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Abstract

In this thesis we study the long time behavior of multi-valued and random dynamical systems in terms
of global attractors.

We begin with cocycle, pullback and uniform attractors for multi-valued non-autonomous dynam-
ical systems. We first consider the relationship between the three attractors to find that they imply each
other under suitable conditions. Then, for generalized dynamical systems, we find that these attract-
ors can be characterized by complete trajectories, which implies that the uniform attractor is lifted
invariant, though it has no standard invariance by definition. Finally, we study both upper and lower
semi-continuity of these attractors. A weak equi-attraction method is introduced to study the lower
semi-continuity, and we show with an example the advantages of this method. A reaction-diffusion
system and a scalar ordinary differential inclusion are studied as applications.

Then we go to the random (but single-valued) case.

Firstly, we study cocycle attractors for autonomous random dynamical systems (RDS) and non-
autonomous random dynamical systems (NRDS) with only a so-called quasi strong-to-weak (abbrev.
quasi-S2W) continuity. It is shown that such continuity is equivalent to the closed-graph property for
mappings taking values in weakly compact spaces. Moreover, it is inheritable: if a mapping is quasi-
S2W continuous in some space, then so it is automatically in more regular subspaces. Moreover,
by establishing some existence criteria for cocycle attractors we see that the quasi-S2W continuity is
adequate to derive the measurability of the cocycle attractor. These observations generalize known
existence theorems for cocycle attractors on one hand, and enable us to study cocycle attractors in
more regular spaces without further proving the system’s continuity on the other hand. Applying to
bi-spatial cocycle attractor theory, we establish an existence theorem indicating that the measurability
of bi-spatial attractors is valid in regularity space, not only in the basic phase space as in the previous
literature.

Secondly, for NRDS we compare cocycle attractors with autonomous and non-autonomous attrac-
tion universes, and then for autonomous ones we establish some existence criteria and characteriza-
tion. We also study the upper semi-continuity of cocycle attractors with respect to non-autonomous
symbols to find that a cocycle attractor is upper semi-continuous in symbols if and only if it is uni-
formly compact.

Thirdly, we establish a (random) uniform attractor theory for NRDS. We define a uniform attractor
as the minimal compact uniformly pullback attracting random set. About the definition we observe
that the uniform pullback attraction of a uniform attractor in fact implies a uniform forward attraction
in probability, and implies also an almost uniform pullback attraction for discrete time-sequences.
Though no invariance is required by definition, uniform attractor can have a negative semi-invariance.

il



v ABSTRACT

We further study the existence of uniform attractors and the relationship between uniform and
cocycle attractors. To overcome the measurability difficulty, the symbol space is required to be Polish
which is shown fulfilled by locally integrable forcing if the symbol space is defined as the hull of the
forcing. For the relationship between uniform and cocycle attractors we find that the uniform attractor
of a continuous NRDS is composed of states involved in the cocycle attractor on one hand, and can be
regarded as the cocycle attractor of a corresponding multi-valued (but autonomous) RDS on the other
hand. Moreover, uniform attractors for continuous NRDS are shown to be determined by uniformly
attracting nonrandom compact sets.

Cocycle and uniform attractors for reaction-diffusion equation, Ginzburg-Landau equation and
2D Navier-Stokes equation with scalar white noise are studied as applications.



Resumen

En esta tesis estudiamos el comportamiento a largo plazo de sistemas dindmicos multivaluados y
aleatorios en términos de sus atractores globales.

Comenzamos con el estudio de los atractores cociclo, pullback y uniforme para sistemas dindmi-
cos no autbnomos multivaluados. En primer lugar consideramos la relacién entre estos tres tipos de
atractores para encontrar que, bajo condiciones adecuadas, se implican entre si. Encontramos ademaés
que estos atractores pueden caracterizarse por trayectorias (soluciones globales), lo que implica que
el atractor uniforme tiene una propiedad de invarianza (lifted invariance), aunque, por definicion, no
posee la invarianza estdndar. Finalmente, estudiamos tanto la semicontinuidad superior como inferior
de estos atractores. Se introduce un equi-atraccién débil para estudiar la semicontinuidad inferior,
y se muestra con un ejemplo las ventajas de este método. Un sistema de reaccién-difusién y una
inclusion diferencial ordinaria escalar se estudian como aplicaciones.

A continuacién estudiamos el caso aleatorio (pero univaluado), en el marco de los sistemas
dindmicos aleatorios (RDS, por sus siglas en inglés).

En primer lugar, se estudian los atractores cociclo para RDS y sistemas dindmicos aleatorios no
autébnomos (NRDS) con sélo una continuidad llamada cuasi fuerte a débil (abreviadamente cuasi-
S2W). Esta continuidad se muestra heredable: si una aplicacion es cuasi-S2W continua en algun
espacio, entonces lo es automaticamente en espacios mds regulares. Ademds, al establecer algunos
criterios de existencia para los atractores cociclo, vemos que la continuidad cuasi-S2W es suficiente
para derivar la medibilidad del atractor cociclo. Estas observaciones generalizan los teoremas de
existencia conocidos para los atractores cociclo, por un lado, y, por otro, nos permiten estudiar estos
atractores en espacios regulares sin demostrar la continuidad del sistema. Aplicando estos resultados
a la teoria bi-espacial de atractores cociclos, establecemos un teorema de existencia que indica que la
medibilidad de los atractores bi-espaciales es vélida en espacio més regulares, no s6lo en el espacio
de fases bdsico como previamente en la literatura.

En segundo lugar, para NRDS se comparan los atractores cociclos con universos de atraccién
auténomos y no auténomos, y luego para universos autonomos se establecen algunos criterios de
existencia y caracterizacion. También estudiamos la semicontinuidad superior de estos atractores con
respecto a los simbolos no auténomos, para hallar que un atractor cociclo es semicontinuo superior-
mente respecto a los simbolos si y sélo si es uniformemente compacto.

En tercer lugar, establecemos una teoria de atractores uniformes (aleatorios) para NRDS. Defini-
mos un atractor uniforme como el menor conjunto aleatorio compacto uniformemente atrayente. En
cuanto a la definicién, observamos que la propiedad de atraccién uniforme de un atractor uniforme,
de hecho, implica una atraccién uniforme hacia adelante en probabilidad, e implica también una at-
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raccion pullback casi uniforme para sucesiones de tiempo discretas. Aunque no se requiere invarianza
por definicidn, el atractor uniforme posee una semi-invarianza negativa.

Estudiamos la existencia de atractores uniformes, y la relacion entre los atractores uniformes y los
atractores para los productos cruzados aleatorios (random skew-products). Para superar la dificultad
de la medibilidad de los conjuntos aleatorios, se requiere que el espacio de simbolos sea Polish, que se
tiene para funciones localmente integrables cuando el espacio de simbolos se define como la clausura
de las mismas. Para la relacién entre los atractores uniformes y cociclos encontramos, por un lado,
que el atractor uniforme de un NRDS continuo se compone de estados involucrados en el atractor
cociclo, y que, por el otro, puede ser descrito como el atractor cociclo de un RDS multivaluado (pero
autébnomo). Ademads, los atractores uniformes para NRDS continuos aparecen determinados (como
en el caso de RDS auténomos) por la atraccién uniforme de conjuntos compactos no aleatorios.

Como aplicaciones se estudian la existencia y caracterizacioén de atractores cociclo y uniformes
para la ecuacién de reaccion-difusion, la ecuacidon de Ginzburg-Landau y la ecuacion bidimensional
de Navier-Stokes con ruido blanco escalar.
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Introduction

Non-autonomous dynamical systems describe some evolution phenomena in the real world with chan-
ging forcing field [19, 55]. Multi-valued non-autonomous dynamical systems [3, 18, 26, 72, 91] are
introduced mainly to deal with situations where for some initial data more than one solution can be
generated, while random non-autonomous dynamical systems are for problems with stochastic per-
turbation involved [1, 33, 34].

In this work we study global attractors for multi-valued and random dynamical systems, including
cocycle attractors, pullback attractors and uniform attractors. The main tasks will be three-folds. The
first is to study the three kinds of attractors on their existence criteria, relationship and robustness
for multi-valued (but nonrandom) dynamical systems. The second is to study cocycle attractors for
random dynamical systems (RDS) to establish some new existence theorems standing on a so-called
quasi strong-to-weak (abbrev. quasi-S2W) continuity of the system. The third is to establish a uniform
attractor theory for non-autonomous random dynamical systems (abbrev. NRDS). Correspondingly,
we split the introduction into three parts. The first part covers Chapter 1, the second covers Chapters
2-4 and the third covers Chapter 5.

Part I: Attractors for multi-valued nonautonomous dynamical sys-
tems

In Chapter 1 we study the attractors for multi-valued non-autonomous dynamical systems. The first
aim is to establish the relationship between different types of “attractors”, including pullback attract-
ors for multi-valued processes, cocycle and uniform attractors for multi-valued cocycles and global
attractors for multi-valued skew-product semiflows. This topic is interesting due to the fact that, given
a non-autonomous model such as a differential inclusion or a differential equation without uniqueness
of solutions, it is possible to define a multi-valued process, a cocycle and a skew-product semiflow
with the above mentioned attractors. Though each of these attractors has advantages over others in
describing the long time behavior of solutions, there should be some relationship between them when
they are describing the same model. Due to this fact, the relationship of attractors for single-valued
dynamical systems has attracted much attention, see [5, 21, 24, 55]. In this part, we extend such
results to multi-valued dynamical systems.

The second purpose is to characterize the attractors by complete trajectories, which is already well
known in the single-valued case, see [| 9] and the references therein. Here we work with multi-valued
cocycles instead of processes mainly because, as will be shown latter, cocycle attractors have a very

xi



xii INTRODUCTION

close relationship with uniform attractors. We find that both cocycle and uniform attractors can be
characterized by complete trajectories. This leads to a lifted-invariance (see Definition 1.2.10, also
[5]) of uniform attractors, though uniform attractors are not invariant by definition (only satisfies a
minimality property instead).

The third purpose is to study the robustness of attractors under perturbations. As mentioned above,
we study both cocycle and uniform attractors, noticing that related results for uniform attractors are
seldom seen in the literature until the year 2014 [5]. We split this part into two: upper and lower
semi-continuity. As in the single-valued case [ 17, 20, 40], the upper semi-continuity is much easier to
check than the lower semi-continuity, since the latter often has a close relationship with the structure
of attractors (see [5, 19, 20, 69]). To study the lower semi-continuity, we introduce a property of
weak equi-attraction to generalize the standard equi-attraction method introduced by Li and Kloeden
[58, 59]. The weak equi-attracting property is shown to be more appropriate to treat the lower-semi-
continuity of attractors, while the standard one is hard to check because of the multi-valued feature of
the systems.

Finally, we study a reaction-diffusion system and a scalar differential inclusion as applications.
Remarkably, for the scalar differential inclusion we study the lower semi-continuity of attractors by
using the method of weak equi-attraction, which is also taken as an example to highlight an advantage
of the method in dealing with lower semi-continuity of attractors for multi-valued dynamical systems.

Part II: Cocycle attractors for random dynamical systems with
quasi-S2W continuity

It is known that for non-random dynamical systems with closed graph, the existence of a global
attractor does not require the system to be continuous (here and hereafter w.r.t. initial data), cf. [44,
, 71, 40]. But it is not the case for RDS. As mentioned in [28, p.18], due to the attracting property
of a random cocycle attractor, the distance between trajectories and the attractor should be able to be
treated at least as a random variable. This basic demand leads to the measurability problem of random
attractors, which, however, at least so far, needs the continuity of the system, see [40, Remark 2.26].

Cocycle attractors’ for RDS have attracted much attention ever since the concept was introduced
[34, 42, 33]. Particularly for the measurability problem, [34, 42, 33] gave sufficient conditions for
the measurability w.r.t. 7, where F denotes the P-completion of the sigma-algebra F of probability
space (2, F,P), while recently in [83, 84], in a non-autonomous framework the authors developed
a method to ensure the attractor to be measurable w.r.t. F, so that the attractor can be conveniently
studied in a non-complete subspace Q) with full measure. However, all the publications mentioned
above were for continuous RDS or NRDS only. The non-continuous problem seems still open.

On the other hand, the continuity of many important systems is unclear or requires restrictive
conditions. Take the reaction-diffusion (RD) equation as an example. Under some general conditions,
the solution of the RD equation is known continuous in L?, but the continuity in L? with p > 2 is
unclear and that in H] needs more restrictive conditions, see Section 2.3. As a consequence, cocycle

Note that cocycle attractors for RDS and NRDS are popularly called random attractors in the literature. As we shall
introduce a concept of random uniform attractor for NRDS, we call them (random) cocycle attractors to avoid confusion.
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attractors in L” or H} cannot be studied by present theory unless the continuity problem in such
spaces is proved. For instance, in [7] the authors studied the cocycle attractor in H}, with technical
efforts paid to derive the continuity of the system in H}; nevertheless, such efforts are unnecessary at
all for non-random cases according to bi-spatial attractor theory, see [38] for a discussion.

In Chapter 2, we try to find out a continuity condition easy to satisfy, but meeting the measurability
demand. The quasi strong-to-weak (abbrev. quasi-S2W) continuity is introduced.

A mapping G from a metric space M to a Banach space X is called quasi-S2W continuous if
G(mj) — G(my) whenever {G(m;)} is bounded in X and m; — my. It is shown that such quasi-
S2W continuity “is very close to” the closed condition and they are equivalent in weakly compact
Banach spaces. Moreover, it ensures the (B(M), B(X))-measurability of the mapping, where 5(-)
denotes the Borel sigma-algebra. This enables us to prove the measurability of a cocycle attractor
with only the quasi-S2W continuity of the system, leading to our existence theorem, Theorem 2.2.9,
for cocycle attractors. Roughly, this theorem shows that, in order to obtain the cocycle attractor
by establishing a pullback absorbing set (which belongs to the attraction universe) and a compact
pullback attracting set as usual, an NRDS on some separable Banach space only needs to have the
quasi-S2W continuity.

The real novelty of the quasi-S2W continuity lies in its inheritableness: if a mapping is quasi-
S2W continuous in some space, say L2, then so it is automatically in regular spaces, say H_}, see
Propositions 2.1.3-2.1.5. This property makes Theorem 2.2.9 powerful especially in the study of
cocycle attractors in more regular spaces. For example, the RD equation talked above is continuous
and of course quasi-S2W continuous in L2, and then by the inheritableness it is quasi-S2W continuous
in H} so that, in order to study the cocycle attractor in H}, by Theorem 2.2.9 we have to do nothing
on the continuity in H¢, just like the non-random case.

Applying the main idea of Theorem 2.2.9 to bi-spatial cocycle attractor theory, we obtain the
measurability of bi-spatial cocycle attractors w.r.t. the Borel sigma-algebra of regular spaces. Noticing
that, in the literature, the measurability of bi-spatial cocycle attractors is assumed measurable only in
the basic phase space, while the (pullback) attraction is expected to take place in more regular spaces,
see, e.g. [62, 63, 93], the result is new and of certain significance.

Notice that results in Chapter 2 are applicable only for autonomous RDS. In Chapter 3 and
Chapter 4, we study cocycle attractors for non-autonomous random dynamical systems (NRDS)
which are usually generated by stochastic evolution equations with time-dependent terms, called the
(non-autonomous) symbol of the equation. As indicated by name, non-autonomous symbols lead
to all the non-autonomous features of dynamical behaviors of a non-autonomous dynamical system
[26, 19, 55]. Since the long time behavior of a non-autonomous dynamical system is determined
not only by lapsing time, but also by the initial time when the system is started, it is useful to con-
sider time-translations of non-autonomous symbols. Hence, the concept of symbol space, containing
translations of symbols, was introduced [26].

Attractors for NRDS generated by evolution equations with both deterministic time-dependent
terms and stochastic pertubations were first studied in [35, 3] where a general framework was estab-
lished. Typically, an NRDS is a measurable map ¢ : RT x Q x ¥ x X +— X with two base flows
{V:}ter and {6, }+cr acting on Q and X, respectively, where X denotes the phase space, RT = [0, c0)
the space of lapsing time, (€2, 7, P) a probability space and ¥ the symbol space [37, 83]. When some
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continuity is mentioned to an NRDS, it usually means the continuous dependence on x € X. If an
NRDS ¢ is continuous in both x € X and o € 3, then it is said to be jointly continuous.

In Chapter 3 we study cocycle attractors for NRDS, mainly to generalize the quasi-S2W con-
tinuous RDS theory introduced in Chapter 2 to non-autonomous cases. We follow the definitions
introduced by [83] and establish some existence criteria for cocycle attractors for NRDS with only
quasi-S2W continuity, which develops existence theorems in [83, 84]. Results are then generalized to
bi-spatial cocycle attractor theory to obtain the measurability of bi-spatial attractors in regular spaces
which seems also new in the literature.

In Chapter 4 we study cocycle attractors whose attraction universe is autonomous, 1.e., containing
only autonomous random sets. Here, by autonomous random sets we mean random sets independent
of non-autonomous symbols. Given an NRDS ¢ and an autonomous universe Dy composed of some
class of autonomous random sets, the cocycle attractor for ¢ with attraction universe Dy is a non-
autonomous random set A = {A,(w) },exwea (not belonging to Dx) such that

e A pullback attracts each random set D belonging to Dy under ¢, i.e.,

tlim distx (o(t, V4w, 0_t0, D(V_4w)), Ap(w)) =0, Yw e Qo€ 3,

— 00

where and hereafter "distx" (or simply "dist") denotes the Hausdorff semi-distance between
sets in X, namely,

distx (A, B) := sup ing la —bllx, VA, Be2¥\0;

acA be

e A is the minimal compact non-autonomous random set satisfying the above condition;

e A is invariant under ¢, i.e.,

O(t,w, 0, Ay(w)) = Ag,o(Vw), Vt=0,weQ o€l

Clearly, since the cocycle attractor studied here no longer belongs to its attraction universe, it is
generally different from that studied in Chapter 3, or in [83, 84] and many others considering non-
autonomous systems. In this part we establish existence theorem, Theorem 4.3.2, for cocycle attract-
ors with autonomous attraction universes. The relationship, see Proposition 4.2.1, and differences
between autonomous and non-autonomous attraction universes are highlighted.

The continuous dependence of cocycle attractors in non-autonomous symbols is studied in Section
4.4, Tt is shown that the upper semi-continuity of the mapping o — A, (w), from symbol space X to
sections of cocycle attractors, has a close relationship with the compactness of U, s A(w) for each w,
see Theorem 4.4.2.

As applications, the (L%, LP N H})-cocycle attractor for a stochastic reaction-diffusion equation is
studied in Section 2.3, the (L2, H})-cocycle attractor for a stochastic Ginzburg-Landau equation with
translation bounded external forcing is studied in Section 3.3, and the tempered cocycle attractor for a
stochastic 2D Navier-Stokes equation with translation bounded external forcing is studied in Section
4.5, respectively.
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Part III: Uniform attractors for non-autonomous random dynam-
ical systems

For nonrandom non-autonomous dynamical systems, there are typically three kinds of global attract-
ors which have drawn much attention in recent years: pullback attractors, cocycle attractors and
uniform attractors [19, 55, 75, 26]. Each of these three attractors has its own interesting features on
one hand, and has close relationship with the others on the other hand. More precisely, the pullback
attractor and cocycle attractor for a non-autonomous dynamical system are directly related (so that
we will not talk about pullback attractors though our results are valid for pullback attractors as well),
while the uniform attractor is exactly the union of elements involved in the pullback/cocycle attractor
[6, 5, 21, 39, 36].

Cocycle attractors for NRDS are studied in Chapter 3 and Chapter 4, where the study does in
fact cover pullback attractors since the symbol space could be taken as the real line. In Chapter 5,
we establish a theory of (random) uniform attractor for NRDS with > compact (see Section 5.1).
Considering the random features of NRDS, we give the definition as follows.

Definition. An (autonomous) random set .7 € Dy is said to be the (random) Dx-uniform attractor
for an NRDS ¢ if

(I) <7 uniformly (pullback) attracts each D € Dy under ¢, namely,

lim sup dist x (gb(t, V¥ _w, 0o, D(V_w)), Jaf(w)) =0, YweQ;

t—=00 ;em

(Il) ./ is the minimal compact (autonomous) random set satisfying (I).

From the definition it is clear that the random uniform attractor could be regarded as a random
generalization of nonrandom uniform attractor concept [26, 25]. Indeed, when () is a singleton, ¢
reduces to a nonrandom non-autonomous dynamical system, where the uniformly pullback attracting
property (I) is equivalent to the uniformly forward attracting property that

lim sup distx (¢(t, 0, D), o) = 0.

t—=00 sem

Because of the random features involved, the equivalence between pullback and forward uniform
attractions fails for random uniform attractors, just like cocycle attractors for autonomous RDS, see
[1, 34, 33, 42]. However, it is proved that the uniform pullback attraction implies a uniform forward
attraction in probability, which makes a random uniform attractor <7 still possible to describe the
forward dynamical behaviors of an NRDS (see Proposition 5.1.7):

(III) 7 is uniformly forward Dx-attracting in probability in the sense that

tlim P {w € Q :supdisty(p(t,w, o, D(w)), o (J,w)) > 5} =0, Ve>0, D€ Dy.

oceY



XVl INTRODUCTION

Such an interesting connection between pullback attraction and forward attracting in probability
property was first introduced in [34, 33, 73] for cocycle attractors of autonomous RDS. Here we
show that such a connection holds for uniform attractors for NRDS. But note that it fails for cocycle
attractors for NRDS, because even for nonrandom non-autonomous dynamical systems, pullback and
forward attractions are not equivalent in general, see, e.g., [50, 54, 23].

Compared with Dx-cocycle attractor A, in addition to the forward attracting in probability prop-
erty (IIT), Dx-uniform attractor </ has the following more properties.

Firstly, the random uniform attractor is determined by uniformly attracting nonrandom compact
sets (see Proposition 5.4.11), that is,

(IV) if ® is the collection of nonempty compact subsets of X and ® C Dy, and 2 is the D-uniform
attractor, then P(o/ = 2) = 1, provided that ¢ is jointly continuous.

This result is a generalization of the analogous statement for cocycle attractors of (autonomous) RDS

established in [31] via Poincaré recurrence theorem. To prove (IV), we make use of multi-valued

RDS theory which is usually used to deal with dynamical systems without uniqueness, see e.g. [91,
, 80,72, 51]. Tt is shown that, given any jointly continuous NRDS ¢, the mapping ¢ defined by

O(t,w,x) = U o(t,w,o,x)

ceEY

is a continuous multi-valued RDS (see Proposition 5.4.4), called the multi-valued RDS generated by
NRDS ¢. Moreover, the D x-uniform attractor o7 of ¢ is exactly the Dx-cocycle attractor of the
multi-valued RDS @ (see Theorem 5.4.5). Then we prove (IV) by showing that the cocycle attractor
for the multi-valued RDS ¢ generated by the NRDS ¢ is determined by attracting compact sets.

Secondly, even though by definition we have no invariance property for random uniform attractors
(also for nonrandom uniform attractors), inspired by [13, 39] we have the following negative semi-
invariance property (see Proposition 5.2.5):

(V) o is negatively semi-invariant in the sense that
o (Yyw) C O(t,w, o (w)) foreacht >0, we Q,
provided that ¢ is jointly continuous, where ¢ is the multi-valued RDS generated by ¢.

Thirdly, while cocycle attractors are pullback attracting for each single w € 2, the random uniform
attractor 7 can attract almost uniformly (w.r.t. w € Q) for discrete time sequences (see Proposition
5.1.9):

(V1) For each ¢, — oo and any € > 0, there exists an F' € F (depending on {¢, },en and ¢) with
P(F) < € such that, for any D € Dy,
n—oo

supdistx (¢(t,, 94, w, 0, D(V_4,w)), o/ (w)) —— 0, uniformly forall w € Q\ F.

oeY
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This result is an application of Egoroff’s theorem, and clearly holds for cocycle attractors of autonom-
ous RDS as a particular case.

Fourthly, the random uniform attractor .2/ can be composed of states involved in the cocycle
attractor A which makes it possible to learn uniform attractors via cocycle attractors (see Theorem
5.3.13):

(VID) uniform attractor <7 and cocycle attractor A for a jointly continuous NRDS ¢ have the relation

(W)= 4 W), WweQ

oEY

Note that analogous results for nonrandom dynamical systems were established in most recent works
[5, 21, 39]. However, we remark that the theory in this paper is established in a rather different way
due to the difficulty arising from the measurability problem. We first construct a proper attraction
universe Dx composed of proper random sets (see Definition 5.3.1), and then study the Dx-cocycle
attractor A for the skew-product cocycle generated by the NRDS ¢ and the base flow {6, },cr as a
bridge. By developing the relationship between uniform attractor <7 and the cocycle attractor A and
that between A and the cocycle attractor A, we conclude the relationship (VII) between uniform and
cocycle attractors, .7 and A.

Existence criteria and characterization of random uniform attractors are established as well. Sim-
ilar to nonrandom cases, random uniform attractor is shown to have a close relationship to compact
uniformly attracting random sets (see Theorems 5.2.5 & 5.3.14), and can be characterized by omega-
limit sets and complete trajectories (see Proposition 5.3.17). However, in order to prove the measur-
ability, we require the symbol space to be Polish, i.e., a complete metric space with a countable dense
subset, which cannot be seen in nonrandom attractor theory. The Polish condition is so related to the
stochastic features (see [ |, 32]) that it is also crucial for further analysis of random uniform attractors,
but it is shown in Section 5.5.1 to be general enough to cover usual applications.

In the final section the tempered uniform and cocycle attractors for a reaction-diffusion equation
with both translation-bounded forcing and additive white noise are studied.
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Attractors for multi-valued systems






Chapter 1

On attractors for multi-valued
non-autonomous dynamical systems

In this chapter we study cocycle, pullback and uniform attractors for multi-valued dynamical systems.
The structure of this chapter is as follows. In Section 1.1 we first introduce the concepts of cocycles
and processes, and then go deeper into the relationship between different attractors. In Section 1.2,
we characterize the attractors for generalized cocycles by complete trajectories, and introduce lifted-
invariance for uniform attractors. In Section 1.3 we study both the upper and lower semi-continuity
of attractors. Applications are given in the last section.

1.1 Relationship between different attractors

Let (X, d) be a complete metric space and P(X) be the set of all nonempty subsets of X, 5(.X) the
collection of all bounded non-empty subsets of X, and C'(X) C P(X) the collection of all non-empty
closed subsets of X. Let RT = [0, 0), Ry = {(¢,7) € R? : t > 7}. In the following, for any mapping
f:D — V wedenote f(C) := Ueecf(c), VC C D.

1.1.1 Equivalence between multi-valued cocycles and processes

In this part, we show the equivalence between cocycles and processes. This equivalence gives a
connection between a cocycle and a process, and usually is true when the cocycle and process are
referred to the same model. We begin with the definition of multi-valued cocycles and processes.

Denote by (3, p) a metric space, endowed with a family {6, };cg of translation operators on X
satisfying

e (y = identity operator on 3;
e O, =% VteR,

® 95 @) 0t = 0t+s, \V/t, S € R7
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e (t,0) — 6,0 is continuous.

Such a family {6, }cr is called a driving system on X.. A typical example is given by the time shift
bi0(-) :=o(-+1)in C(R,R).

Remark 1.1.1. (i) In applications, the space Y. contains all the terms in an evolution equation leading
to all the non-autonomous features and called the non-autonomous symbol or simply called the symbol
of the equation. The space X itself is called the symbol space.

(i1) That whether or not the symbol space > is compact sometimes makes a great difference. Here,
we shall not require > to be compact or even bounded most generally, so that > can be taken as R
in Chapter 3. But in the uniform attractor part, Chapter 5, we shall require ¥ to be compact for
simplicity.

Definition 1.1.2. A multi-valued mapping ® : RT x ¥ x X — C(X), (¢, 0,z) — ®(t,0,x), is called
a multi-valued cocycle on (X, X)) if:

1. ®(0,0,-) is the identity operator on X, Vo € ¥;
2. O(t+s,0,2) C O(t,050,P(s,0,2)), Vi,s=>0,0€ X,z X.
If, moreover, we have an equality in the second property, then @ is called strict.

Definition 1.1.3. The family of multi-valued mappings {U, : R; X X +— C(X)},ex is said to be a
family of multi-valued processes (family of MP), if for all o € >, 7 € R:

1. Uy(r,7,2) =2, VrelX;
2. Uy(t,m,x) CUL(t,s,Us(s,7,2)), VEt=s>T xe€X;
3. it satisfies the translation identity property:

Us(t+h, 7+ h,z) =Ug,,(t,7,z), Vt=7, heR o€ veX.

For each o € X, U, is called a process (driven by o). The family of MP is called strict if we have an
equality in the second property.

Given a non-autonomous differential inclusion, to investigate its dynamical behavior one can as-
sociate it with either a multi-valued cocycle or a family of MP. The two approaches are closely related
as implied by the following proposition.

Proposition 1.1.4. The following statements hold:

1. Suppose that @ is a multi-valued cocycle on (X,Y). Then the family {U, }ycyx, is a family of
MP, where

Us(t,7,2) :=®(t —7,0,0,2), V(t,7)€ERy, c€X, xeX. (1.1)
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2. Suppose that {U, },cx is a family of MP, then ® is a multi-valued cocycle, where

O(t,o,z):=U,(t,0,x), Vt=>0,0€X, zeX. (1.2)

Proof. The proof is straightforward by definition and thus omitted here. 0

Definition 1.1.5. Suppose that ® is a multi-valued cocycle, and {U, },¢x is a family of MP. Then ®
and {U, } ,¢x are called equivalent non-autonomous dynamical systems if (1.1) and (1.2) are satisfied.

We recall that a multivalued map F' : D(F) C X — 2Y, where X,Y are metric spaces, is said to
be upper semicontinuous if for any x € D(F') and any neighborhood O of F'(z) there exists 6 > 0
such that F'(y) C O whenever d(y,x) < 6. This upper semicontinuity implies that

dist(F(x), F(xg)) — 0 as z — xo,

and they are equivalent if /' has compact values.

Throughout this chapter, we will often assume that either = — ®(¢,0,z) or (0,z) — ®(t,0,7)
is upper semicontinuous. Nevertheless, such conditions are not optimal and might be weakened by
using a closed graph condition instead, see [30, 40] for a discussion.

1.1.2  On the concepts of an “attractor”

Now we define different type of attractors and prove their existence and properties under suitable
assumptions.

a). Cocycle attractors for multi-valued cocycles

Definition 1.1.6. A non-autonomous set D = {D(0)},ex in X is a mapping D: ¥ — P(X),0 —
D(o).

Definition 1.1.7. A non-autonomous set D is called compact/bounded/closed (in X) if for every
o € X, D(o) is compact/bounded/closed (in X). D is called backwards bounded if

U D(0_;0) is bounded for each T € R.

t=2T

Definition 1.1.8. Let ¢ be a multi-valued cocycle on (X, ¥). A non-autonomous set A = {A(0) },ex
is called the cocycle attractor for & if:

1. Ais compactin X;

2. A pullback attracts every bounded subsets B of X, that is,

tlim dist(®(t,0_40,B), A(0)) =0, Vo € X (1.3)
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3. Ais negatively invariant under @, that is,

A(Oo) C O(t,0,A(0)), YoeX, t=0; (1.4)

4. Ais minimal among all closed non-autonomous sets satisfying (1.3), that is, if A'={A'(0)}sex
is closed and satisfies (1.3), then

A(o) Cc A'(0), VoeX.

If, moreover, we have an identity in (1.4), then the cocycle attractor is called strictly invariant.

Note that if a non-autonomous set A = {A(0)},ex satisfies the first three properties in Definition
1.1.8 and is backwards bounded, then A must satisfy the minimality property and thereby A is the
cocycle attractor. In this case, A is called a backwards bounded cocycle attractor. We refer to [38] for
a study of backwards bounded and backwards compact pullback attractors.

Definition 1.1.9. Suppose that ¢ is a multi-valued cocycle on (X, >). A non-autonomous set D is
called pullback attracting under ¢ if

lim (dist((b(t,ﬁ_ta, B),D(a))) —0, Voey, BeB(X).
—00

In particular, we say that D(o) pullback attracts B driven by o. The multi-valued cocycle @ is called
pullback asymptotically compact if there exists a compact non-autonomous set ) in X which is
pullback attracting under .

Definition 1.1.10. Suppose that ® is a multi-valued cocycle on (X, X). Then a set K C X is called
uniformly attracting under ® if

lim (sup dist(D(t, 6_y0, B),K)) —0, VBeB(X) (1.5)
t—o0 oeY
which is equivalent to
lim (sup dist(®(t, o, B), K)) —0, VBeB(X), (1.6)
—00 oey

due to the invariance of ¥ under 6. The multi-valued cocycle @ is called uniformly asymptotically
compact if there exists a compact set /' which is uniformly attracting under ®.

It is straightforward to obtain the following proposition.

Proposition 1.1.11. If a multi-valued cocycle ® is uniformly asymptotically compact, then it is pull-
back asymptotically compact.

Suppose that ® is a multi-valued cocycle on (X, 3J). Let us define

W(B,o) = J@(t.0_0.B), VBeB(X), ocX.

s=>0t>s
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Proposition 1.1.12. y € W(B, 0) if and only if there exist sequences {x, } nen and t,, — oo such that
z, € ®(t,,0_,, 0,B)and x, — y.

Proposition 1.1.13. Suppose that ¢ is a multi-valued cocycle on (X, X)) with a compact pullback
attracting non-autonomous set D and that the map x — ®(t, 0, ) is upper semicontinuous for fixed
t,0. Then, for each B € B(X) and o € 3, W(B, o) is non-empty, compact and negatively invariant.
Moreover; it is the minimal closed set pullback attracting B driven by o.

Proof. To see that W(B, o) is non-empty, let us take sequences ¢, — oo and z,, € ®(t,,,0_,0, B).
Then by the pullback attracting property of D we have
lim dist(z,, D(0)) < lim dist(®(t,, 0,0, B), D(c)) = 0.
n—oo

n—oo

Since D(o) is compact, there exists a y € D(o) such that, up to a subsequence,
Tpn =Y.

Therefore, by Proposition 1.1.12 we have y € W(B, o) and thereby W(B, ¢) is non-empty.
We prove the pullback attracting property by contradiction. If this is not true, then there exist an
e > 0and z, € ®(t,,0_;, 0, B) with t,, — oo such that

dist(x,, W(B,0)) > ¢, VYneN. (1.7)

However, by the pullback attracting property and the compactness of D(c), arguing as above there
exists y € W(B, o) such that x,, — y, which contradicts (1.7).

We then prove the negative invariance. By Proposition 1.1.12, for any y € W(B,6,0), t > 0,
there exists a sequence z,, € ®(t,,,0_;, 0,0, B) with t,, — oo such that x,, — y. Since

@(tn,g_tneta, B) C (I)(t70', q)(tn - t,gt_tnO', B)), th > t,

x, € ®(t, 0, z,) for some z, € ®(t, —t,0,_,, 0, B). By the pullback attracting and the compactness
of D(o) again there exists a converging subsequence { z,, } such that z,, — z for some z € W(B, o).
Therefore, since = — ®(t, 0, x) is upper semi-continuous and ¢ has closed values, we have

y € ®(t,0,2) C ®(t,0,W(B,0)),

and thereby the negative invariance of W(B, o) is proved.

Since D is pullback attracting and compact, W(B, o) C D(o) is compact.

To prove the minimality property, we suppose that there is another closed pullback attracting set
A'(B,o). Take y € W(B, o), so there exists z,, € ®(t,,0_;,0, B) with some t,, — oo such that
x, — y. However, since A’'(B, o) pullback attracts B and A'(B, o) is closed, x,, converges to some
point in A’(B, o) and thereby y € A’(B, o). The proof is complete. O

Remark 1.1.14. The above results were previously obtained by Caraballo et al. [/3, Lemma 5 &
Theorem 6] for multi-valued processes, where more general two-parameterized systems were con-
sidered.
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Theorem 1.1.15. Suppose that ® is a multi-valued cocycle on (X, X)) and that the map © — ®(t, o, )
is upper semicontinuous for fixed t, o. If ® has a compact pullback attracting non-autonomous set D,
then it has the unique cocycle attractor A = {A(0) },ex defined by

Alo)= |J W(B,0), Voex. (1.8)
BeB(X)
Proof. The fact that A is non-empty, minimal and pullback attracting follows from the properties
of the omega-limit sets YW(B, o) immediately, see Proposition 1.1.13. Also, since D is pullback
attracting and compact, for each B € B(X) we have W(B, o) C D(o). Therefore, A(c) is compact
since it is a closed subset of a compact set.

Let us prove that A is negatively invariant. Take an arbitray y € A(f;0), t > 0. There exists a
sequence y,, € W(B,,,0;0), B,, € B(X), such that y,, — y in X. Since the W-limit sets W(B,,, o)
are negatively invariant, we can find x,, € W(B,,, o) such that y,, € ®(t,0,z,). The compacity of
A(o) implies, up to a subsequence, that z,, — = € A(o). Hence, since x — (¢, 0,x) is upper
semicontinuous and has closed values, we get y € (¢, 0,z) C O(t, 0, A(0)). O

Proposition 1.1.16. Backwards bounded cocycle attractors for strict multi-valued cocycles are in-
variant.

Proof. Let A = {A(0) },ex be the backwards bounded cocycle attractor for cocycle ®, which satisfies

| J A(6_10) C Br € B(X), VT € R.

t2T

Let us fix some 7". Then, by the negative invariance of A and the strictness of ® we have

t,o,®(s,0_s0,A(0_s0)))

O(t,0,A(0)) C P(t,
=®(t+s,0_50,A(0_s0))
D
= O

- t+SQSU,BT)

t+5 9, t@p, BT), Vs = T.

Letting s — oo and taking the limit we have ®(¢,0, A(0)) C A(6;0) by the pullback attracting
property and the compactness of A. 0

b). Uniform attractors for multi-valued cocycles

Definition 1.1.17. Suppose that ¢ is a multi-valued cocycle on (X, ¥). A subset &7 C X is called
the uniform attractor for ® if:

1. o is compact in X
2. </ is uniformly attracting in the sense of Definition 1.1.10;

3. o is the minimal closed set satisfying (1.5).
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Given a multi-valued cocycle ®, we denote by

W(B,x) =(Jet -2 B) =J U et 6-0 B).

s=>0t>s s=20t>s o€y

Note that, in general, W(B, ) # U,esW(B, o). More precisely, we have

Uw,eo)=JNUJet o0 B) (U200 B)

€Y oeX seNtzs seNoeXtzs
cJye oo B) = Jo(6-3,B)
seNoeXtzs seNtz>s
= UJew60-5,B) = J2(t 6%, B) = W(B,%).
seNt>s s=20t>s

In a similar way to Proposition 1.1.12 we have the following property of W(B, %).

Proposition 1.1.18. A point y € X belongs to W(B, X)) if and only if there exist sequences t,, — o0
and x,, € ®(t,,0_4,%, B) such that x,, — .

Proposition 1.1.19. Suppose that ® is a multi-valued cocycle on (X, 3). If @ is uniformly asymptot-
ically compact, then for each B € B(X), W(B, X) is non-empty, compact and uniformly attracting
B. Moreover, W(B, ) is minimal among all closed sets uniformly attracting B.

Proof. The non-empty, compact and uniformly attracting properties are proved in a similar way to
Proposition 1.1.13. To see the minimality property, we suppose K to be another closed set which
is uniformly attracting. Let y € W(B,X). Then by Proposition 1.1.18 we can find a sequence
x, € ®(t,,0_4, 3, B), where t, — oo, such that =, — y. Therefore, by the uniform attraction of K,

dist(x,,, K) < dist(@(tn,ﬁ,tnz, B),K) — 0, asn — oo,
which implies y € K and then W(B,Y) C K = K since K is closed. Thus the minimality property
is proved. 0

Now we are ready to state our result on the existence of uniform attractors.

Theorem 1.1.20. Suppose that ® is a multi-valued cocycle on (X, X). If ® is uniformly asymptotically
compact, then it has the uniform attractor

o= ) wsBY).

BeB(X)

Proof. The uniform attracting and the minimal properties follow from the analogous properties of
W(B, ). In order to check that .o is compact, it suffices to notice that in view of Proposition 1.1.19
if K is a closed uniformly attracting set, for any B € B(X) we have W(B,¥) C K. Hence, the
theorem is proved. 0
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¢). Global attractors for skew product semiflows

For the two metric spaces (X, d) and (3, p), denote by X = X x X the skew product space with the
metric py defined by

pr({o1} x {1}, {2} x {02}) = d(x1,22) + p(01, 09).

Clearly, each subset B of X' has the form B = U,cxB(0) x {c}, where each B(0) is a subset, possibly
empty, of X. This leads to the projectors P, : X — X given by P,(B) = B(o), Vo € ¥. Denote
also PxB = Uyes P, B (C X).

The following proposition indicates that any multi-valued cocycle generates a multi-valued (skew
product) semiflow. The proof is straightforward and thereby omitted here.

Proposition 1.1.21. Let 0 be a driving system on the metric space (¥, p) and ® be a multi-valued
cocycle on (X, X). Then the family 11 = {I1(t,) };>0 of mappings 11(t,-) : X — C(X), {z} x{c} —
O(t,0,x) x {00} is a multi-valued semiflow (generated by (¥, 0)), namely, satisfying

1. 11(0,-) is the identity operator on X;
2. T(t+s,v) C U(t, (s, v)), Vi,seRT, veX.

