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Universidad de Sevilla

In partial fulfilment of the requirements for the degree of

Doctor of Philosophy

Sevilla, February 2015



ii

To my true friends and family.



Acknowledgements

Foremost, I would like to express my sincere gratitude to my advisor Prof. Pilar

Ariza Moreno for her continuous support, motivation, guidance and patience during

my PhD, and for the generous opportunity to pursue my Master Degree at Caltech.

Similarly, I would like to acknowledge Prof. Michael Ortiz for his time, guidance and

support during my Master Degree and in several research stays at Caltech during my

PhD.

I would also like to extend my gratitude to all my colleagues, friends and family

for their helpful support during this long process to achieve the PhD.

Finally, I would like to thank the Centro de Servicios de Informática y Redes de
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Resumen

En la presente Tesis, se introduce la teoŕıa de un modelo lineal y no lineal para el

estudio de los defectos estructurales en grafeno basado en potenciales interatómicos

tipo tight binding. El mencionado modelo se basa en la teoŕıa Discreta de Disloca-

ciones (DD) presentada por Ariza & Ortiz (2010) y en una extensión no lineal de

dicha Teoŕıa que combina: los modelos de constantes de fuerza obtenidos a partir de

potenciales interatómicos, la Teoŕıa de autodeformaciones y la transformada discreta

de Fourier, para predecir la estructura y la enerǵıa asociada a defectos estructurales,

en particular dislocaciones. Las constantes de fuerza representan la parte lineal de los

potenciales interatómicos y se pueden obtener tanto numérica como anaĺıticamente

a partir de potenciales interatómicos tanto emṕıricos como semiemṕıricos. Entre los

potenciales semiemṕıricos, se encuentran los potenciales tipo tight binding que rep-

resentan un compromiso entre los potenciales emṕıricos y los métodos ab initio. La

principal ventaja de los potenciales tipo tight binding es que nos permiten estudiar las

propiedades electrónicas asociadas a los defectos en la red. Basándonos en el modelo

lineal y no lineal presentado, y en el potencial tight binding descrito por Xu et al.

(1992), se han investigado diferentes tipos de defectos estructurales en grafeno, tales

como dislocaciones tipo glide y shuffle, dislocaciones parciales, defectos de empaque-

tamiento y bordes de grano. Además, se ha evaluado la estabilidad térmica de dichos

defectos a temperatura constante usando para ello el código de dinámica molecular

LAMMPS (Sandia National Laboratories Large Scale Atomic/Molecualr Massively

Parallel Simulator) y el potencial emṕırico AIREBO (Adaptive Intermolecular Re-

active Empirical Bond-Order) desarrollado por Stuart et al. (2000). Por otro lado,

usando la formulación propuesta por Landauer y Büttiker y el potencial tight binding,

se ha estudiado la trasnmisión electrónica a través de los defectos más comunes en los

materiales policristalinos, como son los bordes de granos. Como conclusión final, se ha

demostrado la capacidad del modelo presentado para predecir defectos estructurales

en grafeno y sus propiedades electrónicas.
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Abstract

In this Thesis, we introduce a harmonic and nonharmonic model to investigate

structural defects in graphene based on a tight binding interatomic potential. Such

model is grounded on the Discrete Dislocation (DD) theory presented by Ariza & Ortiz

(2010) and a nonharmonic extension of this theory which combines force constants

models of interatomic potentials, the Theory of eigendeformations and the Discrete

Fourier Transform, in order to predict the core structure of defects and its associated

energy, particularly dislocations. Force constants represent the linear part of inter-

atomic potentials and can be derived either numerically or analytically from both

empirical or semiempirical interatomic potentials. Among semiempirical potentials,

the tight binding potentials represent a compromise between empirical potentials and

ab initio methods. The main advantage of the aforementioned potentials is that

they allow us to study the electronic properties due to defects. Using the presented

harmonic/nonharmonic model and the tight binding potential developed by Xu et al.

(1992) in this work, we investigate diverse structural defects in graphene, such as glide

and shuffle dislocations, partial dislocations, stacking faults and grain boundaries.

Furthermore, we evaluate the thermal stability of these defects at finite temperature

using the molecular dynamics code LAMMPS (Sandia National Laboratories Large

Scale Atomic/Molecualr Massively Parallel Simulator) and the empirical potential

AIREBO (Adaptive Intermolecular Reactive Empirical Bond-Order) by Stuart et al.

(2000). On the other hand, within the Landauer-Büttiker formalism and the tight

binding model by Xu et al. (1992), we also study the electronic transmission across

the most common defect in polycrystals, i.e., grain boundaries. Finally, we illustrate

by means of a number of applications the capability of such framework to predict

topological defects in graphene and evaluate their electronic properties.
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Chapter 1

Introduction

Graphene, one atom thick of sp2 carbon allotrope densely packed in a hexagonal

honeycomb lattice, has emerged as a promising material, essentially owing to its ex-

traordinary mechanical, electronic, physical, chemical, optical and thermal properties.

Prior to its isolation in stable form, graphene had been studied as an academic mate-

rial for many years to model the properties of various carbon-based materials such as

graphite, carbon nanotubes or fullerenes. It was believed by means of several studies

that any two-dimensional crystals were unstable at finite temperature and therefore

graphene as well. In 2005, for the first time, Geim and Novoselov isolated graphene

from bulk graphite through mechanical exfoliation. They used an adhesive tape to

peel off, one by one, layers of graphite until a few layers remained. By this way, they

successfully synthesized what we know as graphene. Since its discovery, graphene has

sparked enormous interest within the scientific community owing to the wide variety

of applications in which graphene can be used.

Many years before this breakthrough, Aguste Bravais proposed in 1850 that some

solids posse a crystalline structure, i.e., atoms are distributed in a periodic arrange-

ment. Moreover, these crystalline structures can be represented as an unit cell which

is repeated along all directions in space. Particularly, in graphene, carbon atoms are

arranged in a two-dimensional hexagonal lattice and the basic unit cell consists of two

1



2 Introduction

inequivalent atoms with an interatomic distance between C-C of 1.42 Å (see Fig. 1.1).

1

2

a1

a2

(a)

Figure 1.1: The unit cell of graphene.

Carbon atom possesses 6 electrons, and its electronic configuration is 1s22s22p2.

The electrons located in the 1s orbital correspond to the electron core, whereas the

remaining four electrons are the electron valence and are amenable to form chemical

bonds with other atoms. In graphene lattice, the 2s orbital and the 2px and 2py or-

bitals hybridize to form three sp2 orbitals with one electron in each hybrid orbital and

the remaining electron in the pz orbital. The three sp2 orbitals are oriented in space

in the same plane, forming an angle of 120◦ to each other. The remaining pz orbital

is oriented perpendicular to this plane. The electrons in the hybrid orbital interact

with the equivalent electrons of neighboring C atoms to form three σ-bonds, which

are the strongest type of covalent bond. These σ-bonds keep the electrons localized

in the graphene plane and are responsible for its outstanding mechanical properties.

Similarly, the 2pz electrons interact with the equivalent electrons of neighboring C

atoms to form π-bonds. These electrons are weakly bound to the nuclei and, therefore,

delocalized. Consequently, these electrons are responsible for the intriguing electronic

and transport properties in graphene.

In addition to its high breaking strength and high Young’s modulus, 42 N/m and

1 TPa (Lee et al., 2008), graphene exhibits a high thermal mobility, > 4000 W/mK

(Balandin et al., 2008), a low resistivity, ≈ 30 Ω−1 (Bae et al., 2010a), a high elec-

tronic conductivity, > 15000 cm2/Vs (Geim & Novoselov, 2007), and the quantum

Hall effect (Novoselov et al., 2007) at room temperature. Therefore, electrons can
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travel long distances without scattering. For instance, mobilities in excess of 200.000

cm2/Vs have been achieved at electron densities of approximately 2 · 1011 cm−2 in

suspending single layer graphene (Bolotin et al., 2008). Other peculiar characteris-

tics, which have made this material tremendously special, are its low weight (0.77

milligrams per square meter), its capability to absorb a fraction of the incident white

light, around 2.3% (Nair et al., 2008), and its impermeability to gases (Bunch et al.,

2008), among other outstanding properties.

Due to all these promising features, graphene is intended to be applied to a wide

range of fields: in aerospace, carbon fibers in composite materials can be replaced by

graphene and, as a result, the weight of aircrafts will be reduced considerably as well

as the electrical conductivity will be enhanced for lightning strikes during flights; in

military industry, graphene can be used as substitution of Kevlar in bulletproof vest

(Lee et al., 2014); in bioengineering, e.g., graphene can be used to fabricate bioelectric

sensors (Shao et al., 2010; Tang et al., 2010); in optoelectronics, touchscreens or flexi-

ble panel displays (Bae et al., 2010b), liquid crystal displays (LCD) (Jung et al., 2013;

Blake et al., 2008) and organic light emitting diodes (OLED) (Wu et al., 2010) can

be manufactured with graphene instead of indium tin oxide (ITO), leading to flexible

optical electronic elements with excellent performance; in energy storage, graphene

enhances the performance of batteries (Zhao et al., 2011) and capacitors (Liu et al.,

2010), i.e., their storage capability, charge rate and longevity are improved by incorpo-

rating graphene-based anodes in lithium batteries or manufacturing graphene-based

supercapacitors; in photovoltaic solar industry, graphene can be used as an alterna-

tive to silicon or ITO (Wang et al., 2008); and in particular for electronic applications,

graphene-based field effect transitories (FET) (Novoselov et al., 2004; Standley et al.,

2008; Liao et al., 2010) have aroused a great interest owing to its flexibility, low power

consumption and great capability for high-speed applications. Despite the fact that

pristine graphene has a lack of band gap, the charge carrier density can be easily

controlled by applying a voltage gate or by other means as we will introduce in this

Thesis.

As mentioned above, graphene was isolated for the first time by mechanical ex-
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foliation in 2005 (Novoselov et al., 2004). However, less than a decade later, an

endless number of manufacturing methods, which produce a high quality graphene

at large scale and also at low cost, have arisen, and more new novel methods will

appear soon. These manufacturing methods are, for instance, mechanical exfolia-

tion (Novoselov et al., 2004), chemical exfoliation (Hernandez et al., 2008), pyrolysis

(Choucair et al., 2009), epitaxial growth (Juang et al., 2009) and chemical vapor de-

position (CVD) (Kim et al., 2009; Obraztsov et al., 2007). Currently, the most effi-

cient method to synthesize graphene at large scale and low cost is by far the CVD, in

its two varieties, thermal and plasma CVD. The main advantages of this procedure

are, on one hand, the high quality and purity of the final product which is synthe-

sized. On the other hand, the large variety of graphene that can be fabricated by

controlling the parameters of the process, due to the variety of precursor materials

and substrates (transition metal such as Cu, Ni, Ir and Ru) that can be employed.

One of the most crucial issues in Material Science is to understand the exis-

tence, behavior and evolution of defects which are always present in crystals as-

sociated with growth processes or manufacturing post-processes. The presence of

defects usually have a strong influence on electronic, optical, thermal, mechanical

and magnetic properties of the material. On one side, these defects might consid-

erably deteriorate the properties (Han et al., 2014; Xiao et al., 2010; Grantab et al.,

2010). However, on the other side, defects can provide intriguing properties, e.g.,

trapping impurities such as metal atoms (Cretu et al., 2010) or opening electronic

band gaps (Yazyev & Louie, 2010a). Additionally, defects can be also introduced

voluntarily into the lattice by means of electron or ion irradiation (Meyer et al.,

2009; Hashimoto et al., 2004), chemical treatments (Bagri et al., 2010) and during

the manufacturing process. Therefore, the engineering of defects in the crystalline

lattice opens a new and innovative via to use graphene in applications with other

functionalities that defect-free graphene would not be able to provide.

Regarding the types of defects typically present in graphene, they can be grouped

into extrinsic and intrinsic defects. When the lattice is perturbed due to the presence

of foreign atoms, defects are referred to as extrinsic, whereas defects are referred to
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as intrinsic when the lattice is perturbed due to topological defects. Furthermore,

intrinsic defects can also be subdivided into point defects, or zero-dimensional de-

fects, (e.g., Stone-Wales defects, vacancies, dislocations and partial dislocations), line

defects, or one-dimensional defects, (e.g., grain boundaries and stacking faults) and

planar defects, or two-dimensional defects, (e.g., holes and inclusions). Similarly, ex-

trinsic defects can be subdivided into point defects, or zero-dimensional defect, and

higher dimensional defect, i.e, when several foreign atoms appear as a cluster. More-

over, among extrinsic defects, they can be also grouped into interstitial defects, in

which foreign atoms occupy a site in the lattice at which there is not usually any

atom, or into substitution defects, in which foreign atoms replace one or more atoms

of the lattice. In graphene, boron and nitrogen are the natural substitution atoms

because they have similar atomic radius, and one electron less and more than carbon

atom, respectively.

(a) (b)

Figure 1.2: (a) STM image of a Stone-Wales defect (Meyer et al., 2008).(b) STM image of

a single vacancy (Meyer et al., 2008).

Point defects in graphene lattice have been observed in a countless number of ex-

perimental studies. The so-called Stone-Wales (SW) defect (or 5-77-5 defect), which

was first discovered by Stone and Wales during their experiment on C-60 molecule,

has been also observed in stable form in graphene by diverse groups (Meyer et al.,

2008; Hashimoto et al., 2004). This defect appears when a C-C bond rotates 90◦

and, as consequence, four hexagons transform into two pentagons and two heptagons
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(Fig. 1.2). Through STM (scanning tunneling microscopy) technique, Hashimoto et al.

(2004) and Meyer et al. (2008) have observed a single vacancy which consists in a pen-

tagon and nonagon ring (5-9 defect), see Fig. 1.2. As a peculiar characteristic, this

kind of defect presents a dangling bond which enhances the chemical reactivity of

graphene. By TEM (transmission electron microscopy) technique, Kotakoski et al.

(2011) have found different reconstructed structures corresponding to double vacan-

cies, i.e., 5-8-5, 555-777 and 5555-6-7777 configurations (Fig. 1.3). Furthermore,

pentagon-heptagon (5-7) pairs have been observed by Hashimoto et al. (2004) and

Warner et al. (2012), see Fig. 1.4. A pentagon-heptagon (5-7) configuration is the

natural structure of dislocations in graphene.

(a)

Figure 1.3: Experimental TEM images of a double vacancy. From left to right: (555-777),

(555-777) and (555-6-777) structures (Meyer et al., 2008).

Similarly, in a specimen of graphene growth by chemical vapour deposition, Huang et al.

(2011), Kim et al. (2011), Qingkai Yu (2011) and Tsen et al. (2012) have been able

to observe grain boundaries formed as an array of aligned dislocations, see Fig. 1.5.

Grain boundaries arise when two grains with different crystallographic orientations

coalesce during the growth process.

Several studies have revealed that defects in graphene strongly alter its chemical,
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(a)

Figure 1.4: HRTEM image showing two opposing (1,0) edge glide dislocations in graphene

(Warner et al., 2012).

(a)

(b)

Figure 1.5: (a) SEM image of a grain boundary with a misorientation of 27◦ (Huang et al.,

2011). (b)Atomic resolution image of graphene grain boundary with a misorientation angle

of 26.6◦ (Kim et al., 2011).

electronic, magnetic and mechanical properties, among other ones. Next, we will

summarize some experimental and computational results that have been obtained by

diverse authors in their work.
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(1) Mechanical properties: Han et al. (2014), by molecular dynamics-based cal-

culations, and Grantab et al. (2010), by molecular dynamics and density functional

theory calculations, have explored the ultimate strength and failure of asymmetric

and symmetric tilt grain boundaries, respectively. They have found that the ulti-

mate strength and strain are reduced by the presence of grain boundaries. Xiao et al.

(2010) have found that the presence of SW defects dramatically modify the mechanical

properties of graphene, i.e., Young’s modulus, ultimate strength and strain at failure.

Additionally, Ansari et al. (2012) have studied by molecular dynamics-based simula-

tions the degradation of the mechanical properties by the presence of SW defects and

single vacancies on single-layered graphene sheets.

(2) Chemical properties: the reactivity of graphene is enhanced with the presence

of topological defects. Indeed, defects with dangling bonds typically posses a higher

reactivity than defects without them, such as SW defects, grain boundaries or recon-

structed vacancies. Experimentally, it has been observed that tungsten atoms (W)

are mobile on graphene surface and trapped by 555-777 defects (Cretu et al., 2010).

Using first-principle-based calculations, Qin et al. (2011) have obtained that Al-doped

SW graphene is very suitable for H2CO adsorption and Duplock et al. (2004) have

found that the combined effect of high curvature and a Stone-Wales defect makes

H2 chemisorption close to being thermodynamically favorable. Based on molecular

dynamics-based simulations, Liu et al. (2011) have found that C atoms on graphene

surface are likely to be absorbed by grain boundaries.

(3) Electronic and transport properties: experimentally, Tsen et al. (2012) and

Qingkai Yu (2011) have found that the presence of GBs in graphene increases its

electrical resistivity and consequently diminishes the current across grain boundaries.

Analytically, Yazyev & Louie (2010a) have examined the electronic transport through

grain boundaries composed of a periodic array of dislocation, and they concluded that

either reflection or perfect transmission of charge carriers can take place depending on

the structure of grain boundaries. Similar results have been obtained by Zhang et al.

(2012a) using density functional theory (DFT) and the non-equilibrium Green’s func-

tion method. By scanning tunneling spectroscopy, Červenka & Flipse (2009) have
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obtained two strong localized states at different energies (-0.3 and 0.4 eV) which ex-

tend up to 4nm away from the position of grain boundaries. In other words, the

local electronic transports are degraded in a region of 4nm from the grain bound-

ary position. Shirodkar & Waghmare (2012) have studied the main effects on the

electronic properties of SW defects in graphene as a function of their concentration

using first-principles calculations based on DFT. They have found a defect band in

the electronic structure, about 0.5 eV above the Fermi level, and a shift in the Dirac

cone in the Brillouin zone. Moreover, Lherbier et al. (2012) have investigated the

electronic transport in 2D graphene with the presence of diverse structural defects, in

particular Stone-Wales defects and two distinct divacancy-type reconstructed defects,

at different concentrations.

(4) Magnetic properties: using first-principles calculations based on DFT, Ma et al.

(2004) and Yazyev & Helm (2007) have found that vacancy defects in graphene in-

duce magnetism. Moreover, Yazyev & Helm (2007) have obtained that hydrogen

chemisorption defects also produce magnetism. By first-principle-based calculations,

Lu et al. (2009) achieved in their results that asymmetry distribution of Stone-Wales

defects in zigzag graphene nanoribbons can induce finite magnetic moments. How-

ever, Chen et al. (2010) obtained by means of first-principle-based calculations that

SW defects, with adsorbed H anywhere, quench the magnetism because the interac-

tion of H and C atoms.

Consequently, it is evident that there is an existing link between crystal-lattice

defects and the observed modified macroscopic properties. Therefore, in addition to

knowing how defects alter the properties of pristine defect-free graphene, a full under-

standing of the behavior and evolution of structural defects in graphene lattice is of

crucial interest in order to design and manufacture nanoelectronic or nanoelectrome-

chanical devices.

One way of facing this is by using molecular dynamics-based computational frame-

work, which employ empirical potentials (also called either analytical potentials or

force fields) to compute the atomic forces. Although molecular dynamics (MD) is

the simplest way to simulate crystals, they usually provide accurate results. One of
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the reasons is due to the vast number of existing empirical potentials to simulate

different systems. Particularly, there is a large list of empirical potentials for C-based

materials, such as AIREBO (Stuart et al., 2000), REBO (Brenner, 1990), Aizawa

(Aizawa et al., 1990), ReaxFF (van Duin et al., 2001) and MEAM (Xiao et al., 2009)

potentials. MD-based simulations have amply shown their capability to deal with

huge number of atoms, up to millions of atoms. However, the main weaknesses are

the lack of the electronic information, the inaccuracy to simulate systems in which the

electronic structure is very complex and the low transferability, i.e., distinct poten-

tials are required for the simulation of distinct systems. Therefore, these drawbacks

usually make necessary to resort to ab initio-based methods.

Ab initio-based methods consist in solving the Schrödinger equation for a sys-

tem formed by nuclei and electrons, i.e., a many-body problem. The computational

cost of solving a many-body problem is very high and unfeasible for the majority of

real systems. Therefore, most ab initio-based methods apply some simplifications in

order to solve these real systems. One of them is the Born-Oppenheimer approxima-

tion, i.e., the nuclear and electronic motion are decoupled and treated independently.

Then, the Schrödinger equation is solved for the electronic structure at a fixed nu-

clei position. Additionally, other approximations are also applied, such as the basis

set used to expand the eigenstates of the hamiltonian and numerical approximations,

e.g., the weighted-sum for the integration over the real space and the Brillouin zone

or the energy shift to control the range of the orbitals, among others. Regarding

methods dealing with the Schrödinger equation, a wide range of approaches exits in

the literature such as Quantum Chemistry (Hartree-Fork), Quantum Monte Carlo,

Perturbation Theory and Density Functional Theory (DFT). In addition to the accu-

racy of this approach, ab initio-based methods also provide a model of the electronic

structure of the material. Nevertheless, owing to the high computational cost, i.e.,

the required computational time for solving the problem, ab initio-based methods are

constrained by the system size (up to hundreds of atoms) and the simulation time (in

the order of picoseconds).

As a compromise between the accuracy provided by ab initio-based methods and
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the simpleness brought by empirical potentials, we might find the tight binding (TB)

formalism. The main advantages are that TB potentials are computationally faster

than ab initio-based methods (but slower than empirical potentials) and include the

electronic information of the system. With regard to their accuracy, it is expected this

approach to be less accurate than ab initio-based methods but more than empirical

potentials owing to the knowledge of the electronic structure. Further details are

analysed extensively in Chapter 3.

In this Thesis, a novel approach is presented for analysing dislocations in graphene.

This analysis relies on the Discrete Dislocation (DD) theory (Ariza & Ortiz, 2005) and

the nonharmonic extension of this theory in order to obtain the displacement field

and the stored energy of a graphene sheet containing an arbitrary distribution of

defects, particularly dislocations. The DD theory provides a closed form analytical

solution of harmonic displacement fields and energies. Howerver, the extension of this

Theory accounts for the non-harmonic effects. This computational framework com-

bines bondwise and atomic force constants, the theory of eigendeformations and the

Discrete Fourier Transform formalism (DFT). One of the most fascinating advantages

of this approach is the limitless number of force constants that can be easily imple-

mented from any available interatomic potential (Ariza & Ortiz, 2010; Ariza et al.,

2011). They can be computed either analytical or computationally. In addition to

empirical interatomic potentials, force constants can be also derived from tight bind-

ing models and be used as part of this computational framework. The main advantage

of using a TB model is the knowledge of the electronic structure of the system. Fur-

thermore, the present Thesis also exhibits the ability of this framework to evaluate

dislocation structures, in accord with previous results obtained by first-principles and

molecular dynamics-based calculations, and experimental studies.

This Thesis is organized as follows. In Chapter 2, the Discrete Dislocation theory

and the non-harmonic extension of this theory based on either a sequence of harmonic

steps or the conjugate gradient method is presented. Furthermore, empirical inter-

atomic potentials, such as AIREBO and Aizawa potentials, are employed to ascertain

the energy and the core structure associated with glide dislocation dipoles of different
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length in graphene.

In Chapter 3, we introduce the tight binding formalism and derive the bond-

wise and atomic force constants for the tight binding model described by Xu et al.

(1992). Finally, this Chapter ends by predicting the stored energy and core structure

associated with diverse glide dislocation dipoles employing the obtained tight binding

force constants model.

In Chapter 4, we firstly investigate the metastability, core structure and stored

energy of point defects in graphene, such as full and partial dislocation dipoles, and

stacking faults, for both configurations, glide and shuffle, within the computational

framework presented in Chapter 2 and 3. Secondly, we explore the thermal stability

of these point defects at finite temperature employing the Sandia National Labora-

tories Large Scale Atomic/Molecualr Massively Parallel Simulator (LAMMPS) and

the AIREBO potential. Lastly, we evaluate the electronic properties related to the

presence of uniform or random distribution of glide dislocation dipoles of diverse

lengths, specifically dipoles of length L=3 and L=5. The former one gives rise to the

well-known Stone-Wales defect (or 5-7-7-5 defect).

In Chapter 5, we evaluate the topology and thermal stability of tilt symmetric

and asymmetric grain boundaries in graphene lattice using the LAMMPS code and

the AIREABO and ReaxFF potentials. Furthermore, within the Landauer-Büttiker

(LB) formalism, along with the tight binding model by Xu et al. (1992), we assess the

electronic transmission through several symmetric and asymmetric tilt grain boundary

structures in graphene.

Finally, at the end of this Thesis, the main conclusions and future work are high-

lighted in Chapter 6 and 7, respectively.



Chapter 2

Harmonic and Nonharmonic

Model of Graphene

It is well-known the existence of a link between lattice defects in crystal materials and

their observed macroscopic properties. Therefore, in order to predict more accurately

these macroscopic properties, it is of crucial interest to have a complete understanding

of the behavior and evolution of these defects.

In this Chapter, an analytical and computational tool for evaluating topological

defects in graphene, particularly dislocations, is presented. This theoretical formal-

ism is based on the discrete theory of crystal elasticity developed by Ariza & Ortiz

(2005, 2010), the eigendeformation theory introduced by Mura (1987) and the theory

of lattice dynamics in the harmonic approximation. This Chapter is organized as

follows: the graphene lattice as a differential complex is defined in Section 2.1; after-

wards, the Discrete Dislocation (DD) theory developed by Ariza & Ortiz (2005) and

extended to graphene is presented in Section 2.2; and finally, an extension of the DD

theory to encompass the nonharmonic effects and extended to graphene is presented

in Section 2.3.

13
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2.1 The differential complex of graphene

Within the framework presented by Ariza & Ortiz (2005), graphene lattice can be

regarded as a cell-complex C, i.e., as a collection of cells of different dimensions which

include atoms, atomic bonds and hexagonal cells. For clarity, we refer to these objects

as p-cells, where p is the dimension of the cell. Thus, atoms are denoted as 0-cells e0,

atomic bonds as 1-cells e1 and hexagonal cells as 2-cells e2.

Figure 2.1: The simple Bravais lattices defined by the atoms, atomic bonds and hexagonal

cells of graphene.

Next, we proceed to group cells of the same dimension by type. By definition, cells

of the same type are translations of each other and have the same complement of neigh-

bors, or environment. The fundamental property of cells of the same type is that they

are arranged as simple Bravais lattices, e.g., by the basis set a1 = (3a/2,−
√
3a/2, 0)

and a2 = (3a/2,
√
3a/2, 0), and each member of each type can be labeled by means of

two integer coordinates l ∈ Z2, referred to the basis set (a1,a2). Therefore, following

this definition we have that graphene lattice possess two different atoms (labeled as 1

and 2), three atomic bonds (labeled as 1, 2 and 3) and one hexagonal area (labeled as

1). The cell types of graphene and a their corresponding Bravais basis set are shown

in Fig. 2.1.

For easy of indexing, we denote by ep(l, α) the p-cell of type α and integer co-

ordinates l ∈ Z2 within the Bravais lattice of all p-cells of type α and by Ep(C)

the set of cells of dimension p, (p=0, 1, 2) in the graphene complex C. Thus, the
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0-cell set of graphene lattice is E0 = {e0(l, α), l ∈ Z2, α = 1, 2}, the 1-cell set is

E1 = {e1(l, α), l ∈ Z2, α = 1, 2, 3} and the 2-cell set is E2 = {e2(l, α), l ∈ Z2}.

Additionally, we also establish the cell-orientation convection of all cells in order to

provide each cell with an orientation and be able to formulate the differential struc-

ture of the cell-complex. The graphene cell-complex representation of graphene and

the adopted cell-orientation are shown in Fig. 2.2.

(l,1)
(l,1)

(l,2)

(l+"3,1)

(l+"2,1)

(l+"1,1)

(l-"3,1)

(l-"1,1)

(l-"2,1)
(l-"2,1)

(l-"1,1)
(l
+
" 3
,2
)

(l,3)

(l
,2
)

(l
+
" 2
,2
)

(l+
"
1 ,3)

(l-"
3 ,3)

a1

a2

l+"3

l

l-"1
(l+"2,2)

(l+"3,2)

Figure 2.2: Adopted cell-orientation convection and the cell-complex representation of

graphene (ϵ1 = (1, 0), ϵ2 = (0, 1) and ϵ3 = ϵ2 − ϵ1 = (−1, 1)).

