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Abstract

This paper addresses the distribution into isomorphism and isotopism classes of the
set M,, , of n-dimensional Malcev algebras over the finite field I,,, with p prime. This
distribution is explicitly determined for dimension 2 and for the sets M3 ,, with p < 7.
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1 Introduction

A particular type of non-associative algebras consists of Moufang-Lie algebras, which were
introduced by Malcev [2] as the tangent algebras of analytic Moufang loops. Later, in 1961,
these algebras were called Malcev algebras by Sagle [3]. A remarkable problem related to
them is that of their distribution into isomorphism classes.

In the paper we consider the set M,, ,, of n-dimensional Malcev algebras over the finite
field I, with p prime. We study the distribution of such algebras, not only into isomorphism
classes, which is the usual criterion, but also into isotopism classes. It is a novel contribution
on this subject.

The structure of the paper is as follows. In Section 2 we expose some preliminary
concepts and results on Malcev algebras. In Section 3 we show the distribution of n-
dimensional Malcev algebras in M, ;. As main results, we prove that every pair of two-
dimensional non-Abelian Malcev algebras are isomorphic and hence, isotopic. Further, we
prove that Malcev algebras in the sets Mgz, M33, M35 and M3z 7 can respectively be
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distributed into seven, nine, 11 and 13 isomorphism classes. In all the cases, the number of
isotopism classes is four.

Note that, for reasons of length, the proofs of the results obtained are omitted in this
extended abstract. They are shown in the full paper.

2 Preliminaries

In this section we expose some basic concepts and results on Malcev algebras used through-
out the paper. We refer to the article of Sagle [3] for more details about this topic.

A Malcev algebra m over a field F' is a F-vector space endowed with a bilinear product
such that

u? =0, for all u € m, (1)
uv = —vu, for all u,v € m, (2)
uv - uw = (wv - w)u + (vw - w)u + (wu - w)v, for all u, v, w € m. (3)

The last condition is equivalent to the Malcev identity
M (u,v,w) = J(u,v,w)u — J(u,v,uw) =0, for all u,v,w € m, (4)

where J is the Jacobian defined as J(u,v,w) = (uwv)w + (vw)u + (wu)v, for all u,v,w € m.
If J(u,v,w) =0 for all u,v,w € m, then this is a Lie algebra.

Given a basis {eq, ..., e, } of the Malcev algebra m, this is characterized by its structure
constants with respect to that basis, that is, by the coefficients cfj € F of the products

n
eiej = Zcfjek forall 1<i<j<n. (5)
k=1

The centralizer of a subset s of the Malcev algebra m is the set Ceny(s) = {u € m | uwv =
0, for all v € s}. An ideal of m is any vector subspace s C m such that sm = {uv: u € 5,v €
m} Cs. It is called Abelian if sm = {0}. The center of m is the ideal Z(m) = Cengy(m). In
particular, if dim Z(m) = n, then the Malcev algebra m is Abelian. The next result follows
straightforward from the definition of Malcev algebra.

Lemma 2.1 Let m be an n-dimensional algebra endowed with a bilinear product that sat-
isfies both conditions (1) and (2). If dim Z(m) > n — 2, then m is a Malcev algebra. O

Two n-dimensional Malcev algebras m and m’ are said to be isotopic if there exist three
regular linear transformations f, g and h between them such that

f(uw)g(v) =h(uwv) forall w,vem. (6)
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The triple (f, g, h) is said to be an isotopism between m and m’. It is denoted as m ~ m’.
If f =g =h, then f is an isomorphism between m and m’ and these Malcev algebras are
said to be isomorphic, which is denoted as m = m’. Given a basis {ej,...,e,} of m and
a basis {€],...,e,} of m’, each regular linear application f between these Malcev algebras
is uniquely related to a square matrix My = (fi;) such that f(e;) = 327 fize, for all
i € {1,...,n}. The next result holds.

Lemma 2.2 [t is verified that
1. Isotopisms of Malcev algebras preserve the dimension of their centers.
2. The n-dimensional Abelian Malcev algebra is not isotopic to any other Malcev algebra.

3. Given a positive integer n > 2, every n-dimensional Malcev algebra of basis {e1, ..., en}
whose center has dimension n — 2 is isomorphic to one of the following two non-
isomorphic Malcev algebras:

(a) That one determined by the product ejeq = ey.

(b) That one determined by the product ejes = es. O

In the next section we see that the set M,, , of n-dimensional Malcev algebras over the
finite field ), and their isomorphism classes can be identified with a pair of algebraic sets
defined by zero-dimensional radical ideals. From now on, we denote by F,[z] the ring of
polynomials in the set of variables = {z1,...,2,} over the finite field F,,. Given an ideal
I in Fp[z], the algebraic set defined by I is the set V(I) = {a € F};: f(a) =0 for all f € I}.
If the ideal I is zero-dimensional, then the number of points of the algebraic set V() is less
than the Krull dimension of the quotient ring I, [x]/I. The equality holds when the ideal is
radical, in which case the dimension coincides with the number of standard monomials of
the ideal I.

3 Algebraic sets related to M,,,

In the first place, let us consider the case n = 2. Every two-dimensional algebra over a field
F', not necessarily finite, with basis {e1, ea} and endowed with a bilinear product satisfying
conditions (1) and (2) is uniquely determined by a pair of structure constants a,b € F' such
that ejes = ae; + bea. From Lemma 2.1 this is a Malcev algebra, which we denote as mgp.
The next results hold.

