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ABSTRACT. The objective of this paper is to study a perturbed linear hyper-
bolic differential equation. The first part of this work is dedicated to study
perturbation of the equilibrium (special solution) of a perturbed hyperbolic
system. On the second part we analyze the stable and the unstable manifolds
of a perturbed semilinear differential equation. We assume that the perturbed
forcing function belongs to an Lg class and that it is developed in a series of
wavelets. Then we analyze the effect of this development on the special solu-
tion of the perturbed equation. Similar study is provided for the stable and
unstable manifolds of this special solutions.

1. Introduction. The object of this paper is to study the dynamics of a class of
ODEs in infinite dimension. Assuming a hyperbolic structure of the linear part we
first study a special bounded solution in the real line of the forced equation with a
forcing f(t), that is a perturbation of the equilibrium. In the weakly nonlinear, case
if the vector field f(¢,x,¢) in the variable ¢ belongs to an Lo space we develop it in
a series using a wavelet basis. Then we analyze how this special bounded solution
inherits properties of the vector field. We also consider similar questions for the
stable and unstable manifolds of that solution.

Many classical works in Nonlinear Oscillations study this problem when the forc-
ing term is periodic, almost periodic or almost automorphic, respectively. Unfortu-
nately these classes of functions are not robust with respect to local perturbation
in time.

In a previous paper Kloeden and Rodrigues [15] studied an alternative class of
functions extending periodic and almost periodic functions which has the property
that a bounded solution of a nonautonomous ordinary differential equation belongs
to this class when the forcing term is introduced here. Specifically, the class of
functions consists of uniformly continuous functions, defined on the real line and
taking values in a Banach space. This class includes periodic, almost periodic
or almost automorphic and many nonrecurrent functions. Assuming a hyperbolic
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structure for the unperturbed linear equation and certain properties for the linear
and nonlinear parts, the existence of a special bounded entire solution, as well the
existence of stable and unstable manifolds of this solution are established. Moreover,
it is shown that this solution and these manifolds inherit the temporal behaviour
of the vector field equation. In the stable case it is shown that this special solution
is the pullback attractor of the system. A class of infinite dimensional examples
involving a linear operator consisting of a time independent part which generates a
Co-semigroup plus a small time dependent part is presented and applied to systems
of coupled heat and beam equations. Since in that class on cannot use Fourier Series
an alternative strategy was to associate to each function of the considered class a
set of sequences. Then they proved that the special solution is not more complicate
than the forcing function.

In our case we study equations of the form & = Az + f(t,z,e) where A is
hyperbolic and f(-,z, ) belongs to a space Lq. First we consider the case when the
forcing function is f(¢). When f belongs to Ls, the special bounded (in R) solution
belongs to a space of bounded functions. Each function of the considered basis of
wavelets will give rise to a special solution. Therefore associated to the basis of
wavelets we will have a kind of basis of bounded functions. We develop f in a series
of wavelets and the special solution will be developed as a series of this basis of
bounded solutions.

The multiresolution is also analyzed. We also study the stable and unstable
manifolds of the special solution z*(t,¢) of © = Az + f(t, z,¢€).

What are some novelties of this paper? In the classical study of nonlinear os-
cillations, as treated for example in Hale [10], in the finite dimensional case, the
equations are defined in terms of periodic or almost periodic functions and the
Fourier Series Theory is used. In Kloeden and Rodrigues [15], in infinite dimen-
sions, a similar problem is treated with a larger class of equations using uniformly
continuous functions, instead of periodic or almost periodic functions, but Fourier
Theory was not available. In this case, besides working in infinite dimensions, we
allow f(-,z,¢) to belong to an Lo(R) space. This has the advantage that it can be
expanded in wavelets series with a convenient basis and the multiresolution analysis
can be used. This treatment allows to consider local perturbations in time and also
very complicate perturbations.

This paper is organized as follows. In Section 2 we consider the particular case
where the perturbation is a function f(t), ¢ € R. Besides the study of properties of
the special solution, we analyze its expansion in a wavelets series and its multires-
olution. We also compute the terms of the expansion in a specific example using
Haar basis of wavelets and the stable and unstable manifolds of the special solution.

In Section 4 we study weakly nonlinear equations. Using Banach Fixed Point
Theorem we investigate the special solution of an equation of the form ‘Zl—f = Az +
f(t,z,e), where f(-,2,¢) to belong to an Ly(R) space.

In Section 5, using a wavelet basis and multi resolution analysis we study ap-
proximations of this solution, the saddle point property, the existence of its stable
and unstable manifolds, and approximations of these manifolds as approximations
of the stable and unstable manifolds of the special solution.

Finally, in Section 6, using previous results, we discuss the existence of the pull-
back attractor in the case that in the linear part we have only a stable part and the
multiresolution of the pullback attractor which shows that it inherits properties of
the nonlinear part of the equation.