Using the indexing scheme shown in Fig. 2.2, the boundary operator ∂p : Ep →

Ep−1 and the coboundary operator δp : Ep → Ep+1 are determined by the following

rules

∂1e1(l, 1) = e0(l, 1)− e0(l+ ϵ2, 2) (2.1)

∂1e1(l, 2) = e0(l, 1)− e0(l, 2) (2.2)

∂1e1(l, 3) = e0(l, 1)− e0(l+ ϵ3, 2) (2.3)

∂2e2(l) = e1(l, 2)−e1(l, 1)+e1(l+ϵ1, 3)−e1(l+ϵ1, 2)+e1(l−ϵ3, 1)−e1(l−ϵ3, 3) (2.4)
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δ0e0(l, 1) = e1(l, 1) + e1(l, 2) + e1(l, 3) (2.5)

δ0e0(l, 2) = −e1(l, 2)− e1(l− ϵ3, 3)− e1(l− ϵ2, 1) (2.6)

δ1e1(l, 1) = −e2(l) + e2(l+ ϵ3) (2.7)

δ1e1(l, 2) = e2(l)− e2(l− ϵ1) (2.8)

δ1e1(l, 3) = e2(l− ϵ1)− e2(l+ ϵ3) (2.9)

where ϵ1 = (1, 0), ϵ2 = (0, 1) and ϵ3 = (−1, 1)

These p-cells provide the support for defining real-valued exterior differential func-

tions w : Ep → Rm, w =
∑

ep∈Ep
f(ep)e

p, or forms, and real valued vector fields

Λ : Ep → Rm, or currents, of different dimensions p. For instance, we refer a function

defined over atoms (or 0-cells), over atomic bonds (or 1-cells) and over hexagonal

areas (or 2-cells) as a 0-form, 1-form and 2-form, respectively. This definition can

also be extended to currents. As we shall see, forms and currents provide the vehicle

for describing the behavior of the graphene lattice, including displacements, eigende-

formations and dislocation densities. We denote by Ωp(C) the set of all p-forms over

C and, similarly, by Ωp(C) the set of all p-currents over C.

Owing to facilitate the differential structure of a cell-complex, we define the dif-

ferential operator d : Ωp → Ωp−1 and a co-differential operator δ : Ωp → Ωp+1, with

the following properties

d2 = 0 (2.10)

δ2 = 0 (2.11)

Eq. (2.10) and (2.11) are generalizations of the familiar identities curl◦grad= 0 and

div◦curl= 0 from differential calculus in Rn

Adopting the cell-orientation convection shown in Fig. 2.2, the differential and

codifferential operator of p-forms w are provided by the following rules

dω1(l, 1) = ω0(l, 1)− ω0(l+ ϵ2, 2) (2.12)

dω1(l, 2) = ω0(l, 1)− ω0(l, 2) (2.13)

dω1(l, 3) = ω0(l, 1)− ω0(l+ ϵ3, 2) (2.14)
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dω2(l) = ω1(l, 2)−ω1(l, 1)+ω1(l+ ϵ1, 3)−ω1(l+ ϵ1, 2)+ω1(l− ϵ3, 1)−ω1(l− ϵ3, 3)

(2.15)

δω0(l, 1) = ω1(l, 1) + ω1(l, 2) + ω1(l, 3) (2.16)

δω0(l, 2) = −ω1(l, 2)− ω1(l− ϵ3, 3)− ω1(l− ϵ2, 1) (2.17)

δω1(l, 1) = −ω2(l) + ω2(l+ ϵ3) (2.18)

δω1(l, 2) = ω2(l)− ω2(l− ϵ1) (2.19)

δω1(l, 3) = ω2(l− ϵ1)− ω2(l+ ϵ3) (2.20)

Owing to the translation invariance of cells, we can take advantage of the definition

of the Discrete Fourier Transform (DFT). Thus, we recall the DFT of a p-form ω as

ω̂(θ, α) =
∑
l∈Z2

ω(l, α)e−iθ·l (2.21)

where l ∈ Z2 are the integer coordinates of the Bravais lattice, θ ranges over [−π, π2]

and α takes the values of 1 or 2 for 0-forms, 1, 2, or 3 for 1-forms and 1 for 2-forms.

The DFT of the differential dω is

d̂ω(θ, α) =

Np∑
β=1

Q

(
θ

α β

)
ω̂(θ, β) (2.22)

where the coefficients Q
(

θ
α β

)
represent the differential structure of the lattice in the

DFT representation. For the graphene differential structure defined from Eq. (2.12)

to Eq. (2.15) we have

Q1(θ) =


1 −eiθ2

1 −1

1 −e−iθ3

 (2.23a)

Q2(θ) =
(

eiθ3 − 1 1− eiθ1 eiθ1 − eiθ3
)

(2.23b)

where θ3 = θ2 − θ1 and define the differential structure of 0 and 1-cells in the DFT

representation, respectively.
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Similarly, the codifferential operator in DFT representation for the graphene com-

plex can be deduced from Eq. (2.16) to Eq. (2.20) and using the definition of DFT

δ̂ω(θ, α) =

Np∑
β=1

P

(
θ

α β

)
ω̂(θ, β) (2.24)

It follows that P (θ) = Q∗T (θ) ≡ Q†, and thus, the codifferential operators of 2-cells

and 1-cells are

P1(θ) =

 1 1 1

−e−iθ2 −1 −eiθ3

 (2.25a)

P2(θ) =


e−iθ3 − 1

1− e−iθ1

e−iθ1 − e−iθ3

 (2.25b)

Thus, the differential operator maps: 0-forms, defined over the atoms, to 1-form,

defined over the atomic bonds; 1-form, defined over the atomic bonds, to 2-forms,

defined over the hexagonal cells; and 2-forms, defined over the hexagonal cells, to vec-

tors. The discrete differential operators thus defined may be regarded as the discrete

counterparts of the familiar grad, curl and div of vector calculus. In particular, the

differential of 0-forms is the discrete counterpart of the grad operator; the differen-

tial of 1-forms is the discrete counterpart of the curl operator; and the differential of

2-forms is the discrete counterpart of the div operator from vector calculus.

2.2 The harmonic model of graphene

2.2.1 Harmonic energy and equilibrium position of graphene

lattice

In this Section, we formulate the discrete elasticity of a perfect graphene lattice within

the previously outlined discrete differential complex framework and the harmonic

approximation.

Because of the translation invariance property, the energy of harmonic lattices can
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be expressed as (Ariza & Ortiz, 2005)

EH(u) =
1

2

∑
e1∈E1

∑
e′1∈E1

Bij(e1, e
′
1)dui(e1)duj(e

′
1) ≡

1

2
⟨Bdu,du⟩ (2.26)

where Bij(e1, e
′
1) are bond-wise force constants, giving the interaction energy resulting

from a unit differential displacement in the jth coordinate direction at bond e′1 and a

unit differential displacement in the ith coordinate direction at bond e1.

Equivalently, the energy of any harmonic lattice can be also expressed as

EH(u) =
1

2

∑
e0∈E0

∑
e′0∈E0

Aij(e0, e
′
0)ui(e0)uj(e

′
0) ≡

1

2
⟨Au,u⟩ (2.27)

where Aij(e0, e
′
0) are atomic force constants, giving the interaction energy resulting

from a unit differential displacement in the jth coordinate direction at atom e′0 and a

unit differential displacement in the ith coordinate direction at atom e0.

Another way of representing Eqs. (2.26) and (2.27) is by grouping atoms and

bonds by type as follows

EH(u) =
1

2

∑
l∈Zn

N0∑
α=1

∑
m∈Zn

N0∑
β=1

Φij

(
l−m

α β

)
ui(l, α)uj(m, β) ≡ 1

2
⟨Φu,u⟩ (2.28a)

EH(u) =
1

2

∑
l∈Zn

N1∑
α=1

∑
m∈Zn

N1∑
β=1

Ψij

(
l−m

α β

)
dui(l, α)duj(m, β) ≡ 1

2
⟨Ψdu,du⟩

(2.28b)

where the reduced bondwise force constants Ψij

(
l−m
α β

)
give the interaction energy

resulting from a unit differential displacement in the jth coordinate direction at bond

e1(m, β) and a unit differential displacement in the ith coordinate direction at bond

e1(l, α), whereas the reduced force constants Φij

(
l−m
α β

)
give the interaction energy

resulting from a unit displacement in the jth coordinate direction at atom e0(m, β)

and a unit displacement in the ith coordinate direction at atom e0(l, α).

By the translation invariance of lattices, the energy of harmonic lattices, Eq. (2.28),
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can be expressed as well in convolution form as (see Appendix A for further details)

(Bdu)i(l, α) =
∑

m∈Zn

N1∑
β=1

Ψij

(
l−m

α β

)
duj(m, β) ≡ (Ψ ∗ du)i(l, α) (2.29a)

(Adu)i(l, α) =
∑

m∈Zn

N0∑
β=1

Φij

(
l−m

α β

)
uj(m, β) ≡ (Ψ ∗ u)i(l, α) (2.29b)

In addition, applying the Parseval’s identity and the convolution theorem to

Eq. (2.29) yields the following DFT representation of the energy

E(u) =
1

(2π)2

∫
[−π,π]2

1

2
⟨Ψ̂(θ)d̂u(θ), d̂u

∗
(θ)⟩ d2θ (2.30a)

E(u) =
1

(2π)2

∫
[−π,π]2

1

2
⟨Φ̂(θ)û(θ), û∗(θ)⟩ d2θ (2.30b)

where

⟨Ψ̂(θ)d̂u(θ), d̂u
∗
(θ)⟩ ≡

N1∑
α=1

N1∑
β=1

Ψ̂ik

(
θ

α β

)
d̂ui(θ, α)d̂u

∗
k(θ, β) (2.31a)

⟨Φ̂(θ)û(θ), û∗(θ)⟩ ≡
N0∑
α=1

N0∑
β=1

Φ̂ik

(
θ

α β

)
ûi(θ, α)û

∗
k(θ, β) (2.31b)

From Eq. (2.31) and using the definition of the differential operator, a relation

between atomic force constants, Φ, and bond-wise force constants, Ψ, can be deduce

straightforward

Φ̂ij

(
θ

α β

)
=

N1∑
µ=1

N1∑
ν=1

Q1

(
θ

α µ

)
Q∗

1

(
θ

ν β

)
Ψ̂ij

(
θ

µ ν

)
(2.32)

or in matrix form

Φ̂ = QT
1 · Ψ̂ ·Q∗

1 (2.33)

where Q1 is the DFT representation of the differential operator for 1-cells.

We recall that graphene lattice has two types of atoms, N0 = 2, and three types of

bonds, N1 = 3, and, therefore, Eq. (2.33) presents the following form for the graphene

complex

Φ̂

(
θ

α β

)
=

 Φ̂
(

θ
1 1

)
Φ̂
(

θ
1 2

)
Φ̂
(

θ
2 1

)
Φ̂
(

θ
2 2

)
 = QT

1 ·


Ψ̂
(

θ
1 1

)
Ψ̂
(

θ
1 2

)
Ψ̂
(

θ
1 3

)
Ψ̂
(

θ
2 1

)
Ψ̂
(

θ
2 2

)
Ψ̂
(

θ
2 3

)
Ψ̂
(

θ
2 1

)
Ψ̂
(

θ
2 2

)
Ψ̂
(

θ
3 3

)
 ·Q∗

1 (2.34)
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where Φ̂
(

θ
α β

)
is the DFT representation of the atomic force constants between all

atoms type α and all atoms type β, whereas Ψ̂
(

θ
α β

)
is the DFT representation of the

bondwise force constants between all bonds type α and all atoms type β

Φ̂

(
θ

α β

)
=
∑
l∈Zn

∑
m∈Zn

Φ

(
l m

α β

)
· e−iθ·(m−l) (2.35a)

Ψ̂

(
θ

α β

)
=
∑
l∈Zn

∑
m∈Zn

Ψ

(
l m

α β

)
· e−iθ·(m−l) (2.35b)

Q1 was defined in Eq. (2.23).

The stable equilibrium configurations of the crystal are represented by the dis-

placement fields that minimize the potential energy

F (u) = EH(u)− ⟨f ,u⟩ (2.36)

where f ∈ Ω0 denotes a 0-current consisting of external forces applied on atoms and

⟨f ,u⟩ is given by

⟨f ,u⟩ =
∑

e0∈E0

f(e0) · u(e0) (2.37)

Then, minimizing Eq. (2.36) with respect to u, we obtain the corresponding equi-

librium equation

A · u = f (2.38)

or in DFT representation

Φ̂ · û = f̂ (2.39)

The displacement field u exists and is unique up to rigid-body displacement if

the equilibrium problem, Eq. (2.38), is well-posed. The general conditions for well-

posedness are

• the force constants Φ have finite support,

• the Green function Ĝ(θ) = Φ̂−1(θ) exists in the perforated Brillouin zone

[−π, π]2 \ 0, i.e., if the lattice has no soft modes,

• Φ̂−1 ∈ L1([−π, π]2),

• f has finite support,

thus, when they hold, u = G · f is the solution of Eq. (2.38).
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2.2.2 Harmonic energy and equilibrium position of defective

graphene lattice

We now proceed to apply the discrete theory of crystal elasticity of defective graphene

lattices. As we mentioned in the previous Section the theoretical framework is based

on the theory of eigendeformations proposed by Mura (1987) and the harmonic ap-

proximation written in terms of bondwise force constants.

As described in Mura’s work, eigendeformations are affine mappings that leave

the lattice invariant and, hence, cost no energy. Any crystal slip can be modeled as a

shear eigendeformation of the form

β(e1) = (F − I) · dx(e1) = (dx(e1) ·m)
ξ

d
b (2.40)

where

F = I +
ξ

d
b⊗m (2.41)

and β is a 1-form eigendeformation field, m is the unit vector normal to the slip

plane, b is the Burgers vector, d is the distance between consecutive slip planes and

ξ ∈ Ω1(Z) is an integer-valued 1-form and represents the slip magnitude in quantam

of Burgers vector.

As we shall see later on in Section 2.2.2, all bonds in graphene lattice are transverse

to its slip plane, then, dx(e1) ·m = d and Eq. (2.40) would results as

β =
∑

e1∈E1

β(e1) =
∑

e1∈E1

ξ(e1)be
1 (2.42)

As crystallographic slip can take place on N crystallographic systems, defined by

the set of Burgers vectors and normals, bs and ms, with s = 1, ..., N , therefore,

Eq. (2.42) can be generalized as

β =

N∑
s=1

∑
e1∈E1

ξs(e1)b
se1 (2.43)

where ξs ∈ Ω1(Z) is the slip field corresponding to slip system s.

At this point, it is possible to achieve an expression for the harmonic energy EH

associated to defective crystals, as a result of applying an eigendeformation field,
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of the form (2.43) and assuming that exact, or compatible, eigendeformations cost

no energy. To accomplish this, the eigendeformation field, β(e1), is included into

Eq. (2.26)

EH(u) =
1

2

∑
e1∈E1

∑
e′1∈E1

B(e1, e
′
1)(du(e1)− β(e1))(du(e

′
1)− β(e′1))

≡ 1

2
⟨B(du− β), (du− β)⟩ (2.44)

Similarly to Section 2.2.1, the total potential energy of defective lattice including

applied forces f is

F (u,β) = EH(u,β)− ⟨f,u⟩ (2.45)

Minimization of F (u,β) with respect to u, yields the following equilibrium equa-

tion

Au = f+ δBβ (2.46)

where the term δBβ might be seen as the force due to the corresponding eigendefor-

mation field, β, and may be regarded as a distribution of eigenforces (Gallego & Ortiz,

1993).

If we suppose that the lattice is stable, i.e., the equilibrium problem is well-posed,

the equilibrium displacement is

u = A−1(f+ δBβ) (2.47)

or in DFT representation

û(θ) = Φ̂−1(θ)(f̂(θ) +QT
1 (θ)Ψ̂(θ)β̂(θ)) (2.48)

which for a given eigendeformation field β gives the equilibrium displacement in closed

form up to quadratures.

The general conditions for well-posedness were enumerated in Section 2.2.1. Evi-

dently, if the eigendeformation field is exact, or compatible, i.e., β = dv, the displace-

ment field which minimizes the total potential energy is u = v and, hence, EH = 0.

However, because the eigendeformations are crystallographically constrained, i.e., β

must necessarily be of the form 2.43, they are not compatible in general. By virtue
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of this lack of compatibility, a general distribution of slip induces residual stresses in

the lattice and a nonvanishing elastic energy, or stored energy.

In spite of measuring the incompatibility introduced by an eigendeformation field

β, Ariza & Ortiz (2005) have defined the 2-form discrete dislocation density α as

α = dβ (2.49)

where α ∈ Ω2.

Inserting the definition of the eigendeformation field β, associated to N crystallo-

graphic systems, into Eq. (2.49), we have

α =

N∑
s=1

∑
e1∈E1

ξs(e1)b
sδe1 =

N∑
α=1

αS (2.50)

It is possible now to rewrite the stored energy of harmonic crystals (2.44) in

terms of α using the discrete Hodge-Helmholtz decomposition for perfect lattices

(Ariza & Ortiz, 2005)

β = dv + δ∆−1α (2.51)

where ∆ : Ω2 → Ω2 is the discrete Laplace-deRham operator

∆ = dδ + δd (2.52)

Next, inserting Eqs. (2.51) and (2.56) into Eq. (2.44), it gives the harmonic stored

energy of a defective crsytal in terms of α

EH(α) =
1

2

∑
l∈Z2

∑
l′∈Z2

Γ(l− l′)α(l′)α(l) ≡ 1

2
⟨Γ ∗α,α⟩ (2.53)

where Γ(l) represents the interaction energy between a unit dislocation at e2(l
′) and

another unit dislocation at e2(l).

In DFT representation, Eq. 2.53 writes as

EH(α) =
1

2π2

∫ −π

π

∫ −π

π

1

2
⟨Γ̂(θ)α̂(θ), α̂∗(θ)⟩∂θ1∂θ2 (2.54)

where Γ̂

Γ̂(θ) = ∆̂−TQ∗
2Ψ̂QT

2 ∆̂
−1 − ∆̂−TQ∗

2Ψ̂Q∗
1Φ̂

−1QT
1 Ψ̂QT

2 ∆̂
−1 (2.55)
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where ∆̂(θ), for graphene lattice, is

∆̂(θ) = 2(3− cos θ1 − cos θ2 − cos θ3) (2.56)

Slip systems in graphene

Crystallographic slips in crystals usually take place along the close-packed atomic

planes. Thus, slips in graphene might occur on three different planes defined by

their normal vectors, mi, and Burgers vectors, bi, i = 1, 2, 3, with i = 1, 2, 3.

The corresponding slip systems of graphene considered in this Thesis are shown in

Fig. 2.3. As one can notice, every bond can shear in the direction normal to itself

and in two additional directions at 60◦ to the normal.

m
3

m
1

m
2

b
2

b
1

b
3

Figure 2.3: Resulting slip planes and Burgers vectors, defining the operative slip systems

of graphene.

Thus, the most general eigendeformation resulting from these slip systems is of

the form

βi(e1) = ξ1(e1)b1i(e1) + ξ2(e1)b2i(e1) + ξ3(e1)b3i(e1) (2.57)

where ξs(e1) ∈ Z, with s = 1, 2, 3, is an integer field that keeps track of the

multiplicity of the bondwise lattice invariant shears.

βi =
∑

e1∈E1

βi(e1)e
1 (2.58)
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where e1 denotes the elementary 1-form associated with the 1-cell e1, namely

e1(e′1) =

 1 if e′1 = e1

0 otherwise

2.2.3 Applications to defective graphene

As an application of the outlined scheme, we have obtained the configurations and

stored energies of different glide dislocation dipoles in graphene. Thereby, we have

exhibited the capability of this computational scheme to predict defects in crystals. In

following Chapters, we will see in detail the excellent ability of the Discrete Dislocation

theory to evaluate dislocations.

To carry out this, we have employed the Discrete Dislocation (DD) theory, along

with two different empirical interatomic potentials, the AIREBO (Stuart et al., 2000)

and Aizawa (Aizawa et al., 1990) potentials, and an eigendeformation field of the

form described in Fig. 2.4. For ease of indexing, we denote by L = n the length of

the dislocation, meaning that the distribution of eigendeformations is applied over

n atomic bonds. The corresponding force constants for both interatomic potentials

have been obtained in different works (Ariza & Ortiz, 2010; Ariza et al., 2011).

b
b

b

Figure 2.4: Detail of the distribution of eigendeformation β defined on bonds and consisting

of one Burgers vector over a chain of n zig-zag bonds.

Following the DD theory outlined above and applying an eigendeformation field

of length L = 3, L = 5 and L = 7, we have obtained the configurations shown in

Fig. 2.5 for each dipole length using both interatomic potentials. As may be seen from
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(a) (b)

(c)

Figure 2.5: Dislocation core structures predicted by DD theory using the AIREBO (gold

color) and Aizawa (silver color) potentials: (a) glide dislocation dipole L=3, (b) glide dislo-

cation of length L=5 and (c) glide dislocation of length L=7.

these figures, the core structure of the dislocation dipole of length L = 3 exhibits an

arrangement of pentagons and heptagons (5-7-7-5), whereas the dipoles of lengths

L = 5 and L = 5 present a pair of pentagon-heptagon ring dissociated by one and two

arrays of hexagons, respectively. Tab. 2.1 presents the stored energy values of these

three dislocation dipoles predicted by DD theory using the AIREBO and Aizawa

potentials.

We have also obtained that the lattice configurations are in agreement with ex-

perimental observations (Meyer et al., 2008; Warner et al., 2012). For instance, the
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Dislocation length AIREBO potential Aizawa potential

(eV) (eV)

L=3 17.2078 23.6903

L=5 19.8745 26.1599

L=7 21.7443 28.4983

Table 2.1: Computed stored energies predicted by DD for three different dipole lengths

using the AIREBO and Aizawa potentials.

θ

Figure 2.6: Detail of the bond rotation resulting in the SW structure.

well-known SW defect, also named (5-7-7-5) defect in the literature, corresponds to

the dislocation dipole of length L = 3 in the present work. Such defect is formed by

rotating 90◦ an atomic bond. From the results predicted by DD theory, it has been

found that the bond rotation angles shown in Fig. 2.6 are 68.39◦ and 52.34◦, and

the lengths of the bond plotted in red color in Fig. 2.6 are 1.8935 Å and 1.28878 Å

for the AIREBO and Aizawa potentials, respectively. Once again, the slightly de-

viation against the experimental observation (i.e., a bond angle of 90◦) is because

this configuration is not in equilibrium with respect to the full interatomic potential,

but with the harmonic part of the potential used in this Section. It is assumed that

adding the corresponding nonharmonic effect, the atomic bond angle would rotate

itself up to approximately 90◦ with respect to its initial position. The addition of the

nonharmonic effect will be extensively discussed in the succeeding Section.



2.3 The nonharmonic model of graphene 29

2.3 The nonharmonic model of graphene

In the previous Section, we have summarized the Discrete Dislocation (DD) theory

and its extension to graphene (Ariza & Ortiz, 2005, 2010). However, despite its ro-

bustness and accuracy, the DD theory provides harmonic defect core structures and

their corresponding harmonic energies owing to its reliance on force constants. For the

sake of completeness of the problem, the nonharmonic part of interatomic potentials

should be included.

In previous works, the nonharmonic effect has been successfully included through

molecular dynamics (MD) simulations Ariza et al. (2010, 2012). In particular, the en-

ergies and defect cores of glide and shuffle dipoles and quadrupoles and partial dislo-

cations were predicted elsewhere employing the LAMMPS code and the full AIREBO

potential (Ariza et al., 2010, 2012, 2011).

A particular scheme that preserves the advantages of the Discrete Dislocation

theory, and in particular the ability to use Green’s functions, was early proposed by

Gallego & Ortiz (1993). In this scheme, the fully nonlinear solution is obtained by

the method of forces, i.e., by appending unknown forces to the discrete dislocation

energy so as to equilibrate the lattice with respect to the fully nonlinear atomistic

potential.

In this Section, we present two different algorithms to assess a fully nonlinear

solution by the method of forces. First, by means of a sequence of harmonic steps

and, second, through the conjugate gradient method.

2.3.1 Equilibria of defective nonharmonic system through a

sequence of harmonic steps

The main goals that we endeavor are: i)to define defects by means of eigendeforma-

tions, β, defined on a perfect lattice; ii) to reuse the harmonic model EH(u,β) as

much as possible: iii) to satisfy equilibrium with respect to another energy function

E(u), possibly nonharmonic and defined in terms of interatomic potentials.
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As shown in Section 2.2.2, the total harmonic energy is given by

EH(u,β) =
1

2
⟨B(du− β), (du− β)⟩ − ⟨f ,u⟩ (2.59a)

=
1

2
⟨Au,u⟩ − ⟨δ(Bβ),u⟩+ 1

2
⟨Bβ,β⟩ − ⟨f ,u⟩ (2.59b)

where B are the bondwise force constants, A are the atomic force constants, u is the

atomic displacement field, du is the bond deformation field, β is the eigendeformation

field and f are external forces applied to atoms.

It was also proved that the minimization of EH with respect to u at fixed β yields

the following equilibrium displacements

uH = A−1(fE + f) (2.60)

where

fE = δBβ (2.61)

which may be regarded as a distribution of atomwise eigenforces corresponding to the

eigendeformation field β.

However, this harmonic solution uH unlikely satisfies the equilibrium problem

with respect to the full nonharmonic energy functions E(u), i.e.,

DE(uH) ̸= 0 (2.62)

where Dg(·) denotes the derivative of g with respect to its argument.

Therefore, in order to reach a resulting displacement field that satisfies the equi-

librium problem, we need to add the nonharmonic effect somehow. One manner is

by applying a suitable distribution of fictitious forces f to an otherwise harmonic lat-

tice. The procedure would be as follows, we find the forces f such that the resulting

harmonic field u∗
H minimizes a given nonharmonic energy-potential (E(u)), i.e.,

u∗
H ∈ arg min E(u) (2.63)

and therefore

DE(A−1(fE + f)) = 0 (2.64)

Next, we present two equivalent ways to solve this equilibrium problem.
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Method 1

As described above, in order to find the forces f that minimize the full nonharmonic

energy-function E(u), we introduce an algorithm based on a sequence of harmonic

steps, e.g., the so-called fixed point iteration.

In method 1, Dg(·) denotes the derivative of g with respect to bond deformation

vector du

Dg(·)(l, α) ≡ ∂g(·)
∂du(l, α)

(2.65)

where du(l, α) represents the bond deformation of bond (l, α) and the indices l and

α label the bond coordinates (l ∈ Z2) and the bond type (α = 1, 2, 3 for the graphene

complex), respectively. For the sake of clarity, we drop out the indices (l, α) in the

subsequent expressions.

The fixed-point (FP) iteration Given a nonharmonic energy-potential E(u),

its corresponding atomic force constants A and a distribution of atomwise eigenforces

corresponding to a eigendeformations field β, the FP iteration is as follows

f (k+1) = f (k) − αk · δDE(A−1(fE + f (k))) (2.66)

with k = 0, 1, ..., and

f0 = 0 (2.67)

where δ represents the differential operator δ : Ωp → Ωp−1 of the lattice complex and

f are the atomic forces. Particularly, δ maps bondwise forces defined over bonds to

atomic forces defined over atoms.

In each k-iteration, we need to find αk ∈ R such that E(u) is minimized

DE(A−1(fE + f (k+1))) = 0 (2.68)

DE(A−1(fE + f (k) − αkδDE(A−1(fE + f (k))))) = 0 (2.69)

Different iterative methods such as the Newton-Raphson or the secant method can be

employed for this purpose. In this Thesis, we have implemented the secant method.
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The eigenforces fE have the effect of selecting the defect structure of the nonhar-

monic solution, and each subsequent correction requires the solution of a harmonic

problem in order to compute A−1 · (fE + f (k)).

Suppose now that f (k) converges to f∗ as k → inf. Then, taking limits in Eq. 2.66

we have

f∗ = f∗ − δDE(A−1 · (fE + f∗)) (2.70)

and the limiting displacements are

u∗ = A−1(fE + f∗) (2.71)

which satisfies Eq. 2.68 and, therefore, defines the nonharmonic displacement field.

Equivalently, multiplying by A−1 in both sides of Eq. (2.66), the FP iteration can

be expressed in terms of displacements, as follows

u(k+1) = u(k) − αk ·A−1δDE(uE + u(k)) (2.72)

where uE = A−1fE and u0 = 0.

Algorithm Giving a full nonharmonic interatomic potential E(u), its correspond-

ing atomic force constants A and bondwise force constants B, a starting displacement

field, i.e., the harmonic solution uH predicted by DD theory due to an eigendeforma-

tion field β, a maximum number of harmonic steps imax, a tolerance energy ∆Emin,

a tolerance force Fmin, and a maximum number of iterations jmax, a step parameter

σ0 and a error tolerance ep for the secant method, we present in Fig. 2.7 the FP

algorithm to reach the nonharmonic solution u∗.
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i  = 0
u0 = 0

COMPUTE ENERGY
E0 = E(uH + u0)

COMPUTE BONDWISE FORCES
df0 = - DE(uH + u0)

ΔE = |E0- 0|

i < imax

|dfi|max > Fmin

ΔE > ΔEmin

COMPUTE DISPLACEMENT FIELD
u

i+1 = ui + δ · B-1 · dfi

α = -σ0

COMPUTE BONDWISE FORCES
df

i+1 = - DE(u
H

 + σ0 ui+1)

ηprev = dfi+1 · ui+1 
Δd = ui+1 · ui+1 
j = 0

j < jmax

α2 · Δd > ep2 

η = dfi+1 · ui+1 
α = α · η /(ηprev  - η)

COMPUTE BONDWISE FORCES
df

i+1 = -  DE(uH + ui+1)

COMPUTE ENERGY
Ei+1 = E(uH + ui+1)

ΔE = |Ei+1- Ei|
i = i +1
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False
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Nonharmonic displacement *eld: uH  + ui+1

Nonharmonic energy: E(uH + ui+1)
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Harmonic displacement *eld: 
uH

UPDATE DISPLACEMENT FIELD
u

i+1 = ui+1 + ui · α
ηprev = η 
j = j+1

Figure 2.7: Flow diagram for the fixed-point (FP) algorithm (method 1).
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It should be noted that we have dropped out the indices (l, α) in Fig. 2.7 for

clarity, and η and ∆d can be computed in each iteration as follows

η =
∑
l∈Z2

N0∑
α=1

f

(
l

α

)
· u
(
l

α

)
≡ ⟨f ,u⟩ (2.73)

∆d =
∑
l∈Z2

N0∑
α=1

u

(
l

α

)
· u
(
l

α

)
≡ ⟨u,u⟩ (2.74)

This algorithm terminates when the maximum number of iteration imax has been

exceeded, or when the maximum atomic force is below a given tolerance force value

Fmin, or when ∆E = |Ei+1 − Ei| is smaller than a given tolerance energy ∆Emin.

