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Abstract

Due to a mathematical necessity, it has been proved that it is convenient to
give a new interpretation of the multiplicity of Santilli’s isounity I =1 (z,v,t, u,
p, ...) of any Santilli’s isotopism, as a family of classical Bruck’s isotopisms. In this

paper we prove that every Santilli’s isotopism is indeed an extended isotopism.
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1 Introduction

A partial algebra is a nonempty set S endowed with binary operations which
have as domain a subset ® of S x S. S is an algebraic structure if all these
binary operations have domain ©® = S x S.

A quasigroup |1| is an algebraic structure ) endowed with a product -,
such that if any two of the three symbols a, b, ¢ in the equation a-b = c are
given as elements of (), the third one is uniquely determined as an element
of Q. It is equivalent to say that @ is endowed with left / and right \
division. A loop is a quasigroup with an unit element. Two quasigroups
(Q1,-) and (Q2,0) are isotopic |2] if there are three bijections «, /3,7 from
Q2 to (Y1, such that:

v(aob) = a(a) - p(b), for all a,b € Qs. (1)

The triple © = («, 3,7) is called an isotopism from (Q1,-) to (Q2,0)
and it is denoted (Q1,)® = (Q2,0). If Q1 = Q2 and a = 8 = 7, the
isotopism 1is indeed an isomorphism. If ()1 = Q2 and - = o, © is called an
autotopism. Let us also recall that the concept of isotopism can be extended
in the same way as in other algebraic structures as a triple of bijections of
such a structure, which verifies an equality analogous to (1).

If we consider the multiplication table of a quasigroup, we obtain a Latin
square. A Latin square, L, of order n, is a n x n array with elements chosen
from a set of n symbols N = {xy,...,z,}, such that each symbol occurs
precisely once in each row and each column. The set of Latin squares of
order n is denoted by LS(n). A partial Latin square, P, of order n,isanxn
array with elements chosen from a set of n symbols, such that each symbol
occurs at most once in each row and in each column. The set of partial
Latin squares of order n is denoted as PLS(n). The algebraic structure
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having a partial Latin square as its multiplication table is called a partial
quasLgroup.

From now on, we will consider N = {0, 1,...,n—1}. So, if L = (I;;), the
orthogonal array representation of L is the set of n? triples {(7,7,1;;) : 0 <
i,j <n—1}. An isotopism of a Latin square L is a triple © = (a, 8,7) €
L, = S, XS, xSy, where S, is the symmetric group on N and so, «, 8 and
~ are respectively, permutations of rows, columns and symbols of L. The
resulting square L® is also a Latin square and it is said to be isotopic to L.
In particular, if L = (I;;), then L® = {(4, j,7™" (la@pe)) : 0 < i,j <n—1}.
The set of all Latin squares isotopic to L is called the isotopy class of L.
Fixed another Latin square L' € LS(n), the set of all isotopisms from L
to L' is denoted by U(L,L') = {© € Z,, : L® = L'}. An isotopism which
maps L to itself is an autotopism. The stabilizer subgroup of L in Z, is
its autotopism group, U(L) = {© € I, : L® = L}. Given P € PLS(n),
contained in L, an isotopism of P is a triple © = (o, 8,7) € Z,, where
(@) = 0. Given § C U(L), it is defined the extended autotopy 6] P =
Uoes P© € PLS(n). The set § is called an extended autotopism from
P to P®. If (Q1,-) and (Q,,0) are, respectively, the partial quasigroups
associated to P and P%, then it is denoted (Q1,-)¥ = (Q4,0). This concept
of extended autotopism can be analogously defined in any multiplication
table. So, it can be considered not only in partial quasigroups but in any
partial algebra.

By the other way, Santilli proposed in 1978 |7| a possible model of iso-
topism, which he called Santilli’s isotopism, which allows to construct the
named isostructures, based on an isounit /. For a historical vision of the de-
velopment of the isotheory and a wide bibliography related to it, the reader
can consult [3]|. Particularly, Santilli’s isotopic model is based on the gener-
alization of the initial unit: [ — I = f(m,v,t,,u,p, ...), where z, v, t, p, p, ...
are variables with values in fixed domains X, V, T, M, R, ..., as coordinates,



velocity, temperature, density, etc. So, fixed any mathematical structure
E, endowed with a binary law X with unit element I € F/, this model con-
siders a set V' O FE, endowed with an associative binary law * with unit
element I, where the restriction of the law * to £ coincides with X, TeV
for all factors x, v, t, i, p, ... (where here the domain of the coordinate factor
is X = E)and T = T(z,v,t,p1,p,...) = I-1. V,T and T are respectively
called general set, isotopic element and isounity of the isotopism. So, it is
defined an algebraic structure E, endowed with the law X with unit 7 as:

E—>E:x—>f:$*f; ﬁ?gza*T*/l;:a/;b, foralla,bGE. (2)

From a mathematical point of view, it has been proved |4] that it can be
difficult to obtain explicitly the general set V. By the other way, when the
isounit 7 has more than an unique value (that is, if 7 depends on external
factors), it has been also seen that calculus and notations can be arduous.
In this paper, we will see that these difficulties can be avoided by reinter-
preting Santilli’s isotopisms as a family of classical Bruck’s isotopisms. In
this way, the multiplicity of the isounity T can be displaced to a multiplicity
of isotopisms. So, in the second section of this paper we compare Santilli’s
isotopisms with the classical Bruck’s ones. To do it, we generalize the con-
cept of extended autotopism to extended isotopism and we prove that every
Santilli’s isotopism is indeed an extended isotopism. In the third section we
give a concrete example of this result, by working with quasigroups.



2 Comparison between Santilli’s and Bruck’s

isotopisms

Fixed two Latin squares L, L' € LS(n), the concept of extended autotopism
can be easily generalized to the set U(L, L") C Z,:

Definition 2.1. Fized a partial Latin square P € PLS(n) contained in L
and given § CU(L, L"), we will define the extended isotopy of P associated
to § as:
P = | J P° € PLS(n).
ocy
The set § is called an extended isotopism from P to P®. We will denote

(Q1,)% = (Qq,0) if (Q1,-) and (Qo,0) are, respectively, the partial quasi-
groups associated to P and PS.

It is easy to see that PS is indeed contained in L’. This concept of
extended isotopism can be generalized to any multiplication table and so,
to any algebraic structure. In particular, we will use it to prove that every
algebraic structure obtained by means of a Santilli’s isotopism is an extended
isotopism of the corresponding initial algebraic structure.

In our study, we will consider the Santilli’s isounit T of the Santilli’s
isotopism (2) as the subset:

~

I={I(z,0,t,pu,p,..):z€ X,veViteT,uc M,peR,..} CV.

In this way, m denotes the cardinal of 1.

Lemma 2.2. If |I| = 1, then the Santilli’s isotopism (2) is indeed an iso-

morphism.

Proof.



It is sufficient to take o : E — F, such that a(z) = 2 * I. The asso-
ciativity of * and the existence of the inverse 7' = I~! imply that « is a
bijection. O

When m > 1, we must explicit what elements of I are used in the
definition of X in (2). In this way, all the possible values of the variable
factors of which I depends were denoted by F'in |5], that is:

F={f=(z,u,t,pu,p,..):x € BE,veViteT,ne M,p€eR,..}.

So:
I={I(f): feF}CV.

Now, fixed f € F, let us denote:

Therefore:
E={3:xcE feF}=|]E
fer

By the other way, fixed any map:

O:FxF—=F:(fi,f)— fi, f),

~

it was defined in [5] the law X of (2) in E as:

5% g, = {T5 Gaqgpy  Tr =y and G, =bp},, , foralla,b € E.

fs, ft € F

However, we are not interested in algebraic multi-structures, that is, the
set of the right side of the previous equality must be of cardinal one. For
this reason, we must choose ® in such a way that this set is unitary. We
will say then that ® is compatible with (E,*). In the case in which in the
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previous equality we can swap all the elements a, b, x,y in the complete set
V', we will say that ® is compatible with (V,*) and we can extend the law *
from F to V.

Therefore, let us suppose from now on that ® is compatible with (V] *)
and let us fix fi, fo € F. We obtain then that:

ap* /l;fQ = a/*\b(}(fhh), for all a,b € V. (3)

Now, if T(f1) = I(f1)~ and T(f2) = I(f2)~", let us observe that (3) is
equivalent to:

a3 by = (@ < T() + (b * T(f2)) ) * T((f1, f2)) -

Finally, it T(®(f1, f2)) = f(fl)(fl, f2))~%, the previous equality is equivalent
to:

(aflazﬁh) $ T (D(f1, f2)) = (@p, * T(f1)) (Bh *T(fg)) .

Let us now define the bijections on V', ay,, By, and Ya(y, . 1,), such that:
af1(§f1) = fﬁ *T(f1) ==,
ﬂf2(/x\f2) = /'T\fQ * T(f2) =,
Ya(si.p) (Tatsir2) = Tatrp) * T(R(1, f2) = =,

So, we finally obtain that:

Yo(f1,f2) (afl/ﬂ: bf2) =ap (aﬁ) * Bh (bf2)7 for all a,b € V. (3/)

That is, the triple ©1 5 = (ay,, Bf,, Yo(s1,5)) is a classical isotopism from
(V,*) to (V,*). In a similar way, we can obtain a classical isotopism O, ;
from (V,x) to (V,%) starting from any (f;, f;) € F' x F. So, we can define
the family:

§=1{0i; = (s, B Vo) (fis f) € F X F}.
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Particularly:
Lemma 2.3. It is verified that:
FCU(V,%),(V.5).