DYNAMICS OF A CLASS OF ODES VIA WAVELETS 3

2. Perturbation of the Equilibrium. Preliminaries. To study a nonlinear
autonomous equation one should be concerned with all its solutions, but this could
be a difficult task. Then, one may try to analyze the simplest solutions, that is
the equilibria. If besides the nonlinear autonomous perturbation one has a non
autonomous perturbation that depends on ¢ € R, then the first attempt could be
to study perturbation of equilibria. This will be treated in this section and in the
subsequent sections.

Let X be a complex Banach space with the norm || - ||. Let A: D(4A) Cc X =X
be the infinitesimal generator of the Cy semigroup T'(¢) for ¢ > 0. We suppose that
P :X — X is a projection and f: R — X.

Consider the equation

t=Azxz+ f(t). (1)

Lemma 2.1. Suppose the following exponential dichotomy holds, that is, there exist
positive constants K and « such that

IT#)P|| < Ke™ ', fort>0 and [Tt - P)| < Ke*, fort<0. (2)

Suppose that f € La(R,X). Then there exists a unique solution of (1) that is
bounded in R and it is given by:

xs(t) :/ T(t—s) P f(s) ds+/ T(t—s) (I—P) f(s)ds (3)

— 00 o0

This will be a solution in the mild sense as considered in Pazy [17]. or in other
words it 1s a continuous function and will satisfy the equation a.e. If f is continuous
in R, then it will be a solution in R in the usual sense.

Moreover

swpllasto < 1y 2 [ [~ iseas] = re [ [T isorea]

where K* :K\/g.

Proof: It is straightforward to check that x¢(¢) is solution of (1). Let us check now
that the solution is bounded. The uniquenessss is obvious because the difference of
two bounded soution for (1) is a bounded solution of & = Az, that is will be the
zero solution.
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Let UCB(R, X) be the space of all bounded and uniformly continuous functions
from R to X with the topology of uniform convergence.

Lemma 2.2. Let f, € UCB(R,X), n € N be such that f, — f uniformly for
t e R. Then f € UCB(R,X).

For a proof see Kloeden and Rodrigues [15].

For our goal, we will consider a subspace of UCB(R, X). To be more precise, let
F be the space of all uniformly continuous functions from R to X with precompact
range with the topology of uniform convergence.

Lemma 2.3. Let (M, d) be a complete metric space. Then a subset A of M is
relatively compact if and only if for every e > 0 there exists a relatively compact Be
such that A C Vo(B.) :={x e M: d(z, B.)} < ¢, an e-neighborhood of B..

See Bachman and Narici [1].
Lemma 2.4. F is a closed subspace of UCB(R,X).
For a proof see Kloeden and Rodrigues [15]
Lemma 2.5. Under the assumptions of Lemma 2.1 if f € La(R,X) then x¢(t) € F.

Proof: Let us consider the case P = I, the identity operator. The general case is
proved in a similar way. Given f € Ly(R,X), and e > 0let N € N, N = N(¢), such

that
—-N o0
max 2d 2d .
a{/m|umnthﬁ|uwnt}<e

[ 0,ift € (—00,—N), orte (N, o0),
In(t) = {f(t) if t € [-N, N,

Let
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and
xn(t) = /_ T(t—s) fn(s) ds.

Then zx(t) = 0ift € (—o00, —N), xn(t) := fiN T(t—s) fn(s) dsift € [-N, N,
an(t) = [Ny T(t—s) fa(s) dsif t € [N, o0].

Using the above exponential dichotomy assumptions one can show that xy(t) —
0 as t — oo. Therefore zx(t) is uniformly continuous in R.

Let us consider now z(t) — zn(t). For t € (—oo0, —N),

EORENCIIE H / ; T(t =) fls) ds
< Koo [ ; e |1£(s)]| ds
< Ke ™ (/_; e2s ds>é (/_; 1£(s)I1? d8>é
< %5.
For t € [-N, N|,
la(t) — ()] = ] / ; T(t - 5) [f(5) — fn(s)] ds
_N
- ’/_m T(t—s) [f(s) = fn(s)] ds
N / tN T(t - s) [f(s) - f(s)] ds
-N
_ ’ |t ) s
< Koo [ ;N e 1£(5)] ds
< ke ( [ d8>é ( LT ds)é
< %se*“teﬁw
— £sefo‘(HN)
V2
K
< ﬁs.
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For ¢t € (N, 00), using similar estimates we obtain

-N
lz(t) —zn (@) = H/ T(t—s) [f(s) = fn(s)] ds
N
[ 7= 1)~ (o) ds
+ [ (=9 (1) = I (o)) ds
—N t
< H/_ T(t—s) f(s) ds|| + H/N T(t—s) f(s) ds
< ﬁe + 55
TOV2 V2
= KV2e.
To conclude the proof we should just use Lemma 2.2 and Lemma 2.3 . O