Furthermore, the secant method finds the value α in Eq. (2.69) that minimizes the

nonharmonic interatomic potential E(u) in each iteration. The secant method itera-

tion stops when the maximum number of iteration jmax has been exceeded, or when

α2∆d < e2p, where ep is a given error tolerance.

Application to graphene lattice For periodic systems, we can take advantage

of analytical and useful tools, such as the Discrete Fourier Transform. Therefore,

Eq. (2.72) can be rewritten in DFT representation as

ûk+1(θ) = ûk(θ)− αkΦ̂−1(θ)Q†
1Ω̂

(k)(uk +A−1δBβ)(θ) (2.75)

where Φ̂
(

θ
α β

)
denote the atomic force constants in the DFT representation, the indices

α and β label the type of atoms (go to Eq. (2.35) to see the expressions of each

component of the matrix), Q1

(
θ

α β

)
encodes the DFT representation of the differential

structure of the lattice complex and was defined in Eq. 2.23, û
(
θ
α

)
represents the

displacement field, Ω̂
(
θ
α

)
designate the DFT representation of the set of eigenforces

associated with bond type α.

Regarding the dimensions of the matrices Φ̂, û and Ω̂ in Eq. (2.75), we have that

these matrices have following forms

Φ̂

(
θ

α β

)
=

 Φ̂
(

θ
1 1

)
Φ̂
(

θ
1 2

)
Φ̂
(

θ
2 1

)
Φ̂
(

θ
2 2

)
 (2.76)
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û

(
θ

α

)
=

 û
(
θ
1

)
û
(
θ
2

)
 (2.77)

Ω̂

(
θ

α

)
=


Ω̂
(
θ
1

)
Ω̂
(
θ
2

)
Ω̂
(
θ
3

)
 (2.78)

where each submatrix of Eq. (2.76) has dimension (3 × 3), whereas the submatrices

of Eqs. (2.77) and (2.78) have dimension (3× 1).

By definition of DFT, Ω̂
(
θ
α

)
have the following expression

Ω̂

(
θ

α

)
=
∑
l∈Z2

df

(
l

α

)
· e−iθ·l (2.79a)

df

(
l

α

)
=

∂E(u)

∂du(l, α)
(2.79b)

where df
(
l
α

)
is the bondwise force of bond (l, α) and l and α index the coordinates

relative to the Bravais basis (a1,a2) and the type of bonds, respectively.

Similarly, we can also rewrite Eq. (2.66) in DFT representation as

Ω̂(k+1)(θ) = Ω̂(k)(θ)−Q†
1Ω̂

(k)(θ) (2.80)

The displacement field in real space can be obtained using the anti-Fourier trans-

formation as follows

uk+1

(
l

α

)
=

1

(2π)2

∫ π

−π

∫ π

−π

uk+1

(
θ

α

)
· eiθ·ldθ1dθ2 (2.81)

When supercells consist of a set of lattice sites of the form Y = {l ∈ Z, l1 =

1, ..., N1, l
2, ..., N2} relative to the Bravais basis (a1, a2) with the property that the

vectors A1 = N1 · a1 and A2 = N2 · a2 are the translation vector of the lattice, the

inverse Discrete Fourier Transform can be expressed in terms of a finite sum instead

of an integral and, therefore, the integrals can be evaluated exactly. Consequently,

the displacement field can be written as

uk+1

(
l

α

)
=

1

|Y |
∑
Θ∈Z

uk+1

(
Θ

α

)
(2.82)
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where the points Θ range over the finite lattice Z of size |Y | = N1×N2 in the reciprocal

space, defined as the intersection of the lattice spanned by the basis reciprocal to Ai

and [−π, π]2.

For completeness, the Discrete Fourier Transform (DFT) and its main properties,

such as the convolution theorem and Parseval’s identity, have been summarized in

the Appendix A.

Method 2

In method 2, Dg(·) denotes the derivative of g with respect to the atomic displacement

vector u

Dg(·)(l, α) ≡ ∂g(·)
∂u(l, α)

(2.83)

where u(l, α) represents the atomic displacement of atom (l, α), and l and α label

the atomic coordinates l ∈ Z2 relative to the Bravais basis (a1,a2) and the type of

atom, respectively.

Similarly to method 1, we have the following expressions for the fixed-point iter-

ation

f (k+1) = f (k) − αkDE(A−1(fE + f (k))) (2.84)

with k = 0, 1, ..., and

f0 = 0 (2.85)

Again, we need to find αk such that E is minimized in each k-iteration through either

the Newton-Raphson or the secant method

DE(A−1(fE + f (k+1))) = 0 (2.86)

DE(A−1(fE + f (k) − αkDE(A−1(fE + f (k))))) = 0 (2.87)

Suppose now that f (k) converges to f∗ as k → inf. Then, taking limits in

Eq. (2.84) we have

f∗ = f∗ −DE(A−1(fE + f∗)) (2.88)

and the limiting displacements are

u∗ = A−1(fE + f∗) (2.89)
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which satisfy Eq. (2.84) and, therefore, define the final nonharmonic solution.

It should be noted that the main difference with respect to method 1 is that

the potential energy is differentiated with respect to atomic displacements u and,

thus, DE(u) represents atomic forces instead of bondwise forces. As one might see

in method 2, the term δ drops out in every equation. We early mentioned that

δ represents the differential structure of 1-cells, i.e., it is an operator that maps

bondwise forces defined over bonds to atomic forces defined over atoms. The flux

diagram of this method slightly changes with respect to the one presented in Fig. 2.7.

To conclude, both methods are equivalent and the main advantage of method 1 is

that the first derivative of E(u) has been previously computed in order to obtain B.

2.3.2 Equilibria of defective system through the conjugate gra-

dient method

Now, the aim is to find u∗ such that DE(uH + u∗) = 0 employing the gradient

conjugate method for this purpose. As it is well known, the conjugate gradient method

(henceforth, CG) is considered as an efficient method to solve this type of problems.

In particular, we have implemented the preconditioned nonlinear conjugate gradient

method with the secant method and Polak-Ribière formula that has been proposed

in Shewchuk (1994). This algorithm has also been successfully implemented in the

HotQC method by de la Torre (2013) to study the growth of nanovoids in a single

crystal of Cu and Al at finite temperature.

In a similar fashion to the algorithm presented in Section 2.3.1 and based on

a sequence of harmonic steps, there are two possible ways to solve the equilibrium

problem: method 1, when derivatives are defined with respect to du, i.e., computing

bondwise forces; method 2, when the derivatives of E(u) are defined with respect to

u, i.e., computing atomic forces. For simplicity, we have focused on the first method

in the present Thesis.

Algorithm Giving a full nonharmonic interatomic potential E(u), its correspond-

ing atomic force constants A and bondwise force constants B, a starting harmonic
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displacement field uH , i.e., the one predicted by the DD theory, a maximum number

of CG iterations imax, a CG error tolerance ϵ, and a step parameter σ0, a maximum

number of iterations jmax and a error tolerance ep for the secant method, we describe

in Fig. 2.8 the algorithm based on the preconditioned nonlinear conjugate gradient

method with the secant method and Polak-Ribière formula presented by Shewchuk

(1994) in order to find the nonharmonic solution uH +u∗ which satisfies the equilib-

rium problem (2.64).

This algorithm terminates when the maximum number of CG iteration imax has

been exceeded, or when the atomic forces is below a given tolerance force value Fmin,

or when ∆E = |Ei+1 −Ei| is smaller than a given tolerance energy ∆Emin, or when

∆new > ϵ2∆0, i.e.,
∑

l∈Z
∑N0

α=1 |df
i(l, α)| <

∑
l∈Z
∑N0

α=1 ϵ|df
i(l, α)|. On the other

hand, the secant method iteration stops when the maximum number of iterations

jmax has been exceeded, or when α2∆d < e2p, i.e., α|
∑

l∈Z
∑N0

α=1 |df
i(l, α)| < ep.

In Fig. 2.8, β is the Polak-Ribière parameter which is defined as

β =
∆new −∆mid

∆old
=

∑
l∈Z

N0∑
α=1

[
δdfi+1(l, α)

]T ·
[
A−1δdfi+1(l, α)

]
−
∑
l∈Z

N0∑
α=1

[
δdfi+1(l, α)

]T ·
[
A−1δdfi(l, α)

]
∑
l∈Z

N0∑
α=1

[
δdfi(l, α)

]T ·
[
A−1δdfi(l, α)

]
(2.90a)

In order to improve the convergence, the CG method is restarted, i.e., by setting

d = s in Fig. 2.8, when the Polak-Ribière parameter β is negative, or once every n

interactions.

Additionally, several variations from the presented algorithm can be implemented.

For instance, implementing the Newton-Raphson method or another algorithm in-

stead of the secant method, or considering the Fletcher-Reeves formula instead of

Polak-Ribière formula for β. Normally, the CG does not guarantee the convergence

to the global minimum solution. However, this drawback is overcome using the con-

figuration predicted by the DD theory. Therefore, this result also exhibits the power

of the DD theory to predict reliable configurations.
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Figure 2.8: Flow diagram for the conjugate gradient (CG) algorithm (method 1).
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As summary, we show in Fig. 2.9 a schematic representation of the harmonic and

nonharmonic model of graphene developed in this Chapter.
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Figure 2.9: Schematic representation of the harmonic/nonharmonic model of graphene.

2.3.3 Applications to defective graphene

As introduction of this scheme, we next assess the nonharmonic effect for diverse

configurations of dislocations, specially for three glide dislocation dipoles of length

L = 3, L = 5 and L = 7 predicted by the DD theory in Section 2.2.3.
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To carry out these calculations, we have employed the AIREBO potential, a pe-

riodic square supercell of 448 atoms and the two algorithms described in this Chap-

ter. For the fixed-point algorithm, we have considered the following parameters:

a maximum number of harmonic iterations of imax = 400, a tolerance energy of

∆Emin = 10−5eV , a tolerance force of Fmin = 10−2eV/Å, a maximum number of se-

cant method iterations of jmax = 4, a secant method error tolerance of ep = 10−4 and

a secant method step parameter of σ0 = 0.1. Whereas for the conjugate gradient algo-

rithm (preconditioned nonlinear conjugate gradient with secant and Polak-Ribière),

we have chosen the following parameters: a maximum number of harmonic itera-

tions of imax = 400, a tolerance energy of ∆Emin = 10−5eV , a tolerance force of

Fmin = 10−2eV/Å, a CG error tolerance of ϵ = 10−4, a maximum number of secant

method iterations of jmax = 4, a secant method error tolerance of ep = 10−4, a secant

method step parameter of σ0 = 0.1 and n = 2.

Regarding the outcomes of the simulations, both algorithms logically reach the

same stored energies and nonharmonic arrangements of atoms, notwithstanding dis-

similar convergence (for further details related to the convergence of these two pre-

sented algorithms, the reader is encouraged to plough through Section 3.4, employing

a tight binding model). Fig. 2.10 exhibits the final nonharmonic configurations of

three glide dislocation dipoles of lengths L = 3, L = 5 and L = 7, once we relax their

corresponding harmonic configurations in accordance with the full AIREBO potential,

as described in Section 2.3, and applying both iteration algorithms. The computed

relaxed configurations are shown in gold color, whereas the harmonic structures (the

ones predicted by the DD theory) are plotted in silver color. As may be seen from the

configuration of the dipole of length L = 3, the bond angle shown in Fig. 2.6 turns

into 90◦ and the length of the bond plotted in red color in Fig. 2.6 into 1.342 Å, when

the nonharmonic part of the interatomic potential is included. We recall that the

bond rotation angle and the bond length augured by the DD theory was 68.39◦ and

1.8935 Å, respectively. These outcomes are in excellent agreement with experimental

results (Meyer et al., 2008; Warner et al., 2012) and with preceding results, in which

the nonharmonic part was added through molecular dynamics simulations (Serrano,
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2011). Tab. 2.2 presents the defect energies of different dipole lengths before and

after relaxation, using the schemes presented in this Chapter and molecular dynamics

simulations. It should be highlighted that the small deviation of the relaxed energies

is mainly due to the fact that the term of Lennard-Jones ELJ in the AIREBO po-

tential is not incorporated in our calculations, whereas such term is considered in our

molecular dynamics calculations (LAMMPS code). This term encompasses the long

range effect of the interatomic potential.

Table 2.2: Computed energies initially predicted by the DD theory and those obtained

after relaxation considering the full AIREBO interatomic potential: first column, energies

predicted by DD theory; second column, energies after relaxation employing the algorithm

described in this Section; third column, energies after relaxation employing the molecular

dynamics code LAMMPS.

Defect type DD After relaxation Molecular dynamics

(eV) (eV) (eV)

Glide dislocation dipole (L=3) 17.21 5.87 5.35

Glide dislocation dipole (L=5) 19.87 10.93 10.88

Glide dislocation dipole (L=7) 21.74 19.49 19.61

Lastly, it is interesting to remark that owing to the Aizawa potential possesses a

linear form, there is not nonharmonic effect to be considered. Therefore, the predicted

configuration and energy by DD theory is in equilibrium with the full potential.
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(a) (b)

(c)

Figure 2.10: Dislocation core structures after relaxation by means of the nonharmonic

extension of the DD theory (silver color) and the initial configurations (gold color) predicted

by DD theory for glide dislocation dipoles of lengths (a) L=3, (b) L=5 and (c) L=7.
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Chapter 3

A Tight Binding Model of

Graphene

In this Chapter, we introduce the tight binding formalism and summarize the tight

binding model proposed by Xu et al. (1992) in Section 3.2. Furthermore, in Sec-

tion 3.3 we derive the bondwise force constants and the atomic force constants of

this model so as to be employed in the Discrete Dislocation (DD) theory and in its

non-harmonic extension, to predict the core structure of any arbitrary distribution

of dislocations in graphene and the energy associated with that distribution. Fi-

nally, we will close this Chapter by presenting an application of the DD theory and

the nonharmonic extension of the DD theory based on a tight binding potential in

Section 3.4.

3.1 Introduction to interatomic potentials

Owing to simulate materials at the atomistic level, it is well-known that there are

two approaches, i.e., classical or quantum mechanical methods. In the former one,

the system is governed by the Newton’s second law and, by contrast, the Schrödinger

45
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equation is the governing law in quantum mechanics approaches

i~
∂

∂t
Ψ = ĤΨ (3.1)

Within a classical framework, the atomic forces among atoms are given by empiri-

cal potentials (also called analytical potentials or force fields) and, in general, consist

of a functional of the form

U(r1, r2, r3, ...) =
∑
i

U1(ri)+
∑
i

∑
j>i

U2(ri, rj)+
∑
i

∑
j>i

∑
k>j

U3(ri, rj , rk)+ ... (3.2)

where U1 is the energy of atom i associated with an external field or boundary con-

ditions, the pair potential U2 represents the interaction of any pair of atoms and U3

and subsequent terms represent the interactions between three or more atoms.

The simplest type of empirical potentials is a pair-type, such as Lennar-Jones

potential (also called L-J potential or 6-12 potential) (Lennard-Jones, 1931), Morse

potential (Morse, 1929) and Buckingham potential (Buckingham, 1938). However,

pair-type potentials are not very accurate and fail to simulate core defect struc-

tures or energies associated with defects, because of their simplicity. Among many-

body type potentials, bond order potentials are a more complex type (Tersoff, 1988;

Finnis & Sinclair, 1984; van Duin et al., 2001; Brenner, 1990; Stuart et al., 2000),

which are able to describe different bonding states of an atom and therefore al-

lowing for chemical reactions, and are based on the idea that the bond strength

also depends on the local environment rather than on interatomic distances between

atoms. Bond order potentials have widely been employed to model complex ma-

terials, including C-based materials, e.g., graphite, diamond and graphene. Ter-

soff potentials (Tersoff, 1988) are a clear example of bond order type among others

such as Finnis-Sinclair potentials (Finnis & Sinclair, 1984), ReaxFF (Reactive Force

Field) potentials (van Duin et al., 2001), EAM (Embedded Atom Method) potentials

(Daw & Baskes, 1984; Daw et al., 1993), or its extension, MEAM (Modified Embed-

ded Atom Method) potentials (Baskes, 1987) that includes angular forces, and REBO

(reactive empirical bond-order) potentials developed by Brenner (1990). The latter

one is based on Tersoff potentials, including additional terms that correct for an in-

herent overbinding of radicals and that include nonlocal effects. However, REBO
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potentials neglect bond-torsion effects and non-bonded interactions, both contribu-

tions are crucial to correctly model the mechanical behavior of graphene. In order

to overcome these drawbacks, Stuart et al. (2000) have developed an extension of

the Brenner’s potential, called the AIREBO (the reactive potential for hydrocarbons

with intermolecular interactions) potential. This potential includes these effects by

adding two new terms: a Lennard Jones potential that takes into account long-range

interactions and a torsion term.

On the other hand, we can employ different ab initio-based models such as Density

Functional Theory (DFT), Quatum Monte Carlo and Perturbation Theory, in order

to solve the Schrödinger equation that governs the system in quantum approaches.

Although ab initio-based methods are extremely accurate, the high price that has

to be paid is that these methods are computationally very expensive and, therefore,

limited to small systems, about hundreds of atoms.

In addition to these approaches, in the middle way between ab initio-based models

and empirical potentials, we also have tight binding (TB) potentials, which represent

a compromise between both approaches. Its main outstanding advantages are: first,

TB potentials require less computational time than ab initio-based models, typically

two to three orders of magnitud faster, but also two to three orders of magnitud

slower than empirical potentials; second, TB models are more accurate than empir-

ical potentials, but less than ab initio-based models; third, they are also capable of

characterizing electronic properties of materials, e.g., band energies and density of

state. The starting point of tight binding potentials is the Schrödinger equation, in

which the wave function is expressed as a linear combination of atomic-like orbitals

(LCAO) (Slater & Koster, 1954) and after some calculations and simplifications, it

can be written in terms of hopping and repulsive functions. The parameters associ-

ated with these functions are typically obtained from first principles calculations or

experimental data, by fitting against electronic calculations or experimental physical

properties.

Tight binding potentials can be classified into orthogonal (Goodwin, 1991; Saito et al.,

1998; Xu et al., 1992; Tang et al., 1996) and non-orthogonal models (Amara et al.,
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2009; Porezag et al., 1995; Menon et al., 1996). The former ones are defined by or-

thogonal orbital basis set and the latter ones by non-orthogonal basis set. Depending

on the range of these basis functions, into first-neighbor interactions (Goodwin, 1991;

Saito et al., 1998; Xu et al., 1992; Tang et al., 1996) or further-neighbor interactions

(Reich et al., 2002; Correa et al., 2010). Most TB models adopt an orthogonal ba-

sis set, along with the two center approximation, i.e., the hopping and repulsive

functions only depend on the interatomic distance and thus do not account for the

environment-dependent interactions, and they also neglect the self-consistency, i.e.,

the Hamiltonian matrix does not depend upon the distribution of electrons. The

simplest interatomic potential is the one in which the hopping and repulsive func-

tions do not depend on interatomic distances and, thus, these functions are constant

values (Saito et al., 1998). In general, the more complex model, i.e., nonorthogonal

basis set, further neighbor interactions, etc., the more accurate model. However, it is

well-known that for systems with strong covalent bonds such as graphene, all these

simplifications are very accurate and make possible to simulate a system including a

large number of atoms (in the order of thousand of atoms).

Tight binding models have also been widely used in the literature for modeling

and studying the electronic structure of materials and, in particular, for graphene.

For instance, Xu et al. (1993) investigated point-defect energetics and diffusion mech-

anisms in graphite, Lee et al. (2006) evaluated the dynamic of multivacancy defects

and Lherbier et al. (2012) studied the electronic structures of SW, 55-8 and 55-777

defects.

For C-based materials, Xu et al. (1992) proposed a model which uses an orthogo-

nal basis set and the two center approximation (Slater & Koster, 1954) for the hop-

ping and repulsive functions which are scaled by a scaling function that depends on

interatomic distances. Later on, Tang et al. (1996) took into account multicenter in-

teractions, i.e., they also included the environment interactions. In particular, the TB

model described by Xu et al. (1992) has been successfully used in different carbon-

based systems (Esfarjani et al., 1998; Ozaki et al., 2000; Farajian & Mikami, 2001),

and particularly in graphene (Gorjizadeh et al., 2011; Smith et al., 2013; Souma et al.,
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2013). For instance, Gorjizadeh et al. (2011) studied the effect of defects, such as va-

cancies and adatom-vacancies on the conductance of graphene nanoribbons through

the equilibrium Green’s function technique and the tight binding framework. Souma et al.

(2013) evaluated the effect of various type in-plain strain on the electronic transport

property in the single layer graphene connected to two metallic electrodes. And fi-

nally, based on TB calculations, Smith et al. (2013) proposed a novel pressure sensor

based on a suspended graphene membrane.

3.2 Tight binding formalism

The single-electron time-independent Schrödinger equation can be expressed as (Saito et al.,

1998)

EΨ = ĤΨ (3.3)

where Ψ is the wave function and Ĥ is the Hamiltonian operator

Ĥ =
−~2

2m
∇2 + V (r) (3.4)

where m is the particle’s mass, V (r) is its potential energy and ∇2 is the Laplacian

operator.

Within the tight binding framework, the total wavefunction Ψ(r) is written as a

linear combination of atomic orbitals (LCAO) (Slater & Koster, 1954)

Ψ(r) =
∑
jβ

cjβϕjβ(r −Rj) (3.5)

where j = 1, ..., N is the atomic index, N is the total number of atoms of the system

and β represents the different orbitals (s, px, py, pz). The orbital functions ϕjβ(r)

are centered at the position Rj of the atom j.

In order to solve Eq. (3.3), we have to minimize the following equation

E =

∫
Ψ∗ĤΨdr∫
Ψ∗Ψdr

(3.6)
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Substituting Eq. (3.5) into Eq. (3.6), we obtain that

E =

∑
iα,jβ

c∗iαcjβ⟨ϕiα | Ĥ | ϕjβ⟩∑
iα,jβ

c∗iαcjβ⟨ϕiα | ϕjβ⟩
(3.7)

where

⟨ϕiα | Ĥ | ϕjβ⟩ ≡
∫
ϕ∗iα(r −Ri)Ĥϕjβ(r −Rj)dr (3.8a)

⟨ϕiα | ϕjβ⟩ ≡
∫
ϕ∗iα(r −Ri)ϕjβ(r −Rj)dr (3.8b)

Then, minimizing E with respect to c∗iα, we have

0 =

∑
jβ

cjβ⟨ϕiα | Ĥ | ϕjβ⟩∑
iα,jβ

c∗iαcjβ⟨ϕiα | ϕjβ⟩
−

∑
iα,jβ

c∗iαcjβ⟨ϕiα | Ĥ | ϕjβ⟩

(
∑

iα,jβ

c∗iαcjβ⟨ϕiα | ϕjβ⟩)2
∑
jβ

cjβ⟨ϕiα | ϕjβ⟩ (3.9)

with

E
∑
jβ

Siα,jβcjβ =
∑
jβ

Hiα,jβcjβ (3.10)

where

Hiα,jβ ≡⟨ϕiα|Ĥ|ϕjβ⟩ ≡
∫
ϕ∗iα(r −Ri)Ĥϕjβ(r −Rj)dr (3.11a)

Siα,jβ ≡⟨ϕiα|ϕjβ⟩ ≡
∫
ϕ∗iα(r −Ri)ϕjβ(r −Rj)dr (3.11b)

where Siαjβ and Hiα,jβ are named as overlap and hopping integrals respectively.

Consequently, this is equivalent to solve the following eigenvalue problem

H · c = ES · c (3.12)

where H and S are the tight binding Hamiltonian (TBH) and overlap matrices,

respectively. They are matrices of dimension 4N×4N , where N indicates the number

of atoms in the system.

Note that the overlap matrix become the identity matrix I for orthogonal tight

binding models, i.e., the orbital functions which defined the basis set are orthogonal∫
ϕ∗iα(r −Ri)ϕiα(r −Ri)dr = 1 (3.13)
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and, where i ̸= j ∫
ϕ∗iα(r −Ri)ϕjβ(r −Rj)dr = 0 (3.14)

Finally, we might use analytical tools such as the Bloch’s theorem, which com-

putationally simplify the problem for periodic systems, e.g., crystalline materials.

In the next Section, we apply the Bloch’s Theorem to the Schrödinger equation for

crystalline solids.

3.2.1 Tight binding formalism for crystalline solids

In an infinite crystal lattice, in which atoms are arranged in a particular pattern and,

thus, it can be represented by a unit cell, any wave function, Υ, satisfies the Bloch’s

theorem due to the translational symmetry of the unit cell. Therefore, we can write

TaiΥ = eıkaiΥ (3.15)

where ai, i = 1, 2, 3, is the primitive lattice vector, Tai is the translation operator

in the ai direction and k is the wave vector.

Then, we define a tight binding Bloch function, φjβ(k, r), which satisfies the

Bloch’s theorem, as

φjβ(k, r) =
1

N1/2

N∑
R

eıkRϕjβ(r −R) j = 1, ..., n β = s, px, py, pz (3.16)

where ϕjβ is the β-atomic wavefunction at the j-atom in the unit cell, n is the total

number of atoms in the unit cell and N is the total number of cells.

Therefore, the wavefunction ψ(k, r) can be defined as

ψ(k, r) =

n∑
j=1

s,px,py,pz∑
β

cjβ(k)φjβ(k, r) (3.17)

As before, after doing some maths, we reach the following results

n∑
j=1

s,px,py,pz∑
β

Hiαjβ(k)cjβ(k) = E(k)
n∑

j=1

s,px,py,pz∑
β

Siαjβ(k)cjβ(k) (3.18)

Hiαjβ(k) ≡ ⟨φiα | Ĥ | φjβ⟩ ≡
∫
φ∗
iα(k, r −R)Ĥφjβ(k, r −R)dr (3.19)
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Siαjβ(k) ≡ ⟨φiα | φjβ⟩ ≡
∫
φ∗
iα(k, r −R)φjβ(k, r −R)dr (3.20)

where Hiαjβ(k) and Siαjβ(k) are the hopping and overlap integrals in k-space, re-

spectively.

Similarly, Eq. (3.2.1) can be also expressed in matrix form

H(k) · c(k) = E(k)S(k) · c(k) (3.21)

where H(k) and S(k) are the tight binding Hamiltonian and overlap matrices in

k-space, respectively.

3.2.2 Tight binding model

From now on, we are going to adopt the orthogonal tight binding model described

by Xu et al. (1992) as the starting point of our tight binding model. This potential

takes into account interactions up to first neighbors and the parameters of the tight

binding potential are defined by a set of two center integrals (Slater & Koster, 1954).

We first start by describing the tight binding potential reported by Xu et al.

(1992), which writes the total energy of the crystal as

Etotal = Eband + Erepulsive (3.22)

The first term corresponds to the band structure energy, which is equal to the sum

of one-electron eigenvalues ϵi of the occupied states, and is given by the empirical

tight-binding Hamiltonian matrix

Eband =
∑
i

fi · ϵi (3.23)

where fi is the electron occupation (Fermi-Dirac) function that is defined as

f(ϵi) =
1

1 + e
ϵi−EF

kT

(3.24)

where EF is the Fermi energy. Note that f(ϵi) is equal to 1 if only if ϵi < EF .

Otherwise, f(ϵi) is equal to 0. Thus, the sum over i of the electron occupancy function

is equal to the number of electrons,
∑

i fi = Nelectron.
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Figure 3.1: Graphene lattice model (white color: atoms type 1; black color: atoms type

2).

The empirical tight binding Hamiltonian can be written as

Hiαjβ = Eαδijδαβ + hiαjβ(1− δijδαβ) (3.25)

where i and j represent atomic sites, α and β represent atomic orbitals (s, px, py and

pz), Eα and hiα,jβ are the on-site parameters and hopping functions, respectively. As

we are going to use an empirical tight binding potential that only considers interac-

tions up to first neighbors, j only runs over the first neighbors of i. For instance, if i

is the atom label as 0 in our model, j runs over 1, 2 and 3 (see Fig. 3.1).