If, moreover, ® is strict, then we have an identity in the second condition and then 11 is called strict.
If for each t € R*, the mapping v +— 11(t,v) is upper semi-continuous, then 11 is called upper
Semi-continuous.

Definition 1.1.22. A subset A C X is called the global attractor for a multi-valued skew product
semiflow II if:

1. A is compact in X’;
2. A (forwards) attracts every bounded subsets of X, that is,

lim disty(T1(¢,B),A) =0, VB € B(X);

t—o00
3. A is negatively invariant under II, that is,

ACTI(t,A), Vt>0.

If we have an equality in the last condition, then A is called (strictly) invariant.

Remark 1.1.23. If the global attractor A of a multi-valued skew product semiflow II exists, it is
unique and has the representation

A= U <ﬂUH(t,IB%)>. (1.9)
BeB(X) “s=20t=s

This is verified by checking the inclusion relations in both directions. Therefore, v € A if and only if
there exists a B € B(&X") such that for some sequences ¢, — oo and v,, € I1(¢,,, B) it holds v,, — v.
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Remark 1.1.24. The negative invariance implies the minimality property, that is, A is the minimal
among closed attracting sets. Indeed, for any closed and attracting set K, we have

dist(A, K) < dist(I1(t,A),K) — 0, ast — oo,
which implies A C K.
The following result was proved in [72, Theorem 4].

Theorem 1.1.25. Suppose the multi-valued skew product semiflow 11 is upper semi-continuous. If
there is a compact subset K C X such that

tlim distx(I1(£,B),K) =0, VB € B(&X),
—00
then 11 has a unique global attractor A defined by
A=W(EK)=JIEK).
s=>0t>s

Proposition 1.1.26. The global attractor A for a strict multi-valued skew product semiflow 11 must
be invariant.

Proof. We only need to prove I1(¢,A) C A, Vvt > 0. It suffices to observe that, by the negative
invariance of A and the strictness of II, it holds

dist(TI(¢, A), A) < dist(TI(¢, (s, A)), A)
= dist(II(t + s,A),A) - 0, ass— oo.

Since A is compact, we have I1(¢, A) C A. O

d). Pullback attractors for multi-valued processes

Given a family of upper semi-continuous multi-valued processes {U, },cx on R, x X (see Definition
1.1.3), we study the pullback attractor A, for each process U,.

Definition 1.1.27. For each o € 3, the family A, = {A, () };cr is called a pullback attractor for the
process U, if:

1. A,(t) is a compact subset of X, V¢ € R;

2. foreacht € R, A,(t) pullback attracts every bounded subset B of X at ¢ under U,, i.e.,

lim dist(U, (¢, 7, B), As(t)) = 0; (1.10)

T——00
3. A,(t) is negatively invariant under U,, i.e.,

Ao(t) C Uplt, 7, Ag(7)), Ve (111)
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4. A, satisfies the minimality property, that is, if A’ is a closed family satisfying the pullback
attracting property (1.10), then

A, (t) C A,(t), VteR.

If an equality in (1.11) holds, then the pullback attractor A, is called (strictly) invariant. The family
{A,}sex is called a family of pullback attractors for the family {U, },cx of MP if each A, is a
pullback attractor for U, .

Definition 1.1.28. A pullback attractor A, is called backwards bounded if U;<7 A, () is bounded for
every I' € R.

Definition 1.1.29. The multi-valued process U, is called pullback asymptotically compact if there
exists a family D, = {D,(t) }+cg Which is pullback asymptotically attracting under U,, that is,

lim dist(U,(t, 7, B),D,(t)) =0, VteR, Be B(X),

T——00
and each D, (t) is a compact subset of X.

Theorem 1.1.30. Suppose that U, is a multi-valued process such that the map x — U,(t,s,x) is
upper semicontinuous. If U, has a compact pullback attracting set D,, then it has a unique pullback

attractor A, = {A,(t) }ier defined by

A,t)= | Wa(B.1), VteR, (1.12)
BeB(X)

where _
W,(B.t)=(JU.(t.7.B), VBeB(X) teR.

s<t T7<s

Proof. The proof is established in a similar way to Theorem 1.1.15. See also [ 13, Theorems 18, 43],
where a two-parameter process was considered. [

Proposition 1.1.31. The backwards bounded pullback attractor A, for a strict multi-valued process
U, must be invariant.

Proof. We choose T' € R and By € B(X) such that

U A,(t) C Br.
t<T
Then by the negative invariance of A, and the strictness of U, we have, forallt > 7 > sand s < T,
dist(Uy(t, 7, As (7)), A (t)) < dist(U, (t, 7, Uy (T, 5, Ay ($)), As(t))
< dist(U, (t, s, Br), As(t)) = 0 as s — —o0.

Hence U, (t, 7, A5(7)) C A(t) and thereby the invariance follows. O
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The following proposition allows us to keep focusing only on one parameter, either o or ¢. This is
due to the translation identity of multi-valued processes, see Definition 1.1.3.

Proposition 1.1.32. Suppose that a family {U,},cx of MP has the family {A,},cx of pullback at-
tractors. Then it satisfies the translation identity property, that is,

Apo(t) = Ap(t+5s), Vi, seR, o€k

Proof. Tt suffices to prove that A,(t + s) C Ag,,(t) holds for every ¢, s € R and o € 3, since the
inverse will be clear if we take o = 0_,0.

Clearly, since { A, },eyx is a family of pullback attractors, A, (t+ s) and Ay, (t) are both compact.
Let

A () = Apo (- — 9).

Then by the translation identity of {U, },cx we have

lim dist(Uy,(t+ s, 7 +s,B),AL(t + s))

T——00

= lim dist(U,(t + 5,7+ 5, B), Ag, (1))

T——00

= lim dist(Up,,(t, 7, B), Ag,0(t))

T——00

=0, VBeB(X),

and
Al (r)=Ago(r—s) CUpo(r—s,7— 35, Ago(T — 5))

=Uy(r,7, AL(1)), V(r,7) € Ry

Therefore, A’ satisfies the first three properties in Definition 1.1.27. Hence, A, (t+s) C AL (t+s) =
Ap,,(t) since the pullback attractor A, is minimal. The proof is complete. U

1.1.3 Relationship between different attractors

In this section we study the relationship between cocycle and uniform attractors for multi-valued
cocycles and global attractors for skew product flows.

a). Global and uniform attractors

Theorem 1.1.33. Suppose that ® is a multi-valued cocycle on (X, X)) and 11 is the multi-valued skew
product semiflow generated by (®,0). Then:

1. if 11 has a global attractor A, then o/ := Px A is the uniform attractor of ®;

2. if ® has a uniform attractor <7 and the map (o, ) — ®(t, 0, x) is upper semi-continuous for
any fixedt > 0, then 11 has a global attractor.
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Proof. 1. The compactness of o7 follows from the compactness of A directly. Now we prove the
uniformly attracting property. For each o € ¥, x € X and t > 0, since & = PxA = Uy Po/A, it

follows that
distx (v, o) = inf distx (z, PrA)
o'e

< ;,réfz (distX (oc, PO/A) + p(0,0, a'))
— dist.y ({x} % (0,0}, Uprex PyrA X {a'}).
Hence, for any bounded set D in X we have

supdistx(q)(t,a,D),,Q%):sup sup distx(z, o)

o€en o€X z€®(t,0,D)

< sup distX(CD(t, 7. D) X {0,0}, Uyress P {a'})

oEX
= sup dist x (H(t, D x {0}),A)
oEN
:distX<H(t,D><E),A> 0, ast— oo, (1.13)

since D x ¥ is a bounded set in X', which is attracted by A. Thus, the uniform attraction of .o is
proved.

To see the minimality property, let .7’ be another closed uniformly attracting set for ®. Then
A" := &/’ x Y is a closed attracting set for the skew product semi-flow II. Indeed, for any bounded
set B in X, by the uniform attraction of <7’, we have

distx (II(¢,B), A") = disty (II(, Upes P, B x {0}), A)
= sup disty (II(¢, P,B x {0}), &' x ¥)
gEY
= sup distx (®(t, 0, P,B) x {60}, ' x %) (1.14)

oeEY

< supdistyx (Cb(t, 0, Ugrex PyB), sz%’) .
cEX
Therefore, by the minimality property of the global attractor A as indicated by Remark 1.1.24, we
have &/ = PxA C PxA’ = &/’. Hence, </ is minimal.
2. Clearly, II is upper semi-continuous. By Theorem 1.1.25, it suffices to notice that, in view of
(1.14), the set &7 x X is a compact attracting set for I1. The proof is complete. U

b). Global and cocycle attractors

In this part, we study the relationship between global attractors of the multi-valued semiflow II gen-
erated by (@, #) and cocycle attractors of the multi-valued cocycle ®.

Theorem 1.1.34. Suppose that ® is a multi-valued cocycle on (X, X)) and 11 is the multi-valued skew
product semiflow generated by (®,60). If 11 has a global attractor A, then the non-autonomous set
A ={A(0)}sex given by A(c) = P,A, Yo € 3, is the cocycle attractor of ®.



1.1. RELATIONSHIP BETWEEN DIFFERENT ATTRACTORS 15

Proof. The compactness of A follows from the compactness of A. Now we prove the negative in-
variance of A. Forany 0 € ¥ andt > 0, let y € A(,0). Then by the negative invariance of A we
have

{y} x {60} € A CII(t, A).

Therefore, there is an {x} x {5} € A, which implies = € A(7), such that
{y} x {Oio} € 11(t, {z} x {7}) = ®(t,0,2) x {6:5}.

Therefore, 7 = o and y € ®(t,0,x) C ®(t,0,A(0)). Thus A(0,0) C (¢, 0, A(0)).
Let us prove the pullback attracting property of A by contradiction. Suppose that for some B €
B(X), o € ¥ and € > 0, there exists a sequence t,, — 0o such that

dist(®(t,,0_4,0,B),A(0)) > €, VneN.
Then there is a sequence z,, € ®(t,,0_;, 0, B) such that
dist(z,, A(o)) 2 €, VneN. (1.15)
In view of (1.13) we have

diSt([En, PxA) < diSt(CI)(tn, Q_tnO', B), PxA)
<

sup dist(®(t,, 0, B), PxA) — 0, asn — oo.
€Y

Therefore, there is a y € Px A such that, up to a subsequence,
Ty =Y.
Denote 0,, := 6_;,0. Then the sequence {{z,} x {o}}, _ is such that
{z,} x {c} € ®(t,,0n, B) x {0;,0,} C U(t,, (B x X)), Vn € N,
{z,} x{o} = {y} x {0} asn— occ.

Therefore, by Remark 1.1.23 we have {y} x {0} € A and thereby y € A(c), which contradicts
(1.15).

Finally, let us show the minimality property of A. Note that since any element of A comes from
the global attractor A, U,exA(0) is bounded in X. Then for each closed and pullback attracting
non-autonomous set A’ = {A’(0) },¢yx it must hold for every o € X that

dist(A(o), A'(0)) < dist(®(t,0_s0, A(0_10)), A'(0))
< dist(P(t,0_40,UsexA(0)), A'(0)) = 0, ast — oo,

which implies A(o) C A’(0) as A’(0) is closed. The minimality property is proved. O

Theorem 1.1.34 can be interpreted as follows.
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Corollary 1.1.35. Suppose the multi-valued cocycle ® has a cocycle attractor A = {A(0)}ses. If
the skew product semi-flow 11 generated by (®,0) has the global attractor A, then

A=]JA(o) x {o}. (1.16)

oeX

Let us prove now the converse statement of Theorem 1.1.34.

Theorem 1.1.36. Assume that ® is a multi-valued cocycle on (X, X) with cocycle attractor A =
{A(0)}sex, and that the map (o, x) — O(t,0,x) is upper semicontinuous for any fixed t > 0. Let
IT be the multi-valued skew product semiflow generated by (®,0). If ® is uniformly asymptotically
compact, then 11 possesses a global attractor A satisfying (1.16).

Proof. The existence of the global attractor A follows from Theorems 1.1.20 and 1.1.33. Equality
(1.16) is a consequence of Corollary 1.1.35. [

¢). Cocycle and uniform attractors

In this part, let us study the relationship between cocycle and uniform attractors of a multi-valued
cocycle .

Theorem 1.1.37. Suppose that ® is a multi-valued cocycle on (X,X) and that the map (o,z) —
O(t, 0, x) is upper semicontinuous for any fixed t > 0. If ® has a uniform attractor </, then it has a
cocycle attractor A = { A(0)},ex satisfying

L Ae) = .

oeEY

Proof. By Theorem 1.1.33, the existence of the uniform attractor <7 implies the existence of the
global attractor A of the skew product semiflow generated by (P, #), which satisfies the relation
o/ = PxA. On the other hand, Theorem 1.1.34 implies that ¢ has a cocycle attractor A = { A(0) },ex
such that A(c) = P,A. Hence, U,cxA(0) = PxA = /. The proof is complete. O

Remark 1.1.38. The relationship between uniform, cocycle and global attractors for single-valued
dynamical systems was studied by Kloeden and Rasmussen [55, Section 3.4] and Bortolan et al. [5,
Section 3].

It is interesting to draw the following conclusions.

Corollary 1.1.39. Suppose ® is a multi-valued cocycle on (X, %) and the map (o,x) — ®(t,0,7)
is upper semicontinuous for any fixed t > 0. If ® has a uniform attractor </, then it has a cocycle
attractor { A(0) }yex, and the multi-valued semiflow 11 generated by (P, 0) has the global attractor A.
Moreover, they satisfy the relations

o/ = Image A,
A = Graph A,

where A : 0 +— A(0) is the set-valued mapping identified by the cocycle attractor {A(0)}sex.
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By the relationship between uniform and cocycle attractors, it is straightforward to check the
negative invariance of the uniform attractor, which was studied in [ 3].

Corollary 1.1.40. Suppose ® is a multi-valued cocycle on (X, ) and the map (o,x) — ®(t,0,7)
is upper semicontinuous for any fixed t > 0. If ® has the uniform attractor <7, then </ is negatively
invariant, namely,

o C Ox(t, o), Vit=0,
where O (t,x) := Uy,ex®(t,0,2) forallt > 0 and x € X.

Proof. From Theorem 1.1.37 and the negative invariance of cocycle attractors it follows that

o = | A(wo) c | 2(t.o,A(0) C | ®(t,0, o) = s(t, ), V=0,

oeY oeD oex
whence we have the result. L]

We obseve that in [55, Section 3.4] by uniform attractors the authors meant cocycle attractors
{A(0)},ex which are both forwards uniformly attracting, i.e.

lim sup dist(®(t, 0, B), A(6,0)) =0, VB € B(X), (1.17)

t—o00 ceY
and backwards uniformly attracting, i.e.

tlim sup dist(®(¢,0_,0, B), A(0)) =0, VB € B(X). (1.18)
X gen
Now let us show the relationship between the uniform attractor in the sense of Definition 1.1.17 and
the uniformly attracting cocycle attractor, under the condition that the map (o, z) — ®(t,0,x) is
upper semicontinuous for any fixed ¢t > 0.

First note that since X is invariant, i.e., 6,2 = X, V¢ > 0, (1.17) is equivalent to (1.18). Indeed, if
(1.17) holds, then for each ¢ > 0 there exists a time 7" such that

supdist(®(t, 0, B), A(6i0)) <€, Vt=T.

oeY

Hence, for each ¢t > T, let ¢’ = 0,0 and we obtain

sup dist(®(¢,0_,0', B), A(c")) = sup dist(®(¢, 0, B), A(6,0)) < e,
o’'e¥ ocEX
which implies (1.18). In a similar way one can conclude that (1.18) implies (1.17). Therefore, it is
sensible to say that the cocycle attractor { A(0)},ex is uniformly attracting if either (1.17) or (1.18)
1s satisfied.
Clearly, if a cocycle attractor { A(0)},¢x is uniformly attracting, then the set .7 C X defined by

o = | Alo) (1.19)

ceY
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is the uniform attractor of ®, provided that U, 5 A(0) is pre-compact. Indeed, it follows easily using
Definition 1.1.10 that .o/ is uniformly attracting, and since </ is pre-compact, the uniform attractor
exists by Theorem 1.1.20. Moreover, <7 is exactly the uniform attractor by Theorem 1.1.37. On the
other hand, if the cocycle ® has a uniform attractor <7, then (1.19) holds by Theorem 1.1.37, and
hence U,ex A(0) is compact. However, the cocycle attractor is not necessarily uniformly attracting in
the sense of (1.17) or (1.18) if no additional conditions are assumed.

Therefore, we conclude that the existence of a uniform attractor .2 is a necessary but not a suffi-
cient condition for the existence of a uniformly attracting cocycle attractor { A(0) }yex With Uyex A(0)
being compact.

d). Cocycle and pullback attractors

In this section, in order to to study the relationship between cocycle attractors and pullback attractors
we assume that ® and U = {U,},cx are a multi-valued cocycle and a family of MP which are
equivalent in the sense of Definition 1.1.5. That is, ® and U = {U, } ,¢x satisfy

Us(t,7,2) = ®(t —7,0,0,2), Y(t,7) ERy, 0 €%, € X, (1.20)
O(t,o,2) =U,(t,0,x), Vt>0,0€X zeX. (1.21)

We note that all the results in this section are independent of the continuity of ¢ or U.
First we will prove that the existence of the cocycle attractor for ® implies the existence of the
pullback attractor for U.

Theorem 1.1.41. If A = {A(0)}sex is the cocycle attractor of @, then {A,},cx is a family of
pullback attractors for the family of MP equivalent to ®, where each A, = { A, (t) }ier is given by

A, (t) = A(bio), VteR,o0eX.

Proof. We will prove that for each 0 € 3, A, = {A,(t)}icr is a pullback attractor for the process
U,. First the compactness of A, (t) is clear since A(o) is compact for every o € 3. For every t € R,
the pullback attraction follows from
lim dist(U,(t, 7, B), Ay (t)) = lim dist(®(t — 7, 60,0, B), A(6,0))
T——00 T——00

= lim dist(®(s, 0_s0;0, B), A(6,0))

S§—00

=0, VBeBX),

where we have used (1.20) and the attraction property of the cocycle attractor.
The negative invariance is obtained from

A, (t) = A(bio) C O(t — 7,00, A(0.0)) = Uy(t, 7, Ays(7)), Vit =T,

If there is another family of closed sets { A/ },cx which is pullback attracting, then A’ = {A'(0) },ex
with A’(0) := A/ (0) forms a pullback attracting family for ¢ (see the proof of Theorem 1.1.42
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below), so by the minimality of the family { A(c0)},ex we have A(o) C A'(o0) for any o € ¥, and
then
Ao—(t) = A(@ta) C A/(QtO') = A;_(t)7

which proves the minimality of { A, (t) }+cr. O

Theorem 1.1.42. Suppose that the family of MP U = {U,},ex has a family {A,},cx of pullback
attractors. Then A = {A(0)},ex is the cocycle attractor for the cocycle ® equivalent to U, where

A(o) := A,(0), VoeX.

Proof. The compactness of A(o) is clear since A, is a pullback attractor for U,. The attraction
property follows from
lim dist(®(s,0_s0, B), A(0)) = lim dist(Uy__,(s,0, B), A(0))

S§—00 S5—00

= lim dist(U, (0, —s, B), A,(0))
=0, VBeBX),

where we have used (1.21), the translation identity and the attraction property of the pullback attractor.
To prove the negative invariance, it suffices to see that, by Proposition 1.1.32,

A(@tU) = AgtU(O) = Ang(t — 7')
g U9—ra'<t - T, 07 AGTU(O))
=&(t—71,0,0,A(0:0)), Vt=T.

The minimality property is proved in a similar way to the proof of the previous theorem. The proof is
complete. [

Corollary 1.1.43. The cocycle attractor A = {A(0)} sex and the family { A, },cx of pullback attract-
ors imply each other. Moreover,

A(Oo) = As(t), YteR,o€eX.

In particular,
A(o) = A,(0), Vo eX.

1.2 Characterization and lifted-invariance

In this section we study the so-called generalized cocycles, for which the cocycle attractors will be
shown to have a structure in terms of complete trajectories. On the other hand, uniform attractors are
proved to have a lifted-invariance property though in Definition 1.1.17 there is no invariance assumed.

Generalized non-autonomous dynamical systems were first introduced by Ball [2], and then stud-
ied by Ball [3], Simsen and Gentile [76] and Kapustyan et al. [50] for generalized multi-valued semi-
flows and Kapustyan et al. [51] and Capulato and Simsen [&] for generalized multi-valued processes.
Most recently, Caraballo et al. [16] characterized pullback attractors for multi-valued processes by
(backwards) bounded complete trajectories.

A generalized cocycle is generated by a collection R = {R, ; }sexzcx of functions satisfying:



20 ATTRACTORS FOR MULTI-VALUED SYSTEMS

(H1) Foreacho € Y andx € X, R, is a non-empty family of continuous functions v : [0,00) — X
such that v(0) = x;

(H2) Forevery vy € R,, witho € Eandz € X, 5(-) := (- + 5) € Ro,0(s)> Vs = 0.
The following properties of { R, } rex zex are often needed for further studies.

(H3) (Concatenation property) if ¢ € Ry., ¢ € Ro,0,4(s) for some s > 0, then the function ,
defined by
p(t), tel0,s),
A CORE O
Ut —s), tEe[s +oo),
belongs to R, ;.

(H4) For any v, € Rs,, with z,, — x9, 0 € X, there exists a 79 € R, 4, such that, up to a
subsequence, v, (t) — Yo(t), Vt > 0.

Condition (H4) can be strengthened as follows.

(H5) For any v, € R, 2, With z,, — xo, 0,, — 0, there exists a 79 € R, 4, such that, up to a
subsequence, v, (t) — vo(t), Vt = 0.

Proposition 1.2.1. If (HI) and (H2) hold, then the mapping ® : Rt x ¥ x X — X defined by

bt,o,m)= |J (1), VieRY ceTzeX, (1.22)

'YERO',I

is a multi-valued cocycle over (X, X), called the generalized cocycle generated by {Ry . }oex zex-
If (H3) holds, then ® is strict. Moreover, if (H4) holds, then the map x© — ®(t, 0, x) is upper semi-
continuous, while (H5) implies that the map (o, x) — ®(t, o, x) is upper semicontinuous.

Proof. 1tis clear that ®(0,0,2) = z forall 0 € ¥ and € X by (HI). Let us prove
O(t+ s,0,x) C O(t,050,P(s,0,2)), Vt,s>0,0€ X xeX.
Take y € ®(t + s,0,x). Then by (1.22) there is a vy € R, such that y = ~v(t + s) = F(t), where
A(-) = (- + 5) € Rg,0(s) by (H2). Therefore,
y e U Y(t) = @(t,650,7(s)). (1.23)
,‘?ERQSU,'}/(S)

It is clear that
v(s) € ®(s,0,1),

which along with (1.23) implies y € ®(t, 050, (s, 0, x)).
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Let (H3) be satisfied. We take y € ®(t,650,P(s,0,x)). Then there exist 71 € Ryu, Y2 €
R, (s) Such that yo(t) = y. By (H3) the map

- = m(r), rejo,s),
() {")/2(7’—8), r € [s,+00),

belongs to R, ,, and thus y = y(t + s) € O(t + 5,0, ).
The upper semi-continuity of = — ®(t, 0, z) (respectively, (o,x) — P(t,0,z)) follows easily
from (H4) (respectively, (H5)). ]

1.2.1 Characterization of cocycle attractors for generalized cocycles

In this part we characterize cocycle attractors of generalized cocycles by complete trajectories. Note
that a similar characterization for pullback attractors was studied by [16].

Definition 1.2.2. For any x € X and o € X, the continuous map £ : R — X is called a complete
trajectory of R through x driven by o if £(0) = z, and

f( + S)|[07+oo) < Rgsmg(s), Vs € R.

Correspondingly, for a cocycle ®, the continuous map £ : R — X is called a complete trajectory of
® through x driven by o if £(0) = z, and

E(t) € D(t — s,050,&(s)), Vt = s.
Complete trajectories have the following translation property.

Proposition 1.2.3. Suppose that § is a complete trajectory of R (resp. ®) driven by o, then é "R— X
defined by £(-) = (- + 1), Vr € R, is a complete trajectory of R (resp. ®) driven by 0,.0.

Proof. For trajectories of @, it suffices to observe that
) =E(t+71) € Bt —5,0,0,0,E(s+71)) = D(t — 5,0,0,0,E(s)), t>s.
For trajectories of R the proof is rather similar. [

In general, complete trajectories of R and those of the generalized cocycle ® generated by R are
not identical. In particular, we have the following result.

Proposition 1.2.4. Suppose that R is a family satisfying (HI) and (H2) and ® is a generalized cocycle

generated by R. Then any complete trajectory of 'R is a complete trajectory of @, the inverse being
true if (H3) and (H4) hold.

Proof. The proof is quite similar to the autonomous case [50, Lemma 8]. 0

Before characterizing cocycle attractors by complete trajectories, let us define bounded complete
trajectories.
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Definition 1.2.5. If a complete trajectory ¢ is such that

e eBx), vIeRr,

t<T

then £ is called backwards bounded. ¢ is called (completely) bounded if

e e B(x

teR

Proposition 1.2.6. Suppose that the cocycle ® has a cocyle attractor A = {A(0)}yex and € is a
backwards bounded complete trajectory of ® driven by o. Then

£(t) € A(Gyo), VteR.
Proof. For eacht € R, it suffices to observe that

dist(£(¢), A(6,0)) < dist (D (¢ — s,650,£(s)), A(6;0))
< dist (CD( s, 050, Up<&(1)), (Gta)) — 0, as s — —o0.
OJ

Theorem 1.2.7. Suppose that (HI), (H2) and (H4) hold and the cocycle ® defined by (1.22) has a
backwards bounded cocycle attractor A = {A(0) }yex. Then

A(Oio) = {5 : £ is a backwards bounded complete trajectory of 'R driven by 0}

foreacht € R,o € X.

Proof. Since every complete trajectory of R is a complete trajectory of ®, by Proposition 1.2.6 we
only need to prove the inclusion

C {5 (0) : £ is a backwards bounded complete trajectory of R driven by a}

for each 0 € X. Indeed, if this is true, then for each z € A(f;0) we have a backwards bounded
complete trajectory ¢ driven by & := 6,0 such that £(0) = z. Denote £(-) = £(- — t). Then by
Proposition 1.2.3 we see that £ is a backwards bounded trajectory driven by 0_,6 = o with £(t) = x.
Then we have the result.

Letz € A(c) and 0 < s, — oo. Then by the negative invariance of A we have

x € Alo) C P(sp,0_5,0,A(0_5,0)).
Therefore, by (1.22), there exists a family v, € Ro_, oy, With y, € A(6_,,0) such that

W/n(sn) =, 771(0) = Yn,
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and
Tt + 8n) € Pt + sp,0_5,0,yn) C P(t + sp,,0_5,0,A(0_s,0)). (1.24)

For every n € N we define the mapping 7, : [0,00) — X by

Then by (H2) we have
;5/% € RU,I; &n(o) =, Vn € N.

Therefore, by (H4) there is a §;, € R, , such that, up to a subsequence,
An(t) = Yt + s,) = &o(t), YVt = 0. (1.25)
Next let us define the mapping 7. by
In() = Tl + 50 — 1),
Then by (H2) again we have
51 € Roommontys T(0) = Tnlsa— 1), VneN.
Recall that v, € Ro_, 5y, Withy, € A(0_,, o). Therefore
A1 (0) = Y80 — 1) € O, — 1,0_5,0,yn) C P(s, — 1,0_5,0, A(0_s,0))

has a convergent subsequence since A is backwards bounded. Therefore, by (H4) again we obtain the
existence of a j} € Ro_,0,52(0) such that

Fn(t) = mlt + s, — 1) = 35(t), Vit =0. (1.26)
Define & : [—1,00) — X by
&(s) = (s+1), s=>-1 (1.27)
Then (1.25), (1.26) and (1.27) imply that
i(s) =&o(s), Vs=0.
Besides, by ’76 € me%(o), (1.27) and (H2) it follows that
&4 9)00e) = Fo (- + 5+ Dlooo) € Rooers)y Vs = —1.
Continuing in such a way we obtain a sequence of functions &, : [—n,00) — X such that
Em(s) =&u(s), Vs = max{—-m,—n},mmneN,
En(- + 9)|[0,00) € Rosogn(s)s Vs = —n.
Denote by () the common value of &, (t) for every ¢ € R. Then £(¢) is such that
§(0) = =,
E(-+ S)|[07oo) € Ro,oe(s), Vs ER,

which shows that £ is a complete trajectory of R through z and driven by o. 0
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Theorem 1.2.8. Suppose (H1), (H2) and (H4) hold and the cocycle ® defined by (1.22) has a com-
pletely bounded cocycle attractor A = {A(0)},ex. Then

A(0io) = {5 (t) : & is a completely bounded complete trajectory of R driven by o}
forallt e R, o € .
Proof. The result is a direct consequence of Theorem 1.2.7 and the boundedness of A. [

By Proposition 1.2.6 and the relationship given in Proposition 1.2.4 between trajectories of R and
®, it is straightforward to obtain the following result.

Corollary 1.2.9. Suppose (H1), (H2) and (H4) hold and the cocycle ® defined by (1.22) has a back-
wards (or completely) bounded cocycle attractor A = {A(0) }yex. Then, forallt € R o € %,

A(0,0) = {&(t) : € is a backwards (or completely) bounded
complete trajectory of ® driven by 0}.

1.2.2 Lifted-invariant sets and uniform attractors

From Definition 1.1.17 of a uniform attractor it is interesting to observe that no invariance with respect
to the maps @ is assumed on uniform attractors (although we proved its negative invariance with
respect to the bigger map Px (-, ) := U,ex®(+, 0,-) in Corollary 1.1.40). Thus, in this sense there is a
big difference between uniform attractors and other attractors, such as pullback/cocycle attractors and
global attractors for skew product semiflows. However, as will be shown in this section, the uniform
attractor of the cocycle ® generated by (1.22) satisfies a lifted-invariance property.

Definition 1.2.10. A subset I/ C X is called lifted-invariant (under ®) if for every x € FE, there exists
a bounded complete trajectory £ of R (driven by some o € X)) such that {(0) = x and U;cgé(t) C E.

Remark 1.2.11. Without the boundedness property, the lifted-invariance is also known as weakly
invariance or quasi-invariance in the literature, see, e.g., [3, 41, 57]. Here we call it lifted-invariance
following [5].

Proposition 1.2.12. Suppose that ® is a multi-valued cocycle over (X, Y.) with a uniform attractor
. Then for any backwards bounded complete trajectory & of R it holds

ey c .

teR

Proof. Let £ be a backwards bounded complete trajectory driven by some o € >.. Now we prove for
eacht € R that £(t) € 7. Notice that since ¢ is a complete trajectory of ®, it is a complete trajectory
of ® by Proposition 1.2.4, and by the backwards boundedness there is a bounded set B such that
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Us<t&(s) C B. Then, by the uniformly attracting property of the uniform attractor, see Definition
1.1.10, we have

dist(£(1), o) < dist((I)(t ~5,0,0, g@)),%)

— dist (CD (t— 5,04y o bio, f(s)),d)

< dist (@(t —8,0_(1—s) 0 0,0, B),;z%) — 0, ass— —oo.

Therefore, {(t) € <7 as </ is compact and the proposition is proved. 0

The following proposition is a direct corollary of Proposition 1.2.12.

Proposition 1.2.13. Suppose that ® is a multi-valued cocycle over (X, ) with a uniform attractor
. Then for any lifted-invariant set E C X it holds E C /.

Proposition 1.2.13 implies that if the uniform attractor of a multi-valued cocycle is lifted-invariant,
then it is the largest lifted-invariant set. The following result shows that, under conditions (H1), (H2)
and (HS), the uniform attractor of the generalized cocycle ® must be lifted-invariant.

Theorem 1.2.14. Suppose that (HI1), (H2) and (H5) hold, and ® is the generalized cocycle defined
by (1.22). Then if ® has a uniform attractor <7, <7 is lifted-invariant.

Proof. By Theorem 1.1.37, we have &/ = U,exA(0), where {A(0)},ex is the completely bounded
cocycle attractor of ® such that, in view of Theorems 1.2.8-1.2.9,

A(o) = {£(0) : € is a completely bounded complete trajectory of R driven by o}
= {5 (0) : £ is a completely bounded complete trajectory of ® driven by a}.

So, for every x € o/ there exists a bounded complete trajectory £ of R (driven by some o € )
through z, and, moreover, ¢ is included in .7 by Proposition 1.2.12. Hence, 7 is lifted-invariant. []

As a consequence of Proposition 1.2.12 and Theorem 1.2.14, we obtain the following corollary,
which was proved at first in [51] but using complete trajectories of .

Corollary 1.2.15. Suppose that (HI), (H2) and (HS5) hold, and that ® is the generalized cocycle
defined by (1.22). If ® has a uniform attractor </, then

o ={&(0) : £(+) is a completely bounded trajectory of R}.

1.3 Robustness of cocycle and uniform attractors
Let ®..(¢) be a multivalued semiflow defined on X, namely, satisfying:

e & (0,) is the identity on X;
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o O (t+s,2) CPy(t,Po(s,z)) forallt,s >0andx € X.

Suppose that ®.,(¢) that has the global attractor A, which is defined as a compact subset of X
such that:

o A C D(t, Ay), V>0

o lim,; . dist(P(t, B), As) = 0 for all bounded subsets B of X.

Consider the sequence {®,,},cn of non-autonomously perturbed cocycles of ®.,. Assume that
each cocycle ®,, has a cocycle attractor A,, = {A,(0)},ex. We now study the upper and lower
semi-continuity of these cocycle attractors towards the global attractor A, as n — oo (i.e., as the
perturbation vanishes).

Definition 1.3.1. Given a complete metric space A and a collection of cocycle attractors { Ay }ren,
where each A has the form Ay = {A,(0)},ex, we say that

1. {A,}ren is upper semi-continuous at Ay € A if dist(Ay (o), Ay, (o)) 222 () foreach o € ¥

2. {Ax}en is lower semi-continuous at \g € A if dist(A,, (o), Ax(0)) 2229 () for each o € ¥

3. {A\}aea is continuous at \y € A if it is both upper and lower semi-continuous at \Ag.
The next proposition allows us to consider only the case with discrete parameters.

Proposition 1.3.2. Suppose that Ay C X forms a family of bounded sets indexed by A\ € I C R.
Then

)\—))\0

diSt(A)\, A)\O) ﬂ) 0 (resp. diSt(AAO, A)\> — 0)

if and only if for any {\, }nen C I with N, — ¢ it holds

n—oo

dist(Ay,, Ay,) 270 (resp. dist(Ay,, 4y,) — 0).

1.3.1 Upper semi-continuity

First, we have the following theorem.

Theorem 1.3.3. Suppose that {®,, }.cn is a family of cocycles with its corresponding family { A, } nen
of backwards bounded cocycle attractors and ® o, is a multi-valued semiflow with the global attractor
Aoo. Assume the following conditions:

(Al) foreacho € X, t € R and compact set K C X,

lim sup dist(®, (¢, 0, z), oo (t, 7)) = 0;

n—oo rzeK
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(A2) { A, }nen is uniformly backwards bounded, that is, for each 0 € % and T € R there is a

bounded B C X such that
U U A, (0_40) C B;

neNt=T

(A3) foreach o € %,

U A,(o) is precompact.
neN

Then the family { A, } ,en is upper semi-continuous, that is,

lim dist(A4,(0),Asx) =0, Vo€ X.

n—o0

Proof. For each o € X we denote
D,(t) := ] An(0-40), ¥t >0.
neN
Then each D, (t) is compact by (A3) and, by (A2), there is a bounded set B such that
JD.(t) c B.
>0
Hence, by the negative invariance of cocycle attractors we have
dist(A,(0), Ax) < dist ((I)n(t, 0_i0,A,(0_0)), AOO)
< dist (®n (¢, 00, Dy (1)), Asc)
<

For any € > 0, there exists a t = t(€) > 0 such that dist(P (¢, B), As) < €/2. Also, by (Al) there
isan N = N(e,t, o) such that

dist (P, (t, 0_¢0, Dy (), Poo(t, Dy(t))) < €/2, Vn = N.
Thus, dist(A,(0), Ax) < e foralln > N = N (e, t(¢), o). The proof is complete. O

As an application of the relationship between cocycle and uniform attractors given by Theorem
1.1.37, we have the following result.

Theorem 1.3.4. Suppose that {®,,},cn is a family cocycles with its corresponding family { %, } nen
of uniform attractors and a family { A, }en of cocycle attractors. @, is a multi-valued semiflow with
the global attractor A.. Assume that the map (o,x) — ®(t,0,x) is upper semicontinuous for any
fixedt > 0 and the following conditions, which are stronger than (Al)-(A2):

(A4) for each compact set K C X andt € R,

sup sup dist(q)n(t, o,x), Poo(t, 93)) — 0 asn — oo;
ceX zeK
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(A5) there is a compact set K C X such that

U U A,(0) C K.

neNoeX

Then the family {7, },en is upper semi-continuous, that is,
dist(e,, Ass) = 0, asn — oo.

Proof. By Theorem 1.1.37 we have U,es A, (0) = ,, Vn € N, and (AS) implies that the union
UsexnenAn (o) is precompact. Then with an analogous proof to that in Theorem 1.3.3 we obtain that
SuUp, ey dist(A, (o), Ax) — 0 as n — oo, from which we have

dist(,, As) < supdist(A,(0), Ax) = 0, asn — oo.
o€EY

1.3.2 Lower semi-continuity

In this section we will prove some results concerning the lower semicontinuity of attractors, which
together with the upper semicontinuity gives us the continuity of attractors.

a). Unstable manifolds

The lower semi-continuity of attractors often has an inner relation with the structure of attractors. To
see this, we begin with the definition of a complete trajectory of a multivalued semiflow. For the
corresponding definition for cocycles see Definition 1.2.2.

Definition 1.3.5. A complete trajectory ., through = of an autonomous semigroup ®., on X is a
single-valued continuous mapping () : R — X satistying £.,(0) = x and

Exo(t) € Poo(t — 5,650(8)), V= s.

A complete trajectory &, of ®, is called backwards bounded if

U ée(t) € B(X), VT €R.

t<T

Definition 1.3.6. Let £* be a backwards bounded complete trajectory of a cocycle ® driven by o € ..
The unstable manifold of £* for @ is the set defined by

W*(&) = {(r,¢) € R x X : there is a backwards bounded complete trajectory &
of ® driven by o with {(7) = ¢ and tlim dist(£(t),&%(¢)) = 0}.
——00
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The section of an unstable manifold at time 7 is denoted by
WH(E) () ={¢: (1,.¢) e WH(E)}
The local unstable manifold at time 7 of a global solution £* is defined by
W3 (&) (r) = {¢ € X : there is a backwards bounded complete trajectory &
of ® driven by o with {(7) = C, lim dist(&(t),£%(t)) =0
and dist(£(s),£*(s)) < d forall s < 7}

for some ¢ sufficiently small.
The corresponding definitions for a semigroup ¢, are as follows.

Definition 1.3.7. Let £ be a backwards bounded complete trajectory of a semigroup @,

unstable manifold of £ for @ is the set defined by
W) ={(r,¢) € R x X : there is a backwards bounded complete trajectory
oo Of Do, with £ (7) = ( and hm dist (€ (), =0}.
The local unstable manifold at time 7 of a global solution £ is defined by

Wi(&5)(T) = {¢ € X : there is a backwards bounded complete trajectory &
of &, with £ (1) = C, lim dist(§o(t), &5 () =0
and dist(£x(s), £ (s)) < d forall s < 7}

for some ¢ sufficiently small.

29

. The

Theorem 1.3.8. Suppose that {®, },en is a family of cocycles with a family { A, },en of strictly
invariant cocycle attractors, and that ., is a multi-valued semi-group with the global attractor A,

satisfying:
(Al’) foreacho € ¥, t € RT and x,, — v in X,

dist (Poo(t, ), P (t, 0,3,)) = 0 asn — oo.

If

e there is a sequence {5;“07 j }jen of backwards bounded complete trajectories of O such that

A = [ W€z )(0)

JjeN

(1.28)

e foreach o € X and every complete trajectory &, ; in (1.28) there is a sequence {f;j?}neN, with
f:;? a backwards bounded trajectory of ®,, driven by o, such that their local unstable manifolds

behave lower semi-continuously, that is, there are 6; > 0 and T; > 0 satisfying

dist (W (€2,)(5), W3 (€7)(s)) "2 0, ¥s < =T,

(1.29)
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then the sequence of cocycle attractors is lower semi-continuous, that is,

lim dist(Aw, An(0)) =0, Vo€ X.

n—o0

Proof. To prove the lower semi-continuity it suffices to prove that for each ¢ € ¥ and x € A, there
is a sequence x,, € A, (o) such that z,, — x.
By (1.28), for any x € A, and € > 0 there exists an z. € W*(£%, ;)(0) for some j € N such that

dist(x, z.) < €/2.

By the definition of W* (&3, ;)(0) we have a backwards bounded complete trajectory ., ; of @, such
that

£woi(0) =z, and lim dist(&m,j(s),§§o7j(s)) =0.