Now we define operator S : f € Ly(R,X) — Sf := 2y € F and let
G :=S8(L:(R, X)) C F.
From Lemma 2.1 it follows that operator S is linear and continuous. Moreover
oo 1/2
sup 501 < & ([ Iroira)
teR —00

Now we introduce some basic concepts and notations and results about wavelets.
See [9, 12, 16]. Consider the scaling function ¢ : R — C and the wavelet function
1 : R — C, such that

B(t) = V2D hnd(2t —n), b(t) =V2D  gno(2t —n) (5)
neN neN
where h,, € C and g, = (=1)"h_p41
It is usually assumed that [ ¢(t) dt =1 and [~ 4(t) dt = 0.
bin(t) =229t — k), o k(t) =272t — k) (6)

Then {¢;x(t), k € Z} is an orthonormal basis for the space V;. Therefore we
have a chain of closed subspaces:

Vo, CVaCVyCViC Ve, (7)
such that
UVi =La®), (V; = {0}, (8)
JEL JEL

where we indicate Ly(R) := Lo(R,C). Since V; C Vj41, let W; be the orthogonal
complement of V; in Vi1, that is V; @ W; = V;41. An orthonormal basis of W is
given by {; x(t) = 29/2(27t — k), k € N}.

Definition 2.6. Let P; be the orthogonal projection of La(R) onto V; and Q; be
the orthogonal projection of La(R) onto Wj.
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It is known that P; and @; are also orthogonal to each other.
With the above notation the equations in (5) can be rewritten as

(Z)0,0(t) - \/iz hn(bl,n(t)’ %,o(t) = \/iz gn¢1,n(t)' (9)

neN neN

Let us see now what will be the implication of the above relations on the corre-
sponding solutions.

Lemma 2.7. Given x¢ € X let fi(t) := ¢jn(t)z0, f2(t) =V, n(t)xo and let z; ,(2)
and y;»(t) be the corresponding solutions of (1) given by (3). Then x;,(t) =
zjo(t —n) and y;(t) = y;0(t —n). Moreover (9) implies:

Z0,0(t) = \/iz hnz15(t), yoolt) = \@Z GnY1,n(t)

neN neN
and so
zo,0(t) = \/52 hna10(t —n), yoolt) = V2 Z Iny1,0(t —n)
neN neN
Proof: Given f € Ly(R,X), consider the function g(t) := f(¢t — n), if we substitute
in (3)
zg(t) = @pe—n)(t)
t ¢
= / T(t—s)Pf(s—n)ds+/T(t—s)(I—P)f(s—n)ds.
If we let 7 = s — n in the above integrals, we obtain:
z4(t) = @pe—n)(t)
t—n
= / T(t—(r+n)) P f(r)dr

+/ (= (r 4 ) (- P) f(r) dr

oo

_ /_nT((t—n)—T)Pf(T) dr

— 00

+/ _nT((t—n) —7) (I —=P) f(r) dr

oo

zy(t —mn).

O
Now we suppose that X is a separable complex Hilbert space and that {e;,i € I'}
is an orthonormal basis, with I countable, finite or infinite.
Let us see the implications of the previous relations on the coordinates.

Definition 2.8. Let f = (f'e;)ics € L2(R,X), where f* € La(R). For each j € Z
we define a projection Pj : Lo(R,X) — Lao(R,X) as P;f = ((P;f)e;)ier and let
V; = Pj(L2(R,X)). Similarly we define Q; : Ly(R,X) — L2(R,X) as Q;f :=
((Q;f")ei)ier and let W; := Q;(L2(R, X)).

From (7) and (8) it follows that

o V_oCV_1CVoCVyCVyeon, (10)
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such that
UV = Ly(R,X), [V, = {0}, (11)
JEL JEZ

It also follows that V11 =V,; ® W;, V; and W; orthogonal.

Recalling that & := S(L2(R,X)) C F, for each j € Z we define the subspace

V; = 8(V;) and W, := S(W;). Then V41 =V; @ W; and

Y o CV 1 CVyCVIC Ve, (12)
For each x = z(-) € & let f € Ly(R,X) such that Sf = z. For such a x € & and
for each j € Z we define the projection Pjz := S(P; f). Therefore P;(&) = V.

In a similar way we can define for each y = y(-) € & let f € L2(R,X) such
that Sf = y. For such a y € & and for each j € Z we define the projection
Qjx :=8(Q;f). Therefore Q;(&) =W,.