Therefore, the Hamiltonian matrix is built by on-site parameters that are the cor-

responding atomic orbital energies of the atoms, Es and Ep, and by a set of orthogonal

sp3 two center functions, hiα,jβ . These latter ones are functions of interatomic dis-

tances and take the following expression

hiα,jβ = VαβS(rij) Vαβ = Vssσ,Vspσ,Vspσ (3.26)
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where Vαβ are constant parameters (see Tab. 3.1) and S(rij) is a scaling function

S(rij) =

 (r0/rij)
ne{n[−(rij/rc)

nc+(r0/rc)
nc ]} rij ≤ r1

c0s + c1s(rij − r1) + c2s(rij − r1)
2 + c3s(rij − r1)

3 r1 ≤ r ≤ rm


(3.27)

where rij = |rij | is the distance between atom i and atom j and r0, n, rc, nc, r0

are parameters fitted by first principles calculations (Tab. 3.2). The second part of

S(rij) is a 4th order polynomial function that goes to zero from r1 to rm. The cut-off

distance is usually taken to be rm = 2.6 Å, i.e., the distance between first and second

neighbors.

Table 3.1: Hopping and on-site parameters.

Parameters (eV)

Es -2.99

Ep 3.71

Vssσ -5.0

Vspσ 4.7

Vppσ 5.5

Vppπ -1.55

On the other hand, the second term of the total energy corresponds to a short-

range repulsive energy and is written as

Erepulsive =
∑
i

f(
∑
j

Φ(rij)) (3.28)

where f is a 4th-order polynomial function, of the form
∑4

n=0 cnX
n (see Tab. 3.4 for

cn values) and Φ(rij) is defined as

Φ(rij) =

 Φ0(d0/rij)
me{m[−(rij/dc)

mc+(d0/dc)
mc ]} rij ≤ d1

c0ϕ + c1ϕ(rij − d1) + c2ϕ(rij − d1)
2 + c3ϕ(rij − d1)

3 d1 ≤ r ≤ dm


(3.29)

where rij is the distance between atom i and atom j and Φ0, d0, m, dc, mc, d0 are

parameters fitted by first principles as well (Tab. 3.3). The second part of Φ(rij) is a
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Table 3.2: Coefficients and parameters for s(rij).

n 2.0

nc 6.5

rc(Å) 2.18

r0(Å) 1.536329

r1(Å) 2.45

c0s 6.7392620074314 · 10−3

c1s −8.1885359517898 · 10−2

c2s 0.1932365259144

c3s 0.3542874332380

3th order polynomial function that goes to zero from d1 to dm. The cut-off distance

(dm) is taken to be dm = 2.6Å, being again the distance between first and second

neighbors.

Table 3.3: Coefficients and parameters for Φ(rij).

Φ0(eV ) 8.18555

m 3.30304

mc 8.6655

dc(Å) 2.1052

d0(Å) 1.64

d1(Å) 2.57

c0ϕ 2.2504290109 · 10−8

c1ϕ −1.4408640561 · 10−6

c2ϕ 2.1043303374 · 10−5

c3ϕ 6.6024390226 · 10−5

It should be noted that the TB parameters are scaled by a function which accounts

for the effects due to atoms slightly away from their equilibrium position, in which
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Table 3.4: Coefficients for Erep.

c0 -2.5909765118191

c1 0.5721151498619

c2 −1.7896349903996 · 10−3

c3 2.3539221516757 · 10−5

c4 −1.24251169551587 · 10−7

these parameters were adjusted. For instance, any system under strain or with the

presence of defects in the lattice.

3.3 Force constants model

3.3.1 Calculation of the force constants

As we have already mentioned earlier in this Thesis, the energy of a defective crystal

lattice can be written in terms of either bond-wise force constants, Ψij , or atomic force

constants, Φij . The former ones can be derived through the second linearization of a

given interatomic potential, e.g., a tight binding potential or an empirical potential,

such as the AIREBO potential. Thus, the latter ones can be obtained from Ψij , by

means of the relation shown in Eq. (2.33). In general, given a potential energy E, the

atomic bond-wise force constants are found as

Ψij

 l− l′

ab cd

 =
∂2Etotal

∂r(l′, cd)j∂r(l, ab)i
(3.30)

where r(l, ab)i is the ith component of the vector corresponding to the atomic bond

between atoms a and b with label l and r(l′, cd)j is the jth component of the vector

between atoms c and d with label l′.

In this Section, we tackle the definition of a bondwise force constants model from

the tight binding potential introduced by Xu et al. (1992) and, thus, the first and

second linearization of the total energy are needed. As shown in Section 3.2.2, the

total energy consists of a sum of two terms, corresponding to the band and repulsive
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energies. The first and second derivatives of the repulsive energy might be computed

in a straightforward manner, because this term consists of a simple function written

in terms of interatomic distances. However, the linearization of the band term is

a more tedious calculation and, thus, it is inevitable to use the definition of the

electronic Green’s function and the result described in Pollmann & Pantelides (1978),

Hass (1992) and Lee & Joannopoulos (1984)

Ψij

 l− l′

ab cd

 =− 2

π

∫ EF

−∞
Im

[
Tr
[
G0(E) · ∂2H

∂rj(l′, cd)∂ri(l, ab)
(3.31)

+G0(E) · ∂H

∂ri(l, ab)
·G0(E) · ∂H

∂rj(l′, cd)

]]
∂E (3.32)

where H is the Hamiltonian matrix, G0 is the Green matrix of the system evaluated

at the equilibrium position of the system, Tr represents the trace of the resulting

matrix and Im corresponds to the imaginary part of the trace. Both matrices have

dimension (αN ×αN), where α is the total number of orbitals considered in the basis

set and N is the number of atoms in the system. By definition, the green matrix is

given by

G0(E) = (I(E + ı0+)−H0)
−1 (3.33)

where H0 is the tight binding Hamiltonian matrix evaluated at the equilibrium posi-

tion.

It is meaningful to outline that the factor 2 in Eq. (3.31) accounts for the spin

degeneracy (i.e., because of the spin-up and spin-down possibilities) and in order to

carry out the integrals with respect to E, a very small imaginary number needs to

be added to the energy term E (i.e., E + ıϵ and, e.g., ϵ = 0.05) due to computational

requirements.

As we work with an infinite periodic crystal, we can take advantage of the Bloch’s

theorem in order to computationally simplify our calculations. In particular, as the

unit cell in graphene lattice posseses two different types of atoms (labeled in our

model as atom type 1 and 2) and we employ four atomic orbitals (s, px, py and pz)

in our basis set, the dimension of the Hamiltonian matrix in k-space is (8 × 8) (2

types of atoms x 4 atomic orbitals (s, px, py and pz)). Thus, the TBH matrix in
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k-representation has the following form (see Appendix B for further details)

Ĥ(k) =

 Ĥ
(
k
11

)
Ĥ
(
k
12

)
Ĥ
(
k
21

)
Ĥ
(
k
22

)
 (3.34)

where Ĥ
(
k
11

)
and Ĥ

(
k
22

)
are the on-site submatrices in k-space and represent the

TBH matrix corresponding to the interaction between atoms of the same type, i.e.,

between atoms of type 1 or atoms of type 2, respectively. Ĥ
(
k
12

)
and Ĥ

(
k
21

)
are the

off-site submatrices in k-space and represent the TBH matrix corresponding to the

interaction between atoms of different types, i.e., between atoms type 1 and 2 and

between type 2 and 1, respectively.

Using Eqs. (3.33) and (3.34), the (8×8) Green matrix G(E,k) is readily obtained

in k-space. Another equivalent way to express Eq. (3.33) is in terms of the (8 × 1)

eigenvectors (Ĉn(k)) and eigenvalues (Ên(k)) of the Hamiltonian matrix in k-space

Ĝ0(E,k) =
∑
n

Ĉ†
n(k) · Ĉn(k)

E + ı0+ − Ên(k)
(3.35)

where n runs over all eigenvectors and eigenvalues of the TBH matrix.

Moreover, Eq. (3.31) can be written in index form as well as

Ψij

(
l − l′

ab cd

)
=− 2

π

∫ EF

−∞
Im

[∑
αβ

∑
e,f

G0
eα,fβ(E) · ∂2Hfβ,eα

∂rj(l′, cd)∂ri(l, ab)
+

∑
αβδγ

∑
e,f,g,h

G0
eα,fβ(E) · ∂Hfβ,gδ

∂ri(l, ab)
·G0

gδ,hγ(E) · ∂Hhγ,eα

∂rj(l′, cd)

]
∂E

(3.36)

where α, β, δ and γ represent the atomic orbitals and run over the s, px, py and pz

orbitals, a, b, c, d, e, f , g and h represent the atomic sites and ab and cd represent

the bond vectors that go from atom a and c to b and d, respectively.

The first term of Eq. (3.36) is a short range term and takes into account only

interactions up to first neighbors. The second derivative of this first term does not

vanish if ab is equal to cd and ef or fe. On the other hand, the second term of

Eq. (3.36) is a long range term and takes into account interactions up to further

neighbors. It was concluded in Ariza et al. (2011) that, in general, to completely

mimic the behavior of graphene lattice is enough to take into account interactions up



3.3 Force constants model 59

to third neighbors. The evaluation of this second term is more complex, and we need

to consider different combinations as we show with the following example. Suppose

that we consider the second derivative of the total energy with respect to the bond

vector labeled as ab = 10 (i.e., bond that goes from atom 1 to atom 0 in our model,

Fig. 3.1) and the bond vector labeled as cd = 34 (i.e., bond from atom 3 to atom 4),

therefore, we have the following expression

Ψij

(
0− ϵ3
10 34

)
=

∂2E

∂rj(ϵ3, 34)ri(0, 10)

=− 2

π

∫ EF

∞

∑
α,β,γ,ζ

Im

[
G0

3α,1β(E) · ∂H1β,0γ

∂ri(0, 10)
·G0

0γ,4ζ(E) · ∂H4ζ,3α

∂rj(ϵ3, 34)
+

G0
3α,0β(E) · ∂H0β,1γ

∂ri(0, 10)
·G0

1γ,3ζ(E) · ∂H3ζ,4α

∂rj(ϵ3, 34)
+

G0
4α,1β(E) · ∂H1β,0γ

∂ri(0, 10)
·G0

0γ,3ζ(E) · ∂H3ζ,4α

∂rj(ϵ3, 34)
+

G0
4α,0β(E) · ∂H0β,1γ

∂ri(0, 10)
·G0

1γ,3ζ(E) · ∂H3ζ,4α

∂rj(ϵ3, 34)

]
∂E

Now, as the Green function in Eqs. (3.31) and (3.36) are expressed in real space,

we need to evaluate the Green matrix over the whole Brillouin zone, as follows

G0
e,f (E) =

1

N

N∑
n,k

Ĉ†
n(k) · Ĉn(k)

E + ı0+ − Ên(k)
eı·k·(re−rf ) (3.37)

where N is the number of points in the Brillouin zone (BZ). Regarding the details of

our calculations, we have taken a weighted sum over n-points in the BZ to carry out

the integrals. These n-points have been selected following the method proposed by

Cunningham (1974). Furthermore, by way of convergence, we have employed different

number of points (756, 1296 and 4896 points) in the BZ.

Once all combinations of Ψij

(
l−l′

ab cd

)
have been reckoned up to the furthest neigh-

bors considered in our calculations, one is ready to use the definition of the Fourier

Transformation, and the relation achieved in Eq. (2.33), to compute the atomic force

constants Φij

(
l−l′

a b

)
. As an example, Tab. 3.5 shows all combinations of Ψij

(
l−l′

ab cd

)
that are necessary to take into account in order to include interactions up to sec-

ond neighbors. For instance, the term Ψij

(
0

10 30

)
≡ ∂2Etotal

∂r10(0,10)∂r30(0,30)
is the second
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derivative of the total energy with respect to r10 and r30, where (0, 10) and (0, 30)

are the bond vectors that go from atom 1 to atom 0 and from atom 3 to atom 0,

respectively, in our model of graphene (Fig. 3.1).

Table 3.5: Combinations required to include interactions up to second neighbors among

atoms in graphene lattice.

bonds 1-0 2-0 3-0 1-8 1-9 2-6 2-7 3-4 3-5

1-0 Ψij

(
0
11

)
Ψij

(
0
12

)
Ψij

(
0
13

)
Ψij

(−ϵ1
13

)
Ψij

(−ϵ2
12

)
Ψij

(
ϵ2
11

)
Ψij

(
ϵ3
13

)
Ψij

(−ϵ3
12

)
Ψij

(
ϵ1
11

)
2-0 Ψij

(
0
21

)
Ψij

(
0
22

)
Ψij

(
0
23

)
Ψij

(−ϵ1
23

)
Ψij

(−ϵ2
22

)
Ψij

(
ϵ2
21

)
Ψij

(
ϵ3
23

)
Ψij

(−ϵ3
22

)
Ψij

(
ϵ1
21

)
3-0 Ψij

(
0
31

)
Ψij

(
0
32

)
Ψij

(
0
33

)
Ψij

(−ϵ1
33

)
Ψij

(−ϵ2
32

)
Ψij

(
ϵ2
31

)
Ψij

(
ϵ3
33

)
Ψij

(−ϵ3
32

)
Ψij

(
ϵ1
31

)

Table 3.6: Computed force constants from the tight binding potential developed by

Xu et al. (1992) and considering interactions up to fourth neighbors. (103dyn · cm−1)

Points in BZ 756pts 1296pts 4896pts

ϵ ϵ = 0.05 ϵ = 0.03 ϵ = 0.05 ϵ = 0.03 ϵ = 0.05 ϵ = 0.03

α1 -490.97 -490.79 -493.45 -493.28 -497.34 -497.19

β1 -176.73 -178.17 -175.00 -176.44 -172.33 -173.75

δ1 -101.70 -102.97 -103.26 -104.54 -105.68 -106.95

α2 42.32 42.72 41.82 42.21 41.07 41.44

β2 -59.53 -59.76 -58.85 -59.08 -57.88 -58.11

δ2 14.86 14.92 15.27 15.34 15.81 15.88

κ2 3.31 3.12 3.27 3.09 3.14 2.96

α3 21.43 21.55 21.06 21.19 20.51 20.64

β3 -36.05 -36.53 -35.24 -35.71 -34.07 -34.51

δ3 -6.44 -6.49 -7.48 -7.54 -8.99 -9.06

α4 8.92 8.98 8.77 8.84 8.62 8.69

β4 -1.53 -1.55 -1.90 -1.93 -2.53 -2.55

δ4 3.96 4.00 4.17 4.20 4.55 4.59

κ4 -3.64 -3.66 -3.47 -3.50 -3.17 -3.20

Finally, Tab. 3.6 shows the final results of the computed atomic force constants

between atom 0 and atoms 1, 4, 11 and 14, i.e., for the first, second, third and fourth
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neighbors respectively, for various number of points in the Brillouin zone (BZ), e.g.,

756, 1296 and 4896 points, and two different values of the parameter ϵ, e.g., 0.03

and 0.05. However, as mentioned before, to mimic the behavior of graphene is only

required to use a model that includes interactions up to third neighbors, therefore,

from now on we will use in our calculations the tight binding model based up to third

neighbors. The form of these matrices are shown in Eqs. (3.38), (3.39) and (3.40).

Straightaway, the next step would be to verify the computed atomic force constants

through several ways, e.g, comparing the phonon dispersion curves, comparing with

other numerical results or applying the DD theory.

3.3.2 Validation of the model

A simple way to verify our calculations of the bond-wise force constants is by using

the symmetry relations of crystals. As a consequence of these symmetry properties,

the atomic force constants between an atom and other atom that is within the range

of interaction in our model have the following form for the graphene lattice

Φi =


αi 0 0

0 βi 0

0 0 δi

 (3.38)

Φj =


αj κj 0

−κj βj 0

0 0 δj

 (3.39)

Φk =


αk κk 0

κk βk 0

0 0 δk

 (3.40)

where i = 1, 3, j = 2 and k = 4, indicate the first and third, second and fourth

neighbors, respectively. In our model, the first, second, third and fourth neighbors of

atom 0 correspond to atoms 1, 4, 11 and 14 in the model depicted in Fig. 3.1.

The parameters of the bond-wise and the atomic force constants have been calcu-

lated using the described tight binding potential Xu et al. (1992), and the results are
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presented in Tab. 3.6. The zero elements in the force-constant matrices of Eqs. (3.38),

(3.39) and (3.40) corresponding to this force constants model has been confirmed nu-

merically in our calculations.

Furthermore, to completely fulfill the validation of our model, it is essential to

compare the phonon curves predicted by our model (Tab. 3.6) against experimental

data that can be found in the literature and also with previously validated results.

For sake of clarity, we show in Fig. 3.2, the comparison between the phonon disper-

sion curves calculated from the TB model including up to third neighbors, along with

experimental data (Nicklow et al., 1972; Oshima et al., 1988; Siebentritt et al., 1997;

Yanagisawa et al., 2005) and other curves that were previously calculated and vali-

dated by different authors using the Aizawa and AIREBO potentials (Ariza & Ortiz,

2010; Ariza et al., 2011). Consequently, we conclude that phonon dispersion curves

extracted from the current computed force constants model are in good agreement

with the experimental data and other results.
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Figure 3.2: Comparison of the phonon dispersion curves extracted from: a tight binding

potential (Xu et al., 1992); a harmonic Aizawa potential (Aizawa et al., 1990); a reactive

empirical bond-order potential (Stuart et al., 2000); and empirical data (Nicklow et al., 1972;

Oshima et al., 1988; Siebentritt et al., 1997; Yanagisawa et al., 2005).
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Figure 3.3: Comparison of the phonon curves considering up to third neighbors.
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Figure 3.4: Phonon dispersion curves from the computed atomic force constants, including

up to first, second and third neighbors and employing 4896 points in the BZ and a value of

ϵ = 0.05.
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Another crucial issue is the evaluation of the integral over the BZ in Eq. (3.37), i.e.,

the fineness of the points employed in the BZ. Fig. (3.3) presents the phonon curves

employing different number of points within the BZ. It shows that the difference

between the curves are insignificant when using either 756 or 4896 points.
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Table 3.7: Atomic force constants of different interatomic potentials. (103dyn · cm−1)
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Moreover, owing to reassert the results obtained from previous work by Ariza et al.

(2011), we evaluate in Fig. 3.4 the range of interaction of each atom that is necessary

to take into account in our model of graphene. As may be see from Fig. 3.4, a range of

interaction of each atom that extends up to its third neighbors is enough to reproduce

the phonon dispersion curves of graphene.

Finally, several parametrizations of the force-constant model for graphene are

tabulated in Tab. 3.7, including the ones computed from the tight binding potential

described by Xu et al. (1992), the interatomic potential of Aizawa et al. (1990) and

the reactive empirical bond-order potential of Stuart et al. (2000), along with the

parametrization by Wirtz & Rubio (2004), obtained by fitting to density-functional

theory (generalized-gradient approximation) quantum-mechanical calculations of the

phonon dispersion curves of graphene, and the parametrization by Tewary & Yang

(2009), using an interatomic potential that consists of two parts, a bond energy func-

tion based on the Tersoff-Brenner potential and a radial interaction energy function.

3.4 Discrete dislocations in graphene lattice pre-

dicted by a tight binding model

Another possible and final way to accomplish the verification of our force constants

model is to apply the DD theory and its nonharmonic extension to a particular case

and compare the obtained results with experimental and previous results. Particu-

larly, we will compute the dislocation core structures and their corresponding stored

energies for three glide dislocation dipoles of length L = 3, L = 5 and L = 7, embed-

ded in a periodic computational cell. Figs. 3.5, 3.6 and 3.7 show the configurations

in a 448-atoms cell predicted by DD theory using the tight binding potential and to-

gether with the aforementioned previous results. Furthermore, Tab. 3.8 presents the

stored energies predicted by the DD theory employing different interatomic potentials

and computational cell sizes (ranging from 192 atoms to 448 atoms).
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(a) (b)

Figure 3.5: Dislocation core structures of length L=3 (in a periodic 448-atoms cell) pre-

dicted by the DD theory, employing the tight binding model described by Xu et al. (1992)

(silver color) and (a) AIREBO potential (gold color), and (b) Aizawa potential (gold color).

(a) (b)

Figure 3.6: Dislocation core structures of length L=5 (in a periodic 448-atoms cell) pre-

dicted by the DD theory, employing the tight binding model described by Xu et al. (1992)

(silver color) and (a) AIREBO potential (gold color), and (b) Aizawa potential (gold color).
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(a) (b)

Figure 3.7: Dislocation core structures of length L=7 (in a periodic 448-atoms cell) pre-

dicted by the DD theory, employing the tight binding model described by Xu et al. (1992)

(silver color) and (a) AIREBO potential (gold color), and (b) Aizawa potential (gold color).

Table 3.8: Computed stored energies predicted by the DD theory for several interatomic

potentials, dipole lengths and cell sizes.

Cell size Length TB potential AIREBO potential Aizawa potential

(N◦ of atoms) (eV) (eV) (eV)

192 L=3 17.05 17.07 23.36

192 L=5 18.86 19.59 25.75

336 L=3 17.27 17.16 23.63

336 L=5 19.11 19.77 26.07

448 L=3 17.32 17.21 23.69

448 L=5 19.19 19.87 26.16
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It should be outlined that the dislocation core structures predicted through the

tight binding potential are alike to those obtained through the Aizawa potential,

whereas there are some discrepancies with respect to the results obtained using the

AIREBO potential. In contrast, the stored energies predicted by the DD theory

employing the tight binding potential are similar to those values obtained through

the AIREBO potential, whereas the stored energies computed through the Aizawa

potential are ostensibly higher.

Immediately, for sake of completeness, we have proceeded to relax these con-

figurations in accordance with the full TB potential, as described in Section 2.3,

and applying both iteration algorithms. As a result, Fig. 3.8 shows the dislocation

core structures after relaxation, whereas the relaxed stored energies are presented in

Tab. 3.9. To carry out this calculations, we have employed the following parameters:

for the fixed-point algorithm: imax = 500, ∆Emin = 10−5eV , Fmin = 10−2eV/Å,

jmax = 5, ep = 10−5 and σ0 = 0.1; and for the conjugate gradient algorithm (precon-

ditioned nonlinear conjugate gradient with secant and Polak-Ribière): imax = 500,

∆Emin = 10−5eV , Fmin = 10−2eV/Å, ϵ = 10−7, jmax = 5, ep = 10−5, σ0 = 0.1 and

n = 20. Regarding the convergence of both algorithms, we have obtained that the CG

algorithm converges slightly faster than FP algorithm as one can observe in Fig. 3.9.

Besides, although both algorithms converge in a few iterations to the nonharmonic

solution, the CG clearly converges much faster during the last iterations, while the

FP iteration needs more iterations to reach the final nonharmonic solution.

Table 3.9: Computed stored energies initially predicted by the DD theory and the TB

model (Xu et al., 1992) and those obtained after relaxation, by means of the nonharmonic

extension of the DD theory.

Dipole length DD After relaxation

(eV) (eV)

L=3 17.32 4.21

L=5 19.19 8.68

L=7 21.00 11.98
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Figure 3.8: Dislocation core structures after relaxation (gold color) obtained by means

of the nonharmonic extension of the DD theory (a) glide dislocation dipole of length L=3,

(b) glide dislocation dipole of length L=5 and (c) glide dislocation dipole of length L=7.

Dislocation core structures predicted by the DD theory are represented in silver color.

We may conclude that the harmonic configurations and formation energies pre-

dicted by the DD theory based on the linearized TB potential, as well as, the relaxed

configurations and energies are in good agreement with similar calculations, employ-

ing other linearized interatomic potentials and molecular dynamics-based calculations

(Ariza & Ortiz, 2010; Ariza et al., 2011; Serrano, 2011; Ariza et al., 2012).
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Figure 3.9: Evolution of convergence in both implemented algorithms, for a (12x12) su-

percell with a dislocation dipole of length (a) L=3, (b) L=5 and (c) L=7.



Chapter 4

Point Defects in Graphene

Nowadays, graphene is considered as one of the most promising materials in nan-

otechnology owing to its outstanding properties. For instance, graphene is thought

as the alternative material to silicon in electronic devices applications, or to indium

tin oxide (ITO) in liquid crystal displays (LCD), or to carbon fibers in composite

materials, or to Kevlar in bulletproof vest. However, defects, such as mono or multi

vacancies, SW defects, interstitial or substitution impurities, dislocations and grain

boundaries, which appear during the growth of graphene or the post-processing can

strongly alter these excellent properties and, as a result, considerably deteriorate

the performance of graphene-based devices. Thus, it is of crucial interest to have a

complete understanding of the behavior of the defects commonly present in materials.

As graphene is a 2D material, topological defects can be classified into point, line

and planar defects, depending on the extension of the structural defect. Among point

defects, dislocations are one of the most critical defects that usually appear in crystal

materials. Material properties, whether of an electronic or mechanical nature, are

strongly affected by the presence of dislocations and, in addition, they are also the

key stone for understanding the plastic behavior of crystalline solids. Thus, the study

of dislocations has been the object of much attention in the scientific community.

In this Chapter, we use the Discrete Dislocation theory, together with its nonhar-

73
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monic extension, and the Large Scale Atomic/Molecualr Massively Parallel Simulator

(LAMMPS) code to scrutinize and get a deep insight of dislocations in graphene.

Furthermore, we demonstrate the ability of the Discrete Dislocation theory and its

extension to predict reliable defective configurations and its stored energies.

First of all, we present two mechanisms of crystallographic slip in graphene corre-

sponding to the glide and shuffle stacking faults and further investigate two different

dislocations, glide and shuffle, and their feasibilities to dissociate into partial disloca-

tions. To carry out this, we use the AIREBO, ReaxFF, AIZAWA empirical potentials

and the tight binding model described by Xu et al. (1992). Next, we explore the ther-

mal stability at finite temperature for these structural defects using the LAMMPS

code and the AIREBO potential (Stuart et al., 2000). Finally, we extensively investi-

gate the electronic properties associated with different dislocation types in graphene

employing a tight binding model.

4.1 Topology and stored energy of point defects

4.1.1 Generalized Stacking faults

Crystallographic slips in graphene occur on three different planes defined by their

Burgers vector, bi, i = 1, 2 and 3, and their normal vectors, mi, i = 1, 2 and 3, which

correspond to the closed-packed atomic planes. At first glance, for each slip plane,

gliding might occur across either a zig-zag chain of bonds or across parallel bonds.

The first case defines the so-called glide dislocations, whereas the latter one refers to

shuffle dislocations.

Ariza et al. (2012) have investigated these two mechanisms of crystallographic slip

in graphene within the Vitek’s framework, corresponding to glide and shuffle gener-

alized stacking fault (GSF) and computed their corresponding γ-curves of graphene.

The calculations were performed using the Sandia National Laboratories Large-scale

Atomic/Molecular Massively Parallel Simulator (LAMMPS) code and two different

interatomic reactive potentials, AIREBO and ReaxFF. The γ-surfaces of a crystal

shed useful light on the structure and stability of extended defects such as dislocation
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dipoles and dissociated cores. The corresponding γ-curves for glide and shuffle GSF

computed from the AIREBO and ReaxFF potentials are shown in Fig. 4.1. These γ-

curves enlighten on the existence of metastable partial dislocations for the glide GSF,

whereas no stable stacking fault configuration for the shuffle GSF. Closeup views of

the relaxed atomic structure of the unstable and stable stacking faults for both cases

are also inset in Fig. 4.1. As may be seen from these closeup views, the unstable

stacking-fault configuration consists of a distorted hexagonal lattice, whereas the sta-

ble stacking fault configuration consists of an array of decarings. The corresponding

stacking-fault energies (γsf ) and unstable stacking-fault energies (γus) for the glide

and shuffle GSFs and the AIREBO and ReaxFF potentials are tabulated in Tab. 4.1.

From these energies, the equilibrium distance for a pair of full dislocations and partial

dislocations has been computed, and estimated that dislocation dipoles are stable in

graphene down to exceedingly small separations of the order of a few lattice spacings

and dissociation of perfect dislocations into partial dislocations are unlikely in both

configurations. The equilibrium distance of a pair of partial dislocations, i.e., the

width of the stacking fault, can be estimated through the stacking fault energy by

balancing the repulsive force between partial dislocations and the attractive force due

to the surface tension of the stacking fault.

Table 4.1: Predicted stable and unstable stacking-fault energies for the glide and shuffle

GSFs γ-surface, using the AIREBO and ReaxFF potentials

Potential Glide GSF Shuffle GSF

γsf (eV Å
−1

) γus (eV Å
−1

) γsf (eV Å
−1

) γus (eV Å
−1

)

AIREBO 1.24 1.60 - 1.97

ReaxFF 1.23 1.78 - 1.51
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(a) (b)

(c) (d)

Figure 4.1: γ-curve of (a) glide GSF using the AIREBO potential, (b) glide GSF using the

ReaxFF potential, (c) shuffle GSF using the AIREBO potential and (d)shuffle GSF using

the ReaxFF potential.

4.1.2 Glide and shuffle dislocations

Dislocations are a crucial defect in crystalline solids and the presence of this defect

strongly affects the properties of materials, e.g, the local electronic and mechanical

properties, among others. In general, dislocations can be defined by a line vector

and a Burgers vector. There are mainly two types of dislocations, the edge and crew

dislocation. By definition, the Burgers vector is normal to the line of the disloca-

tion for the former one and parallel to the line of the dislocation for the latter one.

Additionally, there is a third type of dislocations, the mixed one which consists of a



4.1 Topology and stored energy of point defects 77

combination of edge and screw dislocations. Regarding the motion of dislocations,

there are also two kinds of movement, the glide and climb motion. The glide cor-

responds to the movement of dislocations in the surface defined by the dislocation

line and the Burgers vector and the climb motion occurs when dislocations move out

of this surface. The motion of dislocations is the common manifestation of plastic

deformation in crystalline solids.

