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The problem of describing resonances when the continuum is represented by a discrete set of normalizable
states is addressed. In particular, here the description of resonances in a transformed harmonic oscillator basis
is presented. A method to disentangle the resonances from the nonresonant continuum is proposed. The
Ginocchio potential is used to model a case in which resonances appear in the continuum and a reference case
in which only nonresonant continuum appears.
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I. INTRODUCTION

Recently there has been much interest in investigating the
effect of the continuum in the properties of quantum systems.
In nuclear physics, the advent of unstable beam facilities has
allowed the study of systems which have a very small bind-
ing energy. The properties of such weakly bound nuclei are
strongly affected by the states in the continuum and, conse-
quently, both bound and unbound states have to be included
in any realistic description of the system. In molecular phys-
ics, new experimental laser techniques have allowed to reach
energy regions where chemical activity is significant. This
implies breaking of molecular bonds in order to produce new
rearrangement or even dissociation. In such a situation the
continuum part of the spectrum plays an important role and
its effects cannot be neglected.

An explicit consideration of the continuum in structure
and reaction calculations is made difficult because the con-
tinuum wave functions have an infinite range and are not
normalizable. Because of that it is necessary to use some
discretization procedure to substitute the continuum of
breakup states by a finite number of normalizable states
which, in the adequate limit, should represent the effect of
coupling to the true continuum. There are in the literature
several discretization procedures that have been used in
nuclear, molecular, and atomic physics each one with advan-
tages and drawbacks. Here we will mention few of them. The
Gamow states[1] are non-normalizable solutions of the
Schrödinger equation corresponding to outgoing boundary
conditions characterized by complex energies. The method
of continuum discretization coupled channels[2] discretizes
the continuum by means of taking fixed intervals, or bins, of
k values in the continuum states. A Sturmian basis is ob-
tained when one uses bound states of scaled potentials which
are orthogonal when weighted with the potentials[3–5]. The
Gaussian expansion method takes a nonorthogonal basis
composed of Gaussian functions in geometric progression
[6]. A complete basis of single particle wave functions, such
as the harmonic oscillator, can be used to expand both bound
and scattering states[7].

We have recently proposed an alternative procedure,
based on the use of a transformed harmonic oscillator(THO)
basis, to describe the effect of the continuum[8–11]. The
basic idea in the THO method is to define a local scale trans-

formation [12–14] which is such that converts the bound
ground state radial wave function of the weakly bound sys-
tem fBsrd into the ground state harmonic oscillator radial
wave functionf0

HOssd=s4/Îpd1/2s expf−s2/2g [8–11]. The
function ssrd defines the local scale transformation and it is
given for a three-dimensional problem under central forces
by

E
0

r

ufBsr8du2dr8 =
4

Îp
E

0

s

s82 expf− s82gds8. s1d

Then, by using the generalized Laguerre polynomials
Ln

aszd one generates a set of orthogonal wave functions
cn

THOsrd=Ln
1/2(fssrdg2)fBsrd, such that the state withn=0 co-

incides with the bound ground state, and the states withn.0
describe the continuum, or other bound states if they exist.
Then, one takes a finite basis, which is uniquely determined
by the numberN of THO states considered, and diagonalizes
the Hamiltonian in this basis. The resulting eigenstates and
eigenvalues are taken as representatives of the continuum.
We showed in previous papers[8–11] that, as the number of
states in the THO basis increases, the eigenstates appear
densely packed close to the breakup threshold, although
there are eigenstates that appear at higher energies. Besides,
we demonstrated that global structure magnitudes related to
the coupling to the continuum, such as sum rules, were very
accurately described using relatively small THO basis.

The THO method does not explicitly take into account the
structure of the continuum in the discretization procedure.
Thus, the only information which is required in order to
build the THO basis, and even to evaluate the matrix ele-
ments of the Hamiltonian, is the ground state wave function.
However, it is known that not all the continuum states couple
equally to the ground state. In general, the continuum states
which are near to the resonances play a much more important
role than the nonresonant continuum. This is related to the
fact that, when the energy is close to a resonance, the prob-
ability that the continuum state is in the range of the potential
is larger than for the nonresonant part.

In this paper we address the question of how adequate is
the THO basis to describe the resonant structure of the con-
tinuum. For that purpose, we use the Ginocchio potential
[15], which can be solved analytically and has resonances
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even forL=0 states. The Pöschl-Teller(PT) potential [16],
which does not have resonances, is a particular case of the
Ginocchio potential. We will compare the continuum states
of the PT potential with those of a Ginocchio(G) potential
that presents resonant states, to investigate the effect of the
resonances in the continuum discretization. In Sec. II we
review the Ginocchio potential, and present the results of
continuum discretization in the G and PT cases. In Sec. III
we present a procedure to obtain the resonance wave func-
tion from the THO basis. Section IV is for discussion on the
coupling of the ground state to the continuum. Finally, Sec.
V is for summary and conclusions.

