 1,...,r. So take I € N with [ < r. Suppose that j € N depends partially on i in
(N,a'). This means that there exists £ C N such that j € a'(E) \ a"(FE \ {i}). Therefore,
a;j(E) > t; > aj(E\ {i}). It follows that j depends partially on ¢ in (NN, a). Since i is an irrelevant
player in (v,a), we conclude that j is a null player in v. So we have proved that i is an irrelevant

player in (v,a't).

PROPERTY OF VETO POWER OVER A NECESSARY PLAYER. Let v € GV be a monotonic game,
a€ FAN {t;:1=0,....r} ={ap(F): FC N, ke N} with0=1ty<...<t.andi,j € N
be such that j is a necessary player in v and ¢ has veto power over j in (IN,a). We must prove
that p;(v,a) > ¢r(v,a) for all k € N. It follows from Remark 3.9 and the fact that & satisfies the
property of veto power over a necessary player that it is enough to prove that 7 has veto power over
jin (N,a") for every = 1,...,r. And this is a clear consequence of the fact that i has veto power

over j in (N, a).
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FAIRNESS. Let v € GV, a € FAN, {t; : 1 = 0,...,7} = {ap(F) : F C N,k € N} with
0=ty <...<t, T€2V\ {0}, 4,5 €T and s € [0,1]. We have to prove that

T,i,s)

) (v, a —pj(v,a) = @ (v, aT’i’S) — pi(v,a).

We know that if s < a;(T) then a’* = a and the equality above would be trivial. So we can
suppose that s > a;(T"). Let p, ¢ be such that ¢, = a;(T") and s € (t,_1,t,]. It must be p < q.

On the one hand, from Lemma 3.11 we can obtain that

p g—1
o(v, aT,i,S) — Z(tl —t1)® (v’ (aT,i,S)tz) + Z (t; — t_1)® (v’ (aT,i,s)tl)
=1 I=p+1

+(s—t4—1)P (v, (aT’i’S)S) + (tg —5)® (U, (aT’i’S)tq)

+ 72 (t; —t1—1)® (v, (aT’i’s)tl) .

l=q+1

Now we observe that
1. (aT%)" = al for every I = 1,...,p,
2. (aTvi’S)tl = (atl)T’i forevery l=p+1,...,q—1,
3. (aT4%)® = (ate)™"
4. (ty = 5)® (v, (7)) = (t; — 5)® (v,a'). Notice that if s < t, then ()" = a's,
5. (aT’i’S)tl =a' foreveryl=q+1,...,m.

Substituting into the sum above we obtain that

p q—1 .
p(v,a™) = D (= ti)® (v,a") + D (t—ti1)® (v’ (atl)T7Z>
=1 I=p+1

+(s —tg—1)P (’U, (atq)T’Z) + (tg — 8)® (v,a")

+ Z (tr —ti—1)® (v,atl) )

l=q+1
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On the other hand it holds that

p(v,a) = Z(tl —t1-1)®(v, ay)
=1
p q—1
= (t; —ti—1)® (U, atl) + Z (tr —t1—1)® (U, at’)
=1 I=p+1
r

+(s = tg-1)® (v,a") + (tg — 5)® (v, @) + Z (t1—ti-1)® (v,a").

l=q+1
Subtracting we get
q—1 )
o(0,a" ) = p(v,a) = > (=) (@ (v, (@)™) = B(v,a"))
l=p+1

+(s —tg—1) <<I) (U, (atq)T’i) — (v, atq)) .

Now, keeping in mind that @ satisfies the fairness property, we can write

o)t = 10 1 7 n0)
;: ) ) (@5 (v, ()™ = @50, a))
- qz_ll(tl —ti) (@ (0, (@) )~ @y(0.0"))
+: 1) (@ (v, (a)™) = @i(v, "))
= @i(v,a"*) — (v, a).

REDUCTION. Let v € GV, a € FAN, t € (0,1) and, foralli € N and E C N,

d*(E) = min (1“@)

)

ay’l] (F) = max (0, a,-(lE_) t_ t) )
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We must prove that
p(v,a) =te(v, a[O,t]) +(1—1)p(v, a[t,l]).

Taking into consideration the definition of ¢ and the linearity of the Shapley value, it suffices to

prove that

“ (0.1

t,1]
v? =t .

+(1-1) !

To this end, take {t;, : | = 0,...,7r} = {ax(F) : F C N,k € N} U {t} with
0=ty <...<t,=1 Let p€ N besuch that t =1,. For every £ C N it holds that

(1o + =)o) (B) = ¢ > (ttl - tlt1> ! Q“m’ﬂ ®) >

t

ca-n Y (4 -5 (e, )

I=p+1 1-¢

We have proved that the Shapley fuzzy authorization value satisfies the six properties. We see

that such properties uniquely determine (.

Theorem 3.16 An allocation rule for games with fuzzy authorization structure is equal to the
Shapley fuzzy authorization value if it satisfies the properties of additivity, efficiency, irrelevant player,

veto power over a necessary player, fairness and reduction.

Proof. Let v be an allocation rule for games with fuzzy authorization structure satisfying the

properties of additivity, efficiency, irrelevant player, veto power over a necessary player, fairness and
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reduction. We must prove that

Y(v,a) = (v,a) foreveryn € N, v e G and a € FAV.
We proceed by strong induction on [(a) where

[(a) = [{ar(F): FC N,ke N}\{0,1}| forall a € FAV.

1. BASE CASE. [(a) = 0.

Notice that we can identify AN with the set {a € FAY : im(a) C {0,1}"}. From this point
of view, we can say that the restriction of i to the set of games with fuzzy authorization
structure (v,a) with [(a) = 0 is an allocation rule for games with authorization structure. It
is easy to check that such restriction satisfies the properties of efficiency, additivity, irrelevant
player, veto power over a necessary player and fairness. Therefore, using Theorem 2.14 we

conclude that

Y(v,a) = p(v,a) for every n € N, v € GV and a € FAY with [(a) = 0.

2. INDUCTIVE STEP. Let v € GV and a € FAY with [(a) > 0. We want to prove that
Y(v,a) = ¢(v,a). Take t € {ap(F): F C N,k € N} \ {0,1}. Since ¢ satisfies the reduction
property it holds that

V(v,a) = tp(v,al) + (1 = ) (v, a1).

Since [(a®) < [(a) and [(a®Y) < [(a) it follows by induction hypothesis that
Y(v,al%) = p(v,al%) and (v, alt1)) = (v, alb1). Hence

Y(v,a) = to(v, ™) + (1= 1) p(v,a"V) = p(v, a).

Example 3.17 Let us calculate ¢(v,a) where v and a are those defined in Example 3.3. We already

calculated the restricted game v® in Example 3.6. Now we calculate the Shapley fuzzy authorization
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value

p(v,a) = ¢p(v*) = (4.65,7.25,8.1).

In a similar way as we did in the crisp case, we can obtain an expression of the Shapley
fuzzy authorization value that does not involve the restricted game, but the game and the fuzzy

authorization operator separately.

Corollary 3.18 Let v € GV and a € FAN . Then, if ©(v,a) is considered as a column matrix, it
holds that

(P(Ua a) = Ca : Av

where (, is the matrix in My an_1(R) defined by (Ca)ng = pi(ug,a) for every i € N and
E € 2N\ {0} and A, is the column matrix given by the Harsanyi dividends of v. Moreover, if
{ti:1=0,...;r}={ax(F): FCN,ke N} with0 =ty < ... <t, then

T

Co=> (t1—ti1) Zyn.

=1

Example 3.19 Let us use the expression given in the preceding result to calculate (v, a) in Example

3.17. Firstly we calculate the characteristic function of u$, for each nonempty E C {1,2, 3}.

F u?l}(F) uf{LQ} (F) u‘f3} (F) u‘{‘m} (F) uf,:L?)} (F) u?273}(F) “?172,3}(F)
{1} 0.6 0 0 0 0 0
(2} 0 0.9 0 0 0 0
{3} 0 0 1 0 0 0
1,2} 1 0.9 0 0.9 0 0 0
(1,3} 0.6 0 1 0 0.6 0 0
{2,3} 0 1 0 1 0
{1,2,3) 1 1 1 1 1
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We calculate ¢ (ug, a) for each nonempty E C {1,2, 3}

clupn) = o(y) = (359)
eluppa) = o(uy) = (o %% 5%
o(ugpa) = ofuly) = O

e(ugzpa) = ¢ 22 23 é%)

13 2 13)

-

“?L3}> - (30 15" 30
(0
(

o

)

Do |
N |

3
)

W
W =

)

W

@(U{1,2,3}>a) = ¢

and we write (,

29 13 1
S R
119 29 2 1 1
W=t 2, 2 2 11
5 20 60 15 2 3
g L 4 1 13 1 1
20 30 30 2 3
Finally,
4 2 13 1 1 93
2 o0 o0 =2 2 o9 = it
5 60 30 3 2 20
3
19 29 2 1 1 29
B p— . A pr— — — — — J— p— fr— E—
pva) =Go- By 5 20 ' G 1 2 3 3 1
4
g L 4 1 13 1 1 5 81
20 30 30 2 3 ) 10
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Now we give a result regarding the continuity of .
Theorem 3.20 The Shapley fuzzy authorization value is a continuous function.

Proof. We intend to prove that

o: GNx FAYN — RN
(v,a) — (%)

is continuous. Taking into consideration the continuity of the Shapley value, it is enough to prove
that the application
R: GV xFAN — gV
(v,a) - v?
is continuous. To that end, take v € GV, a € FAN and e > 0. Let w € G and b € FA"N be such
that
[v(E) —w(E)| <e forall ECN,

5
iW(F) —bi(E =———— forall EFCN . € N,
la;(E) — b;(E)| <6 W2 (M 1 6) ora and i €

where M = max {|v(E)|: E C N}. Let
{ti:1=0,....,r}={ap(E): ECN, ke N}U{bp(E): ECN, ke N},
with0=ty<...<t,=1. Take F C N. Let

L = {leN:1<I<r and [a(F)], = [b(F)],},
L' = {leN:1<I<r and [a(F)], # [b(F)],}.

Notice that if [ € L' then t; —t;_1 < 4. It holds that

r

[v(F) = w"(F)| = Z(tz—tz 1) (v ([a(F)]y) = w ((b(F)]1,))

th—tz 1) v ([a(E)]e) — w ((b(F)]z,)]

eL
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+ Dt —tima) Jo ([a(B)]y) —w (b(F)]y)|

lel
<e+1ri(2M +¢)
<e+n2"6(2M +¢)

N

2e.

3.3 The Banzhaf fuzzy authorization value

We aim to define an allocation rule for games with fuzzy authorization structure that extends

the Banzhaf authorization value defined in the previous chapter.

Definition 3.21 The Banzhaf fuzzy authorization value, denoted by b, assigns to each game with

fuzzy authorization structure (v,a) the Banzhaf value of v?,

b(v,a) =B () forallveGY andaec FAVN.

In a similar way as we did for the Shapley fuzzy authorization value, we can give another expression

for the Banzhaf fuzzy authorization value.

Lemma 3.22 Let v € GV, a € FAY and {hy : | = 0,...,m} C [0,1] be such that
{hi:1=0,...,m} D{ap(F): FCN,ke N} withO=ho <...<hy. It holds that

b(v,a) = Z(hz — hy—1) B(v, ahl)7

=1

where B is the Banzhaf authorization value.

Proof. It is evident taking into account Remark 3.9 and the linearity of the Banzhaf value. O

Our goal is to characterize the Banzhaf fuzzy authorization value. To that end we consider the

following two properties for an allocation rule for games with fuzzy authorization structure.

Values for games with authorization structure
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e 2-EFFICIENCY. For every v € GV, a € FAY with a(N) € {0,1}" and 4, j € N such that every
player in N\ {i, 7} is an irrelevant player in (v, a), it holds that

S vi(v,a) = v(supp(a(N))).

keN

Suppose |[N| > 2. Let a € FAY and let i,j be two different players in N. We define

a'd - 2N 5 [0,1]V7 as follows

a(E) if ij ¢ Eand k# ij,

) 0 if ij ¢ Eand k= ij,
ay (B) = ~ . O ~
ag ((E\{zy}) U {z,]}) if ij € F and k # 1ij,

min (a,» ((E\{fj}) U {i,j}) a; ((E\{fj}) U {z’,j})) if ij e Eand k= ij.

It is easy to check that a¥/ € FAN" .

Definition 3.23 Let v € GV, a € FAN and let i, be two different players in N. The players i and

j can be amalgamated in (v, a) if they can be amalgamated in (v, a®) for every t € (0,1].

e AMALGAMATION. For every v € GV, a € FAY and 4, j two different players in N such that 7, j

can be amalgamated in (v, a), it holds that

¢i(va (I) + u}j(va (1) = 1/);;(,01]’ (IZJ).
In the following results we give a characterization of the Banzhaf fuzzy authorization value.

Theorem 3.24 The Banzhaf fuzzy authorization value satisfies the properties of additivity, irrelevant

player, veto power over a necessary player, fairness, 2-efficiency, amalgamation and reduction.

Proof. That the Banzhaf fuzzy authorization value satisfies additivity, irrelevant player, veto power
over a necessary player, fairness and reduction can be proved in a similar way as we did for the

Shapley fuzzy authorization value in Theorem 3.15. Let us see that the Banzhaf fuzzy authorization
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value satisfies 2-efficiency and amalgamation.

2-EFFICIENCY. Let v € GV, a € FAY and i,j € N be such that a(N) € {0,1}" and every player
in N\ {7, 7} is an irrelevant player in (v,a). If a(N) = 0 the result is trivial. We assume a(N) # 0.
It is easy to check that every player in N\ {4, j} is an irrelevant player in (v, a?) for every t € (0, 1].
Take {t; : [ =0,...,7} ={ax(F): FC N, ke N} with0 =1t <... <t =1 Using Lemma

3.22 and the fact that the Banzhaf authorization value satisfies 2-efficiency we can write

T

D bi(v,a) = D> (h—ti1)Br(v,a) =D (—ti1) Y Br(v,a")

kEN kEN I=1 =1 keEN
= Y (ti—t)v (@"(N) = > (t = i) (supp(a(N))) = v (supp(a(N))) .
=1 =1

AMALGAMATION. Let v € GV, a € FA" and let 4, be two different players in N such that i
and j can be amalgamated in (v,a). Take {t; : [ =0,...,r} = {ax(F): F C N, k € N} with
0=1tg<...<t. Itis easy to check that

(a)¥ = (a¥)t  for any t € (0,1]. (3.1)

Using Lemma 3.22, the fact that the Banzhaf authorization value satisfies amalgamation and (3.1)

we can write

r

bi(v,a) +bj(v,a) = Z(tl —t1-1) (Bi(v,a") + B;(v,a"))

=1

= Z(tl - tl_l) %:(Uljv (atl)ij)
=1 !

= Z(tl - tl_]_) %Z’,;(vija (aij)tl>
=1

= biﬁj(vij, aij).

Thus, we have proved that the Banzhaf fuzzy authorization value satisfies all the properties stated

in the theorem. O

Values for games with authorization structure
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Theorem 3.25 An allocation rule for games with fuzzy authorization structure is equal to the
Banzhaf fuzzy authorization value if it satisfies the properties of additivity, irrelevant player, veto

power over a necessary player, fairness, 2-efficiency, amalgamation and reduction.

Proof. Let v be an allocation rule for games with fuzzy authorization structure satisfying the
properties of additivity, irrelevant player, veto power over a necessary player, fairness, 2-efficiency,

amalgamation and reduction. We must prove that

Y(v,a) = b(v,a) foreveryn e N,ve G andac FAVN.

We proceed by strong induction on [(a) where
[(a) = {ax(F): FCN,ke N}\{0,1} forall a € FA".
1. BASE CASE. [(a) = 0.

Notice that we can identify A" with the set {a € FAY : im(a) C {0,1}"}. From this point
of view, we can say that the restriction of 1) to the set of games with fuzzy authorization
structure (v,a) with [(a) = 0 is an allocation rule for games with authorization structure.
It is easy to check that such restriction satisfies the properties of additivity, irrelevant player,
veto power over a necessary player, fairness, 2-efficiency and amalgamation. Therefore, using

Theorem 2.21 we conclude that
¥(v,a) = b(v,a) foreveryn e N, ve G and a e FAN with [(a) = 0.
2. INDUCTIVE STEP. Let v € GV and a € FAN with [(a) > 0. We want to prove that

Y(v,a) = b(v,a). Take t € {ax(F): F C N,k € N} \ {0,1}. Since v satisfies the reduction
property it holds that

Y(v,a) = tp(v,al) + (1 = ) (v, 1),

Since [(a®¥) < [(a) and [(al*1) < [(a) it follows by induction hypothesis that
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Y(v,al®) = b(v,al®) and ¥ (v, ab) = b(v, al"). Hence

Y(v,a) = tb(v,a®) + (1 —t)b(v,a®) = b(v,a).

Values for games with authorization structure



Relational power in authorization structures

If we consider an authorization structure, some agents may be in more advantageous position
than others. On the one hand, some of them will be less autonomous than others, in the sense that
they will need the permission of other agents in order to actively participate in a coalition. And,
on the other hand, some will be more influential than others, in the sense that they will be able to
prevent other agents from cooperating within a coalition. Our goal in this chapter will be to study
how favorable the situation of each agent in an authorization structure is. To do this, we will define

a value that will allow us to measure the influence and the sovereignty of each agent.

4.1 Allocation rules for authorization structures

Firstly we need to recall the concept of set game, which was introduced by Aarts, Funaki and
Hoede [2]. A set game is a triple (N, v, U) where N is a set of cardinality n with n € N, U is a
set and v : 2V — 2¥ is a mapping satisfying v()) = (. The mapping v is called the characteristic
function of the set game. Usually, the set game (IV, v, U) is identified with the characteristic function
v. The worth v(E) of a coalition E can be interpreted as the set of items that can be obtained by
the players in E if they cooperate. A value 1 for set games is a mapping that assigns to each set
game v an element ¥ (v) € (2¥)Y, where, for any i € N, v;(v) is interpreted as the set of items
that are given to player i. In 1997, Aarts, Funaki and Hoede [1] defined and characterized a value p

for monotonic set games, called the marginalistic value. Given a set game v, the marginalistic value

65
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of v is defined as

wi(v) = U [W(E)\v(E\{i})] foreveryie N.
{ECN:icE}

Notice that authorization operators are monotonic set games. So, if we are looking for a value for
authorization structures, our first idea might be to use the marginalistic value for monotonic set
games introduced in [2]. However, this value does not seem to be sufficiently sensitive, as we try to

show with the following example.

Example 4.1 Let N = {1,2,3,4}. Let A, B and C be the authorization operators considered in
Example 2.4.

E A(E) B(E) C(E)
E:4¢E E E E
{4} 0 0 0
{1,4} {1} {1,4} {1}
{2,4} {2} {2,4} {2}
{3,4} {3} {3.4} {3}
{1,2,4} (1,2} {1,2,4} {1,2,4}
{1,3,4} {1,3} {1,3,4} {1,3,4}
{2,3,4} {2,3} {2,3,4} {2,3,4}
{1,2,3,4} | {1,2,3,4}  {1,2,3,4}  {1,2,3,4}

If W € AV, the marginalistic value of TV is the element in (2V)? defined as

wiW)=|J [WE)\W(E\{i})] foreveryicN.
{ECN:icE}

Notice that (W) assigns to each agent the set of agents that depend partially on him in (N, W).
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It is clear that if we calculate pu(A), p(B) and pu(C') we obtain the following

p(A) = {1,4}, m(B) = {1,4}, p(C) = {1,4},
pa(A) = {2,4}, pa(B) = {2,4}, p2(C) = {2,4},
ps3(A) = {3,4}, pu3(B) = {3,4}, p3(C) = {3,4},
pa(A) = {4}, pa(B) = {4}, pa(C) = {4}.

The reason why i does not distinguish between A, B and C is that pu registers whether an agent

depends partially on another one, but not how strong such dependence is.

Suppose that we have o : AN — (2V)V, A € AN and i,j € N. If we wanted to use o(A) to
evaluate the dependence of agent j on agent i in (N, A), we would check whether j is in 0;(A) or
not. But it is clear that, in general, this evaluation would not inform us about how strongly j depends
on 7. If we want to define a more sensitive value, we need to consider degrees of membership. This

is the motive of the following definition.

Definition 4.2 An allocation rule for authorization structures assigns to each authorization operator
on N a mapping in ([O, 1]N)N.
4.2 The Shapley authorization correspondence

We aim to use the Shapley value to define an allocation rule for authorization structures. Notice

that given A € A" and j € N we can define the simple game

Aj: oN {071}
E o A(E) = AE)NGY.

Now we can define the value for authorization structures that we propose.

Definition 4.3 The Shapley authorization correspondence assigns to each authorization operator
A € AN the mapping Z(A) € ([0, 1]N)N defined as

Ei(A) = (0i(4;)) ;e foreveryi€ N,
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where ¢ is the Shapley value.

We denote =;;(A) = ¢;(A;). Notice that Z(A) can be identified with a matrix in M,(R).
Furthermore, Z(A) is a submatrix of the matrix Z4 defined in Corollary 2.16, since for every A € AN
and i,j € N it holds that

Eij(A) = ¢i(4;) = ¢ (Ufm = ®i(ugy, A) = (Za)i g -

Also notice that = (A) can be interpreted as a fuzzy cognitive map on N, Mordeson and Nair [51],
in the sense that for any i,j € N with i # j the number =;;(A) measures how much the behavior

of agent i affects agent j, whereas Z;;(A) measures the autonomy of agent i.

Example 4.4 Let N = {1,2,3,4} and A the authorization operator on N defined as

E if {3,4} C B,
AE)={ E\{3} f{34)¢Eand2¢E,
E\N{1,3} if {3,4} ¢ FEand2¢E.

Notice that, for any E C {1,2,3,4}, A(FE) is equal to the sovereign part of E in the disjunctive
hierarchy represented by the digraph below

We proceed to calculate the characteristic functions A;, Ay, A3 and Ajy.