Now we introduce the following notation. Given f € La(R, X) we write f =
Yier fie; and for each i € I we consider the special solutions z° := Tfie,, Y=

Ygie,. Therefore x; = ZZ&_I{E Yr = Zzejy

Lemma 2.9. Let A be the generator of a Cy-semigroup, such that A~' is bounded
and that the above exponential dichotomy (2) is satisfied. Consider the equations

&= Av+ 202 t)e; = Av+¢0(t) ei, § = Ay+272)(2t)e; = Ax +150(t) e,

(13)
where ¢, ¢ are given as above. Let x’(t) (respectively yi(t)) be the unique bounded
solution on R of the above equation. Let P the projection defined by the exponential
dichotomy. Then x'(t) can be written as

ah(t) = 2 () + 2l (1),

where,

o0 ,
acé*(t) = —27i/2At /Qf AT (I — P)p(s)ds e;.
Similar result for y'(t).

v () =yl () +yiT (1),
where,

27¢

B =2 [P e,
— 00
oo .

yt (1) = 279 e / AL PYy(s)ds e;.
27t

Proof: Let a = 277. From (13) we obtain the equations:

i=Azv+a ' PP(a s, §=Ay+a2P(a ey, (14)
Let z(t) := z(at). Then z(t) satisfies the following equation:

i =adAz+ a*?p(t)e;.
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The unique bounded solution on R is given by:

2(t) = a*/? [/t A=) pat/2¢(s) ds e; — /OO e (1 — PYg(s) ds ei] .

t
Returning to the original variable we obtain

z(t) = z(a™'t)

ta=?! o0
= q'/? l/ eA“(“_lt*S)PqS(s) ds e; 7/ eA“(S*“_lt)(I — P)¢(s) ds eil

—00 ta—1

-1 00

ta
= a'/? l/ et pe(s) ds e; f/ e (1 — P)p(s) ds ei] .
—o0 ta—1!

Now we let a = 277 again to obtain

27¢ )
z(t) = 279/2 [/ eA=27) py(s) ds e;

— 00

- /OO eA(g_jS*t)(I — P)¢(s) ds ei}
27t
= () +al,(t).
O

2.1. The Multiresolution Analysis. At this point we should do the multireso-
lution for functions f € Lo(R).

Let f; € Lo(R) an approximation of f, f; € Vy, for J sufficiently large. Then f;
can be written as f; = f;_1 +gsj_1, where f; 1 € V; 1 and g;j_1 € W;_1. Then
fr=fr—2+9gs—2+9gs_1, where f;_o € V;_5 and g;j_o € W;_5 and so on, until
f7 = fo+---. In each step we can consider f;_; as a lower resolution of fj, f;_o
a more lower resolution of f; untilfy the lowest resolution of f;, in this sequence.
Then f;(t) = >_,cz a1ndsn ().

The multiresolution implies

1= condon®)+ Y djnthalt) (15)
nez 0<j<J—1,n€Z
The first sum above will be the lowest resolution in this series. The coefficients
above can be obtained as follows:
+oo

—+oo

con= [ Fionn(s)ds, dw= [ fo(s)nals)ds.
— 00 — 00

Remark 2.10. When in (15) J is very large the coefficients d; ,, will be associated

to the details. Some of them may be zero or very small. The last ones are considered

as zeroes in the reconstruction process.

We are going to show that the multiresolution analysis that is done for functions
in Ly(R,X) induces a similar resolution for the special solutions defined by Lemma
2.1.

Let f € Ly(R,X). We first obtain an approximation of f in a space V, say
Jrt) =2 icr donez a§7n¢J7n(t)ei, by taking the orthogonal projections of f on the
space V ;.

Using the multiresolution analysis in Ly (R, X) we can write
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L) =323 chadon®e+> > ditiat)e (16)

i€l nez i€l 0<j<J—1,nez
For each f € Lo(R,X) we have the special solution xy € &. Then we have the
corresponding approximated solution in the space V;:

xy(t) = Z Z af,’nmj,n (t)dse;.
i€l n€Z
The corresponding multiresolution analysis for this solution becomes
2i(t) =D chamon®e+Y > diyin(be (17)
icl nez iel 0<j<J—1,n€eZ
We remark that coefficients in (16) and in (17) are the same.

Remark 2.11. From the previous remark and as it was stated in (2.10) the recon-
struction of the solution x;(t) could be done directly from (17).

2.2. Some Special Cases. In some cases, the functions ¢, 1 are zero outside
the bounded unit interval. This is the case of Haar wavelets, which takes the value
1 inside the bounded interval. In such situation the relations obtained in Lemma
2.9 can be improved.

Lemma 2.12. Under assumptions of Lemma 2.9, if ¢(s) =0, s < 0 and ¢(s) =
0, s > 1 we have that

2l (1) =0, t<0

29¢ ) )
3;;_* (t) = Q—j/Q/ eA(t_TJS)PqS(s) dse;, 0<t<277,
0

1 , ‘
:172‘ (t) = 27j/26At/ e ACTIPy(s)dse;, t > 277,
0
Similar results hold for a:;"' (t):

ait(t) =0, t>277,

1 ) .
ot (t) = —279/2e /m AT — P)p(s)dse;, 0<t <277,

1 )
:c?’(t) = 727j/267At/0 AT — P)p(s)dse;, t < 0.
Similar results hold for y(t).