S——00
Let T" > Tj be so large that
% 1= &0 (=T) € Wi (€5, ;) (=T).

Then by the lower semi-continuity of the local unstable manifolds, there is a sequence {z} },cn With
2 € Wil(&,7)(=T) such that
z; = zj asn — oo.

Therefore, by (A1), there is an ng € N such that

dist(Poo (T, 2), Pu(T, 070, 2)) < €/2 foralln = ng.

By the definition of complete trajectory of ®,, we have z. = £;(0) € O (T, 2;). Also, since
zi € A(0_70) by Proposition 1.2.6, the strict invariance of A,, implies that

®,(T,0_r0, 2}) C An(0).
Thus, there is z,, € A, (o) such that
dist(x,,, z) < dist(z,,, x.) + dist(z,, z) < €.
Since € is arbitrary, we have completed the proof. 0

Remark 1.3.9. It is important to observe the following. In the single-valued case, if @, is a continu-
ous cocycle, then the condition (A1’) is equivalent to

sup dist(Poo (¢, ), By (t, 0, 7)) 2= 0 for all compact set Eandt > 0, o € %, (1.30)
el

while, in the multi-valued case, (A1’) implies (1.30) if ®., is upper semi-continuous, and (1.30)
implies (A1) if &, is lower semi-continuous. In applications, (A1’), as well as the lower semi-
continuity of ®,, is often more difficult to verify than (1.30). This makes it difficult to prove the
lower semi-continuity of attractors for multi-valued dynamical systems.
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When the semiflow @, is generated by a collection of functions /C, the results in this section can
be reformulated in terms of complete trajectories of K.

Namely, we are going to consider multivalued semiflows generated by a collection of continuous
functions K = {I, },ex satisfying:

(K1) for each x € X, K, is a non-empty set of continuous functions 7 : [0,00) — X such that
1(0) = ;

(K2) 7(-) = v(-+s) € Ky, forevery z € X, s > 0and vy € K,.
The map P is defined by

It is well-known that (K1)-(K2) imply that @, is a multivalued semiflow [50].

Definition 1.3.10. A complete trajectory &, through x of K is a single-valued continuous mapping
€o(+) : R — X satisfying £,,(0) = x and

Soo(- + S) |[0,oo)€ ’CEOO(S)’ Vs € R.

It is blatantly obvious that a complete trajectory of K is a complete trajectory of ®,, the converse
being true only under additional assumptions [51, Lemma 12.2].

We can easily rewrite Definitions 1.3.6 and 1.3.7 in terms of complete trajectories of K. Theorem
1.3.8 remains valid if we make use of complete trajectories of K instead of ®.

Theorem 1.3.11. Suppose that {®,},cn is a family of cocycles with a family { A, },en of strictly
invariant cocycle attractors, and that @, is a multi-valued semi-group with the global attractor A,
satisfying (Al’). Assume that:

e thereis a sequence {&}, ;}jen of backwards bounded complete trajectories of IC such that (1.28)
holds;

e for each o € X and every complete trajectory &, ; in (1.28) there is a sequence {§;:§L}n€N,
with 52? a backwards bounded trajectories of 'R driven by o, such that their local unstable
manifolds behave lower semi-continuously, that is, there are 0; > 0 and T; > 0 satisfying
(1.29).

Then, the sequence of cocycle attractors is lower semi-continuous, that is,

lim dist(Aw, An(0)) =0, Vo e X.

n—o0
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b). Weak equi-attraction

Now we characterize the continuity of attractors by the property of equi-attraction, instead of using
the inner structure of attractors. As will be shown later, this method is competent to deal with some
cases where Theorem 1.3.8 is powerless.

To begin with, we introduce the concept of weakly equi-attraction as a generalization of equi-
attraction first introduced by Li and Kloeden [58, 59].

Definition 1.3.12. Suppose that {®,, },cn is a collection of cocycles with the corresponding family
{A; }nen of cocycle attractors. If

lim  dist(®,(t,0_40,K), A,(0)) =0 foreacho € ¥ and K € K(X),

(t,n)— (00,00)
then we say that { A, },.cn is weakly equi-pullback-attracting (under {®,, },en). If

lim sup dist(®,,(¢,0_s0,B), A,,(0)) =0 foreacho € ¥ and B € B(X),

t—o00 neN

then we say that { A, },,cn is equi-pullback-attracting (under {®,, },,en).

Clearly, if {A,},ecn is equi-pullback-attracting, then it is weakly equi-pullback-attracting. The
following result shows that, under some conditions, the weak equi-attraction implies the lower semi-
continuity.

Theorem 1.3.13. Suppose that {®,},cn is a collection of cocycles with the corresponding family
{ A, }nen of cocycle attractors, and that O, is a multi-valued semiflow with a global attractor A.. If

n—0o0

dist(@oo(t,x), D, (1,0, x)) —— 0, Vt>0,0€eX, xelX, (1.31)

then the fact that { A, }nen is weak equi-pullback-attracting implies the lower semi-continuity

n—00

dist(Ax, Ap(0)) —— 0, Vo € 3.

Proof. We prove the result by contradiction. If this is not the case for some o € ¥, then there must
be a sequence {x, },en C Ay such that

dist(z,, Ap(0)) > 6, Vn €N,

for some 6 > 0. Since A, is compact, up to a subsequence, there is an x., € A, such that

J

dist(xp, Too) < 2 Vn > nyg,

for some ny € N large enough. Therefore, it follows that

dist(z00, An(0)) > g, Vn = ng. (1.32)
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However, from the weak equi-attraction property it follows the existence of a 7' > 0 and an
Ny > ny satisfying

dist(P,, (T, 0_70, Ax), An(0)) < g, Vn = No.

Also, from the negative invariance of A, we have an z7 € A, such that z, € (T, zr) and
dist(®,, (T, 070, x7), Ap(0)) < dist(P, (T, 0_10, Ax), An(o)) < Z, Vn = Np.
Moreover, by (1.31), there exists an N > N such that
dist ((I)OO(T, o1), On(T, 0_r0, a:T)> < %.

Therefore,
dist(2o0, An(0)) < dist(Poo (T, 27), An(0))
< dist (@ (T, 27), O (T, 070, 27) ) + dist(n (T, 070, 27), Ay())
)

N

<_
27

which contradicts (1.32). Thus the lower semi-continuity holds. [
If the cocycles have uniform attractors, we also have the following result.

Theorem 1.3.14. Assume that either the conditions of Theorem 1.3.8 or those of Theorem 1.3.13
hold. If the maps (o, x) — ®,(t, o, x) are upper semi-continuous and each cocycle ®,, has a uniform

attractor <tp, n = 1,2, -, then
lim dist(Ae, %,) = 0.

n—oo

Proof. By Theorem 1.1.37 we have U,¢c5 A, (0) = 47,, and thereby
dist(As, @) < dist(As, An(0)), Vo € X.
From Theorem 1.3.8 and Theorem 1.3.13 the result follows. ]

Remark 1.3.15. It is actually natural that weak equi-attraction can replace the role of equi-attraction.
This is because the continuity of attractors takes care only of those large n that are close to infinity,
and thereby only the equi-attraction of those A,, with large n contributes to the continuity property of
attractors.

Remark 1.3.16. Equi-attraction was first introduced to study the continuity of global attractors by
Li and Kloeden [58, 59], and further studied in [20, 52, 60, 47]. In particular, Li and Kloeden [60)]
studied the relationship between equi-attraction and continuity of attractors for strict multi-valued
autonomous dynamical systems which are continuous in the sense of Hausdorff distance. Such strong
assumptions are not required here and the multi-valued cocycles considered here involve some multi-
valued features, the proof is less straightforward and different from the single-valued case (see also

[20D.
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1.4 Applications

1.4.1 Attractors for a multi-valued reaction-diffusion equation

In this part, we study the non-autonomous reaction-diffusion equation

2_1; - GAU + f(u) = g(:z:,t),
ulpo =0, (1.33)

u|t:7- = Ur,

where (t, ) € (1,00)x O with O C R" a bounded open domain with smooth boundary, the unknown
u = (ut(t,z), - ,ul(t,x)) : (1,00) x O — R?is d-dimensional, a is a real d x d matrix with a
positive symmetric part %"f > (1 for some 3 > 0 and the nonlinear term f = (f1(u),--- , f%(u)) €
C(R4; RY) satisfies

d »; d_
D@ < c1<1+2|uﬂ|pf>, (1.34)
j=1

J=1

d d
ij(u)uj > oy Z W |Pi — ¢, (1.35)
j=1 j=1

where p; > 2 and o, ¢, ¢y are all positive constants.

The equation (1.33) models many important real phenomena, as it clearly covers at least complex
Ginzburg-Landau equation, the Fitz-Hugh-Nagumo equation and the Lotka-Volterra system if the
parameters are properly fixed, see [80, 49]. Mathematically, as will be shown later, this is a multi-
valued dynamical system as for each initial data there are (possibly) more that one solution. Because
of these interesting features, this model drew much attention recently. Valero and Kapustyan [80,

] studied the Kneser property of weak solutions and the existence and connectedness of uniform
attractors with the condition that the external force g(x, ) is translation compact, i.e.

Q,w(

the symbol space ¥ = {f,9(-) : s € ]R}Ll"c s compact in L (R, H), (1.36)

loc
where 059(-) = ¢g(- + s) is the translation operator, whereas Kapustyan et al. [51] analyzed the
structure of uniform attractors, and Cui et al. [38] studied the regularity of the associated pullback
attractors.

Throughout this section we assume that (1.34)-(1.36) are satisfied. It is easy to see that 6,3 = X

forall t € R . In the following, we shall study the relationship between different attractors of system
(1.33). Denote H = (L*(0))% and V = (H}(O))? with norms given by

d ‘ 1/2 d ‘ 1
ol = (10 ) Tl = (3 10/l
j=1 J=1

/2
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Let P = (p1,pa,- -+ ,pa) and LY (O) = LP1(O) x - -+ x LP¢(O) with the norm

d
lullZe Z [ e

In order to define a multi-valued cocycle, we take an arbitrary element o in the symbol space X
and solve problem (1.33) but replacing g by o.

Definition 1.4.1. The function v = u(t,x) € L2 (7,00; V) N LL (7,00; LT (0)) is called a (weak)

solution of problem (1.33) on (7, 00) driven by o € X if, forall T > 7 and v € V N L7 (0),

/Ou(t,x)v(x)dx +/O (aVu(t, x)Vou(z) + f(t, u(t,z))v(x) — o(t, JI)U((L’))dZE =0

holds in the sense of scalar distributions on (7, 7T").
The next result shows that problem (1.33) generates a strict multi-valued process.

Lemma 1.4.2. [80] Under conditions (1.34)-(1.36), for each T € R and u, € H, there exists at least
one weak solution of (1.33) on (7, 00) and any weak solution belongs to C (|1, 00); H). Moreover, the

family R = {Ry:}oes zen given by
Rox = {u(:) € C(]0,00); H) : wis a solution of (1.33) driven by o and u(0) = =}
satisfies (HI)-(H3), (H5) and thereby Proposition 1.2.1 implies that the mapping ® defined by
O(t,o,2) = {u(t) :u(-) € Rps}, VEERT €Y, x€H

is a strict multivalued cocycle and, moreover, the map (o,x) — ®(t,0,x) is upper semicontinuous
for any fixed t > 0.

To study different attractors of the cocycle, we first rewrite a well-known result on uniform at-
tractors in terms of cocycles.

Lemma 1.4.3. [5/, Theorem 12.4] Suppose that conditions (1.34)-(1.36) hold. Then the cocycle ®
has the uniform attractor <f, which consists of bounded complete trajectories of P, that is,

of ={£(0) : &(-) is a bounded complete trajectory of O}.
Now, thanks to the previous analysis, we are able to prove the following result.

Theorem 1.4.4. Suppose that conditions (1.34)-(1.36) hold. Then the cocycle ® has a lifted invariant
uniform attractor <f, a cocycle attractor A = {A(0)},ex and a family { A, }sex of pullback attract-
ors of the equivalent family of multivalued processes {U,},cx, which consist of bounded complete
trajectories of R, that is,

o ={&(0) : &(+) is a bounded complete trajectory of R},

A(o) = {£(0) : &(+) is a bounded complete trajectory of R driven by o},
Ay (t) = {&(t) = &(+) is a bounded complete trajectory of R driven by o'}.
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Besides, the cocycle and the pullback attractors are uniformly compact, that is,

U A(o) and U U A, (t) are compact.

ocEY ceX teR

Moreover, the three attractors are related as follows:

o =] A), (1.37)

ceEY

A, (t) = A(bio), VteR, o€ (1.38)

Proof. From Lemma 1.4.3 and Theorem 1.1.37 we obtain the existence of the uniform and cocycle
attractors .o/, A and the equality (1.37) as well. Therefore, by the compactness of .27 and Theorem
1.1.41 we have the uniform compactness of A and {A,},ex. The lifted invariance of the uniform
attractor follows from Theorem 1.2.14 and the characterizations by complete trajectories of R and
(1.38) follow from Theorems 1.2.7, 1.1.41 and Corollary 1.2.15. The proof is complete. U

Remark 1.4.5. An advantage of characterizing attractors by complete trajectories of R instead of
complete trajectories of ® is that any complete trajectory of R is a solution of the evolution equation,
while a complete trajectory of ® might not be so. Therefore, estimates of solutions are always ap-
plicable to complete trajectories of R. Particularly in this model, complete trajectories of ® and R
coincide by Proposition 1.2.4 and Lemma 1.4.2.

Let us also consider the associated skew-product semiflow IT : RT x H x ¥ — H x ¥ generated
by (P, 0).

Theorem 1.4.6. Suppose that conditions (1.34)-(1.36) hold. Then the semiflow 11 possesses a global
attractor A, which has the following relationship with the uniform attractor </ and the cocyle at-
tractor {A(0) }oex :

A =PyA, (1.39)
A(o) = P,A, Vo € X. (1.40)

Proof. The existence of A and (1.39) follow from Theorem 1.1.33, while equality (1.40) is by The-
orem 1.1.34. [

1.4.2 Lower semi-continuity of cocycle attractors for a scalar differential in-
clusion

In this section, we study the robustness of cocycle attractors for the following scalar differential

inclusion
du
m + A€ o(t)Ho(u), t=s,

u(s) = us,

(1.41)
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where
-1, if u <0,
Ho(u) =< [-1,1], ifu=0,
1, ifu >0,

is the Heaviside function, which is the subdifferential of the absolute value |u|, and o € ¥, where

Y =cemmry{b(- +5): s € R}
with b : R — R being a continuous function satisfying:
1. 0 < by < supyep b(t) < by;
2. the set {b(-+s5) : s € R} is equicontinuous in any interval [t1, t5].

The translation operator 6 is defined by 6,0 = o (- + t).
Ascoli-Arzela’s theorem implies that the set Y is compact in the metrizable space C'(R, R) and it
is easy to see that ;> = X for any ¢ € R.
Definition 1.4.7. For any o € 3, the function u € C([s, +00), R) is called a solution of (1.41) (driven
d
by o) if d_QtL € L2 ([s, +00),R) and there exists h € Li<.([s, +00), R) such that h(t) € Ho(u(t)), for

ae.t>s,and

d
d_? + Au=o(t)h(t) fora.e.t>s.

The following lemma shows that the uniqueness of solutions fails when the initial data is zero.

Lemma 1.4.8. [/6]. For any us # 0 the problem (1.41) has the unique solution given by
t
u(t) = e Ay, + / e Mg (1) dr.

For ug = 0, there are infinitely many solutions given by
Uso = 0,
0, s<t<,
'LL:_ (t) = t —A(t—7)
[ e o(r)dr, t>r,
_ 0, st
Uy (t) - t —\(t—T)
— [ e o(r)ydr, t>r,
where r > s is arbitrary, and these are the only possible solutions.

Let R = {R7} be the collection of all solutions of (1.41) driven by o and starting at s.

The recent work by Caraballo et al. [16] shows that (1.41) generates a strict multi-valued process,
which possesses a compact pullback attractor composed by complete trajectories. Specifically, we
have the following result.
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Lemma 1.4.9. [/6] For any o € %, the mapping (t, s, us) — Uy(t, s, us) given by

U,(t, s,us) = {y € R : there exists a continuous function ) € R
such that y = n(t) and us = n(s)}

is a strict multi-valued process which has a closed graph. Moreover, each process U, has a unique
pullback attractor A, = {A,(t) }1er, which is invariant and satisfies

A, (t) = {£&(t) : € is a bounded complete trajectory of R driven by o},

where a complete trajectory v : R — R of 'R driven by o is defined as a continuous function such
that 7y |[s,00)€ R forall s € R.

Moreover, in [ 16] all possible bounded complete trajectories are given. Therefore, the structure of
the pullback attractor is clear.

Lemma 1.4.10. [/6] Suppose that & is a bounded complete trajectory of R with o € Y, then either
E(t) =0, £(t) = £&u (1), or £(t) = EE(t) for some s € R, where

t
En(t) = / e No(r) 1, VteR,

and £ and £ are bounded complete trajectories such that £ (t) = &, (t) = 0 forall t < s, and

&5 (t) — En(t)] = 0 ast — oo,
() +&u(t)] — 0 ast — oo.
(

Remark 1.4.11. The complete trajectories £(t) = 0, £(t) = £y (t) are called non-autonomous
equilibria. Lemma 1.4.10 shows that each pullback attractor is composed of 0, +£,,(¢) and all the
heteroclinic connections going from 0 to £&,,(t).

The collection R satisfies the following properties:
(K1) Forany x € X, 0 € 3, 7 € R there exists ¢(-) € R7 such that (1) =
(K2) ¢()|[s,400) € RY, forany o(-) € R, s > 7;

(K3) If € RZ, ¢ € RY, s > 7, are such that ¢)(s) = ¢(s), then the mapping

_)w@®), telrns],
““‘{ﬂw, t>s .
belongs to R7;

(K4) For any p,, € RY, 0 € ¥, there exists ¢y € RZ such that, up to a subsequence, ¢, (t) — ¢o(t),
vVt > 0;
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(KS) o(-+ h) € R forany h >0, o(-) € R

Properties (K1)-(K4) were proved in [16], while (K5) is straightforward to check. Hence, it
follows from [51, Lemma 12.2] that v : R — R is a complete trajectory of R driven by o if and
only if 7 is a complete trajectory of U,, which means that 7 is continuous and

v(t) € Uy(t,s,7(s)) forallt > s.

Consider the cocycle generated by (1.41). By the equivalence argument in Proposition 1.1.4 and
the properties of the processes, we know that (1.41) generates a strict and closed multi-valued cocycle
® given by

O(t,o,r) :=U,(t,0,7), Vt>0, 03 reR.

Now let us establish the existence of the cocycle attractor for ® by Theorem 1.1.42.

Lemma 1.4.12. The cocycle ® generated by (1.41) has a cocycle attractor A = {A(0) }sex given by

A(o) = {£(0) : € is a bounded complete trajectory (driven by o) of ®}
= {£&u(0)} U W (0)(#)]t=0-

Proof. First we note that a complete trajectory £(t) of U, is a complete trajectory driven by o of ®.
This is because

§(t) € Up(t,5,2(s5)) = Up,o(t — 5,0,8(s)) = ®(t — 5,050,8(s)), Vt=s,

where we have used the translation identity.
From Theorem 1.1.42 it follows the relationship between the cocyle and the pullback attractor,
that 1s,

A(o) = A,(0).
Therefore, by Lemma 1.4.9 the first identity follows. To see the second, it suffices to observe from
Lemma 1.4.10 that all bounded complete trajectories except £+, (t) build up W*(0)(¢). O

To study the lower semi-continuity of cocycle attractors, we consider

on(t) = %U(t) +b, Vi€R, neN,
where b > 0 is a constant and o € X. Clearly, 0,,(t) — b as n — oo uniformly for ¢ € R.

In the following, we denote by ®,, the cocycle generated by (1.41) driven by o,,(t), and @, the
autonomous semiflow driven by o, (t) = b. The cocycle attractor of ®,, and the global attractor of
®, are denoted by A,, = {A4,,(0) }sex and A, respectively.

Recall that, generally, there are two possible methods to study the lower semi-continuity of
cocycle attractors: one relies on studying the structure of attractors applying Theorem 1.3.8, whereas
the other one is the weak equi-attraction method analyzed in Theorem 1.3.13. However, the following
lemma implies that Theorem 1.3.8 is not applicable to this example.
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Lemma 1.4.13. The condition (Al’) in Theorem 1.3.8 does not hold for (1.41). In fact, for each
o € X, t > 0 and any sequence x,, > 0 with x,, — 0 we have

lim inf dist (oo (¢, 0), (¢, 0, ) = b — be .

n—oo

Proof. By Lemma 1.4.8 we know that 0 € ®.(¢,0), and

t
®,(t,0,2,) = U, (t,0,2,) = e M, —|—/ e Mg (1)dr
0

Therefore, for any ¢ > 0 and n € N,

dist (@m(t, 0), ®,(t, o, xn)) > dist (O, D, (1,0, xn))

which completes the proof. 0

Next we shall prove the lower semi-continuity of attractors by the weak equi-attraction method
following Theorem 1.3.13.

Lemma 1.4.14. The family {®,} of cocycles is weakly equi-pullback-attracting.

Proof. Givena K € K(R), without loss of generality we assume that X' = K; U {0} U K>, where K
contains all positive elements of K and K contains all negative ones. We will conclude the lemma if

we prove that
lim  dist(®,(¢,0_40,K), A(0)) =0 foreacho € X (1.43)

(t,n)— (00,00)

holds for K = K, {0}, K, respectively. Note that by Lemma 1.4.10 and Lemma 1.4.12 we know
that £},(0) € A, (o), where

£n(0) = / D V() dr.

—Oo0

Since ®,, are single-valued on K and, by Lemma 1.4.8,

0
®,(t,0_0,7) = U, (0, —t, ) = e Ma —i—/ Mo, (7)dr, Vo€ Ky,

—t

we have
dist(Pn (2, 010, K1), Ap(0)) < sup dist(®, (¢, 00, 2), Ear(0))
€K
—t
= sup e_’\tx—/ Mo, (1) dr
zeKq —00

— 0, as(t,n) — (00, 00).
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Therefore, (1.43) holds for K.

The case of K is rather similar to /; by considering —&,/(0) instead of £,,(0).

Now we consider the case K = {0}. Since each cocycle ®,, is strict, the cocycle attractor .7,
is invariant, that is, ®,,(¢,0_40, A,,(0_10)) = A, (o) for every t > 0 and o € X. Therefore, since
&(t) = 0is a bounded complete trajectory of ®,, and thereby belongs to A,,(6;0) for each t € R, we
have

dist(®,,(t,0_40,0), A, (o)) < dist(P,(t,0_;0, A (0_10)), A (o))

=0, Vt=>0,neN.
This implies that (1.43) holds for {0}. The proof is complete. O

Theorem 1.4.15. The family { A, }.en of cocycle attractors is lower semi-continuous with respect to
the global attractor A, that is,

dist(Aeo, An(0)) =250, Vo € X.

Proof. By Theorem 1.3.13 and Lemma 1.4.14, it suffices to prove (1.31), that is, for each ¢ > 0 and
oE X,

dist (Poo(t, ), @, (t,0,2)) >0, VreR. (1.44)
Since for all x # 0 the solutions of (1.41) is single-valued, (1.44) is clear by Lemma 1.4.8 as 0,,(t) —
b for each t > 0. Also, for the case x = 0, it is clear that

dist (CIDOO(t, 0), ®,(t, o, O)) < sup

o<r<t

t
/ e M (g, (1) = b) dr| =25 0.

Therefore, we have (1.44) and then the theorem follows. O

Remark 1.4.16. The map ®,, in this example is multi-valued only at the point x = 0. In this case,
condition (A1’) in Theorem 1.3.8 fails, while condition (1.31) in Theorem 1.3.13 is quite easy to
check. Hence, the weak equi-attraction method has been shown more appropriate in this application.
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Random cocycle attractors
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Chapter 2

Cocycle attractors for quasi strong-to-weak
continuous random dynamical systems

In this chapter, we mainly obtain existence criteria for cocycle attractors for RDS with only quasi
strong-to-weak continuity. Results in this chapter not only generalize known existence theorems for
cocycle attractors, but also solve the measurability problem for bi-spatial cocycle attractors which
seems still open in the literature.

For converging sequences “ — ” denotes the usual convergence while “ — ” the weak conver-
gence.

2.1 Quasi strong-to-weak continuity

In this section, we introduce the quasi strong-to-weak continuity, and prove two important properties
for quasi strong-to-weak continuous mappings: the inheritability and the measurability.

Recall that a mapping G : n — G(n) from a complete metric space M to a Banach space X is
said to be

e strongly continuous, or simply called continuous, if G(n,) — G(n) whenever 7,, — 7;

e strong-to-weak continuous (from M to X), if G(n,) — G(n) whenever n,, — 7.
Definition 2.1.1. A mapping G : n — G(n) from a complete metric space M to a Banach space X is
said to be quasi strong-to-weak (abbrev. quasi-S2W) continuous from M to X atn, if G(n,,) — G(n)
whenever {G(7,,) }nen is bounded in X and 7, — 7. G is called quasi-S2W continuous from M to
X if it is quasi-S2W continuous at every point in M. Particularly when M = X, the mapping G is
called quasi-S2W continuous in X if G is quasi-S2W continuous from X to X.

Clearly, quasi-S2W continuity is weaker than strong and strong-to-weak continuities:

strong continuity = strong-to-weak continuity = quasi-S2W continuity.

45
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Note that when M = X, the strong-to-weak continuity reduces to the norm-to-weak continuity
introduced in [94, 66], which is also termed as weak continuity in [85], while the quasi-S2W con-
tinuity reduces to the quasi-continuity introduced in [64], see also [45]. We shall see later that the
quasi-S2W continuity defined here is not only a generalization of the quasi-continuity introduced
in [64] but also more suitable and powerful especially for proving the generation of RDS and the
measurability of cocycle attractors.

Recall that a mapping G from M to X is said to be with closed graph or simply closed if n,, — n
and G(n,) — z imply z = G(n). The following proposition tells that the quasi-S2W continuity “is
very close to” the closedness property, and if X is weakly compact, then they are equivalent.

Proposition 2.1.2. A mapping from M to X is closed if and only if

(i) G(n,) — G(n) whenever {G(n,) }nen is precompact in X and n, — n;
or, equivalently,

(ii) G(n,) — G(n) whenever {G(n,) }nen is precompact in X and n,, — .

Proof. We first prove by contradiction that the closedness implies (ii). Suppose (ii) does not hold,
then there exists an ¢ > 0 and a subsequence {7, } such that

|G () —G)lx =, VkeN. 2.1

But {G(,, )} is precompact, hence there exists a subsequence, denoted by itself after relabling, such
that G(n,,) — z for some z € X. By the closedness of G we have z = G/(n), contradicting (2.1).
Hence, the closedness implies (ii).

In the same way we conclude that (i) implies (ii). Indeed, by (i) we have G(n,, ) — G(n), which
along with G(n,,) — =z implies G(n,,) — z = G(n) since the weak and the strong limits are
identical; this contradicts (2.1) as well. As (ii) is clearly stronger than both (i) and the closedness, we
have the proposition. 0

2.1.1 Inheritability of quasi-S2W continuity

Now we prove that quasi-S2W continuity is inheritable: roughly speaking, if a mapping is quasi-S2W
continuous in some basic space then so it is in more regular subspaces.

Proposition 2.1.3. Let M be a complete metric space, and let (Y, || - ||y), (Z, || - ||z) be two Banach
spaces with dual spaces Y™, Z*, respectively, such that

Z =Y and Y — 7%,

where the injection 1 : Z — Y is continuous and its adjoint v* : Y* — Z* is a dense injective.
Suppose G : M — Y is a mapping. Then if G is quasi-S2W continuous from M to 'Y, so it is from
M to Z at points where G takes values in Z.
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Proof. Let {n, }nen be a sequence in M converging to some 7 such that G(n) € Z, and {G () }nen
be bounded in Z. We need to prove that G(n,) — G(n) in Z, i.e. for any z* € Z*,

(=%, G(m) = G() 5. = 0. 2.2)
By the boundedness of {G(7),) }nen in Z, let M be a constant such that
IG(m) — G(n)||z < M foralln € N. (2.3)

Since " : Y* — Z* is dense, for any € > 0 and z* € Z* there exists a y* € Y* such that

€

1 (y2) — 271

On the other hand, since the injection i : Z — Y is continuous, {G(7,,) }nen is bounded in Y. Hence,
thanks to the quasi-S2W continuity of G from M to Y, there exists an Ny € N such that

* €
[(y2,i(G () — G)))y| < 3 Vn > N. (2.5)
Therefore, from (2.3)-(2.5) it follows that
(=", G(n) — G(n)) .| < l(z ya —25,G(n ) .
“(y2), > -
< ||Z (y2) — 2 Iz* G(nn) —G(n)llz
+ (¥, (G () = G0)))ye
<e, VYn = Ny,
which implies (2.2) and the proof is complete. 0

Taking M = Y in Proposition 2.1.3 we have the following corollaries which themselves are
interesting and useful.

Proposition 2.1.4. Let Y, Z be two Banach spaces as in Proposition 2.1.3. Suppose G : Y — Y isa
mapping. Then if G is quasi-S2W continuous in 'Y, so it is from Y to Z at points where G takes values
inZ.

Proposition 2.1.5. Let Y, Z be two Banach spaces as in Proposition 2.1.3. Suppose G : Y — Y isa
mapping and maps Z into Z. Then if G is quasi-S2W continuous from Y to 'Y, so it is from Z to Z.

In applications, the spaces Y and Z satisfying conditions in Propositions 2.1.3-2.1.5 refer to basic
and regularity spaces, respectively. Examples are Y = L?(O) while Z = LP(O) or H}(O) or
Hi(O) N H*(O), etc, where p > 2 and O denotes some bounded domain in RY. Many evolution
equations modeling important physical phenomena are known continuous in L?(©) but not clearly
known whether or not they are continuous in more regular spaces, unless at least more restrictive
conditions are assumed, see [75]. Propositions 2.1.3-2.1.5 indicate that the quasi S2W-continuity is
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expectable for such cases, and, what is more interesting, it will be shown sufficient to study cocycle
attractors.

It is interesting to note the case Y = L?*(O) with Z = LP(O), p > 2, for unbounded domains.
When the domain O is unbounded, Propositions 2.1.3-2.1.5 are still applicable though the relation
LP(O) — L?(O) fails, only to notice that for each r, s > 1 the space L"(O)NL*(O) is a Banach space
continuously and densely embedded into L"(O), see Lemma A.1.6. So by taking Z = L*(O)NLP(O)
one is able to apply Propositions 2.1.3-2.1.5 to study the cocycle attractor in Z. This observation is
useful especially in the study of bi-spatial cocycle attractors, which will be presented in Section 2.2.3.

2.1.2 Measurability of quasi-S2W continuous mappings

It is well known that the strong continuity of a mapping implies the measurability of the mapping with
respect to Borel sigma-algebra. The following proposition, inspired by [85, Theorem 2.3], indicates
that the quasi-S2W continuity is already sufficient to ensure such measurability.

We always denote by B(+) the Borel sigma-algebra of a metric space.

Theorem 2.1.6. Suppose that M is a complete metric space and (X, || - || x) is a separable Banach
space. If a mapping G : M — X is quasi-S2W continuous, then G is (B(M), B(X))-measurable.

Proof. We first prove that the inverse image of every closed ball in X under G is a closed set in
M. Consider the closed 7-neighborhood B of any an z € X. Suppose 1, € G~*(B) is a sequence
converging to some 1 € M. Since 7, — 1 and G(7,) € B is bounded, by the quasi-S2W continuity
of G we know that G(7,,) converge weakly to G(7) in X, which follows that

1G () =l x <liminf |[G(n,) = 2|x <7

Hence, G(n) is in the r-neighborhood B as well, and therefore n € G~1(B) as desired.

Now let B be any open ball in X with center x, and radius ro. Then B = U,,cnB,, with B,, the
closed (ro—1/m)-neighborhood of xg, and G~1(B) = U,,—;G1(B,,). Since in the first paragraph we
have proved that each G~1(B,,) is closed in M and thereby G~1(B,,) € B(M), we have G~1(B) €
B(M).

For any open set O in X, since X is separable and hence has a countable dense subset {z,, } men,
there exist a subset {z,,, }ren and a sequence of rational numbers {7, }ren such that O = Uyen By
where B, is the open ball with center y,,, and radius 7, . As we have proved that each G~Y(By)
belongs to B(M), G71(O) = UgenG ™ (By) € B(M). The proof is complete. O

2.2 Existence criteria

In this section, we study the measurability and the existence of cocycle attractors for quasi-S2W
continuous RDS, and then generalize the analysis to bi-spatial cocycle attractors for which the meas-
urability is considered in more regular spaces.
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2.2.1 Preliminaries: random dynamical systems and cocycle attractors

Throughout this thesis, we always denote by (€2, F,P) a probability space, which is unnecessarily
P-complete, endowed with a flow {¥, };cr satisfying

e Uy = identity operator on €2;

e 1,Q0=0, VteR,

o 0,00, = Uiy, Vi sER:

o (t,w)— thwis (B(R) x F,F)-measurable;

e P-preserving: P(U,F) =P(F), Vt<O0,F e F.

For the ease of notations, we often use 1/, instead of J;, when describing universal properties valid for
every t € R.

It is convenient to work on a full measure subspace Q, instead of Q). In the following, we shall not
distinguish Q from €, that is, by saying that a statement holds for all w € { we mean that it holds on
Q.

Definition 2.2.1. Let X be a complete metric space. The mapping ¢ : RT x Q x X — X is called a
random dynamical system (RDS for short) on X with base flow {0, };cr on €2, if

(1) ¢is (B(R) x F x B(X), B(X))-measurable;
(2) ¢(0,w,-) is the identity on X;
(3) it holds the cocycle property

o(t+ s,w,x) = qb(t, Osw, P(s, w, x))

When some continuity of NRDS (and RDS) is mentioned, the continuity is referred to x in the phase
space X, i.e., of the mapping x — ¢(t,w, o, x), except otherwise clearly stated.

Next we define the so-called random set, which plays a central role in the study of RDS.

Definition 2.2.2. For any complete metric space X, a set-valued mapping D: © + 2X\ 0, w —
D(w) is said to be an (autonomous) random set (in X) if it is measurable, namely, the mapping
w — distx(z, D(w)) is (F, B(R))-measurable for each z € X. If each image D(w) is closed (resp.
bounded or compact) in X, then D is called a closed (resp. bounded or compact) random set in X.

Note that the measurability in Definition 2.2.2 is stronger than to require the mapping w +— D(w)
to be measurable in the sense that

graph(D) = {(w,2) e @ x X 1z € D(w)}
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being F x B(X)-measurable. In fact, the two arguments are equivalent if F is P-complete, see [28,
Chapter 1.3]. But in order to characterize attracting properties of attractors, generally a set-valued
mapping D is said to be measurable if and only if it satisfies Definition 2.2.2. However, it is worth
pointing out that if D(-) is a single-valued mapping, then the two measurabilities of D are equivalent,
since the distance mapping dist(z, -) is (X, R)-continuous.

Given two random sets Dy, Do, write Dy C Dy if D;(w) C Dy(w) for all w € €2, and we then say
Dy is smaller than D-.

Throughout this thesis, for any random set D in some metric space X, we denote by N_(D(-)) the
random set in X identified by the closed e-neighborhood of D, i.e.,

N(D(w)) = {z € X : distx(z, D(w)) < e}, YweQ
Recall that dist x (or simply dist) denotes the Hausdorff semi-distance between sets in X.
Lemma 2.2.3. The closed c-neighborhood N_(D) of a random set D is a closed random set in X.

Proof. It suffices to observe that for any ¢ > 0 and z € X we have
{we Q:distx(z, Vo(D(w))) < a} = {w € Q : distx(z, D(w)) < a + ¢}
belonging to F as D is measurable. [

We need the next lemma on measurability, see [22, Chapter III], [48, Chapter 2.2] and [ 1 0, Lemma
2.2].

Lemma 2.2.4. (I) Let { D, },en be a family of closed random sets in a Polish space X. Then
w— | Du(w)

is a closed random set in X. If in addition {D,,},cn is decreasing and every sequence {x, },cn with
x, € D,(w) is precompact, then
ﬂ Dy (w)

neN

is non-empty and measurable.
(Il) For any closed random set D in X there exist a set of countable random variables f,, n € N,
such that f,(w) € D(w) forall w € Q and

D(w) = |J falw).

Denote by D a collection of some random sets in Polish space X which is

e neighborhood-closed, i.e. for each D € Dy there exits an € > 0 such that the closed e-
neighborhood N (D) belongs to D, and
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e inclusion-closed, i.e., if D € Dy then each random set smaller than D belongs to Dy.
An example of the universe Dy is the collection of all the bounded random sets in X.

Definition 2.2.5. Given two random sets D and B, it is said that D pullback attracts B (in X under
RDS ¢) if for each w € € it holds that

for any € > 0 there exists a 7" > 0 such that

distx (é(s,0_sw, B(0_,w)), D(w)) < & forall s > T. (2-6)

If D pullback attracts every element in D x under the topology of X, i.e., (2.6) holds for each B € Dy,
then D is said Dx-pullback attracting (in X).

Definition 2.2.6. [23] A random set &7 = {7 (w)}ueq is called a (random) cocycle attractor with
attraction universe Dy for an RDS ¢ if

(i) o7 belongs to Dx and is compact;
(i1) o7 is Dx-pullback attracting under ¢;
(iii) < is invariant, i.e.,

H(s,w, o (w)) = o (Vsw), VseR" we.

A cocycle attractor with attraction universe Dy is often called a Dy-cocycle attractor or simply
a cocycle attractor without mentioning the universe Dx when no confusion occurs. Note that the
property o € Dy ensures the minimality and uniqueness of the attractor among compact random
sets satisfying (ii) and (iii).

2.2.2 Measurability and existence criteria

Let X be a Polish Banach space and ¢ an RDS on X. Now standing on the quasi-S2W continuity of
an RDS we prove the measurability and some existence criteria for the cocycle attractor. Let us review
for strongly continuous RDS, that [34, 33] established some existence criteria for cocycle attractors,
while [83, 84] investigated the non-autonomous cases. In [64], the authors studied cocycle attractors
for quasi-continuous RDS but with the measurability problem untouched.

Omega-limit sets play a central role in the study of attractors. For any random set B in X, the
omega-limit set W(-, B) of B in X is defined as

W(w, B) = ﬂ U¢(t, Y_w, B(Y_w)), Yw €,

s=>0t>s

where the closure is taken under the norm-topology of the phase space X. Note that it is generally
unclear whether or not the omega-limit set of a random set is a random set. But Lemma 2.2.8 will
show that W(-, B) would be a random set if B pullback attracts itself.

The following statement is well known.
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Lemma 2.2.7. For each w € Q and D € Dx, y € W(w, D) if and only if there exit sequences
t, — oo and x, € ¢(tn,V_y,w, D(V_y,w)) such that z,, — yin X.

The following result for omega-limit sets of random sets is crucial.

Lemma 2.2.8. Suppose that ¢ is a quasi-S2W continuous RDS and B a random set in X. If there
exists a compact random set K in X pullback attracting B under ¢, then

(1) for each w € Q, W(w, B) is nonempty, compact, and has the invariant property

6(t,w, W(w, B)) = Ww,B), teRY 2.7)

(II) W(-, B) pullback attracts B, i.e. satisfying (2.6), and is included in any closed non-autonomous
random set D which pullback attracts B

W(w,B)) C D(w), Yw € Q; (2.8)

(I1I) if moreover B pullback attracts itself in X, then W(-, B) is a random set.

Proof. (I) Lett, — ocoand z,, € B(J_;,w). Since K is compact and pullback attracts B, there exists
ay € K(w) such that, up to a subsequence,

¢(tn> ’19_th7 In) — y

which indicates that y € YW (w, B) by Lemma 2.2.7. Hence, W(w, B) is nonempty.
To see the compactness, take arbitrarily a sequence {y, }nen C W(w, B). Then by Lemma 2.2.7
we have sequences x,, € B(Y_;,w) and t,, — oo such that

distx (@(tn, V_y,w,xn),yn) < 1/n, ¥n e N.

On the other hand, as K pullback attracts B and by Lemma 2.2.7 again, there exists ay € W(w, B)
such that
¢(tn7 ﬁ,tnw, xn) —Y

in a subsequence sense. Hence, y,, — y and W(w, B) is compact.
To prove the invariance, we claim that

S

W(w, B) = ﬂ Ugb(t,ﬁ,tw,B(z‘Ltw))

s=>0t>s

. 2.9)

— ﬂ Uqﬁ(t,ﬁ_tw, B(W_w)) , YweQ,

s=>0t>s

where and hereafter the indicator “S” (resp. “W”) nearby the over-line indicates the strong (resp.
weak) topology under which the closure is taken. Indeed, for any y lying in the right-hand side term,
there exist sequences ¢, — oo and x,, € B(Y_;,w)) such that ¢(t,,Y_;,w,r,) — y. On the other
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hand, since B is pullback attracted by K and K is compact, ¢(t,,9_;, w,z,) converges to some
z € X strongly in a subsequence sense, which implies that

S
y==z c ﬂ@out}s(ﬁ(t,ﬁ,tw, B(ﬁ,t(.x.))) .