Values for games with authorization structure
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It holds that

E A(E) A (E)  As(E)  A4(E)
m 0 0 0 0
2} 0 1 0 0
(3} 0 0 0 0
(4) 0 0 0 1
1,2} 1 1 0 0
{1,3} 0 0 0 0
{1,4} 0 0 0 1
(2,3} 0 1 0 0
(2,4} 0 1 0 1
{34} 0 0 1 1
{1,2,3} 1 1 0 0
(1,2,4) 1 1 0 1
{1,3,4} 1 0 1 1
(2,3,4} 0 1 1 1
(1,2,3,4) 1 1 1 1
7 1 1 1
¢(A1) (1274712712> )
$(Az2) (0,1,0,0),
11
¢(A3) (Oa Oa 57 2) ’
¢(A4) (070707 1) :
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So we have obtained that

7

— 0 0 0

12

1 1 0 0

4

2(A) =

1 1

B 0 3 0
0 1 1

12 2

Rounding to the nearest thousandth, we can identify Z(A) with the fuzzy cognitive map represented

by the following fuzzy digraph

Our first goal will be to characterize the Shapley authorization correspondence. To do that, we
consider the properties stated below. In the statement of these properties W is an allocation rule for

authorization structures.

e EFFICIENCY. For every A € AV it holds that

Z Ui(A) = 1)

keN
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Definition 4.5 Let A € AN. An agent i € N is said to be null in (N, A) if A(E) = A(E \ {i}) for
all E C N.

e NULL AGENT PROPERTY. For every A € A" and i null agent in (N, A), it holds that

U,;(A) = 0.

The following property is inspired by the transfer property introduced by Dubey [35] to
characterize the Shapley-Shubik index. It states that equal changes in the dependency relationships

among the agents produce equal changes in the allocations.

A ~

e TRANSFER PROPERTY. For every A, A, B,B € AV such that, for every E C N,
A(E)\ A(E) = B(E)\ B(E) and A(E)\ A(E) = B(E) \ B(E), it holds that

U(A) — U(A) = U(B) — ¥(B).

e EQUAL TREATMENT PROPERTY. For every A € AN and i,5 € N such that
A(EU{i}) = A(EU{j}) for all E C N\ {i,7}, it holds that

In the following theorem we see that these four properties stated above uniquely determine the

Shapley authorization correspondence.

Theorem 4.6 An allocation rule for authorization structures is equal to the Shapley authorization
correspondence if and only if it satisfies the properties of efficiency, null agent, transfer and equal

treatment.

Proof. Firstly, it is proved that the Shapley authorization correspondence satisfies the four

properties mentioned.
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EFFICIENCY. Let A € AN For every j € N it holds that

(Z Ek(A)> =Y Ei(A) =Y Bulugyy, A) = ugh(ANN)) = (Lagyy); -
j

keN keN keN

NULL AGENT PROPERTY. Let A € A" and i € N be such that i is a null agent in (N, A). It is clear
that, for every j € N, i is an irrelevant player in (U{j},A). From the irrelevant player property of

the Shapley authorization value, it follows that ®;(ug;,, A) = 0 for all j € N, and hence Z;(A) = 0.

TRANSFER PROPERTY. Let A, A, B,B € AN be such that A(E)\ A(E) = B(E) \ B(E) and
A(E)\ A(E) = B(E)\ B(E) for every E C N. It is clear that A; — A; = B; — B; for every j € N.
So, for every i,j € N, it holds that

Zi(A) —E5(A) = ¢i(4)) — di(A)) = ¢i(A; — 4;)

EQUAL TREATMENT PROPERTY. Let A € A" and i,j € N be such that A(EU{i}) = A(EU{j})
for all EC N\ {i,7}. It is clear that for every k € N, it holds that Ax(EU{i}) = Ax(EU{j}) for
all E C N\ {i,j}. Making use of the equal treatment property of the Shapley value it follows that
¢i(Ar) = ¢j(Ag) for all k € N, and hence Z;(A) = =;(A).

Now we show that the properties in the theorem uniquely determine the Shapley authorization
correspondence. Let W be an allocation rule for authorization structures satisfying the properties of

efficiency, null agent, transfer and equal treatment. We must prove that ¥ = =.

Let n € N and let N be a set of cardinality n. For every T' € 2V \ {(}}} and i € T we consider

Cr;: 2V — 2V
} fTCE
E - Crup) = 0 TTCEE
0 fTZE.

It is clear that Cr; € AN

Values for games with authorization structure
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Let A € AN, If A(N) = (), we can easily deduce, from the null agent property, that
U(A)=EZ(A) =0.If A(N) # 0, we can write

A= U Cr.

{(Ti)e2N xN:ic A(T)}

So it is enough to show that for every m € N, T1,...,T,, € 2V \ {0} and iy,...,i, € N with
i € T forall k =1,...,m, it holds that

v (U CTM> =E (U CTW> :
k=1 k=1

Let us prove this equality by strong induction on m.

1. BASE CASE. Let T € 2V \ {0} and i € T. From the null agent property, we can easily derive
that

U;i(Cr;)=0 forallje N\T. (4.1)

From the equal treatment property we can deduce that

V;(Cr;i) =V(Cr;) forall j,leT. (4.2)

From (4.1) and (4.2) we conclude, using the efficiency property, that
1 £
V;(Cr,i) =
0 if je N\T.

Since = also satisfies the properties used, it is clear that ¥(Cr;) = Z(Cr;).

2. INDUCTIVE STEP. Take 11, ..., Tyt € 2V \ {0} and i1,...,9ms1 € N with i € T for all
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k=1,...,m+1. Let

m+1 m
A = UCTk,ik, A = UCTk,ika
k=1 k=1

m
B = Cruirimis B = U(CTk,ikmCTmH,imH)'
k=1

Since ¥ and = satisfy the transfer property, we have

U(A) — U(A) = U(B) — ¥(B), (4.3)
E(A) - E(A) =E(B) - E(B) (4.4)
We already know that
¥(B) = E(B) (4.5)
By induction hypothesis, it holds
U(A) = Z(A) (4.6)

Now, observe that if iy # 4,41 then we can eliminate Cry ;, NCr,,,., 1 .i,.., in the expression of
B, and if ik = tm+1 then O, 5, N Oy igesr = COToUT 41,6, Then, by induction hypothesis,
we have

U(B) =

[1]

(B). (4.7)

From (4.3), (4.4), (4.5), (4.6) and (4.7) we deduce

m+1 m+1
% (U cTMik) == ( U CTW> :
k=1 k=1
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4.3 Indices for authorization structures

Let A e AN and i,j € N. It holds that
Ei(A) = di(A)) = > pel4(E) - A(E\{i})],
{ECN: icE}
where the numbers pg are the coefficients of the Shapley value.

It is clear that Z;;(A) > 0 if and only if j depends partially on i in (N, A). In fact, Z;;(A) can
measure how strongly agent j depends on agent ¢ in the structure (N, A). This motivates the

following definitions.

Let A€ AN and 4,5 € N with i # j. The number Z;;(A) is called the influence index of i over
jin (N, A).

Definition 4.7 Let A € AN andi € N. The sum of the influence indices of i over each one of the

rest of agents is called the influence index of i in (N, A) and is denoted by inf;(A), that is,

infi(A) =Y Ei(A).

JEN\{i}

Definition 4.8 Let A € AN andi € N. The number Z;;(A) is called the sovereignty index of i in
(N, A) and is denoted by sov;(A).

Definition 4.9 Let A € AN and i € N. The addition of the influence and sovereignty indices of i
is called the power index of i in (N, A) and is denoted by pow;(A), that is,
pow;(A) = sovi(A) + infi(A).

Example 4.10 Let us calculate the sovereignty, influence and power indices in Example 4.4. It is

easy to check that
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1
sov1(A) = %, sovg(A) =1, sovs(A) = =, sovy(A) =1,
. . 1 . 1 . 7
infi(A) =0, infa(A) = =, infs(A) = 12’ infi(A) = 12’
7 5 7 19
A) = — A) = - A) = — A) = —.
pOU)l( ) 127 p0w2( ) 47 p0w3( ) 127 p0w4( ) 12

We want to show the most important properties of the sovereignty, influence and power indices.

To that end, it is convenient to introduce some notation. Let A € AY and i € N. We denote
Vi(A) = {j € N : j has veto power over i in (N, A)},

Pi(A) = {j € N : i depends partially on j in (N, A)}.

Firstly, we see a characterization of the sovereignty index. To that end, we consider the properties

stated below. In the statement of these properties ¥ is a mapping from A% into RV,

Definition 4.11 Let A € AN andi € N. An agent i is said to be inactive in (N, A) ifi ¢ A(N).

e INACTIVE AGENT PROPERTY. For every A € AV and i € N such that i is inactive in (N, A), it
holds that

T;(A) = 0.

If we wanted to evaluate the freedom of an agent i in an authorization structure (N, A), perhaps

1 1
the first two measures we would think of would be the numbers and . Notice that both

Vi(A)| ~ [Pi(A)]

are extreme in the sense that with the first number we would ignore all the dependency relationships

that are not veto relationships, whereas with the second number we would equally value all the

dependency relationships. The following property distinguishes the indices that are in between those

two.

e MAXIMUM AND MINIMUM SOVEREIGNTY. For every A € AN and i € N such that i is not inactive
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in (N, A), it holds that

N

e TRANSFER PROPERTY. For every A, A, B, € AN such that, for every E C N,
A(E)\ A(E) = B(E)\ B(E) and A(E) \ A(E) = B(E)\ B(E), it holds that

U(A) — U(A) = U(B) — ¥U(B).

In the following theorem we see that these properties uniquely determine the sovereignty index.

We need the following result.

Lemma 4.12 Let T € 2V \ {0}. Then

1
Z pE—m

{ECN:TCE}

where the numbers pg are the coefficients of the Shapley value.

Theorem 4.13 A mapping ¥ : AN — RY s equal to the sovereignty index if and only if it satisfies

the properties of inactive agent, maximum and minimum sovereignty and transfer.

Proof. Firstly, we prove that the sovereignty index satisfies the properties mentioned in the theorem.

INACTIVE AGENT PROPERTY. Let A € A and i € N be such that 7 is inactive in (N, A). It follows
that AZ(E> =0 for all E C N. It holds that SOUZ‘<A) = E.”(A) = (Z)Z(AZ) =0.

MAXIMUM AND MINIMUM SOVEREIGNTY. Let A € AN and i € N be such that 7 is not inactive in
(N, A). It holds that

sovi(A) = Zu(A) =¢i(A) = > pelAi(E) - A(E\{i})]

{ECN:icE}

= Y ppAE= Y e (4.8)

{ECN:i€E} {ECN:icA(E)}
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Firstly, we prove that < sov;(A).

1
[Pi(A)]
Notice that for every E C N with P;(A) C E it holds that i € A(FE) (otherwise, we would have
i € A(N)\ A(E) from what we could easily deduce that there would exist j € N \ E such that i

depends partially on j, which would be absurd). Therefore, the sum in (4.8) is greater or equal to

which, from Lemma 4.12, is equal to

1
Pi(A)[
1
Now we prove that sov;(A) < ———

Vi (A)]
It is clear that for every E C N with i € A(E) it holds that V;(A) C E. Therefore, the sum in (4.8)

is less or equal to
>
{ECN:v;(A)CE}

1
which, from Lemma 4.12, is equal to ———.
Vi(A)]

TRANSFER PROPERTY. It is a direct consequence of the fact that the Shapley authorization

correspondence satisfies an analogous transfer property.

Now we show that these properties uniquely determine the sovereignty index. The reasoning
is similar to that followed in the case of the Shapley authorization correspondence. Suppose that
U AN — RY satisfies the properties of inactive agent, maximum and minimum sovereignty and

transfer. We must prove that W is equal to the sovereignty index.
Let A€ AN If A(N) = (), we know, from the inactive agent property, that ¥(A) = sov(A) = 0. If
A(N) # 0, we can write

A= U Cr.

{(Ti)e2N xN:i€A(T)}

So, if we want to prove that ¥ = sov, it is enough to show that for every m € N,
T, ..., T € 2N\ {0} and iy,...,im € N with i € T for all k =1,...,m, it holds that

v (U CTk,ik) = Sov <U CT/Mk) .
k=1 k=1
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Let us prove this equality by strong induction on m.

1. Base CASE. Let T € 2V \ {0} and i € T. From the inactive agent property we obtain that

U;(Cri)=0 forallje N\ {i}. (4.9)

Notice that P;(Cr;) = V;(Cr,;) = T'. From the property of maximum and minimum sovereignty

it follows that

1
Vi(Cry) = —- (4.10)
T
1
From (4.9) and (4.10) we have that ¥(Crp;) = ml{i}' Since the sovereignty index also

satisfies the properties used, we obtain that

‘I’(CTJ') = SO’U(CT’Z') .

2. INDUCTIVE STEP. The reasoning is equal to that followed in the case of the Shapley

authorization correspondence.

There is something to comment about the property of maximum and minimum sovereignty.
Actually, the two inequalities given are strict except in the case that P;(A) = V;(A). Let us see this.
Let A € AN and i € N such that i is not inactive in (N, A). In the proof of the property referred

to we used that

sov;(A) = Z DE, (4.11)
{ECN:icA(E)}
1
) S (4.12)
(Al peniacs
1
) . 413
V()] 2 "

{ECN:V;(A)CE}

and
(ECN:P(A)CE}C{ECN:ic AE)} C{ECN: V() CE}.  (414)
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1
Suppose that sov;(A) = PiA) In this case, from (4.11), (4.12) and (4.14), it follows that i € A(E)
if and only if P;(A) C E. It easily derives that P;(A) = V;(A).

1
Suppose that sov;(A) = WA In this case, from (4.11), (4.13) and (4.14) it follows that i € A(E)

if and only if V;(A) C E. Consequently, it holds that P;(A) = V;(A).

It is clear that the sovereignty index of an agent is equal to O if and only if the agent is inactive

in the structure. Let us see when the sovereignty index of an agent is equal to 1.

Definition 4.14 Let A ¢ A" and i € N. An agent i is said to be sovereign in (N,A) if
A{i}) = {i}-

Lemma 4.15 Let A€ AN andi € N. Then, i is sovereign in (N, A) if and only if sov;(A) = 1.

Proof. Let A< A" andi € N. We saw in (4.8) that

sov;(A) = Z DE- (4.15)

{ECN:icA(E)}

Moreover, we know from Lemma 4.12 that

> =1L (4.16)

{ECN:i€E}

From (4.15) and (4.16) it easily follows that sov;(A) is equal to 1 if and only if i € A(E) for every
E C N with i € E, or, equivalently, A({i}) = {i}. O

Our next goal will be to give a characterization of the influence index. We consider the following

property, where ¥ is a mapping from A" into RY.

e MAXIMUM AND MINIMUM INFLUENCE. For every A € AN and i € N, it holds that

1 1
2 @) S VA S 2 VA

{ieAN)\{i}:iev;(A)} {ieAN)\{i}:iep;(A)}

In the following theorem we show that this property together with the transfer property uniquely
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determine the influence index. We need a previous lemma.

Lemma 4.16 Let Ac AN andi,j € N. It holds that
Eij(A) < sovj(A)

and the equality holds if and only if i has veto power over j in (N, A).

Proof. Let A € AN and i,j € N. Remember that sov;(A) = Z;;(A) = ¢;(A4;) and
Eij(A) = ¢i(A;), where A;(E) = |A(E)N{j}| for every E C N. It is clear that j is a necessary
player in the monotonic game A;. From the necessary player property of the Shapley value it follows

that ¢;(A4;) < ¢;(A;). So we have proved the inequality given in the lemma.

Now suppose that i has veto power over j in (IV, A). It this case ¢ is also a necessary player in A;.
So we conclude that ¢;(A;) = ¢;(A;). Conversely, suppose that ¢;(A;) = ¢;(A;). It holds that

¢j(4;) = > e (4.17)

{ECN:jeA(E)}

and

oi(Aj)= Y pelA(E) - 4B\ {i})] = > PE- (4.18)

{ECN:icE} {ECN: je A(E)\A(E\{i})}

We conclude that
{ECN:jeAE)}}={ECN:jcAE)\AE\{i})}

whence it derives that ¢ has veto power over j in (N, A). O

Theorem 4.17 A mapping ¥ : AN — R s equal to the influence index if and only if it satisfies

the properties of maximum and minimum influence and transfer.

Proof. Firstly, we prove that the influence index satisfies the properties mentioned in the theorem.
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MAXIMUM AND MINIMUM INFLUENCE. Let A € AY and i € N. We have that

infi(A)= > Ei(A)
FEN\{i}
which, taking into consideration that Z;;(A) > 0 if and only if j depends partially on 7 in (N, A), is

> Eij(A)

{7eA(N)\{i}:iep;(A)}

equal to

which, from Lemma 4.16, is less or equal to

Z sov;(A)

{seA(N)\{i}:iep;(A)}
which, from the property of maximum and minimum sovereignty, is less or equal to

1
2 V(A

{seA(N)\{i}:iep;(A)}

So we have proved the right-hand inequality. Let us prove the other one.

infi(A) = 3 2 (A) > > Zi(A)

{7eAN)\{i}:icP;(A)} {ieA(N)\{i}:iev;(A)}

which, using the second statement of Lemma 4.16, is equal to

Z sov;(A)

{7eA(N)\{i}:i€v;(A)}
which, from the property of maximum and minimum sovereignty, is greater or equal to

1
2 P (A)]

{ieAN)\{i}:iev;(A)}

It is easy to see that, actually, the two inequalities given in the property are strict except in case that

{1 e AN)\{i}: i e Vi(A)} = {j € AN)\{i}: i € Pj(A)}
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and, moreover, for every j in that set, P;(A4) = V;(A).

TRANSFER PROPERTY. It is a direct consequence of the fact that the Shapley authorization

correspondence satisfies an analogous transfer property.

Now we show that these properties uniquely determine the influence index. The reasoning is
similar to that followed in the case of the Shapley authorization correspondence. Suppose that
U : AN — RY satisfies the properties of maximum and minimum influence and transfer. We must

prove that W is equal to the influence index.

Let A€ AN, If A(N) = (), we know, from the property of maximum and minimum influence, that
U(A) =inf(A)=0.1f A(N) # 0, we can write

A= U Ot

{(Ti)e2N x N1 i€ A(T)}

So, if we want to prove that ¥ = inf, it is enough to show that for every m € N,
Ti,...,Tp € 2N\ {0} and iy,... iy € N with i, € T for all k = 1,...,m it holds that

m m
v (U CTka) = an <U CTka) .
k=1 k=1
Let us prove this equality by strong induction on m.

1. BASE CASE. Let T € 2V\ {0} and i € T. We can derive, from the property of maximum and

minimum influence, that

1 . .
m if 7T\ {i},
V,(Cr;) =

0 if je(N\T)u{i.

Since the influence index also satisfies the property used, we obtain that

\I’(CT7,L') = ’LTLf(CTﬂ)
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2. INDUCTIVE STEP. The reasoning is equal to that followed in the case of the Shapley

authorization correspondence.

Now we intend to give a characterization of the power index. For that purpose, we consider the

following properties, where ¥ is a mapping from AY into RY.

e EFFICIENCY. For every A € AV it holds that

> Ui(4) = JAWN)].

keN

e NULL AGENT PROPERTY. For every A € AV and i € N such that i is a null agent in (N, A), it
holds that
U;(A) =0.

e EQUAL TREATMENT PROPERTY. For every A € AN and i,5j € N such that
A(EU{i}) = A(EU{j}) for all E C N\ {i,j}, it holds that

These properties together with the transfer property uniquely determine the power index.

Theorem 4.18 A mapping VU : AN — R s equal to the power index if and only if it satisfies the

properties of efficiency, null agent, transfer and equal treatment.

Proof. That the power index satisfies the properties mentioned in the theorem is a direct
consequence of the fact that the Shapley authorization correspondence satisfies analogous properties.
The proof that the properties in the theorem uniquely determine the power index is similar to the

proof of the uniqueness of the Shapley authorization correspondence, so we omit it. a
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4.4 The Shapley fuzzy authorization correspondence

In this section we study relational power in fuzzy authorization structures. Our aim is to extend

the concepts introduced in the previous section.

Definition 4.19 An allocation rule for fuzzy authorization structures assigns to each fuzzy

authorization operator on N a mapping in ([0, l]N)N.

In a similar way as we defined the Shapley authorization correspondence, we make use of the

Shapley value to introduce an allocation rule for fuzzy authorization structures.

Definition 4.20 The Shapley fuzzy authorization correspondence assigns to each fuzzy authorization

operator a € FAYN the mapping &(a) € ([0, 1]N)N defined as
Ci(a) = (di(a;)) ey  foreveryi€ N,
where ¢ is the Shapley value.
We denote ¢;j(a) = ¢;(a;). Observe that £ (a) can be identified with a matrix in M, (R). In

fact, £(a) is a submatrix of the matrix ¢, defined in Corollary 3.18, since for every a € F.AY and
1,5 € N it holds that

&5(a) = dulay) = 0 (ugyy ) = wilugy, @) = (Ca)igsy -
In a similar way as we did in the crisp case, £ (a) can be interpreted as a fuzzy cognitive map on N.

Our first goal will be to characterize the Shapley fuzzy authorization correspondence. To do that,
we consider the properties stated below. In the statement of these properties v is an allocation rule

for fuzzy authorization structures.
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e EFFICIENCY. For every a € FAY it holds that

> Yula) = a(N).

keN

Definition 4.21 Let a € FAY. An agent i € N is said to be null in (N,a) if a(E) = a(E \ {i})
for all E C N.

e NULL AGENT PROPERTY. For every a € F.AY and i null agent in (N, a), it holds that

Y;i(a) = 0.

® TRANSFER PROPERTY. For every a, a, b,B € FAN such that a — a = b — b, it holds that

e EQUAL TREATMENT PROPERTY. For every ¢ € FAY and i,j € N such that
a(EU{i}) =a(EU{j}) for all E C N\ {i,j}, it holds that

bifa) = ¢j(a).

e HOMOGENEITY. For every a € FAYN and t € (0,1), it holds that

P(ta) = ty(a).

In the following theorem we see that these five properties stated above uniquely determine the

Shapley fuzzy authorization correspondence. Before, we make a remark.

Remark 4.22 Let a € FAN and i,j € N. Let {h; : 1 = 0,...,m} C [0,1] be such that
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{hi:1=0,....om} D{ar(F): FCN, ke N} with0=hy <...<hy. Then,
&ijla) = ¢ila;) = ¢; <U‘{lj}) = pi(ug,a)
= Z(hz — hi—1) ®; (u{j}&hl) = Z(hl — hy—1) Eij(a™).
=1 =1

So it holds that .
€(a) =Y (i —hi1)E(a™).