Y, (t)=0,t<0

29¢

i (1) = 2—1‘/26At/ e ACTIPY(s)dse;, 0<t <27,
0

1 , ‘
y;.*(t) = 27j/26At/ e ACTIPyY(s)dse;, t > 277,
0

Similar results hold for y§+ (t).
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y?'(t) =0, t>27.

1 , .
yj-*(t) = —Q*j/ze*At/ AT — Pyp(s)dse;, 0<t <277
29t

1 ]
yit(t) = —2—3'/26_At/ AT = Pyp(s)dseis £ <0
0

Proof: The proof is elementary. O
Lemma 2.13. Let f € Ly(R,X), and f(t) = >, fi(t)ei, where
£it) =" "al 272927t — ).

neZ jeEL

Then the unique bounded solution on R of

&= Az + f(t)

x(t) = Z Z Z a§-7nx§(t —n),

icJ neZ je

is given by

where x’(t) is given in Lemma 2.9.

A similar result holds true for y(t).

Proof: The proof follows from Lemma 2.9 and by linearity. O

3. Applications with the Haar basis. As a first example we consider the Haar
basis:

¢ =Xpo, V=Xo,1/2 — X210

In this case hg = hy = %, go = %, 91 = *%.
o(t) = \@%Wt) + %Wt —1)] = V2[hot(2t) + hi (2t —1)]
b(t) = ﬂ%wzw - %Wt 1)) = VR2I90(21) + g1 (2t — 1)]

Lemma 3.1. Under the assumptions of Lemma 2.12 using now the Haar basis with
¢ = Xjo,1), we obtain the following results:

z(t) =0, t <0,
al(t) = =272 A7 e (e A — T)Pe;, 0 <t <277,
x;'f (t) = —2j/2A_1eAt(e_27jA —I)Pe;, t>277,
ait(t) =0, t >277.

it (t) = —29/2A7 e A2 A — A (I — P)e;, 0 <t <277,
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wj*(t) = —2j/2A_1e_At(e27jA —I)(I — P)e;, t<O.
The corresponding results for y(t), using ¢ instead of ¢, are given by:
y; (t) =0, t<0
y;:*(t) = 29247 et (em A _ YPe;, 0 <t < 270D,

+1)

Y (1) = 2247 e T — 26742 T oA pey, 270D < <27

Y (1) = 27247 AT — 26742 U 4 o= A2 pe, 97i <y,
yit () =0, 277 <t

yj-"'(t) = —2j/2A_1e_At(627jA — eI = P)ey, 270D <t <277,

9= (+1)

yit(t) = —27/2 A7 e A (27 2 A AN (T Ple;, 0 <t < 27U+,

yj-"'(t) = —2j/2A_1e_At(26A27(j+1) —I- eTjA)(I — P)e;, t<0.

Now we consider a more specific example.

&= —x+29/2p(2t)

From the expressions,
xé_(t) = 29247 A (= A _ Pe;, 0<t <277,

xé_ (t) = —2j/2A716At(672_jA —I)Pe;, t >277,
taking e; =1, A= —1 P = I, we obtain:
x](t) = 0, t S 0,

zi(t) =221 —et), 0<t <27,

a(t) =222 — 1), t > 279

Corresponding results can be obtained for y(t).
= —y+ 222 t)e;,
y](t) =0, t <0,
yi(t) =272 (et — 1), 0 <t <270+,
y;(t) = _21/26—:&[1 _9e2 UY + €, 2-U+D) <y <277,
o= (G+1)

y;(t) = —20/271[1 — 2¢ +e2], 279 <t

Proof: To obtain the results above the calculations are elementary.
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Below in Fig. 1 we show scaling solutions for j = 2 and j = —2. In Fig. 2 we
show scaling solutions for j =1 and j = —1

FIGURE 1. Scaling solution z;(t) for j = 2 (red), and j = —2 (green).

031
02

0.1

FIGURE 2. Wavelet solution y;(t) for j =1 (red), and j = —1 (green).
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3.1. The Stable and the Unstable Manifolds. Under the above assumptions
let f € Ly(R,X) and zf(t) be the special solution given in (3). The object of this
section is to describe the stable and the unstable manifolds associated to it.

Following the assumptions and the notations of Lemma 2.1, let S := PX and
U := (I — P)X, respectively, the stable space and the unstable space associated to
the hyperbolic linear map A.

The section of the stable manifold associated to the special solution xf(t) of
the equation given in Lemma 2.1 will be given by S(t) := S + z¢(¢). Similarly
UL) == U+ x¢(t).