Hence,

Aot 9w, B_ cﬂUmﬁth ) |

s=>0t>s s=>0t>s

and then (2.9) follows since the inverse inclusion is trivial.
Now we prove the invariance. As K pullback attracts B, for any ¢t > 0 and w € (2, there exists a
time 7' > 0 such that

ot +n, U _pw, B(ﬁ—n“’)) = ¢(t +n, Ut pthw, B(ﬁ—t—nﬁtw))

CM(K(Ww)), Vn=T, (2.10)

where A (-) denotes the closed 1-neighborhood. As it holds f(N,A,) C Naf(A,) for an arbitrary
function f, we observe that

6(t,0, W(w, B)) = 6(t, 0, Mooz Uyosd(11, 0o BO ) )
m t W Un>s¢ 777 nwaB(ﬁ*Tiw))S)7

s2T

2.11)

where 7' > 0 is given in (2.10). Take arbitrarily y € ¢(t,w, Up=s¢(n, 9w, B(ﬁ_nw))s) for any an

s > T'. Then there exist an z € U,>s¢(n, V_,w, B(ﬁ_nw))s and a sequence
T € P(1, Uy, w, B(V_,,,w)) with 1, > s,
such that y = ¢(¢,w, x) and x,, — x. Note that, by (2.10),

¢(t7 CU, xn) E ¢(t7 W, ¢(nn’ ﬂ_nnw7 B(ﬁ_anJ)))
= O+ T V0, B ) 2.12)
Hence, the sequence ¢(t,w, z,,) is bounded and converges weakly to ¢(t, w, x) = y by the quasi-S2W
continuity of ¢, which follows that

w

y e U gb(t,w, o(n, VW, Bw—nw)))

n=s

Since y was taken arbitrarily, we have

w
(b(t,w,Un>s¢(n,ﬂ_nw,B(ﬁ_nw))S) - U o(t,w, d(n,V_yw, B(U_,w))) ,

n=s
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which along with (2.11) and (2.9) implies that

O(t,0,W(w, B)) C () (t.0, Upos (17, 0y, B0_))")
s>T
- Q L;J ¢(ta w, ¢(n, V_yw, B(ﬁ—nw)))w
= q U ot +n, 0 _yw, B(ﬁfnw))w
s=2T nzs
= () YoM, v, 0dw, B(_, 0 ﬁtw))w = WWw, B).
s>t+T n=s

To see W(Vw, B) C ¢(t,w, W(w, B)), lety € W(,w, B). Then by Lemma 2.2.7 there exists a
sequence

Tp € O(tn, V_y, Viw, B(¥_y,w))
- ¢(t7 W, ¢<tn - t7 ﬁt—tnw’ B<19t—tnw))

with ¢ < t, — oo such that x,, — y. Suppose z, € ¢(t, — t, V4, w, B(¥_4,w)) is such that
z, = ¢(t,w, z,). Since B is attracted by K, for any w € (2, there exists a time Ty > 0 such that

¢(77>T9—nW>B(19—nW)) - Nl(K(w))7 VU = Top. (2.13)

Hence, the sequence {x, },cn is bounded. Moreover, by the pullback attracting and compact prop-
erties of K, there exists a z € X such that z, — 2z up to a subsequence, which implies that
z € W(w, B)) by Lemma 2.2.7. Hence, by the quasi-S2W continuity of ¢ we have

Ty = O(t,w, z,) = o(t,w, 2).

Thus, by the uniqueness of a limit, we have y = ¢(t,w, z) € ¢(t,w,W(w, B)). The invariance is
clear.

(IT) We prove that W(-, B) pullback attracts B by contradiction. Suppose there exist an w € 2,
g0 > 0, sequences t,, — oo and z,, € B(J_;,w) such that forall n € N,

distx (¢(tn, V_t,w, x,), W(w, B)) = €. (2.14)

Then as the compact random set K pullback attracts B, there isa y € K (w) such that ¢(t,,, 9 _;, w, x,,)
converges to y up to a subsequence. By Lemma 2.2.7 we have y € W(w, B), contradicting (2.14).
Hence, W(-, B) indeed pullback attracts B.

Now we prove (2.8). Take arbitrarily a y € WW(w, B), then by Lemma 2.2.7 we have a sequence
Ty, € P(tn,V_y,w, B(U_4,w)) with t,, — oo such that z,, — y. By the pullback attracting property
and the closedeness of D we know y € D(w). Hence, W(w, B) C D(w).
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(IIT) Let us prove the measurability of the mapping w — W(w, B). First, let us prove that
S

W(w, B) = m U o(m, 9 _pw, B(V_pw))

neNm=n

w (2.15)

= m U d(m,V_pw, B(U_pw)) , Yw € Q.

neNm=n
Since B pullback attracts itself, by (2.8) we have W(w, B) C B(w) for each w € 2. Hence, by the
invariance (2.7) of W(w, B), we have
W(w, B) = ¢(m, ¥ _pw, W(VI_,w, B))
C ¢(m, V_pw, B(Y_p,w)), V¥m € N.

Therefore,
S

W(w, B) C ﬂ U d(m, ¥ _pw, B(V_pw))

neNm=n

and thereby, since the inverse inclusion is straightforward, the first identity of (2.15) holds. Similarly
to (2.9) we have the second identity of (2.15).

By (2.15) it is elementary to check that
W

W(w,B) = G (1, 0, BO_p)) (2.16)

neNm=n

Recall from (2.13) that for any w € (2, there exists a time 7 > 0 such that
¢(77719—77w73(19—nw>> C Nl(K(W))7 Vn = T().

Then, since B is a non-empty closed random set, by Lemma 2.2.4 (II) there exists a sequence { f; }jen

of measurable functions such that B(V_,,w) = Ujen fj(ﬁ_mw)s, which makes

w
S, 00, BO_ ) = | élm, 0o, f(w)) . ¥m > To, 2.17)

jEN

where we have used the quasi-S2W continuity of z — ¢(m,¥_,,w, x). Hence, by (2.16) and (2.17)

we have
w

Wi, )= () U Ustm i @)

n>Ty m=n jeN

= U Uém,d_mw, fiw))

n=2To m=n jEN

w

S

- ﬂ U Ugb(m,ﬁ_mu),fj(w)) ;

n>=Ty m=n jEN
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where the last identity is established similar to (2.15).

Since each ¢(m,J_,,w,x) is (F,B(X))-measurable in w and (B(X), B(X)) measurable in z,
the mapping w — ¢(m,V_,w, f;(w)) is (F, B(X))-measurable, and thereby, as a single-valued
mapping, it is measurable in the sense of Definition 2.2.2 as well. Denote by

S
D, (w) = U U d(m,V_pw, fj(w)) , VneN, we.

m=n jEN

Then by Lemma 2.2.4 (I) we know each D, (-) is measurable.

On the other hand, D, is clearly decreasing and every sequence {z,} inside W(1,w, B) is
precompact since W(w, B) is compact itself. By Lemma 2.2.4 (I) we conclude that W(w, B) =
MnenDy (w) is measurable. The proof is complete. O

Now, thanks to Lemma 2.2.8, we are ready to establish an existence theorem for cocycle attractors
of quasi-S2W continuous RDS via omega-limit sets.

Theorem 2.2.9. Suppose ¢ is a quasi-S2W continuous RDS on X. If ¢ has a compact Dx-pullback
attracting set K and a Dx-pullback absorbing set B € Dx, then ¢ has a Dx-cocycle attractor
o/ € Dx given by

A (w) =W(w,B), Yw € Q.

Proof. By Lemma 2.2.8 it is clear that .27 is a compact non-autonomous random set which is invariant
and pullback attracts B. Moreover, .o/ is smaller than B and hence belongs to Dx since Dy is
inclusion-closed. We now prove the D x-attracting property. Since .o/ pullback attracts B, for each
e > 0and w € € fixed, there is a time 7" > 0 such that

dist (¢(t, 9_ w0, B(I_w)), M@)) <& WiT
On the other hand, for each D € Dy and w € 2, there is a time 7)»(w) > 0 such that

U o(t, 9w, D(_yw)) C B(w)

t=Tp (w)

as B is a Dx-pullback absorbing set. Hence,

dist (gb(t YT,y g, D(0—sqw)), %(w))
— dist (¢(T, 9100, ¢(t, 90w, D(I_9 1)), gf(w))
< dist <¢(T, 9_rw, B(0_1w)), M(w))

<e, YtzTp(¥ rw),

which indicates that <7 pullback attracts D. The proof is complete. 0
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Remark 2.2.10. Theorem 2.2.9 requires a compact Dx-pullback attracting set /X' (which unneces-
sarily belongs to Dx). This condition can be replaced by some dynamical compactnesses, such as
asymptotic compactness, flattening and squeezing properties, etc., [68, 53, 38, 30], each of which
ensures the omega-limit set of a D x-absorbing set B € Dx to be a compact Dx-pullback attracting
set. This observation will be presented in a more general non-autonomous framework, see Theorem
3.2.7.

2.2.3 The bi-spatial case

In this section we go into bi-spatial cocycle attractor theory. Bi-spatial attractors are known not only
belonging to a more regular space, but also pullback attracting in the topology of that space, and
hence recently have drawn much attention, see, e.g. [62-64, 87, 93] and references therein. Now, we
establish some theorems ensuring the measuarbility of a bi-spatial cocycle attractor without proving
the continuity of the system in that more regular space, which seems new in the literature.

In order to study bi-spatial cocycle attractors for RDS, let Y be another separable Banach space
such that Y — X continuously and X* < Y* densely, where X* and Y* are dual spaces of X and
Y, respectively. Denote by Dy some inclusion- and neighborhood-closed universe of random sets in
Y such that Dy C Dy.

Definition 2.2.11. An RDS ¢ on X is said to be (X, Y)-dissipative (on the universe Dx) if
e ¢ is an RDS when restricted on Y, i.e. satisfying Definition 2.2.1 with X replaced by Y’;

e there exists a random set B in Y which belongs to Dx and is Dx-pullback absorbing.

Note that B could belong to Dy (C Dy), in which case some analysis would be more intuitive
and straightforward.

Definition 2.2.12. Given an (X, Y')-dissipative RDS ¢, a random set .2/ in Y is called the (X,Y)-
cocycle attractor with attraction universe Dx for ¢ if

(D) of € Dx and < is a compact random set in Y;

(II) .« pullback attracts elements in Dy in the topology of Y, i.e., for each D € Dx and any ¢ > 0
there exists a 7' > 0 such that disty (¢(s, 0_sw, D(0_sw)), &/ (w)) < € holds for all s > T,

(IIT) & is invariant under ¢.

Remark 2.2.13. (1) Notice that the (X, Y")-cocycle attractor here is required to be measurable in
Y, not only measurable in X as described in [62, 63, 40, 93], etc. As the pullback attraction of an
(X, Y)-attractor is expected under the distance of Y, the mapping w — disty (z, </ (w)) should be a
random variable so that the attraction in Y makes sense.

(2) Clearly, an (X, Y')-cocycle attractor, if exists, must be the cocycle attractor of ¢ in X (cf.
Definition 2.2.6), showing higher regularity and stronger pullback attracting ability (in the topology
of V).

(3) If an (X, Y")-cocycle attractor belongs to Dy, then it must be the Dy -cocycle attractor in Y’
(cf. Definition 2.2.6), showing a broader attraction universe (Dx, not only Dy).
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The following existence theorem for cocycle attractors requires only the continuity of the RDS in
less regular spaces. We write the omega-limit set in X as W(-, B) to indicate the X -topology.

Theorem 2.2.14. Suppose that ¢ is a quasi-S2W continuous RDS on X. If ¢ is an RDS on Y, and
has a Dy -pullback absorbing set B € Dy and a compact Dy -pullback attracting set K in 'Y, then ¢
has a Dy -cocycle attractor o/ € Dy in'Y given by

Proof. Since the RDS ¢ is quasi-S2W continuous in X, so it is in Y by Proposition 2.1.5. Therefore,
the theorem follows directly from Theorem 2.2.9. [

Now we establish an existence theorem for bi-spatial cocycle attractors.

Theorem 2.2.15. Suppose that ¢ is a quasi-S2W continuous RDS on X, and is (X,Y')-dissipative on
Dx (with a Dx-pullback absorbing set B which is a random set in 'Y belonging to Dx but unneces-
sarily belonging to Dy ). Then if there exists a compact random set K in 'Y which is Dx-pullback
attracting under ¢ under the topology of Y, then ¢ has a (X,Y)-cocycle attractor &/ € Dx, with
attraction universe Dy, given by

o (w) = W(w,B)* = W(w,B)".
If, moreover, B € Dy, then o/ € Dy.

Proof. By Theorem 2.2.9 it is clear that ¢ has a Dx-cocycle attractor <7 in X given by &7 (-) =
W(-,B)X. Now we claim that W(-, B)* = W(-,B)". Indeed, for any y € W(w, B)¥, there
exist sequences ¢, — oo and x,, € B(J_;, w) such that ¢(t,,J_,w,z,) — yin X. On the other
hand, since B is attracted by a compact random set K in Y, there exits a 4/ € Y such that, up to a
subsequence, ¢(t,,Y_;,w,z,) — 3 in Y. By the uniqueness of a limit we have y = 3’ € W(w, B)Y,
and thereby W(-,B)* = W(.,B)Y. Hence «/(-) = W(-,B)Y, which along with Lemma 2.2.8
implies that .27 () is a compact random set in Y and pullback attracts B in the topology of Y. Since
B is Dx-pullback absorbing, we know that o7 is Dx-pullback attracting in Y. Since .7 is clearly
invariant, it is indeed the (X,Y)-cocycle attractor. If B is in Dy or Dy, then so is .o/ due to the
inclusion-closedness of Dy and Dy as &/ C B. U]

Remark 2.2.16. Similar to Theorem 2.2.9, the compact Dx-pullback attracting set KX in Theorem
2.2.15 can be replaced by other (bi-spatial) dynamical compactnesses, such as the (X, Y)-pullback
asymptotic compactness on Dx: for any D € Dy, w € 2 and sequence ¢, — oo, the sequence
{o(t, V4, w, x,)} with x,, € D(J_;, w) has a convergent subsequence in Y.

2.3 Applications to a stochastic reaction-diffusion equation

In this section we study a stochastic reaction-diffusion equation on R as an example to illustrate
how our theoretical results contribute to prove the measurability and existence of cocycle attractors,
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especially in more regular spaces. Under general conditions, insufficient to derive the continuity of
the system in LP? N H! (cf. [75, p. 227]), we are now able to study the cocycle attractor in LP N H?
which seems new in the literature; nevertheless, we are more interested to derive a stronger result, the
(L?, L* N H')-cocycle attractor.

To make our theoretical results more convenient to apply, we begin with some analysis for the
widely used Wiener probability space and a solution of an Ornstein-Uhlenbeck equation.

2.3.1 Wiener probability space and the continuity of a random variable
Now we define a typical probability space, the Wiener probability space (€2, F,P), given by
Q={we CR;R) :w(0) =0},

endowed with the compact open topology given by the complete metric

L |
= = 2 — ||y = t) — w'(t
plw; o) 2 T4 o~ w, lw =l = _sup Jw(t) =@,

and F the Borel sigma-algebra induced by the compact-open topology of €2, P the two-sided Wiener
measure on (2, F) which is given by the distribution of a two-sided Wiener process with covariance
q > 0: Ew(t)* = q|t|. The Wiener probability space is widely used to depict white noises describing
by Wiener processes. Define the translation-operator group {1J; };cr on €2 by

hw=w(-+1t)—w(t), VieR we.

Then P is ergodic and invariant under 1J, see for instance [42].

On the other hand, in view of [ | |, Lemma 11], there exists a full measure subspace Q C Q whose
each member has subexponential growth as |¢| — oo. This implies that for each ¢ > 0 and w € Q
there exists a positive constant C'(, w) such that

lw(t)] < Cle,w)e, vt eR.

It is clear that such € is invariant under 9, and in the sequel we restrict ourselves on ) and write () as
Q.
For A > 0, set .
z(w) = —/\/ Nw(r)dr, Yw e Q. (2.18)
Then 2z is well-defined on €2 and z(J,w) is continuous in ¢ for every w € € satisfying the tempered
property, that is, for any € > 0,
lim e *|z(V_w)| =0, VYw €. (2.19)

t—o00

Moreover, (t,w) — z(Jw) is a stationary solution of the one-dimensional Ornstein-Uhlenbeck equa-
tion
dz(Vw) + Az(Vw)dt = dw. (2.20)

In fact, we have the following lemma.
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Lemma 2.3.1. (See [9, 12, 86]) There exists a 9-invariant subset Q0 € F of full measure such that

/ .
lim @ =0 forallw e,

t—+o0

and, for such w, the random variable given by (2.18) is well defined. Moreover, for w € (), the
mapping
(t,w) = z(Yw)

is a stationary solution of (2.20) with continuous trajectories. In addition, for w € Q,

9 1 [
im P09 —/ 2(0,w) ds = 0, 2.21)
t—+oo ’t‘ t—4oo ¢ 0
1 t
lim -/ 2(0aw)| ds = EJ2| < oo. (2.22)
t—+oo ¢ 0
For later purpose, set
Oy = {w €0 |w(t)] < Nedlt, vt e R} . VNeEN. (2.23)

Clearly, we have

0= UQN.

NeN

Proposition 2.3.2. (i) Each Q) is a closed set in €);
(ii) For each Q, the mapping w — z(w) is continuous from (Qy, p) to R.

Proof. (i) Suppose that {w, },eny C Qn is a sequence approaching to some w in 2. Let us prove
w € Qu by contradiction. If it is not the case, then there exits a 7" € R, without loss of generality,
assumed lying in [k, k + 1) for some k € N, such that

w(T)| > NealTl, (2.24)
On the other hand, since w,, — w in €2, we have

lwn —wllkrr = sup  Jwu(t) —w(t)] =0, asn— oo,
—(k4+1)<t<k+1

and in particular |w,(T) — w(T)|] — 0. Hence, w(T) is no greater than NezIT! as 50 is not wn(T),
which contradicts (2.24).
(ii) Suppose that {w,, },en C Qv is a sequence approaching to some w in 2. Given any £ > 0,

let 7" be a negative integer such that
AT

ANeS < % (2.25)
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Since w, — w in {y, there exists an IV, € N such that ||w,, —w|||7 < forall n > N,. Hence,

& ___
2(1—erT)

'/ — () dr

oten) = 2] < p [ o)~ o] +

T
< jwn = wlljmy / A dr| 4+ 2N )\/ el dr (2.26)
T —o00
— Jlwn — wllir (1 = T) +4Nes <&, Vn > N,
Hence, z(w,) — 2z(w) as w, — w in Q. The proof is complete. O

Remark 2.3.3. Actually we have proved in Proposition 2.3.2 a Lusin’s continuity for z(-), that is, for
each § > 0 there is a closed set ' C €2 such that P(2 \ F') < ¢ and z(-) is continuous on F'. Indeed,
as {Qn }ven is increasing and Uyen$dy = €2, by the countable additivity of the measure P we have
P(S2y) — 1. Hence, Proposition 2.3.2 implies that for each 0 > 0 there exists an Qy € F (in the
form of (2.23)) with P(2\ ) < J such that z(-) is continuous on Q.

Corollary 2.3.4. For each )y, the mapping w — z(Vw) is continuous on Qx uniformly in t on
bounded intervals, that is, for any (11,T) C R being bounded,

sup  |z(Vswi) — 2(Vswo)| = 0 as wx — wp in Q.
SG(Tl,TQ)

Proof. Suppose I = (11,T») C R is a bounded interval. Then for any s € [ it holds

|2(Vswi) — 2(Pswo)| = A ’/ wk T+ 5) — wi(s)) — (wo(T +5) — wo(s)))dT

| [ e (tantr 9 ot +))ar] +fon(s) —anls)

| (atn) — am)ar

< Ae + llwr = wollm,

where m; is a positive number no less than |77| and |T5|. Since

e = e ¢

/_ " () — wolr))dr

< e z(wi) — 2(wo)l + 1 — ™ [lwr — wollm,

by Proposition 2.3.2 we conclude that
sup [2(Vswy) = 2(Uswo)| < e z(wr) — 2(wo)| + (2 + e lwi — wollm,
se

— 0, aswy — woin Qy.

The proof is complete. 0
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The next lemma, along with Prop. 2.3.2 (ii), gives a clear view of the measurability of z(-).

Lemma 2.3.5. A mapping f from Q) to a metric space M is (F, B(M))-measurable if and only if for
all N € N the restriction flq, of f on Qn is (B(Qn), B(M))-measurable.

Proof. The fact Q = UnenQy gives for any M € B(M) that

{we: flw)e M} = U{wEQN:f(w)EM}

= |J {wen: floy(w) € M}

NeN

and that
{weQy: flay(w) € M} ={w e Qn: f(w) € M}

=Qy[{weQ: flw)e M}, VNEN.

Moreover, as any closed subset U of the subspace {2y has the form 25NV for some closed subset V' of
€, Proposition 2.3.2 (i) implies that B(Qy) C B(Q2) = F and B(Qx) = {Qy N F : F € F}. Hence,
if each flq, is (B(Qx), B(M))-measurable, then Fiy := {w € Qu : floy(w) € M} € B(Qy) C F.
So{weQ: f(w) € M} = UyenFn € F, thatis, fis (F,B(M))-measurable. Conversely, if f is
(F, B(M))-measurable, then F' := {w € Q: f(w) € M} € Fsothat {w € Qy : flo,(w) € M} =
Qy N EF € B(Qy), thatis, flq, is (B(Qx), B(M))-measurable as desired. O

We shall see later (in Proposition 2.3.9 in the next application subsection) that Lemma 2.3.5
along with our quasi-S2W continuous results could contribute to prove the measurability of an RDS
generated by a stochastic differential equation with white noises.

2.3.2 (L% LP N H')-cocycle attractor for a reaction-diffusion equation
We study the following stochastic reaction-diffusion equation defined on R, N € N,
du 4+ (A — Aw)dt = f(z,u)dt + g(z)dt + h(z)dw (2.27)
with initial value condition
u(z,0) = ug(z), = €RY, (2.28)

where A > 0 is a constant, g(z) € L*(R"), h(x) € W?P(O) for some p > 2 and w comes from
() studied in Section 2.3.1. The nonlinear term f(x,u) is assumed to satisfy the following standard
conditions

f(x,8)s < —ay|s|P + oy (), (2.29)
£ (z,8)] < anls|P™ + (), (2.30)
)
a]; (x,s) < as, (2.31)
0
8—£(x, s)‘ < Ys(w), (2.32)
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where «; are positive constants, ¢; € L*(RY) N L®(RY), v € L*(RY) N LY(RY) with ]% + % -1
and 3 € L2(RY) N L2 (RV).
Consider the following reaction-diffusion equation with random coefficients
dv

% + M — Av = f(z,v+ hz(Qw)) + g(z) + z(Yhw)Ah(x),

v(x,t)]i=0 = vo(x).

(2.33)

Similar to [4] we have the following existence result.

Lemma 2.3.6. Under conditions (2.29)-(2.32), for each vy € L*(RY) and w € ) there exists a unique
solution

v(-,w, 1) € C([0,00), L*(RY)) N LY

loc

(0, 00; LP(R™)) N L, (0, 00; H'(RY))

loc

satisfying (2.33) such that v is continuous in L* with respect to initial data.

As a classical parabolic system, the stochastic reaction-diffusion equation has been considerably
studied. In terms of cocycle attractors, [4] studied the existence of cocycle attractor in L?, while
[62, 64, 93] studied the (L%, L?)-cocycle attractor and [65] the (L%, H')-cocycle attractor, etc. But
notice that, since we are working on arbitrary p > 2 and N € N, without additional conditions the
solution v is not continuous (w.r.t. initial data) neither in H* nor in L?, and also the mapping ¢ — v(t)
is not (R, L?)-continuous. As a consequence, though the regularity of the attractor was studied in
[93, 62, 92, 78, 65], etc, the measurability of the cocycle attractor obtained there was only in L2,
Now, thanks to our theoretical analysis for quasi-S2W continuous RDS, we are able to prove that the
cocycle attractor is in fact an (L%, H* N L?)-cocycle attractor, showing that the cocycle attractor is a
random set in H' N LP.

For simplicity we write

X=(L®RY), - Ix), Y= (H®RY)NLRY),[-[y),

with ||v|]y = ||Vv||x +||v|lx +]/v] z»- ThenY is a Banach space continuously and densely embedded
into X with X* C Y*, see Lemma A.1.6 and the discussion after Proposition 2.1.5.
Define

o(t,w,ug) = u(t,w,ug) = v(t,w,ug — hz(w)) — hz(dw).

Then clearly u is the solution of (2.27) and ¢ defines a continuous RDS in X.

In the following, denote by Dx (resp. Dy ) the collection of tempered random sets in X (resp.
inY),ie. D € Dy if and only if for any ¢ > 0

tlim e DWW w)|lx =0, VYwe Q.
—00
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a). (X,Y)-dissipation of the reaction-diffusion equation

Now we prove that the RDS ¢ generated by the stochastic reaction-diffusion equation is (X, Y)-
dissipative on Dy, which is necessary to study the (X, Y')-cocycle attractor for ¢. First recall the
following uniform estimates of solutions.

Lemma 2.3.7. (See [4, Lemmas 4.1 & 4.5] and [62, Lemma 4.3]) Under conditions (2.29)-(2.32), for
each D € Dx there exists a random variable Tp(w) > 0 and a tempered random variable r(w) > 0
such that the solution u of the equation (2.27) satisfies

|u(t, ¥ _yw, D(I_w))|ly < r(w), Vt=Tp(w).

Lemma 2.3.8. For the solution v of (2.33), the mapping w +— v(t,w,vq) is continuous from each
(QN, p) to X.

Proof. For any t € R" and vy € X fixed, denote by v; and v, the solutions v(¢,wq,vg) and
v(t, wq, vg), respectively, for any wy,ws € €. Then by (2.33) we know the difference v := v; — vy
satisfies

Y = A = F(a, 00+ ha(Don) — £, 02+ (D)

dt
+ Ah(z(thw) — z(hws))
< ag|v + h(z(thwr) — z(Phwe))| + Ah(z(Dwr) — 2(Fws)).

Taking the inner product with v in X, we have

d
IV < elvilx + clz(uwn) = 2(wn) P,

where ¢ is a positive constant depending only on ||A]|* and ||Ah]|?, and Gronwall’s lemma gives
T
V()15 < ceCT/ e “z(Vswr) — 2(Vswo)|? ds
0
T
< ceCT/ |2(Vswr1) — 2(Vgwo)|? ds, VT € RT.
0

By Corollary 2.3.4 we know that ||v(T)||% — 0 as w; — wo in Qy. O

Proposition 2.3.9. The RDS ¢ generated by reaction-diffusion equation (2.27) is (X,Y)-dissipative
on Dy, i.e. satisfying Definition 2.2.11.

Proof. Firstly, define
Bw):={ueY:|ully <r(w)}, (2.34)

where 7(w) is the tempered random variable in Lemma 2.3.7. Then B € Dy C Dy, and is a Dx-
pullback absorbing set by Lemma 2.3.7. Hence, we only need to prove that ¢ is an RDS in Y.
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When restricted on Y, i.e. when uy € Y/, it is known (by Gronwall’s technique) that ¢(-, -, uo)
maps RT x Q into Y. Moreover, we claim that when restricted on Y, ¢ defines an RDS in Y.
Indeed, since the map t — ¢(t,w, ug) is continuous from R™ to X, by Proposition 2.1.3 we know it
is quasi-S2W continuous from R* to Y and thereby (B(R™), B(Y'))-measurable by Theorem 2.1.6.
Similarly, since, in view of Lemma 2.3.8, w +— ¢(t, w, ug) is continuous from each Q2 to X w.r.t. the
compact-open topology, it is quasi-S2W continuous from each 2y to Y by Proposition 2.1.3. So it
is (B(Q2y), B(Y'))-measurable for each N € N by Theorem 2.1.6 and then (F, B(Y"))-measurable by
Lemma 2.3.5. Finally, since ug — ¢(t,w, ug) is continuous in X, it is quasi-S2W continuous in Y’
according to Proposition 2.1.5 and thereby (B(Y'), B(Y'))-measurable. In other words, we have seen
that ¢ is (B(R™) x F x B(Y), B(Y'))-measurable and is indeed an RDS in Y. O

b). The (X,Y)-cocycle attractor

The D x-cocycle attractor <7 in X was established in [4]. Moreover, in view of [62, 65, 78] the cocycle
attractor .7 is in fact compact in Y (i.e. each image .7 (w) is a compact set in Y') and pullback attracts
Dyx in the topology of Y. These results are summarized in the following lemma.

Lemma 2.3.10. Suppose conditions (2.29)-(2.32) hold. Then the RDS ¢ generated by the stochastic
reaction-diffusion equation (2.27) has a Dx-cocycle attractor </ € Dy such that

(i) for eachw € ), of (w) is a compact set in'Y;
(ii) </ pullback attracts Dx in the topology of Y.

Proof. The existence of Dx-cocycle attractor .o/ in X was established in [4]. In [62] the authors
proved that .7 pullback attracts Dy in the topology of LP(RY) and each <7 (w) is compactin LP(R").
First in [78] with improvements in [65] it was proved that .o/ pullback attracts Dy in the topology
of H'(RY) and each <7 (w) is compact in H'(RY). Finally, since ./ is smaller than B defined by
(2.34), &/ € Dy as Dy is inclusion-bounded. Hence, this lemma is clear. [

Now we show the measurability of the attractor .2 in Y, i.e. the mapping w — disty (y, o7 (w)) is
(F, B(R*))-measurable for each y € Y.

Theorem 2.3.11. Under conditions (2.29)-(2.32), the D x-cocycle attractor <f for the RDS ¢ gener-
ated by the stochastic reaction-diffusion equation (2.27) is a compact random set in'Y'. In fact, <7 is
the (X,Y)-cocycle attractor for ¢ with attraction universe Dy in the sense of Definition 2.2.12.

Proof. Thanks to the analysis in Section 2.3.2 and Lemma 2.3.10, <7 is indeed the (X, Y")-cocycle
attractor with attraction universe Dy by Theorem 2.2.15. [

Remark 2.3.12. The existence of (X, Y')-cocycle attractor for the stochastic reaction-diffusion equa-
tion implies that the equation has a Dy-cocycle attractor in Y and a Dp1-cocycle attractor in H*.
Even the last result alone is new in the literature, since our conditions are too general to ensure the
continuity of the system in H'! so that usual existence theorems for cocycle attractors are not applic-
able. Notice that the recent publication [7] obtained the cocycle attractor in H'!, with techniques paid
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to obtain the continuity in H' (of course, this continuity property is interesting itself). Here, thanks
to our theoretical results for quasi-S2W continuous RDS, we obtained the attractor in ' and even in
Y = LP N H' without proving further continuities than the continuity in L.



Chapter 3

Cocycle attractors for non-autonomous
random dynamical systems I:
non-autonomous attraction universe case

In this chapter we generalize the results in Chapter 2 to non-autonomous cocycle attractors. No-
tice that cocycle attractors studied in Chapter 2 belong to their attraction universes so that are al-
ways attracted by themselves. In this chapter we restrict ourselves to a similar situation, studying
cocycle attractors with non-autonomous attraction universes for non-autonomous random dynamical
systems (NRDS). The aim is to generalize the autonomous theory established in Chapter 2 to a non-
autonomous one. Autonomous attraction universe case will be studied in the next chapter.

3.1 Preliminaries

In this section we give some basic definitions related to NRDS. We often regard autonomous RDS as
a particular NRDS, and all the definitions for NRDS will adapt to RDS.

Definition 3.1.1. Suppose X is a complete metric space. The mapping ¢(t,w, o, z) : RT x Q x ¥ X
X +— X is called a non-autonomous random dynamical system (NRDS for short) on X with base
flows {¥; }1er and {6, }ier, if

(1) ¢is (B(RT) x F x B(X) x B(X), B(X))-measurable;
(2) ¢(0,w,0,-) is the identity on X for each w and o fixed;

(3) it holds the cocycle property

Ot + s,w,0,2) = p(t,Vw,0,0) 0 p(s,w,0,1), Vt,s e RT weQ o€l

When some continuity of NRDS (and RDS) is mentioned, the continuity is referred to = in the phase
space X, i.e., of the mapping x — ¢(t,w, 0, z), except otherwise clearly stated.

67
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For simplicity, we often speak of NRDS without mentioning its base flows.
In order to emphazise the dependence on symbols, random sets satisfying Definition 2.2.2 are
often called autonomous. Now we define non-autonomous random sets.

Definition 3.1.2. Suppose X is a complete metric space. A two parameterized mapping D:YxQ—
2X\ 0, (0,w) — D,(w) is called a non-autonomous random set in X if, for each o € ¥, D, (-) is
a random set in the sense of Definition 2.2.2. A non-autonomous random set is said to be closed (or
bounded, compact, etc) if each DO is closed (or bounded, compact, etc).

In the following, let X be a Polish Banach space and ¢ an NRDS on X. Denote by Dy some
class of non-autonomous random sets in X which is

° neighborhood—closqd, i.e. for eagh D € f)x there exits an € > 0 such that the closed -
neighborhood N; (D) belongs to D, and

e inclusion-closed, i.e., if DeD + then each non-autonomous random set smaller than D belongs
to DX .

An example of the universe Dy is the collection of all the bounded non-autonomous random sets in
X.

Omega-limit sets play an important role in the study of attractors. For each non-empty non-
autonomous random set D and ¢ € ¥, the random omega-limit set W(-, o, 15) of D driven by o is
defined by

W(wv g, D) - ﬂ U ¢(t7 ﬁ—twa e—to_a D97t0<19—tw))7 Yw € Q.

s>0t>s

It is straightforward to have the following lemma.

Lemma 3.1.3. For each w € (), 0 € ¥ and non-autonomous random set D, y € W(w, o, 15) if and
only if there exit sequences t,, — 0o and x,, € ¢(t,, 94 w,0_; 0, Dy_,o(V_y,w)) such that x,, — y.

Definition 3.1.4. Given an NRDS ¢, a non-autonomous random set K = {K,(-)}Ueg is called Dy-
pullback attracting under ¢ if for each D € Dy,

~

tlim dist <¢(t,19,tw, 0_;0, ﬁg_ta(ﬁ,tw)), Kg(w)> =0, VoeX we,
—00

while it is called f)X-pullback absorbing if, for each DeD v, 0 € X and w € (), there exists a time
T (w, o) > 0 such that

U ot 9_w,0-0,Dy_o(V_w)) C K, (w).

t>Tp (w,0)

Note that a D x-pullback attracting/absorbing set does not necessarily belong to Dy.

Definition 3.1.5. A non-autonomous random set A = {A,(:)},cyx is called a Dx-random cocycle
attractor of the NRDS ¢ if
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() AeDx;
(2) every fl(,(-) is a compact random set,
(3) AisD x-pullback attracting;
@) A is invariant under o, that is,
O(t,w, 0, Ay (w)) = Ag,s(Vw), VteR".
Since A pullback attracts itself as it belongs to Dy, the minimal property follows directly from
the invariance of A, and thereby a D y-attractor must be unique.

For Dy-random cocycle attractors, [83, 84] studied the existence and characterization by complete
trajectories. The following existence result is well known.

Lemma 3.1.6. /53, 84] Suppose ¢ is a continuous NRDS with a compact DX-pullback attracting
set K and a closed D—pullback absorbing set B € Dx. Then ¢ has a unique D -random cocycle
attractor A € Dy given by

3.2 Existence results under quasi-S2W continuity of NRDS

3.2.1 A first result

In this section, we establish some existence criteria for cocycle attractors for quasi-S2W continuous
NRDS, generalizing Lemma 3.1.6 and also Theorem 2.2.9.

Lemma 3.2.1. Suppose that ¢ is a quasi S2W-continuous NRDS and B is a non-autonomous random
set in X. If there exists a compact non-autonomous random set K pullback attracting B, then

(i) W(-,- ) is nonempty compact, and has the invariant property
d(t,w, 0, W(w,0,B)) = Ww,00,B), teR",0eX,we, (3.1)
and is included in any closed non-autonomous random set D which pullback attracts B

W(w,0,B) C Dy(w), Ywe Qo€ (3.2)

(ii) if, moreover, B pullback attracts itself, then W(-, - ) is a non-autonomous random set.

Proof. We prove in a similar way to Lemma 2.2.8. R R
(i) Let t, — oo and x, € By_, ,(V_¢,w). Then since B is pullback attracted by K, by the

compactness of K there exists ay € K, (w) such that, up to a subsequence,

gb(tna ﬁ—tnwv Q—tno-a xn) — Yy
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which indicates that y € W(w, o, B) by Lemma 3.1.3. Hence, W(w, 0, B) is not empty.
To see the compactness, take arbitrarily a sequence {Yn}nen € W(w, 0, B). Then by Lemma
3.1.3 we have sequences z,, € By_, »(9_,w) and ¢, — oo such that

dist(p(tn, V_t,w,0_1,0,2,),yn) < 1/n, VneN.

N

On the other hand, by the pullback attraction of K and Lemma 3.1.3 again, there exists y € W(w, o, B)
such that
¢(tm ﬁ—tnwu e—tn0-7 xn) — y

in a subsequence sense. Hence, y,, — y and W(w, o, B ) is compact.
To prove the invariance property, we notice that

S

wch ﬂU¢t19twgtUBeto—(79 w))

s=>0t>s

(3.3)

- w
= ﬂ Uqb(t,ﬁ_tw, 0_0,Bp_,o(V_4w)) , o€ X wel),

s=>0t>s

where and hereafter the indicator “S” (resp. “W”) nearby the over-line indicates the strong (resp.
weak) topology under which the closure is taken. Indeed, for any y lying in the right-hand side term,
there exist sequences ¢, — oo and z, € By_ o(V- tnw)) such that ¢(t,,0_y w,0_, 0,z,) — y.
On the other hand, since B is pullback attracted by K and K is compact, ¢(t,, 04 w,0 4 0,1,)
converge to some z € X strongly in a subsequence sense, which implies that

S
y==z¢c ﬂsgoutgsd)(t, 19_,50.), 9_,5(7, B@_tg(ﬁ_t(ﬂ)) .

So,
w

MU st 9w, 00, Bg_tgw,tw))s > (et 0w, 010, By_o(9_w)) |

s=0t>s s=>0t>s

and then (3.3) follows since the C inclusion is trivial.
Now we prove the invariance property. By the pullback attraction property of K, for any ¢ > 0,
o € ¥ and w € (), there exists a time 1" > 0 such that

¢(t + 7, 79—77('07 9—770_7 BG_na(ﬁ—nw)) = ¢(t + 7, 7~§‘—15—777~91f¢“)7 Q—t—netaa B@-t—neta(ﬁ—t—nﬁtw))

. (3.4)
C Mi(Ky,o(Vw)), VYn=T
Since for arbitrary function f it holds f(N,A.) C Naf(As), We observe that
R - S
¢<t7 w, g, W(UJ W, B)) = ¢(t7 w, g, ﬂs)TUn>s¢<nv 79—77("]7 9—770-7 BG,,,U(r&—nw)) )
(3.5)

- s
C ﬂ gb(t,w,a, Unzs0(n, V_yw, 0_n0, By_, 5(V_pw)) ),

s=>T



3.2. EXISTENCE RESULTS UNDER QUASI-S2W CONTINUITY OF NRDS 71

where T' > 0 is given satisfying (3.4). For any s > 7" and

= S
Y € (ZS(t, w,a, Un>s¢(n7 19*77(")7 9*7]07 BQ_WU(ﬁfnCU)) )7

there exist an x € U,>,¢(n, V_,w, 6_,0, ég_na(ﬁ_nw))s and a sequence
Tp € P(N, Uy, w,0_,, 0, Be@fnna(ﬁ_%w)) with 7, > s,
such that y = ¢(t,w, 0, z) and x,, — z. Note that, by (3.4),
o(t,w,o,1,) € qﬁ(t,w, 7, ¢, Uy, w,0_, 0, B(Lnng(ﬁ_nnw)))
= Gt + Moy V0, 0,0, B, 5(9_y,0)) (3.6)
C N (Kp,o (0,w)).

Hence, as the 1-neighborhood N 1(K 0,0 (%hw)) is bounded, the sequence ¢(t,w, o, x,,) is bounded and
converges weakly to ¢(t,w, o, x) = y by the quasi S2W-continuity of ¢, from which it follows that

— w
yelJo(tw,o,0(n, 0w, 0,0, Bs_0(0_yw)))

nzs

Since y was taken arbitrarily, we have

= S
(b(ta w, o, U7]>S¢(n7 19,77(,07 677]07 BQ_no(ﬁfT]w)> )
9%

c | Jo(t.w.o,0(n,9_yw,0-,0, By_o(V_yw))) .

nzs

which along with (3.5) and (3.3) implies that

A = S
$(t,w, 0, W(w,0,B)) C [ ¢(t,w, 0, Upzs(n, 9y, 0_y0, By_ 0 (9_yw)) )
s=>T
— W
C ﬂ U ¢<t7 wv 07 ¢(777 ’19*77“)7 9*770-7 Befna(’ﬁ*ﬁw)))
s=>T n=s
— W
= m U ¢(t + 1, 19—7]"‘}7 9—7707 BOfna(ﬁ—ﬂw))
s=T n=s

w

= () Uom.v- 00w, 0_,00,0,By_ ., o0V 0 D))

s>t+T n=s

= W(Ww,0,0,B), VteR* weQ oel.

