LP-VALUED MEASURES WITHOUT
FINITE X-SEMIVARIATION FOR 2 <p<

BRIAN JEFFERIES, SUSUMU OKADA AND LUIS RODRIGUES-PIAZZA

ABSTRACT. We show that for 1 < p < oo, the property that every LP-valued vector
measure has finite X-semivariation in LP(u, X) is equivalent to the property that every
continuous linear map from ¢! to X is p-summing. For 2 < p < oo, we explicitly construct
an LP([0, 1])-valued measure without finite LP-semivariation.

1. INTRODUCTION

Given a Banach space X, a number 1 < p < 0o and a o-finite measure space (€2, S, 1),
equip the the tensor product X ® LP(u) with the induced norm topology A, from the
Bochner space (LP(11, X), || |lzr(ux)) (see [4, p. 97]). It turns out that this induced norm
is a reasonable crossnorm, [4, Definition VIII.1.1]. Moreover, the completion X ®APLP(M)
of the normed tensor product X ®a,LP(u) equals LP(y1, X) because X ® LP(u) is dense in
LP(u, X).

Now consider a vector measure m : £ — LP(u) defined over a measurable space (3, ).
The X -semivariation of m in the completion X ®@a (1) = LP(u1, X) of the normed tensor
product X ®a, LP(p) is the set function Bx(m) : £ — [0, 00] defined by

Lp(u,X)}

for every E € &; the supremum is taken over all pairwise disjoint sets E1, ..., Ej from ENE
and vectors xy, ...,z from X, such that ||z;||lx <lforallj=1,....,kand k=1,2,....

(1.1) Bx(m)(E) := sup{

k
>z @ m(E))
j=1

If it happens that X is one-dimensional, that is, X = C, then (¢ coincides with the
usual seminvariation ||m|| of the vector measure m (see [4, Definition I.1.4 and Proposition
1.1.11).

The condition that Sx(m)(X) < oo is related to the m-integrability of uniformly bounded,
strongly measurable X-valued functions; see [9, Theorem 2.6] as motivated from the earlier
work [6, *-Theorem]| and [15, Theorem 6]. The problem of finding conditions for the finite-
ness of X-semivariation arose from the theory of random evolutions [7] and is relevant to
stochastic integration. For example, an LP(P)-valued gaussian random measure has finite
LP(p)-semivariation in LP(u ® P) if and only if p > 2, [14, Proposition 6.1].

Date: October 25, 2007.
1991 Mathematics Subject Classification. Primary 28B05, 46G10; Secondary 46B42, 47B65.
Key words and phrases. absolutely p-summing, LP-semivariation, tensor product.

The second author gratefully acknowledges the support of the Katholische Universitdt Eichstétt-
Ingolstadt (via the Maximilian Bickhoff-Stiftung and a 19 month Visiting Research Professorship), the
Generalitat Valenciana (CTESIN2005/025), the Spanish Ministry of Education and Science (DGU # SAB
2004-0206, MTM 2006-11690-C02-01), Universidad Politécnica de Valencia (2488-1+-D+I1-2007-UPV) and
the Centre for Mathematics and its Applications at the Australian National University. The research of
the third author was partially supported by D.G.I. BEM 2003-01297 (Spain).

1



2 BRIAN JEFFERIES, SUSUMU OKADA AND LUIS RODRIGUES-PIAZZA

For the situation in which v is a o-finite measures and X = LP(v), we have the following
natural identifications

LP(p@v)=LP(u, LP(v)) = LP(1)@a, L (v).

In the case when 1 < p < 2, we have explicitly constructed an LP(u)-valued measure
whose LP(v)-semivariation in LP(u®wv) is infinite (see [9, Example 2.3] and Example 2.3(ii)
below). For p = 2, the statement that every L?-valued measure has finite L?-semivariation
is equivalent to Grothendieck’s inequality; see [7, Proposition 4.5.3] or [9, Proposition 2.1].

In [9, Theorem 3.2], it was shown that, for every 2 < p < oo, there is some vector
measure whose LP([0, 1])-semivariation in L?([0, 1]?) is infinite. In Theorem 2.1 below, by
modifying the arguments of [9], we show that for any Banach space X and any 1 < p < oo,
the condition that every vector measure m : & — LP([0,1]) has finite X-semivariation in
LP([0,1], X) is actually equivalent to the statement that every continuous linear map from
¢t into X is p-summing.