In contrast to 3D crystalline solids, dislocations are considered as point defects in

graphene, owing to the characteristic 2D structure. It can be stated, in general, that

a defect of dimension N in 3D solids can be extrapolated to graphene as a defect of

dimension (N-1). For instance, dislocations are considered as one-dimensional defects

in 3D solids and zero-dimensional defects in graphene; grain boundaries are considered

as two-dimensional defects in 3D solids and one-dimensional defects in graphene.

Among edge dislocations in graphene, we can distinguish two types, the so-called

glide and shuffle dislocations. An example of these two dislocations in graphene are

depicted in Fig. 4.2. The dislocation line of these two dislocation types has to be

seen as a line perpendicular to the graphene sheet. On the other hand, slip plane,

defined by the Burgers vector and the dislocation line, has to be seen as a line across

the zig-zag chain for glide dislocations type and across parallel bonds for the shuffle

dislocation. Furthermore, there is not equivalent screw dislocation type in monolayer

graphene. Therefore, in this and subsequent Chapters, we will only focus on edge

dislocations, either glide or shuffle type.

b

a1

a2

(a)

b

a1

a2

(b)

Figure 4.2: Structure of the (a) glide and (b) shuffle dislocations in graphene.
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Now, we endeavor to assess the metastability of glide and shuffle dislocation dipoles

of different lengths. The calculations were performed using the DD theory and the

extension of this Theory introduced in Chapter 2 and based on a tight binding po-

tential (Xu et al., 1992). The corresponding eigendeformation field consists of one

Burgers vector over a zig-zag chain of one-cells for glide dislocation dipoles and over

parallel one-cells for shuffle ones. A schematic representation of the eigendeformation

field is shown in Fig. 4.3, consisting of one Burgers vector over a chain of three zig-zag

bonds and three consecutive parallel bonds, repectively. We first start by considering

a periodic distributions of dislocations corresponding to one Burgers vector over L

one-cells, e.g, L = 3, 5 and 7 for glide dislocations and L = 4, 5, 6 and 7 for shuffle

dislocations, embedded in increasing computational cell sizes. It has been found that

glide and shuffle dislocations are unstable for L<3 and L<4, respectively. Further-

more, the number of bonds along the zig-zag chain has to be an even number, i.e.,

L = 3, 4, 7, 9,..., for the glide type. In order to asses the metastability of the afore-

mentioned dislocations, we have taken the following steps: we start by predicting the

harmonic core structures based on the DD theory and associated harmonic energies

of these dislocations; secondly, following the extension of the DD theory, the initial

discrete configurations are allowed to relaxed in accordance to the full tight binding

potential.

b
b

b

(a)

b

b

b

(b)

Figure 4.3: Detail of the distribution of eigendeformations β, consisting of one Burgers

vector over (a) a chain of three zig-zag bonds and (b) three consecutive parallel bonds.
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Glide dislocation dipole

Glide dislocation dipoles have been already assessed in Chapters 2 and 3. Firstly, they

were studied using the AIREBO and Aizawa potentials within the DD theory and the

extension of this theory. The predicted configurations and associated stored energies

for glide dipoles of increasing lengths (L = 3, 5 and 7) embedded in a periodic cell of

488 atoms were presented in Figs. 2.5 and 2.10 and Tabs. 2.1 and 2.2. Subsequently,

in Chapter 3 these results were contrasted using the tight binding potential (Xu et al.,

1992). By way of verification of the energies presented by the DD theory in a 448-atom

periodic cell, Fig. 4.4 presents the stored energy of periodic dipole arrangement per

periodic cell predicted by DD theory as a function of the dipole length (from L = 3 to

L = 31) and the cell size (from 192 atoms to 3200 atoms). As expected: (1) the stored

energy of dipoles is ostensibly independent of the cell size and depends on the size of

the dipole length only for dislocation separations much smaller than the cell size; (2)

Except for the smallest dipole (L = 3), the dipole energy depends logarithmically on

the dipole size; (3) when the dipole size becomes comparable with the cell size, dipole-

dipole interactions become important and the dependence of the dipole energy on

dipole size deviates increasingly from the logarithm behavior. Therefore, we conclude

that for small dipole size, e.g., up to L = 7, the periodic cell size of 448 atoms is

ostensible reasonable to predict accurate results.

We recall that the predicted energies by the DD theory for the smallest possi-

ble glide dipole (L=3 or the so-called SW defect) are 17.21 and 17.32 eV using the

AIREBO and the tight binding (Xu et al., 1992) potentials. The predicted relaxed

energies based on the extension of the DD theory are 5.85 and 4.21 eV, respectively.

These energies represent the formation energy of the defects. It is important to re-

mark that we have not observed out-of-plane displacements in our calculations, as

a mechanism to lower the stored energy. These estimated results are in accordance

with previous studies. Meyer et al. (2008) reported that the maximum energy of 15.6

eV that can be transferred to a carbon atom by electron-beam irradiation is sufficient

to form a SW defect. Li et al. (2005) obtained a SW defect activation energy of 9.2

eV at a bond rotation angle of θ = 45◦ and a formation energy of 4.8 eV in a single
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Figure 4.4: Defect energy of periodic glide dislocation dipole for the tight binding potential

(Xu et al., 1992) as a function of dipole length and cell size

layer of graphite from density-functional theory calculations within the generalized

gradient approximation (GCA). Los et al. (2005) performed calculations based on an

improved long-range carbon bond-order potential (LCBOII) using a 576-atom peri-

odic cell, and they reported an activation energy of 8eV at a bond angle of 50◦ and a

formation energy of 4.5 eV. Ma et al. (2009) carried out a density functional theory

and quantum Monte Carlo simulations in graphene, and they obtained a SW defect

formation energy of 5.92 and 5.82 eV for flat defect structure and a sinelike buckle

structure, respectively. For graphite, tight binding calculations by Xu et al. (1993)

in a two-dimensional cell containing 112 atoms gave an activation energy of 9.8 eV

at a bond rotation angle of 50◦ and formation energy of 5.8 eV. Kaxiras & Pandey

(1988) carried out first principle calculations in a supercell with eighteen atoms in

each plane of graphite in the rhombohedral form (...ABCABC...) using the plane-

wave pesudopotential, and they obtained an activation energy of 13.7 eV at a bond

rotation angle of 55◦ and a formation energy of 11.4 eV and 10.4 eV before and after
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relaxation, respectively. Pan et al. (2000) computed a SW defect formation energy of

4.43 eV after relaxation in an achiral carbon nanotube of 400 atoms. As a summary,

we might conclude that the predicted activation energy of the SW defect reported in

the literature is within an energy range of 8 eV and 15.6 eV and the formation energy

between 4.21eV and 5.92 eV, except for the energy reported by Kaxiras & Pandey

(1988). This discrepancy is attributed to the considerable small cell of 18 atoms that

was used in their calculations.

Shuffle dislocation dipole

Similarly, Fig. 4.5 shows the predicted configurations by the DD theory and the

relaxed configurations for increasing dipole lengths (L=4, 5, 6 and 7) embedded in

a periodic 1144-atoms cell, whereas Tab. 4.2 compares the stored energies before

and after relaxation using the Aizawa, AIREBO and tight binding (Xu et al., 1992)

potentials. Moreover, the stored energy of periodic dipole arrangement predicted by

the DD theory as a function of the dipole length (from L=4 to L=21) and the cell

size (from 192 atoms to 9800 atoms) is presented in Fig. 4.6. It reveals the same

conclusions as for glide dipoles. Additionally, we also conclude that in order to study

dipoles of length up to L=7, we might at least use a periodic cell of 1144 atoms, owing

to the energy deviations observed for smaller cell sizes.

Table 4.2: Shuffle dipole energies corresponding to diverse dislocations separations in a

periodic 448-atom cell.

dipole length DD (eV) After relaxation (eV)

(L) AIREBO Aizawa TB AIREBO Aizawa TB

4 22.75 29.67 21.41 21.56 29.67 21.60

5 24.18 32.04 23.25 24.05 32.04 24.22

6 25.27 33.93 24.68 26.16 33.93 26.32

7 26.13 35.44 25.82 28.02 35.44 28.09
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(a) (b)

(c) (d)

Figure 4.5: Shuffle dislocation dipole cores embedded in a periodic 1144-atoms cell be-

fore (silver color) and after (gold color) relaxation obtained by means of the nonharmonic

extension of the DD theory (a) L=4, (b) L=5, (c) L=6 and (d) L=7.
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Figure 4.6: Defect energy of periodic shuffle dislocation dipole for the tight binding poten-

tial (Xu et al., 1992) as a function of dipole length and cell size

By way of comparison, Figs. 4.7 and 4.8 compare the configurations predicted by

the DD theory using the AIREBO and tight biding potentials, and those obtained

after relaxation in accordance with both full potentials, for two shuffle dislocation

dipoles of length L=4 and 6, respectively. As may be seen, a small discrepancy in the

relaxed configurations for both dipoles has been reported using these two interatomic

potentials, see the closeup views inset in Figs. 4.7 and 4.8, and the corresponding

energies tabulated in Tab. 4.2.
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(a)

(b)

Figure 4.7: Shuffle dislocation dipole cores (L=4) embedded in a periodic 1144-atoms cell

using the tight binding potential developed by Xu et al. (1992) (silver color) and AIREBO

potential (gold color), (a) predicted by the DD theory and (b) after relaxation through the

nonharmonic extension of the DD theory.
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(a)

(b)

Figure 4.8: Shuffle dislocation dipole cores (L=6) embedded in a periodic 1144-atoms cell

using the tight binding potential developed by Xu et al. (1992) (silver color) and AIREBO

potential (gold color), (a) predicted by the DD theory and (b) after relaxation through the

nonharmonic extension of the DD theory.
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4.1.3 Partial dislocations

Partial dislocations are segregation of dislocations and are associated with the pres-

ence of stacking faults. As inferred in Ariza et al. (2012) by means of γ-curves, only

partial dislocations exist for the glide GSF. Therefore, in this Section we are going to

focus on glide dislocations and assess the dynamical stability of partial dislocations.

In this particular study, the assessment of the stability has been carried out by in-

serting the discrete dislocation configurations predicted by DD theory into molecular

dynamics calculations as initial conditions. The interatomic potential used for this

study was the AIREBO potential (Stuart et al., 2000), and the molecular dynamics

calculations were performed using the LAMMPS code.

b/2

(a)

b/2

b

b/2

(b)

Figure 4.9: Detail of the distribution of eigendeformations βi(e1), consisting of (a) half

Burgers vector over a zig-zag chain of m one-cells and (b) one Burgers vector over a zig-zag

chain of n one-cells and half Burgers vector over two zig-zag chains of m one-cells on the left

and right of the first one.

In order to fulfill this study, we begin by considering a periodic distribution of par-

tial dislocations embedded in a 448-atoms cell. The corresponding eigendeformation

field consists of half Burgers vector over a zig-zag chain of m one-cells, e.g., m = 3, 5,

7 and 9 (see Fig. 4.9a). The predicted configurations of such periodic arrangement of

partial dislocations are presented in Fig. 4.10, whereas the corresponding formation

energies have been summarized in Tab. 4.3. As may be seen from Fig. 4.10, two par-

tial dislocations are separated by a stacking fault of increasing length that consists of

an array of decarings.
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Table 4.3: Partial dislocations energies corresponding to half Burgers vector over a zig-zag

chain of m one-cells and predicted by DD theory and after relaxation using LAMMPS code

and the AIREBO potential.

Partial dislocation type m DD (eV) After relaxation (eV)

3 4.30 8.37

5 4.97 11.76

7 5.44 14.79

9 5.76 17.79

(a) (b)

(c) (d)

Figure 4.10: Stable partial dislocations after relaxation, corresponding to half Burgers

vector over a zig-zag chain of (a) 3, (b) 5, (c) 7 and (d) 9 one-cells.
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Similarly, we now consider periodic distributions of type (m-n-m) with increasing

values of n and m = 2, 4 embedded in a 448-atoms cell. The (m-n-m) configuration

corresponds to an eigendeformation field that consists of one Burgers vector over a

zig-zag chain of n one-cells and half Burgers vector over two zig-zag chains of m

one-cells at the left and right ends (see Fig. 4.9b). The predicted configurations

follow similar pattern, a pair of two partial dislocations separated by an array of

hexagonal rings which follows the rule d = m−1
2 , where d gives the number of hexagons

between the pair of two partials. Besides, the two partial dislocations in both sides are

detached by a stacking fault which consists of an array of decarings. Fig. 4.11 presents

diverse computed relaxed configurations of type (m-n-m) and their corresponding

stored energies are presented in Tab. 4.4.

Table 4.4: Defect energies corresponding to (m-n-m) configurations predicted by the DD

theory and after relaxation using LAMMPS code and the AIREBO potential.

(m-n-m) configuration DD (eV) After relaxation (eV)

(2-3-2) 13.18 14.8

(2-5-2) 15.10 22.70

(4-5-4) 13.65 28.61

(2-7-2) 16.44 26.06

(4-7-4) 14.62 31.55

These results also suggest an evidence of metastable partial dislocations for the

glide GSF, without considering the influence of temperature. However, the next step

would be the evaluation of the stability under finite temperature in order to state the

possible existence of partial dislocations in graphene lattice.
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(a) (b)

(c) (d)

(e)

Figure 4.11: Periodic arrangement of (m-n-m) configurations in a 448-atoms cell after

relaxation: (a) (2-3-2); (b) (2-5-2); (c) (4-5-4); (d) (2-7-2); (e) (4-7-4).



90 Point Defects in Graphene

4.2 Thermal stability at finite temperature

In the previous Section we ascertained the metastability of glide and shuffle dislo-

cations and partial dislocations without accounting for the influence of temperature.

Now, we are going to asses the stability and dynamics of these predicted stable point

defects in graphene and their structural transformations at finite temperature. Con-

sidering these stable configurations as initial conditions for the molecular dynamics

calculations, we employ the LAMMPS code and the AIREBO potential to carry out

these calculations. The aforementioned simulations are carried out at fixed constant

temperature, using the Nose-Hoover thermostat (NVT ensemble) and a time step of

0.0001 ps for a long period of time, over 1000ps and up to 10.000 ps. This time

step has been used in order to achieve the maximal numerical stability during the

simulations.

4.2.1 Stacking faults

The observed initial array (Fig. 4.13a) remains stable up to temperatures of 1500K,

whereas it transforms into a chain of pentagon-heptagon pair (5-7) at higher tempera-

tures up to 2700K (Fig. 4.13b). Regular arrays of 5-7 pairs have been observed at the

edges of misoriented graphene grain boundaries, in particular between armchair and

zigzag edge orientations (Liu et al., 2011; Banhart et al., 2011). Further details of tilt

grain boundaries in graphene and its associated dislocation arrays will be discussed in

length in Chapter 5. Furthermore, this obtained array of 5-7 defect remains stable up

to temperatures about 2700K, whereas, at temperature between 2700K-3400K, this

array of 5-7 defect starts to annihilate (Fig. 4.13c). The annihilation of dislocations is

complete at temperatures higher than 3400K (Fig. 4.13d). The assessment of stability

of stacking faults has been carried out for two different computational cells including

1600 and 3200 atoms. Moreover, periodic boundary conditions in both directions (X

and Y axes) are applied to the computational cell.
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(a)

(b)

(c)

(d)

Figure 4.12: Stable glide stacking-fault atomic configuration at different temperatures after

relaxation (a) up to 1500K, (b) between 1500K-2700K, (c) between 2700K-3400K and (d)

above 3400K.

4.2.2 Glide dislocations

Next, we assess the thermal stability of dislocation dipoles of length L=3, 5 and

7 embedded in a periodic 448-atoms cell. For these configurations, we assure the

existence of attractive interaction in between both dissociated dislocations. Beside,

we have previously stated that a periodic 448-atom cell is a reasonable size to evaluate

these embedded dislocation dipoles. We observe the same behavior for all lengths of
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dislocation dipoles. Glide dipoles are very stable up to high temperature, around

2000K. Between 2000K and 2800K, the pair of (1,0) dislocations start to glide in

order to gather themselves, forming a stable 5-7-7-5 configuration. For temperatures

higher than 2800K, the two dislocations forming a dipole first move in the same

fashion, forming a 5-7-7-5 defect, which afterwards vanishes.

Furthermore, the thermal stability of diverse dislocation quadrupole configurations

at finite temperature was ascertained by Ariza et al. (2010). They stated a high

stability against annihilation up to extreme temperatures of 2500K.

These results suggest a high stability of full dislocations, either dipole or quadrupole

configuration, against dissociation into partials and annihilation. Next, in Section 4.2.4

we confirm the thermal stability of dislocations in graphene against dissociation by

evaluating the behavior of partial dislocations at finite temperature.

(a) (b)

(c)

Figure 4.13: Final configurations obtained for a periodic glide dipole of length L=7 in a cell

of 448 atoms at different range of temperatures: (a) up to 2000K, (b) between 2000K-2800K

and (c) above 2800K.
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4.2.3 Shuffle dislocations

Similarly to our previous glide dislocation configurations, we evaluate the thermal

stability of periodic arrangements of shuffle dipoles of diverse lengths, L=4 and 5,

embedded in a periodic 448-atoms cell. In both cases, the observed shuffle dislocation

dipole (Fig. 4.14a) remains stable up to temperatures of 1000K and over long pe-

riod of time. Regarding the out-of-plane displacement of atoms typically observed in

graphene layers, it is important to remark that the out-of-plane displacements vanish

in our calculations at 0K, whereas the shuffle dislocation cores deviate from planar

at finite temperatures. The observed out-of-plane displacements are larger than the

in-plane ones (Fig. 4.15), and consequently they require to be considered. At tem-

peratures above 1000K, shuffle dislocations either reconstruct into a lower-energy

structure, such as 5-7-8 defect (Fig. 4.14b), or remain stable up to higher tempera-

tures. Akin to shuffle configurations, the resulting 5-7-8 structure still has a dangling

bond. At temperatures exceeding 1400K-1600K, shuffle dislocations, or their different

transformed structures, gather and, as a result, either vanish or recombine into the

well-known SW defect (5-7-7-5 defect), or into other structures, e.g., 5-5-8 defect (this

structure does not have dangling bonds). The out-of-plane displacement for these lat-

ter configurations considerably decreases. At temperatures higher than 2500-2900K,

it is reported that shuffle dislocation dipoles, or its recombined structures, annihilate.

As to the dipole size, we report the same behavior as for glide dislocation dipoles,

the longer dipole length the more resistance to gather, i.e., the association of dislo-

cations occurs at higher temperature. For instance, the recombination takes place at

temperatures above 1200-1400K for a shuffle dipole of length L=4 and above 1600K

for a length of L=5.
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(a) (b)

(c) (d)

Figure 4.14: Final configurations for periodic arrangement of shuffle dipole of length L=4

in a cell of 448 atoms at finite temperature: (a) up to 1000K; (b) 1300K; (c) 1900K; (d)

above 2500K.

Figure 4.15: Detail of the out-of-plane displacements observed for atoms close to the shuffle

dislocation at a constant temperature of 1000K.
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4.2.4 Partial dislocations

Finally, we proceed to investigate the thermal stability of dissociated dislocations in

graphene. In particular, we have evaluated the dynamic stability for partial dislo-

cation dipoles of length m and for m-n-m configurations, with values of n ranging

from 3 to 9 and m ranging from 2 to 4. The dynamic stability at finite temperature

of a sequence of configurations with different values of n and m is observed to be

roughly independent of the value of n and m. In general, the atomic configurations

corresponding to partial dislocations (two decarings) remain stable up to 300K over

long period of time for all values of n and m considered here. At higher temperatures,

between 300K and 400K, the partial dislocations recombine for m-n-m configurations

and vanish for partial dislocations of length m. For the 2-3-2 configuration, which

contains two consecutive pairs of two decarings, the partials do not transform into

5-7 pairs at any temperature (see Fig. 4.16). However, the defective system evolves

toward a defect-free lattice at a temperature range between 350K to 400K. The trans-

formations observed for the rest of configurations give rise to the pattern observed

when the defect contained in the computational cell is a perfect dislocation dipole of

length n atomic bonds (see Figs. 4.17 and 4.18).

Table 4.5: Defect energy (eV) values employing the full AIREBO potential after relaxation

of 2-n-2 configuration and a dipole of length n embedded in a periodic cell of 448 atoms at

different temperatures.

0K 500K

2-5-2 22.70 10.47

dipole L=5 12.73 10.44

2-7-2 26.06 13.81

dipole L=7 13.49 13.80

Tab. 4.5 compares the defect energies of two different configurations of defects

at 0K and 500K predicted by the full AIREBO potential. The first configuration

corresponds to a m-n-m defect, whereas the second corresponds to a dipole of length
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n. In both cases, defects are embedded in periodic cells of 448 atoms. The tabulated

energies are time-averaged total energies (potential plus kinetic) of defects, i.e., the

total energy of the lattice including defects minus the total energy of the lattice

without defects. These results also show how these partial dislocations recombine

into dislocation dipoles of length L = n when the temperature of the sample is raised

from 0K to 500K. In particular, the initial stored energy for the 2-5-2 configuration

at 0K is 22.70 eV, this configuration recombines into a dislocation dipole (L=5) with

an associated energy of 10.47 eV when the temperature is increased above 500K.

At this point, the bottom line is that these results suggest an evidence of metastable

partial dislocations for glide slip only at very low temperatures, up to 300K, and there-

fore indicates a high stability of full dislocations against dissociation and dislocation

dipoles against annihilation.

(a) (b)

(c) (d)

Figure 4.16: Evolution of the 2-3-2 defective configuration embedded in a 448-atoms cell

toward a defect-free lattice at a temperature range between 350K to 400K.
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(a) (b)

(c) (d)

Figure 4.17: Deformed configurations of periodic arrangement of discrete dislocations for

a cell of 448 atoms containing a 2-5-2 configuration at finite temperature: (a) up to 300K;

(b) 350K; (c) 400K; (d) 500K.
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(a) (b)

(c) (d)

Figure 4.18: Deformed configurations of periodic arrangement of discrete dislocations for

a cell of 448 atoms containing a 4-5-4 configuration at finite temperature: (a) up to 350K;

(b) 400K; (c) 500K; (d) above 500K.
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4.3 Electronic properties of structural defects

In this Section, we study how the electronic properties of graphene are affected by

the presence of defects at different concentrations. To model this, we use a periodic

cell of variable size containing one or a given number of defects. Particularly, we

have focused on periodic cells, with sizes ranging from (6x6) to (30x30) ((1x1) is

the graphene-lattice unit cell), and one or several defects are embedded (e.g., 5-7-7-5

defect or dislocation dipoles (L=5)). For supercells smaller than (6x6), our analyses

show that defects are not stable at that concentration in graphene lattice. Owing to

investigate the electronic properties, we examine the band structures and the density

of state for these configurations. These results provide a first insigth of the electronic

and transport properties associated with defective graphene.

(a) (b) (c)

Figure 4.19: A (7-7) supercell, containing: (a) none defect, (b) one 5-7-7-5 defect; (c) one

dislocation dipole (L=5).

It is well known that pristine graphene possesses different symmetry relations (op-

erations): E, 2C3, 3C2, σn, 2S3 and 3σv (within the molecular group theory frame-

work). In Fig. 4.19a, the three symmetry axes (C2) of pristine graphene are marked

with dash lines. Owing to the characteristic graphene structure, the representation of

electronic band structure can be reduced along the short path, Γ →M → K → Γ, or

across the irreducible Brillouin zone (BZ). The electronic band structure of graphene

unit cell (1x1) is presented in Fig. 4.21.
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(a)

(b)

(c)

Figure 4.20: Electronic band structures and DoS for different pristine supercell sizes: (a)

(6x6), (b) (7x7) and (c) (8x8) supercells.



4.3 Electronic properties of structural defects 101

Figure 4.21: Electronic band structure and DoS of graphene unit cell (1x1).

Furthermore, regarding the categories used by Shirodkar & Waghmare (2012) to

classify supercells, we can distinguish three types of supercells: (3n x 3n), (3n+1 x

3n+1) and (3n+2 x 3n+2). Due to the folding BZ, the Dirac cones fold into the

Γ point for (3n x 3n) supercells and into the K and K ′ points (the corners of the

hexagonal Brillouin zone) for (3n+1 x 3n+1) and (3n+2 x 3n+2) supercells. For

instance, Fig. 4.20 shows the electronic band structures of (6x6) (i.e., 3nx3n type),

(7x7) (i.e., 3n+1 x 3n+1 type) and (8x8) (i.e., 3n+2 x 3n+2 type) supercells. For

sake of clarity, we only represent the band energies corresponding to the pz orbital.

4.3.1 5-7-7-5 defect

Before depicting the results, several comments have to be highlighted:

• Non out-of-plane displacements have been obtained in our calculations at 0K

for this type of defect, in agreement with experimental and theoretical results.

• The 5-7-7-5 defect breaks the D3h symmetry as can be seen in Fig. 4.19. Indeed,

this defect has aD2h symmetry (this defect configuration possesses the following

symmetry relations: E, 3C2, i and 3σ.) and, therefore, it is an anisotropic

defect. In Fig. 4.19, it is drawn two out of three symmetry axes, the third one

is perpendicular to the plane.
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• Finally, only the pz orbital is considered in our calculations, this is because the

electrons responsible for transport are located in this orbital.

1

2

3

4

5

6

Figure 4.22: One SW defect (5-7-7-5 defect) embedded in a (10x10) supercell.

In Fig. 4.23, the electronic band structure and the density of states for differ-

ent supercell sizes, ranging from (6x6) to (10x10), containing one 5-7-7-5 defect are

presented. As one can notice from these results, they present a lack of band gap

( or negligible band gap, smaller than 0.004eV for all evaluated supercells, except

for the (6x6) supercell in which we have found a band gap of ∼0.01eV ) associated

with the inclusion of 5-7-7-5 defects at different concentration levels in graphene.

These results are in agreement with the previous reported works (Lherbier et al.,

2012; Shirodkar & Waghmare, 2012). Lherbier et al. (2012) studied the electronic

structures of (7x7) supercells with different concentrations of 5-7-7-5 defects, mono-

vacancies and divacancies. By contrast, Shirodkar & Waghmare (2012) investigated

the electronic band structures for different supercell sizes, ranging from (3x3) to (8x8).

In this latter work, a small band gap of ∼0.288 eV and ∼0.01 eV were found for the

(3x3) and (6x6) supercells, respectively. It should be remarked that the obtained

band gap is still insufficient for most practical applications. By way of comparison,

the most used material in electronic applications, silicon, has a band gap of 1.12 eV.
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(a)

(b)

(c)

Figure 4.23: Electronic band structures and DoS for different supercell sizes containing

one 5-7-7-5 defect: (a) (6x6), (b) (7x7), (c) (8x8), (d) (9x9) and (e) (10x10) supercells.
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(d)

(e)

Figure 4.23: (Cont.) Electronic band structures and DoS for different supercell sizes

containing one 5-7-7-5 defect: (a) (6x6), (b) (7x7), (c) (8x8), (d) (9x9) and (e)(10x10)

supercells.

In addition, from these computed band structures, we can also observe flat bands

close to the dirac point energy. Flat bands are the result of the presence of defects,

and can be seen as resonance energies associated with electrons localized around these

defects. Thus, they are responsible of the degradation of the electronic transport in

a range of energy around these flat bands. We next highlight the most relevant flat

bands (red dotted lines in Fig. 4.23), which can be detected in our results and are

near the Dirac energy, for each supercell:

• (6x6) supercell: around 1eV, 0.45, -0.65 and -1.2 eV.
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• (7x7) supercell: around 0.5 and -0.7 eV.

• (8x8) supercell: around 0.6 and -0.75 eV.

• (9x9) supercell: around 0.7eV, 0.4, -0.5 and -0.8 eV.

• (10x10) supercell: around 0.4 and 0.5 eV.
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Figure 4.24: (a) Total density of state for different supercell sizes (6x6, 8x8 and 10x10)

containing one 5-7-7-5 defect. (b) Comparison of total density of state with other results

(Shirodkar & Waghmare, 2012; Lherbier et al., 2012) for a (7x7) supercell containing one

5-7-7-5 defect.

Apart from these flat bands, there are others, but they are embedded in more

bands and far away from the Dirac energy. Therefore, their effects on the electronic

and transport properties are negligible. These flat bands are also reflected on the elec-

tronic density of state as resonance states, as one can notice from Figs. 4.23 and 4.24.

As a first glance at Figs. 4.23 and 4.24, we can conclude that the less defect concen-

tration (i.e., the larger cell) the smaller resonance state is observed (i.e., the height of

resonance state decreases). Regarding previous works, Lherbier et al. (2012) found a

first flat band at 0.5 eV and a second one at -1.75 eV, but the latter one is immersed in



106 Point Defects in Graphene

many dispersive bands and Shirodkar & Waghmare (2012) and Lherbier et al. (2012)

reported a localized state at ∼0.5 eV due to the presence of 5-7-7-5 defects. Fig. 4.24

shows a comparison between our computed results with other previous results ob-

tained by different authors (Shirodkar & Waghmare, 2012; Lherbier et al., 2012). As

an important conclusion, the resonance state around 0.5 eV might be seen as a fin-

gerprint of the presence of SW defects (5-7-7-5 defect) in graphene lattice. By means

of scanning tunneling spectroscopy (STS), the local density of electronic state of

surfaces can be experimentally measured (Červenka & Flipse, 2009; Červenka et al.,

2009). The representation of dI
dV versus V is associated with the density of electronic

state of the surface, where V and I are the bias voltage applied and the current which

flow between the tip and the material.