To see W (0w, 0,0, B) C ¢(t,w, 0, W(w, o, l%)), let y € W(Yw, 6,0, Z%). Then by Lemma 3.1.3
there exists a sequence

Ty € O(tn, Uy, Vyw, 0, 0,0, Bet,tna(ﬁt—tnw))
= ¢(757 W, g, ¢(tn —t, 04, w, 04,0, Bet,tno(ﬁt—tnw»
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with ¢ < t,, — oo such that z,, — y. Suppose z,, € ¢(t, —t,0_,w, 04,0, égt_tng(f}t,tnw)) is such
that z,, = ¢(t,w, 0, z,). By the pullback attraction of K, for any o € ¥ and w € (), there exists a
time 7 > 0 such that

¢, 0 —yw, O_y0, Bf)fno(ﬁ—nw)) C NI(KU((U))’ vn = To. (3.7)

Hence, the sequence z,, is bounded. Moreover, by the pullback attracting and compact properties of
K, there exists a z € X such that 2, — 2 up to a subsequence, which implies that z € W(w, o, B))
by Lemma 3.1.3. Hence, by the quasi S2W-continuity of ¢ we have

T, = o(t,w,0,2,) = (t,w, 0, z).

Thus, by the uniqueness of a limit, we have y = ¢(t,w, 0, z) € ¢(t,w, o0, W(w, o, B)) The invariance
is clear. R
Finally, we prove (3.2). Take arbitrarily y € W(w, o, B), then by Lemma 3.1.3 we have a se-

quence )
Tn € ¢(tn7 19—th7 e_tno-7 Be—tng(ﬁ—tnc‘)))

with ¢, — oo such that x, — y. By the pullback attracting property and the closedeness of D we
know y € D,(w). Therefore, W(w, 0, B) C D,(w) and (3.2) follows.
(ii) Let us prove the measurability of the mapping w — W(w, o, B). First, let us prove that

S

W(w, o, B ﬂ U (m, V¥ _pw, 0_p0, ég_tg(ﬁ,mw))

neNm=n
w (3.8)

= U ¢(m.¥_nw,0_,0, By_o(0_w)) , Ywe Qo€

neNm=n

Since B pullback attracts itself, by (3.2) we have W(w, o, B) C B,(w) foreacho € S and w € Q.
Hence, by the invariance (3.1) of W(w, 0, B), we have
W(w, o, E) = ¢(m,V_pw,0_pno, W(I_,w,0_,0, E))
C p(m, ) _mw, 0_mo, By (0_nw)), Vm e N.

Therefore,
S

CU g, B ﬂ U m;ﬁ—mwye—mo-a Befma(ﬁ—mw)) )

neN m=n

and thereby, since the inverse inclusion is straightforward, the first identity of (3.8) holds. Similarly
to (3.3) we have the second identity. Hence, (3.8) holds true.
By (3.8) it is elementary to check that

144
1%

W(w, o, B ﬂ U (m, Y _pw, 0_0, Bg_m(ﬁ,mw)) ) (3.9)

neN m=n
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Recall from (3.7) that for any o € X and w € (), there exists a time 7 > 0 such that
o(n, v_yw,0_,0, B&no(ﬁ—nw)) cM (KU(W))v Vn = To.

Then, since B is a non-empty closed random set, by Lemma 2.2.4 (II) there exists a sequence { f; }jen

X s
of measurable functions such that By ,,(V_,w) = Ujenfj(¥_nw) , which makes

= w w
$(m, 0w, 0_m0, By_e(0_pw)) = | ¢(m, 0_pw,0_no, fi(w)) , Vm > Ty, (3.10)

jeN

as x — ¢(m,9_pw,0_,,0,x) is quasi S2W-continuous. Hence, by (3.9) and (3.10) we have

W

W(W,O', B) - m U U@b(maﬁ—mw?e—m()—?fj(w))w

n>Ty m=n jEN

= (N U U etm, 9w, 00, f;(w))

n>To m=n jEN

14

S

= U U smd_nw,0_no, f;(w)) .

n=>Ty m=n jeEN

where the last identity is established similar to (3.8).

As each ¢(m,V_,w,0_,0,2) is (F,B(X))-measurable in w and (B(X), B(X)) measurable in
x, the mapping w — ¢(m, V_,w,0_,,0, fj(w)) is (F, B(X))-measurable. Hence, as a single-valued
mapping, w — ¢(m,V_,w,0_,,0, fj(w)) is measurable in the sense of Definition 2.2.2 as well.

Denote by
s

D, (w) = U U d(m,V_pw,0_0, fj(w) , VneN, weQ.

m=n jeN

Then by Lemma 2.2.4 (I) we know each D, () is measurable.

On the other hand, clearly, D, is decreasing and each sequence {z,} inside W(w, o, B) is pre-
compact since W(w, o, B) is compact itself. By Lemma 2.2.4 (I) we conclude that W(w, 0, B) =
MnenDy (w) is measurable. The proof is complete. O

Theorem 3.2.2. Suppose that ¢ is a quasi S2ZW-continuous NRDS on X. If ¢ has a compact Dx-
pullback attracting set K and a Dx-pullback absorbing set B € Dx, then ¢ has a Dx-cocycle
attractor A € Dy given by

A, (w) =W(w,0,B), YoeX we.

Proof. By Lemma 3.2.1 it is clear that Aisa compact non-autonomous random set which is invari-
ant and pullback attracts B. Moreover, A is smaller than B and hence belongs to Dy since Dy is
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inclusion-closed. We now prove the @-attracting property. Since A pullback attracts B, for each
e>0and o € ¥, w € ( fixed, there is a time 7" > 0 such that

dist (¢(t7 ﬁ—twu G_tO', 307ta(19—tw))7 AO’ (w)> <g, vt = T
On the other hand, for each D € Dx andw € Q, ¢ € X, there is a time T} (w, ) > 0 such that

U ot 9-w,0_10,Dy_o(9_1w)) C By(w)

t>Tp (w,0)
as Bisa ﬁx—pullback absorbing set. Hence,
dist(6(t + 1,9 7,0 70, Dy, 1, (0-1-7w)), Ap(w) )
::dmt<¢(T§ﬁ_Tag9_T0,¢Ugﬁ_f§_Tw,Q%9_Ta,fh_FTUO$¢ﬁ_Tw)inJaQ>
$§dEt<¢CTﬂ$qwaQ,Taréaqﬂﬁ,Tw)%fiAaQ>
<e, Vt=Tp(_rw,0_r0),
which indicates that A pullback attracts D. The proof is complete. [

The following result indicates a close relationship between compact attracting sets and the cocycle
attractor.

Theorem 3.2.3. Suppose ¢ is a quasi-S2W continuous NRDS with a compact D x-pullback attracting
set K € Dx. Then ¢ has a unique Dx-random cocycle attractor A e Dy given by

Ag(w) = W(w, 0, K). (3.11)

Proof. Since Kisa compact QX-pullback attracting set, by the neighborhood-closedness of Dy, the
closed e-neighborhood K* of K, that is,

Ki(w) == {z e X : dist(z, K,(w)) <&}, VoeZ,we

for some € > 0, is a measurable closed @X—pullback absorbing set of ¢ belonging to Dy. Hence, by
Theorem 3.2.2 we know ¢ has a unique Dx-random cocycle attractor A with the form

Ag(w) = W(w, 0, K9).

Clearly, f:lg(w) D W(w,0,K) since K¢ D K. Thus to prove (3.11) we shall prove As(w) C
W(w, o, K). Note that W(w,0,A) € W(w,0,K) since A C K by the minimal property of A
Therefore, by the invariance of A, we have

= U A ) = U bl 0-10, Ag_o(0-1))

s=>0t>s s=>0t>s

= W(w,0,A) CWw,o, K),

which completes the proof. 0
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3.2.2 Alternative dynamical compactnesses

Theorem 3.2.3 implies a direct relationship between compact attracting sets and cocycle attractors.
However, the existence of a compact attracting set is often nontrivial to establish. Therefore, several
dynamical compactnesses have been introduced in attractor theory, such as asymptotic compactness,
pullback omega-limit compactness, asymptotic contraction, flattening and squeezing properties [68,

, 38, 30, 77, 88], etc. These dynamical compactnesses are sometimes more convenient to use
especially in cases where Sobolev compactness embeddings are not available.

Definition 3.2.4. An NRDS ¢ on X is called D x-(pullback) flattening if for each D e Dy, e >0
o € Y and w € € there exist a Ty = Ty(D, e,0,w) > 0 and a finite-dimensional subspace X, of X
such that

(i) Uz, Po(t, 91w, 0_40, Dy_,o(9_w)) is bounded, and

(11) || (I - PE) Ut2T0 ¢(t7 19—twa e—tgv Dgftd(ﬁ—tw)) || <é&,
where P. : X — X_ is a bounded projection.

Definition 3.2.5. An NRDS ¢ on X is called D x-(pullback) omega-limit compact if for each D e
Dx,e>0,0 € Yandw € Q there exists a T} = T1(D, e, 0,w) > 0 such that

Kk ( U gb(t) ﬂ—twa e—to-a -Deta(ﬁ—tw))> <g,

t>T,
where ~ denotes the Kuratowski measure [68] of noncompactness of sets defined as

r(B) = inf {§ : B has a finite cover by balls of X of diameter less than 6}, VB C X.

Definition 3.2.6. An NRDS ¢ on X is called Dy- (pullback) asymptotically compact if for each
DeDy,oe we Qand any sequences 0 < ¢, — oo and z, € Dy v o(U_t,w), the set
{d(tn, V4, w,0_4,0,2,) nen is precompact in X.

The following theorem implies that these dynamical compactnesses could replace the requirement
of a compact Dy- attracting set K in Theorems 3.2.2 and 3.2.3.

Theorem 3.2.7. Suppose that X is a uniformly convex Banach space (particularly, a Hilbert space).
The following dynamical compactness properties of an NRDS ¢ on X are equivalent:

(i) D x-(pullback) flattening;
(ii) D x-(pullback) omega-limit compactness;
(iii) D x-(pullback) asymptotically compactness,

where the uniformly convex property of X is only for the relation (iii)=(i). Moreover, each of these
dynamical compactnesses implies that the omega-limit set W(-, -, B) of a Dx-pullback absorbing set
BeDyisa compact Dy -pullback attracting random set.

Proof. Similar to, e.g., [53, Theorems 4.5 & 4.6], or [30, Section 2]. OJ
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3.2.3 The bi-spatial case

In this part, we study bi-spatial cocycle attractors for NRDS, generalizing analogous arguments in
Section 2.2.3.

Let (Y, || - ||y) be another separable Banach space such that Y < X continuously and X* < Y™*
densely, where X* and Y* are dual spaces of X and Y, respectively. Denote by Dy some inclusion-
and neighborhood-closed universe of non-autonomous random sets in Y such that f?y cD X.

Definition 3.2.8. An NRDS ¢ on X is said to be (X, Y)-dissipative (on the universe Dy) if
e ¢ is an NRDS when restricted on Y, i.e. satisfying Definition 3.1.1 with X replaced by Y';

e there exists a non-autonomous random set B in Y which belongs to Dy and is D x-pullback
absorbing.

Note that we did not require B to belong to ZA)y(C D X)-

Definition 3.2.9. Given an (X, Y)-dissipative NRDS ¢, a non-autonomous random set AinY is
called the (X, Y')-cocycle attractor with attraction universe Dy for ¢ if

@D AeD ' and Aisa compact non-autonomous random set in Y’;

a A pullback attracts elements in Dy in the topology of Y, i.e., for each D € Dy and any € > 0
there exists a T > 0 such that disty (¢(s, _,w, _0, Dy_,4(0_,w)), Ay(w)) < ¢ holds for all
s>1T;

(1) A is invariant under o.

Remark 3.2.10. Notice that the (X, Y')-random cocycle attractor here is required to be measurable in
Y, instead of only to be measurable in X as described in [63, 40, 61], etc. As the pullback attraction
of an (X, Y)-attractor is expected under the distance of Y, the mapping w — disty (, A, (w)) should
be a random variable so that the attraction in Y makes sense.

The following existence theorem for cocycle attractors requires only the continuity of the NRDS
in less regular spaces. We write the omega-limit set in X as W(-, -, B)¥ to indicate the X-topology.

Theorem 3.2.11. Suppose that ¢ is a quasi-S2W continuous RDS on X. If ¢ is an NRDS on Y, and
has a Dy-pullback absorbing set B e Dy anda compact Dy—pullback attracting set KinY, then ¢
has a Dy -cocycle attractor A € Dy in'Y given by

A, (w) = W(w,a,B)Y.

Proof. Since the RDS ¢ is quasi-S2W continuous in X, so it is in Y by Proposition 2.1.5. Therefore,
the theorem follows directly from Theorem 3.2.2. [

Now we establish an existence criterion for bi-spatial cocycle attractors.
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Theorem 3.2.12. Suppose that ¢ is a quasi-S2W continuous NRDS on X, and is (X,Y)-dissipative
on Dy (witha Dx -pullback absorbing set B which is a non-autonomous random set in' Y belonging
to D 'x but unnecessarily belonging to Dy ). Then if there exists a compact non-autonomous random
set K in'Y which is Dx—pullback attracting under ¢ under the topology of Y, then ¢ has an (X,Y)-
cocycle attractor A € Dy with attraction universe D, given by

If, moreover, Bc f)y, then A € ﬁy.

Proof. By Theorem 3.2.2 it is clear that ¢ has a Dy- cocycle attractor Ain X given by A o )

W(-,0,B)*. Now we claim that W(-, 0, B) = W(-,0,B)Y. Indeed, for ay € W(w,o,B)¥,

there exist sequences ¢, — oo and z,, € B(¢_, w) such that P(tn, V4,w,04,0,1,) — yin X.
On the other hand, since B is attracted by a compact random set K in Y, there exits a y" € Y such
that, up to a subsequence, ¢(t,, V4, w,0 4,0,7,) — 3y inY. By the uniqueness of a limit we have
y =y € W(w,o,B)Y, and thereby W(-,0,B)X = W(-,0,B)". Hence A,(-) = W(-,0,B),

which along with Lemma 3.2.1 and Theorem 3.2.2 implies that Aisa compact random set in Y
and pullback attracts DX in the topology of Y. Since Ais clearly invariant, it is indeed the (X Y)-
cocycle attractor. If B is in D x or Dy, then so is A due to the inclusion-closedness of D x and Dy as
AcCB. [

3.3 Applications to a stochastic Ginzburg-Landau equation
Given 7 € Rand t > 7, consider the following Ginzburg-Landau equation
du = [(A+ia(t)) Au— (5 +iB(1)) [ul*u + du+ g(z,t)]dt + h(z)dw(t), (3.12)
defined on Z := (0,1) C R, with initial-boundary value conditions
u(z, ) = up(z), wu(z,)|oer =0, (3.13)

where the unknown u(z,t) is a complex-valued function, dispersion coefficients «(¢), 3(¢) and ex-
ternal force g(z, t) are all time-dependent and real-valued functions. A, x and J are positive constants
and h(z) € H}(Z) N H*(Z). w comes from the Wiener probability space (2, F,P) introduced in
Section 2.3.1.

To define an NRDS for system (3.12), let us define a group {6;}scr acting on R by

O,r=7+s forall s,7 € R. (3.14)

Then {0, }scr is a base flow on R, (see Section 2.2.1, taking > = R).
Consider the one-dimensional Ornstein-Uhlenbeck equation

dy — dydt = dw, (3.15)
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of which a stationary solution is provided by
y(t) = y(Iw) = —0 / (D) (r)dr, teER.
0

It is known that there exists a ;-invariant set Q C Q with P(Q) = 1 such that y(0,w) is continuous
in ¢ for every w € (), and the random variable |y(J,w)]| is tempered (see Lemma 2.3.1 and also, e.g.,

[83, 84, 1, 33]). Hereafter we will not distinguish €2 from €2. By [!, Proposition 4.3.3] (see also
[82, 93, 90]), for any v > 0 there exists a tempered variable (w) > 0 such that
ly(w)]° < r(w), (3.16)

with r(w) satisfying
r(Ww) < exllr(w), teR. (3.17)

Let z(Yw) = hy(Yw), f(s) = |s|*s and
v(t, T, w,v0) = ult, T,w,uy) — 2(Yw)  with vg = uy — z(J,w). (3.18)

Then if u(t) solves (3.12)-(3.13), v(t) should satisfy, by (3.15), (3.18) and h(z) € HL(Z) N H2(T),

dv

i (A +ia(t)Av — (k +18(1)) f(v + 2(Vw)) + 0v + gz, t) + (A +ia(t)) Az(dw), (3.19)

with conditions
(T, T, w, vg) = vg = Uy — 2(V,;w), (3.20)
v(t, T, w,v)|az = 0, (3.21)
forallt > 7 € Randz € Z = (0,1). Since (3.19)-(3.21) is a deterministic problem, by the ‘standard’
Galérkin method as in [26] or similar arguments of [81] (see also [79, 89, 29] for autonomous G.-
L. equations), we have the following well-possessedness result. We write H = (L*(Z), || - ||) and

V= (Hy(@). [ llv)-
Lemma 3.3.1. Assume that
(i) Ae RT, k e RY, § € RT, h(x) € HY(Z;C) N H*(Z;C);
(i) B(t) € C(R;R) and sup,eg [5(t)| < v/3k;
(iii) a(t) € C(R;R) and g(x,t) € L2 (R; H) are such that

loc

/ 3%5(]a(t)]4 + Hg(x,s)HQ)dS < 400 foreveryT € R.

Then, for each vy € H, the initial-boundary value problem (3.19)-(3.21) has a unique weak solution

v(t, 7, w,vg) € C([r,00); H) N L}, .(1,00; V) N L} (7, 00; LY(T)).

loc

Besides, v(t, T,w,vy) is (F, B(H))-measurable in w € ) and continuous in vy in H for eacht > .
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Let
u(t, 7, w,ug) = v(t, T,w,v9) + z(hw) with ug = vg + 2(J,w). (3.22)

Then under assumptions of Lemma 3.3.1 it is evident that u solves problem (3.12)-(3.13), and is
(F,B(H))-measurable in w € §2, continuous in both ¢ > 7 and uy € H. Consider the mapping
¢:RT xR x Q x H— H with

o(t, T, w,ug) = u(t + 7, 7,0 _rw,up) = v(t + 7, 7,9 _;w, v) + 2(Fw), (3.23)

where vg = ug — z(w). By the property of solution trajectories of well-possessed non-autonomous
dynamical systems one can readily check that (3.23) defines a continuous cocycle ¢ for problem
(3.12)-(3.13) on H with base flows {6, };cr and {%, };cr acting on R and €2, respectively.

Now, for an arbitrarily fixed v > 0, define

Dy = {f) : D is a non-autonomous random set in H, satisfying

tlim e " D(0_y7,9_w) |3 = 0 for each 7, w ﬁxed},
—00

and
Dy = {D : D is a non-autonomous random set in V/, satisfying

lim e " D(0_y7,9_w)||} = 0 for each 7, w ﬁxed}.
—00

Then Dy and Dy are inclusion- and neighborhood-closed universes.

In the following, for the non-autonomous stochastic Ginzburg-Landau system (3.12) we study
the (H, V')-cocycle attractor belonging to Dy with attraction universe Dy. We begin with uniform
estimates of solutions.

3.3.1 Uniform estimates of solutions

In this section we estimate the solution of problem (3.12)-(3.13). First, by Young’s inequality and
Gagliardo-Nirenberg’s inequality (see Appendix), we write the following lemma.

Lemma 3.3.2. Let 7 C R. Then it holds for every well-defined function n defined on I that

6 8
Inll: < ClinlPIVall, ol < Clinl*[Val?, Val® < CllAn|7 |n]l] - (3.24)

Lemma 3.3.3. Let assumptions of Lemma 3.3.1 hold. Then for every 7 € R, w € ) and D e Dy,
there exists aT = T(7,w, 15) > 1 and a positive constant L, which depends on vy but is independent
of 7, w and D, such that the solution v(t, T, w, vy) with vy € 15(9_,57, V_,w) of (3.19)-(3.21) satisfies,
forallt > T, that

T

[o(7, 67,90, v0)||* < Le ™" / e (Jat)|* + llg(x, 8)[*)ds + Lr(w) + L, (3.25)

—0o0
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/ Vs, 007, 0o, v)|2 ds + / ¥ (|o(s,0_ym, 910, vo) || ds
0_+T i} 0_¢7 (326)
<L (@l + lgte,9)|2)ds + Lr@) + L

—00

where r(w) is the tempered random variable given by (3.16) and (3.17).

Proof. Taking the inner product of (3.19) with v in A and taking the real part, we get
1d

S <ol = = NIVl = Re((s + 8()) (v + 2(9)), 0) + o]

+ Re(g(t),v) + Re((A + i0) Az(Yw), v).
By conditions f(s) = |s|?s, | 3(t)| < v/3k and z(¥yw) = hy(¥,w) we derive that
(r +

—Re((k +iB(1))f (v + 2(9w)),v)
= —Re(m +iB(O)|v + 2(w) P (v + 2(Vw)), v)

= —Re((li +iB1)) (|v)*v + 2v[2]* + v*Z + |2|*2 + 02" + 2|v|22),v>

(3.27)

< —llull +| /<,<; +38(0)) (vfol?z + 2?2 + %22 + 22 de |
v

< —sllvlls + QH/Z (Blv*[=] + [=*[v] + [v]*2]*) d
K
< —k||v||f + §HU||§1l +¢c|lz]|; (by Lemma A.1.1)
K
< =5 lIolli + ely(@w)l* - (by (3.24) and h € Hy(T)), (3.28)

where ¢ = ¢(k, ||h]|, ||[VR]|). Since similarly we have
Re(g(t),v) + Re((X +ia(t)) Az(dw), v)

1 1 A .
<5l D" + S0l + FIVull® + e]A + i) Ply () (3.29)
1 1 A
< 5llg@DIE + SIvl2 + SIVel? +c(lal®) + [yWw)l* + y(@w)?),
where ¢ = ¢(A, ||Vh]|), from (3.27)-(3.29) it follows that
||v||2 +AIVol* + slloll; < (20 + Dloll* + llg(z, )1 + e(le®)]* + [y(@)|* + [y ]?),
Wthh implies that
d K
Flol” + Aol + AIVel® + Sl

K 26+ 1+~\2 k[ 26+ 1472
< _Z 2_ = - 7 i - -7
h Q/IOU‘ K ) dv + 2/1( K ) de (3.30)

+llg(z, II* + c(la@®)]* + ly(@w)|* + ly(Few)?)
< gl O + cla@®)]* + ely(Wuw)* + ¢,
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where ¢ = ¢(v, k,0). Multiply (3.30) by €”* and integrate over (7 — ¢, 7), t € R™, to get, for each
w € Q,

[o(7, 06—, w,vo) || + >\/ 7|V (s, 0_7,w,vo)||* ds
9_,57'
k(7 (s—7) 4
+ 5 e HU(S, Q,tT,CU, UO)HZL ds
T G,tT (331)
< / O cla(s)|' + llgla, )|?)ds
9_,57'

+ c/ T (Jy(9w)[* + 1) ds 4 e ||up ||
0

Notice that |y|* < |y|° + c. Therefore, replacing w in (3.31) with 9w and by (3.16)-(3.17) we obtain

lv(T, 07,9 _rw, vo)||* + )\e_””/ eV ||Vu(s, 0_i7,9_,w,vo)||? ds

19_,57'

+ B / 1% |[0(s, 67, 90, 00)||* ds
0_+71
</'eWﬂ@M@ﬁ+wm@wms
O_¢7 _ (3.32)
be [ Dyl +1) st el
0

—tT

<w”/)ﬁWMﬂ%wm%wﬂw

—0o0

0
+ c/ er(Vw) ds + ¢+ e || D(0_yr, I_w)|)?,
where ¢ is a positive constant depending on ~y but independent of 7, w and D. Since D € Dy, there
existsal’ = T(7,w, D) > 1 such that

e M DO_yr,9_w)|? <1 forallt>T,
which along with (3.32) and (3.16)-(3.17) completes the proof. ]

Lemma 3.3.4. Let assumptions of Lemma 3.3.1 hold. Then for every 7 € R, w € Q) and D € Dy,

there exists a'T" = T(T,w, 15) > 1 and a positive constant C, which depends on vy but is independent
of T, w and D, such that the solution v(t, T,w, vg) with vy € D(0_;7,9_,w) of (3.19)-(3.21) satisfies,
forallt > T,

/ V(s 07,9 _rw,vo)||* ds + / llv(s, 0_i7,9_rw,vo)l|3 ds
T—1 . T—1 (333)
<ce [ ()t + o o)) ds + Crw) + C.

where (w) is the tempered random variable given by (3.16) and (3.17).
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Proof. Notice that €® > 7"V for all s € (7 — 1, 7). Hence, by (3.26) we have
/ V(s 07,9 _rw, vo)|? ds—i—/ (s, 0_¢7,9_rw,vo)||; ds
T—1 T—1

< e”(lT)/ e[ Vu(s, 0_y7,0_rw, vo)||* ds
07

T (3.34)
+ -7 / ¥ |lv(s, 0_47, 9 _w,vo)|[3 ds
0 tT
< ce'”/ e (|a(s)[* + |lg(z, $)||*)ds + cr(w) + ¢,
forall ¢t > T > 1, which concludes the lemma. O

Lemma 3.3.5. Let assumptions of Lemma 3.3.1 hold. Then for every T € R, w € () and D € Dy,
there exists aT = T (7,w, D) > 1 and a positive constant K, which depends on ~ but is independent

of 7, w and D, such that the solution v(t, T, w, vy) with vy € ﬁ(Q,tr, V_,w) of (3.19)-(3.21) satisfies,
forallt > T,

|Vo(7, 0_7, 9w, vo) ||” < K (r(w) + 1)677/_7- e (las)|* + [lg(z, 8)||*)ds + K (r(w) + 1)2,

where 1(w) is the tempered random variable given by (3.16) and (3.17).

Proof. Taking the inner product of (3.19) with —Aw in H and taking the real part, we have

S0+ X202 = Re(((x + 18() (0 + 2(9)). 20) + 5]V
— Re(g(t), Av) — Re((A + ia(t)) Az(dw), Av).

2 dt (3.35)

Estimate the first term in the right hand side of (3.35) to get (3.41). Since f(s) = |s|?s, we have

Re((m FiB(1) f(v + 2(9w)), Av)
_ Re((/ﬂ +iB(t)) (Ju v, Av)) + Re((/ﬂ +iB()) (122 + 2[v[22), Av) (3.36)
+ Re((k +i8(8)) (20]2f* + |22 + 52), &),

By the condition |3(t)| < V3K, Vt € R, we have
«m+w@»mﬁvAm)
= —Re( K +iB(t) (|U\ IVol* + vV |o[*Vo)d )

—/i/|v| |Vv|2dx—m/Re(vVv)V|v|2dm+,6(t)/1m(vVv)V|v|2dx
z z z
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_ _H/ P |Vol2de — & /(V|v|2)2dx _ B /(uw — 5V0)V|u2dz
A 2 s 2 T
1
=7 / (zm(vW)2 + 2iB(t) (vVo — 0VV)V|v]* + K|V — T)Vv|2> dz
A

1
= —Z/nManx <0, VteR, (3.37)
T

where " denotes the conjugate transpose of matrix 7 and

_ 2 on _ |3k —iB
n—[V|v|,vVu va], M_[iﬂ . |
Recall the Agmon inequality that
12(2) |l < 22| V2]Z, ze€ICR. (3.38)

By Lemma A.1.1,
(3.36) to obtain

B(t)] < v/3k and (3.38) we estimate the second term in the right hand side of

Re((/ﬁ +iB(t) (v22 + my%),m) < |/1+iﬁ(t)|/3\v\2|z]|Av| do
T
A
< ZI12I + ellz (@) %ol (3.39)
A
< ZlIAP + ely(@o) Plloli,
where ¢ = ¢(\, &, ||h]], || VA||). Similarly, for the last term of (3.36) we have
Re((/ﬂ +iB8(1)) (2v]2] + |2]*2 + v27), Av)
< %/ (3|vy|z|2|m\ + |z|3|Av|)da:
y (3.40)
< Zl20l? + e(llzlisc vl + 2l + ll2(@w)]°)
A
< Z1201P + ey @) ol + ly@uw) | + [y(@w)[°).
From (3.36)-(3.40) and Lemma A.1.1 it follows that

Re (5 -+ 18(0) 1 (0 + 2(0)), &0) < S0 + e(ly()]® + D)ol + ely)[* + . B4D

For the last term of (3.35), by Lemma A.1.1 again we get
A
—Re((A +ia(t))Az(hw), Av) < ZHAUH2 + A Fia(t) | Az(0w)|]?
A
< ZI1BIP + cla(PIIAz@0w)* + X[ A2(0w)|?

A
< 7B + cla@) + cly(w)l* + ¢, (3.42)
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where ¢ = ¢(A, ||AR]|). Since, by (3.24) and Lemma A.1.1 again,
8| Voll* < g||m||2+c||@|\ﬁ+c, (3.43)
“Re(g(t), 50) < Fllg(e DI + S A0 (3.44)
from (3.35), (3.41) and (3.42) we conclude that
%HV’UH2 < c(ly(Wew)® + 1) (lolld + 1) + c(llglz, O + la@®)]*), (3.45)

where c is a positive constant independent of 7, w and D. Givent > 0,7 € R,w € Qand s €
(1 — 1,7), integrating (3.45) over (s, 7) and by (3.16) we find that

Vol 0-im.0, ) < [F0(s,6-rmioswa) P+ [ (1a@e)l® + 1) (o€ + 1) o
we [ ot O + o))
<IVusbmw )l +e [ (00 + 1) (O]} dg

ro [ (0w +1) dere [ (oo Ol +la(@))d

1

(3.46)

where c is a positive constant independent of 7, w and D. Integrating (3.46) with respect to s over
(1 — 1,7) and replacing w with J_,w, by (3.17) we derive that

|Vo(r, G,tT,ﬂ,Tw,vo)HQ g/ IVv(E,0_T, ﬁ,Tw,vo)HQ d¢
1

T—

+ (cr(w) + c) /T |v(&, 0, 19,Tw,v0)]|;l d¢ (3.47)
T—1
Ferw)tete / (o ©)IF +la(€)1*)ds.

where ¢ depends on ~ but is independent of 7, w and D. LetT = T(T,w, ZA)) > 1 be the same as in
Lemma 3.3.4. Then from (3.47) and (3.33) it follows that

IVo(T,0_y7,9_rw, v) H2

T

< (er(w) + )e / e (Jals)|* + llglx, )] ds

)+ +e [ (lgfe. P +la©)l)ag 648

T

< (er(w) + c)e‘”/ e (|a(s)|* + [lg(z, 8)||*)ds + (er(w) + 0)2,

—00

which completes the proof. 0
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To derive uniform estimates on the solutions u of (3.12)-(3.13), recall from (3.23) that
w(T, 07,0 _w,ug) = v(T, 047,09 _w,v9) + 2(w), (3.49)
where vy = ug — z(¥_;w). Hence, for X = H or V, we have
lu(r, 07, 9w, uo) |5 < 2/ (7, 0-y7, 0w, vo) [ + 2] 2(w) %
< 2|ju(r, 07, _rw, vo) |5 + 2[|h(2)||% (r(w) + 1).

Moreover, by the tempered property of r(w) it is evident that vy comes from a non-autonomous
random set in Dy provided so does u. Therefore, Lemma 3.3.3 and Lemma 3.3.5 imply the following
lemma.

Lemma 3.3.6. Let assumptions of Lemma 3.3.1 hold. Then for every 7 € R, w € ) and D € Dy,
there existsal = T(T,w, ﬁ) > 1 and a positive constant M, which depends on  but is independent
of T, w and D, such that the solution u(t, T,w, ug) with uy € D(Q_tT, Y_,w) of (3.12)-(3.13) satisfies,
forallt > T, that

T

[u(7, 67,V _w, ug)||* < Me ™7 / e (Ja(t)[* + lg(x, 5)[|*)ds + Mr(w) + M, (3.50)

—00

and that

Jur,0-er, 9w )y < M)+ 1)e [ @ (la(s)f* + g} s + M (r(w) + 1),
- (3.51)
where 1(w) is the tempered random variable given by (3.16) and (3.17).

3.3.2 Existence of the cocycle attractor in A

In this part, we establish the existence of the D ﬁ—cocxcle attractor A in H for system (3.12).
Consider the non-autonomous random set £ = { £, (w) } rer weq in V' given by

E(w)={ueV:|ul}<IT(r,w)} (3.52)

with

J(1,w) :== M(r(w) + 1)6_77/ e (la(s)|* + [lg]I*)ds + M (r(w) + 1)2,
where M is the constant found out by Lemma 3.3.6. It is evident that 7 (7, -) : w — RT is (F, B(R))-
measurable for each 7 € R. Moreover, by the temperance of r(w) and assumption (iii) of Lemma

3.3.1 one can readily verify that E € Dy.

Theorem 3.3.7. Let assumptions of Lemma 3.3.1 hold. Then the NRDS ¢ associated to problem
(3.12)-(3.13) has a unique Dyy- cocycle attractor A= {A (W) }rw in H, where

A (W) =W(w, T, E). (3.53)

Proof. By Sobolev compactness embedding it is clear that the non-autonomous random set Eisa
compact non-autonomous random set in H, and is Dy-absorbing under ¢ by Lemma 3.3.6. Hence,
the result follows from Theorem 3.2.3. 0
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3.3.3 Existence of (H,V )-cocycle attractor

In this part, we shall show that the cocycle attractor Ain H of the Ginzburg-Landau equation is in
fact (H, V') bi-spatial, i.e., having the regularity in V' and pullback attracting in the topology of V.
Consider the operator —A\. It is well known (see [74]) that there exists a complete orthonormal
basis {e;}32, of H consisted of eigenvectors of —/A who has countable spectrum A;, j = 1,2, ,
such that
0< A <A <---—=oocand — Aej = Ay

We denote by V,,, = span{ey,ea, -+ ,e,}+ C V and Vi its orthogonal complement such that V' =
V,,, @ VL. Therefore, for each v € V there exists a unique decomposition

1
V= Uy + U,

where v,,, € V,,, and U#‘,L S V,#. Denote the orthogonal projector from V to V;,, by P, : v — v,.
The following lemma implies the flattening property of the system, see Section 3.2.2.

Lemma 3.3.8. Let assumptions of Lemma 3.3.1 hold. Then for every 7 € R, w € ) and D e Dy,
there exists a T = T (T, w, 15) > 1 such that for every n > 0 we can find an M = M (n,7,w) € N
satisfying

(I — Pp)Vo(r, 07,9 _-w,v0)||*> <n

uniformly int > T' and vy € ﬁfor allm > M.

Proof. Step 1. Complementary uniform estimates in tails. Taking the inner product of (3.19) with v
in A and taking the real part, we get

1d )
12 = = X Vo||> = Re((r + iB(1)) f(v + 2(0w)),v) + 6]Jv]|?
+ Re(g(t),v) + Re((A + ia) Az(Vhw), v).
After similar calculations as in Lemma 3.3.3 we arrive at
d K
&Hvll2 + vl + Al Vol + §I|vH11 < g, 6)]1* + () + cly(Dw)]* + ¢,
and then

d
FoIP + Al < llg(, D1 + ela®)]* + ely(dw)|* + ¢ =: Ha(t, D), (3.54)

where ¢ = ¢(7,k,0). Now for any o € [t — 1,7], we apply Gronwall techniques to (3.54) over
(0_y7, 0) fort > 2 to get

1 o o
|v(0,0_7,w, vo)||* < e ? (—/ lv(s, 0_eT,w, v0)||%€" + H,(s, 19@)675)
0— (H*tT) 0_+1 0_¢1

Lce 7 (/ |v(s, 0_¢T, w,v0)||%€”* ds + H(s,Vsw)e”® ds).
9

—tT [
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Thus by Lemma 3.3.3, for all ¢ > T" + 2 we have

T

100, 8-, 0, w0)||2 < ce=" / 05, 0y, 90, v0)|2ds

0_+1

+ce_”’7/ Hi(s,Vs_;w)e?ds
T—t

<ee ™ [ (] + e, s)|)ds + er(w) + e

+ ce_W/ Hi(s,Vs_;w)e™ ds

=: Ry(1,w), VYoe€|[r—1,1]. (3.55)
Clearly, R;(7,w) is a random variable bounded for each (7,w) € R x Q.
Taking the inner product of (3.19) with —Aw in H and taking the real part, we get
1d
S VI + A A0l = Re( (s +iB(5)f (0 + 2(91)), Av) = Re(g(t), Av)
— Re((A +ia(t) Az(dw), Av).

Recall from (3.45) that
d
T IVel <e(ly@w)l + 1) (lolls +1) + e(lg(z, O + @) =: Ha(t, V).

For any s € [T — 1, 7], we integrate the above relation over (&, s) with £ € (s — 1, s) to find that, for
t> 2,

Vo (s, 07w, v0)|I* < V(8,07 w, v0)|1* +/ Hy(0,0,w) do
3

T

< IVo(&, 0-mw,v0)|* + [ Hae,9,w) de.

T—2
Integrating the above relation with respect to £ over (s — 1, s), we get

IV 0(s, 070, w0) |2 < / IV0(E, 0y, w0, v0)|2 dé + / Ha(o,9,) do
1 T—2

< / Vv (€, 01, w,v0)|* d€ —l—/ Hs(0,9,w) do, Vs € [T — 1, 7].
T—2 T—2
Replacing w with ¥_,w, we have

T

HVU(S,GtT,ﬁTw,UO)HQg/ HVU(&,HtT,ﬁTw,vo)|]2d§+/ Hy(0,9,—,w)do
-2 T—2

T

_ / 72 IV0(&, 07, 0w, vo) |2
o [ (el + )0l o

T

te [0 (ol + 14 lg(a DI + (o)) e
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Let r'(w) = sup_y,o |y(9sw)|® + 1 > 1, then 7/(w) is a tempered random variable. And moreover,
we have

Vo (s, 07,9 —rw, vo)||* </ Vo€, 0, ﬂ—fw,vo)széJrC?"'(w)/ lv(©)I dg
T—2 T—

2

o [ (lote.lF + lao)l ) + o'

-2

<o) [ (IVole 00wl + Io(©)lE)ag

-2

# [ a0l + lalae + 1]
<@ [° (1906, boam 0w P+ (€)1 ds
# [ ot 0l a0 dg+ ).
T—2

Thus by Lemma 3.3.3 again, we have, forall ¢ > T+ 2,

IVu(s, 0_y7,9_,w, vo)||2

T

< cr’(w)e_W(/ (|lg(z, H)]|? + |a(®)[N)dE + e r(w) + 1 + 677>

—00

=: Ry(1,w), Vsel[r—1,7], (3.56)

where Ry(7,w) is defined a random variable bounded for each (7,w) € R x €.
Step 2. Estimates for large scales. Multiply (3.19) by Au:-, integrate over Z and take the real part

to obtain
1d

2dt
<

IVoml® + Al Avg[I* = 8] Vor, 1*

Re [ (5-+i8(0) f(0)05do

+c

Re /()\ +ia(t))Az(V,w) Av-de

+‘/g(t)Avm dx

I

= G1 +G2—|—G3.

Note that f(u) = |u|?u. Therefore, by interpolation inequalities,

G1</C
I

A
Gy < A+ o) + cly()|* + 2l vz,

_ A A
Py aus|ar < cllully + SN A0 < e(IVal + ulf) + FIAvER

A
Gy < cllg@®IF + gl vy,
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Hence, 4
aHW#JIQ + A Avy, |12 = 26| Vo, |2
< c(IVull® + [Jull®) + elA + a®)]* + cly(9w)]* + ellg(t)]]*.

By [|AvL > = Al Vot ||? and v(t, 7,w, vo) = u(t, T,w, ug) — z(Jw), it follows

(3.57)

d
TVl + A = 20) [ Vol < e(IVoll + [[o]F) + ¢]A + a@)]* + er(uw) + cllg(®)]*.
By Gronwall’s techniques again, we obtain

||V”U7J;L(7', 0_,, 19_Tw,vo)||2 —/ e(’\)‘m_Q‘S)(S_T)||VUTLn(s,H_tT, ﬁ_Tw,vg)HQ ds
T—1
< c/ ePMAm=20)(s=T) <||Vv(s, 0_i7, 9w, vo)||* + |Jv(s, 0_7, 9w, vo)||8> ds
T—1

do [ e (Al r(ns) + (o))

-1

Thus by (3.55) and (3.56) we have

Vo (7, 0_47,9_rw, v)||* < c/

T—1

e(/\Am_ms)(S_T) (Rg (T, w) + RAIL(T7 Cd) + 1) ds

wo [ eI n s a(s) 4 (@) + )]s
71

cR3(T,w) + cR(T,w) + cH3(T,w)

<
A — 20

for all t > T+ 2 and large m, where

Hyrw)= s (|A+als + )l +r(w) +llgls +)P) +1.

Since \,,, — 00, the proof is completed. 0

Now we are ready to prove the existence of the bi-spatial cocycle attractor, applying Theorem
3.2.11.