For 2 < p < oo and X = LP([0,1]), the proof of the existence of a vector measure
m : €& — LP([0,1]) without finite X-semivariation in LP([0,1],X) in [9, Theorem 3.2]
appealed to a result of S. Kwapien [10, Theorem 7, 2°] to show that not every continuous
linear map from ¢! into X is p-summing. However, we did not actually provide an explicit
example of a measure with this property. In Section 3, we rectify the situation by exhibiting
such a measure—this amounts to constructing a continuous linear map u from ¢! into ¢7
that is not p-summing and a sequence {z,}52, in ¢! such that > - |[(x,,&)[P < oo for
each & € £, but Y > |lu(x,)||}, = co. That this task is not straightforward is illustrated
by the observation that any such map u is automatically g-summing for any ¢ > p > 2;
see [2, Corollary 24.6].

2. X-SEMIVARIATION IN LP-SPACES

Let X and Y be Banach spaces. The space of all continuous linear maps from X into
Y is denoted by £(X,Y). Let 1 < p < co. An operator u € L(X,Y) is called absolutely
p-summing (briefly p-summing) if there exists a constant C' > 0 such that

k 1/p & 1/p
(2.1) <Z Hu(ag)Hi) < C sup (Z |<$j,x’)‘p>

ll2" ]| xr <1

forallz; € X, j=1,...,kand k =1,2,... . The infimum of such numbers C is denoted
by m,(u). The vector space of all absolutely p-summing maps from X into Y equipped
with the norm 7, is denoted by II,(X,Y). An absolutely summing map (for p = 1) is
characterised by the fact that it maps unconditionally summable sequences to absolutely
summable sequences, [4, Proposition VI.3.2]. For further details we refer to [5].

Let ||m]| : € — [0, 00) denote the usual semivariation of vector measure m, [4, Definition
[.1.4] and let P denote Lebesgue measure on the Borel o-algebra B([0,1]), and E the
associated expectation.

Theorem 2.1. Let X be a nonzero Banach space, 1 < p < oo and (Q,S, 1) a o-finite
measure space containing infinitely many, pairwise disjoint non-p-null sets, so that LP(u)
has infinite dimension. The following conditions are equivalent.

(i) £(L'([0,1]), X) = IL,(L*([0,1]), X).
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(i) £(¢Y, X) =TI,(¢, X).
(iii) For every measurable space (3,E), every vector measure m : € — LP(u) has finite
X -semivariation in LP(u, X).

If any of conditions (i)—(iil) holds, then there exists a constant C' > 0 such that
(2.2) [m|[(X) < Bx(m)(X) < Cllm|[(%),
for every measurable space (3,E) and every vector measure m : £ — LP(u).

To prove this theorem we shall use the following result.

Lemma 2.2. Let the assumption be as in Theorem 2.1. Suppose that g; € L'([0,1]), j =
1,2,..., are functions satisfying 3 2~ [(g;, [)|P < oo for every f € L>([0,1]). Then there
exists a vector measure m : B([0,1]) — LP(u) such that

0 1/p
Bx(m)(A) > (ZHU(MA)H’;) ,  AeB(0,1),

for all u € L(L([0,1]), X) with operator norm ||ul| < 1.

Proof. Let E;, j = 1,2,..., be pairwise disjoint sets belonging to the o-algebra S with
finite, nonzero p-measure. Define a function F : Q — L'([0,1]) by

(2.3) Pw) = 05 X, (@)/u(E;)"".

Then

/0 ‘<F<W)>f>‘pdu<w) = Z }<gj,f>|p < o0,

Jj=1

that is, (F(-)

f) € LP(p) for all f € L>([0,1]).
Let m : B([0

,1]) — LP(u) be the vector measure defined by
(2.4) m(A)(w) = (F(w), x ,)> A e B([0,1]), w e Q.