Due to the D3h symmetry of the lattice in pristine graphene, it is well-known that

the electronic band structure is only necessary to be evaluated along the usual short

path Γ → M → K → Γ. Nevertheless, when this symmetry is broken, a longer or

even the whole Brillouin zone should be evaluated. Since SW defect breaks the D3h

symmetry of the lattice, the electronic band structure has to be evaluated along an

extended path, e.g., along K ′
3 → K1 → Γ → K ′

3 → K3 →M3 → Γ (see Fig. 4.25), or

across one quarter of the BZ. In previous works (Peng & Ahuja, 2008; Popov et al.,

2009), the electronic band structures have been misrepresented, because they were

not evaluated along the extended path, and consequently a fictitious band gap has

appear in their band structures. For instance, the band structure for a (7x7) supercell

along the short path K1 → Γ → M1 → K1 is represented in Fig. 4.26, and we can

observe that a fictitious band gap (red lines) appears at K1 point. In general, this

is the main reason why the whole Brillouin zone should be evaluated when the D3h

symmetry is violated.

Finally, another important characteristic due to the presence of 5-7-7-5 defects is

the observed shift of the Dirac cone: for the (6x6) and (9x9) supercells, the Dirac

point corresponding to the Γ point is shifted along the direction that goes from Γ to

M3; for the (7x7) and (10x10) supercells, the Dirac points corresponding to the K

and K ′ points are shifted along the direction that goes from K ′
3 to K3 and from K3
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Figure 4.25: Brillouin zone of graphene corresponding to a supercell.

Figure 4.26: Electronic band structure and total density of state along the path K1 →

K1 → Γ → M1 → K1 shown in Fig. 4.25 for a (7x7) supercell containing one 5-7-7-5 defect.

to K ′
3, respectively; and for the (8x8) supercell, the Dirac cones corresponding to the

K and K ′ points are shifted along the direction that goes from K1 to Γ and from K ′
2

to Γ, respectively. The latter one is not represented in Fig. 4.23.

Local density of state

In Fig. 4.28, we show the local density of state (LDoS) at five atomic sites around

the 5-7-7-5 defect and at one site far away from the defect numbered in Fig. 4.22, for

different 5-7-7-5 defect concentrations (i.e., one defect per 188.59 Å
2
and 5034.49 Å

2
).

As one can see from these results, the LDoS near the defect is completely distorted

with respect to the one corresponding to the perfect lattice and, as a result, the
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transport properties are locally affected in the proximity of the defect. As we move

away from the defect, the LDoS is less distorted and is completely recovered at an

atomic site located six hexagons away from the defect, as shown in Fig. 4.28 for atomic

site 6. It is important to note that the 5-7-7-5 defect breaks the peculiar electron-

hole symmetry of pristine DoS and induces a localized state near the fermi energy, ∼

0.5eV. Furthermore, the oscillations shown in Fig. 4.28 for a (6x6) supercell is mainly

due to the interactions between periodic defects. As defect concentration decreases,

the oscillations vanish and the LDoS curves become smoother (black line). These

results are in concordance with the ones obtained by Carpio et al. (2008). By the

way of comparison, Fig. 4.27 shows a comparison between the obtained local density

of state for different atomic sites employing the tight binding potential developed by

Xu et al. (1992), and a model in which the site energies are set to zero, the overlapping

integrals are non-zero only for nearest neighbor atoms and the hopping parameter t

is estimated to be of the order of 2.7 eV

-6 -4 -2 0 2 4 6
0,0

0,1

0,2

0,3

0,4

0,5

 

 

LD
oS

(e
V

-1
)

E(eV)

 From Carpio et al. 
 Xu et al. (epsilon=0,1)

(a)

-6 -4 -2 0 2 4 6
0,0

0,1

0,2

0,3

0,4

0,5

 

 

 From Carpio et al.
 Xu et al. (epsilon=0,1)

LD
oS

(e
V

-1
)

E(eV)

(b)

Figure 4.27: Comparison of the obtained local density of state at different atomic sites,

numbered in Fig. 4.22 as (a) site 1 and (b) site 4, against the results presented by Carpio et al.

(2008) for a 5-7-7-5 defect.
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Figure 4.28: Local density of state at different atomic sites located nearby the 5-7-7-5

defect, labeled in Fig. 4.22 as (a) 1, (b) 2, (c) 3, (d) 4, (e) 5 and (f) 6.
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Supercell with different concentrations of randomly distributed 5-7-7-5

defects

Thus far, we have evaluated the total density of state for different defect concentra-

tions, but nevertheless they were all uniformly distributed defects. Straightaway, we

investigate the effects of randomly distributed defects on the total density of state. To

accomplish this study, we compare the total density of state corresponding to two cells

with the same defect concentration, but one cell with uniformly distributed defects

and the other cell with randomly distributed defects. Fig. 4.29 shows an example of

(18x18) supercell with several randomly distributed SW defects.

Figure 4.29: (18x18) supercell with multiple SW defects.

Fig. 4.30 shows the total density of state for one SW defect embedded in a (6x6)

supercell, four randomly distributed SW defects in a (12x12) supercell and nine ran-

domly distributed SW defects in a (18x18) supercell. It follows from these results

that the presence of random distribution of SW defects in graphene smooths out in

somehow the oscillations on the DoS curves, but the well-known resonance energy at

0.5 eV persists. Thus, it can be considered as a fingerprint to identify the existence

of SW defects by means of STS.

Furthermore, all these results were computed considering a weighted sum over

4896 special k-points together with a value of ϵ = 0.02 eV. For further details related

to the calculation of the density of state, the reader is encouraged to plough through
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the Appendix D.

є

є

(a)

є

є

(b)

Figure 4.30: (a) Total density of state for randomly distributed SW defects for the same

defect concentration, i.e., 1 SW defect embedded in a (6x6) supercell and 4 SW defects

embedded in a (12x12) supercell. (b) detail of the total DoS around the energy of 0.5 eV.
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4.3.2 Dislocation dipole of length L=5

The main characteristic of this defect, dislocation dipole of length L=5 (Fig. 4.31),

is that it does not have any symmetry axes, but it presents two anti-symmetry axes

which are drawn in Fig. 4.19. Similar to 5-7-7-5 defect, non-out-of-plane displace-

ments have been obtained and, therefore, it will not be considered in our calculations.

Moreover, pz orbital is only considered here to study the electronic properties affected

by the presence of this defect.

1

2 3

4 5
6 7

8 9
10

11

Figure 4.31: Label of the atomic sites located close to a dislocation dipole (L=5) which is

embedded in a (8x8) supercell.

Band structures and total density of state

In order to study the existence of band gap associated with the inclusion of dislocation

dipoles of length L=5, we have employed one defect embedded in different supercell

sizes, ranging from (6x6) to (8x8). As a final result, we may state that there is not

a relevant band gap due to the presence of this defect configurations (the observed

band gap is smaller than 0.005 eV ).

In Fig. 4.32, we show the band structure for a (6x6) supercell containing one

dislocation dipole of length L=5. As one quickly notice, there is a small band gap

between the valence and the conductive bands. However, it is a fictitious band gap,

owing to the broken symmetry of the lattice by the inclusion of this defect. To
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overcome this problem, the whole Brillouin zone should be evaluated rather than the

paths used in Fig. 4.32 for representing the band structure.

-3

-2

-1

0

1

2

3

 

 
 

 

cell:6x6. Dipole defect L=5

K2

E
ne

rg
y 

- E
f (e

V
)

K1
K2 K3 M3 0,00 0,07 0,14

3

2

1

0

-1

-2

-3

E
ne

rg
y 

- E
f (e

V
)

DoS(eV-1 A-2)

 Perfect lattice
 cell 6x6. 7-5-5-7 defect

Figure 4.32: Electronic band structure and DoS for a (6x6) supercell containing one dis-

location dipole (L=5) along the path K′
3 → K1 → Γ → K′

3 → K3 → M3 → Γ shown in

Fig. 4.25.

Therefore, Fig. 4.33 exhibits the closest valence and conductive bands to the Fermi

energy. Similarly to 5-7-7-5 defect, a shift of the Dirac cones appears, but in different

directions: for the (6x6) supercell, the Dirac cone corresponding to the Γ point splits

up into two Dirac cones, one appears in the region Γ −K ′
2 −M ′

2 and the other one

appears in the region Γ − K1 − M1 of the Brillouin zone; for the (7x7) supercell,

the Dirac cones are shifted, the one corresponding to the K point is shifted into the

region Γ − K2 −M2, and the one corresponding to the K ′ point is shifted into the

region Γ−K ′
3 −M ′

3 of the Brillouin zone; and for the (8x8) supercell, the Dirac cone

corresponding to K point is shifted into the region Γ −K3 −M ′
2 and the other one

into the region Γ−K ′
1 −M1 of the Brillouin zone.

Finally, Fig. 4.34 shows the total density of state for different defect concentrations.

Similarly, we report that the effect of this defect on the total density of state is reduced

as the cell size is increased, i.e., the defect concentration is decreased. Regarding

the details of the calculation of the density of state, the integrals were computed

considering a weighted sum over 4896 special k-points together with a value of ϵ = 0.02

eV.
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(a) (b)

(c)

Figure 4.33: Electronic band structure for a (a) (6x6), (b) (7x7) and (c) (8x8) supercell,

containing one dislocation dipole of length L=5.
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Figure 4.34: Total density of state for different supercell sizes, (6x6), (7x7) and (8x8),

which contain one dislocation dipole (L=5).

Local density of state

The local density of states at different atomic sites located around the defect and at

one site which is far away from the defect, see Fig. 4.31, are shown in Figs. 4.35 and

4.36. Similarly to what has been observed for the 5-7-7-5 defect, the local density of

states are distorted because the presence of this defect and, therefore, the electron

transport is degenerated near the defect. It is also important to notice that the

electron-hole symmetry at atomic sites around the defect is broken and the LDoS is

less distorted as we move away from the defect.
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(a) (b)

(c) (d)

(e) (f)

Figure 4.35: Local density of state at different atomic sites located close to the dislocation

dipole of length L=5 which is embedded in a (8x8) supercell, labeled in Fig. 4.31 as (a) 1,

(b) 2, (c) 3, (d) 4, (e) 5 and (f) 6.
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(a) (b)

(c) (d)

Figure 4.36: Local density of state at different atomic sites located close to the dislocation

dipole of length L=5 which is embedded in a (8x8) supercell, labeled in Fig. 4.31 as (a) 7,

(b) 8, (c) 9 and (d) 10.
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4.3.3 Glide dislocation

The aim of this Section is to evaluate the local density of state at different atomic

sites located close to a glide dislocation (or 5-7 defect), as shown in Fig. 4.37.

1

2 2

3 3

4 4

5 5

6

Figure 4.37: Detail of a glide dislocation (or 5-7 defect).

To carry out this study, we employ a dislocation dipole of a very long length, such

that the pair of glide dislocations do not have interaction each other. Particularly,

we have used a dipole of length L = 15 embedded in a (31x31) supercell. With

such cell and dipole size, we assure that there is not interactions between dislocation

cores. The results of the local density of state at different atomic sites numbered in

Fig.4.37 are shown in Fig. 4.38 for different values of ϵ, 0.02 and 0.1 eV. Beside, as

a comparison, we have included in this figure the results obtained by Carpio et al.

(2008) using t=2.7 eV as hopping parameter.
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Figure 4.38: Comparison of the local density of state at different atomic sites located

nearby a glide dislocation, labeled in Fig. 4.37 as (a) 1, (b) 2, (c) 5 and (d) 6, using different

TB models.
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Chapter 5

Line Defects in Graphene

Among different manufacturing techniques, the Chemical Vapor Deposition (CVD) is

by far the most prospective and efficient method for the production of large amount

of graphene at low cost and high quality to date, in all its variants (thermal CVD

and plasma CVD). Another main advantage of CVD technique is the large variety of

graphene layers that can be synthesized with disparate properties, owing to the large

number of substrates and precursor gases that can be utilized during the chemical

process. However, as a result of the nature of CVD processes and the size of the

sample, grain boundaries (GB) are the dominant defects which are mostly present in

graphene when it is grown in such via.

The structure which is formed as an interface between grains plays a crucial role in

fracture mechanics (Grantab et al., 2010; Zhang et al., 2012b; Han et al., 2014) and,

particularly for graphene, in electronic transport (Van Tuan et al., 2013). It has been

seen experimentally that the presence of GBs in graphene increases the electrical

resistivity and consequently diminishes the current across GBs (Tsen et al., 2012;

Qingkai Yu, 2011). Therefore, it is essential a thorough knowledge of GB structures

in graphene. Additionally, the thermal stability of these GBs also plays an important

role when designing electronic nanocomponents, owing to the fact that temperature

is always present during the performance of these devices and as well as the existing

121
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thermo-mechanical coupling of the behavior of defects.

On the other hand, it is well known that the use of pristine graphene is unfeasible

in some semiconductor-based applications owing to the absence of band gap. Con-

sequently, graphene structure has to be modified (Denis, 2010) to be used in such

applications, e.g., transistor. Likewise, it has been exhibited that some GB struc-

tures can open a moderate transport band gap (Zhang et al., 2012a; Yazyev & Louie,

2010a). In other words, these GBs are able to block charge carriers in a range of

energy. Therefore, due to the current technology advances it opens a new poten-

tial via to tailor a tunable transport gap in graphene and be able to manufacture

some graphene-based devices, e.g., graphene-based transistor (Standley et al., 2008).

With the maim purpose of designing a tunable transport gap by means of engineering

GBs in pristine graphene, it is also of great interest to characterize the electronic

transmission across different types of grain boundary structures.

This Chapter is organized as follows. In Section 5.1 we investigate the topology

and thermal stability of tilt symmetric and asymmetric grain boundaries in graphene

lattice. Next, the Landauer-Büttiker formalism is presented in Section 5.2. Finally,

within the Landauer-Büttiker formalism and a tight binding model, we will assess

the electronic transmission through selected symmetric and asymmetric tilt grain

boundary structures.

5.1 Topology and stability of grain boundaries in

graphene

5.1.1 Grain boundary model

The simulation model used for studying the stability of GBs is depicted in Fig. 5.1.

This model consists of two grains (A and B) with different crystallographic orienta-

tions (θ1 and θ2) and periodic boundary conditions applied in both directions (X and

Y axis). The boundary effects are an obstacle that one has to tackle in this kind

of simulations and usually emerge when the cell size is small. Owing to avoid these
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effects, the simulation cell has to be as large as possible, therefore, the cell size is of

the order of thousands of atoms (∼ 103) in this study.
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Figure 5.1: Grain boundary model.

The misorientation angle, θ, is defined as θ = θ1 + θ2, where θ1 and θ2 are the

orientation angles of grain A and B with respect to the horizontal axis X, respectively.

Another interesting parameter to be considered here is the inclination angle of the

boundary line, ϕ, that is defined as ϕ = |θ1 − θ2|. On the other hand, inasmuch

as graphene crystallographic structure possesses two high symmetry directions, i.e.,

the zig-zag and armchair directions (see Fig. 5.2), we fix the zig-zag direction when

the orientation angle of grain θi(i = 1, 2) is equal to 0◦ and therefore the armchair

direction is reached when the orientation angle θi(i = 1, 2) is equal to 30◦.

(a) (b)

Figure 5.2: High symmetry directions of graphene: (a) zig-zag direction and (b) armchair

direction.

Regarding grain boundary configurations, we can distinguish two types: symmet-
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ric and asymmetric. When θ1 = θ2, GBs are symmetric and the inclination angle is

ϕ = 0, whereas GBs are asymmetric when θ1 ̸= θ2 and, therefore, ϕ = θ1 − θ2 ̸= 0.

Owing to evaluate all possible GB configurations, it is only necessary to cover the

range of θ1 and θ2 that varies between 0◦ and 30◦. For symmetric configurations,

misorientation angles θ close to 0◦ (θ1 = θ2 = 0◦) and 60◦ (θ1 = θ2 = 30◦) are consid-

ered as small misorientation angles for zig-zag and armchair directions, respectively.

These configurations are commonly named as zig-zag and armchair grain boundaries,

respectively. Normally, symmetric grain boundaries can be denoted by their misori-

entation angle θ. On the other hand, whereas symmetric configurations posses one

degree of freedom θ (θ1 or θ2), asymmetric grain boundaries have two degrees of free-

dom, i.e., θ1 and θ2, and thus they have to be denoted by (θ1 | θ2), where θ1 and θ2

are the orientation angles of grain A and B, respectively. Additionally, as GBs are

normally modeled as a periodic arrangement of dislocations, they can be described

by (nA,mA) | (nB ,mB), where (ni,mi) i = A,B represents the periodic translations

vector of grain A and B along GB and referred to their respective basis set (a1,a2). In

particular, nA = nB and mA = mB for symmetric configurations. The misorientation

angle can be calculated in a straightforward manner through

θ = arctan(
√
3mA/(mA + 2nA)) + arctan(

√
3mB/(mB + 2nB)) (5.1)

5.1.2 Structures and energies of grain boundaries

In this Section, we present several symmetric and asymmetric grain boundaries which

are stable at 0K in graphene, and afterwards we evaluate their thermal stability during

a long period of time and up to extremely high temperatures in Section 5.1.3.

Traditionally, grain boundaries have been viewed and modeled as an array of dis-

locations (Read & Shockley, 1950). Later, this has been corroborated experimentally

for graphene in diverse works (Kim et al., 2011; Huang et al., 2011; Pong et al., 2007;

Simonis et al., 2002; Gao et al., 2010).

With the main purpose of finding misorientation angles corresponding to stable

configurations at 0K, we have simulated an endless number of configurations with
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different angles by means of molecular dynamics, covering a wide range of possi-

bilities. To accomplish this, we have resorted the widely used molecular dynamics

code LAMMPS (Large-scale Atomic/Molecular Massively Parallel Simulator) and the

AIREBO (Stuart et al., 2000) and ReaxFF potentials (van Duin et al., 2001) that are

implemented in LAMMPS code. The strategy proceeded to find these configurations

is as follows: first, employing the ReaxFF potential and NVE ensemble, we grow

two grains with different misorientation angles and force them to interact and form

an interface between both grains. It should be noted that sometimes it is necessary

to remove atoms along the interface in order to achieve the desired grain boundary

structure; and second, we stabilize the GB structure using the AIREBO potential

and the Nose-Hoover thermostat (NVT ensemble) at very low constant temperature

(∼0K).

Symmetric configurations

For symmetric configurations θ1 = θ2, it is well known through several studies

(Yazyev & Louie, 2010b; Liu et al., 2011) that dislocation of type (1,0) and (1,0)+(0,1)

are the most predominant and energetically favorable configurations along grain bound-

aries either for zig-zag or armchair configurations, respectively. Another type of dis-

location ((1,1) dislocation) was also the object of study in armchair configurations

by Yazyev & Louie (2010b), Liu et al. (2011) and Liu & Yakobson (2010). How-

ever, this kind of dislocation is less energetically favorable than (1,0)+(0,1) dislo-

cations, and therefore, it will not be under consideration in this Thesis. Additionally,

Yazyev & Louie (2010b) also reported a third dislocation type that consist of a dis-

persed (1,0)+(0,1) dislocation and is more energetically favorable than (1,0)+(0,1)

dislocations. Nevertheless, we have not observed these configurations in our simula-

tions to date, and therefore they were not taken into account in this Thesis as well.

Concerning the range of misorientation angle, it has been obtained and confirmed by

our results that the range of angles in which zig-zag configurations exist is between 0◦

and ∼ 21◦ and between ∼ 32◦ and 60◦ for armchair arrangement (Yazyev & Louie,

2010b; Liu et al., 2011).
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As we shall see from Fig. 5.4, there is a third configuration, between zig-zag and

armchair configurations, in which the misorientation angle ranges from ∼ 21◦ to

32◦. This configuration was also observed by Yazyev & Louie (2010b) and Liu et al.

(2011). It was reported that the most energetically favorable arrangement of defects

is composed by (1,0)+(1,0)+(1,0) and (1,0) dislocations. Moreover, the following

conclusions might be deduced from these works: one, there are only (1,0) disloca-

tion type at the lower bound (∼ 21◦); two, these dislocations vanish in favor of

(1,0)+(1,0)+(1,0) dislocations as the misorientation angle increases; and three, at the

upper bound (∼ 32◦), only (1,0)+(1,0)+(1,0) dislocation type are present in the GB.

b

a1

a2

(a)

b

a1

a2

(b)

a1

a2

b

(c)

Figure 5.3: Dislocation type (a) (1,0), (b) (1,0)+(0,1) and (c) (1,0)+(1,0)+(1,0).

As a result of our simulations, we have concluded that the misorientation angles of

6.6◦, 14.1◦, 19.66◦, 27.8◦, 38.21◦ and 46.83◦ are stable for symmetric configurations.

Tab. 5.1 shows the energies associated with the configurations shown in Fig. 5.4 for

these misorientation angles. Two main conclusions can be inferred after analyzing

these results: first, as the misorientation angle increases for either zig-zag or armchair

configurations, the dislocation density increases as well; second, the distribution of

dislocations along the boundary line is uniform.

To the best of our knowledge, GBs with a misorientation angle of 19.66◦ has been

observed by scanning tunneling microscopy (STM) (Simonis et al., 2002), while the

misorientation angle of 27.8◦ can be related to the one detected by Huang et al. (2011)

and Kim et al. (2011).
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Table 5.1: Energies associated with different symmetric grain boundaries in graphene.

Misorientation angle Dislocation type Dislocation density Energy

(Dis./Å) (eV/Å)

6.6◦ (1,0) 0.05 0.9

14.1◦ (1,0) 0.1 1.04

19.66◦ (1,0) 0.14 0.92

27.8◦ (1,0)+(1,0)+(1,0)/(1,0) 0.07 0.58

38.21◦ (1,0)+(0,1) 0.09 0.5

46.38◦ (1,0)+(0,1) 0.05 0.72

(a) (b) (c) (d) (e) (f)

Figure 5.4: Observed structures of GB (a) 6.6◦, (b) 14.1◦, (c) 19.66◦, (d) 27.8◦, (e) 38.21◦

and (f) 46.83◦.

Asymmetric configurations

Owing to the fact that θ1 ̸= θ2, the characterization of these grain boundaries is more

challenging than for symmetric configurations. Indeed, we have found that asymmet-
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ric configurations do not follow the same pattern and a large number of dislocation

types, arrangement of 5-7 defects and distribution along the grain boundary can be

found (Zhang et al., 2012a; Han et al., 2014). For instance, we present in Fig. 5.5

some observed asymmetric configurations in our calculations. The GB structures

with misorientation angles of θ = 30◦ and θ = 38.2◦ are constructed by (1,0)+(0,1)

and (1,0) dislocations, whereas (1,0) dislocations are arranged along an interface of

two grains with a misorientation angle of 16.1◦.

In our simulations, we adopt that GBs are constituted by periodic arrays of dislo-

cations. This periodicity can be defined by two periodic translation vectors (nA,mA)

and (nB ,mB), belonging to A and B grain, respectively, and parallel to the GB. Unlike

symmetric configurations, these translation vectors might differ slightly in magnitude

for some asymmetric configurations, dA ̸= dB (dA = 2.15(nA cos(30−θ1)+mA cos(30+

θ1)) and dB = 2.15(nB cos(30 + θ2) +mB cos(30− θ2))). However, in order to form a

realistic GB, the mismatch between both domains at GB must be quite small and its

stored energy has to be reasonably low. This small lattice mismatch at the bound-

ary grain induces a strain to the lattice and is responsible for opening a moderate

transport band gap (Section 5.2.2). For instance, dA and dB corresponding to the

(5,0)|(3,3) GB are 12.298Å and 12.78Å, to the (1,3)|(2,2) GB are 8.87Å and 8.52Å

and to the (5,3)|(7,0) GB are 17.22Å and 17.22Å. It might be augured that GB con-

figurations with lattice mismatch between grains posses higher stored energy than the

other configurations. To evaluate the grain boundary energies and structures of these

configurations, we have to consider two options in our calculations, where H ∝ dA

and H ∝ dB . In our model, the height of our computational cell is H ∝ dA. Then,

the less grain boundary stored energy, the most energetically favorable configuration.

Tab. 5.2 shows the GB energies for the obtained asymmetric configurations. As a re-

sult, we conclude that (5,0)|(3,3) and (2,2)|(1,3) GBs are more energetically favorable

than their inverse configurations.

Experimentally, An et al. (2011) have observed GBs with misorientation angles of

∼ 16◦ and ∼ 29◦ which can be related to angles of 16.1◦ and 30◦ in our calculations,

respectively.
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(a) (b) (c)

Figure 5.5: Observed structures of GB (a) 30◦|0◦ (θ=30◦) or (5,0)|(3,3) (b) 8.21◦|30◦

(θ=38.21◦) or (5,3)|(7,0) and (b) 16.1◦|0◦ (θ=16.1◦) or (1,3)|(2,2).

Table 5.2: Energies for different asymmetric grain boundaries in graphene.

Misorientation angle(θ) GB configuration Energy

θ (θA|θB) (nA,mA)|(nB ,mB) (eV/Å)

30◦ (30◦|0◦) (5,0)|(3,3) 2.55

30◦ (0◦|30◦) (3,3)|(5,0) 2.93

38.2◦ (8.21◦|30◦) (5,3)|(7,0) 1.23

16.1◦ (16.1◦|0◦) (1,3)|(2,2) 1.48

16.1◦ (0◦|16.1◦) (2,2)|(1,3) 0.99
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5.1.3 Thermal stability of grain boundaries

Afterwards, we analyze the mechanical behavior and thermal stability of these GB

structures, which we have observed to be stable in graphene, up to extremely high tem-

peratures. For this purpose, we relax each configuration during a long period of time

(up to 10.000ps and with a step time of 0.1fs) and at fixed constant temperature, cov-

ering a wide range of temperatures, i.e., from 0K to temperatures close to the melting

point of graphene (Zakharchenko et al., 2011; Kowaki et al., 2007; Kim & Tománek,

1994). To carry out the thermal stability analysis, we have employed the LAMMPS

code, the full AIREBO potential and the NVT ensemble (∆t = 0.1 fs).

As main outcomes of our simulations, we state the following conclusions for each

configuration.

Symmetric configurations

GBs in zig-zag configuration

1. Grain boundaries remain stable up to temperatures close to 2000-2500K. In

addition, as the misorientation angle increases, GBs seem to be more stable at

high temperatures.

2. Transformations, normally into 555-7-8 or 55-77 defects, and motion of (1,0)

dislocations take place at temperatures above 2000-2500K. Figs. 5.7 and 5.8

show the glide displacement of (1,0) dislocations and the typical 555-7-8 and

55-77 configurations corresponding to the transformations of (1,0) dislocations,

respectively.

3. At temperatures exceeding 4000K, grain boundaries collapse as one can observe

from Fig. 5.6e. Therefore, it may be concluded that the presence of GBs in

graphene decreases the melting temperature of graphene predicted by other

authors.

Fig. 5.6 shows two parallel GB structures with a misorientation angle of 14.1◦ at

different finite temperatures.
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(a)

(b)

(c)

Figure 5.6: Grain boundary structures observed for a misorientation angle of 14.1◦ at

different temperatures (a) T<2500K, (b) T=2500K, (c) T=3000K, (d) T=3500K and (e)

T=4000K.
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(d)

(e)

Figure 5.6: (Cont.) Grain boundary structures observed for a misorientation angle of 14.1◦

at different temperatures (a) T<2500K, (b) T=2500K, (c) T=3000K, (d) T=3500K and (e)

T=4000K.

(a) (b) (c)

Figure 5.7: Details of the glide motion of (1,0) dislocations that takes place at temperatures

above 2000K in zig-zag configurations.
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(a) (b) (c)

Figure 5.8: Typical transformations of (1,0) dislocations that take place at temperatures

above 2000K in zig-zag configurations. (a) (1,0) dislocation, (b) 55-77 defect and (c) 555-7-8

defect.

GB in armchair configurations:

1. In these configurations, GBs remain stable up to extremely high temperature

2000-2500K. Similarly, it is also observed that the larger misorientation angle

the more stable configuration against transformations.

2. At temperatures higher than 2000-2500K, the first changes in GB structures

emerge, such as, motion of (1,0)+(0,1) dislocations, transformations into other

complex configurations and split-up of (1,0)+(0,1) dislocations into (1,0) and

(0,1) dislocations, which in turn these latter split-up dislocations are able to

move themselves.

3. Melting of GBs at temperature exceeding 4000K

Fig. 5.9 shows two parallel GB structures with a misorientation angle of 46.83◦ at

different finite temperatures.
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(a)

(b)

Figure 5.9: Grain boundary structures observed for a misorientation angle of 46.83◦ at

different temperatures (a) T<2500K, (b) T=2500K, (c) T=3000K, (d) T=3500K and (e)

T=4000K.
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(c)

(d)

Figure 5.9: (Cont.) Grain boundary structures observed for a misorientation angle of

46.83◦ at different temperatures (a) T<2500K, (b) T=2500K, (c) T=3000K, (d) T=3500K

and (e) T=4000K.
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GBs in transition configurations

1. These configurations remain stable up to 3000K.

2. At temperatures above 3000K, the first transformations of a (1,0)+(1,0)+(1,0)

dislocations into other complex configurations appear. Fig. 5.10 shows a trans-

formation of (1,0)+(1,0)+(1,0) dislocation that takes place during the relaxation

process at temperatures higher than 3000K.