Theorem 3.3.9. Let assumptions of Lemma 3.3.1 hold. Then the non-autonomous random set A€
Dy defined by (3.53) is the (L*, H})-cocycle attractor with attraction universe Dy for the NRDS ¢
associated to (3.19).

Proof. We prove by Theorem 3.2.11. First, notice that the NRDS generated by the Ginzburg-Landau
equation (3.12) is (H, V')-dissipative, which can be seen in the same way as for reaction-diffusion
equation discussed in Section 2.3.2. Second, the non-autonomous random set E given by (3.52) is
clearly a f)v—pullback absorbing set belonging to Dy . Third, Lemmas 3.3.8 and 3.3.6 show that the
NRDS ¢ is ﬁv—pullback flattening, which along with Theorem 3.2.7 implies that the omega-limit set
W(,-, E ) of Eisa compact ﬁv—pullback attracting set in V. Hence, the result follows from Theorem
3.2.11. ]






Chapter 4

Cocycle attractors for non-autonomous
random dynamical systems II: autonomous
attraction universe case

In this chapter we study non-autonomous cocycle attractors with autonomous attraction universes.
The results indicate the differences of attractors caused by different attraction universes, and also
contribute to the study of uniform attractors latter in Chapter 5.

Note that though we consider continuous NRDS in this chapter, the continuity can be weakened
to quasi-S2W continuity as in Chapter 3. We shall not argue on this continuity issue, as the difference
on attraction universes will not cause any difficulties. For the same reason we shall not discuss the
bi-spatial case as well.

4.1 Preliminaries

We follow the notations in Chapter 3. Suppose (X, || - ||x) is a separable Banach space, and let ¢ be
an NRDS with base flows {6;},cr and {0, };cr acting on topological space Y. and probability space
(Q, F,P), respectively. Most generally, we do not require compactness or boundedness (under some
metric) on X unless otherwise stated. Denote by Dy some neighborhood-closed and inclusion-closed
class of non-autonomous random sets in X, and denote by Dy some class of autonomous random
sets in X which is neighborhood-closed and inclusion-closed as well, satisfying Dx C Dy.

The following lemma on measurability is useful.

Lemma 4.1.1. [32, Chapter 2] (1) Given a set-valued mapping D : Q — 2%, not necessarily closed
or open, D is measurable if and only if its closure w — D(w) is a closed random set.

(2) A closed-valued mapping D : Q0 — 2% is measurable if and only if either of the following
holds

e for each § > 0 Graph(D?’) is a measurable subset of X x Q, where Graph(D?’) denotes the
graph of the (open) §-neighborhood w — D°(w) of D;

91
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e Graph(D) is a measurable subset of X x ).

Definition 4.1.2. Given an NRDS ¢, a non-autonomous random set K = {K,(-)},cy is called Dx-
pullback attracting under ¢ if for each D € Dy,

tlim dist <¢(t, V4w, 040, D(Y_4w)), Kg(w)> =0, VoeX,wef,
—00

while it is called D x-pullback absorbing if, for each D € Dx, o € ¥ and w € (), there exists a time
Tp(w, o) such that
U ot 9w, 00, DW_w)) C K, (w).

t>Tp(w,0)

For each non-empty non-autonomous random set D and ¢ € %, the random omega-limit set
W(-,0, D) of D driven by ¢ is defined by

w ag, D ﬂU¢ t 9_ tW, 6_ 10, Dg fo-<197tw))7 Yw € €.

s=>0t>s

In particular, for an autonomous random set D € Dy and 0 € 3.,

W(w, o, D) ﬂUgbtﬁtwé’taD(ﬁ w)), YweQ.

s20t>s
Omega-limit sets are important in attractor theory. It is straightforward to have the following lemma.

Lemma 4.1.3. For each w € ), 0 € ¥ and autonomous random set D, y € W(w, o, D) if and only
if there exit sequences t, — oo and x,, € ¢(t,, 04, w,0_4, o, D(I_;, w)) such that x,, — y.

Now we give the definition of cocycle attractor with autonomous attraction universe.

Definition 4.1.4. A non-autonomous random set A = {A,(-)},cx is called a Dx-(random) cocycle
attractor for an NRDS ¢, if

(1) Ais compact;
(2) Ais Dx-pullback attracting;
(3) A isinvariant under ¢, that is,

H(t,w,0, Ay (w)) = Ap,o(Viw), VtERT we N o€

(4) A is the minimal among all the closed non-autonomous random sets satisfying (2).
Moreover, the attractor A is said to be uniformly compact if Uyex A, (w) is compact for each w € €.

Note that, unlike the @X—attractors discussed in Chapter 3, a Dyx-attractor does not belong to
its attraction universe Dy in general, and thereby the minimal condition is required to ensure the
uniqueness.
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4.2 Comparison to non-autonomous attraction universe case

In this section we compare random cocycle attractors with autonomous and non-autonomous attrac-
tion universes Dy and Dy, respectively. Such a subject was studied in [70, 43] for pullback attractors
of deterministic non-autonomous dynamical systems. Note that for autonomous RDS, [31] compared
cocycle attractors with deterministic and random attraction universes.

Now we study the relationship between Dyx- and Dy -random cocycle attractors. Without addi-
tional assumptions, the two attractors are not identical even for deterministic non-autonomous dy-
namical systems, see [70, Example 11].

Proposition 4.2.1. Suppose that A and A are respectively Dx- and D -random cocycle attractors of
an NRDS ¢. If A € Dy, then

Ay(w) C Ay(w), VoeD we.

If, moreover, there exists some (autonomous) random set E € Dx such that for each o € Y and
w € () there exists a time T, = T,(0,w) € R with

Ag_,o(0_w) C E(W_w), Yt =T, (4.1)

then R
Ay (w) =As(w), VoeXwel.

Proof. Since A € Dy is attracted by A, by the invariance of A we have
dist( Ay (w), Ag(w)) = dist(G(t, I_yw, 0_40, Ap_,o(V_1w), Ay(w)) = 0, ast — oco.

Hence, A, (w) C {AL, (w).
Since Dx C Dy, A is a Dx-pullback attracting set as well. Theorem 4.3.3 (which will not cause
recurrent proof) indicates

As(w) =W(w,0,E), YoeXweQ.
On the other hand, by Theorem 3.2.3 and (4.1) we have
Ag(w) = W(w,0,A) C W(w,0,E) = Ay(w), YoeX,we.
Therefore, A,(w) = A,(w) as desired. O

Remark 4.2.2. Proposition 4.2.1 indicates that Dx-random cocycle attractor can be determined by
attracting autonomous random sets in Dx.

4.3 Existence criteria and characterization

In this section we establish some existence criteria and characterization for D x-attractors. Though
analogous study for Dx-random cocycle attractors was done in [83, 84], Dx-attractors worth an
independent study since we have seen that a Dy-attractor is not a particular Dy -attractor, though
Dx C Dy.
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4.3.1 Existence criteria

The following proposition indicates the importance of omega-limit sets in the study of attractors. Note
that the invariance result improves [$3, Lemma 2.17], where the random set D is required to absorb
itself. Inspired by [3 1], we remove this requirement here.

Proposition 4.3.1. Suppose that non-autonomous random set Kisa compact Dx-pullback attracting
set of a continuous NRDS ¢. Then for each D € Dx, every W(w, 0, D) for w, o fixed is a non-empty
compact set, and pullback attracts D, i.e.,

tlg(rjlo dist(o(t, 9w, 0_y0, D(Y_w)), W(w, 0, D)) = 0.
Moreover, the omega-limit set is invariant under ¢ in the sense that
W(w, b0, D) = ¢(t,w, 0, W(w,0,D)), Vt=>0,weD o€l
Also, for each closed non-autonomous random set B pullback attracting D it holds
W(w,o,D) C B(w,cr), Yw e Q,0 € 2.

Proof. The non-empty, compact and pullback attracting properties are similar to [83, Lemma 2.17].
We now prove the invariance property. Firstly, we have

P(t,w,0,W(w,0,D)) = ¢(t,w, 0, NszoUpssd(n, V_yw, 0_,0, D(I_,w)))
C F‘ls>ogb(t,w o, Un>5¢(n,ﬂ_nwﬁ_na,D(ﬁ_nw)))
C ﬂs>oun>s¢(t w, o, ¢(n, V_yw,0_,0, D(ﬁ_nw)))
= Nsz0Unzs0(t + 1,0 _yw, 0_yo, D(J_yw))
= Nz0UnzsP(t + 1,0 (149) © D40, 0_ (11 © 010, D(V_ (44 © V1))
= Neztlnzs0(1, 0y 0 Dy, 0y 0 b0, D(V_y 0 Vyw))
=W(Ww,bi0,D), VteRT, weQoel,

where we have used f(N,A4,) C Naf(As) for arbitrary f, and f(A) C f(A) for f continuous. To
see the inverse inclusion, let y € W(¥,w, 0;0, D). Then by Lemma 4.1.3 there exists a sequence

Ty € ¢(tn, ﬁ,tnﬁtw, Q,tnet(f, D(ﬁt,tnw))
= ¢(t,w,0,0(ty —t, V1,0, 04,0, D(Vy_4,w))
with ¢ < t, — oo such that z, — y. Suppose z, € ¢(t, —t,V;4,w, 01,0, D(J;—,w)) is such
that Ty = ¢(t,w, 0, z,). Then by the pullback attracting and compact properties of K, there exists a

z € K such that z, — z up to a subsequence, which implies that z € W(w, ¢, D)) by Lemma 4.1.3.
Hence, by the continuity of ¢ we have

Ty = O(t,w,0,2,) = ¢(t,w,0,2).
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Thus, by the uniqueness of a limit, we have y = ¢(t,w, 0, 2) € ¢(t,w, o, W(w, o, D)). The invariance
is clear.

Suppose there is another closed non-autonomous random set B pullback attracting D. Then for
eachy € W(w, 0, D), Vw € ), 0 € 3, by Lemma 4.1.3, there exist a sequence ¢,, — oo and

Tn S ¢(tn7 ﬁ—tnw7 e_tnO', D(ﬁ—tn(")))

such that x,, — y. On the other hand, by the pullback attraction of B’, we have

A

diSt(xn7 B0<w)) < diSt(¢(tna 19—tnw’ H—tno-a D<19—tnw))a Ba (w)) — 07
which implies y € B, (w) as B is closed. Thus, W(w, o, D) C B,(w) and the proof is complete. L[]
Now we are able to establish the following existence result for Dx-cocycle attractors.

Theorem 4.3.2. Suppose that a continuous NRDS ¢ has a compact Dx -pullback attracting set K and
a closed Dx-pullback absorbing set B. If there exists some (autonomous) random set E € Dx such
that for each o € ¥ and w € §) there exists a time T, = T (o,w) € R with

By ,o(V_w) C E(W_w), Vt=T., (4.2)
then ¢ has a unique D x-random cocycle attractor A = { A, () }yex given by
A, (w) =W(w,0,F), VYoeXwell (4.3)

Proof. 1t is clear that the non-autonomous random set A defined by (4.3) is nonempty, compact and
invariant.
To see the measurability, in view of [84, Theorem 2.14] we only need to prove that

As(w) = (U o(n, 9-nw, 00, EW_w)), Vw € Q. (4.4)

seNn=s

The O direction is clearly true. Now we prove the opposite. Since B is a closed D x-pullback
absorbing set, from the invariance of A, Proposition 4.3.1 and (4.2) it follows that

Ay (w) = o(n, ¥ _pw,0_,0,Ag_ - (V_pw))
C ¢(n,9_pw,0_,0, By_ 5 (9_w))
C o(n,¥_pw,0_no, E(V_,w)), Yn=T,.
This implies the C relation and hence (4.4) holds.

Next we prove that A pullback attracts each D € Dy. Since Bis D-pullback absorbing, for each
D € Dy andw € 2, 0 € X there is a time Tp(w, o) > T, such that

U ot 9-w.0_10,Dy_(V_w)) C B(w).

t>Tp(w,0)
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On the other hand, since A pullback attracts E' by Proposition 4.3.1, foreache > 0,0 € Y and w € ()
fixed, there is a time § = §p(w,0) = Tp(w, o) = T, such that

dist (¢(§, 0w, 00, B(9_sw)), Aa(w)) <

Hence,
dist (¢(t 45,0y s, 050, D(I_i_sw)), Ag(w)>

= dist 8,V _sw,0_50,p(t,V v _sw,0_+0_s0, —tV-5W)), Ag(W
d <¢(19 0.0, d(t, 995w, 04050, D(I_1) ))A())

N

dist (6(5, 95,050, By_o(9-s), Ag(w))
g dist <¢<§7 ’1975("-}7 ‘97§U7 E(??,gw)), AU (M))

<eg, Vit > TD(Tg_gW, 0_§0')7

which indicates that A pullback attracts D. The minimality property follows from Proposition 4.3.1.
O

The following theorem indicates that the D x-absorbing set is not essential to ensure the existence
of a Dx-attractor. The readers could compare with Theorem 3.2.3 for D yx-attractors.

Theorem 4.3.3. Suppose that a continuous NRDS ¢ has a compact Dx -pullback attracting set K. If,
moreover, there exists some (autonomous) random set E € Dx such that for each 0 € ¥ and w € )
there exists a time T, = T,(o,w) € R with

Ko o(0-w) C E@W_w), Vt=T, (4.5)
then ¢ has a unique D x-random cocycle attractor A = { A, () }yex given by

Ay(w) =W(w,0,E), YoeX we. (4.6)

Proof. Since Dx and D x are both neighborhood-closed and inclusion-closed, there exists an e > p
such that the closed e-neighborhood NV (E) of E is a closed random set in Dx and that N (K) of K
belongs to Dx. Moreover, it holds (4.5) for the N (K) that

M((Ke_ta(ﬁ—tw)) CNAE(W_w)), Vt=T..

Hence, A@(R ) € Dy is a Dx-pullback absorbing set and by Theorem 4.3.2 we know that ¢ has a
unique Dx-random cocycle attractor A given by

A, (w) = W(w, o, N(E)).

Now we prove A,(w) = W(w, 0, E). Clearly, A,(w) 2 W(w, o, E) since E. O E. Thus it suffices
to prove A, (w) C W(w, o, E). Notice that since, by Proposition 4.3.1, A is the minimal closed non-
autonomous set pullback attracting V.(FE), we have A C K. Hence, W(w,0,A) C W(w,0,K) C
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W(w, 0, E), where the second inclusion is due to the property (4.5) of K. Therefore, by the invariance
of A, we have

A,(w) = (N JAs(w) = (ot 0w, 010, Ap_ 0 (9_w))

s=>0t>s s=>0t>s

=W(w,o0,4) CW(w, 0o, E),

which completes the proof. ]

Remark 4.3.4. Theorem 4.3.3 shows a direct relationship between attractors and compact attracting
sets (see also Theorem 3.2.3). However, the existence of a compact attracting set is often the open
problem. Hence, there are other dynamical compactnesses in the literature, such as asymptotic com-
pactness, flattening and squeezing properties [658, 53, 38, 30], which ensures the omega-limit set of a
D x-absorbing set is a compact D x-attracting set. We refer the readers to Section 3.2.2, and we shall
not repeat the discussions here.

4.3.2 Characterization by complete trajectories

In this part, we characterize Dx-cocycle attractors by Dx-complete trajectories. See [83] for an
analogous study for Dx-cocycle attractors.

Definition 4.3.5. Given any a ¢ € X, a mapping &: 2 x R — X is called a o-driven complete
trajectory of ¢ if {(Vyw,t) = ¢(t — s, V5w, 050,&(Vsw, s)) for all t > s and w € €. If there exists a
random set B € Dy such that U;cg&(+,t) C B(+), then £ is called a o-driven Dx-complete trajectory
of ¢.

The following result shows that D y-complete trajectories are included in D x-cocycle attractors.

Theorem 4.3.6. Suppose that A = {A,(+) },ex is the Dx-cocycle attractor for an NRDS ¢, then
{f(w, 0) : € is a o-driven Dx-complete trajectory ofqb} C A, (w), Vo e X,we.

Proof. Given a o-driven Dx-complete trajectory & of NRDS ¢, suppose B € Dy is a random set
such that Uscr€(+,2) C B(-). Then by the pullback attraction of A we have

diSt(f(w, O)a Ao(w)) = dist <¢(t7 ’(9_7500, 9—t07 g(ﬁ—twa _t))a Aa(w)>
< dist(6(t, 0w, 010, User€ (010, 5)), Ao (@)
< dist (gzﬁ(t,ﬁ_tw, 0_i0, B(V_w)), Ag(w)> — 0, ast— oo.

Hence, {(w,0) € A,(w) and the proof is complete. O
Lemma 4.3.7. Suppose that A = { A, () }sex is the Dx-cocycle attractor for an NRDS ¢, then

Ay (w) C {g(w, 0) : € is a o-driven complete trajectory 0f¢}, Vo € ¥,w € Q.
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Proof. Lety € A,(w), and we establish a o-driven complete trajectory & of ¢ such that {(w,0) = y.
By the invariance of A that

Ay(w) = o(1,0_qw,0_10,Ag_,o(V_1w)),
there exists a z; € Ay_,,(9¥_jw) such that
Yy = ¢(1; V_w,0_0, 21),

and, moreover,
¢(t7 v 1w, 0_0, 21) = Gb(t —lLw,o, ¢(1ﬂ9—1w7 0_10, Zl))

=t —1,w,o,y), Vt=>1.

Also, by the invariance of A we know ¢(t, 9 1w, 0 _10,21) € Ay, _,o(F_1w).
In the same way we consider next the invariance

Ag_o(Vqw) = o(t, 94w, 0410, Ag_,_,o(V_4_1w)), Vit =0.
For the z; € Ay_,,(¥_1w), there exists a z5 € Ay_,,(¥_ow) such that
21 = ¢(1,0 2w, 0 20, 2),
and, moreover, that
O(t, 0 _ow, 0 _90,29) = d(t — 1,0 _qw,0_q0,2), Vt=>1.

By the invariance of A again we have ¢(t,9_sw,0_50,25) € Ag, o (P_ow).
Continue this process and then we obtain a sequence {z, } ey With z, € Ay_ ,(¥_,w) such that

y= ¢(TL, 79—71“”7 H—no—a Zn)a Vn € N,
D100, 00, 20) € Agy o(Droyis), V> 0.

and that
Cb(t, ﬁ—nwv Q_nO', Zn) = Cb(t - 17 ﬁl—nwa 6)1—710-a Zn—l)a vt 2 L.

Define a mapping {(J.w, ) : R — X such that, for every t € R, (Yw,t) is the common value of
ot + n,V_pw,0_,0,2z,) forall n > —t. Then {(w,0) = y, {(Vhw, t) € Ap,o(Vw) and, moreover, &
is a o-driven complete trajectory. Indeed, forany ¢ > s € Randn > —s > —t,

Ot — s,0w, 050, (Vqw, 8)) = o(t — s,9w, 050, p(s +n,0_,w,0_,0,2,))
=d(t+n, ¥ _pw,0_,0,2,) = &(hw,t).

The proof is complete. 0

Corollary 4.3.8. Suppose that A = {A,(-)}sex is the Dx-cocycle attractor for a continuous NRDS
¢, and, moreover; there is a random set B € Dy such that U,cx Ay (-) C B(-). Then

Ay (w) = {ﬁ(w, 0) : £ is a o-driven Dx-complete trajectory of(b}, Vo € ¥,w € Q.
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Proof. For each y € A,(w), by Lemma 4.3.7 there exists a o-driven complete trajectory £ of ¢ such
that {(w,0) = y and {(Vww, t) € Ag,,(Jww). Since

U 5(w, t) = U g(ﬁtﬁ*twv t) g U A9t0(w> C B(w)v

teR teR teR

¢ is a o-driven Dx-complete trajectory and hence the C relation holds. The inverse inclusion follows
from Theorem 4.3.6. 0

In fact, we have proved the following slightly stronger conclusion.

Theorem 4.3.9. Suppose A = {A,()}sex is the Dx-random cocycle attractor for a continuous
NRDS ¢, and, moreover, there is a random set B € Dx such that Uyex A, (+) C B(+). Then

Ag,o(Vyw) = {f(ﬁtw, t) : & is a o-driven Dx-complete trajectory ofgb}, VteR,0 € X, w el

Proof. ForeachT € R, 0 € ¥ and w € () fixed, let 0/ = fro and w’ = Yrw. Then by Corollary
4.3.8,

Agpo(Vrw) = Ay (W) = {€(W',0) : £ is a o’-driven Dx-complete trajectory of ¢ }.
Since ¢’ is a o’-driven Dx-complete trajectory of ¢ if and only if £ defined by
E(w,t) =& W _rw,t —=T), YweQteR,
is a o-driven Dx-complete trajectory of ¢, we have
Agro(Urw) = {E(V7w, T) : € is a o-driven Dx-complete trajectory of ¢} .

The proof is complete. O

4.4 Upper semi-continuity in symbols

The non-autonomous feature of a cocycle attractor for an NRDS is represented by the o-dependence.
In this part, we study the upper semi-continuity of the mapping o — A, (w) for each w € ) fixed.

Definition 4.4.1. A Dx-random cocycle attractor A={A,(+)},ex is said to be upper semi-continuous
(in symbols) if, for each w € €2,

dist(A,(w), Ay (w)) — 0, whenever ¢ — oy in X.
Theorem 4.4.2. Suppose that A = {A,(w)} is a Dx-random cocycle attractor of an NRDS ¢. Then

(1) if the mapping ¢(t,w, -, -) is jointly continuous for each t and w fixed, and there is a compact
random set D € Dx such that U,cx A, (+) C D(-), then A is upper semi-continuous;
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(2) if A is upper semi-continuous and ¥. is compact, then U,cx A, (w) is compact for each w.

Proof. (1) We prove by contradiction. If the mapping ¢ — A, (w) is not upper semi-continuous at
some o, there must be a 6 > 0 and o,, — o such that

dist(4,, (w), As(w)) =6, Vn e N.

By the compactness of attractors, there is a sequence x,, € A, (w) such that

dist(z,, A, (w)) = dist(A4,, (w), Ay(w)) =6, Vn €N. 4.7)

On the other hand, by the pullback attraction of A, there is a 7" > 0 such that
dist (¢(T, I_gw,0_r0, D(V_1w)), A, (w)) <5/3.
Moreover, by the invariance of A we have a sequence y,, € Ap_,.0, (V_rw) C D(Y_rw) such that
Ty = O(T,0_qw,0_10,,y,), Yn N,
and y,, — y for some y € D(J_rw) up to a subsequence as D is compact. Hence, since the mappings
(0,2) — ¢(T,w,o,z) and o — O_ro are both continuous, there is an /N large enough such that
dist <¢(T, I_rw,0_10,, yn), gb(T, I_7w, 0_70, y)) <6/3, Vn>=N.

Hence,
dist(x,,, Ay(w)) = dist <¢ (T, I_rw,0_ro,, yn) , Ag(w)>

< dist(6(T, 9 70,0 10w, ya), 6(T, 9 70,0 70,3))

+ dist (gb (T, 9_rw,0_r0, D(V_7w)), Aa(w)>

<2§/3, Vn>=N,
which contradicts (4.7).
(2) In order to prove the compactness of Uy,ex A, (w), take arbitrarily a sequence {z,}nen C
Usex Ay (w) and, without loss of generality, let z, € A,, (w). Since ¥ is compact, there isa o € X
such that o,, — o in a subsequence sense. Therefore, by the upper semi-continuity of A we have

dist(z,, Ay (w)) < dist(A,, (w), Ay(w)) — 0, asn — oo.

Since A, is compact, there is an © € A,(w) such that z,, — x up to a subsequence. Hence,
Usex Ay (w) is compact and the proof is complete. O

Remark 4.4.3. It is important to note that, though under the upper semi-continuity of A we have
proved the compactness of Uyex A, (w), we cannot call w — U,ex A, (w) a compact random set since
the (F, B(X))-measurability is not clear yet.

When (2 is a singleton, then the NRDS ¢ reduces to a deterministic non-autonomous dynamical
system. For this deterministic case, we have the following corollary which slightly improves [55,
Theorem 3.34].

Corollary 4.4.4. Suppose that 3 is compact, Q) is a singleton and A = { A, },¢x is the Dx-cocycle at-
tractor of a continuous (deterministic) non-autonomous dynamical system ¢ which is also continuous
in symbols. Then A is upper semi-continuous in o if and only if U,cx A, is compact.
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4.5 Applications to a 2D stochastic Navier-Stokes equation

In this section we study the cocycle attractor for a stochastic 2D Navier-Stokes equation. In order
to illustrate the theoretical results in this chapter, we endow the equation with translation bounded
external forcing. Let us recall briefly some properties for translation bounded functions, see [26] or
Section 5.5.2 later on.

Let O be an open bounded set of R? with smooth boundary T'. Take g(¢,z) € L2 (R; (L*(0))?)

loc

and define the symbol space ¥ as the closed hull H(g) of g in L2 (R; (L*(O))?) under the local weak
convergence topology. Define a flow {6} scr on X by

Os0(-) :==0o(-+s).

Definition 4.5.1. A function g(t,x) € L7 (R; (L*(O))?) is called translation bounded if

loc

n(g) == Sup/ l9(s)|* ds < oo. (4.8)

TER Jr-1
For translation bounded functions we have the following proposition.
Proposition 4.5.2. Suppose g(t,z) € L2 (R; (L*(0))?) is translation bounded. Then
(i) g is translation compact, i.e., the symbol space 3. defined above is compact;
(ii) X is invariant under 0,;

(iii) any function o € H(g) is translation bounded, and n(c) < 1n(g);

(iv) for any positive constant ¢ it holds

0
sup/ e*lo(s)]* ds < n(9) : 4.9)
gEY —00 1 - 6_6

Proof. Similar to Propositions 5.5.2 and 5.5.3. [

Now we shall study the two-dimensional stochastic Navier-Stokes equation on O with translation
bounded external forcing and scalar additive noise. This equation reads

du + (—vAu + (u- V)u)dt = o(t)dt + dw(t),
(4.10)
V-u=0,
endowed with initial-boundary value condition
u(t7$>|t=0 = U()(ZL‘), 4.11)
u(t,z)|r =0,

where v > 0 is a constant, ¢ € X and X is the previously defined symbol space defined as the hull
of a translation bounded function g. The term w is a scalar Brownian motion from the probability
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space (€2, F,P) specified in Section 2.3.1. Similar to Proposition 5.5.1 one can see that 3 is in fact a
compact Polish metric space, and the mapping ¢ — 6,0 is (R, X)-continuous.
Set Banach spaces (H, |- |) and (V]| - ||) by

H={pe(L*(0)*:V-¢=0,n-¢p=00nT},
V={pe(H;(0):V-p=0},

respectively, where n is the outward normal.

Define the Stokes operator A : D(A) C H — H as Au = —PAu, where P is the orthogonal
projection in (L?(0))? over H and D(A) = (H*(0))? N V. Moreover, define the bilinear operator B
as

(B(u,v),w) = /Ow(:v) (u-V)vde

2
v

:E /uiﬁwjdx, Yue HveV,we H.
o 0:1:1

ij=1

By the incompressibility condition we have
(B(u,v),v) =0, (B(u,v),w)=—(B(u,w),v).

Let ¢ € (Wh(0))? N D(A). With these preliminaries, equation (4.10) is written in the following
abstract form
du + (vAu + B(u,u))dt = o(t)dt + dw(t). (4.12)

Inspired by [33], for some o« > 0 (specified later by (4.25)), we consider

() = —/0 du(r), Vw € Q.

—00

Then from Section 2.3.1 we know z(w) is a stationary solution of the one-dimensional Ornstein-
Uhlenbeck equation
dz(Yw) + az(Pw)dt = dw(t). (4.13)

Moreover, there exists a v-invariant subset Q C Q of full measure such that z(,w) is continuous in
t for every w € (2 and the random variable |z(-)| is tempered (see Section 2.3.1), namely, for each
€ > 01t holds
lim ez w)| =0, Ywe Q. (4.14)
—00
Hereafter, we will not distinguish Q and Q.
Consider the following deterministic problem with random coefficients
{% + vAv + B(v + z(0w), v + z(Gw)h) = o(t) + az(Pw)p — vz(dhw) A, 4.15)
V-v=0, .
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with the initial-boundary condition
(4.16)

The following result is standard, see [20, Chapter VI.1] and references therein.

Lemma 4.5.3. Foreachw € ), 0 € ¥, and vy € H, problem (4.15) and (4.16) has a unique solution
v(t,w,o,v0) € C(RT; H)YN L (RT; V) and Oyv € L (RT; V'). Moreover, the mapping v(t,w, -, -)
is (X x H, H)-continuous.

Now define an NRDS ¢ : RT x  x ¥ x H — H for the stochastic problem (4.10). Given ¢t > 0,
weNando € Yand ug € H, set

¢(t7 w, g, UO) = U’(t7 w,a, Uo) = U(t7 W, 0,Uy — Z(C{))) + Z(ﬁtw)¢7 (417)

where v is the solution of (4.15) and (4.16). Then by (4.13) and ¢» € D(A) we see that u(t) is the
solution of (4.10) and (4.11). Moreover, the mapping ¢ defines a jointly continuous NRDS.

In the following, we study tempered cocycle attractors for the Navier-Stokes equation. Recall that
a non-autonomous random set D in H is said to be tempered if it is a bounded random set such that
for any € > 0 it holds

lim e~ Dy_,(V_w)[> =0, Vo€ X,weQ. (4.18)

t—o00

Similarly, for a non-autonomous random variable r, namely, a real-valued non-autonomous random
set mapping from {2 x X to R, is said to be tempered if, for any € > 0,

lim e |ry_,o(V_w)| =0, Vo€ X,we.

t—o00

Autonomous tempered random sets and random variables are defined analogously. Let

Dy = {D : D is a tempered autonomous random set in },

Dy = {ﬁ :Disa tempered non-autonomous random set in /4 }

Then the two universes Dy and ﬁH are both neighborhood- and inclusion-closed.

4.5.1 Uniform estimates of solutions

In this part we establish uniform estimates for solutions of the NS equation. Note that, as Dy C D o,
all the estimates in this section holds for solutions with initial data in Dy, though we work only on
Dy.
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Lemma 4.5.4. For each D € Dy and w € ), there exists a time T = T(D, w) > 0 such that, for
every o € Y, the estimate

0
v(t, 9w, 0_40,v0)]> < 1+ c/ efso(*”ﬁco'zwrwmdr(‘Z(ﬁsw)\4 +o(s)? + 1)ds (4.19)

=: Ri(w,0)
holds uniformly in vy € D and t > T, where ¢y = (|ip| + 1) V|| ()2 and c is a positive constant.
Proof. 1t follows from (4.15) that

1d

st + Il SUB + 2(dw)v, v+ 2(9w)i), v)| + o (1) [o]

+ alz(dw)|[¢][o] + v]z(dw)[[¢[[[]-
Since (B(&,1),m) = 0and ¢ € (W>°(0))?, we have
[(B(v + 2(0iw)i, v + 2(0iw)9), v)| = [(B(v + 2(Dw), 2(w) ), v)]
< VYl zorel 2 (@) o] + [V | 1oz |2 (D) PPl0].
Denote by ¢y = (|1 4 1)|| V)| (1)2. Then

1d

sVl + vl < colz@u)llof* + colz(@w) Plof + o (D)l o]

(4.20)
+ aclz(Jw)]|v] + c|z(Fw)|[|v]],

where and hereafter ¢ denotes a positive constant which depends only on v and v and may change its
value when necessary. By Young’s inequality and Poincaré’s inequality ||v|| > A;|v| for some A; > 0
we have

ol + vl < cole(@)llof + |z + clo (0 +a* +c. (4.21)
and then q
V7 + vl <colz@w)llof + 2 (9! + clo (O + o +c. (4.22)
Applying Gronwall’s technique to (4.22) we have

|v(t,w,0, UO)|2 < efot(—u/\l—&—co\z(ﬂrwﬂ)dr|,U0|2
t
—f-C/ ef:(—u)\1+co|z(19,.w)|)dr(|z(ﬁsw)|4_|_ |0(s)|2—|—a4+ 1)(18
0

Replacing w by ¥_;w and o by 6_,0, respectively, we have

|U(t, ﬁ_tw, 0_,50', UO)|2 < 6fot(—u>\1-l—co|z(19r7tw)|)dr|v0|2
t
c/ els A iteolz@raeddr (129 o)A 4 |o(s — )2 + ot + 1)ds
0

0
< ef*t(iuAlJrCO'Zwrw)‘)dr|’U0|2

0
+c/ els (el rNdr (129 w)|* + o (s)|2 + ot + 1) ds. (4.23)

—0o0
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Since the process |z(6;w)| is stationary and ergodic, by the ergodic theorem we see that
1 0
—/ |z(w)| dt — E(|z(w)|) ass — oc.
S —S
This means that there exists an so(w) > 0 such that

%/O 2(0w)] dt < B(2@)]) 1< —— 41, Vs > so(w). (4.24)
Now and hereafter we fix a > 0 such that
——+1=— (4.25)
so that (4.24) implies
el 2Pl @re)Ddr o (=55t yg s g (). (4.26)

Hence, since vy € ﬁg_tg(ﬂ,tw) is tempered, it follows from (4.26), (4.18) and (4.23) that there exists

N

aT =T(w,D) > 0 such that

0
[o(t,9_yw, 0_yo,v0)|> <1+ c/ efso(_”)‘1+C°|’z(197”“)|)dr(|z(195u))|4 + |o(s)|? + 1)ds.

—00

The proof is complete. O

Lemma 4.5.5. For each D € Dy and w € ), there exists a time T = T(ﬁ, w) > 0 given by Lemma
4.5.4 such that, for every o € X, the estimates

t
/ [0(s, 910,040, 00)|[2 ds < cRa(w, o) .27)
t—1

holds uniformly in vy € Dandt > T + 1, where ¢ is a positive constant and Ry(w, o) is a non-
autonomous random variable given by (4.28).

Proof. Integrating (4.21) over (¢t — 1,¢) we obtain

t t
/ (s, w, 0, v0)|2ds < / 2 (9s0)][0(s, w, 7, v0) P ds
t—1 t—1

t
de [ (@)l + o) + 1) ds -+ ol ~ Lo,
t

-1

Replacing w by ¥_,w and o by 6_,0, we have that

t t
/ [0(s, 910,040, 00) |2 ds < ¢ / 12054 [[0(5, 91w, 0_y07, v0) 2 dis
t—1 t—

1
¢
+ c/ (J2(Fs—w)|* + |o(s — t)[*) ds
t—1
+ vt — 1,9_yw, 0_y0,v0)|* + c.
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Forany ¢t > T + 1, by Lemma 4.5.4, we conclude that

t
/ |v(s,9 1w, 0_s0,1v0)||* ds < cRy(w, )
t—1

with o
Rolw, o) = / |2(0w)| By (90, 0,) s
o (4.28)
+ / (20 + [o()[2) ds + Ry (91,0 10).

-1

The proof is complete. [

Lemma 4.5.6. For each D € Dy and w € Q, there exist a T = T(D,w) > 0 given by Lemma 4.5.4
and a non-autonomous random variable R3(w, o) such that, for every o € 3,

|v(t, 9w, 0_0,v0)||* < Rs(w, o) (4.29)

holds uniformly in vy € Dandt > T + 1, where cis a positive constant.
Proof. Taking the inner product of (4.15) with Av in H, by Young’s inequalities we obtain

0l + w140 = ((1), Av) + (02(3)b, Av) — v(=(04()) A, Av)
— (B(v + z(Viw)y, v + z(Jw)1)), Av)

< A0 + clo () + el2(9(w))l? + el2(9:(w)) AP
— (B(v + z(0ww) Y, v + z(Dw)1p), Av).

Since [(B(n,&, 0)) < |n|"/?|An|*/?||¢]||o| for each n € D(A),£ € V and ¢ € H, see [79, p. 106], we
have

[(B(v + z(Vw), v + z(Fyw)ip), Av)|
< Juf#|Aul3 VullAv| < S] A0 + ] Auf + clu Vul*
< AP + clz(D10) AG [ + eful? [ Vol + cluf?|2(d,w) Vbl
< AP + clz(0)? + v + 20wy PIVol' + clo|z(0iw)]* + clz(0.) "
Hence, 4
aHv(t,w, o,v0)|]? < eM(t,w, 0,v0) + N (t,w, o,v0)|[v])?,

where

Mt.w.0.t0) = olt.w.0.m) Pl + O + @) +1,
' .

N(t7w70a UO) - (t7w707 UU) + Z(ﬁtW)¢|2||U(t,W,O-7 U0)||2‘
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By Gronwall’s inequality for s € (t — 1,¢), we obtain
lv(t, w,o,v)|* < celi1 N rwow)d (Hv(s w,o,v)||* + / M(r,w, o, vg)dr> : (4.31)

Now integrating (4.31) with respect to s over (¢ — 1,¢) and replacing w and ¢ by J_,w and 0_;0,
respectively, we have

[v(t, 0y, 010, vp)||> < celir NIt fsowo)dr

t t
X (/ lv(s, Vs_sw, Os_sa,v0)||* ds +/ M(r, 0w, 0_0,v9) dr
t—1

t—1

) (4.32)

Notice that by Lemmas 4.5.4 and 4.5.5, for all t > T+ 1 we have
t
/ N(r,9_yw,0_y0,v0) dr
t—1

t
<<i/ (R (0s 10,0y 40+ |20 1)) |05, 910, 0_s05, v0)||? dis
t—1

< ¢ sup (|Rl(195w, 6)sg)|2 + |Z(ﬁsw)|2)R2(w7 0)7 (4.33)
(7170)

and

t
/ M(r, Vw00, v9)dr < ¢ sup (IRl(ﬁsw,030)\2||2(19SW)!4+\Z(ﬁsw)lﬁ)
t—1

s€(—1,0)

) (4.34)
+ / lo(s)]? ds + c.
-1

Therefore, from (4.32)-(4.34) it follows that forall ¢ > T + 1,

|v(t, 9w, 0_i0,v0)|]* < R3(w, o) (4.35)
with R3(w, o) given by
Ra(w, o) = ceeSPeei1.0) (R 05 050)+=(0.0)) Rale0) ( Ro(w, 0)
(4.36)
+ sup QmwweanuwwW+|0w /|g|%m+Q
s€(—1,0)

The proof is complete. ]

By (4.17) and Lemmas 4.5.4 and 4.5.6 we have the following estimate for solutions (4.17).
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Corollary 4.5.7. For each D € Dy and w € €, there exists a time T = T (ﬁ,w) > 1 such that, for
every o € Y, the solution u of stochastic Navier-stokes equation (4.12) satisfies

lu(t, 9w, 0_0,up)|* < cRi(w, o) + c|z(w)|?,
lu(t,d_yw,b_40, uo)||2 < cR3(w,0) + c|z(w)|2,

uniformly in ug € D and t > T, where R, (w, o), given by (4.19), i.e.

0 0
Ri(w,0) =1+ c/ els Frartelz@@lDdr (| 9 )|+ o (s)]? + 1) ds, (4.37)

—0o0

is a tempered non-autonomous random variable, R3(w, o) is the non-autonomous random variable
given by (4.36) and c is a positive constant.

4.5.2 Cocycle attractor with non-autonomous attraction universe Dy

For each w € Q) and o € ¥, define

(4.38)

where non-autonomous random variables R (w, o) and R3(w, o) and the positive constant ¢ are spe-
cified in Corollary 4.5.7. Clearly, B= {Bo (w)} is a tempered non-autonomous random set belonging
to @H, and K = {K (w )} is a compact non-autonomous random set in /1. Corollary 4.5.7 indicates
that B and K are both Dy -pullback absorbing sets. But it is unclear whether or not R is tempered,
and thus K is possibly not in Dy This fact makes it complex to analyze the Dy -cocycle attractor for
the NS equation, and we put the study in next section.

For D m-cocycle attractor, it is straightforward to have the following existence result by Theorem
3.2.2.

Theorem 4.5.8. The NRDS ¢ generated by the NS equation (4.17) with translation bounded forcing
has a Dy-random cocycle attractor A = {A,(-)Yoex in H given by

~ A

As(w) =W(w,0,B), YoeX, well (4.39)

4.5.3 Cocycle attractor with autonomous attraction universe Dy

To see the existence of a Dy-cocycle attractor, consider the o-dependent term involved in R (w, o)
given by (4.37). This term reads

0 o 0 —s0
/ efs (7V)\1+co\z(19rw)|)dr‘o_(8)‘2 ds = / +/ :
—00 —s0 —00
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which has been split into two parts at sop = so(w) > 0 given by (4.24). By (4.26) and Proposition
4.5.2 (iv), the two parts are respectively bounded by

TP 9,w)))d 2 [0 (e la(@)har [ 0 “ld 2
/ els teolzr)dr| 5 ()2 qg  efmr (7T Fe0l(0r / e 1T o(s)]* ds
s

—50

0
< ef (_SVA1+00| (9 Tw))dr/ VAI |0'( >|2 dS

(=2 4 el2(8 par_ N9)
l/>\1 )
1—e 7

—50 —s0
/ efso(_y)\l-&-co\z(ﬂrwﬂ)dr‘O_(S)’2 ds </ €%S|U(8)‘2 ds < 7](9)“1’

o

<ef

and

0o 1—e 2

where 7)(¢g) is a positive constant given by (4.8). Hence, if we set

G(w):ef_ooo(—3”21+co\2(19rw)l)dr 1(9) i 77(9>M1’ (4.40)

_vA1 _vA
1l—e" 4 1—e 2

then G is a tempered (autonomous) random variable such that
0 0
Sup/ els Crartelz@wDdr 5 ()12 ds < G(w).
oeY
Therefore, for the non-autonomous random variable ?; defined by (4.37), it holds

0
sup Ry (w,0) < ¢cG(w) + c/ ef:(_”’\ﬁco'zwrw)‘)d’"(|z(195w)]4 + 1)ds =: R(w).

oeX 0o

This means that the autonomous random set £ defined by
E(w):={u€ H : |u’* < R(w) + c|z(w)’} (4.41)

is tempered and thereby belongs to Dy, and is such that UUEZBJ (w) C E(w).
Hereby, we are able to prove the following result on Dy-cocycle attractors for the NS equation.