That m is actually an LP(u)-valued measure is easily seen by writing it as the composition
of the embedding ¢ —— D77, &(j) - XEj/,u(Ej)l/f” of ¢? into LP(u) with the ¢P-valued
measure A —— { [, g;(t) dt}52,, A € B([0,1]).

Fix aset A € B([0,1]) and let Fa(w) := F(w) xa, so that m(ANB) = (Fa(w), x ) for all
B € B([0,1]) and w € Q. Let n be a positive integer and let [, = [(k—1)/2", k/2"), k =
1,...,2" be the partition of [0,1) into 2" intervals of equal length. Let P, : L'(]0,1]) —
L1(]0, 1]) denote the associated conditional expectation operator with respect to the algebra
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of finite unions of the intervals I, x, k = 1,...,2". Then for each w € {2 we have

PyoFa(w) = ZPn(gij)-xE( )/ u(Ej)MP

— Q"Z (ZE(XLL,WA 95) .XIn,k> Xp,\W (w)/u(E )1/p

= Z"Z (ZE(XIH,WA gj)'XE< w)/u(E )1/1’) Ik
k=1  j=1

= Y (L NA)w) 2", .

Let u € L(L'(]0,1]), X) have norm ||u]

< 1. Then,

on

u(Py 0 Fa@) = Y (m(lne 1 A) @) - u(@'x;, ).

k=1
Each vector z,,; = u(2”xl k), k=1,...,2" belongs to the closed unit ball of X because
|lu|| < 1. Using the vectors x,j to estimate the X-semivariation of m, we have

on P 1/p
Z Tp g @ ML NA) = < m(Ly kN A)) (w) du(w))
k=1 LP(p, X) Q X

k=1
= ([ e il

Because P, (Fa(w)) — Fa(w) for each w € 2 as n — oo and

JIE N duto) = [ 3 o) x, /B e

it follows from Fatou’s Lemma that

/p
lim inf (InxNA) (/ Hu (Fa(w HP dp(w )
n—00 L7 (1,X)
1/p
<Zl|u GiX, H”) -
Therefore, the lemma holds. O

Proof of Theorem 2.1. Suppose that condition (i) holds. To deduce part (ii), fix T €
LM, X). Let By, j = 1,2,..., be non-null, pairwise disjoint Borel subsets of [0,1]. If
J : 0t — LY(]0,1]) denotes the isometry

oY Xp 0()/B(B), éel,
=1
then Qo J is the identity map on ! if @ : L'([0,1]) — ¢! denotes the continuous linear map

f—A{E(fx,; )}, f € L'([0,1]). By condition (i), the operator T'o @Q is p-summing.
Because T' = (T o Q) o J, it follows that T € TI,(¢*, X) and part (ii) holds.
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Now assume that condition (ii) is valid and m : &€ — LP(u) is a vector measure. Let n
be a positive integer, let A; € £, 7 = 1,...,n, be pairwise disjoint sets and let z; € X,
j =1,...,n, be vectors belonging to the closed unit ball of X. We establish a uniform
bound for 3 7, x; ® m(4;) in the norm of LP(u, X).

Let u : ! — X be a linear map with uniform norm bounded by one such that u(e;) = x;

for the standard basis vectors e; of £ and j =1,...,n. Then
n P 1/p
; ®m(4;) = </ > xj-m(A))(w) du(w)>
Q i X
LP (1, X) =1

n

_ ( ][5>t -meae

J=1

- ( A (Z g -m(A»(w))

Since u is p-summing by condition (ii), it follows that
n

n P 1/p
( [l <Z e m<Aj><w>> du<w>>
(Y e -mlA)w), €)

X
<) (|
€]l g0 <1 ol
» ) 1/p
LP(p)

=T sup £(y
7l (||§||e<x><1 Z
Indeed, the first inequality follows from [12, Proposition 1.2] while the last inequality from

P 1/p
du(w)>

» 1/p
d,u(w)) :

X

» 1/p
du(@)

< mp(u) [l (22).

[4, Proposition 1.1.11]. Hence, we have

Z zj @ m(4;)
j=1

By condition (ii) and the Open Mapping Theorem, there exists a constant C' > 0 such
that m,(T") < C||T|| for every T' € £(X), which implies that Sx(m)(X) < C|m||(X). So,
condition (iii) is satisfied. Moreover, the bound ||m|/(X) < Bx(m)(X) follows by taking
xr;=cx,j=1,...,n, for afixed unit vector z € X and ¢; € Cwith |¢;| <1,j=1,...,n

< mp(w) [m][(%).