=1

Theorem 4.23 An allocation rule for fuzzy authorization structures is equal to the Shapley fuzzy
authorization correspondence if and only if it satisfies the properties of efficiency, null agent, transfer,

equal treatment and homogeneity.

Proof. Firstly, we see that the Shapley fuzzy authorization correspondence satisfies the five

properties mentioned.
EFFICIENCY. Let a € FAYN. For every j € N it holds that

(Z &c(a)) = ) ulay) = a;(N).

keN j keN

NULL AGENT PROPERTY. Let @ € F.AYN and i € N a null agent in (N, a). It is clear that, for every
Jj € N, iis a null player in a;j. From the null player property of the Shapley value we conclude that
¢i(aj) = 0 for every j € N. Therefore, &;(a) = 0.

TRANSFER PROPERTY. Let a,a,b,b € FAY be such that a—a = b—b. Let 4,5 € N. It holds that
Gij(a) = &ij(a) = ¢ilaj) — ¢i(a;) = ¢i (aj — a;)
= ¢i(bj — bj) = () — ¢i(by)
= &;(b) — &;(b).

EQUAL TREATMENT PROPERTY. Let a € FAY and i,j € N be such that a(EU{i}) = a(EU{j})
forall E C N\{i,j}. Forevery k € N, it holds that ax,(EU{i}) = ax(EU{j}) forall E C N\{i,j}.
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Using the equal treatment property of the Shapley value we derive that ¢;(ax) = ¢;(ay) for every
k € N, and hence &;(a) = &j(a).

HoMOGENEITY. It follows easily from the definition of the Shapley fuzzy authorization

correspondence.

It remains to prove that the properties in the theorem uniquely determine the Shapley fuzzy
authorization correspondence. Let ¢ be an allocation rule for fuzzy authorization structures satisfying
the properties of efficiency, null agent, transfer, equal treatment and homogeneity. We must prove
that

Y(a) = &(a) forevery n € Nand a € FAY.

We proceed by strong induction on [(a) where
[(a) = |{ax(F): FC N, ke N}\{0,1}| forallaec FAN.

1. BASE CASE. [(a) =0.

Notice that we can identify A" with the set {a € FAY : im(a) C {0,1}V}. From this
point of view, we can say that the restriction of ¢ to the set of fuzzy authorization operators
a with [(a) = 0 is an allocation rule for authorization structures. It is easy to check that
such restriction satisfies the properties of efficiency, null agent, transfer and equal treatment.
Therefore, using Theorem 4.6, it must hold that (a) = &(a) for every n € N and a € FAN
with [(a) = 0.

2. INDUCTIVE STEP. Let n € N and a € FAY with [(a) > 0. We want to prove that
P(a) = &(a). Take t € {ay(F): F C N,k € N}\{0,1}. It holds that

a = tal® 4+ (1 — t)alt!,
whence, using transfer, homogeneity and null agent, it follows that
w(a) = t(a®) + (1 — 1) p(al" M), (4.19)

€(a) = t&(al) + (1 — 1) ¢(altM). (4.20)
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Since [(al%%) < [(a) and [(al®1) < [(a) it follows by induction hypothesis that
d(a) = ¢(a), (4.21)

valtY) = g(alt) (+22)

From (4.19), (4.20), (4.21) and (4.22) it follows that 1(a) = &(a).

4.5 Indices for fuzzy authorization structures

In a similar way as we defined the sovereignty, influence and power indices for authorization

structures, we can define analogous indices for fuzzy authorization structures.

Let a € FAN and i,j € N with i # j. The number &ij(a) is called the influence index of i over
jin (N,a).

Definition 4.24 Let a € FAYN andi € N. The sum of the influence indices of i over each one of

the rest of agents is called the influence index of i in (N, a) and is denoted by inf;(a), that is,

infi(a): Z fw(a)

JeN\{i}

Definition 4.25 Let a € FAYN andi € N. The number £;(a) is called the sovereignty index of i in
(N, a) and is denoted by sov;(a).

Definition 4.26 Let o € FAN and i € N. The addition of the influence and sovereignty indices of
i is called the power index of i in (N, a) and is denoted by pow;(a), that is,

pow;(a) = sovi(a) +infi(a).

Remark 4.27 Llet a € FAY and {h;y : | = 0,...,m} C [0,1] be such that
{hy - 1 =0,....om} D {ap(F): F C N,k € N} with0 = hyg < ... < hy,. From Remark
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4.22, it holds that

m

sov(a) = Z(hl—hl—l)sov(ahl),

=1
m

inf(a) = Z(hl — hy—1) inf(a™),

=1
m

pow(a) = Z(hl—hl,l)pow(ahl).

=1

(4.23)

(4.24)

(4.25)

We aim to see the most important properties of the sovereignty, influence and power indices. Let

a€ FAYN and i € N. We denote

Vi(a) ={j € N : j has veto power over i in (N,a)},

Pi(a) = {j € N : i depends partially on j in (N,a)}.

Firstly, we see a characterization of the sovereignty index. To that end, we consider the properties

stated below. In the statement of these properties v is a mapping from FAY to RV.

Definition 4.28 Let a € FAYN andi € N. An agent i is said to be inactive in (N, a) if a;(N) = 0.

e INACTIVE AGENT PROPERTY. For every a € FAY and i € N such that i is inactive in (N, a), it

holds that

wi (a) = 0.

e MAXIMUM AND MINIMUM SOVEREIGNTY. For every a € FAY and i € N such that i is not

inactive in (N, a), it holds that
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e HOMOGENEITY. For every a € F.AY and t € (0,1) it holds that

Y(ta) = tp(a).
In the following theorem we see that these properties uniquely determine the sovereignty index.

Theorem 4.29 A mapping 1) : FAYN — RY is equal to the sovereignty index if and only if it satisfies

the properties of inactive agent, maximum and minimum sovereignty, transfer and homogeneity.

Proof. Firstly, we see that the sovereignty index satisfies the properties mentioned in the theorem.

INACTIVE AGENT PROPERTY. Let a € FAYN and i € N such that i is inactive in (N, a). It follows
that a;(E) = 0 for every E C N. It holds that sov;(a) = &i(a) = ¢i(a;) = 0.

MAXIMUM AND MINIMUM SOVEREIGNTY. Let a € FAY and i € N such that i is not inactive in
(N,a). Let {t; : 1 =0,...,r} ={aj(F): FCN,j€e N}with 0=ty <...<t. Using (4.23)

we can write
-

sovi(a) = Z(tl —t1_1) sov;(a™t).

=1
Let m € {1,...,r} such that a;(N) = t,,,. Notice that, given [ € {1,...,7}, if Il > m then i is
inactive in (N, a'), whereas if [ < m then i is not inactive in (IV,a't). Taking into consideration the

inactive agent property of the (crisp) sovereignty index we can write
m
sov;(a) = Z(tl —t;_1) sov;(a™t). (4.26)
=1

From the property of maximum and minimum sovereignty of the (crisp) sovereignty index it follows

that for every [ € {1,...,m} it holds that

(4.27)

But it is clear that
Vi(a) CV;(a") foreverylec {1,...,r} (4.28)
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and
P;(a) D P;(a") foreveryle {1,...,r}. (4.29)

From (4.27), (4.28) and (4.29) it follows that

1 1
< sovi(a'!) <€ for every I € {1,...,m}. (4.30)
[Pi(a)] [Vi(a)]
From (4.26) and (4.30) we obtain
ai(N) a;i(N)

TRANSFER PROPERTY AND HOMOGENEITY. It is a direct consequence of the fact that the Shapley

fuzzy authorization correspondence satisfies analogous properties.

The proof of the uniqueness of the sovereignty index is similar to the proof of the uniqueness of
the Shapley fuzzy authorization correspondence. We would proceed by induction on [(a). In the base
case, we would use Theorem 4.13 to derive that a mapping satisfying the properties in the theorem
must coincide with the (crisp) sovereignty index when it is restricted to authorization structures. In

the induction step, we would use transfer, homogeneity and inactive agent to prove the uniqueness.

O

Like in the crisp case, we can wonder when the sovereignty index of an agent is equal to 1. And

the answer is similar to that given in the crisp case, as we will see.
Definition 4.30 Leta € FAY andi € N. An agent i is said to be sovereign in (N, a) ifa; ({i}) = 1.
Lemma 4.31 Let a € FAN andi € N. Then, i is sovereign in (N,a) if and only if sov;(a) = 1.

Proof. Let a e FAY and i€ N. It holds that

sovi(a) =&i(a) = Y pelu(B)—aE\{D = Y ppalE). (4.31)

{ECN:i€E} {ECN: i€E}
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We know from Lemma 4.12 that

> pe=1 (4.32)

{ECN: icE}

From (4.31) and (4.32) it easily follows that sov;(a) is equal to 1 if and only if a;(E) = 1 for every
E C N with i € E, or, equivalently, a;({i}) = 1. O

Now we aim to characterize the influence index. We consider the following property, where 1) is

a mapping from FAY into RV,

e MAXIMUM AND MINIMUM INFLUENCE. For every a € FAY and i € N, it holds that

Z aj(N) gwl(a)g Z aj(N).

P; v
{sesupp(a(N))\{i}:i€v;(a)} P5(a) {jesupp(a(N))\{i}:i€P;(a)} [Vj(a)l

In the following theorem we see that this property together with transfer and homogeneity uniquely

determine the influence index. We need a previous lemma.

Lemma 4.32 Leta € FAN andi,j € N. It holds that

&ij(a) < sovj(a)

and the equality holds if and only if i has veto power over j in (N, a).

Proof. Leta € FAY andi,j € N. Let {t; : | =0,...,r} = {ax(F) : F C N, k € N} with
0=1tg <...<tr. Using Remarks 4.22 and 4.27 we can write

T

Gjla) = D (i —ti1)Ey(a),
=1
sovj(a) = Z(tl—tl_l)sovj(atl).

=1

From these two equalities and Lemma 4.16 it follows that &;;(a) < sov;(a). Moreover, the equality

holds if and only if Z;;(a') = sov;(a") for every I € {1,...,r}. But, from the second statement of
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Lemma 4.16, this is equivalent to i € V;(a't) for every | € {1,...,7}, which holds if and only if i

has veto power over j in (N, a). O

Theorem 4.33 A mapping v : FAY — RN is equal to the influence index if and only if it satisfies

the properties of maximum and minimum influence, transfer and homogeneity.

Proof. Firstly, we prove that the influence index satisfies the properties mentioned in the theorem.

MAXIMUM AND MINIMUM INFLUENCE. Let a € FAY and i € N. Recall that

Gj(a)=dila))= Y pply(E) —a(B\{i})].

{ECN: icE}

Notice that &;;(a) is strictly positive if and only if j depends partially on ¢ in (IV,a). So we can write

infi(a) = > &ij(a)

{sesupp(a(N))\{i}: ieP;(a)}

which, from Lemma 4.32, is less or equal to

Z sovj(a)

{sesupp(a(N))\{i}: i€P;(a)}
which, from the property of maximum and minimum sovereignty, is less or equal to

a;(N)
2 Vj(a)|’

{7€supp(a(N))\{i}:i€P;(a)}

So we have proved the right-hand inequality. Let us prove the other one:

inf;(a) = > §ija) 2 > &ij(a)

{sesupp(a(N))\{i}: ieP;(a)} {j€supp(a(N))\{i}:i€V;(a)}

which, using the second statement of Lemma 4.32, is equal to

Z sovj(a)

{sesupp(a(N))\{i}:i€v;(a)}
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which, from the property of maximum and minimum sovereignty, is greater or equal to

a;(N)
2 Pj(a)|

{jesupp(a(N))\{i}:i€V;(a)}

TRANSFER PROPERTY AND HOMOGENEITY. It is a direct consequence of the fact that the Shapley

fuzzy authorization correspondence satisfies analogous properties.

The proof of the uniqueness of the influence index is similar to the proof of the uniqueness of
the Shapley fuzzy authorization correspondence. We would proceed by induction on [(a). In the base
case, we would use Theorem 4.17 to conclude that a mapping satisfying the properties in the theorem
must coincide with the (crisp) influence index when it is restricted to authorization structures. In the

induction step, we would proceed in a similar way as in the proof referred to. O

Finally, we characterize the power index. For that purpose, we consider the following properties,

where v is a mapping from FAY into RV.

e EFFICIENCY. For every a € FAY it holds

> vila) = ap(N).

keN kEN
e NULL AGENT PROPERTY. For every a € FAY and i null agent in (N, a) it holds that

Yi(a) = 0.

e EQUAL TREATMENT PROPERTY. For every a € FAM and i,j € N such that
a(EU{i}) =a(FU{j}) forall EC N\ {i,5} it holds that

bifa) = ¢j(a).

Theorem 4.34 A mapping ¢ : FAY — RY s equal to the power index if and only if it satisfies the

properties of efficiency, null agent, transfer, equal treatment and homogeneity.
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Proof. That the power index satisfies the properties mentioned in the theorem is a direct
consequence of the fact that the Shapley fuzzy authorization correspondence satisfies analogous
properties. The proof that the properties in the theorem uniquely determine the power index is
almost identical to the proof of the uniqueness of the Shapley fuzzy authorization correspondence,

so we omit it. O

Example 4.35 Let N ={1,2,3,4}. Consider the graph G = (N, E) where

E= {{17 2}7 {17 3}7 {174}7 {27 3}} .

This graph is illustrated below

O O

@ 3

Given E C N and i € E we denote C(E, i) the connected component of the induced subgraph G|[E]

that contains 4. Let a : 2V — [0, 1]V defined as

|C(E,i)| .. .
— > ifiekF,
IN|
ai(E) =
0 if i ¢ E.

It is easy to check that a is a fuzzy authorization operator on IN. The following table gives the vector
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a(E) for each nonempty £ C N.

E a1 (E) as(E) asz(E) as(E)
{1} 1 0 0 0
{2} 0 : 0 0
{3} 0 0 1 0
{4} 0 0 0 :

{1,2} 3 3 0 0
{1,3} 3 0 3 0
{1,4) ; 0 0 !
{2,3} 0 3 3 0
{2,4} 0 i 0 i
{3,4} 0 0 i i
{1.2,3} 3 3 3 0
{1,2,4} 3 3 0 3
{1,3,4) 0 3 3
{2,3,4} 0 3 3 i
{1,2,3,4} 1 1 1 1

If we calculate the matrix (&;;(a))1<i j<4 We obtain

15 5 5

1 3 14 3
{la) = o

24 3 3 14

3 2 2

Let us calculate the sovereignty, influence and power indices.

13
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7

sovi(a) = 3’ sovs(a) = 13’
. 17 . 1
infi(a) = 21’ infa(a) = 3

4 11

powy (CL) - 37 pOUJQ(a/) - ﬁa

7 13
sovs(a) = 13’ sovy(a) = 20
. 1 ) 7
infs(a) = 3 infy(a) = YL

11 5
pows(a) = 12’ powy(a) = 6

Notice that in this example we could use the power index as a centrality index. If we prefer to obtain

a centrality index that assigns zero to isolated vertices, then we can consider b € FAY given by

|C(Ei)|—1 .
—_— f FE
|N| T It 1€ L,
bi(E) =
0 if i ¢ E.
If we calculate (&5(b))1<i,j<4 We obtain
9 5 5 7
1 3 8 3 2
£(b) = -
181 3 3 8 2
3 2 2 7

Let us calculate the sovereignty, influence and power indices.

1 4
SOUl(b) = 57 SO'UQ(b) = §’
. 17 ) 4
infi(b) = s infa(b) = 9’

13 8
powl(b) = 37 p0w2(b) = §a

4 7
sovs(b) = 9’ sovy(b) = 5

4 4
an3(b) = §7 ’[’nf4(b> = §7

8 7
pows(b) = g, pows(b) = 5.

Rounding to the nearest thousandth, we can identify £(b) with the fuzzy cognitive map represented

by the following fuzzy digraph
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0278
0.5 (1\ /2) 0.444

| ©

0.389 Q/)<
0.111

0.444

4.6 The Banzhaf authorization correspondence

In a similar way as we used the Shapley value to define the Shapley authorization correspondence,
in this section we make use of the Banzhaf value to define another allocation rule for authorization

structures.

Definition 4.36 The Banzhaf authorization correspondence assigns to each authorization operator
A € AN the mapping T (A) € ([0, l]N)N defined as

Ti(A) = (Bi(Aj)) ey  foreveryie N,

where [ is the Banzhaf value.

We denote Y;;(A) = fi(A;). Notice that T (A) can be identified with a matrix in M,(R).

Moreover, similarly as we did with Z(A), T(A) can be interpreted as a fuzzy cognitive map on N.

Also notice that for every A € AN and 4,5 € N it holds that

Ti;(A) = Bi(4;) = Bi (Ufj}) = Bi(ugy, A).
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Example 4.37 Let (IV, A) be the authorization structure given in Example 4.4. It holds that

5311
A = -, =, =
/8( 1) <8787878>7
B(A2) = (0,1,0,0),
11
A = 0,0, =, =
o) = (00.5.3).
B(Ay) = (0,0,0,1).
So we have obtained that .
- 0 0 0
8
3
— 1 0 0
8
T(A4) =
N T
8 2
1 1
— — 1
8 0 2

0.375
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We aim to characterize the Banzhaf authorization correspondence. To do that, we consider the
properties stated below. In the statement of these properties W is an allocation rule for authorization

structures.

e 2EFFICIENCY. For every A € AN and i,j € N such that every agent in N \ {i,5} is a null
agent in (NN, A) it holds that

D UR(A) = 1),

Definition 4.38 Let A ¢ AN and let i, j be two different agents in N. The agents i and j can be
amalgamated in (N, A) if for every E C N such that {i,j} C E and {i,j} N A(E) # 0 it holds that
{i,j} € A(E).

e AMALGAMATION. For every A € A" and i,; two different agents in N such that 7,5 can be
amalgamated in (N, A), it holds that

Uip(A) + ¥j(A) = \Ifﬁk(Aij) for every k € N\ {i,j}
ij

and
Uin(A) + ¥ (A) = U~ ¢(Aij) for every k € {i,5}.
iJ 1]
In the following theorem we see that these properties together with null agent, transfer and equal

treatment uniquely determine the Banzhaf authorization correspondence.

Theorem 4.39 An allocation rule for authorization structures is equal to the Banzhaf authorization
correspondence if and only if it satisfies the properties of null agent, transfer, equal treatment,

2-efficiency and amalgamation.

Proof. That the Banzhaf authorization correspondence satisfies the properties of null agent, transfer
and equal treatment can be proved in a similar way as we did for the Shapley authorization
correspondence in Theorem 4.6. Let us see that the Banzhaf authorization correspondence satisfies

2-efficiency and amalgamation.
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2-EFFICIENCY. Let A € AN and i,j € N be such that every agent in N \ {i,5} is a null agent in
(N,A). Let I € N. It is clear that every player in N'\ {i, 7} is an irrelevant player in (ugy, A). From

the 2-efficiency property of the Banzhaf authorization value it follows that

> By (ugy, A) = upy (AN)) = (Lay)), - (4.33)
keN

Also notice that

(Z Tk(A)> = Tu(A) =D Bl(A) =D B (Ufl}) = By (ugy, A). (434)
!

keN keEN keN keN keEN

From (4.33) and (4.34) we obtain that

(Z Tk(A)>l = (Lagw)), -

keN

AMALGAMATION. Let A € AN and let i,j be two different agents in N such that i,j can be
amalgamated in (N, A). If k € N\ {i,j} we can write

le(A) + Tjk(A) = SBz (u{k}, A) + SBj (U{k}, A) . (4.35)

From the fact that ¢ and j can be amalgamated in (N, A), it follows that they can be amalgamated
in (uggy, A). Moreover, it is clear that (ugzy)” is equal to the unanimity game (on N/) ug;,. Using

the amalgamation property of the Banzhaf authorization value we can write
Bi (ugr), A) +B; (ugry, A) =B ((“{k})” aAiJ) =B (uy, AY) =T (4Y). (4.36)

From (4.35) and (4.36) we obtain the first statement of the amalgamation property. As for the

second statement, it holds that

Tii(A) + T]Z(A) =B, (U{l}, A) + 9B, (’U,{Z}, A) . (437)

It is clear that i and j can be amalgamated in (ug;, A). Moreover, it holds that (u{i})ij = u{ﬁ}
ij
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Using the amalgamation property of the Banzhaf authorization value we can write

ij ij ij ij ij

Bi (ugiy, A) +B; (ugy, A) =B <(“{z’})ij ’Aij> =35 (“{¢}>Aij> =T (A7), (4.38)
From (4.37) and (4.38) we obtain

Tii(A) + Tji(4) = T - (A7),

Now we show that the properties in the theorem uniquely determine the Banzhaf authorization
correspondence. Let W be an allocation rule for authorization structures satisfying the properties of
null agent, transfer, equal treatment, 2-efficiency and amalgamation. We must prove that ¥ = T.
Let n € N and let N be a set of cardinality n. Let A € AV. If A(N) = () we know, from the null
agent property, that U(A) = T(A) = 0. If A(N) # 0, we can write

A= U Cr,.

{(Tyi)e2N xN: i€ A(T)}

In order to prove that ¥ = Y, it is enough to show that for every n,m € N, T1,..., Ty, € 2V \ {0}
and i1,...,%, € N with i € T}, for all k =1,...,m, it holds that

v (U C’Tk,l-k> =7 (U ch,ik> :
k=1 k=1

Let us prove this equality by strong induction on m.

1. BASE CASE. We must prove that for every n € N, T € 2V \ {0} and i € T it holds that
U (Cr;) =7 (Cry).

We prove this equality by induction on |T'].

1.1 BASE CASE. |[T| < 2. Let n € N, T € 2V \ {0} with |T| <2 and i € T. It is clear that
every agent in N\ T is a null agent in (N, Cr;). From the 2-efficiency property it follows
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1.2

that

> W (Cry) = 1. (4.39)
keN

And from the null agent property we obtain that
U, (Cr;) =0 foreveryl e N\T. (4.40)
Moreover, using the equal treatment property we can derive that
U, (Cr;) = ¥; (Cr;) forevery jcT. (4.41)

From (4.39), (4.40) and (4.41) we conclude that

1

U (Cryi) =

)

0 if ke N\T.
Since T also satisfies the properties used, it is clear that U(Cr;) = T(Cr;).