Theorem 4.5.9. The NRDS ¢ generated by the NS equation (4.17) with translation bounded forcing
has a Dy-random cocycle attractor A = {A,(+) }sex in H given by

A, (w) =W(w,0,E) (4.42)
= {ﬁ(w, 0) : & is a o-driven Dy-complete trajectory ofqb}, Vo e X, w e Q. (4.43)

Moreover, the Dy-attractor A and the Dy-attractor A given by Theorem 4.5.8 are identical, i.e.,

Ay(w) = A (w), VYoex, we
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Proof. Since we have shown that F(w) is a closed tempered random set belonging to Dy, from
Theorem 3.11 and Ugezég(') C E(-) it follows that the NRDS ¢ generated by equation (4.17) has a
Dy-random cocycle attractor A = {A,(+)},ex With characterization (4.42). Characterization (4.43)
follows from Corollary 4.3.8. Note that, as the Dy-random cocycle attractor A is smaller than the
ﬁH—pullback absorbing set B, A is such that Ugegflg(-) C Ugeng(-) C E(-), and thereby the two
attractors are identical by Proposition 4.2.1. [

Remark 4.5.10. The result A = A indicates that the tempered cocycle attractor for the Navier-Stokes
equation is fully determined by pullback attracting autonomous tempered random sets.

Now we prove further properties for the Dy -cocycle attractor A.

Observe that the tempered random set £ defined by (4.41) is a uniformly Dy-absorbing set, i.e.,
for any w € Q and D € Dy there exists a positive 7' = T'(w, D) (here can be chosen as the one given
in Lemma 4.5.4) such that

| é(t,9-w,0_10, D(¥Y_w)) C B(w), Vt>T.

oeX

Note also that since sup, 5, R3(w, o) is bounded as so are R; and R», it is easy to see that there exists
a bounded (autonomous) random set / in /' containing Ugegf(g (w) (where K is given by (4.38)).
Moreover, by Sobolev compact embedding, K is a compact random set in A (but not tempered).
Hence, from Theorem 4.4.2 it follows the following result.

Theorem 4.5.11. The Dy-random cocycle attractor A = {A,(-) }sex of the Navier-Stokes equation
(4.17) given in Theorem 4.5.9 is such that

(i) foreachw € Q, Uyex Ay (w) is compact in H;
(ii) A is upper semi-continuous in o € %, i.e., for each w € ),

dist(Ay(w), Ay, (w)) — 0,  whenever o — o in X.

Up to now, we have shown what we can get by previous theoretical results. Nevertheless, we
would like to write more properties for the cocycle attractor A of the 2D Navier-Stokes equation,
making use of random uniform attractor theory established in the next chapter, Chapter 5.

Note that, though we have shown in Theorem 4.5.11 the compactness of each U,z A, (w), we
cannot say the mapping w +— U,exA,(w) is a compact random set in H as we have not seen the
measurability of it yet. However, this measurability holds in this case. In fact, in view of Theorems
5.2.5 and 5.3.13 established latter, the mapping w — Uyex A, (w) is the Dy-random uniform attractor
(cf. Definition 5.1.4) of the the 2D Navier-Stokes equation. To sum up, we have

Theorem 4.5.12. The cocycle attractor A = {A,(-)}sex given in Theorem 4.5.9 for the NRDS ¢
generated by the stochastic Navier-Stokes equation (4.17) with translation bounded forcing has the
following properties:

(i) the mapping w — Uyes A, (w) is measurable, and is a compact random set in H;
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(ii) the mapping w — Uyex Ay (w) is uniformly Dy -pullback attracting, see Definition 5.1.3.

Remark 4.5.13. Properties of Dp-cocycle attractor A in Theorem 4.5.11 and Theorem 4.5.12 hold
for Dy-cocycle attractor A given by (4.39) as well, since they are identical by Theorem 4.5.9.

Remark 4.5.14. By random uniform attractor theory we prove (see next chapter) the measurability
and compactness of the union U,cx A, (-) of all the sections of a cocycle attractor, which seems new
in the literature. Actually, since X is Polish, these properties would be straightforward if we had
the lower semi-continuity of o — A, (w). However, though in [36] an equi-attracting condition was
shown equivalent to such lower semi-continuity, it seems still hard to verify in applications.






Part 111

Random uniform attractors
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Chapter 5

Uniform attractors for non-autonomous
random dynamical systems

Uniform attractor is a useful tool to study non-autonomous dynamical systems, see for instance [26,

, 67] and references therein. In this chapter, we establish a uniform attractor theory for NRDS. As
have been introduced in Introduction, uniform attractor for NRDS defined later coincides with usual
uniform attractors when the NRDS reduces to a nonrandom non-autonomous system, and has its own
advantages over cocycle attractor in depicting the long time dynamics of the NRDS. For example, it
is shown that, though uniform attractor is defined uniformly attracting in pullback sense, it is forward
uniformly attracting in probability, while this forward attraction property does not hold for random
cocycle attractors studied in Chapters 3 and 4. For more summary of properties of random uniform
attractors see Introduction.

5.1 Uniform attractors and the uniform attraction

5.1.1 Preliminaries

In this chapter we shall work on an NRDS ¢ on separable Banach space (X, || - ||x), with base
flows {6;}:cr and {V;}icr acting on compact topological space 3 and probability space (2, F,P),
respectively. Note that the compactness of the symbol space Y. is crucial in this chapter, nevertheless,
with efforts paid on the dynamics inside Y it is also possible to develop analogous results for non-
compact X.. For the sake of simplicity, we restrict ourselves on compact 3. only.

We follow the notations in Chapter 4. Denote by Dy some inclusion- and neighborhood-closed
universe of autonomous random sets in X. An example is the collection of all the bounded autonom-
ous random sets in X.

In the following, “random set” means autonomous random set. We will frequently make use of
the two continuities defined below.

Definition 5.1.1. An NRDS ¢ is said to be continuous in symbols, if for each t € R, w € Q and
x € X, the mapping 0 — ¢(t,w, o, z) is (X, X )-continuous.

115
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Definition 5.1.2. An NRDS ¢ is said to be jointly continuous, if for each t € R* and w € ), the
mapping (o, z) — ¢(t,w, o, z) is (X x X, X )-continuous.

To study the uniform attractor for the NRDS ¢ and for simplicity, we often write

o(t,w, =, B) = U U o(t,w,o,x) (5.1)

ceEZ x€EB

foreacht € R, w € Q, = € 2%\ §and B € 2% \ (. In fact, for the case = = ¥, the mapping @
given by
O(t,w,z) = P(t,w, X, z), VteR ' we zeX,

is a continuous multi-valued RDS, provided that ¢ is jointly continuous, see section 5.4.

5.1.2 Uniform attractors and the uniform attraction

In this section we shall give the definition and study the uniformly attracting property of random
uniform attractors.

Definition 5.1.3. Given two random sets D and B, it is said that D uniformly (pullback) attracts B
under the NRDS ¢ if

tlim dist(o(t,V_w, X, B(V_w)), D(w)) =0, Yw € Q. (5.2)

If D uniformly attracts every element in Dy, i.e., (5.2) holds for each B € Dy, then D is said to be
uniformly Dy -(pullback) attracting.

Definition 5.1.4. A random set .o is called the Dyx-(random) uniform attractor of NRDS ¢, if <7
belongs to Dx and is the minimal compact uniformly D x-(pullback) attracting set.

Notice that uniformly Dx-pullback attracting/absorbing sets need not belong to Dx.

Definition 5.1.5. A random set D in X is said to be uniformly D x-(pullback) absorbing if for each
w € Qand B € Dy there exists a time 7' = (w, B) > 0 such that

o(t, 9w, %, B(Y_w)) C D(w), foreacht >T. (5.3)

In the following, the attraction universe Dy is often omitted when no confusion occurs.
Note that by the invariance of Y under 6, (5.2) is equivalent to each of the following

t—o0

sup dist(o(t, 9w, o, B(Y_w)), D(w)) — 0; (5.4)
oeY
sup dist ((b(t, V_w, 0_y0, B(0_w)), D(w)) . (5.5)

oeY

By (5.5) we see that the uniform attraction is in the pullback sense, and, unlike nonrandom uniform
attractors, this is not equivalent to the forward uniform attraction

sup dist(¢(t, w, o, B(_w)), D(Yyw)) —=5 0.

oeY
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This non-equivalence is the usual case for attractors of RDS, see [, 34, 33, 42]. But we shall show
in next subsection that this pullback uniform attraction implies a forward uniform attraction in prob-
ability.

Even though random uniform attractor is defined to uniformly attract random sets in Dy, we shall
prove that it is uniquely determined (with full probability) by attracting deterministic compact sets (of
course the attraction universe Dx should include all the nonrandom compact sets when talking about
this property), see Proposition 5.4.11.

In applications, if g is the non-autonomous symbol of the system, the symbol space X often serves
as the closure H(g) of 7-0[(9), the translations of the symbol, just like the case in Section 5.5.2. Next
proposition indicates that, when the NRDS is continuous in symbols, the uniform attractor is actually
fully determined by H(g) without closure. Since the space H(g) has an equivalence relationship
with R (see a discussion in [36]), where R servers as the space of initial time, this result shows that
the uniform attractor gives and is determined by pullback attraction uniformly in initial time, only
provided that ¢ is continuous in symbols.

Proposition 5.1.6. Let ¢ be an NRDS which is continuous in symbols, and = a dense subset of ..
Then a random set is D x -pullback attracting uniformly in 3. if and only if it is Dx -pullback attracting

uniformly in =.

Proof. Given any a random set K, we need to prove that, for each random set B € Dy,

tlim dist(o(t, 9w, 3, B(Y_w)), K(w)) =0 (5.6)
holds if and only if
ltlim dist(o(t, V4w, E, B(Y_w)), K(w)) = 0. (5.7)

Only the sufficient condition needs a proof. Suppose that (5.6) does not hold under (5.7), then there
exist t,, — 00, 0, € ¥ and z,, € B(¥_;,w) such that

dist(p(ty,, Iy, w, on, Ty), K(w)) = 0 (5.8)

for some 6 > 0. On the other hand, since = is dense in ¥ and ¢ is continuous on ¥, for eachn € N
there is a o], € = such that

dist(@(tn, V4, w, On, ), O(tn, Oy, w, 00, x,)) < 1/m,

Y n’

which, thanks to (5.7), implies that

dist(¢(tn, V_t,w, o, 2y, K(w))
< 1/n+dist(@(tn, 9y, w, o), ), K(w)) — 0.

I n’

This contradicts (5.8). The proof is complete. 0
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a). Forward uniform attraction in probability

As have been previously stated, the uniform attracting property of random uniform attractors is only
in a pullback sense, while that of deterministic uniform attractors is in both forward and pullback
senses (indeed, forward and pullback uniform attractions are equivalent in deterministic cases). The
next proposition indicates that the pullback uniform attraction implies a forward uniform attraction in
probability.

Proposition 5.1.7. Suppose that a random set <7 is uniformly D x -pullback attracting under an NRDS
@, then it is forward uniformly attracting in probability in the sense that

tlirgop {w eQ: (S:ég dist(p(t, w, 0, B(w)), o (Yw)) > 5} =0, Ve>0, B¢€Dx. (5.9)
Proof. Given any € > 0 and B € Dy, by the uniform D x-pullback attraction of .o we have

tliglop {w €N 516112) dist(o(t, 9 _yw, 0, B(Y_w)), o (w)) > 5} =0.
Since ¥ is P-preserving and (2 is invariant under 1, for each ¢ > 0 it holds

P {w € Q :supdist(¢(t,w, o, B(w)), & (Yw)) > 5}

oeY

=P {ﬁtw € Q :supdist(o(t,w, o, B(w)), o (w)) > 6}

oEY

=P {w € Q :supdist(o(t, ¥ _yw, 0, B(J_w)), o (w)) > 5} .

ceY

Hence, we have the result. L]

b). Almost uniform attraction for discrete time

Notice that the attracting property of a random uniform attractor is expected for each (almost every)

fixed sample w. This is the usual case in the study of random cocycle attractors [1]. Now we show that

the usual pullback attraction implies an almost uniform (w.r.t. w € €2) pullback attracting property.
The following lemma is a generalization of Egoroff’s theorem (see [46, p88]).

Lemma 5.1.8. Suppose {D,,}° , is a sequence of bounded random sets such that

lim dist(D,,, Dy) =0, P-a.s. (5.10)

n—oo

Then for each € > 0, there exists an F' € F with P(F') < € such that

lim dist(D,,(w), Do(w)) =0 holds uniformly for allw € Q \ F.

n—oo
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Proof. Up to a full measure subset, we let (5.10) holds for all w € €2. Define

Qr = ﬂ {we Q:dist(D(w), Do(w)) < 1/m}.

Then it is clear that (2" is non-decreasing in n and, by (5.10),

QC lim Q™, VYmeN.

n—oo

Hence, lim,,_,., P(2\ ") = 0, and thereby there exists a positive ny(m) € N such that

m g
P(Q\ Qnoim)) < o

Set N
F=J(2\ ).
m=1
Then F'is measurable and N
PF) <) PO\ Q) <

1

Since 2\ F' = QN (N7_, 4 ), foreachm € Nandallw € Q \ F (thenw € Q7 1) it holds

3
I

dist(Dp(w), Do(w)) < 1/m, ¥n = ng(m),
i.e., the limit holds uniformly in 2\ F. U

Proposition 5.1.9. Suppose that ¢ is an NRDS and </ is the D x-uniform attractor. Then for each
t, — 00 and any € > 0 there exists an F' € F (depending on {t, },en and ) with P(F) < ¢ such
that, for any D € Dy,

sup dist (¢ (tn, V_y,w, 0, D(9_y,w)), o (W) =250, uniformly for all w € Q\ F.

oeY

Proof. Since Dy is neighborhood-closed, there exists a & > 0 such that N5(<7) € Dx. Hence, since
</ uniformly attracts Ns(/) for each w € ), by Lemma 5.1.8 we know that for each ¢, — oo and
any € > 0 there exists an F' € F with P(F') < ¢ such that

sup dist(¢(tn, V_y,w, 0, Ns(of (9_y,w))), & (w)) == 0, uniformly forallw € Q\ F.

oeY

Noticing that Ns(«) is in fact a uniformly Dx-absorbing set, we have completed the proof. 0
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5.2 Existence of uniform attractors

This section is aimed to establish some criteria for the existence of uniform attractors for NRDS. To
ensure the measurability of the random uniform attractor, which is considerably the most important
feature of random attractors compared with deterministic ones, the symbol space 3. is required to be
Polish. Note that such a Polish condition is satisfied by the hull of translation-bounded functions, see
Section 5.5.2.

Omega-limit sets are always important in the study of attractors. For any = C > and w € €2, the
omega limit set of each B € Dx under NRDS ¢ is defined by

W(w,E,B) = ([J ot 0w, 0 .E, B_w)). (5.11)

s=>0t>s

It is important to note that W(w, Z, B) # UyezWW(w, 0, B) generally. Nevertheless, we have

U Wiw.o,B)=J Mot 0w, 0_0.B) < () |JJo(t 0w, 00, B)

o= oc€= seNt2s seNocEt=s
c N UUetv-w,0_0,B) = (|t 9-w,0_Z, B)
seENoe=t>s seNt>s (512)
=N UJst, 9w, 02 B) = (| Jo(t. V_w,0_,E, B)
seNt=s s=>0t>s
=W(w, =, B).

It is standard to have the following characterization of omega-limit sets.

Proposition 5.2.1. Forany = C Y and w € (), y € W(w, Z, B) if and only if there exist sequences
t, — oo and o, € = such that for some sequence

Ty € O(tn, Uy, w,0_y 0n, B(V_y,w))
it holds x,, — y.
The following lemma is crucial to prove the measurability of a uniform attractor.

Lemma 5.2.2. Suppose that ¢ is an NRDS continuous in symbols. If = C X densely, then for each
w € ),
W(w,=,B) =W(w,%,B), VB € Dy.

Proof. For fixed w and B € Dy, note that

W(w.3,B) = Jét. V_w,0_3, B)_w)), vICI.

s=>0t>s

It suffices to prove

¢(t, ﬁ_tw, 9—t27 B(ﬁ_tW)) = ¢(t, ﬁ_tw, G_tE, B(l?_t(,d)), Vt € R+. (513)



5.2. EXISTENCE OF UNIFORM ATTRACTORS 121

Only the C inclusion needs a proof. Let y € ¢(t,9_w,0_;%, B(_w)). Then there are sequences
o, € ¥ and z,, € B(Y_,w) such that

o(t, 0w, 0 _40,,x,) =y, asn — oo.

As o — ¢(t,¥_4w,0_,0,x) is continuous, by the density of = in X there is a sequence o/, € = such
that
dist (9(t, V-, 0407, 20), O(t, 0,010, ,) ) < 1/n, Vn €N,

which implies ¢(t,9_yw, 0_,0", x,) —— y. Hence, y € ¢(t,V_w,0_,Z, B(¥_,w)) as desired. [

5.2.1 First results based on compact uniformly attracting sets

Lemma 5.2.3. Suppose that ¢ is a jointly continuous NRDS with a compact uniformly Dx-attracting
random set K. Then, for any closed random set B € Dx, W(-, X, B) is non-empty, compact and
negatively semi-invariant in the sense that

W(Ww, %, B) C ¢(t,w, S, W(w, X, B)), Vt=>0, we (5.14)
Moreover, for any closed random set D which uniformly attracts B it holds
W(w, 3, B) C D(w), Yw € Q. (5.15)

Proof. Non-empty. Take a sequence z,, € ¢(tn, 0y, w,0_y,0p, B(¥_y,w)) witht,, — coand o, € X.
Then, since K uniformly attracts B,

dist(x,,, K(w)) < dist(p(tn, ¥y, w, 0,00, B(0_4,w)), K(w)) = 0, asn — co.

Since K (w) is compact, there exists ay € K (w) such that z,, — y in a subsequence sense. Therefore,
by Proposition 5.2.1 we have y € W(w, ¥, B) and thereby the nonempty is clear.

Compactness. For any y € W(w, 3, B), Proposition 5.2.1 indicates that there exist sequences
t, — 00, 0, € ¥ and z, € B(Y_;,w) such that

O(tn, Oy, w, 04,00, 2n) = . (5.16)

On the other hand, since B is uniformly attracted by K and K is compact, y € K(w). Hence,
W(w, ¥, B) C K(w) is compact, as a closed subset of a compact set is compact.

Negative semi-invariance. Let t € RT be fixed, and take y € W(thw, ¥, B). Then by Proposition
5.2.1 there exist sequences t < t,, — 00, 0, € ¥ and z,, € B(J_;, J,w) such that

¢(tn, ﬁ,tnﬂtw, G,tnﬁtan, Zn) — Y. (517)
Hence, by the invariance of ¢ we have

¢(tn; ﬂ—tnﬁtwu H—tnetan; Zn) = ¢(t7w7 Un) o ¢(tn - t,ﬁt—tna}, et—tnam Zn) — Y. (5.18)
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On the other hand, since K is compact and uniformly pullback attracts B, there exists a k € K (w)
such that
¢<tn — t, ﬁt,tnw, etftno-ny Zn) — k (519)

in a subsequence sense. This implies & € W(w, X, B) by Proposition 5.2.1. Moreover, by the
compactness of X, o, converges to some ¢ up to a subsequence. Hence, by the joint continuity of ¢
we have

O(t,w,on) 0 Oty —t, 04y, w, 00y, 0n, 2n) = O(t,w,0,k)

which along with (5.18) implies y = ¢(t,w, 0, k) € ¢(t,w, o, W(w, 3, B)); negative semi-invariance
is clear.

To prove (5.15), suppose we are given another closed random set D uniformly attracting 3. Then
for any y € W(w, ¥, B) we have a sequence x,, € ¢(t,,, 0y, w,0_; X, B(V_;,w)) with t,, — oo such
that z,, — y. By the uniformly attraction and the closedness of D we know y € D(w). Therefore,
W(w, X, B) C D(w) and (5.15) follows. O

Lemma 5.2.4. Suppose that ¢ is a jointly continuous NRDS with a compact uniformly Dx-attracting
random set K. If a closed random set B € Dx uniformly attracts itself, then W(-, 3, B) is a compact

and negatively semi-invariant random set, and is the minimal closed random set uniformly attracting
B.

Proof. By Lemma 5.2.3 we know that for each w € 2, W(w, 3J, B) is non-empty and compact. Now
we prove the measurability. First, let us show that

W(w, 3, B) mU¢mﬁmeB(l9 w)), Vw € Q. (5.20)

neNm=n

Since B uniformly attracts itself, by (5.15) we have W(-, 2, B) C B(-). Hence, by the negative
invariance of W(w, 3, B), we have

W(w, X, B) C ¢(m,d_w, S, W _w, 3, B))
C o(m,9_pw, %, B(Y_nw)), VYmeN.

Therefore,

W(w, 2, B) ﬂUgbmﬁmeB(ﬁ w)), Yw e Q,

neN m=n

and thereby (5.20) holds, as the inverse inclusion is straightforward.
Since X is Polish, suppose = = {0; }icn is a dense subset of 3. Denote by

= U U gb(mv 19—7%("}7 9—m0-i7 B(ﬁ—mw)), Vn € N, w € Q

m=n {€N

Then W(w, ¥, B) = NpenDy ( ) in view of (5.20) and (5.13). Now we first prove that each D,, is
measurable.
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Since B is a non-empty closed random set, by Lemma 2.2.4 (I) there exists a sequence { f;},en
of measurable functions such that B(V_,,w) = Ujen f;(9_,w), which makes

¢(m> ﬁfmwa H,mO'i, B<19*mw)) = U ¢<m7 ﬁ*mw’ H*mai’ fj (W))

jEN

as x — ¢(m,V_w,0_,,0; ) is continuous. Since ¢p(m,V_,,w,0_,,0;, x) is (F, B(X))-measurable
in w, it is measurable in the sense of Definition 2.2.2 as well since it is single-valued. Hence the right-
hand side term of the above identity is measurable and then so is the left-hand side term. Therefore,
by Lemma 2.2.4 (I) we know D,, is measurable.

On the other hand, clearly, D, is decreasing and every sequence {x,} inside W(w, 3, B) is pre-
compact since W(w, =, B) is compact itself, by Lemma 2.2.4 (I) we know W(w, ¥, B) = Nyen Dy (w)
is measurable.

Now we prove by contradiction that W(-, ¥, B) uniformly attracts B. Suppose it is not true, then
there exist a 6 > 0 and a sequence =, € ¢(t,, 9, w,0_, 0,, B(J_4,w)) with ¢, — oo and 0, € X
such that

dist(x,, W(w, 3, B)) > 4§, Vn e N. (5.21)

However, by the uniformly attracting property and the compactness of K again, there is a y €
W(w, ¥, B) such that x,, — y, which contradicts (5.21).
The minimal property follows from Lemma 5.2.3. The proof is complete. [

Now we give a sufficient condition for the existence of random uniform attractors. Note that, since
the attraction universe is inclusion-closed, the necessary statement of the following result holds true
as well.

Theorem 5.2.5. Suppose that ¢ is an NRDS continuous in both ¥ and X, and = is any a dense subset
of 2. If ¢ has a compact uniformly D x-attracting set K and a closed uniformly D x-absorbing set
B € Dx, then it has a unique D x-uniform attractor o/ € Dx given by

(W) =W(w,X,B) =W(w,=,B), Ywe-.
Moreover, the uniform attractor </ is negatively semi-invariant
A (Yw) C o(t,w, B, o (w)), Vt=0,we.

Proof. The non-empty, compactness and measurability properties, along with minimal and negative
semi-invariant properties, are proved by Lemma 5.2.4. We now prove the uniformly Dx-attracting
property. Since </ uniformly attracts B by Lemma 5.2.4, for eache > 0 and 0 € ¥, w € ( fixed,
there is a time 7" > 0 such that

dist ((b(t, 90, 0_,5, B(I_w)), ﬂ(@) <& WST
On the other hand, for each D € Dx and w € (2, there is a time 7)»(w) > 0 such that

U ot 9v_w, 0%, D(_w)) C B(w)

t=>Tp (UJ)
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as B is a uniformly Dy -absorbing set. Hence,
dist (¢(t F T 1w, 0y S, D w)), %’(w))
— dist <¢(T, D10, 015, Gt 007, 0075, D7), gf(w))
< dist(qb(T, 910, 0_75, BW_1w)), «Qf(w)) <& VS Tp(0_qw),

which indicates that .7 uniformly pullback attracts D. Since B € Dy, < belongs to Dx as well
since &/ C B and Dy is inclusion-closed. The proof is complete. [

Remark 5.2.6. Note that, in Theorem 5.2.5, K unnecessarily belongs to Dx. In Theorem 5.3.14
we will prove that a compact uniformly Dx-attracting set X' € Dy alone is a sufficient (and also
necessary) condition for the existence of the uniform attractor.

Remark 5.2.7. In applications, the symbol space X is often defined as the hull of the non-autonomous
forcing. Theorem 5.2.5 (and also Theorem 5.3.14) indicate that, under the required conditions, the
uniform attractor is actually determined by the hull without the closure. See also the discussion before
Proposition 5.1.6.

5.2.2 Alternative dynamical compactnesses

Theorem 5.2.5 implies a direct relationship between uniform attracting sets and uniform attractors.
However, the existence of a compact uniformly attracting set K is often nontrivial to establish. There-
fore, several dynamical compactnesses have been introduced in attractor theory, such as asymptotic
compactness, pullback omega-limit compactness, flattening and squeezing properties [68, 53, 38, 30].
Now we introduce analogous concepts in the context of uniform attractors, and show that these dy-
namical compactness of an NRDS will ensure the omega-limit set of a uniformly D x-absorbing set
to be a compact uniformly Dy -attracting set. For analogous discussions for cocycle attractors see
Section 3.2.2.

Definition 5.2.8. An NRDS ¢ on a Banach space (X, || - ||) is called uniformly Dx-(pullback) flat-
tening if for each D € Dy, e > 0, w € Q there exist a Ty = Ty(D, e,w) > 0 and a finite-dimensional
subspace X, of X such that

(i) Uit P-op(t, 9w, X, D(Y_4w)) is bounded, and
(i) [|(I = P.) Uy ¢(t, 9w, B, D(0_w))|| <,
where P. : X — X_ is a bounded projection.

Definition 5.2.9. An NRDS ¢ on a Banach space (X, || - ||) is called uniformly Dx-(pullback) omega-
limit compact if for each D € Dx, e > 0, w € ) there exists a T = T1(D, e, w) > 0 such that

K <U B(t, 0w, %, D(ﬁ_tw))) <e,

t>T
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where x denotes the Kuratowski measure [68] of noncompactness of sets defined as
r(B) = inf {6 : B has a finite cover by balls of X of diameter less than 6}, VB C X,

Definition 5.2.10. An NRDS ¢ on a Banach space (X, || - ||) is called uniformly Dx-(pullback)
asymptotically compact if for each D € Dy, w € () and any sequences 0 < ¢, — oo and x) €
D(9_;,w) the set {¢(t,, ¥y, w, 3, x1)} is precompact in X.

Theorem 5.2.11. Suppose that X is a uniformly convex Banach space (particularly, a Hilbert space).
The following dynamical compactness properties of an NRDS ¢ on X are equivalent:

(i) uniformly Dx-(pullback) flattening,
(ii) uniformly Dx-(pullback) omega-limit compactness;
(iii) uniformly Dx-(pullback) asymptotically compactness,

where the uniformly convex property of X is only for the relation (iii)=(i). Moreover, each of these
dynamical compactnesses implies that the omega-limit set W(-, %, B) of a uniformly Dx-absorbing
set B € Dy is a compact D x-uniformly attracting random set.

Proof. Similar to, e.g., [53, Theorems 4.5 & 4.6], or [30, Section 2]. ]

The above theorem implies that these dynamical compactnesses could replace the requirement
of a compact uniformly Dx-attracting set in Theorem 5.2.5, since they are stronger under suitable
conditions.

5.3 Relationship between different random attractors

In this section we study the relationship between uniform and cocycle attractors for NRDS. To this
end, we first introduce a dynamical system named skew-product cocycle generated by an NRDS and
define a proper cocycle attractor with proper attraction universe for the skew-product cocycle as a
bridge.

5.3.1 Proper cocycle attractor for skew-product cocycle on extended phase
space
Denote by (X, dx) the extended phase space > x X, that is, x € X if and only if it has the form
X = {0} x {z} for some o € ¥ and z € X, endowed with the skew-product metric given by
dx(x1,x2) = p(o1,09) + dx(w1,22), Vx; ={o;} x {z;} € X.

Clearly, any set B in X has the form B = U,cx{c} x B(o), where each B(0) is a (possibly empty)
subset of X called the o-section of B. Denote by P, the mapping from each B C X to its o-section,
i.e., P,B := B(0), and let

PxB = U P,B = {x € X : there is some o € ¥ such that {o} x {z} € ]B%}.

oeY
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Then Py is the projection from X to X. Denote by P the projection from X to ..
Given an NRDS ¢, define a mapping m: R™ x  x X — X by

m(t,w, {o} x {z}) = {bi0} x {¢(t,w,0,2)}. (5.22)
Then the mapping 7 is a (random) cocycle, namely, satisfying
e 1is (B(R") x F x B(X), B(X))-measurable;
e 7T(0,w,x) =% Ywe xeX
e the cocycle property w(t + s, w, x) = 7(t, Vsw, w(s,w, X)), Vt,s € RT w € Q, x € X.

The cocycle 7 is called the skew-product cocycle (with base flow {6, },cr) generated by ¢. Note that
7 is continuous, namely, the mapping x — 7(, -, x) is continuous in X, if and only if ¢ is jointly
continuous. Very often, we write (¢, w, x) as 7(t,w)x for convenience.

a). Proper random sets and proper cocycle attractor

For the cocycle 7, a particular (autonomous) RDS, it is sensible to study its long-time behavior in
terms of cocycle attractors. In order to serve uniform attractors, we define proper random sets in X
and then define a proper cocycle attractor for 7.

Definition 5.3.1. A set-valued mapping B(-) : © +— 2%\ () is called a random set in X if for each
X € X the mapping w — distx(x, B(w)) is (F, B(R"))-measurable. If, moreover, B satisfies that

P,(B(w)) #( foreacho € ¥, w € Q, (5.23)

and that
Px(B) € Dy, (5.24)

then it is said to be proper.

Note that condition (5.23) is equivalent to that
Py(B(w)) =% forallw € ), (5.25)

which implies that stochastic perturbation happens only to the X -component. Let
Dx = {B : B 1s a proper random set in X}.

Example elements of Dy are random sets in the form X x D = {¥ x D(w) }yeq with D € Dx.
Now we define the proper cocycle attractor, which pullback attracts proper random sets in X.

Definition 5.3.2. A random set A € Dx is called a Dx-cocycle attractor of the skew product cocycle
mif

(1) A is compact;
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(2) A is Dx-pullback attracting, that is,

lim distx (7 (¢, 9w, D(Y_w)), A(w)) =0, VYweQ, D e Dx;

t—o0
(3) A is invariant under 7, that is,

m(t,w, Aw)) = A(Ww), VteR'Y we.

Note that, since A € Dx, A attracts itself by definition. Moreover, by the invariance property, it is
the minimal compact random set in X satisfying (2).

Cocycle attractors for (autonomous) RDS have been relatively much studied during recent years,
see for instance [34, 42, 4]. But due to the special setting of the attraction universe Dy, no results in
the literature could be directly applied in our case, since the collection Dy is even not inclusion-closed
due to the requirement (5.23). Hence, in the following we must be careful when proving the existence
of a Dx-cocycle attractor.

b). Relationship between uniform attractor for ¢ and proper cocycle attractor for 7

Now we are interested in the relationship between the uniform attractor <7 of an NRDS ¢ and the
Dx-cocycle attractor A of the corresponding skew-product cocycle 7. This helps to understand the
random uniform attractor as implied by the following results.

Proposition 5.3.3. If the NRDS ¢ is jointly continuous and has a D-uniform attractor </, then the
(continuous) skew product cocycle m generated by ¢ has a Dx-cocycle attractor A, defined by

Aw) = 7t w K(W_w)), VYw € Q,

s=>0t>s
with K = £ x N.(7).

Proof. We first claim that the extended set > x 7 is a compact Dx-pullback attracting set of =
belonging to Dx. Indeed, it is clearly a random setin X and ¥ X &7 € Dx as P,(X x &) = & € Dx
for each o € ¥J; the compactness follows from that of .7 directly; for any D € Dy, by the uniform
attraction of .7 we have

distx (ﬂ(t, 9_)D(0_w), 5 x yf(w))

— distx <7r(t, I_w) | J{o} x B,D(0_w), T d(w))

oey

_ distx< 100} x é(t, 0w, 0, P,DW_w)), S x d(w)) (5.26)

oeY

< distx<2 % (Upesd(t, 0w, 0, PxD(¥_w)), = yf(w))

= sup dist x <¢(t, VU _yw, 0, PxD(V_w)), %(w)) — 0, ast— oo,

ceEY
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and thereby ¥ x &7 is Dx-pullback attracting.

Now we construct the Dx-cocycle attractor. Since Dy is neighborhood closed, there exists an
¢ > 0 such that the closed e-neighborhood N (<7 ) of < belongs to Dy. Set K = X x N.(«). Then
K € Dx is a closed Dx-absorbing set of . Consider the omega-limit set of K (under 7) given by

Q(w) = (Ut Vw0, KW_w)), Ywe Q. (5.27)

s=>0t>s

Following the proof of [83, Lemmas 2.17 & 2.21] and [84, Theorem 2.14] we know that Q) is a
(non-empty) compact random set in X which is invariant and Dx-pullback attracting (under 7). In
order to show that () is the Dx-cocycle attractor of 7, we need to prove further that (5.23) and (5.24)
hold for Q.

For each o € ¥ and w € (), since the uniform attractor .’ pullback attracts Px (K), we have

dist(¢(n, V_,w,0_,0, Px(K(V_,w))), #(w)) = 0, asn — 0.

Hence, take any sequence x,, € Py_ ,K(J_,w), by the compactness of . (w) there existsay € o7 (w)
such that

n—o0

o(n,9_pw,0_,0,x,) — y
holds in a subsequence sense. This means that
7(n, 00, {000} X {22}) = {0} x {y}, asn — oc,

and thereby {0} x {y} € Qk(w). Hence, y € P,(Qk(w)) and (5.23) holds.

Take an arbitrarily y € X, and recall that K = ¥ x N.(«7). Then for each w fixed, y €
Px(Qk(w)),i.e. {o}x{y} € Qk(w) for some o € %, if and only if there exist sequences 0 < t,, — o0
and 0,, € X, x, € N.(o(9_4,w)) such that 7(t,,9_y,w,{0_ 0.} X {x,})) = {0} x {y}, orin
other words by (5.22), that o,, — o and ¢(t,,,V_;,w,0_, 05, 2,)) — y, Which is equivalent to that
y € W(w, X, N.(«)) by Proposition 5.2.1. Hence, we have

Px(Qx(w)) = W(w, S, N()), Yw e Q.

Since W(+, 3, N.(&)) is a compact random set in X proved by Lemma 5.2.4 and W(-, ¥, NV (<))
is smaller than 7 (as it is the minimal closed random set uniformly attracting N.(%) by Lemma
5.2.4), we conclude that Px(Qk(-)) = W(-, X, N.(«)) € Dx by the inclusion-closed property of
Dx. Hence, (5.24) holds. The proof is complete. [

Proposition 5.3.4. Let ¢ be an NRDS. If the random cocycle © generated by ¢ has a Dx-cocycle
attractor A € D, then the random set &/ := Px A is the D x-random uniform attractor for ¢.

Proof. The compactness and measurability of .o/ follows from A directly.
Let us prove uniformly attracting property of 7. Notice that, foreach z € X, 0 € X, w € Q) and
t > 0, we have
distx(x, o (w)) = inf distx(z, Py A(w))

o'ex

< inf (distx(x,PgrA(w)) + p(o, Ul))

o'ex

- distx({a} x {2}, Upex {0’} x PU/A(w)>.
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Hence, for any D € Dy, since D with D(w) := ¥ x D(w) belongs to Dx and thereby attracted by A,
we have

sup dist x (¢(t, V_w, 0 0, D(V_w)), M(w))

oeEX

< sup disty ({O’} X P(t, 9w, 0_y0, D(V_4w)), Upres{o'} x PU,A(w)>

ceY

= sup disty <7T (t, 0w, {0_s0} ¥ D(ﬁ_tw)),A(w)>

oeY

= disty (W(t,ﬁ_tw,D(ﬁ_tw)),A(w)) — 0, ast— oo,

where the uniform attraction of .o/ follows.

To see the minimal property, we assume .7’ is another closed uniformly attracting set of ¢. Then,
in view of (5.26), it is clear that 2 x <7’ is a closed pullback attracting set of 7. On the other hand, the
cocycle attractor A is the minimal closed pullback attracting set of 7 since A € Dy is invariant and
pullback attracts itself. Therefore, it holds A C ¥ x &/’, and thereby .«¥ = PxA C </’; the minimal
property follows. O

Corollary 5.3.5. Suppose that ¢ is a jointly continuous NRDS. Then the D-random uniform attractor
o/ of the NRDS exists if and only if so does the Dx-cocycle attractor A of the associated skew product
cocycle. Moreover, it holds that

o (w) = PxAw), Yw € Q.

5.3.2 Cocycle attractors for NRDS

In this section we first study the relationship between cocycle attractor for any NRDS and proper
cocycle attractor for the generated skew-product cocycle, and then we conclude the relationship
between uniform and cocycle attractors.

a). Cocycle attractors with autonomous attraction universes

The following definitions and known results for cocycle attractors with autonomous attraction uni-
verses were established in Chapter 4. We put here for convenience.

Definition 5.3.6. A non-autonomous random set A = {A,(:)},ex is called a Dx-random cocycle
attractor of the NRDS ¢ if

(i) every A,(+) is a compact random set in X;
(i) A is Dx-pullback attracting;
(iii) A is invariant under ¢, that is, ¢(t, w, 0, A, (w)) = Ag,o (Vyw) for all t € R

(iv) A is the minimal compact non-autonomous random set in X satisfying (2).
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Lemma 5.3.7. Suppose that ¢ is a continuous NRDS. If there exists a compact uniformly Dx -pullback
attracting set K € Dy, then ¢ has a unique Dx-cocycle attractor A = {A,(+) }oex given by

A,() =W(,0,K), Voei.
Lemma 5.3.8. Suppose that A = {A,(w)} is the Dx-random cocycle attractor of an NRDS ¢. Then

(i) if ¢ is jointly continuous and there is a compact random set D € Dy such that
Usendo(:) € D(),
then A is upper semi-continuous in 3., namely,

dist(Ay(w), Ay, (w)) — 0, whenever o — o in %;

(ii) if A is upper semi-continuous in symbols, then, since we have assumed the compactness of %
throughout this chapter, we have U, s A, (w) is compact for each w € ).

In Lemma 5.3.8 (ii), it is unclear whether the mapping w — U,exA,(w) is measurable or not.
However, it will be shown that, if the NRDS ¢ is jointly continuous and has a Dx-random uniform
attractor, then U,cx A, (-) is measurable since it is actually the uniform attractor itself.

Definition 5.3.9. A mapping &: 2 x R — X is called a (o-driven) complete trajectory of an NRDS
¢ if E(yw, t) = o(t — s, 0w, 050, (Vsw, s)) foreach t > s and w € €. If there exists a random set
B € Dy such that U,cgé(+,t) C B(+), then £ is called a Dy -complete trajectory.

Lemma 5.3.10. Suppose that A = {A,(w)} is the Dx-cocycle attractor for NRDS ¢ and, moreover,
there is a random set B € Dx such that Uyex A, (1) C B(+). Then

Ap,o(Viw) = {ﬁ(ﬁtw, t) : & is a o-driven Dx-complete trajectory 0f¢}.

b). Relationship between cocycle and uniform attractors

To see the relationship between Dx-random cocycle attractors and Dx-random uniform attractors,
let us show first the relationship between Dx-random cocycle attractors and Dx-cocycle attractors
of the corresponding skew product cocycle 7. For any proper random set A in X i.e., A € Dy, we
write { P, (A(w))}rexwea as {Py(A)},ex. Note that it is unclear whether each w — P,(A(w)) is a
random mapping or not, but Proposition 5.3.12 will indicate that it is a random mapping if A is the
Dx-cocycle attractor of the skew-product cocycle 7, provided ¢ is continuous.