LP (p,X)

Consequently, (2.2) is established.

To prove that condition (iii) implies condition (i), we prove the contrapositive statement:
suppose that v € £(L'([0,1]), X) has norm ||u| < 1 but is not p-summing, that is, there
exist functions g; € L'([0,1]), 7 = 1,2,..., such that Zj; I{g;, )P < oo for every
fe L>([0,1]) and 377, [lu(gy)|lx = oo. Take a vector measure m : B([0, 1]) — LP(u)
satisfying the conclusion of Lemma 2.2. Then,

o 1/p
Q) > (Z ||u<gj>||&> ~ .

So condition (iii) implies (i). O
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Example 2.3. (i) Let 1 < p < 2. An example of an LP(u)-valued measure without
finite LP(v)-semivariation in LP(u®v) is given in [9, Example 2.3], so not every map
from ¢* to (P is p-summing. In fact, the embedding .J of ¢! into ¢? is not p-summing
[5, p. 209]. We can see this more directly as follows. If the inclusion map J : ¢* — (P
were p-summing, then .J would factor through ¢? via Pietsch’s Domination Theorem
[5, Inclusion Theorem 2.8 and Corollary 2.16]. Since 1 < p < 2, every continuous
linear map from ¢2 into 7 is compact by Pitt’s Theorem [11, Theorem 2.c.3], so it
would follow that J is compact. But this is false because {J(ex) : k =1,2,... } is
not relatively compact in /7.

(ii)) Let 1 < p < 2. A concrete example of an LP(u)-valued measure without finite
LP(v)-semivariation in LP(y ® v) on any set of positive measure is provided by a
gaussian random measure W : B([0, 1]) — LP(u) with p a probability measure (see
[14, p. 184]). The gaussian random variable W (B) has mean zero and variance
|B|, the Lebesgue measure of B € B([0,1]). Then there exists C}, > 0 such that
W (B)||£o(uy = Cp | B|'/? for every B € B([0,1]). Consequently, the p-variation

1/p
Stlrp (Z IW(BnN A)Hip(@)

Ben
of W is infinite on any Borel set A C [0, 1] with positive measure. Here the supre-
mum is over all finite Borel partitions. An appeal to [9, Proposition 2.2] shows
that Bx(W)(A) = oo with X = LP(v) for any scalar measure v such that X is
infinite-dimensional.

(iii) Let 2 < r < p < oo. By [2, Corollary 24.6], every continuous linear map from ¢! to
(" is p-summing, so every LP(pu)-valued vector measure has finite ¢"-semivariation in
LP(p, £7). More generally, I1,(Z, X) = L£(Z, X) if Z is an L'-space and X is an L'-
space, see [5, p. 60] for the definition of £%-spaces. Further results on semivariation
in tensor products of LP-spaces are obtained in [1].

3. THE MEASURE

Let 2 < p < oo and let ¢ be the conjugate index satisfying 1/p+1/q = 1. We construct
an LP-valued measure m defined on the Borel o-algebra B([0, 1]) of the unit interval [0, 1]
via a family {g;}52, of independent, identically distributed, standard g-stable random
variables with respect to Lebesgue measure IP on [0, 1]. Here a B([0, 1])-measurable function
f:10,1] — R is called a standard q-stable random variable if

1
/ eSO dP(t) = e s, seR.
0

A discussion of g-stable random variables appears in [16, V.5.6]. In particular, by [16,
Lemma V.5.4, p. 338], each standard g-stable random variable on [0, 1] belongs to L"([0, 1])
for every 1 < r < ¢ and the equality

n n 1/q
> i = (Z ’Cj’q> lgallzr o
O (I

holds for all numbers ¢; € C, j =1,...,n,and n =1,2,.... The equality (3.1) determines
an isometric embedding of ¢4 into L*([0, 1]).