Considering the multiresolution, we obtain an approximation of f in a space Vj,
say fr(t) = >.,cza5ndun(t), by taking the orthogonal projections of f on the
space V. Then we have the corresponding approximated special solution:

z(t) = Z asn@n(t),
neL

where the special solution z;(t) is given in Lemma 2.9.
Using the estimate

sup [|S(f) (@) < K*/ R 1£ )12 dt,

teR _
it follows that

sup [l ()| < K™Y lesal.
teR nez

The approximated section of stable and unstable manifolds in the time ¢ will be
given by,

{L‘J(t) + S = Z al]’nl']’n(t) + S, l‘](t) + U= Z G,J’nx]’n(t) + U.
ne”Z neL
Using the wavelet multiresolution analysis we can decompose it in the form:
2i(t) = cinton®)+ D> dinyia(h).
nez 0<j<J—1,n€eZ
In this case, the approximated section of stable and unstable manifolds will be

given by
Sty =) +S=> crnton®) +S+ Y dinyna(t).

neZ 0<j<J—1,n€Z
Uty :=as;0)+U = cpnvon®+U+ D> dinyn(d).
nez 0<j<J—1,n€Z

4. Weakly Nonlinear Equations. To give a motivation for what will be treated
in the next section we present a simple example.

Example 4.1. Let us consider the following differential equation
&= —x+h(t)x® +ef(t),
where h and f belong to La(R,R).

When we project h and f on Vj; we obtain the approrimated equation:

T =T+ hJ(t)JZB +efs(t).



DYNAMICS OF A CLASS OF ODES VIA WAVELETS 15

4.1. The special solution. Following the ideas of Hale [10] and of Kloeden and

Rodrigues [15] we now consider nonlinear differential equations of the form
d
== Azt f(t,a,2), (18)

where A is as before and the nonlinear term belongs to the class

. Loo 1/2
Lip(n, M) := {f iR x Q(po,00) — X, (f_oo Hf(t,0,5)||2dt) < M(e),

(S 1t 2(0).2) — £eue).2)2a) " < np.0) supyeg l(t) - y(t)ll}

for all (¢,x(t),¢), (t,y(t),e) € Rx Q(p,0), p < po and 0 < ¢ < g, where

p.0) = { (al0).2) €Xx R suplloft)] < p. ol <

Byi={a(t) €% + swp (9] < p}

and let n(p,o), M(c) for p > 0, o0 > 0, be continuous functions which are nonde-
creasing in both variables with 1(0,0) = 0 and M (0) = 0.

Theorem 4.2. Suppose that assumptions in Lemma 2.1 hold. Suppose also that the
function f € Lip(n, M). Then, there are constants p1 > 0, o1 > 0 and a function
x*(t,€) such that z*(-,e) € F, 2*(t,0) = 0, |z*(-,¢)| < p1, 0 < |e|] < 01, such that
x* (-, &) 1is the unique solution of (18) with norm < p; and z*(-,¢) € F.

Proof: Let B, := {z(-) € F : |z(t)| < p1, Vt € R }, where 0 < p; < po, and
consider the operator

(Tx())(t) = (Tex())(t) =
/t AP f(s, x(s),e)ds + /OO A=) (I — PYf(s,a(s),e)ds,

—o0 t
which is motivated by the solution operator S : f € Ly(R,X) — Sf := 2y € F
defined by (3) for the nonhomogeneous linear differential equation (1).
We will show that 7 has a unique fixed point in B,,. Following Hale [10] and
Kloeden and Rodrigues[15], using (4) we obtain

00 1/2
sup [(Te( N < K [ / f(s,x<s>,s>2ds}

teR —

< K* (n(pl, o1) sup ()] + M(Gl))

< p1,

IN

if p; and o7 are taken sufficiently small.

sup [T () (t) = Ty()(t)|

IN

K*n(pr, o1)llx(t) — y ()]

0 sup [|z(t) —y (@),
teR

IN

where 6 can be taken sufficiently small, say 6 < %
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This shows that 7 is a uniform contraction on B,, for |¢| < o1 and, thus, has
a unique fixed point z*(-,¢) in B,,. Moreover, z*(¢,¢) is a solution of (18) and
x*(t,0) = 0. O

Remark 4.3. Now we will consider the multiresolution analysis on the special
solution. We recall that

t o]
v*(t,e) = / AP f(s,a%(s,€),¢) ds + / AN (I = P)f(s, 2" (s,e),€) ds,
—0o0 t
(19)
Since f(-,x*(-,¢€),e) € La(R,X), now f(-,z*(-,¢),e) will play the role of f in
(3). Let x%(-,€) the projection of x*(-,€) in the space Vj and f;(-,x*(,€),€) the
projection of f(-,x*(-,€),€) in the space V.
Therefore from (19) we obtain the following approzimation of x*(-,€),

o0

¢
x5 (t,€) :/ A=) Pfi(s,a%(s,€), €) ds+/ AT = P)fy(s,2*(s,¢),¢) ds,

—o0 t

As in Lemma 2.9, using the Hilbert space structure, we write f(s,x*(s,€),e) =

Zie] fi(sa7x*(57€)7€)6i~ )
Next we consider the orthogonal projection of fi(,z*(-,e),e) in the space Vy,
obtaining f3(s,x*(s,€),€) = >, cz 0%, (€)dsn(s), where

+oo
G (€) = / Fi(s,2(5,€), €)1 (s)ds.