Proof.

The result is immediate by keeping in mind the associativity of % and
the existence in any case of the isotopic element as the inverse of the corre-
sponding isounity. O

Now, let us consider (E,*) as a partial substructure of (V,*) in the
following sense:
axb,if (a,b) € Ex E,
0, if (a,b) € E x E.

a*xb=

We obtain then the following:

Proposition 2.4. They are verified:
a) (E,%)® is a partial substructure of (V,%) for all © € §.
b) (E,*)S = (E,ZE) is an algebraic substructure of (V,%).
In this way, (E,?) is indeed the extended isotopy of (E,*) associated to §.

Proof

Fixed fi, f, € F and Oy, 1, = (o, Bfy, Yo(f, 1)) € 8, we can consider
(E, %)® as a partial substructure of (V,%) in the following sense:

Vq:(lfth) (O‘f1($) * sz(y)): if z € Ey and y € Ey,,

(0, otherwise.



By the other way, fixed x,y € E = UfeF Ef CV, we can find a,b € E
and f;, f; € §, such that ay(a) = = and B4, (b) = y. Particularly, the
triple Oy, . = (ay,, By, Ya(s,,5,)) € T allows to define the product ¥y € E.
Therefore, the law % is defined in E x E and (E, )5 = (E, %) is an algebraic
substructure of (V). O

So, as a consequence of the previous construction, the following result
holds:

Theorem 2.5. Fvery Santilli’s isotopism is an extended isotopism. O

3 An example of Santilli’s isotopism

Let us consider £ = {0,1}, V = {0,1,2,3} and the laws X in F and * in
V', given by the followings multiplication tables:

0 1

010 1

1]1 0
*x10 1 2 3
0/0 1 2 3
111 0 3 2
212 3 0 1
313 2 1 0

So, (E,*) = (F, x). Now, let us consider:

F = {flyf?}a

I(f)=0,  1(f) =2



That is to say:

I'={0,2}
Therefore:
0,=0, 1,=1, 2,=2, 3;=3;
0,=2 1,=3 2,=0, 3,=1
Then:

We define now the map:

O FxF—F
O(f1, f1) = fo,
O(f1, f2) = f1,
®(f2, f1) = f1,
O(f2, f2) = fo.

So, fixed a,b € V and f;, f; € F, we can define the law * as:

—

ag*by, = ax* bay, f,)-

It can be then proved that * is given by the following multiplication table:

*x 10 1 2 3
02 3 0 1
113 2 1 0
210 1 2 3
311 0 3 2




So, (E\,?x?) = (V,%). However, this Santilli’s isotopism can be seen as an
extended isotopism. To do it, we must observe that the isotopic elements

~ ~

of this isotopism are T'(f1) = 0 = I(f1) and T(f2) = 2 = I(f3). So, it is
sufficient to consider the bijections on V, oy, = By, = v, and oy, = By, =
Yt such that:

ap(a) =ax*0=aq, ag,(a) =ax2, foralla e V.
That is:
Qp = Id, af, = (02)(13)
Therefore, we must consider the family of isotopisms from (V%) to (V,*):

§ = {®f1,f1 = (Ida Id, <O2)(13))7 @f1,f2 = (Idv (02)(13)7 ]d),
O = ((02)(13),1d, Id), O, s, = ((02)(13), (02)(13), (02)(13))}

We give the partial Latin square associated to each (FE, *)@fi*fj in the
following table:

(i, 7) (B, *)%%ts (i, 5) (B, *)°fi1s
2 3 — — — — 0 1
2 - - - -1
wy | |? (1,2) ’
2.1 - 2,2 I
(2,1) 0 1 - _ 22) | 5
1 0 — — ~ — 3 2

So, finally, (E, *)¥ is associated to:

2 301
3210
012 3
1 0 3 2
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And we obtain in this way the Santilli’s isostructure (E,%) as an ex-
tended isotopy of (E, ) associated to §.

4  Final remarks

This reinterpretation of Santilli’s isotopisms allows to unify Santilli’s theory
to classical Bruck’s theory without the multiplicity of values of 1. However,
the primordial sense of Santilli’s theory is not lost, because this multiplicity
is displaced to a determined number of classical isotopisms. Besides, it
gives a way to see the role of the general set V in all this process, which
was sometimes a difficulty to find concrete examples. However, a study
for a possible reinterpretation of other aspects of Santilli’s theory is still
necessary. So for example, a study of infinite algebraic isostructures and,
therefore, in functional isoanalysis or isodifferential calculus would be an
open problem in this sense.
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