INDUCTIVE STEP. Let n € N, T € 2N\ {()} with |T| > 3 and i € T. From the null agent
property it follows that

U, (Cr;) =Y, (Cr;) =0 foreveryle N\T. (4.42)
Since ¥ and T satisfy the equal treatment property it holds that

U, (Cri) = Vi (Cr;) foreverylel, (4.43)
T, (Cri) = Yi(Cr;) foreveryleT. (4.44)

Take j and k two different agents in T'\ {¢}. It is clear that j and k can be amalgamated

in (N, Cr,;). From the amalgamation property we obtain that

i (Cra) + Wi (Cr) = o ((Cr)*)  forevery L€ N\ {jik}  (4.45)
Ui (Cryi) + Vi (Cry) = \I}fkfk ((CT,i)jk> for every | € {j, k}, (4.46)
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T (Ora) + T (Cr) = Yo ((Cr))  forevery Le N\ (k). (447)

T (Cra) + Yaa (Cra) =T = ((cm)ﬂﬂ for every I € {j, k}. (4.48)

It is easy to check that (CTJ)jk is equal to the authorization operator (on N7¥)

C A ~_ . So we have that
(T\{5,k})U{jk}.i
v (o) — w(c ). 4.49
(( T,i) ) ( (T\{ch})u{jk},i) (4.49)
ey = 1 (c ). 4.50
(( ) ) ( (T\{j,k})u{ﬂc},i> (450

Since | (T'\ {j, k}) U {ﬁ}| = |T'| — 1 we know from the induction hypothesis that

¥ (Coimmoiing) = T (Compamtins) (451)
(T\{7,k}){jk} i (T\{7:k}) ik} i
From (4.49), (4.50) and (4.51) we obtain that
v ((Craf*) =1 ((Cr)™). (4.52)
From (4.45), (4.46), (4.47), (4.48) and (4.52) we conclude that
U (Cri) + i (Cri) = 15 (Cri) + T (Crs) - (4.53)
From (4.43), (4.44) and (4.53) it follows that
U, (Cri) =Y (Cr;i) foreveryleT. (4.54)

Finally, from (4.42) and (4.54) we conclude that ¥ (Cr;) = Y (Cr;).

2. INDUCTIVE STEP. The reasoning is equal to that followed in the case of the Shapley

authorization correspondence.
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4.7 The Banzhaf fuzzy authorization correspondence

In a similar way as we used the Shapley value to define the Shapley fuzzy authorization
correspondence, in this section we make use of the Banzhaf value to define another allocation rule

for fuzzy authorization structures.

Definition 4.40 The Banzhaf fuzzy authorization correspondence assigns to each fuzzy authorization

operator a € FAN the mapping 7(a) € ([0, 1]N)N defined as
7i(a) = (Bi(a;)) ey foreveryi € N,

where [ is the Banzhaf value.

We denote 7;(a) = Bi(aj). Observe that 7 (a) can be identified with a matrix in M,(R).
Moreover, T(a) can be interpreted as a fuzzy cognitive map on V. Also notice that for every a € FAN

and 7,7 € N it holds that
mij(a) = Bilay) = Bi (ufy) = Bilugy, a).

We aim to characterize the Banzhaf fuzzy authorization correspondence. To do that, we consider
the properties stated below. In the statement of these properties v is an allocation rule for fuzzy

authorization structures.

e 2-EFFICIENCY. For every a € FAY and i,j € N such that every agent in N\ {i,5} is a null
agent in (N, a) it holds that

> i(a) = a(N).

keN

Definition 4.41 Let a € FAYN and let i, be two different agents in N. The agents i and j can be
amalgamated in (a, N) if for every E C N such that {i,j} C E it holds that a;(E) = a;(E).

Values for games with authorization structure
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e AMALGAMATION. For every a € FAY and i, two different agents in N such that i,j can be
amalgamated in (N, a), it holds that

Yin(@) + Un(a) = v (a¥) for every k€ N\ i}

and

Yir(a) + Yjr(a) = @ﬁfj fj(ai‘j) for every k € {i, j}.
In the following theorem we see that these properties together with null agent, transfer, equal

treatment and homogeneity uniquely determine the Banzhaf fuzzy authorization correspondence.

Before, we make a remark.

Remark 4.42 Let a ¢ FAY and i,j € N. Let {hy : 1 = 0,...,m} C [0,1] be such that
{hi:1=0,....m} D{ar(F): FCN, ke N} with0=ho <...<hp. It holds that

mjla) = Bilay) = i (ufyy) = Bilugy, a)

= S () B (u{j}, ahl> =3 (= b)) Yiglal).

=1 =1
So we have seen that .
T(a) = Z(hl - hl—l) T(ahl).
=1

Theorem 4.43 An allocation rule for fuzzy authorization structures is equal to the Banzhaf fuzzy
authorization correspondence if and only if it satisfies the properties of null agent, transfer, equal

treatment, 2-efficiency, amalgamation and homogeneity.

Proof. That the Banzhaf fuzzy authorization correspondence satisfies the properties of null agent,
transfer, equal treatment and homogeneity can be proved in a similar way as we did for the Shapley
fuzzy authorization correspondence in Theorem 4.23. Let us see that the Banzhaf fuzzy authorization

correspondence satisfies 2-efficiency and amalgamation.

2-EFFICIENCY. Let a € FAYN and i,j € N be such that every agent in N \ {i,;} is a null agent
in (N,a). Let {t; : { =0,...,r} ={ax(F): F C N, ke N} with 0 =1ty < ... <t,. For every
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l€{1,...,r} the agents in N \ {i,j} are null agents in (N, a"). From the 2-efficiency property of

the Banzhaf authorization correspondence it follows that

> Yi(a) =1,y foreveryle{l,...,r}. (4.55)
keN

Using Remark 4.42 and (4.55) we have that

> mla) = Z(Z(tl—tll)n(atl)>

keN keN \l=1

- Z(tl —1i-1) (Z Tk(atl)>
=1 keN
- Z(tl —t1-1) 1oy = a(N).

=1

AMALGAMATION. Let a € FAY and let i,j be two different agents in N such that i, j can be
amalgamated in (N,a). Let {t; : 1 =0,...,r} ={ap(F): FC N, ke N} with0 =1ty < ... <t It
is clear that i and j can be amalgamated in (IV,a%) for every [ € {1,...,r}. From the amalgamation

property of the Banzhaf authorization correspondence it follows that

Tir(a') + Tip(a) = T~ ((atl)ij) for every k € N\ {i,j} and L € {1,...,r}, (4.56)

ij k
Tir(a') + Tip(a) = Y-~ ((atl)ij) for every k € {i,j} and l € {1,...,7}. (4.57)
ij ij
From (3.1) we know that
(@) = (a”)  foreveryl e {1,...,7}. (4.58)

Let k € N\ {i,7}. Using Remark 4.42, (4.56) and (4.58) we can write

r

(@) +Tin(a) = Y (t—tio1) Yirla") + > (4 — tio1) Tor(a™)
=1 =1

= D (=t ((@)7) =) (t—t)T ((@)") =7 (a").
=1

ij k
=1
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Similarly, using Remark 4.42, (4.57) and (4.58) we can obtain that

Tik(a) + Tjr(a) = Tg;} (aij) for every k € {i,j}.

It remains to prove that the properties in the theorem uniquely determine the Banzhaf fuzzy
authorization correspondence. Let ¢ be an allocation rule for fuzzy authorization structures satisfying
the properties of null agent, transfer, equal treatment, 2-efficiency, amalgamation and homogeneity.
We must prove that

Y(a) =7(a) for every n € N and a € FAY.

We proceed by strong induction on [(a) where
[(a) = [{ax(F): FC N,k e N} \{0,1}| for all a € FAN.

1. BASE CASE. [(a) = 0.

Notice that we can identify AN with the set {a € FAY : im(a) C {0,1}N}. From this
point of view, we can say that the restriction of ¢ to the set of fuzzy authorization operators
a with [(a) = 0 is an allocation rule for authorization structures. It is easy to check that
such restriction satisfies the properties of null agent, transfer, equal treatment, 2-efficiency and
amalgamation. Therefore, using Theorem 4.39, it must hold that ¢(a) = 7(a) for every n € N
and a € FAN with [(a) = 0.

2. INDUCTIVE STEP. The reasoning is equal to that followed in the case of the Shapley fuzzy

authorization correspondence.

Example 4.44 Consider the graph G and the fuzzy authorization operators a and b defined in
Example 4.35. It holds that

10 3 3 4

11 2 9 21
7(a) =

6 2 2 9 1

2 11 8
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—
N NN
N Ot W
= Ot N W
T e N

Rounding to the nearest thousandth, we can identify 7(b) with the fuzzy cognitive map represented

by the following fuzzy digraph

05 (\‘

£9T°0

0.333

o
-
R (2]
~
0.083

Values for games with authorization structure



Chapter5 g

Games with interior operator structure

In the second chapter we introduced authorization operators and provided a sharing value for
games with authorization structure. In this chapter we will focus on a particular class of authorization
operators: interior operators. Studying interior operators separately is due to a couple of reasons.
Firstly, they have, as we will see, especially interesting properties. And secondly, we aim to give a

characterization of the Shapley authorization value restricted to interior operator structures.

5.1 Interior operators

The concept of interior operator is very close to that of restriction introduced by Derks and

Peters [33], as we can see in the following definition.

Definition 5.1 An authorization operator A € AN is said to be an interior operator if it satisfies

the following conditions:

2. A(A(E)) = A(E) for every E C N.

Observe that interior operators are particular cases of restrictions. Actually, the model proposed
by Derks and Peters would not lose generality if they considered just interior operators. Indeed, in
their model, given a restriction p and a game v on N, the players in N \ p(IN) are irrelevant and

receive zero payoff, whereas the players in p(N) get the same payoff that would receive if the players

111
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in N\ p(V) were eliminated from the game and we considered the restriction of v to 2°(™) and the

interior operator resulting from restricting p to 2°(V),

Given an interior operator A € A", we can consider the family Oy = {E C N : A(E) = E}.
In this way, we can identify an interior operator with a family of coalitions that is union-closed and
contains the empty set and the grand coalition. Via this identification, we can say that some of the
families of feasible coalitions considered in literature to model games with restricted cooperation are

interior operators. For instance, that is the case of antimatroids [3].

If we see the definition of interior operator, the first condition is very clear. But what is the
meaning of the second condition? In the following we see that this condition establishes that the

veto relations induced by A are transitive. We need a previous definition.

Definition 5.2 Let A€ AN, E C N andi € N. A coalition E has veto power over i in (N, A) if
i ¢ A(N\E).

Suppose that we have a game v € GV with authorization structure (N, A). Take E C N and
i € N. In this context, saying that E has veto power over i in (N, A) means that player ¢ will not
be allowed to play the game v in any coalition disjoint from E. Remember that in Definition 2.12
we stated that, given an authorization operator A € A" and two players i, j € N, i has veto power
over jin (N, A) if 7 & A(N \ {i}). Notice that this is equivalent to saying that {i} has veto power
over j in (N, A).

Let A € AN. We define the following relation on 2V
A
E > F iff E has veto power over every player in F' in (N, A)

forall E,F C N.

Proposition 5.3 Let A € AN. The following statements are equivalent:
1. The authorization operator A is an interior operator.

. A ..
2. The relation 1> is transitive.

Values for games with authorization structure
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Proof. Let Ac AV,

1 = 2. Suppose that A is an interior operator on N. Let E, F; H C N such that F é F and
F b H. By definition, E & F means that A(N'\ E) C N \ F. From the monotonicity of A it follows
that A(A(N \ E)) C A(N \ F). Now, taking into consideration that A is an interior operator and
FbH we can derive that

AN\ E) = A(A(N\ E)) CA(N\ F)C N\ H.

Thus, A(N \ E) C N\ H, which is equivalent to F 5 H.

2 = 1. Suppose that A is such that the relation é is transitive. Let £ C N. By definition, it is clear
that N\ E 5N \ A(E). Similarly, it holds that N \ A(E) 5N \ A(A(E)). From the transitivity of
® we can derive N\ E & N\ A(A(E)), which means that A(E) C A(A(E)). =

Now we intend to show that interior operators can be identified with certain functions called

interior functions.

Definition 5.4 A mapping A : 2V — {0,1} is an interior function on N if it satisfies the following

conditions:

2. A(EUF) > min{A(E),A(F)} for all E,F C N.

The set of all interior functions on N is denoted by TN .

Remark 5.5 If A € IV and E,...,E, C N then

AELU...UE,) > min(A(Ey),...,A(E,)).

Let A € ZN. Consider int® : 2V — 2N defined as

intME) = U F forall ECN.
{FCE:A(F)=1}
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The following two results show that there is an identification between interior functions and

interior operators.
Proposition 5.6 Let A € IV . It holds that int® is an interior operator on N.

Proof. It is clear that int® € AN. Now take E C N. We must prove that
int* (int™ (E)) = int*(E). It suffices to prove that A(int"(E)) = 1. Notice that

A(int™(E)) = A U F | >min{A(F): FCEand A(F) =1} = 1.
{FCE: A(F)=1}

Proposition 5.7 Let A : 2V — 2N be an interior operator on N. Then, there exists a unique
A € IV such that A = int".

Proof. Let A be an interior operator on N. Take A : 2V — {0, 1} defined by

A(E):{ 1 if A(E)=E,

0  otherwise.

We want to check that A € ZV. It is clear that A(N) = A(()) = 1. Let E,F C N. We must see
that A(FUF) > min(A(E), A(F)). It can be assumed that A(E) = A(F) = 1. It holds that

A(EUF)D A(E)UA(F)=FEUF.

We conclude that A(E U F) = EU F and, therefore, A(EU F) = 1.

Now we show that int® = A. Let E C N. On the one hand, it holds that

intME) = U F= U F= U A(F) C A(E),

{FCE: A(F)=1} {FCE: A(F)=F} {FCE: A(F)=F}

Values for games with authorization structure
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and, on the other hand, since A(A(E)) = A(E) it holds that A(A(FE)) = 1 and hence

A(E) C U F = int™(E).
{FCE: A(F)=1}

So we have obtained that int*(E) = A(E).

Finally, let A € ZV be such that A = int®. Let E C N. Notice that if A(E) = 1 then
int®(E) = E and, therefore, A(E) = E. Conversely, if A(E) = E it holds that

AE) = A(A(E)) = At (E)) = A U F
> min{A(F): FC Eand A(F) =1} =1,

whence A(E) = 1. We have proved that A(E) = 1 if and only if A(F) = E, hence we have

unigueness. O

Definition 5.8 A game with interior operator structure on N is a pair (v,\) where v € G and
AeTV.

Given a game with interior operator structure, we can define a characteristic function that gathers

the information from the game and the interior operator structure in a reasonable way.

Definition 5.9 Let v € GV and A € ZV. The restricted game of (v, A), denoted by v, is defined

as the restricted game of (v, intA), that is,

vME) = v (B) = v(int™(E))  for all E C N.

The number v™(E) is the worth of E in the game with interior operator structure (v, A).
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5.2 The Shapley interior value

An allocation rule for games with interior operator structure is a mapping that assigns to every
game with interior operator structure a payoff vector. In this section we define and characterize an

allocation rule for games with interior operator structure.

Definition 5.10 The Shapley interior value, denoted by ®™, assigns to every game with interior

operator structure (v, A) the Shapley value of the restricted game ot

" (v, A) = ¢ (UA) for allv € G and A € TV.

Notice that
o (v, A) = ® (v,int")  forall v e GV and A € TV,

where @ is the Shapley authorization value.

Although the Shapley interior value can be seen as the restriction of the Shapley authorization
value to the set of games with interior operator structure, the characterization given in the second
chapter is not valid here. For instance, notice that the fairness property stated in that chapter cannot
be used when we restrict to games with interior operator structure, since, given an interior operator
Aec AN, T C N and i € T, the authorization operator AT> is not necessarily an interior operator.
We give a characterization of the Shapley interior value based on the characterization of the Shapley
value for games with restrictions provided by Derks and Peters [33]. Let us consider the following

properties.

e NECESSARY PLAYER PROPERTY. For every monotonic v € GV, A € TV and i € N a necessary

player in v, it holds that

Ui(v,A) > Ug(v,A) forall ke N.

Definition 5.11 Let A€ IV, E C N andi,j € E. A player j depends on i within E according to
A ifj € int™E) \ intM(E\ {i}).

Values for games with authorization structure
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Definition 5.12 Let v € GV, E C N and j € E. A player j is a null player for v within E if
v(F)=v(F\{j}) forevery F C E.

Definition 5.13 Let v € GV, A € IV and i € N. A player i is an unnecessary player in (v, A) if for
every E C N and j € E such that j depends on i within E according to A it holds that j is a null
player for v within E.

e UNNECESSARY PLAYER PROPERTY. For every v € GV, A € IV and i € N such that i is an

unnecessary player in (v, A), it holds that

U;(v,A) =0.
Definition 5.14 Let A € IV and E C N. A coalition E is an inessential coalition for A if A(E) = 0.

e INESSENTIAL COALITION PROPERTY. For every v,w € GV, A € TV and E C N an inessential
coalition for A such that v(F) = w(F) for all F € 2V \ {E}, it holds that

U(v,A) = ¥(w,A).

In the following theorem we provide a characterization of the Shapley interior value.

Theorem 5.15 An allocation rule for games with interior operator structure is equal to the Shapley
interior value if and only if it satisfies the properties of efficiency, additivity, necessary player,

unnecessary player and inessential coalition.

Proof. That the Shapley interior value satisfies the properties of efficiency, additivity and necessary
player follows from the fact that the Shapley interior value is the restriction of the Shapley
authorization value to the set of games with interior operator structure and the fact that the
Shapley authorization value satisfies such properties. Let us prove that ®" satisfies the properties

of unnecessary player and inessential coalition.
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UNNECESSARY PLAYER PROPERTY. Let v € GV, A € TV and i € N an unnecessary player in (v, A).
We must prove that ®i"(v, A) = 0. Taking into consideration the definition of ®", it is enough to
show that i is a null player in v*. For that, take £ C N. We must check that v*(E) = v (E\ {i}).

Observe that
int™(E) \ int®(E\ {i}) = {j € N : j depends on i within E according to A} .

Since i is an unnecessary player in (v, A), every player that depends on i within E according to A is

a null player for v within E. So it holds that
int™(E) \ int®(E\ {i}) C {j € N : j is a null player for v within E}

and, therefore
v(int™(E)) = v (intA (E\{i}))

or, equivalently
AE) =M (B {i}).

INESSENTIAL COALITION PROPERTY. Let v,w € GV, A € IV and E C N an inessential coalition
for A be such that v(F) = w(F) for all F € 2N\ {E}. We must prove that ®" (v, A) = ™ (w, A).
It holds that

O (0, A) = ¢ = S pu (it (H)) — v(int (H\ {i})]

{HCN:icH}

7w, A) = i) = 0 pur [wlint (H)) — w(int (H\ )]

{HCN:icH}
where the numbers py are the coefficients of the Shapley value. Therefore, in order to see that
dt(y, A) = & (w, A) it suffices to prove that v(int*(H)) = w(int™(H)) for all H C N. And
this is elementary because A(int"(H)) = 1.

We have seen that the Shapley interior value satisfies the five properties in the theorem. Now we

show that it is uniquely determined by those properties.

Values for games with authorization structure
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Let ¥ be an allocation rule for games with interior operator structure satisfying the properties of
efficiency, additivity, necessary player, unnecessary player and inessential coalition. We must see that
U=t
Let n € N and let N be a set of cardinality n. Let A € ZV. We show that (v, A) = ®"(v, A) for

every v € gV,
Firstly, we prove that ¥(cug, A) = ®™ (cug, A) for all ¢ > 0 and E € 2V \ {0} with A(E) = 1.

Let ¢ > 0 and E € 2\ {0} with A(E) = 1. On the one hand, since ¥ satisfies the necessary player
property, it is clear that there exists b € R such that U;(cug, A) = b for every i € E. On the other
hand, it is easy to check that the players in N \ E are unnecessary players in (cug,A). So, by the
unnecessary player property, it must be ¥;(cug, A) = 0 for every i € N \ E. Now, if we use the

efficiency of ¥, we can conclude that

‘% ifi € B,
U;(cug,\) =
0 ifigE.

Since the Shapley interior value also satisfies the properties used, it holds that

U(cug, A) = & (cug, A) forall ¢ >0 and E € 2V \ {#} with A(E) = 1.

Now take ¢ < 0 and E € 2\ {()} with A(E) = 1. We intend to show that ¥(cug, A) = ®™(cug, A).
Firstly, it is clear, from the unnecessary player property, that ¥ (0, A) = 0. Now, by additivity, we can
write

0=9(0,A) =¥(cug,A) + ¥(—cug, A)

and, therefore
U(cug,\) = =V (—cug, A).

Similarly,
O (cup, A) = —®™(—cup, A)

and, since ¥(—cug, A) = ®"™(—cug, A), we conclude that ¥(cug, A) = & (cug, A).

So we have seen that ¥(cup, A) = @™ (cug, A) for all c € R and E € 2V \ {0} with A(E) = 1.




120 CHAPTER 5. GAMES WITH INTERIOR OPERATOR STRUCTURE

Now, let v € GV. We define A : 2V — R in the following way,

0 if E=0orA(E) =0,
A(E) =
v(E)— > A(F) otherwise.
FCE
Take
w = > A(E)ug

(E€2N\{0}: A(E)=1}
It is clear that w(H) = v(H) for every H € 2V with A(H) = 1. Successively applying the inessential
coalition property it follows that (v, A) = ¥(w,A) and ®™ (v, A) = & (w, A). Finally, we can

write
U(v,A) = Y(w,A)

— Z A(E)ug, A
{Bc2N\{0}: A(E)=1}
= > U(A(E)ug, A)
{EBe2N\{0}: A(E)=1}
= > " (A(E)up, A)
{Ee2N\{0}: A(E)=1}

= o > A(E) ug, A
{Ee2N\{0}: A(E)=1}

— @i”t(w,A)

= " (v,A).

Now, in this section we see that the Shapley interior value satisfies structural monotonicity, that
is, if we have a monotonic game with interior operator structure and a player that has veto power
over another player, then the first player will be given (according to the Shapley interior value) a
payoff greater or equal to the payoff received by the second player. Firstly we show that this property

is not true, in general, for the Shapley authorization value and games with authorization structure.
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Example 5.16 Let N = {1,2,3}. Let A € A" be the authorization operator defined in Example
2.3.

b i {Zr {3 {2y {1,3t {23} {1,2,3}

A(E) 0 0 {3} {1} {3} {2,3} {1,2,3}

Consider the unanimity game ug) € GV It holds that
P (U{l}, A) = (0.5, 0.5, 0)
So we have that player 3 has veto power over player 2 in (N, A) and

<I>3 (u{l}, A) < (I)Q (U{l}, A) .