3. Melting of GBs at temperature exceeding 4000K.

Fig. 5.11 exhibits two grain boundaries with a misorientation angle of 27.8◦ at dif-

ferent temperatures. We may observe how the GB structure changes considerably as

temperature is raised, until reaching an unstable configuration.

(a) (b) (c)

Figure 5.10: Transformation of (1,0)+(1,0)+(1,0) dislocations that takes place at temper-

atures higher then 3000K in transition configuration.
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(a)

(b)

(c)

Figure 5.11: Grain boundary structures observed for a misorientation angle of 27.8◦ at

different temperatures (a) T≤3000K, (b) T=3500K, and (c) T=4000K.
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Asymmetric configurations

Similarly, we have examined the thermal stability for asymmetric configurations with

misorientation angles of 30◦ and 38.2◦. The following observations are reported:

1. Asymmetric configurations remain stable up to 3000K.

2. At temperature exceeding 3000K, it is observed transformations, motions and

slip-up of dislocations.

3. Above 4000K, asymmetric GBs collapse. Similar to symmetric configurations,

the melting temperature is decreased and, therefore, these GBs are the trigger

for melting.

(a)

(b)
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(c)

Figure 5.11: Observed asymmetric grain boundary structures for a misorientation angle of

38.2◦ at different temperatures (a) T≤3000K, (b) T=3500K, and (c) T=4000K.

5.2 Transport properties through grain boundaries

in graphene

A theory of charge carrier transmission through GBs in graphene based on the mo-

mentum conservation principle was presented by Yazyev & Louie (2010a). As a main

result, they distinguished two types of GB, depending on the relationship between

the translation vector of both domains parallel to the grain boundary. These types of

GB present opposed behaviors, high transparency or perfect reflection with respect

to charge carriers across GBs in a range of energies that can be quantified through

a formula and is expressed in terms of the GB periodic vector. Furthermore, this

theory was compared by the authors using first principles quantum transport calcu-

lations (based on density functional theory and the non-equilibrium Green’s function

formalism). Similarly, using DFT and the non-equilibrium Green’s function method,

Zhang et al. (2012a) found that the transport gap not only depend on the translation

vector’s relationship and the periodic length along the grain boundary, but also on

the GB topology.

In a different approach, with the aim of characterizing the electronic transmis-
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sion across different GBs in graphene and corroborating these previous results, we

apply the Landauer-Büttiker (LB) formalisms (Datta, 1995, 2005; Foa Torres et al.,

2014) based on a tight binding model. LB formalism is based on coherent (quantum)

transport, i.e., only elastic scattering events occur during the transport and inelastic

scattering event are assumed negligible. This framework has been widely used pre-

viously to successfully investigate the electronic transport on different carbon-based

materials, such as nanotubes, nanoribbons and so on. Li & Lu (2008) studied the

conductance of zig-zag and armchair nanoribbons with the presence of single defects

and weak disorder at their edges. The edges defects were modeled by an appropriate

on-site energy values in the Hamiltonian of the samples. Munoz-Rojas et al. (2006)

researched the effects of nanoconstrictions on the coherent transport in nanoribbons

with zig-zag edges.

Unlike TB and LB formalism, non-equilibrium Green’s function formalism (NEGF)

(Datta, 1995) provides a general framework for the description of quantum transport

with or without inelastic scattering events. However, a substantial increase of the

computational cost and the complexity of the formalism are the high price that one

has to pay to include these interactions. In absence of inelastic interactions, this for-

malism is equivalent to the LB formalism. Generally, LB formalism and TB model

provide a good compromise between accuracy and computational cost and, therefore,

can be employed for a large number of atoms (over thousand of atoms).

This Section is divided as follows: firstly, the Landauer-Büttiker formalism is

introduced in Section 5.2.1; secondly, in Section 5.2.2 we present the assessment of

electronic transmission through several symmetric and asymmetric tilt grain boundary

structures within the Landauer-Büttiker formalism and the described tight binding

potential.

5.2.1 Model and methodology: Landauer-Büttiker formalism

The Landauer-Büttiker formalism provides a theoretical framework for the description

of mesoscopic transport as long as the electronic transport is coherent, i.e., only elastic

scattering events take place and inelastic events are ignored. Inelastic scattering
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events are those which move electrons from different energy levels, e.g., interactions

between electron-electron, electron-phonon and electron-dynamic defect. Thus, as a

first assumption, we consider that the inelastic mean free path for graphene electrons

is much longer than any dimension of the device. The Landauer theory relates the

conductance through the device with the transmission probability, and this latter

one can be written in terms of the Green function. An extension of this theory was

developed by Büttiker for multi-lead system.

The model used in this work is sketched in Fig. 5.12 and is composed of three

parts, left lead, device and right lead. The leads are semi-infinite along X axis and

with periodic boundary conditions along the Y axis. In contrast, the device is finite

along the X axis, constrained by the left and right leads, and with periodic boundary

conditions applied along the Y axis. With the main purpose of evaluating the effects

of GBs on the electronic transmission, two parallel GBs are placed in the central part.

DEVICELEAD

PBCPBC PBC

PBC PBC PBC

LEAD

Y

X

HDL HRD

HDRHLD

HL HD HR

Figure 5.12: A schematic representation of the model that is composed by a device (or

scattering region) and two semi-infinite leads connected to the device at both sides.

According to this model and taking advantage of the Bloch’s theorem for periodic

conditions (along Y axis), the Hamiltonian matrix of the whole system can be written
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in the following form

H =


HL HLD 0

HDL HD HDR

0 HRD HR

 (5.2)

where HD represents the Hamiltonian matrix of the isolated device, HL(R) is the

hamiltonian matrix of the isolated semi-infinite left (right) lead andHL(R)D represents

the coupling between the left (right) lead and the device. Regarding the dimension

of these matrices, HD is a [Nd × Nd] matrix, where Nd is the number of atoms in

the central part, HL and HR are [∞ × ∞] matrices and HL(R)D are semi-infinite

rectangular matrices of dimension [∞×Nd]. For sake of clarity, the k-dependence of

these submatrices has been dropped out.

By definition, the retarded Green matrix of the whole system can be obtained as

follows

G(E) =


GL GLD GLR

GDL GD GDR

GRL GRD GR

 = (E+ · I−H)−1 (5.3)

where I is the identity matrix and E+ = E + ıη with η → 0+. Note that if η → 0−

G(E) represents the advanced Green matrix.

Since the object of our study is the device, where defects are located, we simply

need to know GD. Thus, the Green matrix of the device GD can be straightforward

obtained from Eq. (5.3) as

GD(E) = [E+ ·I−HD−ΣL(E)−ΣR(E)]−1 ≈ [E ·I−HD−ΣL(E)−ΣR(E)]−1 (5.4)

where ΣL and ΣR are the self energy [Nd×Nd] matrices corresponding to the left and

right leads, respectively. These matrices describe the effects of leads on the electronic

structure of the device and are defined as

ΣL(E) = HDL · gL(E) ·HLD (5.5)

ΣR(E) = HDR · gR(E) ·HRD (5.6)
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where gL and gR are

gL(E) = (E+ · I−HL)
−1 (5.7)

gR(E) = (E+ · I−HR)
−1 (5.8)

gL and gR are the Green matrices of the semi-infinite left and right leads, respectively.

Due to HL and HD are [∞×∞] matrices, these matrices (gL and gR) are not trivial

to compute and we need to employ a recursive method that we proceed to describe

below.

Following Datta (1995) and Datta (2005), the transmission function can be written

as

T (E) = Tr[ΓL(E)G†
D(E)ΓR(E)GD(E)] (5.9)

where ΓL and ΓR are the coupling [Nd × Nd] matrices, i.e., the coupling between

the device and the left and right leads, respectively. These coupling matrices are

defined as the difference between the retarded and the advanced self-energy matrices

as follows

ΓL(E) = ı(ΣL(E)− Σ†
L(E)) (5.10)

ΓR(E) = ı(ΣR(E)− Σ†
R(E)) (5.11)

As the total transmission function T(E) at energy E is defined as a sum over the

individual channel transmission probability, it may exceed the unity.

Finally, using the Landeaur formula, the electronic current I(E) through the de-

vice can be expressed in terms of the transmission function T (E) as follows

I =
2e

~

∫
T (E)[fL(E − µL)− fR(E − µR)∂E] (5.12)

where the factor 2 takes into account the spin degeneracy and fL and fR are the

Fermi function corresponding to the left and right leads

fL(R)(E) = (e
E−νL(R)

kB ·T + 1)−1 (5.13)

In the limit, for a low bias and zero temperature (V → 0, kBT → 0), we have that

I =
2e2

~
T (EF ) · V (5.14)
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As the conductance is given by G = I/V , we have that the linear conductance in the

limit is given by

G(EF ) =
2e2

~
T (EF ) (5.15)

where 2e2

~ is the conductance quantum in ballistic conductors.

Self energies matrices and recursive surface Green function method

Regarding the self energy matrices ΣL(E) and ΣR(E)

ΣL(E) = HDL · gL(E) ·HLD (5.16a)

ΣR(E) = HDR · gR(E) ·HRD, (5.16b)

it is straightforward to demonstrate that these expressions can be reduced to

ΣL(E) = HDL · g0L(E) ·HLD (5.17a)

ΣR(E) = HDR · g0R(E) ·HRD (5.17b)

where g0L(E) and g0R(E) are the surface Green matrices of the left and right leads,

respectively.

To compute these Green surface matrices, we follow the recursive method pre-

sented by Li & Lu (2008), John & Pulfrey (2006) and Sancho et al. (1985). Fig. 5.13

depicts the schematic representation of a lead in our model. We assume that leads

lack defects and can be modeled as a unit cell which is repeated infinite times from

the device toward the right(left) in the X direction for the right(left) lead and with

periodic boundaries along the Y direction.

According to the model sketched in Fig. 5.13, the Hamiltonian matrix of the lead

is

HL =



H00 H01 0 0

H10 H11 H12 0

0 H21 H22 H32

0 0 H32 H33

. . .


(5.18)
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Figure 5.13: A schematic representation of the left lead in our model.

where Hii and Hij (i = 0, 1, 2, ... and j = i ± 1 with j ≥ 0) are the Hamiltonian

[Ni × Ni] matrices corresponding to the ith unit cell of the lead and the coupling

[Ni × Nj ] matrices between ith and jth unit cells, respectively. Only interactions

between subsequent cells are considered here. Ni and Nj are the number of atoms in

the ith and jth unit cell. For simplicity, we suppose that Hii = Hjj and Hi(i+1) =

Hj(j+1) with i = 0, 1, 2, ... and j = 0, 1, 2, ...

Following the recursive method, the Green surface matrix can be calculated as

follows

g0 = (I · (E + ı · η)−H00 −H01 · T )−1 (5.19)

where T is the transfer matrix

T = t0 + t̃0 · t̃1 + t̃0 · t̃1 · t̃2 + . . . (5.20)

and t0, t̃0, t1, t̃1, t2 and t̃2 are given by

t0 = (I · (E + ıη)−H00)
−1 ·H†

01 (5.21)
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t̃0 = (I · (E+ + ıη)−H00)
−1 ·H01 (5.22)

t1 = (I− t0 · t̃0 − t̃0 · t0)−1 · t20 (5.23)

t̃1 = (I− t0 · t̃0 − t̃0 · t0)−1 · t̃20 (5.24)

t2 = (I− t1 · t̃1 − t̃1 · t1)−1 · t21 (5.25)

t̃2 = (I− t1 · t̃1 − t̃1 · t1)−1 · t̃21 (5.26)

or in general form

ti = (I− ti−1 · t̃i−1 − t̃i−1 · ti−1)
−1 · t2i−1 (5.27)

t̃i = (I− ti−1 · t̃i−1 − t̃i−1 · ti−1)
−1 · t̃2i−1 (5.28)

In addition to this recursive method, John & Pulfrey (2006) presented other three

algorithms which help to overcome this obstacle: the fixed-point iteration, the New-

ton’s method and a third method which combines both methods. The fixed-point

iteration is a generalization of the method presented previously by Appelbaum et al.

(2004); Venugopal et al. (2002) and the final solution gL(D) is reached after several

steps, starting from an initial guess (g0L(D)) and through the following equation

gi+1
L(D) = [I · E+ −H00 −H†

01g
i
L(D)H01]

−1 (5.29)

5.2.2 Electronic transmission through GBs

With the purpose of evaluating the effects of GBs on the transport properties, and in

order to find those ones which can block charge carriers transmission across them in

a given range of energy, we employ the Landauer-Büttiker (LB) formalism together

with the tight binding (TB) model by Xu et al. (1992).

To accomplish this objective, we have used the model sketched in Fig. 5.14. As

described in Section 5.2.1, this model is composed by three parts, the left lead, the

device and the right lead, with periodic boundary conditions applied along the Y axis.

Both leads are made of defect-free graphene and the device has two parallel GBs which

are located as depicted in Fig. 5.14. Regarding the dimensions of the model, LE is
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the width of the unit cell of the lead which is repeated infinite times along the X

axis, LT is the width of the device and H is the height of the device and leads. The

distance LA between the two parallel grain boundaries in the device is fixed to be

above 1nm. It has been observed and obtained that inter-boundary interactions can

be reasonably omitted at distance above 1nm, because GBs can hardly affect domains

far from this distance (Zhang et al., 2012a). Concerning LB , in order to avoid the

effects of lead-device contact on our calculations, we need to find LB such that the

lead-device interaction is smooth when adding the leads to the device (the procedure

is described below).

Owing to the applied periodic conditions along Y axis, the height H is taken to be

proportional to the translation vector of the domain A, i.e., H ∝ dA. We recall that

dA and dB represent the minimum translation vector of the GB structure referred

to the basis set (a1,a2) of domain A and B, respectively. For computational reasons,

H is usually taken to be equal to dA. In some asymmetric configurations, a lattice

mismatch exists at the GB, and the corresponding translation vectors of both domains

are slightly distinct (dA ̸= dB). Therefore, to cover all possibilities, we should take

into account both cases, i.e., either when H ∝ dA (dA < dB) or when H ∝ dA

(dA > dB). However, as the mismatch is typically very small, < 0.5 Å, we have found

that there are not significant differences between both results (see Fig. 5.20), and

only a small reduction of the transport gap is reported. Among the configurations

with the same GB structure, it is reported that the one with larger transport gap

corresponds to the configuration with higher stored energy, i.e., the one which induces

more strain to the lattice. For ease of notation, we denote the configurations by either

(θ1 | θ2) or (nA,mA) | (nB ,mB), where, for the first notation, θ1 and θ2 represent the

misorientation angle of the domain A and B with respect to the horizontal axis, and

for the second notation, (ni,mi), i = A,B, represents the periodic translation vector

of domain A and B along the GB and referred to their respective basis set (a1, a2).

In our simulations we have followed the next steps. We start by constructing the

device, therefore, we grow two domains with different crystallographic orientations

and make them coalescence as described in Section 5.1.2; afterwards, we add two
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Figure 5.14: Dimensions of the model to compute the transmission across GBs.

Table 5.3: Dimensions of the computational cell for each configuration.

Configuration H(Å) LB(Å) LA(Å) LE(Å)

(0◦ | 30◦) or (3,3)|(5,0) 12.78 86.10 24.60 12.30

(30◦ | 0◦) or (5,0)|(3,3) 12.30 89.46 25.56 12.78

(30◦ | 8.2◦) or (7,0)|(5,3) 17.22 38.34 25.56 12.78

(19.11◦ | 19.11◦) or (1,4)|(4,1) 11.27 52.06 26.02 13.01

semi-infinite defect-free leads at both sides (left and right) of the device with the

same crystallographic orientation; this process is successively repeated increasing LB

up to the lead-device contacts are smooth enough, and the effects of lead-device

contact is negligible in our calculations. For clarity, Fig. 5.21 shows the model of a

device containing two parallel GBs with a misorientation angle of 30◦, i.e., (30◦ | 0◦)

or (5,0)|(3,3) configuration, and connected to two semi-infinite defect-free leads along

the X axis. From Fig. 5.21, one might notice the absence of gaps at the lead-device

contacts and, therefore, a smooth connection between them.

We have carried out the assessment of charge carrier transmission for selected GB

configurations under zero bias voltage and 0K. In particular, for a misorientation angle

of 30◦, 38.2◦ and 16.2◦ for asymmetric configurations and of 38.21◦ for symmetric

configurations. The results for each configuration are presented in Figs. 5.15, 5.16,
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5.17, 5.18 and 5.19, corresponding to (0◦ | 30◦), or (3,3)|(5,0), (30◦ | 0◦), or (5,0)|(3,3),

(30◦ | 8.2◦), or (7,0)|(5,3), (16, 2◦ | 16, 2◦), or (1,3)|(2,2), and (19, 11◦ | 19, 11◦), or

(1,4)|(4,1), configurations, respectively. The final dimensions for these configurations

are included in Tab. 5.3. It should be noted that the required distance LB is normally

smaller when dA = dB .

We report that most GBs preserve the semiconductor properties of pristine graphene

and only some specific GBs can open a moderate transport gap up to ∼1 eV. The

presence of a transport gap indicates that low-energy charge carriers can be blocked

within a range of energy when these charge carriers are transmitted across GBs. These

specific GBs correspond to asymmetric configurations with a small lattice mismatch

at the GB, i.e., when dA ̸= dB . Consequently, this lattice mismatch is responsible for

inducing a lattice deformation around the GB and, as a result, it causes a transport

gap in the electronic transport within a range of energy. This result is in accordance

with the conclusions proposed by Ni et al. (2008) and Gui et al. (2008) from their

experimental and computational works, respectively. They found that a band gap

appears as a consequence of asymmetric deformation in graphene. In particular, we

have found a transport gap of ∼1 eV for the (5,0)|(3,3) GB, i.e., a misorientation

angle of θ = 30◦, and of ∼1.2 eV for the (1,3)|(2,2) GB, i.e., θ = 16.1◦, whereas zero

transport gap for the other configurations. These results are also in agreement with

previous studies (Yazyev & Louie, 2010a; Zhang et al., 2012a). Using the density

functional theory (DFT) and the non-equilibrium Green’s function (NEGF) formal-

ism, they have predicted the transport gap for these configurations, and their results

are included in Tab. 5.4, along with our predicted values. From the results shown in

Tab. 5.4, we might conclude that our predicted transport gaps are slightly lower that

the ones predicted by NEGF formalism.

Furthermore, we have obtained that the presence of GBs considerably reduces the

electronic transmission, as a result of decreasing the number of conducting channels

and, therefore, an increase of the resistivity (see Figs. 5.15, 5.16, 5.18 and 5.17). This

reduction is normally stronger for asymmetric configurations than for symmetric ones.

Regarding the details of calculations, we have taken a weighted sum over a grid
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Figure 5.15: Transmission coefficient (per width of the device, i.e., 12.78Å) of the config-

uration with two parallel GBs with a misorientation angle of 30◦, (0◦ | 30◦) or (3,3)|(5,0)

configuration.
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Figure 5.16: Transmission coefficient (per width of the device, i.e., 12.30 Å) of the config-

uration with two parallel GBs with a misorientation angle of 30◦, (30◦ | 0◦) or (5,0)|(3,3)

configuration.

of 60 k-points for the integral over the Brillouin zone and a value of η = 0.05 for the

parameter in Eq. (5.3). By way of convergence, we have also carried out the same

calculations, but with a finer grid of k-points (up to 250 k-points) and a smaller value
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Figure 5.17: Transmission coefficient (per width of the device, i.e., 17.22 Å) of the config-

uration with two parallel GBs with a misorientation angle of 38.2◦, (30◦ | 8.2◦) or (7,0)|(5,3)

configuration.
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Figure 5.18: Transmission coefficient (per width of the device, i.e., 8.87 Å) of the configu-

ration with two parallel GBs with a misorientation angle of 16.2◦, (1,3)|(2,2) or (16.2◦)|(0◦)

configuration.

of η (up to 0.005 eV), and we have reached similar results.

Additionally, in order to validate our results against ab initio-based calculations,
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Figure 5.19: Transmission coefficient (per width of the device, i.e., 11.27 Å) of the

configuration with two parallel GBs with a misorientation angle of 38.21◦, (1,4)|(4,1) or

(19.11◦|19.11◦) configuration.

we have also carried out DFT and NEGF calculations using the SIESTA code (Soler et al.,

2002) and the TRANSIESTA code (Brandbyge et al., 2002), see Figs. 5.15 and 5.17.

The generalized gradient approximation (GPA) (Perdew et al., 1996), along with the

double-ξ plus polarization basis set, the non-conserving pseudopotential (Troullier & Martins,

1991) and a mesh cutoff of 400 Ry have been employed in our calculations.

Finally, it is important to remark that LB formalism based on a TB model does

not provide the most accurate prediction of transport gap, and these predicted results

should be viewed as a lower bound. However, this approach allows us to study large

systems, whereas other methods, which are more sophisticated and accurate, are not

feasible for the study of these system sizes.

1Theoretical transport gap predicted by Yazyev & Louie (2010a)’s formula: Eg ≈ 1.38
d(nm)

(eV )
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Figure 5.20: Comparison of the predicted transmission coefficient (per Å) of two possible

configurations corresponding to a GB with a misorientation angle of 30◦ and against the

result obtained by Yazyev & Louie (2010a).

Table 5.4: Transport gap (eV) for several GBs predicted by different authors.

Misorientation angle θ(◦) 30◦ 16.1◦

GB type (5,0)|(3,3) (1,3)|(2,2)

This Thesis 1.0 1.20

Zhang et al. (2012a) 1.03 1.45

Yazyev & Louie (2010a) 1.04 -

Theoretical gap (Yazyev & Louie, 2010a)1 1.11 1.59
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Figure 5.21: Device containing two parallel GBs for a misorienation angle of 30◦ ((30◦|0◦)

or (5,0)|(3,3) configuration).



Chapter 6

Conclusions and Future Work

In this Thesis, we have presented a harmonic and nonharmonic model of graphene

based on the tight binding interatomic potential developed by Xu et al. (1992). Such

model is grounded on the Discrete Dislocation theory and the nonharmonic extension

of this theory. Within this framework, we have investigated the existence of point and

line defects in graphene lattice, and how these structural defects alter the electronic

and transport properties of this material. Next, we proceed to summarize the main

results of this Thesis.

On one hand, we have evaluated the energies and configurations of glide and shuffle

dislocation dipoles of different lengths, their thermal stability and their feasibility to

dissociate into partial dislocations. To carry out this, we have first examined the

formation energies of these dislocations. The results suggest that glide dislocations

are more energetically favorable to appear in the graphene lattice than shuffle ones.

Therefore, crystallographic slips are likely to occur across zig-zag chain rather than

across parallel bonds.

Concerning the study of the thermal stability and the feasibility of full disloca-

tions, either glide or shuffle types, to dissociate into partial dislocations, we have first

introduced the γ-curves of graphene corresponding to the glide and shuffle generalized

stacking fault (GSF) using the Vitek’s framework. These γ-curves enlighten on the
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existence of metastable partial dislocations for the glide GSF, whereas unstable con-

figurations for the shuffle GSF. Second, we have evaluated the thermal stability and

dynamics of these full dislocations at finite temperature up to very high temperatures,

close to the melting temperature in graphene. We have reported a high stability of dis-

locations against annihilation, dissociation and transformations. Only at extremely

high temperatures, transformations (above 2000K for glide dislocation dipoles and

above 1000K for shuffle dislocation dipoles) and annihilation (above 2800-2900K) of

defects occur.

Similarly, we have also investigated the metastability of partial dislocations. Using

the DD theory and the AIREBO potential, we have computed the formation energies

and predicted the configurations for diverse partial dislocations. Afterwards, we have

evaluated the thermal stability at finite temperature using the LAMMPS code and the

AIREBO potential. The results also suggest an evident metastable partial dislocations

for only glide slip at very low temperatures, up to 300K, and then a high stability of

full dislocations against dissociation and dislocation dipoles against annihilation.

Furthermore, we have studied the electronic properties due to glide dislocation

dipoles of different lengths (L=3 and L=5), taking advantage of the intriguing ca-

pability of tight binding potentials to predict electronic properties of materials. The

results show that the presence of glide dipoles strongly alters the electronic properties

of the material. However, a relevant band gap has not observed by the inclusion of

these point defects. The presence of 5-7-7-5 defects produce a resonance state around

0.5 eV . This resonance state might be seen as a fingerprint of this topological de-

fects. Besides, the presence of 5-7-7-5 defects at very high concentrations can open

a band gap up to 0.01 eV . Nevertheless, this band gap is still insufficient for most

semiconductor-based applications. With regard to glide dipole of length L=5, we have

obtained similar results and a very negligible band gap (smaller than 0.005 eV ) as

well. Concerning shuffle dislocations, we have not take into account this dislocation

type in this study, because shuffle dislocations are less energetically favorable than

glide dislocations and, therefore, it is predictable not to appear in graphene lattice.

Additionally, this type of dislocation has not been experimentally observed to date.
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On the other hand, we have analyzed the dynamics and stability of grain bound-

aries (GB) for diverse symmetric and asymmetric configurations. Firstly, we have

assessed the atomic structures of grain boundaries corresponding to stable configu-

rations in graphene. In particular, our simulations predict that the misorientation

angles of 6.6◦, 14.1◦, 19.66◦, 27.8◦, 38.21◦ and 46.83◦ are stable for symmetric config-

urations and the misorientation angles of 30◦, 38.21◦ and 16.1◦ for asymmetric grain

boundaries. Furthermore, we have obtained that grain boundaries are formed by

array of dislocations, e.g., (1,0), (1,0)+(1,0)+(1,0), (1,0)+(0,1). These results have

been corroborated with experimental observations and previous studies. Secondly,

in order to predict the stability of these grain boundaries at finite temperature we

have performed simulations using the LAMMPS code and the full AIREBO potential.

We have reported, in general, a high stability against transformations and annihila-

tion up to extreme temperatures, about 2000K, motions and transformations of these

dislocations at higher temperatures and finally the melting of grain boundaries at

temperatures above 4000K.

Furthermore, by means of the Landauer-Büttiker (LB) formalism and a tight

binding potential we have analyzed the electronic transmission across these obtained

grain boundary configurations in graphene. First, we have reported that grain bound-

aries considerably reduce the electronic transmission. Second, we have obtained that

most GBs preserve the semiconductor properties of pristine graphene, and only some

asymmetric GBs can open a moderate transport gap up to ∼1eV. These asymmetric

configurations correspond to GBs with lattice mismatch along the GB. The presence

of transport gap indicates that low-energy charge carriers can be blocked within a

range of energy when these carriers are transmitted across GBs. These results show

a feasible way to tune transport gaps in graphene by engineering asymmetric grain

boundaries. Other well-known manners to open a band gap in graphene are, for in-

stance, by constraining the graphene sheet in one direction to form what we called

nanoribbon, by applying uniaxial strain to graphene and by applying a bias to a

bilayer graphene.

In this Thesis, in addition to developing a model to predict periodic defects in
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graphene, we have developed a computational tool for designing convectional field

effect transistors (FET), based on the Landauer-Bütikker (LB) formalism and a tight

binding (TB) potential, and exhibited a new practical way to tune band gaps in

graphene by means of engineering defects, in particular grain boundaries (GBs).

Nowadays, there are feasible techniques which are able to engineer such defects in

graphene with high precision. However, engineering specific GBs is still a challenge,

equal to or more than manufacturing narrow nanoribbons with pure edges. With the

main purpose of designing a graphene-based FET, which we expect to have intriguing

characteristics owing to the great capabilities of graphene, a lot of work is still ahead.

Following this guideline to open a reasonable band gap for electronic applications,

more asymmetric grain boundary configurations that block the electrons in a specific

range of energy and do not significantly deteriorate the electron mobility are needed

to be found in order to increase our library of grain boundary configurations.

In real situations, in addition to the engineered grain boundaries which could open

the desired band gap, there will be undesired defects, such as vacancies, dislocations,

foreign atoms and molecules attached to graphene sheet, owing to the growth process

of graphene and the manufacturing process of the device. It is expected that a high

concentration of these defects might reduce the electron mobility and, thus, the device

performance. Therefore, a thorough study in which graphene presents both, these

undesired defects and asymmetric grain boundaries, has to be investigated. Our model

of graphene is capable to define these structural defects, in particular dislocations.

However, in order to model pollutants, we should use and implement a different tight

binding model that includes the interaction between C atoms and other atom types

such as H, O and N.

Additionally, in graphene-based field effect devices, the graphene is normally place

on the top of a substrate, e.g., SiO2 or SiC. From several experimental results, it is

known that the electron mobility is strongly influenced by the interaction between

the graphene sheet and the substrate. As a first approximation, we have not taken

into account this interaction in our calculations. Consequently, the next step should

be to include the interaction with the substrate.
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It has been also found that graphene doped by boron and nitrogen can present

a significant band gap. Therefore, it would be interesting to investigate whether

these doping elements can improve the device performance or not at different doping

concentrations and in addition to the presence of GBs. Therefore, in order to include

these doping elements a new tight binding potential should be used. This tight binding

potential has to account for the interaction between C and B or N atoms.

