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o 7 =(1234)(56)(78)(9) = z, = 41 .22 1.

@ |CS,| = p(n) = Number of partitions of n.

structure.

Two permutations are conjugate if and only if they have the same cycle

Ty = 71'/_171'171"
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LS,: LATIN SQUARES.

@ Latin square: A Latin square L of order n, is a n X n array with
elements chosen from the set [n] = {1,2, ..., n}, such that each
symbol occurs precisely once in each row and each column.

1 2 3 4
2 1 4 3
3 4 2 1 | EFS
4 3 1 2

e O(L) ={(r= row,c = column,s = symbol)}.

@ Parastrophism: m € S,
O(L™) = {(lx1), lr2), Ir(3)) | (h, k2, B) € O(L)}.

e Isotopism (~): © = (a, 3,7) € 3, = S3
O(L®) = {(a(r), B(c),¥(s)) | (r,c,s) € O(L)} ~ [L]

o ©=((12)(34),(12)(3)(4), (1234)) = zo = (22,2 -12,4).
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2A,: AUTOTOPISMS OF A LATIN SQUARE.

Autotopism: L® = L ~~ A,

LSe={LeLS, | [°=L}.

CS«, is known for n < 17 [Falcén, 2007; Stones, Vojtéchovsky and
Wanless, 2011]

A(©) = |LSe] only depends on zg ~~ A(z).

A(z) is known for n < 7 [Falcén, Martin-Morales, 2007] and the
majority of n = 8 and n =9 [Falcén, Martin-Morales, 2008].
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LATIN SQUARES AND THE 3PAP,

@ 3-dimensional planar assignment problem (3PAP,):

min Zr,c,se[n] Wres * Xres
st D e Xres = 1,Vc, s € [n],
> e[ Xres = 1,Vr,s € [n], (3PAP,)
seln] Xres = 1,Vr,c € [n],
Xes € {0,1},Vr, ¢, s € [n],

@ It can be defined the 1-1 correspondence:

0, otherwise

o {1, if (r,c,s) e O(L),

EESOVIN SR
w s =N
=N AW
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@ Partial Latin square: A partial Latin square P of order n, isa nx n

array with elements chosen from [n], such that each symbol occurs
at most once in each row and each column.

e O(P)={(r,c,s) | s#0}.

o PLSe = {P € PLS, | P° = P}.
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PARTIAL LATIN SQUARES PLS,.

@ P can be completed to a Latin square L if O(P) C O(L).

e P-coefficient of symmetry of ©: The computation of A(z) can be
simplified if a multiplicative factor cp € N is found s.t.

A(Z) =Cp - |£S@’p|.

Main problem: cp becomes crucial in the processing of high orders, but
none exhaustive study has been developed.

A comprehensive analysis of 2Ip, and PLSe has not been properly done
until now.
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The set CSq, .



© cUp, & 2o € CSap - I

LCM, = {(i,j, k) € [n]® | lem(i, /) = lem(i, k) = lem(j, k) = lem(i, j, k)}.

(Generalization for PLSg of the necessary condition [Stones, Vojt&chovsky and Wanless, 2011] for
membership in 2,).

0 z=(z1,2,2z3) €CS3,.

Z € CSQl’Pn =4 3(1,_], k) e LCM,, s.t. z; - 2pj - Z3k > 0.

«Or 4F>» «=)» « =) = Q>




Q[nCQ['Pn Cjn,Vn> 1.

n>1: (12,127,71) gcsm?n.

(2,2,2) € CSapy \ CSain.

(2 . 1"_2, 2. 1"_2, 1") S CSQI'Pn \CSQLn

«40>» «Fr «=)>» < ) .



CSpm=A{n"-....22.1%€CS, | zn >0and z; =0,Vi € [m— 1]},

1, if m=n,
ICSnml =10, f me{[2],...,n—1},
p(n—m) =" 1Sy mil, otherwise.