Proposition 5.17 Let v € GV be a monotonic game, A € TV and i,j € N be such that i has veto
power over j in (N,int"). Then ®" (v, A) > @ (v, A).

Proof. Take a monotonic v € GN, A € ZV and 4,5 € N such that i has veto power over j in
(N, int}). It holds that

O (0, A) = ¢;(v) = D pr [v(int™(E)) —u(int™(E\ {j}))]

{ECN:jeE}

Let E C N. Since i has veto power over j in (N,int"), it holds that j ¢ int™(E \ {i}). Hence,
int*(E\ {i}) C E\ {j}, what leads to int™(E \ {i}) C int*(E \ {j}). Using the monotonicity of
v, it follows that v(int®(E \ {i})) < v(int®(E\ {j})). So we can write

MW, A) < D pe [o(int(B)) — o(int™(E\ {i}))]
{ECN:jeE}

= Y o [olint (B) — wlint (BN i)

{ECN:ijeE}
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< S b [olint(B) — o(int (B {i}))

{ECN:ieE}

= 3t (y, A).

Corollary 5.18 Let A be an interior operator on N and let i,j € N be such that i has veto power
over j in (N, A). Then =;(A) > Z;(A).

Proof. Let A € ZV be such that A = int". Let k € N. It holds that
Ein(A) = @i (ugy, A) = S (ugry, A)
which, from Proposition 5.17 is greater or equal than

It (g, A) = ®j (ugry, A) = Ejr(A).

Finally, we see an example of games with interior operator structure: the information market

games introduced by Muto, Potters and Tijs [52].

Example 5.19 Let N = {1,...,n} with n > 3. Suppose that the elements of N are companies
that want to sell their products in a certain market. Let (w1,...,wy,) € Rf+ be the vector whose
components represent the profit that each company will get from selling their products in the market.
Suppose that there exists a subset I of companies that have certain necessary information about the
market. We assume I G N and |I| > 2. If a coalition does not contain any element in I then it will

not be able to sell in the market. So the profit that can be made by each coalition in 2 is given by

Zwi if ENT+#0,
el
v(E) =

0 if ENI=1{.
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Notice that v = w?, where w is the additive game given by the vector (wy,...,w,) and A is the

interior operator on N defined as

A(E) =

E if ENT#0,
0 if ENI=0.

It is clear that A = int®™ where A is the interior function on N defined by

AE) = 1 i ENI#0 or E=0,
0 otherwise.

We calculate ®(w, A), that is equal to ®(w, A). In order to calculate ®(w, A) we use the expression
given in Corollary 2.16. Notice that in our case, since w is additive, we just need to calculate

P, (U{j}, A) for every i, 7 € N. Moreover, observe that

®; (ugyy, A) = ¢ ((U{j})A> = ¢i(4;) = Zi5(A),

where =;;(A) is the influence of i over j in (IV, A). So, it holds that

D(w,A) = : U : . (5.1)
En(A) .. Epn(4) Wn,

We proceed to calculate Z;;(A) for every i,j € N. We distinguish two cases.

Case j € I. In this case it is clear that A; = uy;). It follows that Z;;(A) = 1 and Z;;(A) = 0 for
every i € N\ {j}.

Case j & I. For every E € 2V \ {()} we define

A(E) = { (=11 if there exists H C I, H # () such that E = H U {j},

0 otherwise .

We want to prove that
Ay (E) = A(E) for every E € 2V \ {0} (5.2)
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To do this, it suffices to show that

Ai(F) = Z A(E)  for every F € 2N\ {}. (5.3)
{E€2N\{0}: ECF}

Let F € 2N\ {0}. If j & For FN1I =, it is clear that (5.3) holds. Suppose now that j € F
and F N1 # 0. It holds that

|FNI| FAl
Y Am= Y ey ( . )(—1)’“1 = 1= 4;(F).
{E€2N\{0}: ECF} {He2N\{0}: HCFNI} k=1

So we have proved (5.3) and, consequently, (5.2). We proceed to calculate =;;(A)

Ay, (E)
||

Eii(A) =i(4) = )
{ECN: jeE}
11

B (—nHEHE 7]+ 1
- D |H|+1 _m+1z<k+1>(_1)k+l

{He2N\{0}: HCI} k=1
1] 11|
:Z<|1\><—1>k+1: 1 Z<m+1>(_1)k+l
— k) k+1 |I|+1k:1 E+1
1|41
1 1] +1 P
Iy+1k222< k >( V= (54)

It remains to calculate Z;;(A) for every i € N\ {j}. On the one hand, notice that if i € N\ (IU{j})

then 7 is a null player in A;. Therefore

Zij(A) =0 foreveryiec N\ (IU{j}). (5.5)

On the other hand, from the equal treatment property of the Shapley value it follows that
Eij(A) =5;(A) foreveryi,lel. (5.6)

From (5.4), (5.5) and (5.6) we conclude, using the property of efficiency of the Shapley authorization
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correspondence, that
1

(1 +1) ]

Once we have calculated Z(A), if we go back to (5.1) we obtain

Eij(A) = for every i € I. (5.7)

w(N\I) o
wi+ o ifiel,
| WEDI
P (w, A) = ;(w, A) =
1] -
i fieN\I
\I\+1w if ie N\

5.3 Fuzzy interior operators

We know that any interior operator has the form int® where A is an interior function. We make
use of this idea to introduce the concept of fuzzy interior operator. Firstly, we will define fuzzy interior
functions by generalizing Definition 5.4 in a natural way, and, then, we will associate what we will
call a fuzzy interior operator to each fuzzy interior function, in a similar way as we have associated

an interior operator to each interior function.

Definition 5.20 A fuzzy interior function on N is a mapping A : 2V — [0,1] that satisfies the

following conditions:

2. M(EUF) > min{\(E),\(F)} forall E,F C N.
The set of all fuzzy interior functions on N is denoted by FI™ .

Let A € FZ?. Consider int* : 2V — [0,1]" defined as

int\(F) = U AMF)1p forevery EC N.

It is easy to check that int” is a fuzzy authorization operator.
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Definition 5.21 Let a € F.AYN. The fuzzy authorization structure a is a fuzzy interior operator on

N if there exists A € FIN such that a = int>.

Proposition 5.22 Let a : 2V — [0,1]Y be a fuzzy interior operator on N. Then there exists a

unique \ € FIV such that a = int?.

Proof. It is enough to prove that if A : 2V — [0,1] is a fuzzy interior function on N and a = int*
then
ME) =min{a;(E): i€ E} forall E €2V \ {0}.

So, let A : 2V — [0, 1] be a fuzzy interior function on N and E € 2V \ {0}. We must see that
A(E) = min {mtﬁ(E) e E} .
By definition, int}(E) = max{\(F): i € ' C E}. So we have to check that
A(E) = min {max{\(F) :i€ F C E}: i € E}.

It is clear that A(F) < min{max{\(F): i€ F CE}: i€ E}. It only remains to prove that
AME) > min{max{\(F): i€ F CE}: i€ E}. Take, for every i € FE, a set F; such that
i€ F; CEand \(F;) = max{\(F) : i € F C E}. It holds that

AME)=A (U Fl> > min{A(F;): i € B} =min{max{\(F): i€ FCFE}: i€ E}.
ISy

In a similar way as we did with interior operators, we study the transitivity of the dependency relations
induced by a fuzzy interior operator. Firstly we see that a fuzzy interior function determines some

certain interior functions. Let A : 2% — [0, 1]. For any ¢ € (0, 1] consider

Ao 2V = {01}

E — ME) =

1 if MFE)>t,
0 otherwise.
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Proposition 5.23 Let \: 2V — [0,1]. Then the following statements are equivalent:
1. The function X\ is a fuzzy interior function.

2. The function \; is an interior function for every t € (0, 1].

Proof. Let \:2V — [0,1].

1 = 2. Suppose that A is a fuzzy interior function on N. Let ¢ € (0,1]. It is clear that
M(N) = M(@) = 1. Let E,F C N be such that M (E) = M(F) = 1. It holds that
AMEUF) Z min{\(E),\(F)} > t, and hence \((EU F) = 1.

2 = 1. Suppose that A is such that ); is an interior function for every t € (0,1]. It is clear that
AN) =A0) =1. Let E,F C N and s = min{\(E), A\(F)}. Suppose that s > 0. It holds that
As(E) = As(F) = 1. Since As is an interior function, it holds that A\;(E U F') = 1, and hence
MEUF) > s. O

Proposition 5.24 Let A € FIV. It holds that

¢
(intA> = int™  for every t € (0,1].

Proof. Let A€ FZV, t € (0,1] and E C N. We prove that
[intM(E)]; = int™(E).

Let i € [int*(E)];. This means that int}(E) > t. It follows that there exists ' C E such that
i € Fand A\(F) > t. From F C E and \;(F) = 1 we can derive that ' C int’(E). Therefore,
i € int*(E).

Now take i € int*(E). It holds that \;(int™(E)) = 1. Equivalently, A(int’(E)) > t. From
i € int™(E), int*(E) C E and \(int’(E)) > t, it follows that int}(F) > t. m

Proposition 5.25 Let a € F.AYN. The following statements are equivalent:

1. The fuzzy authorization operator a is a fuzzy interior operator.

t

2. The authorization operator a* is an interior operator for every t € (0, 1].
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Proof. Letac FAVN.

1 = 2. Suppose that a is a fuzzy interior operator on N. There exists A € FZ" such that a = int?.
Take t € (0, 1]. From Proposition 5.24 we obtain that a’ = int’t, thus a' is an interior operator.

t

2 = 1. Suppose that a is such that a’ is an interior operator for every ¢t € (0,1]. Consider

A2V —[0,1] defined as
ME)=max{t €[0,1] : a'(E) = E}  for every E C N.

It is clear that A € FZ™. In order to conclude that a is a fuzzy interior operator, it suffices to prove
that a = int*. Take £ € 2V \ {}} and i € E. It holds that

it E) = max{\F):iecFCE}
= max{max{t€[0,1]: a"(F)=F}:ie€ F C E}
= max {t € [0,1] : there exists F € 2% such that i € F C E and o!(F) = F}

= max{t€[0,1]: i€ d(E)} = a;i(E).

Let a € FAYN. We define the following fuzzy relation on 2V
R, E,F)=1—-—max{a;(N\E): i€ F} forall E,FFCN.
Proposition 5.26 Let a € FAYN. The following statements are equivalent:

1. The fuzzy relation R, is transitive.

t
2. The relation © is transitive for every t € (0, 1].

Proof. Letae FAVN.

1 = 2. Suppose that a is such that R, is transitive. Let t € (0,1]. If E, F,G C N are such that
t t
E% Fand F% G it holds that FNa'(N\ E) =0 and GNal(N\ F) = (). We can write

a;(N\E) <t foreveryicF,
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aj(N\F) <t foreveryjed,

whence R,(E,F) > 1 —t and R,(F,G) > 1 — t. Since R, is transitive we conclude that
t
R.(E,G) > 1 —t, from where we get E &G,

2 — 1. Suppose a is such that aDt is transitive for every t € (0,1]. Take E,F,G C N.
We must see that R,(E,G) > min{R,(E, F), R.(F,G)}. It suffices to prove that for every
t € (0,min{R,(E,F),R.(F,G)}) it holds that R,(E,G) > t. If t € (0,min{R,(F, F), R.(F,G)})
it is clear that

ai(N\E)<1—t foreveryicF,

aj(N\F)<1—t foreveryjeG.

1-t

1—t 1—t 1—t
Therefore, E ‘s Fand F“> G.Since “> s transitive E ‘> G, whence R, (F,G) > t. O

——N
Proposition 5.27 Let a € F A . The following statements are equivalent:
1. The fuzzy authorization operator a is a fuzzy interior operator.

2. The relation R, is transitive.
Proof. The result follows from Propositions 5.3, 5.25 and 5.26. a

Definition 5.28 A game with fuzzy interior operator structure on N is a pair (v, \) where v € GV
and \ € FIV.

In a similar way as we did in the crisp case, given a game with fuzzy interior operator structure,
we can define a characteristic function that gathers the information from the game and the fuzzy

interior operator structure.

Definition 5.29 Letv € GV and A € FIN. The restricted game of (v, \), denoted by v, is defined

as the restricted game of (v, int/\), that is,

NE) = v () = / int(E)dv  for all E C N.
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The number v*(E) is the worth of E in the game with fuzzy interior operator structure.

Remark 5.30 Let v € GY and A\ € FIN. Let {t; : 1 = 0,...,r} = im()\) U {0} with
0=ty <...<t,=1. Then it holds that

MNE) = i(tl — 1) <[z‘ntA(E)}tl> for all E C N,
=1

where [int*(E)}y, = {i € N : int}(E) > t;} forl=1,...,r.

5.4 The Shapley fuzzy interior value

An allocation rule for games with fuzzy interior operator structure is a mapping that assigns to
every game with fuzzy interior operator structure a payoff vector. We introduce a particular allocation

rule.

Definition 5.31 The Shapley fuzzy interior value, denoted by ©'™, assigns to every game with fuzzy

interior operator structure (v, \) the Shapley value of the restricted game v,

O (v, ) = ¢ (v)‘> for allv € G and \ € FIV.

Notice that
P (v, \) = ¢ (U, int)‘> for all v € GV and A\ € FIV,

where ¢ is the Shapley fuzzy authorization value.

Lemma 5.32 Let \€ FTV and {t; : 1 =0,...,r} =im(A\) U {0} with0 =to < ... <t, =1 and
let v € GN. It holds that

T

‘Pim<v7 )‘) = Z(tl - tlfl) (I)mt(v’ /\tl)a
=1

where ®™™ s the Shapley interior value.
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Proof. Let A € FZV and {t; : 1 = 0,...,r} = im(\) U {0} with 0 =ty < ... < t, = 1. Let

v € GV. Using Lemma 3.11 we can write

r

et \) = (v,mt/\> = (1~ ti1) (v, (int)").

I=1
Using Proposition 5.24 we conclude that the sum before is equal to

T T

D (= tia) (v, int?n) = (0 —ti1) D7 (v, Ay,)-

=1 =1

d

We aim to characterize the Shapley fuzzy interior value. To that end, we consider the following

properties.

e NECESSARY PLAYER PROPERTY. For every monotonic v € GN, A € FZ% and i € N a necessary

player in v, it holds that

Vi(v,A) = Yr(v,A)  forall k € N.

Definition 5.33 Let A € FZV, E C N and i,j € E. A player j depends on i within E according
to A if int}(E) > int}(E \ {i})

Definition 5.34 Let v € GV, E C N and j € E. A player j is a null player for v within E if
v(F)=v(F\{j}) forevery F C E.

Definition 5.35 Let v € GV, A\ € FIV and i € N. A player i is an unnecessary player in (v, \) if
for every E C N and j € E such that j depends on i within E& according to A it holds that j is a
null player for v within E.

e UNNECESSARY PLAYER PROPERTY. For every v € GV, A € FZ% and i € N an unnecessary player
in (v, A), it holds that

wi(v, /\) = 0.
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Definition 5.36 Let A\ € FZ" and E C N. A coalition E is an inessential coalition for X if \(E) = 0.

e INESSENTIAL COALITION PROPERTY. For every v, w € GN, X e FIV and E C N an inessential
coalition for A such that v(F) = w(F) for all F € 2V \ {E}, it holds that

w(% >‘) = ¢(wa )‘)

® REDUCTION. For every v € GN )¢ FIN and t € (0.1), it holds that
bv, A) = (o, A0 (1 = )eb(w, ALY,

where

Aot = min (1, ?) ,

A = max (O, H) .
1—t

Theorem 5.37 An allocation rule for games with fuzzy interior operator structure is equal to the
Shapley fuzzy interior value if and only if it satisfies the properties of efficiency, additivity, necessary

player, unnecessary player, inessential coalition and reduction.

Proof. That the Shapley fuzzy interior value satisfies the properties of efficiency, additivity and
necessary player follows from the fact that the Shapley fuzzy interior value is the restriction of the
Shapley fuzzy authorization value to the set of games with fuzzy interior operator structure and
the fact that the Shapley fuzzy authorization value satisfies such properties. Let us prove that ¢

satisfies the properties of unnecessary player, inessential coalition and reduction.

UNNECESSARY PLAYER PROPERTY. Let v € GV, A € FIN, {t; : 1 = 0,...,r} = im(\) U {0}
with 0 = tp < ... < t, = 1 and ¢ € N an unnecessary player in (v, \). We must prove that
@™ (v,\) = 0. Taking into consideration Lemma 5.32 it is enough to see that ®(v, \;,) = 0
for all I = 1,...,r. Since ®™ satisfies the unnecessary player property, it suffices to prove
that ¢ is an unnecessary player in (v,\;) for all I = 1,...,r. Take I € {1,...,r}. Let
E C N and j € E be such that j depends on ¢ within E according to A;. This means that
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j € int*(E) \ int*(E \ {i}). By Proposition 5.24, this is equivalent to write that
j € [intM(E)]y, \ [int*(E\ {i})]s, and hence, mt;‘(E) >t > mtj‘(E \ {i}). From this and the
fact that ¢ is an unnecessary player in (v, A) we can derive that j is a null player for v within E. So

we have proved that ¢ is an unnecessary player in (v, A, ).

INESSENTIAL COALITION PROPERTY. Let v,w € GV, A€ FIV, {t;: 1 =0,...,r} = im(\) U {0}
with 0 =1y < ... <t,=1and E C N an inessential coalition for A such that v(F') = w(F) for all
F € 2V \ {E}. We have to prove that ¢ (v, \) = ¢ (w, \). By Lemma 5.32, it suffices to prove
that & (v, \;,) = @™ (w, \y,) for all [ = 1,...,r. And this is elementary from the facts that &

satisfies the inessential coalition property and E is an inessential coalition for Ay, forall I =1,... 7.

REDUCTION. Let v e GV, A e FIV and t € (0,1). Using the property of reduction of the Shapley

fuzzy authorization value we can write

o) = (wint) =t (v () ™) =0 (o () ™)

It is easy to check that (int)‘)[o’t] — int(M®") and (int/\)[t’l] — int("") Therefore the sum above

is equal to
to <v,int(’\[0’t])) + (11—t (v,int()‘[t’ll)> =t (v, )\[O’t]> + (1 — t)p™ (v, )\[t’l]) :

We have seen that the Shapley fuzzy interior value satisfies the six properties. It remains to prove
that such properties uniquely determine ¢t
Let ¢ be an allocation rule for games with fuzzy interior operator structure satisfying the properties
of efficiency, additivity, necessary player, unnecessary player, inessential coalition and reduction. We
must prove that
P, \) = ™ (v, \)  for every v € GV and A € FIV.

We proceed by strong induction on [(\) where
[(A) = [im(A\)\ {0,1}|  for all X € FZV.

1. BASE CASE. [(A) = 0.

Notice that we can identify ZV with the set {\ € FZ% : im()\) C {0,1}}. So we can say
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that the restriction of 1) to the set of games with fuzzy interior operator structure (v, \) with
[(A) = 0 is an allocation rule for games with interior operator structure. It is easy to check that
such restriction satisfies the properties of efficiency, additivity, necessary player, unnecessary

player and inessential coalition. Therefore, using Theorem 5.15 we conclude that

(v, \) = ™ (v, \) for every v € GV and A € FZV with [(\) = 0.

2. INDUCTIVE STEP. Let v € GV and A € FIV with [(A\) > 0. We must prove that
Vv, \) = @™ (v,\). Take t € im(\) \ {0,1}. Since ¢ satisfies the reduction property it
holds that

P(v, A) = tp(v, ) 4 (1= 1) (0, ALY).

Since [(A%) < [(A\) and [(ABY) < [(\) it follows by induction hypothesis that
(v, N0 = ot (p, AOt) and (v, AT = i (v, A1) Hence

Y0, A) = ™ (w, NO) 4 (1= ) @ (0, A1) = o™ (0, ).
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Games with conjunctive authorization structure

Given an authorization structure and a coalition, the set of agents who are dominated by the
coalition can be larger than the union of the sets of agents who are dominated by each one of the
members of the coalition. There is a kind of authorization structures in which both sets are always
equal. They are called conjunctive authorization structures. In these structures all the dependency
relationships are bilateral. For this reason they are the most simple authorization structures. In this

chapter we define and characterize allocation rules for games with conjunctive authorization structure.

6.1 Conjunctive authorization structures

We aim to consider authorization structures in which the set of agents who are dominated by
the union of two coalitions coincides with the set of agents that are dominated by at least one of

the coalitions. This can be expressed with the following definition.

Definition 6.1 An authorization operator A € AN is said to be conjunctive if
A(ENF)=A(E)NA(F) forevery E,F C N.

If A is a conjunctive authorization operator on N, the pair (N, A) is said to be a conjunctive

authorization structure. The set of all conjunctive authorization operators is denoted by AL .

The conjunctive permission structures introduced by Gilles, Owen and van den Brink [40] are

an example of conjunctive authorization structure. Given a permission structure, the operator that
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assigns to each coalition its conjunctive sovereign part is a conjunctive authorization operator. The
conjunctive permission structures were generalized in Algaba, Bilbao, van den Brink and Jiménez-

Losada [5] with the so called poset antimatroids, which are also conjunctive authorization structures.

Firstly we see a characterization of conjunctive authorization operators in terms of the veto

relationships induced by these operators.

Proposition 6.2 Let A ¢ AV. The following statements are equivalent:
1. The authorization operator A is conjunctive.

2. Foreveryi,j € N such that j depends partially on i in (N, A), it holds that i has veto power
over j in (N, A).

3. Forevery E € 2V \ {0} and j € N such that E has veto power over j in (N, A), there exists
i € E such that i has veto power over j in (N, A).

Proof. Let A e AV,
1 = 2. Suppose that A is conjunctive and let i, 7 € N such that j depends partially on i in (N, A).
There must exist E C N such that j € A(E)\ A(E \ {i}). We have

JeAE)\NA(EN{i}) = AE)\A(EN(N\{i}))
= A(E)\ (A(E)NA(N\{i}))
= AE)\NAN\{i}).
Thereby j ¢ A(N \ {i}), that is, ¢ has veto power over j in (N, A).
2 = 3. Let £ € 2V \ {0} and j € N such that E has veto power over j in (N, A). If j ¢ A(N)
any player in E has veto power over j. Suppose j € A(N). Let E = {iy,...,4;}. Take

m=min{r e {1,....0}: j ¢ AN\ {i1,...,ir})}.