—0o0

Now we define fi(s,z*(s,e),e) = > .c; fh(s,2%(s,€),)e;.
From now on the multiresolution analysis follows the same steps as in (16).

wy(te) =YY ah(e)zsn(t)e,

i€l neZ
wyte) =D Y hn@ronBei+d D diEyn()es (21)
i€l neZ i€l 0<j<J—1,n€Z

5. Another approximation of the perturbed equilibrium. Under the above
assumptions, for each x € X the function || f(-, z,€)|| is square integrable in R. Next
we will find an approximation f;(-,z,¢) for the function f(-,z,¢).

As in Lemma 2.9, taking into account the Hilbert space structure, we write
f(s,x,e) =3 ,c; f(s,2,€)e;. Next we consider the orthogonal projection of f'(-, z,¢)
in the space Vj, that we denote by f%(s,z,e). Then we denote f;(-,z,e) :=
Zie] f}(s,x,e).

The function f;(s,z,e) satisfies similar conditions as f(s,z,¢) in the above the-
orem.

Therefore there exists a unique small solution x*(¢, e, J), which is the fixed point
of

t
x*(t,e,J) = / eA(tfs)PfJ(s,x*(s,s, J),e)ds

+/ A= (T — PYfs(s,2%(s,¢e,.0),€)ds.
t
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Remark 5.1. At this point we can also provide a multiresolution analysis. In
order to do this we have to project the function f;(-,x*(-,e,J),€) in the space V ;
and proceed as in Remark 4.35.

5.1. A motivation example for the Stable and the Unstable Manifolds.
In this section we follow the ideas of Hale [10] and of Kloeden and Rodrigues [15].
As a motivation we will consider the example:

.’bl =1
. 22
{xz = —my + h(t)x3 + (1), (22)
where ¢ = X|g 1], h(t) = €', t < 0and h(t) = e~*, t > 0. We have already computed
the unique small bounded solution in R, z°(t) and it is given by

().

where 29(t) =0, Vt € R, 29(t) =0, t € (—00,0], 29(t) = (1 —e7?), t € [0,1] and
23(t) = (e~ (e — 1)), t € [1,00).

In order to compute the stable and unstable manifolds of this special solution,
we consider the change of variables y; = 1, y2 = x2 — 29(t) and obtain the new
system:

{y1 e (23)

Y2 = —y2 + h(t)y}.
Now we will compute the stable and unstable manifolds of the equilibrium solution.
0
Y2
Now we will calculate the unstable manifold for ¢ < 0. If we solve the first
equation we obtain the solution y; (t) = aet. If we substitute in the second equation
we obtain the equation g1 (t) = —y2 + a®e*?, for t < 0. If we look for a bounded

The stable manifold is given by S =

solution for ¢ < 0 we solve this equation and obtain y(t) = %e‘“.
Therefore the section of the unstable manifold at the time ¢ < 0 is given by

ut) = ( ;zz;) .

5

The section of the stable and unstable manifolds of the solution 2°(t) are given,
respectively, by: 2°(t) +S and 2°(t) + U(t).

5.2. The saddle property. In this section we will establish the existence of sta-
ble and unstable manifolds of the special solution x*(t,¢) and also prove that they
inherit some properties of the original equation (18). Under the set up and as-
sumptions of the last section we consider the change of variables on the equation
(18)

r=xz"(t,e) +y,
and for the equation on y we obtain
W Ay Fity.e) (24)
where F(t,y,¢) := f(t,z*(t,e)+y,e) — f(t,z*(t,€),e). The function F(t,y,¢e) plays
the role for (24) that the function f(¢,y,¢) played for (18). Since F'(¢,0,e) = 0 and
M (e) = 0, the unique entire solution in B,, is the zero solution.
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For any to € R, let y(¢,to, y'°,€) denote the solution of (24) with the initial value
y(to,to,y',e) = y' and let K* be as in Lemma 2.1. For each § > 0 we define the
local stable and unstable manifolds as

S(to, 0,¢) := {y“’ eX ¢ [Pyl < ly(t o,y ) <6, t > to}, (25)

2K*’

and

U(to,(s,&) = {yto eX: |(I_ P)yt0| < |y(tat0ayt07€)| < 67 t< tO}a (26)

2K*’
respectively. Their existence and other properties are given by the next theorem.