(3.1)
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Lemma 3.1. The sequence {g;}32, is weakly p-summable in LY([0,1]), that is,

sup Y [{gs, P < e

”f”LOQ([(),l])S1 j=1

Proof. Let f € L*([0,1]). Then, for all n =1,2,... and all scalars ¢y, ..., ¢,, we have
ch@jaf)’ = chE(fgj) = ‘E<fzcjgj>‘
j=1 j=1 j=1
< H chgj
j=1
n 1/q
= (Z |Cj|q> Nlgiller oy - 11l qo,)-
j=1

Hence, supy sy, . 0.1, <1 2521 [(95, f) I is finite. O

o) 11 2o (10,1

Let m : B([0,1]) — LP([0, 1]) be the vector measure defined by formula (2.4) in the case
that p is Lebesgue measure P on [0, 1]. Our goal is to prove the following result.

Theorem 3.2. The L*([0, 1])-valued measure m has infinite LP(]0, 1])-semivariation in the

space LP(P @ P) = LP([0,1]?) on every Borel set of positive measure.

In order to prove this, we find a continuous linear map w : L'([0,1]) — ¢ for which
the sequence {g;}52; in L'([0,1]) has the property that >3 Hu(ngA)HZ, = oo for every
Borel set A C [0, 1] of positive measure and then we appeal to Lemma 2.2.

4. A NON-p-SUMMING MAP

Let the notation be as in Section 3. Suppose that {g;}32, is the family of standard
g-stable independent identically distributed random variables with respect to Lebesgue
measure P’ on [0, 1] at the beginning of in Section 3 above. Next, we choose {c;}52, such
that > 72 |¢;|? < 1Tand 3777, |e;]7g;|? = oo (P-a.e.). This is possible according to [13, pp.
356-358]. In fact, choose such scalars ¢;, j = 1,2, ..., satisfying > 322, [¢;|?In(1/]¢;]) = oo.

To proceed, we need the following construction.

Lemma 4.1. Let {f;}52; be a sequence in L'([0,1]) such that 372 [f;(t)|? = oo for P-
almost all t € [0,1]. Then there exist Borel measurable functions hq, hs,... on [0,1] such
that

(1) Z;’il |h;()P <1 forallt €0,1],
(2) hi(t)fj(t) >0 for allt €10,1] and j =1,2,..., and
(3) 521 hi() f;(t) = oo for P-almost all t € [0, 1].

Proof. For each n =1,2,... and for P-almost every ¢ € [0, 1], there exist numbers h§-") (1),
j=1,...,n, such that >77_ \hg-n)(t)]p <1and " h(")(t)fj(t) = > )] — oo as

=11
n — oo. However, we need to choose h; independently of n.
By applying the assumption that Z;’;l |fi]? = oo (P-a.e.), for any strictly increasing se-

quence o = {ay}72, of positive integers, there exists a strictly increasing sequence { Ny }72
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of positive integers such that the measure P(Ag) of the set

(4.1) Ay = {t €0,1] : Z ()] > ak}

is greater than 1 — (1/k). Then limsup,,_,,, A = N3, U2, Ay is a set of full measure, so
almost every t € [0, 1] belongs to infinitely many sets Ay, £ = 1,2,.... The sequence «
will be chosen later.

For each k =1,2,... and t € [0, 1], define

0 lfj > Nk,
O X, (0

hix(t) = 7
2£5(8) (S0, 1fa(0)9)

Here we set 0/0 = 0.
For each j, K = 1,2,..., let h;K) = Zle |hj x| be the K’th partial sum of |h;x|, k =

1,2,.... Fixt €[0,1]. Given K =1,2,..., Minkowski’s inequality yields that
0o » 1/p 00 K » 1/p K oS 1/p
K
a (Spel) - (S(Smo)) <X (Smor) -
j=1 j=1 k=1 =1 =1