It is clear that j depends partially on i,, in (N, A). Using the hypothesis, we conclude that i,, has

veto power over j in (N, A).
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3 =1 Let E,F C N. We must prove that A(EN F) = A(E) N A(F). From monotonicity of
authorization operators, it is clear that A(ENF) C A(E) N A(F). Let us prove the other inclusion.
If ACE)NA(F)=0or E=F = N we have finished. Otherwise, take j € A(F) N A(F). Let us
see that j € A(ENF). Suppose j € A(ENF). This means that N \ (E'N F) has veto power over
j. Using the hypothesis, we conclude that there exists i € N \ (E N F) such that i has veto power
over j in (N, A). It holds that or i ¢ E or i ¢ F. Suppose i ¢ E (the case i € F is similar). Since
JjZ¢A(N\{i}) and E C N\ {i}, we can derive j ¢ A(E), but this is a contradiction. O

The calculation of the sovereignty, influence and power indices is particularly easy in the case of

conjunctive authorization structures, as we see in the following proposition.

Proposition 6.3 Let A ¢ AY. Then, it holds that

(a) sovi(A) = |V(1A)| for every i € N such that i is not inactive in (N, A).
(b) infi(A) = Z |V(1A)\ for every i € N.
UeAm)\{iyiev;(a)y
1
c) pow;(A) = for every i € N.
@povid)= D A

{J€A(N):iev;(A)}

Proof. It is easy to check that (a) and (b) are a direct consequence of Proposition 6.2 and the
properties of maximum and minimum sovereignty and maximum and minimum influence seen in
Chapter 4. Finally, (c) derives from (a) and (b). 0

An important advantage of conjunctive operators is the fact that they preserve convexity. This
means that if we have a nonnegative convex game on a conjunctive structure, then the restricted

game is convex as well. In fact, this property characterizes conjunctive operators.

Proposition 6.4 Let A € AV. The following statements are equivalent:
1. The authorization operator A is conjunctive.

2. For every nonnegative and convex v € GV it holds that v is convex.
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3. For every nonnegative and additive w € GV it holds that w* is convex.

Proof. Let A c AV,
1 = 2. Suppose that A is conjunctive and let v € GV be nonnegative and convex. Let E, F C N.
It holds that

v (EUF) +vYENF) v(A(ENF))
(A(E) NA(F))

E)UA(F))+v(A(E)NA(F))

I
<

)
)

VoWV
e e

Il
<
=
&
+
<
e
=

2 = 3. This implication is trivial.

3 = 1. Let E,F C N. We must prove that A(E N F) = A(F) N A(F). It is clear that the
inclusion A(E N F) C A(E) N A(F) is true for any authorization operator. We need to show
that A(ENF) D A(FE) N A(F). If A(E) N A(F) = () we would have finished. Otherwise, take
i € A(E) N A(F). We must prove that i € A(E' N F'). Consider the unanimity game wuy;;, which is
an additive game. By hypothesis we know that uf{“i} is a convex game. Therefore it holds that

uly (B) +ufy(F) <ufy(ENF) +ugy (EUF)

whence it follows that i € A(E N F). O

Definition 6.5 A game with conjunctive authorization structure on N is a pair (v, A) where v € G
and A € AY.

6.2 The Shapley conjunctive authorization value

An allocation rule for games with conjunctive authorization structure assigns to every game with
conjunctive authorization structure a payoff vector. In this section we define and characterize an

allocation rule for games with conjunctive authorization structure.

Values for games with authorization structure
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Definition 6.6 The Shapley conjunctive authorization value, denoted by ®¢, assigns to each game

with conjunctive authorization structure (v, A) the Shapley value of v*,

OC(v, A) = ¢ (UA) for allv e G and A e AY.

Notice that
P°(v,A) = ® (v,A) forallve G and Ac AY,

where ® is the Shapley authorization value.

In the following theorem we show a characterization of the Shapley conjunctive authorization

value.

Theorem 6.7 An allocation rule for games with conjunctive authorization structure is equal to the
Shapley conjunctive authorization value if and only if it satisfies the properties of efficiency, additivity,

irrelevant player and veto power over a necessary player.

Proof. That the Shapley conjunctive authorization value satisfies the properties of efficiency,
additivity, irrelevant player and veto power over a necessary player follows from the fact that the
Shapley conjunctive authorization value is the restriction of the Shapley authorization value to the
set of games with conjunctive authorization structure and the fact that the Shapley authorization

value satisfies such properties.

We have already seen that the Shapley conjunctive authorization value satisfies the four
properties. Now we see that such properties uniquely determine the Shapley conjunctive authorization
value. Let ¥ be an allocation rule for games with conjunctive authorization structure satisfying the
properties of efficiency, additivity, irrelevant player and veto power over a necessary player. We must
prove that ¥ = ®°.

Let n € N and let N be a set of cardinality n. Our first goal will be to show that
U(aug, A) = ®°(aug, A) for all @ > 0, E € 2V \ {#} and A € AY. So, take a > 0 and
E € 2N\ {0} and A € AY. Consider the set

F ={i € N : there exists j € E such that i has veto power over j in (N, A)}.
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From the fact that W satisfies the property of veto power over a necessary player, we can derive that
there exists b € R such that
Ui(aug,A) =b forall i e F. (6.1)

Take k € N \ F. Notice that k is an irrelevant player in (qug, A). Indeed, if a player j depends
partially on k in (IV, A), then, from Proposition 6.2, k has veto power over j in (N, A). And, since
k ¢ F, we can derive that j ¢ FE, and, therefore, j is a null player in aug. Now, using that ¥

satisfies the irrelevant player property, we conclude that
Ui(aug,A) =0 forallie N\ F. (6.2)

From (6.1), (6.2) and the fact that U satisfies efficiency we obtain that

aup(AN) oo p
F| ’

\Ifi(auE,A) =
0 if i & F.

Since ®¢ also satisfies the properties used, it holds that ¥(aug, A) = ®¢(aug, A).

So we have proved that ¥(aug, A) = ®¢(aug, A) for all a >0, E € 2V \ {0} and A € AY.
Finally, using the same linearity argument that we have used in several proofs before, we obtain
U = o°. O

We can give another expression of the Shapley conjunctive authorization value. Before, we see

some results.

Let A€ AN and E € 27\ {}. We define
Vp(A)={ie N: E¢€ AN\ {i})}.

It is clear that Vg (A) = |J Vi(A). Moreover, if E € 240V)\ {()} then
1€ER

Vp(A) = N F. (6.3)

{(FCN: ECA(F)}

Values for games with authorization structure
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Lemma 6.8 Let A € AN. The following statements are equivalent:

1. The authorization operator A is conjunctive.

2. For every E € 24N\ {(} it holds that E C A(Vg(A)).

Proof. Let A c AV,

1 = 2. Suppose that A is conjunctive and let E € 24(N)\ {(}. If Vg(A) = N we would have
finished, since E C A(N). Suppose Vi (A) # N. Notice that for every i € N \ Vg(A) it holds that
E C A(N\{i}). So we have

EC ) AN\{i}. (6.4)

iEN\Vg(A)

But, since A is conjunctive it holds that

N AWN\{ih=4 ( N @\ {i})) = A(Vg(4)). (6.5)

i1EN\VE(A) iEN\VE(A)

2 = 1. Let F;,H C N. We must prove that A(F)NA(H) C A(FNH). If A(F)n

we would have finished. Suppose that A(F) N A(H) # 0. From A(F) N A(H) C A(F) and
A(F)NA(H) € A(H) it follows, respectively, that V4 mnaa)(A) € F and Vypyna)(4) € H.
Therefore, V4 (p)nac)(A) € F'N H, whence we derive that A (VA(F)QA(H) (A)) C A(FNH). Using
the hypothesis we obtain that A(F)NA(H) C A(FNH). O

Lemma 6.9 Let v € G and A € AY. Then it holds

Aya(F) = Z A,(E)  for all nonempty F' C N,
{E€2ANN\{0}: VE(A)=F}

where A, are the dividends of Harsanyi of the game v.

Proof. Let T € 2V \ {(}. It suffices to prove that

AT =) > Ay(E).

FCT { Be2AN\{0}:Vp(A)=F}
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Let us calculate,

Z Z Ay(E) = Z Ay(E)

FCT {Be2ANN\{0}: Vp(A)=F} {B€24NN\{0}: vp(A)CT}

which, from (6.3) and Lemma 6.8, is equal to

{Ee2V\{0}: ECA(T)}

Proposition 6.10 Let A € AY and v € GV. Then

Df(v, 4) = 3 SulB)

Vv
{E€24MN\{0}:ievp(A)}

Proof. It holds that

v, 4) =i = 3 Bl

{FCN:ieF}

which, from Lemma 6.9, is equal to

> |lm X am

(FCN-icF} {Be2AN\{0}: Vs (A)=F}

_ Ay(E)
-2 2 Ve (A)]

{(FCN:IEF} { BeaA\(0): v (A)=F}

_ Ay(E)
B Z Ve(A)|

{E24(N\{0}:ieVE(A)}

Values for games with authorization structure
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6.3 The Banzhaf conjunctive authorization value

In Section 6.2 we used the Shapley value to provide an allocation rule for games with conjunctive
authorization structure. In this section we use the Banzhaf value to give another allocation rule for

these games.

Definition 6.11 The Banzhaf conjunctive authorization value, denoted by 6¢, assigns to each game

with conjunctive authorization structure (v, A) the Banzhaf value of v4,

B(v,A) =0 (UA) for allv e G and A e AY.

Notice that
B(v, A) =B (v,A) forallve G and A e AY,

where B is the Banzhaf authorization value.

In the following theorem we characterize the Banzhaf conjunctive authorization value.

Theorem 6.12 An allocation rule for games with conjunctive authorization structure is equal to the
Banzhaf conjunctive authorization value if and only if satisfies the properties of additivity, irrelevant

player, veto power over a necessary player, 2-efficiency and amalgamation.

Proof. That the Banzhaf conjunctive authorization value satisfies the properties of additivity,
irrelevant player, veto power over a necessary player and 2-efficiency follows from the fact that
the Banzhaf conjunctive authorization value is the restriction of the Banzhaf authorization value to
the set of games with conjunctive authorization structure and the fact that the Banzhaf authorization
value satisfies such properties.

In the case of the property of amalgamation we can use the same reasoning, but before we must
check that if A is a conjunctive authorization operator then A% is also conjunctive. So let A € AN
and i,j5 € N. Take E,F C N%. We want to prove that AY(E N F) = AY(E) N AY(F). We

distinguish several cases:
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(a) ij& E,ij ¢ F. It holds that

AY(EYNAY(F) = A(E)NA(F) = A(ENF) = AY(ENF).

(b) ij€ B, {i,j} ¢ A(E\ {ij}) U{i,j}) and ij & F. It holds that

AVEYNAT(F) = |A((B\ L) ULig}) \ {63} N AE)
= A((B\ (i} U {i}) N APF)

— 4((B\ (i) Ui ) nF)
= A(ENF)
= AYENF).

(c) ije B, {i,j} C A(E\ {ij}) U {i,j}) and ij & F. It holds that

AY(E) N AT(F) = [ (A ((B\ i) U{i,5}) \ {i.}) U {ig}| n AF)
= A((B\{id}) U {i.g}) NAF)
—A(((E\{ih u{ii}) N F)
— A(ENF)
— AY(ENF).

(d) ij¢ E.ije Fand {i,j} ¢ A((F\ {ij}) U {i,j}). Analogous to case (b).

(e) i€ B, {i,j} ¢ A(BE\ {ij}) U{i,j}), ij€ F and {i,j} € A((F\ {i}) U {i,j}). It holds
that AY(E) N AY(F) is equal to
A (BN U L)\ a0 [A (PN U LG5\ 6.5}
= [A(®\{ih utia}) nA((F\{ih) U Lia})| \ i)

((
= A((EﬂF \{zg})U{ZJ}>\{ZJ}
= AY(ENF).

Values for games with authorization structure
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(f) ij€ B, {i,j} € A(E\{ij}) U{i,j}), ij € F and {i,5} € A((F\ {ij}) U {i,j}). It holds
that AY(E) N AY(F) is equal to

[(a(E\Gh i) \aah) vy 0 [A ((F\ D U G0\ )]

A (BN h) U Lig}) 0 A ((F A\ {igh) Ui d})] \ 6.5}

= A(((BNF)\{i}) ULig}) \{i.i} = AV (EN ).

(2) ;} ¢F, zA] € Fand {i,j} CA((F\ {z?}) U{4,7}). Analogous to case (c).

(h) ije B, {i,j} ¢ A(E\{ij}) U{i,j}). ij € F and {i,j} C A((F\ {ij}) U{i.j}). Analogous
to case (f).

() ij€ B, {i,5} € A(E\{ij}) U{i,j}). i € F and {i, 5} € A((F\ {ij}) U{i, j}). Notice that
in this case it holds that

figy € A((B\ LD ULig}) 0 A(F\ i) udi})
and
A(B\ {3y U{igy) 0 A(F\(ih ULidY) = A((ENF)\ i} U i)

We have that AY(E) N AY(F) is equal to

We have seen that the Banzhaf conjunctive authorization value satisfies the five properties
mentioned in the theorem. Now we see that such properties uniquely determine the Banzhaf

conjunctive authorization value. Let W be an allocation rule for games with conjunctive authorization
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structure satisfying the properties of additivity, irrelevant player, veto power over a necessary player,

2-efficiency and amalgamation. We must prove that ¥ = B¢

Firstly we show that
U(aup, A) = B(aug, A) forall E € 2V \ {0}, 4 € AY and a > 0. (6.6)

We proceed by induction on the number of players.

1. BASE CASE. If n =1 the equality follows directly from the property of 2-efficiency.

2. INDUCTIVE STEP. Let E € 2V \ {}}, A € AY and o > 0. Consider the set
F = {i € N : there exists j € E such that i has veto power over j in (N, A)}.

From the fact that 26¢ and U satisfy the property of veto power over a necessary player, we

can derive that there exist b,b’ € R such that
Bi(oaup,A) =b forallieF, (6.7)

U;(aug,A) =0t forallie F. (6.8)

Suppose that i € N\ F. Notice that ¢ is an irrelevant player in (qug, A). Indeed, if a player j
depends partially on i in (N, A), then, from Proposition 6.2, i has veto power over j in (N, A).
And, since i ¢ F, we can derive that j € F, and, therefore, j is a null player in cug. Now,

using that 93¢ and W satisfy the irrelevant player property, we conclude that
Bf(aug, A) =0 forallie N\F, (6.9)

V;(aug,A) =0 forallie N\F. (6.10)

Now we consider different cases.

(i) Case |E| > 2. Take j and k two different players in E. It is clear that j and k can be

Values for games with authorization structure
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(iii)

amalgamated in (aug, A). We can write

b+b = Bf(aup, A)+Bf(aup, A) =B ((auE)jk,Ajk>
J

= B% | au LA =0 | au .y, ATF
ik (E\{M})u{jk} ik (E\{j,k})u{jk}

= \Il?: ((auE)jk,Aﬂf) =V (aug, A) + U(aup, A) =0 + ¥V,
j

and we obtain b = b'. Using (6.7), (6.8), (6.9) and (6.10) we can conclude that
U(aug, A) = B (aug, A).

Case |[E| =1 and |F'\ E| > 2. Take j and k two different players in F'\ E. It is easy to
check that j and k can be amalgamated in (aug, A). It holds that

b+b = Bf(aus, A)+ Bfoup, A) =B ((ozuE)jk,Ajk>
J

= %?k (auE,Ajk> = \Pﬁ; <auE,Ajk>

= \Il/7€ ((auE)jk ,Ajk) = \Iij(auE,A) + \Ifk(OéUE,A) =b + b/,
J

and we obtain b = V. Using (6.7), (6.8), (6.9) and (6.10) we conclude
U(aug, A) = B (aug, A).

Case |E| =1 and |F'\ E| < 1. On the one hand, using the 2-efficiency property, we can

write

Z Bi(aug, A) — Z Ui(aup, A) = aug(A(N)) — aug(A(N)) =0,
iEN iEN

and, on the other hand, from (6.7), (6.8), (6.9) and (6.10) we obtain

> Bi(aup, A) =Y Vi(aug, A) = (b—V)|F|.

€N 1EN

From both expressions we obtain b = b’ and, therefore, ¥(aug, A) = B(aug, A).

So we have proved (6.6). Now, using additivity and reasoning as we did in the proof of Theorem
2.14 we conclude ¥ = B¢, a
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6.4 Conjunctive fuzzy authorization structures

In a similar way as we introduced conjunctive authorization structures, we aim to introduce

conjunctive fuzzy authorization structures.

Definition 6.13 A fuzzy authorization operator a € F.AY is said to be conjunctive if
a(ENF)=a(E)Na(F) forevery E,F C N.

If a is a conjunctive fuzzy authorization operator on N, the pair (N, a) is said to be a conjunctive
fuzzy authorization structure. The set of all conjunctive fuzzy authorization operators is denoted by

FAYN.

In the following result the conjunctive fuzzy authorization operators are characterized in terms

of conjunctive authorization operators.

Proposition 6.14 Let a € FAYN. The following statements are equivalent:
1. The fuzzy authorization operator a is conjunctive.

2. The authorization operator a' is conjunctive for every t € (0, 1].

Proof. Letac FAVN.
1 = 2. Suppose that a is conjunctive and let t € (0,1]. Let E, F' C N. It holds that

d(ENF)=[a(ENF)]; = [a(E)Na(F)); = [a(E)]:N[a(F)]; = a'(E) Na'(F).

t

2 = 1. Suppose that a’ is conjunctive for every t € (0,1] and let E, F' C N. It suffices to show

that [a(E N F)]; = [a(E) Na(F)]; for every t € (0, 1]. Let us see this.

(BN F)) = a'(ENF) = a'(B) N (F) = [a(B)) N [a(F)); = [a(E) N a(F)].

Values for games with authorization structure
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Conjunctive fuzzy authorization structures preserve convexity, as we see in the following

proposition.

Definition 6.15 A game with conjunctive fuzzy authorization structure on N is a pair (v,a) where
vegh andae]:AéV.

6.5 The Shapley conjunctive fuzzy authorization value

An allocation rule for games with conjunctive fuzzy authorization structure assigns to every game

with conjunctive fuzzy authorization structure a payoff vector.

Definition 6.16 The Shapley conjunctive fuzzy authorization value, denoted by ¢°, assigns to each
game with conjunctive fuzzy authorization structure (v,a) the Shapley value of the restricted game
a

v,

©°(v,a) = ¢ (v*)  forallve GY anda € FAY.

Notice that
©°(v,a) = p(v,a) forallve G and a € FAY,

where ¢ is the Shapley fuzzy authorization value.

The Shapley conjunctive fuzzy authorization value has been studied in Gallardo, Jiménez,

Jiménez-Losada and Lebrdn [39]. We give a characterization of ¢ in the following theorem.

Theorem 6.17 An allocation rule for games with conjunctive fuzzy authorization structure is equal
to the Shapley conjunctive fuzzy authorization value if and only if it satisfies the properties of

efficiency, additivity, irrelevant player, veto power over a necessary player and reduction.

Proof. That the Shapley conjunctive fuzzy authorization value satisfies the properties of efficiency,
additivity, irrelevant player and veto power over a necessary player follows from the fact that the
Shapley conjunctive fuzzy authorization value is the restriction of the Shapley fuzzy authorization

value to the set of games with conjunctive fuzzy authorization structure and the fact that the Shapley
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fuzzy authorization value satisfies such properties.

In the case of the property of reduction we can use the same reasoning, but before we must prove
that if a € F.AY and t € (0,1) then al%l ol € FAY Solet a € FAY and t € (0,1). It is easy
to check that

(a[Oﬂf])S = a"® forevery s € (0,1],

(a[t,l])s = a0 for every s € (0,1].

£,1]

From these two equalities and Proposition 6.14 we can easily derive that al%t and alt1 are conjunctive

fuzzy authorization operators.

Uniqueness can be proved the same way as we did it for the Shapley fuzzy authorization value in
Theorem 3.16. a

6.6 The Banzhaf conjunctive fuzzy authorization value

We aim to define an allocation rule for games with conjunctive fuzzy authorization structure that

extends the Banzhaf conjunctive authorization value defined in Section 6.3.

Definition 6.18 The Banzhaf conjunctive fuzzy authorization value, denoted by (3¢, assigns to each
game with conjunctive fuzzy authorization structure (v, a) the Banzhaf value of the restricted game
a

v,

b°(v,a) = B (v*)  forallve G anda c FAY.

Notice that
6°(v,a) = b (v,a) forallve G and a € FAY,

where b is the Banzhaf fuzzy authorization value.

In the following theorem we give a characterization of the Banzhaf conjunctive fuzzy authorization

value.

Values for games with authorization structure
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Theorem 6.19 An allocation rule for games with conjunctive fuzzy authorization structure is equal to
the Banzhaf conjunctive fuzzy authorization value if and only if it satisfies the properties of additivity,

irrelevant player, veto power over a necessary player, 2-efficiency, amalgamation and reduction.

Proof. That the Banzhaf conjunctive fuzzy authorization value satisfies the properties mentioned
in the theorem follows from the fact that the Banzhaf conjunctive fuzzy authorization value is
the restriction of the Banzhaf fuzzy authorization value to the set of games with conjunctive
fuzzy authorization structure and the fact that the Banzhaf fuzzy authorization value satisfies
such properties. In the case of the property of amalgamation, take into consideration that if a is
a conjunctive fuzzy authorization operator then a/ is also conjunctive (this is a consequence of
(3.1), Proposition 6.14 and the analogous result for conjunctive authorization operators seen in the
proof of Theorem 6.12).

Uniqueness can be proved the same way as we did it for the Banzhaf fuzzy authorization value in
Theorem 3.25. O







Chapter 7 g

NTU games with authorization structure

In a similar way as, in previous chapters, we have made use of the Shapley value and the Banzhaf
value for TU games to provide allocation rules for TU games with authorization structure, in this
chapter we use two well known solutions for NTU games, the Shapley correspondence and the
Harsanyi configuration correspondence, to introduce solutions for NTU games with authorization

structure.