Lemma 3.1 Let my, and myy be two isomorphic two-dimensional Malcev algebras over
a field F. If My = (fij) is the square matriz related to an isomorphism f between both
algebras, then it is verified that

©CMMSE Page 482 of 1268 ISBN: 978-84-617-2230-3



ISOMORPHISM AND ISOTOPISM CLASSES OF MALCEV ALGEBRAS

1. af11 + bf12 =d det(Mf)
2. afor +bfar =V det(My).

Proposition 3.2 Every pair of two-dimensional non-Abelian Malcev algebras over a field
F are isomorphic.

We focus now on the case n > 2. Firstly, we analyze the problem of determining when
an n-dimensional algebra over the finite field IF,,, with p prime, is a Malcev algebra. To this
end, we consider the set of (n® —n?)/2 variables ¢ = {cfj: i,j,ke€{l,...,n},i < j} and the
n-dimensional algebra m of basis {e1,...,e,} over the polynomial ring F,[c|] endowed with
a bilinear product satisfying conditions (1) and (2) and whose structure constants coincide
with the variables cf; Given u,v,w € m and [ € {1,...,n}, let pyyu be the polynomial in
Fc] that constitutes the coefficient of ¢; in the Malcev identity M (u,v,w) = 0. The next
result holds.

Theorem 3.3 The set M,,, can be identified with the algebraic set defined by the zero-
dimensional radical ideal I, p = ( Pypwi: w,v,w € ml € {1,...,n}) + ((cfj)p — cfj: 1<i<
j<n,1<k<n})CFyld. Besides, |Myyp| = dimg, (Fp[c])/Inp). O

p o [ Msp| Msp/=| [Msp/~|
2 120 7 4
3 1431 9 4
5 31,125 11 4
7 234,955 13 4

Table 1: Distribution of Malcev algebras of M3, for all prime p < 7.

We have implemented Theorem 3.3 in the open computer algebra system for polynomial
computations SINGULAR [1] in order to determine in Table 1 the number of Malcev algebras
of M3, with respect to a given basis {e1, e2, es}, for all prime p < 7. The distribution of
these algebras into isomorphism classes, which is explicitly exposed in Theorem 3.5, has
also been determined by using this polynomial method. In this respect, given two Malcev
algebras m and m’ in M,, , in [F,,, we need to know when a regular linear transformation f
between these algebras is an isomorphism. To this end, we consider the set of n? variables
f=Afi1,.-., fan}, which we consider to be the entries of the corresponding matrix M of
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our isomorphism f. Let p;;; be the polynomial in the polynomial ring IF,,[f] that constitutes
the coefficient of e; in the identity f(e;e;) = f(e;)f(e;) of Condition (6), for all 4,5, €
{1,...,n}. The next result holds.

Theorem 3.4 The set of isomorphisms between two Malcev algebras m,m’ € M,,, can
be identified with the algebraic set defined by the zero-dimensional radical ideal Iy =
(piji i, 5,0 € {1, n}) + (ff = figr 4,5 € {1,...,n}) + (det(My)P~! — 1) C Fp[f]. The
cardinality of this set is dimp, (Fp[f])/Imm)-

O

Let us denote by my,., the Malcev algebra of basis {ei,e2,e3} in Ms, such that
e1es = u, e1ez = v and eses = w. We expose in the next two results the explicit distribution
of M32, M33 and M35 into isomorphism and isotopism classes.

Theorem 3.5 There exist

1. seven isomorphism classes in M3 o:
mM0,0,0, M0,0,e1 > M0,0,e3 M0,e0,e15 M0,e9,e1+e25 M0,e1,e05 Mez,ea,e1 -
2. nine isomorphism classes in M3z 3:
M0,0,0, 10,0,e1 5 110,0,e35 M0,e2,e1 5 M0,e0,e1+e25 M0,e2,2e1 ) M0,e2,2e1 +e25 M0,e1,e25 Mes,en,e1 -
3. 11 isomorphism classes in Mgz 5:
mo,0,0, 10,0,e1 5 10,0,e35 M0,e2,e1 5 M0,e2,e1+e25 M0,e2,e14+2e25 M0,e2,2e1 5

Mo es,2e14-e25 M0,e2,2e1+2e25 W0,e1,e25 Mes,en,e -

4. 13 isomorphism classes in M3 7:
m0,0,07 m0,0,el ) m0,0,63 9 m0,82,€1 9 m0,52,€1 “+e2 m0,62,€1 +2e2 m0,€2,61+362 )

m0,€2,361 ) m0,52,351+62 9 m0,62,361 +2e2 m0,52,361+362 ) m0,€1 ,€29 me3,€2,61 .

Theorem 3.6 There exist four isotopism classes in Mgy, for all prime p < 7:

mp,0,0, Meqy,0,05 Mes,ez,05 Mes,en,e -
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4 Further studies

Dealing with the set M, of n-dimensional Malcev algebras over the finite field F,, we
have enumerated and classified into isomorphism and isotopism classes the elements of the
set My p, for any prime p, and those of the sets M3, with p < 7. Further studies in the
subject are being analyzed to deal with the case p > 3 and also to characterize the distinct
properties of the algebraic sets related to the skeleton of a Malcev algebra, which is a new
concept that we wish to introduce as a tool and that we are now analyzing.

We are also trying to associate a combinatorial structure with every Malcev algebra,
in the same way as in [4]. It would allow us to use properties of these structures to make
easier the study of the algebras.
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