CSaupsl > D 1CSnil - ICSnsl - 1CSnil-

(i,j,k)ELCM,,
lim 1CS%eal _ o
n—o0 |CS:]"|
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ORDER n < 17

[CSn ml|
n | [CSa,l m [CSap, | |I[CSap I
T [2[3[4[5[6]7[8

1 1 1 1

2 4 1 5 3

3 6 2 15 7

4 19 3 1 65 22
5 8 5 1 223 60
6 45 7 2|1 869 197
7 12 1121 2535 526
8 87 51411 7663 1492
9 43 22 4]2]|1 21156 3937
10 89 30 (72|11 60264 10850
11 21 42 183 (1|1 150953 26628
12 407 56 (12| 4 [2[|1]1 385538 66984
13 27 77 (14| 5 [2|1]1 915452 157398
T4 141 [101|21]6 |3|1|1]1 2193205 | 374127
15 150 135(24| 9 (3211 4928696 836154
16 503 176 {34 (10(5(2|1|1|1|11209311| 1893607
17| 40 |231|41[13|5|3|1| 1124406101 | 4110132
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The size of a partial Latin
square related to an
autotopism.
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©-DECOMPOSITION

° z=(z1,2,23) € CSap .
0 ©=(a,p,7) €T,.
e Pe 'PL:S@

©-decomposition of P: P can be decomposed into n, - n,, blocks Pj
whose rows and columns are respectively determined by the elements of
the cycle a; of a and the cycle 3; of 8:

O(Pj) ={(r,c,s) € O(P) | r € aj and c € §;}.

vV go o

o o A
o 0O «
© = (12)(3)4). (1)), (39)(1(2)
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LCM, = {(i,j) € [n)* | 3k € [n] s.t. (i, ], k) € LCM,, and z;-z5;-z3x > O}.

@ zc¢c CSQ[,Pn.

e ©ecT,.

e PePLSeo.

@ | X j-block B of the ©-decomposition of P.

There exists wg € [ged (7, /)] U {0} such that |B| = wg - lem(/, ).

Specifically, wg = 0 if (/,/) ¢ LCM,.
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° z=(z1,2,23) € CSoyp .
e PePLS,.
Itis [, < |P| < u,, where:
G =

= min lem(i, j
(u)eﬂcm,{ m(i,j)},
u; = min{ Z 21+ 22j 1+,

(i,j)ELCM,

E 21i-Z3k- i - K,
(7, k) ELCM_(53)

>
Sizes(z) =

sz'Z3k-_i'k}.
(ko) ELOM (1)
Z wij - lem(i,j) < u, | wi € [z17 - 225 - ged(i, f)] ¢ -
(i.j)ELCM,
«40» «4F)»r « =) 4« > Q>
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0 z=(6,3-2-1,4-2) € CSapg
e © = ((123456), (123)(45)(6), (1234)(56)) € PLS,.

SRR

LCMZ = {(6, 3)}, LCMZ(23) = {(6,2)} and LCMZ(13) = {(2,3)}

¥ K X K ¥ %
* K K ¥ %
0co00O0O0O0

So: 6 < |P| < min{18,12,6} = 6. Thus, Sizes(z) = {6} and |P| = 6.
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e 7€ CSy,,.
e ©cT,.
e PePLSes.
e s€e|n].

'P/:,Se’[p] =PLSe N [P]

PLSos = PLSe NPLS s

The number of isotopic partial Latin squares related to an autotopism

only depends on the parastrophic class of the cycle structure of the
latter.
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INCIDENCE STRUCTURES.

PROPOSITION
e Pc PLS,.
o ZGCSQL,Pn.

([P],32, Ip,) is Arpy(z)-uniform and regular incidence structure.
(PLShs,32, Ip,) is Ag(z)-uniform incidence structure.
(PLS,,3,, Ip,) is Ap(z)-uniform incidence structure.

All their blocks have the same multiplicity.

THEOREM
e PePLS,.
e Qe|P]
2ol = |2p[ = [Tp.ql
Moreover, given © € UAp, it is Ag = {000 " | & ¢ Jp.q}-
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if 3k € [n] s.t. s=k-n,

0, otherwise.

nt?
AS((n; n, 1”)) = { k!-(n—k)12?