7.1 NTU games and authorization structures

Let n € N and let N be a set of cardinality n. Recall that an NTU game on NV is a correspondence
V that assigns to each nonempty £ C N a nonempty subset V(E) C R¥.

Definition 7.1 An NTU game with authorization structure is a pair (V, A) where V is an NTU
game on N and A € AN.

In a similar way as we did it with games with authorization structure, given an NTU game with
authorization structure we define an NTU game that gathers the information from both the game

and the structure.

Definition 7.2 Let V be an NTU game on N and A € AN. The restricted game of (V, A) is the

153
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NTU game V4 given by

V(E) if A(E) = E,
VAE) = (—o0, 0% if A(E) =90,
V(A(E)) x (—o0, 0)F\NAE) otherwise.

Example 7.3 Let N = {1,2,3}. Let V be an NTU game defined by

V({i})) = {zeR:z <1} forevery i € N,
V({i,j}) = {zeRU:2<(2,2)} foreveryi,je N with i j,
V(N) = {(21,22,23)ERN:21+22+23<6}.

Let A € AN be given by
A(E):{ E\{3} if2¢E,

FE otherwise.

Notice that (N, A) is a conjunctive authorization structure with one non-trivial veto relationship: 2

has veto power over 3. We can represent it with the following digraph

® @

O,
Consider the NTU game with authorization structure (V, A). Let us calculate V4,

VA1) = {21 eR: 2 < 1},

VAN = {n eRP: 2 <1},

Values for games with authorization structure
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VA ({3)) = {23 eREY: 25 < 0},
VA({1,2}) = {(21,22) e RU2Y: (21, 29) < (2,2)},

(
(
VAL3}) = {(21,2) e RO s 2 <1, 2 <0},
(
(

<
ES

(2,3)) = { (2, 20) € REH (2,29 < (2,2)},

VA ({1,2,3}) = {(21,22,23) e R34 2y + 23 < 6}.

7.2 The Shapley authorization NTU correspondence

In this section we only consider the NTU games V satisfying the following conditions:

(i) V(E) is convex and comprehensive for all nonempty £ C N.
(i) V(N) is a proper, closed and smooth subset of RY.
(iii) For every z € O(V(N)) it holds {y e RN : y > 2} NV(N) = {z}.
(iv) There exists = € RN such that V(E) x {0}\F C & 4+ V(N) for every nonempty E C N.

(v) For every nonempty E C N and A € R¥,, the set {\-2: 2 € V(E)} is closed.

We denote T'V the set of NTU games satisfying (i), (ii), (iii), (iv) and (v).

It is easy to prove the following proposition.

Proposition 7.4 Let V € TV and A € AN. It holds that VA e T'N.

We aim to give a correspondence that assigns to each NTU game with authorization structure
(V, A) with V e TV and A € AV a set of payoff vectors.
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Definition 7.5 The Shapley authorization NTU correspondence is given by
O(V,A)=SH (VA) for every Ve TN and A € AV,

where SH denotes the Shapley NTU correspondence.

Our goal is to provide a characterization of the Shapley authorization NTU correspondence. To
that end, we consider the properties that we state below. In the statement of these properties, ¥ is
a correspondence that assigns to each V € I'N and A € AN a subset ¥(V, A) C RV,

o NON-EMPTINESS. For every V € I'V such that (V(N)) is a hyperplane and A € AV, it holds
that
U(V,A) #0.

e EFFICIENCY. For every V € TV and 4 € A", it holds that
W(V, A) C A(V(N)).
e CONDITIONAL ADDITIVITY. For every A € AN and V, W e 'V such that V +W e 'V, it holds

that
(P(V,A) + (W, A)Nno(V+W)(N)) CU(V+ W, A).

e SCALE COVARIANCE. For every V € TV, A € AN and o € RY,, it holds that

U(a*xV,A)=axV(V,A).
o INDEPENDENCE OF IRRELEVANT ALTERNATIVES. For every A € AN and V,W e 'V such that
V(N) CW(N) and V(E) = W(E) for every E # N, it holds that

(W, A) N V(N) C U(V, A).

Values for games with authorization structure
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e CONSISTENCY WITH THE SHAPLEY AUTHORIZATION VALUE. For all v € GV and A € le, it holds
that
\IJ(VU, A) = {@(1}7 A)}7

where ® is the Shapley authorization value.

In the following theorem we show that these properties uniquely determine the Shapley

authorization NTU correspondence.

Theorem 7.6 A mapping ¥ : TN x AN — 28" s equal to the Shapley authorization NTU
correspondence if and only if it satisfies the properties of non-emptiness, efficiency, conditional
additivity, scale covariance, independence of irrelevant alternatives and consistency with the Shapley

authorization value.

Proof. Firstly, we prove that the Shapley authorization NTU correspondence satisfies such

properties.

NON-EMPTINESS. Let V' € T'V be such that (V(N)) is a hyperplane. Using property (iii) of the

games in I'V we can derive that there exist \ € Rf+ and a € R such that
VIN)={yeRY: X-y<a}.
From property (iv) of the games in I'"V it follows that

sup {\F .21 z € VA(E)} < 400 for all nonempty £ C N.

Let w € GV given by

w(F) = sup {)\E “Ziz € VA(E)} for all nonempty E C N and w(0) =0,

~—

and take z € RY defined by z; = qﬁ,}(\w It is clear that x € O(V, A). So we have proved that ©

satisfies non-emptiness.
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EFFICIENCY. Let V € TN and A € AVN. Using the efficiency property of the Shapley NTU

correspondence we can write

O(V,A) = SH (V*) C 9 (VAN)) = d(V(N)).

CONDITIONAL ADDITIVITY. Let A € AN, Let V,W € I'N be such that V + W e I'V. It holds
(O(V,A) + O(W,A) N a((V +W)(N)) = (SH (V) + SH (W) n a ((V+W)AN))
which, using (V + W)A =VA+ WA, is equal to
(SH (VA) + SH (W) n o (VA +WHH(N)) C SH (VA + W)

where we have used that the Shapley NTU correspondence satisfies conditional additivity. Finally it

suffices to notice that

SH(VA+ W) =SH ((V+W)?) =0V + W, A).

SCALE COVARIANCE. Let V € TV, A € AN and o € RY, . It holds
O(axV,A) = SH ((axV)?) = SH (axV*)
which, using that the Shapley NTU correspondence satisfies scale covariance, is equal to

axSH (VA) =ax0(V, A).

INDEPENDENCE OF IRRELEVANT ALTERNATIVES. Let A € AN, Let V,W € T'N be such that
V(N) CW(N) and V(E) = W(E) for every E # N. It holds

O(W,A)NV(N) =SH (WA NVAN) CSH (V4) =0(V, A)

where the inclusion follows from the fact that the Shapley NTU correspondence satisfies the property

of independence of irrelevant alternatives.

Values for games with authorization structure



7.2. THE SHAPLEY AUTHORIZATION NTU CORRESPONDENCE 159

CONSISTENCY WITH THE SHAPLEY AUTHORIZATION VALUE. Let v € GV and 4 € AY. Since
O (Vy, A) = SH ((Vu)?), we calculate SH ((V,,)?). A vector z € RY belongs to SH ((V;)4) if and
only if there exists A\ € ]Rf+ such that

(1) = € (Vo)A (NV),
(2) sup{\E-z: 2z € (V,)A(E)} < 4o0o for all nonempty E C N,
(3) Axx = ¢(w)y) where w), is the TU game defined by

wy(E) =sup{\¥ z: z ¢ (VU)A(E)} for all nonempty £ C N.

Taking into consideration that

(V) () = Vo) = { ERY: Y 5 < v<N>} ,
keN
it is clear that
sup{A-z:z€ (VU)A(N)} = +oo forall A e RY, \ {In}.

Hence, the only element in SH ((V,)?) is the one that is obtained with A = 1y. So it holds
SH (Vo)) = {¢(w1,)}. It is clear that wy (E) = v(A(E)) for all nonempty E C N. Therefore,

we have

SH (Vo)) = {g(wiy)} = {8(v™)} = {2(v, A)}.

We have proved that © satisfies the properties in the theorem. Now we want to show that these
properties uniquely determine the Shapley authorization NTU correspondence.
Let U : TN x AN — 2BY pe 3 mapping satisfying the properties of non-emptiness, efficiency,
conditional additivity, scale covariance, independence of irrelevant alternatives and consistency with
the Shapley authorization value. Now, take V € T'V and A € AY. We intend to show that
U (V,A) = 0O(V, A). We prove both inclusions.

Firstly, we prove that U(V, A) C ©(V, A). Let x € ¥(V, A). Since ¥ satisfies efficiency, it holds that
x € O(V(N)). From z € 9(V(N)) and properties (i), (ii) and (iii) of the games in 'V it is easy to
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derive that there exists A € RL such that
A-y< A-x foreveryy e V(N). (7.1)
Using the property of scale covariance, it follows that
Axz e U(AxV, A). (7.2)

Let Vy be the NTU game corresponding to the TU game that is identically zero. From the fact that

U satisfies consistency with the Shapley authorization value it follows that
Vo, A) = {0} (7.3)
From (7.2) and (7.3) we obtain
Akx e UAxV,A)+ U(Vp, A). (7.4)

Now, take y € V(NN) and z € V(). Taking into consideration the definition of Vj and (7.1) we

have

sy +2k=Ay+ Y m<Ay<A-z=Y (A
kEN keEN kEN
from where we derive that A xz € 0 (A * V + Vp)(IV)). Therefore, using (7.4), we have obtained
Ae € (B V, A) + (Vo A) N0 (A V + Vo) (V)
and hence, since W satisfies conditional additivity, we conclude that

Axz eV (AxV +1p,A).

Using properties (iv) and (v) of the games in TV, it is easy to prove that A+ V 4V = V, where v
is the TU game given by

v(E) = sup {)\E t:teV(E)} forall nonempty E C N.

Values for games with authorization structure
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Since W satisfies consistency with the Shapley authorization value we can write
Axz e WAV +V),A) =¥ (V,,A) ={P®(v,A)}

hence, A x 2 = ®(v, A) = ¢(v?). So we have
(1) z € V(N) = VAN),
(2) sup{A\F-t:te VA(E)} < +oo for all nonempty E C N,

(3) Axx = ¢(v4) where, for every nonempty E C N,

A(E) = sup {MEP) . t: t e V(AE))} if A(B) #0,
a 0 if A(E) =0,

or equivalently
vA(E) = sup {)\E ‘t:te VA(E)}.

Hence, (1), (2) and (3) mean that 2 € SH(VA) = O(V, A).

Now, we prove that ©(V, 4) C ¥(V, A). Let = € O(V, A). By definition there exists A € RY, such
that

(1) = € VAN),
(2) sup{N\F-z: 2 € VA(E)} < +oo for all nonempty E C N,

(3) Axx = ¢(w)y) where w), is the TU game defined by

wy(E) = sup {)\E "z zZ € VA(E)} for all nonempty £ C N.

Consider the NTU game W € I'VV defined as

{yeRV: X-y< X2z} fE=N,

R
(E) if £+ N.

It is easy to check that ©(W, A) = {z}. We know that ¥(W, A) C ©(W, A). Besides, from non-
emptiness, it must be that W(W, A) # (). Therefore, W(W, A) = {x}. Finally, using the property of
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independence of irrelevant alternatives, we conclude that x € U(V, A). O
In practice, if we have V € I'V and A € AN, we do not need to obtain V4 to calculate ©(V, A).
Let us see this. Let \ € ]Rf+ be such that
sup{\-z: z€ V(N)} < 4o0.

Consider wy, vy € GV defined by

wA(B) = sup{\-2:zeVAB)},
u(E) = sup{\F.z:zeV(E)},

for every nonempty £ C N. It is clear that w)y = Uf. We can use this to give a definition of ©(V, A)

that does not involve the restricted game V4, as we see in the following remark.

Remark 7.7 Let V € TN and A € AN. A vector = € RN belongs to © (V, A) if and only if there
exists A € RY | such that

(1) x € V(N),

(2) sup{A-z: z€ V(N)} < 400,

(3) A xx = ®(vy, A) where vy is the TU game defined by

o\(E) =sup{\¥ - z: z € V(E)} for all nonempty E C N.

Example 7.8 Let (V, A) be the NTU game with authorization structure considered in Example 7.3.
Let us calculate ©(V, A) by means of Remark 7.7, without using the expression of the restricted
game V4. Since (V(N)) is a hyperplane, it is plain to see that ©(V, A) is a singleton {z}. It is
clear that z is associated to the comparison vector A = (1,1,1). We calculate = by using Remark

7.7. Firstly, we proceed to calculate the characteristic function vy

u ({1} =u({2}) = ({3}) = L,
o ({1,2}) = ua({1,3}) = n ({2,3}) = 4,
U\ ({1, 2, 3}) = 6.

Values for games with authorization structure
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Now we calculate vj\“

ot ({1 =1, vf({2h) =1, ({3} =0,
v ({1,2) =4, o ({13 =1 of({2,3}) =4
v{ ({1,2,3}) =6.

It holds that

D(vy, A) = ¢ (v]) = - (10,19,7).

=

and from Remark 7.7 we conclude that

(10,19, 7).

Tr =

[N

So we have obtained that

OV, A) = {é (10, 19,7)}.

7.3 NTU games and fuzzy authorization structures

In a similar way as we did it with TU games, we introduce NTU games with fuzzy authorization

structure.

Definition 7.9 An NTU game with fuzzy authorization structure is a pair (V,a) where V is an NTU
game on N and a € fAN.

Definition 7.10 Let V € TN, a € FA" and {t;: 1 =0,....1} = {ax(F): F C N, k € N} with
0=ty <...<t, =1. The restricted game of (V,a) is the NTU game V° given by

VAE) = (- ti) VB,

=1

where for every t € (0,1], a* € AN is defined as a'(E) = {k € E : a3(E) >t} forall EC N.

Example 7.11 Let V' be the NTU game given in Example 7.3. Let a be the fuzzy authorization
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operator on {1,2,3} defined in the following table.

{1} {2} {3} {12y {13} {2,3}

{1,2,3}

(1,0,0) (0,1,0) (0,0,04) (1,1,0) (1,0,0.6) (0,1,0.8)

(1,1,1)

Consider the NTU game with fuzzy authorization structure (V,a). Let us calculate the restricted

game V¢,

a({1}) = {z1 eRW: 2 < 1}
va({2)) = { e R . zzgl},

Va {3} {23 € R{3} 23 < 0.4} ,

Va({1,2}) = {(21,22) e RU2 : (2, 2) < (2,2)},

Va({1,3)) = {(21,23) e RIS 2 <16, 23 < 1.2},

Va({2,3)) = {(zQ,23) e R34, <18, 23 < 1.6},
(

Ve ({1,2,3}) = {(21,2’2,2’3) € R{1:2:3} 21+ 29+ 23 < 6}.

7.4 The Shapley fuzzy authorization NTU correspondence

We aim to give a correspondence that assigns to each NTU game with fuzzy authorization

. ~ N .
structure (V,a) with V € 'V and a € FA " a set of payoff vectors. We need a previous result.

Proposition 7.12 Let V € TN and a € FA" . Then, it holds that

(a) VA(N) = V(N),

(b) V@ eV,

Values for games with authorization structure
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—N
Proof. Let V € IV, a € FA and {t; : 1 =0,...,7} = {ax(F) : F C N,k € N} with
O0=tp<...<tr=1

(a) It holds

T T

VAN) =Y (0=t V' (N) = D (0= tie1) V)

=1 =1

which, taking into consideration that V' (IN) is convex, is equal to V(N).

(b) We must prove that V* satisfies the five properties that characterize the NTU games in ry.
From V € TN and V4(N) = V(N) it follows that V@ satisfies (ii) and (iii).

Let £/ be a nonempty subset of N. From the fact that yat (E) is convex and comprehensive
for all [ = 1,...,r it can be derived that V%(E) is convex and comprehensive. Hence V¢
satisfies (i).

Since V € I'N there exists = € RY such that V(F) x {0}Y\¥' C 2+ V(N) for every nonempty
F C N. Since V(N) is comprehensive, it is clear that we can assume that 0 € z + V(NV).

In these conditions, it is easy to check, making use of the comprehensiveness of V(N), that
VA(E) x {0YN\E C 2+ V(N) forall [ =1,...,7. It holds that

Va(E) x {0} = (Z (t~ i) V" <E>> x {0}
=1

= D= ti) (VU (B) x 0}
=1
- (t; —ti—1) (x + V(N))
=1
which, using the convexity of V(N), is equal to x + V(N). Therefore, V' satisfies (iv).

Let A € R¥, . It holds that

A-VAE) = - (Z (tr— i) V" <E>) =3 -t (r-ve(m)

=1 =1

which is closed, since it is a sum of closed intervals in the real line. So V¢ satisfies (v).
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Definition 7.13 The Shapley fuzzy authorization NTU correspondence is given by
—~ N
0(V,a) = SH (V®) foreveryV €T andac FA

where SH denotes the Shapley NTU correspondence.

We aim to give a characterization of the Shapley fuzzy authorization NTU correspondence. To
that end, we consider the properties that we state below. In the statement of these properties, 9 is
—N
a correspondence that assigns to each V € I'V and a € FA  a subset (V,a) C RV,

—~N
e NON-EMPTINESS. For every V' € T'V such that 9(V(V)) is a hyperplane and a € FA , it holds
that

(V,a) # 0.

—~N
e EFFICIENCY. For all V e TN and a € FA , it holds that

¥(Via) C O(V(N)).

e CONDITIONAL ADDITIVITY. For every a € FA" and V,W e TV such that V. + W e T'V, it
holds that
(Y (V,a) +p(W,a)) N0 ((V+W)(N)) SV + W,a).

——N )
e SCALE COVARIANCE. For all V € 'V, a € FA  and o € RY | it holds that

Y(axV,a) =axp(V,a).

e INDEPENDENCE OF IRRELEVANT ALTERNATIVES. For all a € fjétN and V,W € I'V such that
V(N) CW(N) and V(E) = W(E) for every E # N, it holds that

P(W,a) N V(N) € o(V; a).

Values for games with authorization structure
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—~N
® CONSISTENCY WITH THE SHAPLEY FUZZY AUTHORIZATION VALUE. For every v € GNandae FA
it holds that

w(‘/m a) = {SO(U, (I)},

where ¢ is the Shapley fuzzy authorization value.

Next we show that these properties characterize the Shapley fuzzy authorization NTU

correspondence.

— N
Theorem 7.14 A mapping ¢ : TN x FA — 2RY s equal to the Shapley fuzzy authorization
NTU correspondence if and only if it satisfies the properties of non-emptiness, efficiency, conditional
additivity, scale covariance, independence of irrelevant alternatives and consistency with the Shapley

fuzzy authorization value.

Proof. That the Shapley fuzzy authorization NTU correspondence satisfies non-emptiness,
efficiency, conditional additivity, scale covariance and independence of irrelevant alternatives can

be proved in a similar way as was proved for the Shapley authorization NTU correspondence.

Let us see that @ satisfies consistency with the Shapley fuzzy authorization value. Let v € G,
—N
aceFA and{t;: 1=0,....r} ={ap(F): FC N, ke N} with0=1%y<... <t = 1. Since
0 (Vy,a) = SH ((V,,)%), we calculate SH ((V,)%). A vector x € R belongs to SH ((V,)?) if and

only if there exists \ € Rf+ such that
(1) = e (Vo)*(N),
(2) sup{AF-2: 2 € (V,)*(E)} < +oo for all nonempty E C N,

(3) Axz = ¢(wy) where w) is the TU game defined by

wy(E) = sup{)\E z: 2z € (Vy)*(E)} for all nonempty E C N.

Taking into consideration that

keN
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It is clear that
sup{\-z: 2z € (V,)%(N)} =+oo forall A e RY, \ {1y}

Hence, the only element in SH ((V,)?) is the one that is obtained with A\ = 1. So we have that
0 (Vy,a) = {p(w1,)}. If we get to prove that wy, = v* we will have finished, since ¢(v*) = ¢(v,a).
To that end, take E a nonempty subset of N. If a(E) = 0 it is clear that w;, (E) = v*(E) = 0. If
a(E) # 0, denote m = max {l : a"'(E) # 0}. It holds that

wiy (E) = sup{z(E) : z € (Vu)"(E)}

= sup {Z(tl —ti—1) z(E): 7 € (Vv)atl (E) foralll=1,... ,m}

=1

4

(B)}

]~

(t1 —ti—1) sup{ 2(E): z€ (V,)*

N
Il
—_

(t; —ti—1) sup{ y(a"(E)): y € Vv(atl(E))}

I
NE

o~
I

1

I
NE

(tr—ti—1) v (atl(E))

o~
Il

—~ =

“B).

I
S

We have proved that 6 satisfies the properties in the theorem. Now we aim to see that these
properties uniquely determine the Shapley fuzzy authorization NTU correspondence.
Let o : TN x f;lN — 28" pe a mapping satisfying the properties of non-emptiness, efficiency,
conditional additivity, scale covariance, independence of irrelevant alternatives and consistency
with the Shapley fuzzy authorization value. Now, take V € T'V and a € .?.ZN. We show that
Y(V,a) = 6(V,a). We prove both inclusions.

Firstly, we prove that ¢(V,a) C 6(V,a). Let x € ¢(V, a). Proceeding in the same way as we did in

the case of the Shapley authorization NTU correspondence, we can obtain A\ € RL such that
Axz €Y (AxV +Vp,a)

where V is the NTU game corresponding to the TU game that is identically zero.