Proposition 5.3.11. Given an NRDS ¢, suppose that the skew-product cocycle m generated by ¢ has
the Dx-cocycle attractor A. Then the set { P,(A)}yex is invariant under the NRDS ¢, i.e.

Py o (A(Vhw)) = ¢(t,w, 0, P,(A(w))), forallt > 0,0 € ¥, w € Q,
and is Dx-pullback attracting under ¢ in the sense that

tlim dist(o(t, 94w, 0_0, D(V_4w)), P,(A(w))) =0, YweQ,0€ X, D e Dy. (5.28)
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Proof. We first prove the invariance. Let 0 € X, w € Q and ¢ € R™ be arbitrarily fixed, and
y € Pp,o(A(Yw)), which implies that {0,0} x {y} € A(¢hw). Then by the invariance of A that
A(Vw) = 7(t,w)A(w), there exists a {0’} x {x} € A(w) such that
{60} x {y} = 7(t,w){o’} x {z} = {00"} x {o(t,w, 0", 2)},
which indicates that 0’ = o and y = ¢(t,w, 0, z) with x € P,(A(w)). Hence,
Py, o (A(Yw)) C ¢(t, w, 0, Pr(A(w))).
On the other hand, since
[0} x 6(t,w, 0, Py(AW))) = w(t,0, {0} x PrAW))
C r(tw)h(w) = AWw) = | {0} x Po(A@0w),

o'ex

we have ¢(t,w, 0, Py(A(w))) C Py,o(A(Jw)). Hence, the invariance is clear.
Next, we prove (5.28) by contradiction. If not, then there are 6 > 0, w € €2, D € D and sequences
t, — oo and x, € ¢(t,, 94, w,0_ o, D(_; w)) such that

dist(x,, Py(A(w))) =9, Vn €N. (5.29)

Denote by x,, := {0} X x, and D := 3 x D € Dx. Then by the pullback attraction of A under 7 we

have
distx (Xn, A(w)) < distx ({0} X d(tn, Vs, w,0_,0, D(V_4,w)), Aw))

= distx (7 (tn, V_s,w){0_r, 0} x D(V_y,w), A(w))
< distx (7 (tn, Vs, w)D(V_y,w), A(w)) = 0, asn — oco.
Therefore, as A(w) = Uyex{o} x P,(A(w)) is compact, there is a Y € {0’} x P,/(A(w)) for some
o’ € ¥ such that, up to a subsequence,
Xn = {0} x{an} = X,
which implies that o’ = o and x,, — P,x € P,(A(w)), a contradiction. O

Proposition 5.3.12. Suppose ¢ is a continuous NRDS. If the cocycle m generated by ¢ has a Dx-
cocycle attractor A, then ¢ has a Dx-cocycle attractor A = {A,(-)},ex. Moreover, they have the

relation
Ay (w) = PA(w), YweQ, ogeX. (5.30)

Proof. Proposition 5.3.4 indicates that the NRDS ¢ has a D y-uniform attractor &/ = PxA, and also
a Dx-cocycle attractor A by Lemma 5.3.7. Now we prove the relation (5.30).
By the invariance of { P, (A)},cx established in Proposition 5.3.11 we have

dist (P, (A(w)), Ay (w)) = dist <¢(t, 90,040, Py 0 (A(I_10))), Ay (w))
< dist (¢(t, 90,040, (9_w)), Ay (w))

— 0, ast— oo, Yw € ),
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since A pullback attracts 7. Hence, P,(A) C A, foreach o € ¥.

Let us prove the converse inclusion. Since A is a Dx-cocycle attractor, for each o € X, A, is a
compact random set in X. Hence, the mapping w +— UjenAg_ - (w) is a closed random set in X by
Lemma 2.2.4. Moreover, by the minimal property of A, UjenAg_,, is smaller than .7 and thereby
belongs to Dx. Hence,

dist (A, (), Py(A(w))) = dist (¢(n, 0, 00, Ag o (0_)), PU(A(w)))

< dist <gz5 (n, I_pw,0_,0, UjeNAg_jU(ﬁ_nw)) P, (A(w)))

— 0, asn — oo, Yw € (,

where we have used (5.28). Thus, it follows that A, C P,(A) for each ¢ € X. The proof is
complete. [

Since Proposition 5.3.12 shows the relationship between the Dx-cocycle attractor A of 7 and
the cocycle attractor A of ¢, while Corollary 5.3.5 indicates the relationship between the Dx-cocycle
attractor A of 7 and the uniform attractor <7 of ¢, we are able to give the relationship between uniform
and cocycle attractors of ¢ as follows.

Theorem 5.3.13. Suppose that ¢ is a jointly continuous NRDS. If ¢ has a Dx-uniform attractor <7,
then it also has a Dx-cocycle attractor A = {A,(-)}sex. Moreover, the two attractors admit the

relation
(W) =] A (w), VweQ (5.31)
oEeY

Proof. The existence of the Dx-uniform attractor .7 implies that of the Dx-cocycle attractor A by
Lemma 5.3.7, and implies that of the Dx-cocycle attractor A of the skew-product cocycle generated
by ¢ by Proposition 5.3.3. Then from Corollary 5.3.5 and Proposition 5.3.12 it follows that

o (w) = PxAw) = | PAW) = [ J As(w), Vwe.

The proof is complete. O

5.3.3 More about uniform attractors

Now we present several important properties of uniform attractors, making use of the relation (5.31)
given by Theorem 5.3.13. We first strengthen the existence Theorem 5.2.5 to the following one, in
which we characterize the uniform attractor by the omega limit set of an arbitrarily compact uniformly
attracting set / instead of that of uniformly absorbing sets.

Theorem 5.3.14. Let = be any a dense subset of Y. and ¢ a jointly continuous NRDS. If K € Dx isa
compact uniformly Dx-attracting set, then ¢ has a unique Dx-uniform attractor </ € Dy given by

(W) =W(w, X, K) =W(w,Z,K), Ywel
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Proof. Since Dy is neighborhood-closed, there exists an ¢ > 0 such that the closed e-neighborhood
N.(K) of K belongs to Dy. Then since K is a uniformly attracting set, N.(K) is a closed uniformly
absorbing set. By Theorem 5.2.5 we have

A (w) =W(w, Z,N(K)).

Clearly, .o/ (w) 2 W(w, X, K).
Now we prove .7 (w) C W(w, £, K). Notice that

Ww, 2, o) = o (w), YweQ.

Indeed, since, by Lemma 5.2.4, W(-, X, /) is the minimal closed random set which uniformly pull-
back attracts 7, it holds W(w, ¥, /) C o/ (w) as &/ uniformly attracts itself as well; the inverse
inclusion follows from

Ww o) = JU ot 9w, 00, o (9_w))

s20t=s oceX

— ﬂ U U gb(t, V_w, 0_0, Uo'ezAa’<19—tw))

s20tzsoen

ﬂ U U t V4,040, AG—tU(ﬁftw))

s>0t>soceX
= U J4) = U e ) = (@)
s20t=2soes s=0t>s

where the relation (5.31) and the invariance of the cocycle attractor are employed. Hence, for K a
compact random uniformly attracting set, &/ (w) = W(w, X, %) C W(w, %, K) as &/ (w) C K(w)
by the minimality of .<7. The proof is complete. [

Proposition 5.3.15. Let ¢ be a jointly continuous NRDS and have a compact uniformly Dx -pullback
attracting set K € Dx (hence ¢ has a Dx-cocycle attractor A by Lemma 5.3.7). Suppose that y € X
is such that

gb(tna 19—tnwa e—tna’rw an) — Yy

for some sequences t,, — 00, 0, € ¥ and x,, € D(J_4, w). Then

y e Ay (w),

. . k—o0
where o is such that there exists a subsequence o,, —— o

Proof. By Theorem 5.3.14 and Proposition 5.3.3 we know that the existence of a compact uniformly
Dx-pullback attracting set implies the existence of the Dx-uniform attractor <7 for ¢ and that of the
Dx-cocycle attractor A for the generated semi-product cocycle 7.
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Denote by D :=Y% x D. Then D belongs to Dx and is attracted by A under 7. Hence, by (5.22)
and Proposition 5.3.12 we have

distyx ({Unk} X ¢ (tn,, Vt,, w0+, Onr Ty ) Ugres {0’} X Ay (w))

= distx (F(tnk, Vt, W, {04, On,} X {xnk}),A(w)>
g diStX <7T<tnk-7 ﬁ—tnkwv D(ﬁ—tnkw)), A(W)) ]H—OO) 0.

Therefore, from o,,, NP O(tn, V4, w,0_y 0n,1,) — yit follows that y € A, (w). O

Proposition 5.3.16. Suppose that ¢ is a jointly continuous NRDS. If the NRDS ¢ has a Dx-uniform
attractor <, then it also has a Dx-cocycle attractor A = { A, (+) } sex Which is upper semi-continuous
in symbols and satisfies o (w) = Uyex A, (w) for each w € .

Proof. The proof is concluded by Theorem 5.3.13 and Lemma 5.3.8. [

Proposition 5.3.17. Suppose that ¢ is a jointly continuous NRDS. If ¢ has a D x-random uniform
attractor </, then

o (Yw) = {5(19tw,t) : & is a Dx-complete trajectory ofqﬁ}, vVt e R,w € .
Proof. The proof is concluded by (5.31) and Lemma 5.3.10. [

We are now able to prove neatly the negative semi-invariance of uniform attractors, see Proposition
5.2.5.

Proposition 5.3.18. Suppose that ¢ is a jointly continuous NRDS. Then the uniform attractor </ of
o, if exists, is negatively semi-invariant, that is,

A (Vw) C P(t,w, o (w)), VteR" weQ,

where ®(t,w, ) := Uyexd(t,w, o, ). (Note that ® is actually a multi-valued RDS, see Proposition
5.4.4.)

Proof. By the relation (5.31) and the invariance of the cocycle attractor,

A (Ww) = | Apo(w) = | ¢(t,w,0, A;(w))

gEY D>
C | ¢t w,0,Upexdy(w)) = O(t,w, o (w)).
oeEY
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5.4 Uniform attractor as multi-valued cocycle attractor

It is known that the theory of multi-valued dynamical systems is often used to deal with differential
equations without the uniqueness of solutions, see [3, 72, 80, 39] and references therein. In this
section we shall show that it is also useful for the study of uniform attractors, as a uniform attractor
for an NRDS could be regarded as the cocycle attractor of a corresponding multi-valued RDS. The
relationship between uniform attractors for single-valued dynamical systems and cocycle attractors
for multi-valued dynamical systems seems new in the literature.

Dynamical systems mentioned in this section are single-valued, except otherwise clearly stated.
This is the case in all the other parts of this thesis.

Let C'(X) be the collection of non-empty closed sets in X.

Definition 5.4.1. A set-valued mapping ® : RT x Q x X — C(X) is called a multi-valued RDS on
X, if

(1) ®is (B(RT) x F x B(X), B(X))-measurable;

2) ¢(0,w,z) =2, YweQzeX;

(3) it holds the negative invariance property

Ot +s,w,x) C P(t,dw, P(s,w, 7)), Vt,se RT,we N zeX.

If it holds the identity in (3), then ® is called a strict multi-valued RDS. Moreover, the multi-valued
RDS @ is said to be upper (or lower) semi-continuous if the mapping ®(¢,w, -) is upper (or lower)

semi-continuous for each fixed ¢,w. If it is both upper and lower semi-continuous, then it is said
CONtinuous.

Definition 5.4.2. A random set <7 () € Dy is called a Dx-cocycle attractor for a multi-valued RDS
D, if

(1) <7 is compact;
(2) < is Dx-(pullback) attracting under ®, namely, for any B € Dy it holds that
dist(®(t, 9w, B(V_w)), o (w)) — 0, ast — oo;

(3) < is negatively invariant in the sense that
A (Dw) C P(t,w, o (w)), VteR" we.
Remark 5.4.3. Note that the negative invariance of a Dx-cocycle attractor implies the minimal prop-

erty that for any closed random set .<7” which is D -pullback attracting under the multi-valued RDS
® it holds &7 C .&7’. This can be seen from

dist(of (w), &' (w)) < dist(P(t, ¥ _yw, o (0_4w)), o' (w)) = 0, ast— oo.
Hence, cocycle attractors for multi-valued RDS must be unique.

Several papers can be found on the study of attractors for multi-valued RDS, e.g., [15, 14, 87, 85].
Here we show an equivalence relationship between uniform attractors and multi-valued attractors.
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5.4.1 Uniform attractor for an NRDS is the cocycle attractor for associated
multi-valued RDS

First we show that any jointly continuous NRDS generates a continuous multi-valued RDS.

Proposition 5.4.4. Suppose that ¢ is a jointly continuous NRDS on X. Then the mapping ® on
Rt x Q x X defined by

O(t,w,x) U(btwax (5.32)

oeY

is a continuous multi-valued RDS, which is said generated by the NRDS ¢.

Proof. Since the NRDS ¢ is continuous in X and Y is compact, ®, defined by (5.32), takes values in
C(X), and hence

O(t,w,x) = | o(t,w,0,2) = | o(t,w,0,2), (5.33)

ceY oEE

where = is an arbitrary countable dense set of >.. Thus, in view of Lemma 2.2.4, the measurability of
® is clear.
The negative invariance of ® follows from that of ¢ and the invariance of .. Indeed,

Ot +s,w,7) = ] ot +5,w,0,2)

gEY

c | ¢t 0w, 0,0, 6(s,w, 0, 7))

oeY

C U ¢(t7 195(.07 050', UU’€Z¢(87 w, OJ: CL’))
oEX

= &(t,dw, P(s,w,x)), Vt,seR " weQ relX.

Now we prove the continuity by proving the upper and lower semi-continuity, respectively. Let
x, — x. First we prove upper semi-continuity by contradiction. Suppose for some € > 0 it holds that

dist(®(t,w, z,), P(t,w,x)) > e, VneN.
Then by (5.32) we have a sequence o,, € X such that
dist(¢(t,w, op, ), P(t,w,x)) > ¢, Vn €N,
Noticing that o,, — ¢ for some o € X by the compactness of X, up to a subsequence we have
O(t,w,on, t,) = O(t,w,0,x) € D(t,w, )

as ¢ is continuous in both X and X'; a contradiction. To see the lower semi-continuity, it suffices to
notice that for each y € ®(¢,w, x), there is a o € ¥ such that y = ¢(t, w, o, x) which is approximated
by ¢(t,w, o, z,,) which belongs to ®(¢,w, x,,). The proof is complete. O
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Theorem 5.4.5. Suppose that ¢ is a jointly continuous NRDS on X, and that ® is the continuous
multi-valued RDS generated by ¢. Then the random set </ is the D x-uniform attractor of ¢ if and
only if it is the Dx-cocycle attractor of P.

Proof. First it is trivial to observe that, for any B € Dy the pullback attraction

tlim dist(®(t, ¥ _yw, B(¥_w)), & (w)) =0
—00
is equivalent to

lim dist(¢(t, V_w, X, B(V_w)), o/ (w)) = 0.

t—o0
Hence, <7 is Dx-pullback attracting under ® if and only it is uniformly Dx-attracting under ¢.

If of is the Dx-uniform attractor of ¢, then Theorem 5.2.5 implies the negative invariance of .o/
under @, and hence it is the Dx-cocycle attractor of ®. Conversely, if .o/ is the Dx-cocycle attractor
of @, since by Remark 5.4.3 we have shown the minimal property of <7, it is clearly the D x-uniform
attractor of ¢. O

5.4.2 Random uniform attractor is determined by uniformly attracting non-
random compact sets

In this section we show that uniform attractor for any jointly continuous NRDS ¢ is determined by
uniformly attracting nonrandom compact sets. This could be regarded as a non-autonomous general-
ization of analogous results in [3 1] for (autonomous) RDS.

Let @ be the continuous multi-valued RDS generated by ¢. The omega-limit set of a compact set
D C X is defined as

Qp(w) = (| J2(tV-w,D), Ywe.

s=>0t>s

Note that the omega-limit set {2, of a compact set D for a general multi-valued RDS is not measurable
in general. But for the continuous multi-valued RDS ® generated by NRDS ¢, in view of [34, The-
orem 3.11] it is clear that the omega-limit set is measurable at least with respect to the 7P-completion
of F, since X and X are Polish. In this part we shall work in this P-completion sense.

Hereafter, for any random sets / and D, we write P{w € Q : I(w) C D(w)} simply as P(I C D).
For the ease of description, let

D= {K : K is a (nonrandom) compact subset of X } C Dy.

Now we define the ®-cocycle attractor, which pullback attracts nonrandom compact sets.
Definition 5.4.6. A random set 2 is said to be a ®-cocycle attractor of ¢ if
(1) %A is compact;
(2) 2Ais ®-(pullback) attracting under ®, namely, for any K € © it holds that

dist(®(t, V_w, K),A(w)) — 0, ast — oc;



138 RANDOM UNIFORM ATTRACTORS

(3) 2 is negatively invariant under ®, i.e.,

A(Ww) C (t,w,Aw)), VteR",we.

The following lemma is a multi-valued generalization of [ 1, Proposition 5.2].

Lemma 5.4.7. Suppose that I is a random set which is negatively invariant under ®. Then for each

compact set D C X we have
P(I C D)< P cCQp).

Proof. The proof is achieved similarly to [31, Proposition 5.2] using Poincaré recurrence theorem.
O]

Lemma 5.4.8. Suppose that I is a compact random set which is negatively invariant under ®. Then
for each £ > (0 there exists a compact nonrandom set K C X such that

P(ICQK) >1—c.
Proof. Similar to [31, Corollary 5.4]. L]

Corollary 5.4.9. Suppose that I is a compact random set which is negatively invariant under ®. If 2
is a ®-cocycle attractor of ®, then

PIcCA)=1

Proof. By Lemma 5.4.8 we see that for each ¢ > 0 there exists a compact set X' € ® such that
P(I C Qk) > 1—e. On the other hand, since 2 is the ®-cocycle attractor, Qi C 2 forany K € D.
Hence,

PICA)=2PICQg)=21—¢e, Ve>D0,

which completes the proof. 0

The above corollary implies that ©-cocycle attractor is P-almost surely unique, as any ®-cocycle
attractor is negatively invariant. Noticing also that any Dx-cocycle attractor is also a ®-cocycle
attractor, we have the following result.

Proposition 5.4.10. Suppose that </ is the Dx-cocycle attractor of ® and 2 is the ®-cocycle attractor
of ®, then
Pl =) = 1.

Proof. Firstly, by Corollary 5.4.9 we have P(«/ C 2) = 1. On the other hand, by Lemma 5.4.8 we
know that for any € > 0 there exists a compact set ' € © such that P( C Qi) > 1 — e. Note that,
since ® C Dy, & is D-pullback attracting as well, which indicates that Qi C & forany K € D.
Hence, P(2 C /) > 1 — ¢ for each ¢ > 0 and thereby P (2 C /) = 1. The proof is complete. [

Now we rewrite Proposition 5.4.10 to indicate that uniform attractors for jointly continuous NRDS
are determined by uniformly attracting nonrandom compact sets.

Proposition 5.4.11. Suppose that ¢ is a jointly continuous NRDS with a Dx-random uniform at-
tractor </ and a ®-random uniform attractor 2. Then

P/ =) = 1.
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5.5 A class of Polish spaces and translation-bounded functions

In this section we give a general example for the crucial Polish symbol space, and then recall and study
the so-called translation-bounded functions. This makes our previous theoretical analysis convenient

to apply.

5.5.1 A class of Polish spaces

Let O C RY (N € N) be a domain. Recall that for each p,r > 1, the space L}
as the space of functions g such that for any bounded interval (77,7,) C R

T>
/ 19() 150 ds < o0.
T1

(R; L™(0©)) is defined

loc

A sequence g, is said converging to some g in L} (R; L"(O)) if f 19n(s) = 9(8) |7 (0yds — 0 for
any bounded interval (7}, 75) C R. Standardly, let us define the group {Ot}teR of translation operators
on L} (R; L"(O)) by

loc

Oug(-) == g(- +1), VieR,ge L, (R; L"(0)),

(R; L"(0)) as H(g) == {6:9(-) : t € R}.
The following proposition shows that the mapping ¢ — 6,¢ is (R, L}, .(R; L"(O)))-continuous for

every g € L} (R; L"(O)) with p,r > 1, which ensures the hull of ¢ to be Polish.

Proposition 5.5.1. Let g € L} (R; L"(O)) withp,r > 1. Then for any bounded interval (T}, T>) C R
we have

and define the hull H(g) of g € L7 .

T
/ lg(-+¢) — g(-)Hpr(O)ds —0, ase—0.

T

Proof. Without loss of generality, let ¢ € (—1, 1). Denote by X = L?(T},T5; L"(O)). Then we need
to prove that g(- + €) converges to g strongly in X. Let (p, ¢) and (r, s) be conjugate indices.
Firstly, forany v € C°(Ty — 1,15 + 1; L*(O)) we have

g(s+¢e) —g(s))v(s) dzds

</T1/Og(s+6)(v( —v(s +¢))dzds| +

/TTQ/ g(s+e)v' (&) deds| + VTl /Og(s +e)u(s + ) — g(s)v(s) dads

To+e
T

g(s+e)v(s+¢e) —g(s)v(s)dzds

= le]

< klelllg(9)llzp, i)

loc

Ty +e

where the last inequality is due to Holder’s inequality and £ is a constant such that

sup ||V ()| ro) < k-

fE(Tl—LTQ-‘rl)
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Hence, g(-+¢) converges weakly to g in X as C°(T}, Ty; L*(O)) isdense in X* = LI(Ty,T5; L*(O))
(the dual of X). Therefore, by

sl ( T2 lo(5-+ 9l ) ’

(Tl

Ta+e 1/p 0
[ O res) = ol
Ty +e

and Lemma A.1.4 we know ¢(- + ¢) indeed converges to g(-) strongly in X as desired. [

5.5.2 Translation bounded functions
For any domain O C RY (N € N), let H = (L*(O),| - ||). Consider the space L% .(R;H),

loc
endowed with the two-power mean convergence topology on any bounded segment of R, i.e., g, — ¢
in L7 (R; H) means :12 llgn(s) — g(s)]|> ds — 0 for any bounded [t;,?;] C R. A function g €
L2 (R; H) is said to be translation compact in L (R; H) if its hull

loc

H(g) == (Og() L ER}

is compact in L, (R; H), where

0:9(:) == g(-+t), VteR,ge L} (R;H), (5.34)

and the closure is in the local weak convergence topology sense, i.e., 0, — o in H(g) if and only if

/2 <v(s),0n(s) — 0(s)> ds — 0

t1

for each bounded (t,,%,) C Rand v € L}, (R; H). Note that g is translation compact in L, (R; H)

loc

if and only if it is translation bounded in L2 (R; H), as indicated by the following result.

loc

Proposition 5.5.2. [26, Proposition 4.2] If g€ L2, (R; H) is translation compact in L, (R; H), then

loc

(1) forallt € R, the translation operator 0, defined by (5.34) is continuous on H(g) in LQ’w(R; H);

loc

(2) the hull of g is translation invariant H(g) = 0;H(g), Vt € R;
(3) any function o € H(g) is translation compact in L (R; H) and H(o) C H(g);

loc

(4) equivalently, g is translation bounded in L? (R; H), i.e.,

loc

n(g) = sup / lg(s)I ds < oo (5.35)

TER Jr—1

(5) forany o € H(g), n(c) < n(g).
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We will need the following bound.

Proposition 5.5.3. Let g € L? (R; H) be translation bounded in L} (R; H). Then
" 2 n(9)
sup / eFllo(s)IFds < —=, VA>0, (5.36)
oc€H(g) J - l—e

where 1(g) is the constant given by (5.35).

Proof. For each o € H(g), by Proposition 5.5.2 (5) and (5.35) we have

‘ )\s 2 (a=1) 2
/ lo(s)] ds—Z/ llo(s)[? ds

neN
—(n—1)

<Y e [ o) as

neN

<3 e (o)

neN

Ao n(g
< e p(g) = 1_(6)4

neN

5.6 Application to a stochastic reaction-diffusion equation

In this section we take a reaction-diffusion equation with both translation-bounded non-autonomous
forcing and additive white noise as an example to illustrate our theoretical analysis.

5.6.1 NRDS generated by the reaction-diffusion equation

Suppose O C RY (N € N) is a bounded domain with smooth boundary, and denote by H =
(L2(0), ]l - II). Let g(t,z) € L} (R; H) be a translation bounded mapping, namely, satisfying

n(g) = sup / lg()]]? ds < oo. (5.37)

TeER Jr—1

Then according to dlsscusswns in Section 5.5.2 we see that the hull H(g) := {6;9(-) : t € R} of g is
compact and Polish in L> “(R; H), where the closure is in the local weak convergence topology sense
and

loc

0,0(:):=0(-+1t), VteRoc L} (R;H). (5.38)

Moreover, {0, };cr forms a group of translation operators acting on H(g). In this section, we let
Y = H(g) be the symbol space, endowed with the local weak convergence topology.
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Consider the following stochastic reaction-diffusion equation with additive scalar white noise
du + (Au — Au)dt = f(z,u)dt + o(z,t)dt + h(z)dw, z€ O, t >0, (5.39)
endowed with the initial and boundary conditions

u(z,t)]i=0 = uo(x),

5.40
u(z,t)|so =0, ( )

where A > 0 is a constant, 0 € ¥, w comes from Wiener probability space (€2, F,P) (see Section
2.3.1), and h(z) € W?P(O) for some p > 2 is the perturbation intensity. The nonlinear term f(x,u)
is assumed to satisfy the following standard conditions

f(z,s)s < —auls|P + 1 (x), (5.41)
£ (2, 8)] < ag|sP™ + (), (5.42)
gf (z,5) < ag, (5.43)

0
2 (0, 9)] < (o), (5.44)

where «; are positive constants, ¢, € L'(O) and 19,15 € H := (L*(O),|| - ||).
Consider .
z(w) = —)\/ eMw(r)dr, VYw € Q. (5.45)
By discussions in Section 2.3.1 we know that z(w) is a stationary solution of the one-dimensional

Ornstein-Uhlenbeck equation
dz(Vw) + Az(Vw)dt = dw.

Moreover, z(t;w) is continuous in ¢ for every w € € and the random variable |z(-)| is tempered
satisfying, for each ¢ > 0,
lim ez w)| =0, Ywe Q. (5.46)
—00

Consider the following conjugate deterministic problem with random coefficients

‘3—? + v — Av = f(x,v+ hz(Qw)) + o(z,t) + z(Dw)Ah(x),

v(x,t)]i=0 = vo(z), (5.47)
U({L‘,t)|a@ =0.
Following a standard method of [79, 26] we know, for each initial data vy € H, (5.47) has a unique

solution v (-, w,a,v9) € C([0,00); H) N L% .((0,00); V) with v(0,w, 0,v9) = vy. Moreover, v is
(F,B(H))-measurable in w and continuous in ¢ and .

Foreacht > 0,w € Q, 0 € ¥ and uy € H, set

o(t,w,o,ug) = v(t,w,o,ug — hz(w)) + hz(hw). (5.48)
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Then ¢(t,w, 0, ug) is the solution of (5.39) at time ¢ with initial data v, (at time ¢ = 0) satisfying
Definition 3.1.1. Hence, (5.22) defines a jointly continuous NRDS on H, with base flows {0, },cr and
{¥: }1er acting on ¥ and €2, respectively.

For the equation (5.39) we study the tempered uniform and cocycle attractors. Take the universe
of tempered random sets in /{ as the attraction universe Dy, i.e.,

Dy = {D : D is a bounded random set in H withtlim e M|DW_w)||* =0, Yw € Q}
—00

Clearly, the (autonomous) universe Dy is both inclusion-closed and neighborhood-closed.

5.6.2 Uniform estimates of solutions

Now we establish uniform estimates which are always essential in particular studies. The calculation
techniques are standard in spirit. But noticing that most, if not all, recent publications on NRDS took
the real line as the symbol space, we prove in details since our symbol space is the hull H(g).

Lemma 5.6.1. For each D € Dy and w € ), there exists a time T' = T(D,w) > 1 such that, for
every o € Y,

t
Jo(t, 90,01, w0)||? + / A0 u(s, 9w, 040, v0)|* ds
0

t t
+ / e)‘(s’t)HVv(s)H2 ds + / e’\(sft)HUHg ds
0 0

0 0
< c/ M o(s)||> ds + c/ | z(Vw)|P ds + ¢
holds uniformly in vy € D andt > T, where c is an absolute positive constant.

Proof. Take the inner product of (5.47) with v in H to obtain

%%Hv(t,w, o, v0) 1% + Allv]|2 + [ Vo] :/v (/v + h2(9)) + o (1) + 2(9w) AR ) da. (5.49)
By (5.41), (5.42) and Young’s inequality we have
/v (0 + ha(Ww))dz = / (v + ha(Dw)) f(w, v + hz(Dw))de — / B (9,0) f (2, v+ (9,0) ) da
< —ai [l + hz(0w)|2 + / v () de
+ / [hz(0w)|[v + he(w) [P dx + / |z (Dyw) [tz
< =Sl + ezl + 1), (5.50)

where and hereafter ¢ denotes an absolute positive constant which may change its value. As

/ v(o(t) + z(Vw) Ah)dz < iw + %IIUIIQ +c(|z(0w)|” + 1), (5.51)
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by (5.49)-(5.51) we conclude that
d 2 3 2 2 8 2
Il + S+ IVoll” + adlolly < ol + elle(@w)” + 1). (5.52)

Multiply (5.52) by e* and then integrate over (0, ) to obtain

A t
Jottw o wn) P+ 5 [ X uls, 0,000 ds
0

t t
+ [ Tus) P ds+ar [ @Oy ds (5.5
0 0

8 [t !
<M+ 5 [ o) ds e [ AP + 1) ds
0 0

Replacing w and o with ¥_,w and 6_,0, respectively, we have

A [t _
lo(t, 9w, 0-0,v0)[I* + 5 / Ao, 9w, 040, v0)|* ds
0

‘ t
s [ Tus P ds+ar [ @O ds
0 0

8 [ t
< e lwo* + X/ D o(s — t)[]* ds + c/ (|2 (Jsmw) P + 1) ds.
0 0

Since vy € D(¥_4w), by the tempered condition of D there exists a 7' = T'(w, D) > 1 such that

)\ t
ot 90, 610, 00) I + 5 / A fo(s, 9w, 00, vo)|* ds
0

t t
+ / A Vo(s)|? ds + oy / e’\(s_t)Hng ds
0 0

8 t t
<1+ X/ AV o(s — t)||>ds + c/ A (|2(0,_w)|P + 1) ds
0 0

g [0 0
< X/ e ||o(s)]|? ds+c/ eM|z(Ww)|P ds ¢, YVt =T,

by which the proof is completed. [

Lemma 5.6.2. For each D € Dy and w € S, there exists a time T > 1 given by Lemma 5.6.1 such
that, for every o € %,

¢ ¢
/ Vot 9_w, 0_0,v0)||* ds + / |v(t, 9w, 0,0, UO)HZ ds
t—1 t—1

0 0
< c/ e ||lo(s)])? ds+c/ eM|2(Ww) [P ds + ¢

holds uniformly in v € D andt > T, where c is an absolute positive constant.
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Proof. Foranyt > T, by Lemma 5.6.1,
t t
/ Vot ¥ _w, 0_i0,v0)||* ds + / |o(t, 9 4w, 040, v0)[5 ds
t—1 t—1
t t
< e’\/ AN Vo(t, 9w, 040, vo)||2ds + e’\/ A (t, 9w, 00, vo)||bds
-1 t—1
t t
< e’\/ A Vo(t, 9w, 040, v)||* ds + e’\/ ACIu(t, 9w, 040, vo)||P ds
0 0

0 0
< c/ e ||o(s)]|? d3+c/ M |2(9,w) [P ds + c.

—00 —0o0

]

Lemma 5.6.3. For each D € Dy and w € (), there exists a time T" > 1 (given by Lemma 5.6.1) such
that, for every o € %,

0 0
Vu(t, 9_sw,0_0,v0)||* < c/ e™|o(s)||* ds + c/ ™| z(Vw)|P ds + ¢

holds uniformly in vy € D andt > T, where c is an absolute positive constant.
Proof. Multiply (5.47) by —Awv and then integrate over O to obtain

1d

2 2 2
5 V00,0, 00) P + NVl + 20

_ / Do f( 0+ h2(0w)) + o (t) + 2(0.w) AR ) dz. b
By (5.42)-(5.44) we have
- / Dof(z,0+ hz(0w))dz
_ / Auf(z,u) dz + / Ahz(0w) f(z, 1) da
— / <Vu%(a:,u) + |Vu|2%(x,u)>dx + / Ahz(9w) f (z, u)dz

< IVullsl + sl VulP + [ 18020 (aslul? +v2)da
< cf| Vol)? + cl[v||p + clz(Fw) [P + ¢, (5.55)

where we have used the notation v = v + hz(t;w). Since

/Av ) + 2(w) Ah)dz < || Av|? + [|o]|* + ¢ 2(Fw) |, (5.56)
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from (5.54)-(5.56) it follows that

d

plIVeltw o, w)[I* < el Vol + cl|v[lfy + cl2(9w)I” + 2]|o]|* + <. (5.57)

Foreacht > T,lets € (t — 1,t). Integrate (5.57) over (s, t) to obtain

t
IVu(t,w,o,v0)|]> = [Vo(s,w, o,v)]]* < c/ (IIW(T)H2 + \|v(7>||£)d7
=1 (5.58)

ve [ (10l + o) ar -+

Then integrating (5.58) with respect to s over (¢t — 1,¢) and replacing w and o by ¥_,w and 0_,0,
respectively, we have

t t
Vot 9w, 040, 00) |2 < ¢ / V0(s, 010,040, 00) |2 s + / (s, 90, 640, )12 ds
t—1 t—

+c/j (120)l” + llo (7)) dr +c.

Hence, by Lemma 5.6.2 we conclude that

0

[Vo(t, 9w, 0_i0,v0)|]* < c/

0
eM|lo(s)]|? ds + c/ M |z(9w) P ds + ¢,

where we have used the relation [ [|lo(s)||>ds < e* [, €**||a(s)||*ds. O
By (5.22) and Lemma 5.6.3 we have the following uniform estimate for solutions of (5.39).

Corollary 5.6.4. For each D € Dy and w € ), there exist a time T = T(D,w) > 1 and an absolute
positive constant L such that, for every o € %,

0 0

IVp(t, 9w, 0_0,u0)||* < L/ e |lo(s)]|? ds + L/ e z(V5w)|P ds + L|z(w)| + L

—00 —00

holds uniformly in ug € D andt > T.

5.6.3 Cocycle and uniform attractors
For eachw € Q and 0 € ¥, let us define E = {E(w)},ecq by

_ . 2 Ln(g) 0 As p
Ew)=queV:|Vul* < T o T L e |z(Vsw)|P ds + L|z(w)| + L ¢, (5.59)

where L and n(g) are positive constants determined by Corollary 5.6.4 and g (5.37), respectively, and
|z(+)| is the tempered random variable given by (5.45). Then by Sobolev compactness embeddings, F
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is a compact random set in H belonging to Dy, and, furthermore, Corollary 5.6.4 and (5.36) indicate
that it is a uniformly Dy -pullback absorbing set for the NRDS ¢.

Now we show the existence of Dy-cocycle and Dy-uniform attractors, and also more properties
discussed in theoretical parts. First, by results in Chapter 4 we have the following result on Dg-
cocycle attractor.

Theorem 5.6.5. The NRDS ¢ generated by the stochastic reaction-diffusion equation (5.39) has a
unique Dy-random cocycle attractor A = {A,(+) }sex given by

A,(w) =W(w,0,E), YoeX, wefl, (5.60)

where E is the random set defined by (5.59). Moreover, the cocycle attractor A has the following
properties:

(I) it is upper semi-continuous in symbols, i.e., for each w € (),

dist g (A (w), Agy(w)) — 0, whenever o — oq in 3; (5.61)

(II) it is uniformly compact, i.e., for each w € €, the set U,cx A, (w) is compact in H;

(I1l) it is characterized by Dy -complete trajectories of ¢, i.e.,

Ay (w) = {f(w, 0) : € is a o-driven Dy -complete trajectory ofgb}, Vo € 3, w € (.

Proof. As E € Dy is a compact uniformly Dy-pullback absorbing set for the NRDS ¢, Lemma
5.3.7 indicates that the NRDS ¢ has a unique Dpy-random cocycle attractor A with characterizations
(5.60). Since UyexAy(w) C E(w) and E(w) is compact in H, A is upper semi-continuous and
Uses Ay (w) is compact in H by Lemma 5.3.8. Property (IIT) follows from Lemma 5.3.10. The proof
is complete. [

Now, thanks to Theorem 5.2.5, Theorem 5.3.13, Proposition 5.1.7 and Proposition 5.4.11, we are
able to strengthen Theorem 5.6.5 to the following result.

Theorem 5.6.6. The NRDS ¢ generated by the stochastic reaction-diffusion equation (5.39) has a
Dy -uniform attractor &/ € Dy and a Dy-cocycle attractor A satisfying

A (w) =W(w, 3, E)
= J o) (5.62)

oeY

= {f(w, 0) : € is a Dy-complete trajectory ofgb}, Yw € Q,

where E is the random set defined by (5.59). Moreover, the uniform attractor <7 is forward-attracting
in probability and is determined by uniformly attracting nonrandom compact sets in H, and the
cocycle attractor A is upper semi-continuous in symbols satisfying (5.61).
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Remark 5.6.7. (i) Observe that (5.62) indicates that the mapping w — U,exA,(w) is a compact
random set as it is in fact the uniform attractor, which improves Theorem 5.6.5 (I) where the meas-

urability is not proved.
(i1) For E given by (5.59), from (5.60) and (5.62) it follows that

Ww, X, F) = U W(w,o, F).

oeY

But note that for a general random set we only have the D inclusion, see (5.12).



Appendix A

Some useful lemmas from functional analysis

In this chapter, we recall and prove some useful results in functional analysis.

Lemma A.1.1. (Young’s inequality.) Let a, b > 0. Then for every p, q satisfying 1 < p,q < 00,
11— 1, it holds
P a » "
a-b< aa— —1-5_%— forall e > 0.
p q

Lemma A.1.2. (Gagliardo-Nirenberg’s inequality.) Let u € LY(R"), D™u€ L"(R"), 1 < ¢,r < o<.
Then for 0 < j < m, # < a < 1, there exists a constant C' such that

|Dull, < CD™ule - ul i,
where % =itat-2)+(1- a)%.

Lemma A.1.3 (Ehrling’s Lemma). [75, Lemma 8.2] Suppose that X, H and Y are three Banach
spaces with X CC H C Y. Then for each n > 0 there exists a constant c,, > 0 such that

lulla < nllullx +eyllully,  Vue X.

Lemma A.1.4. Suppose X is a uniformly convex Banach space (particularly, a Hilbert space) and
{Zp}nen is a sequence in X. If ©,, — xg and ||z, || — ||zo]|, then x,, — x.

Lemma A.1.5. Suppose O is an open subset of RY with N € N. Given p,q > 1, set
Z = LP(O)N LY0O),

with || - |lz =1 - lp + || - g If {9k }ren is a sequence in Z such that 3}, ||gx||z < oo, then there
exists a function [ € Z such that

o

ng - f7

k=1

where the sum converges pointwise a.e. and in Z.

149
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Proof. Define functions h,,, h : Z — R* by

hn, = Z |9kl, b= Z |9k |-
f=1 k=1

Then {h,} is an increasing sequence of functions that converges pointwise to h, so the monotone
convergence theorem implies that

/(hp + h?) dx = lim [ (kP 4+ hl) dz.

n—oo

By Minkowski’s inequality, for each n € N we have

hnllz <Y llgllz < M= llgellz.
k=1 k=1

It follows that b € Z with ||h||z < M, and in particular that & is finite pointwise a.e. Moreover,
the sum ) .- | g is absolutely convergent pointwise a.e., so it converges pointwise a.e. to a function
f € Z with | f| < h. Since

|f -
k=1

p
+

< (|f|+Z|gk!> + (IfHZngI)
< (2h)F + (_2h)q € L'(0), i

the dominated convergence theorem implies that

/(‘f—zzzlgkp—l-‘f—zzzlgk’q) dr — 0, asn — oo,

meaning that >~ | g converges to f in Z. [

f— ng
k=1

The main idea of the following lemma is similar to Riesz-Fischer theorem.

Lemma A.1.6. The space Z := LP(O) N LY(O), defined in Lemma A.1.5 with p,q > 1, is a Banach
space densely embedded into LP(Q).

Proof. To see Z is a Banach space, we need to prove that Z is complete. If {fi}ren is a Cauchy
sequence in Z, then we can choose a subsequence { fi, } e such that

1
||fk7j+1 - fijZ < Z
Writing g; = fx,,, —fx,;,» we have Z;; llgjllz < oo, and then by Lemma A.1.5, the sum fk1—|—2]?’il 9

converges pointwise a.e. and in Z to a function f € Z. Hence, the limit
Jim fi, = fe+> 95 =1
j=1
exists in Z. Since the original sequence is Cauchy, it follows that f, — f in Z and thereby Z is

complete as desired. The dense embedding follows from the fact that C%(O), the space of continuous
functions with compact support, is dense in both L?(O) and L4(O). O
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