Moreover, it would be also important to develop our own TB models owing to the

limitation of the majority of tight binding potentials. The limitations are: firstly, there

is not a wide variety of tight binding potentials that combine the interaction of carbon

atoms with other different atom types; secondly, TB models are normally obtained

for a reference configuration which could differ slightly or not from our configurations.

Normally, a deviation from this reference configuration leads to significant errors in the

predicted electronic structure. The tight binding parameters are obtained adjusting

the energy bands, employing ab initio methods, e.g., SIESTA code (Spanish Initiative

for Electronic Simulations with Thousands of Atoms), for this purpose.

Finally, our model of graphene has been developed for periodic systems and, there-

fore, we have not taken into account the edge effects in our calculations. In order to

predict defects in graphene nanoribbon or finite-sized graphene, we should derive a

force constants model which accounts for these effects and, in addition, formulate an

extension of the model of graphene that encompasses edges.
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Appendix A

The Discrete Fourier

Transform

For sake of interest, this Appendix is a transcript of the summary of the Discrete

Fourier Transform and its main properties presented in Ariza & Ortiz (2005, 2010).

A.1 Definition

The Discrete Fourier Transform of f : Zn → R is

f̂(θ) =
∑
l∈Zn

f(l)e−iθ·l (A.1)

and the discrete anti-Fourier transform is

f(l) =
1

(2π)n

∫
[−π,π]n

f̂(θ)eiθ·ldnθ (A.2)
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A.2 Fundamental properties

A.2.1 Discrete convolution and convolution theorem

Defining the discrete convolution as

f ∗ g(l) =
∑
l′∈Zn

f(l− l′)g(l′), (A.3)

we have the identity

f̂ ∗ g = f̂ ĝ (A.4)

which is often referred to as the convolution theorem.

A.2.2 Parseval’s identity

Suppose that f and g are square-summable, then

∑
l∈Zn

f(l)g∗(l) =
1

(2π)n

∫
[−π,π]n

f̂(θ)ĝ∗(θ)dnθ (A.5)

is the Parseval’s identity for the Discrete Fourier Transform.

A.3 Periodic functions

The extension of the Fourier transform formalism to periodic functions is of particular

interest in periodic problems. Consider a set Y ⊂ Zn, the unit cell, such that the

translates {Y + LiAi,L ∈ Zn}, for some translation vectors Ai ∈ Zn, i = 1, ..., n,

define a partition of Zn. Let Ai be the corresponding dual basis and Bi = 2πAi the

reciprocal basis. A lattice function f : Zn → R is Y-periodic if f(l) = f(l + LiAi),

for all L ∈ Zn. The Discrete Fourier Transform of a Y -periodic lattice function can

be written in the form

f̂(θ) =
∑
L∈Zn

∑
l∈Y

f(l)e−iθ·(l+LjAj) =
1

|Y |

{∑
l∈Y

f(l)e−iθ·l
}{

|Y |
∑
L∈Zn

e−iθ·(LjAj)

}
(A.6)
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where |Y | is the number of points in Y . But

|Y |
∑
L∈Zn

e−iθ·(LjAj) = (2π)n
∑
H∈Z

δ(θ −HiB
i) (A.7)

and, hence,

f̂(θ) =
(2π)n

|Y |
∑
Θ∈Z

f̂(Θ)δ(θ −Θ) (A.8)

where

f̂(Θ) =
∑
l∈Y

f(l)e−iΘ·l (A.9)

and Z is the intersection of the lattice spanned by Bi and [−π, π]n. In addition, the

inverse Fourier transform specializes to

f(l) =
1

|Y |
∑
Θ∈Z

f̂(Θ)eiΘ·l (A.10)

For periodic functions, Parseval’s identity takes the form∑
l∈Y

f(l)g∗(l) =
1

|Y |
∑
Θ∈Z

f̂(Θ)ĝ∗(Θ) (A.11)

Likewise, let f and g be complex-valued lattice functions, the latter periodic.

Inserting representation A.3 into the convolution theorem gives

(f̂ ∗ g)(θ) = f̂(θ)

(
(2π)n

|Y |
∑
Θ∈Z

ĝ(Θ)δ(θ −Θ)

)
=

(2π)n

|Y |
∑
Θ∈Z

f̂(Θ)ĝ(Θ)δ(θ −Θ)

(A.12)

where it follows that

(f̂ ∗ g)(Θ) = f̂(Θ)ĝ(Θ) (A.13)

Finally, the average of a periodic function follows as

⟨f⟩ = 1

|Y |
∑
l∈Y

f(l) =
1

|Y |
f̂0 (A.14)
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Appendix B

Tight Binding Hamiltonian

Matrix

B.1 Definition of the tight binding Hamiltonian ma-

trix

The tight binding matrix for a system with N atoms is expressed as

Hiαjβ = Eαδijδαβ + hiαjβ(1− δijδαβ) (B.1)

where the indices i and j label atomic sites (i, j = 1, ..., N), α and β label the

atomic orbitals (for graphene lattice, α, β = s, px, py, pz), Eα represent the on-site

parameters and hiα,jβ correspond to the hopping parameters.
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The TBH matrix has the following structure



1 . . . j . . . N

1 H1α,1β . . . . . . . . . H1α,Nβ
...

...
...

...
...

...

i . . . . . . Hiα,jβ . . . . . .
...

...
...

...
...

...

N HNα,1β . . . . . . . . . HNα,Nβ


(B.2)

when i ̸= j, the sub-matrices are called hopping sub-matrices and have the following

form

Hiα,jβ =


his,js his,jpx his,jpy his,jpz

hipx,js hipx,jpx hipx,jpy hipx,jpy

hipy,js hipy,jpx hipy,jpy hipy,jpz

hipz,js hipz,jpx hipz,jpy hipz,jpz

 =


hssσ dxhspσ dyhspσ dzhspσ

−dxhspσ d2xhppσ + d2yhppπ dxdy(hppσ − hppπ) dxdz(hppσ − hppπ)

−dyhspσ dxdy(hppσ − hppπ) d2xhppσ + (1− d2y)hppπ dydz(hppσ − hppπ)

−dzhspσ dzdx(hppσ − hppπ) dzdy(hppσ − hppπ) d2zhppσ + (1− d2z)hppπ


(B.3)

where hssσ, hspσ, hppσ and hppπ are the hopping parameters between atom i and j

and dx , dy and dz are the directional cosines that are defined as

dx =
rij · x
rij

(B.4)

dy =
rij · y
rij

(B.5)

dz =
rij · z
rij

(B.6)

where x, y and z represent the unit vectors of a cartesian coordinate system

x =


1

0

0

 , y =


0

1

0

 , z =


0

0

1

 (B.7)
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Normally, hssσ, hspσ, hppσ and hppπ are functions of the interatomic distance between

atom i and j.

Whereas, when i = j, the sub-matrices are called on-site sub-matrices and have

the following form

Hii =


his,is 0 0 0

0 hipx,ipx 0 0

0 0 hipy,ipy 0

0 0 0 hipz,ipz

 =


Es 0 0 0

0 Epx 0 0

0 0 Epy 0

0 0 0 Epz

 (B.8)

B.2 Definition of the tight binding Hamiltonian ma-

trix in k-space

The Hamiltonian matrix in k-space for graphene lattice is defined by the following

sub-matrices

Ĥ =

 Ĥ
(
k
11

)
Ĥ
(
k
12

)
Ĥ
(
k
21

)
Ĥ
(
k
22

)
 (B.9)

as the unit cell is formed by two atoms (labeled as atom type 1 and 2 in our model),

the TBH matrix is built by 4 sub-matrices.

Then, taking into account interactions up to first neighbors for the hopping pa-

rameters, we have

Ĥ

(
k

11

)
= Ĥ

(
k

22

)
=


Es 0 0 0

0 Ep 0 0

0 0 Ep 0

0 0 0 Ep

 (B.10)

Ĥ

(
k

12

)
=
∑
j

eık·rij ·


hssσ dx · hspσ dy · hspσ dz · hspσ

−dx · hspσ d2x · hppσ + d2y · hppπ dx · dy · (hppσ − hppπ) dx · dz · (hppσ − hppπ)

−dy · hspσ dx · dy · (hppσ − hppπ) d2x · hppσ + (1− d2y) · hppπ dy · dz · (hppσ − hppπ)

−dz · hspσ dz · dx · (hppσ − hppπ) dz · dy · (hppσ − hppπ) d2z · hppσ + (1− d2z) · hppπ


(B.11)
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Ĥ

(
k

21

)
= Ĥ†

(
k

12

)
(B.12)

where j runs over first neighboring atoms of i and are of type 2.



Appendix C

Derivatives for the Tight

Binding Model

In this Appendix, it is recapped the first and second derivatives of each term of the

tight binding model by Xu et al. (1992) employed in this Thesis.

First and second derivatives of the repulsive energy

term

Erep =
∑
i

f(
∑
j

Φ(rij)) =
∑
i

4∑
n=0

cn·
[
X(Φ(rij))

]n
=
∑
i

4∑
n=0

cn·(
∑
j

Φ(rij))
n (C.1)

∂Erep

∂rq
=
∑
i

4∑
n=1

n · cn · (
∑
j

Φ(rij))
n−1 ·

∂(
∑

j Φ(rij))

∂rq
(C.2)

∂2Erep

∂rl∂rq
=
∑
i

4∑
n=2

n · (n− 1) · cn · (
∑
j

Φ(rij))
n−2 ·

∂(
∑

j Φrij )

∂rq
⊗
∂(
∑

j Φrij )

∂rl

+
∑
i

4∑
n=1

n · cn · (
∑
j

Φ(rij))
n−1 ·

∂2(
∑

j Φrij )

∂rl∂rq
(C.3)

where rq denotes the bond vector label as q.
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Derivatives of Φ(rq)

∂Φ(rq)

∂rq
= Φ(rq) ·m · ∂rq

∂rq
·
[
−1

rq
−mc ·

(
rq
dc

)mc−1

· 1

dc

]
rq ≤ r1 rq = ∥rq∥ (C.4)

∂Φ(rq)

∂rq
=

4∑
n=1

cnϕ · n · rn−1
q · ∂rq

∂rq
r1 ≤ rq ≤ rp rq = ∥rq∥ (C.5)

∂2Φ(rq)

∂2rq
=m ·

[
−1

rq
−mc ·

rmc−1
q

dmc
c

]
·
[
Φ(rq) ·

∂2rq
∂2rq

+
∂rq
∂rq

⊗ ∂Φ(rq)

∂rq

]
+

[
1−mc · (mc − 1) · ( rq

dc
)mc

]
·
[
m · Φ(rq) ·

1

r2q
· ∂rq
∂rq

⊗ ∂rq
∂rq

]
rq ≤ r1 rq = ∥rq∥ (C.6)

∂2Φ(rq)

∂2rq
=

4∑
n=2

cnϕ · n · (n− 1) · rn−2
q · ∂rq

∂rq
⊗ ∂rq
∂rq

+

4∑
n=1

cnϕ · n · rn−1
q · ∂

2rq
∂2rq

r1 ≤ rq ≤ rp rq = ∥rq∥ (C.7)

Derivatives of rq

∂rq
∂rq

=
rq
rq

rq = ∥rq∥ (C.8)

∂2rq
∂2rq

=
1

rq
· I− 1

r3q
· rq ⊗ rq rq = ∥rq∥ (C.9)

First and second derivatives of the band energy term

Derivatives of hopping parameters

• his,js

his,js(rq) = Vssσ · s(rq) (C.10)

∂his,js(rq)

∂rq
= Vssσ · ∂s(rq)

∂rq
(C.11)
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∂2his,js(rq)

∂2rq
= Vssσ · ∂

2s(rq)

∂2rq
(C.12)

• his,jpx

his,jpx(rq) = Vspσ · dx(rq) · s(rq) (C.13)

∂his,jpx(rq)

∂rq
= Vspσ ·

[
dx(rq) ·

∂s(rq)

∂rq
+ s(rq) ·

∂dx(rq)

rq

]
(C.14)

∂2his,jpx(rq)

∂2rq
=Vspσ ·

[
dx(rq) ·

∂2s(rq)

∂2rq
+ s(rq) ·

∂2dx(rq)

∂2rq
+
∂s(rq)

∂rq
⊗ ∂dx(rq)

∂rq

+
∂dx(rq)

∂rq
⊗ ∂s(rq)

∂rq

]
(C.15)

• his,jpy

his,jpy (rq) = Vspσ · dy(rq) · s(rq) (C.16)

∂his,jpy (rq)

∂rq
= Vspσ ·

[
dy(rq) ·

∂s(rq)

∂rq
+ s(rq) ·

∂dy(rq)

rq

]
(C.17)

∂2his,jpy (rq)

∂2rq
=Vspσ ·

[
dy(rq) ·

∂2s(rq)

∂rq
+ s(rq) ·

∂2dy(rq)

∂2rq
+
∂s(rq)

∂rq
⊗ ∂dy(rq)

∂rq

+
∂dy(rq)

∂rq
⊗ ∂s(rq)

∂rq

]
(C.18)

• his,jpz

his,jpz (rq) = Vspσ · dz(rq) · s(rq) (C.19)

∂his,jpz (rq)

∂rq
= Vspσ ·

[
dz(rq) ·

∂s(rq)

∂rq
+ s(rq) ·

∂dz(rq)

∂rq

]
(C.20)

∂2his,jpz (rq)

∂2rq
=Vspσ ·

[
dz(rq) ·

∂2s(rq)

∂2rq
+ s(rq) ·

∂2dz(rq)

∂2rq
+
∂s(rq)

∂rq
⊗ ∂dz(rq)

∂rq

+
∂dz(rq)

∂rq
⊗ ∂s(rq)

∂rq

]
(C.21)



172 Derivatives for the Tight Binding Model

• hipx,jpx

hipx,jpx(rq) = Vppσ · dx(rq)2 · s(rq) + Vppπ · dy(rq)2 · s(rq) (C.22)

∂hipx,jpx(rq)

∂rq
=Vppσ ·

[
dx(rq)

2 · ∂s(rq)
∂rq

+ 2 · dx(rq) ·
∂dx(rq)

∂rq
· s(rq)

]
+ Vppπ ·

[
dy(rq)

2 · ∂s(rq)
∂rq

+ 2 · dy(rq) ·
∂dy(rq)

∂rq
· s(rq)

]
(C.23)

∂2hipx,jpx(rq)

∂2rq
= Vppσ ·

[
dx(rq)

2 · ∂
2s(rq)

∂2rq
+ 2 · dx(rq) ·

(
∂dx(rq)

∂rq
⊗ ∂s(rq)

∂rq

+
∂s(rq)

∂rq
⊗ ∂dx(rq)

∂rq

)
+ 2 · s(rq) ·

(
∂dx(rq)

∂rq
⊗ ∂dx(rq)

∂rq

+ dx(rq) ·
∂2dx(rq)

∂2rq

)]
+ Vppπ ·

[
dy(rq)

2 · ∂
2s(rq)

∂2rq

+ 2 · dy(rq) ·
(
∂dy(rq)

∂rq
⊗ ∂s(rq)

∂rq
+
∂s(rq)

∂rq
⊗ ∂dy(rq)

∂rq

)
+ 2 · s(rq) ·

(
∂dy(rq)

∂rq
⊗ ∂dy(rq)

∂rq
+ dy(rq) ·

∂2dy(rq)

∂2rq

)]
(C.24)

• hipx,jpy

hipx,jpy (rq) = (Vppσ − Vppπ) · s(rq) · dx(rq) · dy(rq) (C.25)

∂hipx,jpy (rq)

∂rq
=(Vppσ − Vppπ) ·

[
∂s(rq)

∂rq
· dx(rq) · dy(rq)

+ s(rq) ·
(
dy(rq) ·

∂dx(rq)

∂rq
+ dx(rq) ·

∂dy(rq)

∂rq

)]
(C.26)
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∂2hipx,jpy
(rq)

∂2rq
=(Vppσ − Vppπ) ·

[
∂2s(rq)

∂r2q
· dx(rq) · dy(rq)

+
∂s(rq)

∂rq
⊗
[
dx(rq) ·

∂dy(rq)

∂rq
+ dy(rq) ·

∂dx(rq)

∂rq

]
+
[
dx(rq) ·

∂dy(rq)

∂rq
+ dy(rq) ·

∂dx(rq)

∂rq

]
⊗ ∂s(rq)

∂rq

+ s(rq) ·
[
dy(rq) ·

∂2dx(rq)

∂2rq
+
∂dx(rq)

∂rq
⊗ ∂dy(rq)

∂rq

+
∂dy(rq)

∂rq
⊗ ∂dx(rq)

∂rq
+ dx(rq) ·

∂2dy(rq)

∂r2q

]]
(C.27)

• hipx,jpz

hipx,jpz (rq) = (Vppσ − Vppπ) · s(rq) · dx(rq) · dz(rq) (C.28)

∂hipx,jpz (rq)

∂rq
=(Vppσ − Vppπ) ·

[
∂
s(rq)

∂rq
· dx(rq) · dz(rq)

+ s(rq) ·
(
dz(rq) ·

∂dx(rq)

∂rq
+ dx(rq) ·

∂dz(rq)

∂rq

)]
(C.29)

∂2hipx,jpz (rq)

∂r2q
= (Vppσ − Vppπ) ·

[
∂2s(rq)

∂rq
· dx(rq) · dz(rq)

+
∂s(rq)

∂rq
⊗
[
dx(rq) ·

∂dz(rq)

∂rq
+ dz(rq) ·

∂dx(rq)

∂rq

]
+
[
dx(rq) ·

∂dz(rq)

∂rq
+ dz(rq) ·

∂dx(rq)

∂rq

]
⊗ ∂s(rq)

∂rq

+ s(rq) ·
[
dz(rq) ·

∂2dx(rq)

∂2rq
+
∂dx(rq)

∂rq
⊗ ∂dz(rq)

∂rq

+
∂dz(rq)

∂rq
⊗ ∂dx(rq)

∂rq
+ dx(rq) ·

∂2dz(rq)

∂r2q

]]
(C.30)

• hipy,jpy

hipy,jpy (rq) = Vppσ · dy(rq)2 · s(rq) + Vppπ · dx(rq)2 · s(rq) (C.31)
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∂hipy,jpy (rq)

∂rq
=Vppσ ·

[
dy(rq)

2 · ∂s(rq)
∂rq

+ 2 · dy(rq) ·
∂dy(rq)

∂rq
· s(rq)

]
+ Vppπ ·

[
dx(rq)

2 · ∂s(rq)
∂rq

+ 2 · dx(rq) ·
∂dx(rq)

∂rq
· s(rq)

]
(C.32)

∂2hipy,jpy (rq)

∂2rq
=Vppσ ·

[
dy(rq)

2 · ∂
2s(rq)

∂2rq
+ 2 · dy(rq) ·

[∂dy(rq)
∂rq

⊗ ∂s(rq)

∂rq

+
∂s(rq)

∂rq
⊗ ∂dy(rq)

∂rq

]
+ 2 · s(rq) ·

[∂dy(rq)
∂rq

⊗ ∂dy(rq)

∂rq

+ dy(rq) ·
∂2dy(rq)

∂2rq

]]
+ Vppπ ·

[
dx(rq)

2 · ∂
2s(rq)

∂2rq

+ 2 · dx(rq) ·
[∂dx(rq)

∂rq
⊗ ∂s(rq)

∂rq
+
∂s(rq)

∂rq
⊗ ∂dx(rq)

∂rq

]
+ 2 · s(rq) ·

[∂dx(rq)
∂rq

⊗ ∂dx(rq)

∂rq
+ dx(rq) ·

∂2dx(rq)

∂2rq

]]
(C.33)

• hipy,jpz

hipy,jpz (rq) = (Vppσ − Vppπ) · s(rq) · dy(rq) · dz(rq) (C.34)

∂hipy,jpz
(rq)

∂rq
=(Vppσ − Vppπ) ·

[
∂s(rq)

∂rq
· dy(rq) · dz(rq)

+ s(rq) ·
[
dz(rq) ·

∂dy(rq)

∂rq
+ dy(rq) ·

∂dz(rq)

∂rq

]]
(C.35)

∂2hipy,jpz (rq)

∂2rq
= (Vppσ − Vppπ) ·

[
∂2s(rq)

∂rq
· dy(rq) · dz(rq)

+
∂s(rq)

∂rq
⊗
[
dy(rq) ·

∂dz(rq)

∂rq
+ dz(rq) ·

∂dy(rq)

∂rq

]
+
[
dy(rq) ·

∂dz(rq)

∂rq
+ dz(rq) ·

∂dy(rq)

∂rq

]
⊗ ∂s(rq)

∂rq

+ s(rq) ·
[
dz(rq) ·

∂2dy(rq)

∂2rq
+
∂dy(rq)

∂rq
⊗ ∂dz(rq)

∂rq

+
∂dz(rq)

∂rq
⊗ ∂dy(rq)

∂rq
+ dy(rq) ·

∂2dz(rq)

∂2rq

]]
(C.36)
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• hipz,jpz

hipz,jpz (rq) = Vppπ · s(rq) (C.37)

∂hipz,jpz (rq)

∂rq
= Vppπ · ∂s(rq)

∂rq
(C.38)

∂2hipz,jpz (rq)

∂2rq
= Vppπ · ∂

2s(rq)

∂2rq
(C.39)

Derivatives of s(rq)

∂s(rq)

∂rq
= s(rq) · n · ∂rq

∂rq
·
[
−1

rq
− nc ·

(
rq
rc

)nc−1

· 1

rc

]
rq ≤ r1 rq = ∥rq∥ (C.40)

∂s(rq)

∂rq
=

4∑
n=1

cns · n · rn−1
q · ∂rq

∂rq
r1 ≤ r ≤ rp rq = ∥rq∥ (C.41)

∂2s(rq)

∂2rq
=n ·

[
−1

rq
− nc ·

rnc−1
q

rncc

]
·
[
s(rq) ·

∂2rq
∂2rq

+
∂rq
∂rq

⊗ ∂s(rq)

∂rq

]
[
1− nc · (nc − 1) · (rq

rc
)nc

]
·
[
− n · s(rq) ·

1

r2q
· ∂rq
rq

⊗ ∂rq
rq

]
rq ≤ r1 rq = ∥rq∥ (C.42)

∂2s(rq)

∂2rq
=

4∑
n=2

cns · n · (n− 1) · rn−2
q · ∂rq

∂rq
⊗ ∂rq
∂rq

+

4∑
n=1

cns · n · rn−1
q · ∂

2rq
∂2rq

r1 ≤ rq ≤ rp rq = ∥rq∥ (C.43)

Derivatives of dx(rq)

dx(rq) =
x · rq
rq

(C.44)

∂dx(rq)

∂rq
=

x

rq
− (x · rq) ·

rq
r3q

(C.45)

∂2dx(rq)

∂2rq
=

−1

r3q
·
[
x⊗ rq + rq ⊗ x+ I · (rq · x)−

3

r2q
· (rq · x) · (rq ⊗ rq)

]
(C.46)
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Derivatives of dy(rq)

dy(rq) =
y · rq
rq

(C.47)

∂dy(rq)

∂rq
=

y

rq
− (y · rq) ·

rq
r3q

(C.48)

∂2dy(rq)

∂2rq
=

−1

r3q
·
[
y⊗ rq + rq ⊗ y+ I · (rq · y)−

3

r2q
· (rq · y) · (rq ⊗ rq)

]
(C.49)

Derivatives of dz(rq)

dz(rq) =
z · rq
rq

(C.50)

∂dz(rq)

∂rq
=

z

rq
− (z · rq) ·

rq
r3q

(C.51)

∂2dz(rq)

∂2rq
=

−1

r3q
·
[
z⊗ rq + rq ⊗ z+ I · (rq · z)−

3

r2q
· (rq · z) · (rq ⊗ rq)

]
(C.52)



Appendix D

Density of State

The density of state is defined as

DOS(E) =
∑
n

δ(E − En) = − 1

π
Im[Tr[G(E)]] = − 1

π
Im[Tr[

1

I(E + ıϵ+)−H
]]

(D.1)

where En corresponds to the n-eigenvalue of the tight binding Hamiltonian matrix

H of the system, G(E) is the Green matrix of the system and ϵ+ = ϵ→ 0+.

For a periodic lattice, we can take advantage of the Bloch sum definition and,

therefore, Eq. (D.1) can be rewritten in k-space as

DOS(E) =
1

N

∑
k

∑
n

δ(E(k)−En(k)) = − 1

π

1

N

∑
k

Im[Tr[
1

I · (E(k) + ıϵ+)−H(k)
]]

(D.2)

where En(k) is the n-eigenvalue of the tight binding Hamiltonian matrix H(k) in

k-space, the k-sum runs over all possible values within the first Brillouin zone (BZ)

and N represents the total number of points used in the BZ.

The LDOS (local density of state) at atomic position i is defined as

LDOS(E) = − 1

π
Im[Gii(E + ıϵ)] (D.3)

where Gii is the corresponding component (i, i) of the Green matrix.
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Appendix E

Atomic and Bondwise Forces

Within an orthogonal tight binding framework, the total energy of a system is de-

scribed as a sum of two terms

E = Erepulsive + Eband (E.1)

where Eband is the band energy

Eband =
∑
n

fn · ϵn (E.2)

where fn is the Fermi-Dirac function and ϵn is the n-eigenvalue of the Hamiltonian

matrix.

f(ϵi) =
1

1 + e
ϵi−EF

k·T

(E.3)

EF is the Fermi energy and k the Boltzman constant (k = 8.6173324 ·10−5eV ·K−1).

By definition, forces on atoms or bonds are the first derivative of the total energy

with respect to the vector position of atom (l, γ) or atomic bond vector of bond (l, γ),

respectively.

f(l, γ) = frepulsive(l, γ) + fband(l, γ) = − ∂E

∂u(l, γ)
(E.4)

df(l, γ) = dfrepulsive(l, α) + dfband(l, γ) = − ∂E

∂du(l, γ)
(E.5)
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The derivatives of the first energy term, expressed normally as a classical many-

body potential, poses no problem, whereas the second term requires a special atten-

tion.

The time-independent Schrödinger equation is

E ·Ψ = Ĥ ·Ψ (E.6)

where, in the spirit of tight binding, the wavefunction is expanded as linear combina-

tion of atomic-like orbitals

Ψ(r) =
∑
jβ

cnjβϕjβ(r −Rj) (E.7)

where j represents the atomic position and α is the orbital type.

Substituting Eq. (E.7) into Eq. (E.6) and differentiating the resulting equation,

we have

Dϵn
∑
jβ

cnjβϕjβ + ϵn
∑
jβ

Dcnjβϕjβ + ϵn
∑
jβ

cnjβDϕjβ

= DĤ
∑
jβ

cnjβϕjβ + Ĥ
∑
jβ

Dcnjβϕjβ + Ĥ
∑
jβ

cnjβDϕjβ (E.8)

where Dg(·) denotes the derivative of g with respect to its argument, i.e., with respect

to ui for atomic forces and with respect to dui for bondwise forces.

The third term in both side of Eq. (E.8) vanish, because we impose that atomic

orbitals move rigidly with atoms when they undergo an infinitesimal displacement

(tight binding framework), and multiplying Eq. (E.8) by
∑

iα c
n′∗
iα ϕ∗iα

Dϵn
∑
iα

cn
′∗

iα ϕ∗iα
∑
jβ

cnjβϕjβ +
∑
iα

cn
′∗

iα ϕ∗iαϵn
∑
jβ

Dcnjβϕjβ =

∑
iα

cn
′∗

iα ϕ∗iαDĤ
∑
jβ

cnjβϕjβ +
∑
iα

cn
′∗

iα ϕ∗iαĤDc
n
jβϕjβ (E.9)

Beside, we know from Eq. (E.6) that

(Ĥ − ϵn)
∑
iα

cn
′∗

iα ϕ∗iα
∑
jβ

Dc∗jβϕjβ = 0 (E.10)
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Consequently, Eq. (E.9) results as

Dϵn
∑
iα,jβ

cn
′∗

iα ϕ∗iαc
n
jβϕjβ =

∑
iα,jβ

cn
′∗

iα ϕ∗iαDĤϕjβc
n
jβ (E.11)

and integrating the resulting equation

Dϵn
∑
iα,jβ

cn
′∗

iα cnjβ

∫
ϕiαϕjβ∂r =

∑
iα,jβ

cn
′∗

iα cnjβ

∫
ϕ∗iαDĤϕjβ∂r (E.12)

Dϵn
∑
iα,jβ

cn
′∗

iα cnjβSiα,jβ =
∑
iα,jβ

cn
′∗

iα cnjβDHiα,jβ (E.13)

where

δnn′ =
∑
iα,jβ

cn
′∗

i,α c
n
jβSiα,jβ (E.14)

We recall that Eband = 2
∑

n fnϵn, thus

fband(l, γ) =
Ebanda

∂u(l, γ)
= 2

∑
n

∑
iα,jβ

fnc
n∗
iα c

n
jβ

∂Hiα,jβ

∂u(l, γ)
(E.15)

dfband(l, γ) =
Ebanda

∂du(l, γ)
= 2

∑
n

∑
iα,jβ

fnc
n∗
iα c

n
jβ

∂Hiα,jβ

∂du(l, γ)
(E.16)
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