Values for games with authorization structure
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Remember that A« V 4+ Vj = V,, where v is the TU game given by
v(E) = sup {)\E z: z€V(E)} forall nonempty E C N.
Since 1 satisfies consistency with the Shapley fuzzy authorization value we can write
Axz €p(AxV +Vy,a) =9 (Vi,a) = {p(v,a)}

hence, A\ x x = ¢(v,a) = ¢(v*). So we have

(1) = € V(N) = V¥(N),

(2) sup{AF-2: 2 € VY(E)} < 400 for all nonempty E C N,

(3) Axx = o(v).
If we prove that

v*(E) = sup {)\E -z:z€VYE)} forall nonempty E C N, (7.5)

we will have finished since in that case (1), (2) and (3) will mean that, by definition,
x € SH(V®*) = 0(V,a). In order to prove (7.5) take E a nonempty subset of N. If a(E) = 0
the equality is clear. So we assume a(E) # 0. Let {¢;, : [ =0,...,7} = {ax(F): F C N, k € N}
with 0 =9 < ... <t, = 1. Name m = max {l : a"(E) # 0}. It holds that

V(E) = é(tl —t1) v (a"(E))
- é(tl —t) Sup{)\“tl(E) yiyevV (at’(E))}
- li;(tl - Sup{)\E-z: 2 e va”(E)}
= sup{)\E- (i(tl —ti_1) zl> 2 € VYU(E) forall | = lm}
=

= sup{\.2: 2eVYE)}.
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It remains to prove that 8(V,a) C ¢(V,a). The same reasoning that we followed in the case of the

Shapley authorization NTU correspondence can be used. O

—N
In a similar way as in the crisp case, in practice, if we have V € I'V and a € FA , we do not
need to obtain V¢ to calculate 6(V,a). Let A € RY, be such that sup{\-z: 2z € V(N)} < +oc.
Consider wy, vy € GV defined by

wy(E) = sup{)\E z:z€ VYE)},
un(F) = sup{)\E z:z€V(E)},

for every nonempty £ C N. Let us see that
wy = vy. (7.6)

Let {t;: {=0,...,r} ={an(F): FCN, k€ N}with0O=1t9 < ...<t,=1andlet E € 2V\{0}.
We must prove that wy(E) = v§{(FE). It is easy to check that

sup {)\E 22 eV (E)} = v‘)ftl (E) foreveryl=1,...,r (7.7)
It holds that
wy(F) = sup {)\E z:z€ VYE)}

= sup {Z(tl — tlfl) ()\E . zl) 2 E Vatl (E) forall [ = 1,... ,T}
=1

= Z(tl —1_1) sup{)\E 2z eV (E)}

=1
which, from (7.7), is equal to
,

St — i) 08 (B) = 3 (E).

=1

We can use (7.6) to give a definition of 8(V, a) that does not involve the restricted game V¢, as

we see in the following remark.

Values for games with authorization structure
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— N
Remark 7.15 Let V € I'V anda € FA . A vector x € RY belongs to 0 (V,a) if and only if there

exists \ € Rf o, such that
(1) x € V(N),
(2) sup{A-z: z€ V(N)} < 400,

(3) A xx = @(vy,a) where vy is the TU game defined by

vA(E) = sup {)\E z:z€V(E)}  forall nonempty E C N.

Example 7.16 Let (V,a) be the NTU game with fuzzy authorization structure considered in Example
7.11. Let us calculate §(V, a) without using the expression of the restricted game. We use Remark
7.15. Since O(V(N)) is a hyperplane, it is plain to see that 6(V,a) is a singleton {z}. It is clear that
x is associated to the comparison vector A = (1,1,1). We calculated vy in Example 7.3. We proceed
to calculate v§,
{1h) =va({1}) =1

)=un({2}) =1
{3}) =0.4v,({3}) =04
({1,2}) = ({1,2}) =4
({1,3}) = 0.6 vy ({1,3}) +0.4vy ({1}) = 2.8
(
(

—
—
—
N—
I

{2,3}) = 0.8v) ({2,3}) + 0.2uv) ({2}) =34
Ux {17273}) =Ux ({17273}) =6

a
A
a
A

a
Y
a

It holds that
e(vy,a) = ¢ (v§) = (2.1,2.4,1.5).

From Remark 7.15 we conclude that
x=(2.1,2.4,1.5).

So we have obtained that
0(V,a) = {(2.1,2.4,1.5)} .
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7.5 The Harsanyi configuration correspondence for NTU games with

interior operator structure

We aim to define and characterize a Harsanyi solution for NTU games with interior operator

structure. In this section we only consider the NTU games V satisfying the following conditions:
(i) V(E) is closed, convex and comprehensive for all nonempty £ C N.
(i) V(N) is smooth.

(iii) For every z € (V(N)) it holds {y e RN : y >z} NV(N) = {z}.

We denote QY the set of NTU games satisfying (i), (ii) and (iii).

It is easy to prove the following proposition.
Proposition 7.17 Let V € QN and A € AN It holds that VA € Q.

A configuration correspondence ¥ for NTU games with interior operator structure assigns to

each V € OV and A an interior operator on N a set ¥(V,A) Cc [ R. We aim to provide a
Ec2N\{0}
configuration correspondence for NTU games with interior operator structure with good properties.

Definition 7.18 The Harsanyi configuration correspondence for NTU games with interior operator

structure, denoted by H, is defined by
H(V,A)=H (VA) forevery V € QY and A interior operator on N,

where H denotes the Harsanyi configuration correspondence for NTU games.

Bearing in mind the definition of the Harsanyi configuration correspondence for NTU games,
we can give another version of the definition of the Harsanyi configuration correspondence for NTU

games with interior operator structure.

Values for games with authorization structure
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Remark 7.19 Let V € QV and A an interior operator on N. A payoff configuration (2B) Beav\ (0}
belongs to H(V, A) if there exists \ € Rf ., such that

(1) zg € 0 (VA(E)) for all E € 2N\ {0},
(2) A-xy =max{\-y:yecV(N)},
(3) ifw is the TU game given by w(F) = X' -z for every F € 2V \ {0}, then \F x 2 = ¢(w|p)

for all E € 2N\ {0}.

We introduce a notation that will be useful in the rest of the chapter. Given A € AN we denote
aut(A) = {E € 2V \ {0} : A(E)=E}.

We aim to give a characterization of the Harsanyi configuration correspondence for NTU games
with interior operator structure. To that end, we consider the properties stated below. In the statement
of these properties, ¥ is a configuration correspondence for NTU games with interior operator

structure.

e EFFICIENCY. For every V € QV, A an interior operator on N and (zE)peav\foy € Y(V, A), it
holds that
xp €0 (V(E)) forall E € aut(A).

® CONDITIONAL ADDITIVITY. For every V, W € QF such that V + W € QF, A an interior
operator on N and (zg)gean\fgy € Y(V, A) + ¥ (W, A) such that 2 € O((V + W)(E)) for
all E € aut(A) it holds that

(zE)peam\(oy € U(V + W, A).

e SCALE COVARIANCE. For every V € QO A an interior operator on N and o € ]Rf+, it holds
that

U(axV,A) = {(OéE * Tp)pean\(0y © (TE)Eean\(py € Y (V. A)} :

o INDEPENDENCE OF IRRELEVANT ALTERNATIVES. Given V,WW € QY A an interior operator on
N such that V(E) C W(E) for all E € aut(A) and (zg)gecav\py € Y(W, A) such that
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xp € V(E) for all E € aut(A) it holds that
(zE)peam\ o) € U (V. A).

e CONSISTENCY WITH THE SHAPLEY AUTHORIZATION VALUE. For v € G and A an interior operator
on N, it holds that

U(V,, A) = {(q’(leaAlE))EaN\{@}}'

e ZERO INESSENTIAL GAMES. For V € QY A an interior operator on N and 0 € 9(V(E)) for all
E € aut(A), it holds that

(0) peam\(oy € ¥(V, A).

In the next theorem we prove that these properties uniquely determine the Harsanyi configuration
correspondence for NTU games with interior operator structure. Before, we see a proposition that

will be useful in the proof of the theorem.

Proposition 7.20 Let V € QV, A an interior operator on N and (zE)peav\(oy € H(V, A). Then,
it holds that

(a) xp =0 for every E € 2V \ {0} with A(E) = 0.

(b) For every E € 2V with A(E) # 0,

(l'A(E))z if 1 € A(E),
(zp); = L
0 if i € B\ A(E).
Proof. Let V € QV, A an interior operator on N and (zE) pean\ [0y € H(V, A).

(a) We proceed by strong induction on |E)|.

1. Suppose |E| = 1. It holds that E = {i} and VA(E) = (—o0, 01}, Since 2z € 9 (VAE))

it must be xp = 0.

2. Suppose |E| > 1. By induction hypothesis it holds that

zp =0 forall F G E with F #0. (7.8)
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Let A € RY, the vector associated to the payoff configuration (zE)peav\fpy- From
condition (3) of the definition of H in Remark 7.19 we have that

Nosap = o(w|g), (7.9)

where w(F) = A - ap for all F € 2V\ {0}. From (7.8) we know that w(F) = 0 for all

F g E. Therefore
w(B) "
o(wp) = {|E } ; (7.10)

and from (7.9) and (7.10) we obtain that

w(E

(xg); = |E|/\> for every i € E.

But from condition (1) in Remark 7.19 we know that 2 € 0 (VA(E)) = 8 ((—00,0]F).
Consequently it holds that w(E) = 0 and hence zp = 0.

(b) We proceed by strong induction on |E].

1. If |[E| =1 there is nothing to prove.

2. Suppose |E| > 1. We can assume that A(FE) # E because otherwise there is nothing to
prove. Let A € RL the vector associated to the payoff configuration (zg) peon (py- Let
w be the TU game given by w(F) = A\ - zp for every F' € 2V \ {(}. From (a) and the

induction hypothesis we can easily derive that
w(F) = w(A(F)) forevery F G E. (7.11)
Notice that if F' C F then A(F) = A(A(F)) C A(FNA(E)). So it is clear that
A(F)=A(FNA(E)) forevery FCE. (7.12)
From (7.11) and (7.12) we can easily derive that

w(F) =w(FNA(E)) forevery FGE. (7.13)
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For each nonempty F' C E we define

w(E) —w(A(E)) if F=E,
A(F) = 0 if F Fand F ¢ A(E),
Ay (F) if F C A(E).

Using (7.13) it is clear that

w(H) = Z A(F) for every nonempty H C E,
{Fe2N\{0}: FCH}

hence
A(F) = Ay(F) for every nonempty F' C E.

If - € F it holds that

stop) = Y SADo s S0

{FCE:icF} | {FCE:icF} |

- Au(F) w(E) — w(A(E))
= 2 Tt B

{FCA(E):icF}

whence we obtain that

if i € A(E),

ifi € £\ A(E).

Taking into consideration that A\ x zp = ¢(wg) and NAE) 4 TaE) = d(wam)) it

follows that
(l‘A(E))i + = _ETL;\(@A(E)) frean)
(xE)z =
w(E) — w(A(E)) if i € B\ A(E).

| E| i
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But, taking into account that
zap) € 0(V(A(E)))

and

rEp €0 (VA(E)) =0 (V(A(E)) % (_OO’O}E\A(E)> 7

it is easy to see that w(E) — w(A(FE)) = 0, which completes the proof.

Theorem 7.21 A configuration correspondence for NTU games with interior operator structure is
equal to the Harsanyi configuration correspondence for NTU games with interior operator structure if
and only if it satisfies the properties of efficiency, conditional additivity, scale covariance, independence

of irrelevant alternatives, consistency with the Shapley authorization value and zero inessential games.

Proof. Firstly, we prove that the Harsanyi configuration correspondence for NTU games with

interior operator structure satisfies the properties in the theorem.

EFFICIENCY. Let V € QY A an interior operator on N, (zE)peav\foy € H(V, A) and E € aut(A).
Since H(V, A) = H(V#) and H satisfies efficiency it holds that zp € 9 (VA(E)) = 0(V(E)).

CONDITIONAL ADDITIVITY. Let V, W € Q¥ such that V 4+ W € QF and A an interior operator on
N. Let (zp)peany oy € H(V, A) +H(W, A) such that xp € ((V + W)(E)) for all E € aut(A).
Let (ye)peom\(oy € H(V,A) and (28)geany gy € H(W, A) such that x5 = yg + zp for every
E € 2N\ {0}. Take F € 2\ {0}. We want to see that zp € 0 (VA + W4)(F)). We distinguish

two cases:

(a) If A(F) = () we know, from Proposition 7.20, that yp = zp = 0 and hence zr = 0. Notice
that (VA + W4)(F) = (—o0,0]". So it holds that zp € 9 (VA + W4)(F)).

(b) If A(F) # 0 we know, from Proposition 7.20, that

(y )': (yA(F))z if Z'GA(F),
i 0 if i e F\ A(F),




178 CHAPTER 7. NTU GAMES WITH AUTHORIZATION STRUCTURE

and

(ep), = | a0 € AP),
o 0 if i € F\ A(F),

whence it follows that

S ey 129
By hypothesis, we know that
zay € 0 ((V + W) (A(F))). (7.15)
Moreover, it holds that
(VAL WHF) = (V+W)AF) = (V + W) (A(F)) x (—o0,0NAE), (7.16)

From (7.14), (7.15) and (7.16) it follows that zp € & (V4 + W4)(F)).

We have that (2g)peon\ (o) € H(WVA) + HWA) and zp € 0 ((VA+WA)(E)) for every
E € 2N\ {}. Since H satisfies conditional additivity it holds that

(@B)peon\(oy € H (VA+ W) = H ((V+W)*) = H(V + W, A),
SCALE COVARIANCE. Let V € Q, A an interior operator on N and « € ]Rﬂ\rﬂr. It holds that
H(axV,A)=H ((a*xV)?*) = H (axV4)

which, using that the Harsanyi configuration correspondence for NTU games satisfies scale covariance,

is equal to

{(aE *2p)peav\(0} ¢ (TE)pean\ (o) € H(VA)} !

or equivalently,

{(aE *Tp)pean\(0} © (ZE)peam\(oy € H(V, A)} :

Values for games with authorization structure



7.5. THE HARSANYI CONFIGURATION CORRESPONDENCE 179

INDEPENDENCE OF IRRELEVANT ALTERNATIVES. Let VW € Q, A an interior operator on N
such that V(E) C W(E) for all E' € aut(A) and (g) gean\(py € H(W, A) such that 2 € V(E)
for all E € aut(A). From V(E) C W(E) for all E € aut(A), it easily derives that

VAE) CWAE) for every E € 2V \ {0} (7.17)

Let F' € 2V \ {}}. We want to see that z € VA(F). We distinguish two cases:

(a) If A(F) = () we know, from Proposition 7.20, that zr = 0. In this case, VA(F) = (—oo0, 0],
so zp € VA(F).

(b) If A(F) # 0 we know, from Proposition 7.20, that

| (zawy), i i€ A(F),
(xF)i_{ 0 if i € F\ A(F). (7.18)

By hypothesis, we know that

From (7.18), (7.19) and VA(F) = V(A(F)) x (—o0,0]"\AF) it follows that zp € VA(F).

We have that 2 € VA(E) for every E € 2V \ {(#}. From this fact, (7.17) and the fact that H

satisfies independence of irrelevant alternatives it follows that (zg) peon (o € H(V, A).

CONSISTENCY WITH THE SHAPLEY AUTHORIZATION VALUE. Let v € GV and A an interior
operator on N. If we see condition (2) of the definition of 7 in Remark 7.19 and take into account
that
Vuo(N) = {y eRM: Yy < v(N)},
keN

it is clear that any payoff configuration in H(V,, A) must be associated to A = 1. If we write the
three conditions for A = 1y we have that a payoff configuration (zg)gcon (g belongs to H(V,, A)
if

(1) zg € 0 (VA(E)) for all E € 2V \ {0},

(2) D (zn)p = v(V),

keN
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(3) if w is the TU game given by w(F) = Z(xF)k for every F' € 2%\ {0}, then x5 = ¢(w)p)
keF
for all F e 2V )\ {0}.

Notice that if (v5)gcov gy € H(Vy, A) and H € aut(A) then, from condition (1), it holds that

zg € d(Vy(H)) = {ye]RH: > e :v(H)}.

keH

So it follows that w(H) = v(H). Moreover, from Proposition 7.20 we know that w(FE) = w(A(E))
for all E C N. Therefore

w(E) = w(A(E)) = v(A(E)) = vA(E) for every EC N,
whence, taking into account condition (1), we obtain
rp = d(wg) = ¢ (’UA|E) =& (vg, Ajp) forevery E € 2N\ {0}

We have seen that (q)(U|E’A|E))E62N\{@}
Conversely, it is plain to see that (®(vjg, Ap))

is the only possible payoff configuration in H (V,, A).

EeaN\ [0} satisfies (1), (2) and (3).

ZERO INESSENTIAL GAMES. Take V' € O and A an interior operator on N such that 0 € 9(V (F))
for all ' € aut(A). It is clear that 0 € 9 (VA(E)) for every E € 2V \ {f}. Since the Harsanyi
configuration correspondence for NTU games satisfies the property of zero inessential games it holds
that

(0)peany(oy € H(VA) = H(V, A).

We have proved that H satisfies the properties in the theorem. Now we see that these properties
uniquely determine the Harsanyi configuration correspondence for NTU games with interior operator
structure.

Let T and ¥ be configuration correspondences for NTU games with interior operator structure
satisfying the properties of efficiency, conditional additivity, scale covariance, independence of
irrelevant alternatives, consistency with the Shapley authorization value and zero inessential games.

We must prove that T = . Take V € Q% and A an interior operator on N. We want to verify that

Values for games with authorization structure



7.5. THE HARSANYI CONFIGURATION CORRESPONDENCE 181

T (V,A) = ¥(V,A). For symmetry, it suffices to prove one inclusion.
Let (z5)peam\foy € T(V, A). Consider Wy € QV given by
Wi(E) =V(E) —{zg} forevery E € 2™\ {0}.

Since T satisfies efficiency it holds that zp € O(V(F')) for every F' € aut(A), whence we obtain
that 0 € (W1 (F)) for every F' € aut(A). From the property of zero inessential games we derive
that

(0)peary oy € ¥ (W1, A). (7.20)

From properties (i), (i) and (iii) of the games in 2 we can obtain that there exists A € RY, such
that
Ay<A-zy forallye V(N).

Take W € QY defined by

V(N) if =N,

Wy (E) =
2(E) {{yeRE:ygccE} if EGN,E#0.

Since T satisfies independence of irrelevant alternatives it holds that (zg)pgcon gy € T (W2, A4).

Using scale covariance it follows that
()\E * xE)EeQN\{Q)} S T()\ * WQ, A) (7.21)

Let V{ be the NTU game corresponding to the TU game that is identically zero. From the fact that

T satisfies consistency with the Shapley authorization value it follows that

T(Vo, 4) = {(0)pear oy | - (7.22)

From (7.21) and (7.22) we obtain that (A% rg)peo\foy € T(A* Wa, A) + T (Vp, A). Notice
that A x Wy + Vo = V, where v is the TU game given by v(E) = A¥ . 2 for all nonempty
E C N. From conditional additivity it follows that (\¥ x rg)peav\oy € T(Vi, A). Since T
and V¥ satisfy the property of consistency with the Shapley authorization value it holds that
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T(Ax Wo 4+ Vy, A) = U(A « Wa + Vjy, A). Therefore,
()\E * .’L’E)EEQN\{(Z)} eV AxWa+ 1), A). (7.23)

Consider W3 € Q given by

A-zy}  if E=N,
rp} if ECN,E#0.

It is clear that
(A% W3)(E) C (A« Wy + Vo) (E)  forall E € 2™\ {0}. (7.24)

From (7.23), (7.24), the fact that AE x xp € (A x W3)(E) for all E € 2\ {0} and the property of

independence of irrelevant alternatives it follows that
(A" % ) peary gy € T(A * Wi, A),
which, from scale covariance, implies that
(zB) pear\ (o) € Y(W3, A). (7.25)
From (7.20) , (7.25) and the property of conditional additivity we obtain
(zB) pean\(oy € ¥(W1 + W3, A).

But notice that

{yeRN:)\-yé)\-:cN} if £E=N,

(W1+W3)(E):{ V(E) ifE;CéN,E#@,

hence V(E) C (W; + W3)(E) for every E € 2V \ {(}. Finally, using the property of independence
of irrelevant alternatives we obtain that (zg) geon gy € Y(V, A). 0

In practice, given V' € QN and A an interior operator on N, we do not need to obtain V4 to

calculate H(V, A). From Remark 7.19 and Proposition 7.20 we can derive an alternative definition
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of H(V, A) that does not involve the restricted game V4. We give that definition in the following

remark.

Remark 7.22 Let V € QY and A an interior operator on N. A payoff configuration (2B) Beav\(0}
belongs to H(V, A) if there exists A € RY o such that

(1) xg € O (V(E)) for all E € aut(A),
(2) Aoxy =max{\-y:yeV(N)},

(3) ifw is the TU game given by w(F) = A" - xp for every F € 2V \ {0}, then AP x xpp = ¢(w) )
for all E € aut(A),

(4) xp =0 for all E € 2V \ {0} with A(E) =0,
(5) For every E € 2NV with A(E) # 0,

(25). = (zam)), ificAE),
P 0 ific E\AE).

Example 7.23 Let us calculate H(V, A) where V and A are those given in Example 7.3. Since
O(V(N)) is a hyperplane, it is easy to check that 7 (V, A) contains exactly one payoff configuration
(zE)peav\fpy- It is clear that this payoff configuration is associated to the comparison vector
A = (1,1,1). Let w be the TU game given by w(F) = A - xp for every nonempty FF C N.
Let us calculate (z) geony (gy by using the preceding remark.
From Remark 7.22 (1), it follows that

Ty =1,

r(o =L
From Remark 7.22 (4), it follows that

.%'{3} =0.
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We have that w ({1}) = A{1} ~wpy =1 and w({2}) = A2} -9y = 1. So it holds that

o) = (22D, 22D

2 ’ 2
Using Remark 7.22 (3), we conclude that

w({1,2}) w({1,2
s = (UL LAY

From this fact and Remark 7.22 (1), we have that
2 €0V ({1,2) N {(a,0) e RUID ;0 e R} = {(2,2)).

So we have obtained that

Ty = (2,2).

From Remark 7.22 (5), it follows that

zq13y = (1,0).

We have that w ({2}) = 1 and w ({3}) = A{3} -3y = 0. So it holds that

¢ (wi23y) = (1 + w({Q’g}) - 1, w({2,?;}) - 1> ‘

Using Remark 7.22 (3), we conclude that

w({2,3}) -1 w({2,3}) —
S )

From this fact and Remark 7.22 (1), we have that
v €0 (V({2,31) N {(1 ta,a) eR2¥ . ae R} — {(2,1)}.

So we have obtained that

Tio3y = (2,1).
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We have that

) X1y =4,
{173}) = )‘{173} : 115{173} = 17
{2,3}) = A3 gy =3

Moreover, since zny € O(V(N)), it follows that A - xxy = 6, that is, w(NN) = 6. It holds that

¢(w) = (2,3,1), and using Remark 7.22 (3), we conclude that

zy = (2,3,1).
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