An((n, n,n)) = n
2. (n—1)-(n—
If n>2: AZn((n; n, n)) = w

A[Z(Z) = Z Z1j - 22§ ng(i,j) o Z k- Z3k -
(i,j) € LCM, k € [n]
s.t. lem(i,j) = [, s.t. (i,/, k) € LCM,

Apy(2) = Di(2) = 211 - 221~ z31.

PN



0 ©=(w,pB,7) €T,
of:

There exists a bijection between PLSg and the set of feasible solutions

> ren) Xres < 1,Ve, s € [n],
Zce[n] Xes < 1,Vr,s € [n],
Y sepn Xres < 1,Vr, ¢ € [n],

Xres = Xa(r)ﬂ(c)’y(s)avra ¢, s€E [n]’
Xres € {0,1},Vr,c,s € [n].

r,c,s€[n]

Z Xres = M~ PLSe m

«O0» «Fr» « E» = Q>
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GROBNER BASES.

PLSo.m is determined by 2n% + 3n? + 1 polynomial equations of degree
1 and 2 in n® variables:

COROLLARY
e ©=(a,B,7) €T
e me[n?.

PLSo,m is the set of zeros of the ideal /:
<(Zre[n] Xres) (L= 32, ¢y Xres) =0 | ¢,5 € [n] )+
((Dee Xes) (1 = Soepy %) | 125 € [n])+
((Cpep ) (1= Syepy ) | 1 € [nl)+
(Xres - (1 — x,cs) | r,e,s €[n])+

(Xres — Xa(ns(es) | ¢, s € [n])+

(m

Zr c,s€[n] Xres ) € Q[xn] = Qxa11, -+, Xon]
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A¢(z) AND Ap(z). ORDER n < 3

Ay(2)
n z s Ap(z2)
1] 2] 3 4 5 6 | 7] 8 ]9

1] (1,L,1) 1 1
(2.2.2) 4 0 7

2 (2,2,1%) 4 2 6
(1°,1,1°) [8 |16 | 8 2 34
(333) 9 9 3| 21
(3321) 3 3
(3,3,19) 9 18 6| 33
3[(212I2T)[ 1|10 | 10 | 24 | 24 | 20 | 20 | 4 | 4 | 117
(21217%) 3] 6 | 18] 6 | 18 51
(211°1%) 9|18 [ 6 33
(1%,1%,1°%) [27]270] 12783078 [ 3834 [ 2412 756 | 108 | 12 | 11775
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A¢(z) AND Ap(z). ORDER n =4
As(2)
z s Ap(2)
T2[3 ] 4 5 6 7 3 9 10 11 2 [ 13 [ 14 [15]16
(@.4.4) 16 78 32 0 9%
(@,431) 7 7
(4,4,2%) 16 56 32 8| 112
(4,4212) 16 64 64 8| 152
(4,41%) 16 72 96 24| 208
(313131 [L 8 | 18 90 90 165 165 99 | 99 9 (9] 763
(3-1,3-1,2:12) [2 6 | 12 6 12 38
(31311%) |4 12 | 48 36 144 24 96 364
(3-1,22,2%) 8 8 16
(3-1,22,2.1%) 4 4
(31212219 4[4 [ 8 | 4 20
(3-12:121%) [8] 12 20
(3-11%1%) e[ 72 96 | 24 208
(22,222%) 32 352 1664 3552 3328 1408 256 32| 10624
(2222 2.12) 32 360 1792 4152 4416 2048 384 32| 13216
(22221%) 32 368 1920 4800 5760 3264 768 96| 17008
(222122.1%) | |24 192 640 880 416 32 2184
(22 2:121%) 16 72 9 24 208
(2:122:122:1%)8] 32 [ 136 | 336 | 752 | 1440 | 1004 | 2856 | 2400 | 2608 | 1504 | 1056 | 448 | 224 |64 |16] 15784
(212,2:12,1%) |16] 88 [ 272 [ 736 | 1344 [ 1632 | 1728 | 1008 6824
(21217 1%) Del352|2208] 6504 | 9792 | 7104 | 2112 | 216 28352
(1%,1%1%)  Jpa1728p5020030760[1437696/5728896]15326208275348163207100825941504]1 31535361421574484 78721 105920216576/1 27545136
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©-completability
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o zcCSy,,
e 0OcT,

e PecPLSe

P is ©-completable if LSg p # 0.