Moreover, since p(q¢ — 1) = ¢, we have, for every k = 1,..., K, that

Ny -1
Zlhjk )P =2- kpZ\f )Pl <nyn(t>|q) 2X,, (B) <27,
n=1

So (4.2) implies that » 72 L (R K)( t))" <1forall K =1,2,.... In particular,

00 K
> hya(®)] = Jim D ()] = lim A (1) <1
k=1 k=1

for every j = 1,2, ..., which enables us to define a Borel measurable function h; on [0, 1] by
hi(t) == 7o hjx(t) for all t € [0,1]. Appealing to the Monotone Convergence Theorem
ensures that

i [hi ()" = i \ ihj,k(t))p < i (i \hj,k(t)\)p
i (Jim nw) - %ii%oi (Wm) <1

Jj=1 Jj=1

Therefore, property (1) holds and because f;(t)h;(t) > 0 for all j =1,2,... and ¢t € [0, 1],
property (2) also holds.
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To check property (3), let j =1,2,... and ¢ € [0,1]. Then

OVOESAOHINITG

k=1
=L D hk) + D hik(t)
{k:N, <5} {k:Np>j}
-1/p
13 S 2t - 10 (Zm ) |
{k:Ni,>j}

Then, given k = 1,2,... and t € Ay, it follows from equation (4.3) that

—-1/p
hi(#)£5(t) > 27%| £(2) (Zm )

for all y =1,..., Ng, and hence,

1/q
Zh ) > 27k (Zm ) > 2 ka4,

As noted above, P-almost every t € [0, 1] belongs to infinitely many sets Ay, k =1,2,...,
so choosing ay, := k2% for each k = 1,2, ... ensures that > o1 hi(t) f;(t) = oo for P-almost
every t € [0, 1]. O

Let {cj}]g‘;l be the sequence mentioned at the beginning of this section, f; = c¢;g; for
J = 1,2,... and suppose that h;, j = 1,2,..., are any measurable functions satisfying
properties (1), (2) and (3) of Lemma 4.1.

Lemma 4.2. The mapping u : f — {E(fh;)}32,, f € L*([0,1]), is a continuous linear
map from L'([0,1]) into €7 such that Y [lu(grx ,)|ljp = 00 whenever A is a Borel subset

of [0,1] of positive measure.

Proof. Let f € L'([0,1]). To check that the sequence {E(fh;)}52, belongs to (*, suppose
that £ € (9. Then, given n = 1,2,..., we have Y % | §(j)E(fh;) = E(f >_7_, £(j) hy) and

‘5:50)%“”55(i:MU”QLM(§:Vwaw7UP
< el

for every t € [0, 1] by property (1) of Lemma 4.1. Therefore, u(f) € ¢ and

[l < Wflgony  for every £ € L([0,1]).
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Appealing the Monotone Convergence Theorem and the fact that c;jh;g; > 0 for each
j=1,2,..., we have, for every non-null Borel set A C [0, 1], that

> gl = D3 [Ethigex,)|
k=1 =1 j=

k=1 j=1

8

\Y
=
=
<.
S
=
T

because 377 [¢j|? < 1 and because property (3) of Lemma 4.1 gives 3%, ¢;h;g;x , = o0
(P-a.e. on A). O

Proof of Theorem 3.2. Let 2 < p < co. Then the continuous linear map w : L*([0, 1]) —
P constructed above is not p-summing and by Lemmas 3.1 and 4.2, the sequence {g;}52,
in L'([0,1]) has the property that > >, (g5, )" < oo, for every f € L*>[0,1], but
P ||u(ngA)||§p = oo for every Borel set A C [0, 1] of positive measure. Now it fol-
lows from Lemma 2.2 that 8x(m)(A) > > 772, HU@JXA)HZ = 00. O]

Remark 4.3. The continuous linear map u : L'([0,1]) — ¢ is not p-summing because
SUD| oo f0.17) <1 Y ey gk, )P < oo by Lemma 3.1, but >~ |lu(gx)||?; = 0o by Lemma
4.2. For 2 < p < 0o, there are many examples of non-p-summing continuous linear maps
from L'([0,1]) to ¢P. Indeed, if X is any Banach space and w : X — (P is a surjective
continuous linear map, then the lifting property of ¢! ensures that the following diagram
is commutative:

T X
/lw

i P
T

If we choose T to be a non-p-summing continuous linear map [9, Lemma 4.1], then w cannot
be p-summing, that is, no surjective continuous linear map w : X — (P is absolutely p-
summing. However, for the purpose of proving Theorem 3.2, we also need an explicit
sequence busting the absolutely p-summing property.
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