Theorem 5.2. Suppose that assumptions of Theorem 4.2 hold with F in the place
of f. If F € Lip(n,0), then there are constants § > 0, e1 > 0, § > 0 such that,
for any to € R, |e| < &1, the mapping P is a homeomorphism of S(to,d,e) onto
PXN Bsjak, S(to,6,0) which is tangent to PX at zero and

ly(t,to,y", )| < 2K*|Pylole P=t0) ¢ > ¢,

for any y' € S(to,d,¢) and the mapping I — P is a homeomorphism of U(tg,d,€)
onto (I — P)X N Bssx, Ulto, 0,0) which is tangent to (I — P)X at zero and

|y(ta thyt05€)| < 2K*|(I - P)yt0|6,8(t7t0)7 t < th

for any y'© € U(to, 6, €).

Moreover, if g(-,to,€) : PXN Bsax — S(to,d,¢) is the inverse of the homeomor-
phism P, then g(y—,to,€) is Lipschitz in y_ with Lipschitz constant 2K*.

The same conclusions hold for the inverse of the homeomorphism I — P of
Ulto,d,€) onto (I — P)X N Bsjopc--

Proof: The proof is similar to the proof of Theorem 3.1, page 159, in Hale [10] or
in Kloeden and Rodrigues [15]. Since we are working in a different but similar class
of nonlinear problems, we will present just some key steps to adapt the proof there
to our notation and assumptions.

Any solution of (24) which is bounded in [tg, 00) will have the form:

t
z(t) = eA(t_tU)ac_—f—/ A=) PE(s,2(s),¢) ds (27)

to

[ s

o0

for t > tg, where x_ € PX.
In addition, any solution of (24) which is bounded in (—o0, tg] has the form

z(t) = Aoy, 4 / t eAC(I — PYF(s,z(s),) ds (28)

to

t
—|—/ A=) PR(s, 2(s),¢) ds

—0o0

for t < tg, where . € (I — P)X.
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It follows from (2) that |P| < K and |[I — P| < K. If K and « are as in (2) and
7 is the Lipschitz constant of f(t,z,e) with respect to  we can choose § > 0 and
€1 > 0 such that

4K*Kn(d,e1) < 1.
For each x_ € PX with |z_| < §/(2K) consider the set

G(to,z—,8) = {x : [ty,00) — X continuous, |z|:= sup |z(t)] <6, P(to)r ==z_},
tE[to,OO)

which is a complete metric space with the topology of the uniform convergence. For
x € G(to,x—,d) define Tz by

(Tx)(t) = ettty 4 /t A=) PR (s, 2(s),¢) ds (29)

to

t
+ / eAC=(I — PYF(s,z(s), ) dst > t,.
oo

As in Hale [10], page 160, it follows from the contraction principle that 7 has a
unique fixed point x*(-,tg,z_,¢) for |¢| < &1, which depends continuously upon ¢,
to, x— and z*(-, %, 0,e) = 0 and satisfies the estimate

—a(t —to)
|2 (t, to, m_,€) — a*(t, to, 2", e)| < 2KK*e 2 |z —a’_| (30)
for t > tg. In view of its definition, here
S(to,d,¢e) = {x s x=a"(to, to,x—,¢e) € (PX) ﬁB(;/QK} (31)

for |e| < e;. Since x*(-,%p,0,e) = 0, from (30) and (31) we obtain
|l'*('7t071't07€)| < 2K|P(t0)|e—ﬁ(t—t0)7 tzt(),
with 8 := /2.

Remark 5.3. From 5, as before we can approximate the function f(t,x,e) by
fi(t,x,€) and consider the equation
d
= At fi(t,z,e) (32)
dt
obtaining the special solution x*(t, e, J).
If we lety = x — a*(t,e,J) and

FJ(tava) = fJ(t7x*(t75a J) +y76) - f.](t7l'*(t,€),€, J)a

we obtain the equation
dy

—=A Fy(t
dt Y+ J( ayae)a (33)

where F;(t,0,e) = 0.

Therefore we can obtain the stable and unstable manifolds associated to the zero
solution of the above equation. These manifolds can be interpreted as approrima-
tions of the previous ones.
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6. The Pullback Attractor. The theory of pullback attractors has recently proven
very useful in analyzing the dynamics of nonautonomous dynamical systems appear-
ing in the applied sciences, and has experienced a significant development over the
last two decades (see, for instance, [3, 4, 5, 6, 13, 14, 15] and the references therein).
We would like to emphasize now that this theory can be also applied to provide in-
teresting information about the problem we have considered in this paper. Indeed,
let us consider the nonautonomous equation

z=Ax+ f(t,z,¢), (34)
and assume that there exists positive constants K, « such that
HeAt” < Kefat

for t > 0.

Then, is we also suppose that f(¢,x,¢) satisfies the conditions of Theorem 4.2,
we can follow the ideas of Kloeden and Rodrigues in [15] to conclude that the
special solution z*(¢,¢) of (34) gives rise to the pullback attractor for equation (34).
Therefore, as we did before, we can perform a similar analysis to construct the
multiresolution analysis of the pullback attractor.
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