© = ((12)(3), (12)(3), (12)(3)) € As.
(if)
© = ((12)(34), (12)(34), (12)(3)(4)) € 2a.

o



@ z€(CSy,,and © € 7,

Ce75 =CoN 'PL:S@,S.

) 91,@2 € J,.
° [291] = [292]

|Co,.s| = |Co,.s|, for all s € [n?].

Co = {©-completable partial Latin squares}

|C@1|=|C@2|'

«40» 4F» « =) 4 Q>

it
v



@ z€(CSqyp,and © €7,
¢ = [Col.

CZ,S = IC@,Sl.

0 7€ CSy,,.

P e Co = PLSe P C Co,p|

c275 =

P A[P](z)_
[Pl € PLSe,s/ ~
st. [PINCo #0

«40>» «Fr «=)>» < .

i
v
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¢; AND ¢,5. ORDER n <4

Czs

n z s Cz
1123 | 4]5 6 7 8 9 10 [ 11 [ 12 |13 | 14 [15]16

1 (1,1,1) |1 1

2] (2,2,1%) 4 2 6
(3.3.3) 9 9 3 21

3 (3,3,19) 9 18 6 33
(2:1,2-.1,2-1) [1]10[ 102424 ] 16 | 16 4 4 109
(4,4,2%) 16 40 32 8| 96
(4,4,2-1%) 16 40 32 8| 96
(4,41%) 16 72 96 24| 208

4 B13131) [1 18] 18 90 | 90 90 | 90 45 |45 919 505
(2°,27,2%) 32 352 1408 2144 1792 896 256 32| 6912
(2%,2%,2.1%) 32 336 1344 2144 1792 896 256 32| 6832
(222219 32 368 1728 3792 4224 2496 768 |96|13504
(2-1%,2-17,2.1%) | 8[32] 136200 112 784 [1328[1560 1760|1568 |1248| 800 [448[192]64|16]10240
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@ Basis of LSe: {P1, P2,

, Pm}, with P; ©-completable s.t.
Uieim £8o.p, = LSe

LSe.p, N LS p; = 0, whenever i # j
I

A(z) = X icim 1£Seo.p|

«0O0>» «Fr» «E>» «E)>» A
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BAsis oF LSg.

LEMMA
e SC[n]
0 ©=(a,p,7) €A,
Each of the following sets is non-empty if and only if it is a basis of LSg:

Srce ={P € Co | (r,c,s) € O(P) < (r,c) € S},

Sprs={P € Co | (r,c,s) € O(P) < (r,s) € S},
Scs={P € Co | (r,c,s) € O(P) & (c,s) € S}.

© = ((12)(3)(4), (12)(3)(4), (34)(1)(2))

S= {(3’ 3)> (37 4)7 (47 3), (4> 4)}

s ()
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@ Homogeneous basis of LSg: {P1, P2,

, Pm} basis of LSg s.t.
|[,S@7p,.| = |£S@7pj|, for all i,j S [m]

¢
A(z) =m-|LSe,p, forall i € [m].
I

m = P;-coefficient of symmetry of ©.

«O0r «F>» «=)» (=) A



® z=(z1,2,23) € CSy,
@ 71 - 231 - 731 # 0.
° ez(aaﬂ77)€jz

o S={(if) €n? | i € aoo,j € Boo}-

Src is an homogeneous basis of LSg of cardinality |£S.,,].

o o
o 0O

© = ((12)(3)(4),

: Z € PLS,
2 1
(12)(3)(4), (34)(1)(2))

S= {(37 3)7 (3v 4)7 (47 3)7 (47 4)}
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FURTHER WORK.

Application to the calculus of A(z).

|CSa, ,| has been bounded. General expression?

General expression for Ajpj(z)? ~ Isotopic classes of PLS,.

@ Examples of order n > 4.

Comprehensive study of homogeneous bases and coefficients of
symmetry.

Radl M. Falcén Partial Latin squares related to a given autotopism.
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