II. CONTINUUM DISCRETIZATION FOR RESONANT
AND NONRESONANT POTENTIALS

We consider theL=0 bound and continuum states of a
two-body system characterized by a reduced massm and an
interactionUsRd. The radial wave functionsfsRd are eigen-
states of the Hamiltonian

H = −
"2

2m

d2

dR2 + UsRd. s2d

The physical variableR can be taken asR=Sr, wherer is a
dimensionless quantity andS sets the length scale of the
problem. Similarly, the potentialUsRd can be written as
s"2/2mS2dvsrd, wherevsrd is a dimensionless potential and
"2/2mS2 sets the energy scale of the problem. So, a dimen-
sionless Hamiltonian can be written as

h = −
d2

dr2 + vsrd. s3d

The Ginocchio potential has been described in the litera-
ture [15]. In this paper we will make use of a simplified
version of it, which may be written as

vsrd = − l2nsn + 1ds1 − y2d + S1 − l2

4
Ds1 − y2df2 − s7 − l2dy2

+ 5s1 − l2dy4g, s4d

where

rsyd =
1

l2harctanhsyd + fl2 − 1g1/2arctansfl2 − 1g1/2ydj.

s5d

Thus, the potential depends on two parametersl and n.
Whenl=1, the potential becomes the Pöschl-Teller potential

vsrd = −
nsn + 1d
cosh2srd

. s6d

When the parameterl has sufficiently large values, it pro-
duces a potential barrier, and generates resonant states in the
continuum. The parametern is related to the number of
bound states that the potential supports. When 1,n,3, the
system supports just one bound state withL=0.

We take as a nonresonant reference case the Pöschl-Teller
potential with n=2. This has only one bound state, whose

energy is (in dimensionless units) eB=−1 and its mean
square radius is 1.35. As a resonant case, we take a Ginoc-
chio potential whose parameters arel=10 andn=1.58. This
potential has also one bound state. Choosing the appropriate
length scale this state has energyeB=−1 and mean square
radius 1.35. These potentials, along with the corresponding
wave functions for the bound ground state, are plotted in Fig.
1. These two wave functions(labeled PT and G hereafter), as
mentioned above, have the same binding energy and mean
square radius. The difference between them is related to the
fact that, while the PT potential has no resonances, the G
potential has resonances, the first three of which have ener-
gies 4.55, 14.99, and 30.08 and widths 2.32, 6.59, and 12.73.
The difference between the two bound wave functions is
related to the larger slope with which the G wave function
decreases in the range of values which corresponds to the
barrier sr <2d.

We have calculated the local scale transformationsssrd
which convert the PT and G wave functions in the ground
state HO wave function. These transformations are given by
Eq. (1). The results are plotted in Fig. 2. It should be noticed
that the difference between the resonant and the nonresonant
cases is reflected in the curvature of the functionssrd for the
resonant case at the distance corresponding to the barrier.

Once the local scale transformation is obtained, the THO
basis can be built for both cases as

kr uTHO,nl = cn
THOsrd = CnLn

1/2
„fssrdg2

…fBsrd, s7d

where the normalization constant is

Cn =Îp1/2Gsn + 1d
2Gsn + 3/2d

. s8d

The Pöschl-Teller and Ginocchio potentials have analytic
continuum wave functions[15]. Thus, the overlap of the
THO wave functions with the true continuum statesfsk,rd
can be expressed as

FIG. 1. Ginocchio(l=10 andn=1.58) and Pöschl-Teller(l=1
and n=2) potentials, together with the corresponding ground state
wave functions. The wave functions have been multiplied by 8 in
order to display them and the potentials in the same figure.(All
quantities plotted are dimensionless.)
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kkuTHO,nl = cn
THOskd =E drcn

THOsrdfsk,rd. s9d

Note that in our units the energy is justk2. For large dis-
tances, beyond the range of the potential, the continuum
wave functions behave as

fsk,rd →Î 2

p
sinskr + dkd, s10d

and they fulfil the orthogonality condition

E drfsk,rdfsk8,rd = dsk − k8d. s11d

It is convenient to define an operatorPsNd which projects
into the space generated by the THO states fromn=0 to N.
Note that the state withn=0 is the bound ground state of the
Hamiltonian. So,

PsNd = o
n=0

N

uTHO,nlkn,THOu. s12d

Note that asN tends to infinity the THO basis tends to be
complete andPsNd approaches the unity operator.

Remember that we are considering cases in which there is
just one bound state which is decoupled from the rest by the
Hamiltonian. Thus, considering the THO basishuTHO,nl ,n
=0, . . . ,Nj implies havingN states describing the continuum.
The Hamiltonian can be diagonalized in such a basis obtain-
ing its eigenstates and eigenvalues. This is formally equiva-
lent to diagonalizePsNdhPsNd. The eigenstates in the con-
tinuum will be orthonormal combinations of the states in the
THO basis given by

uTHO,N,h; il = o
n=1

N

kTHO,nuN,h; iluTHO,nl, i = 1, . . . ,N,

s13d

which satisfy

o
n=1

N

kTHO,muhuTHO,nlkTHO,nuN,h; il

= EsN; idkTHO,muN,h; il. s14d

In Fig. 3 we plot the energy levelsEsN; id obtained from the
diagonalization of both Hamiltonians, PT and G, as the di-
mension of the THO basis is increased. In both cases, the
structure of the energy levels is very similar. The density of
states is larger close to the breakup threshold, which occurs
at E=0. However, a closer inspection of the two figures in-
dicates that while the level density decreases continuously in
the nonresonant PT case as the energy increases, the levels
have a slight tendency to cluster around the energies of the
resonances in the G case. It was shown in Ref.f17g that, for
the case of narrow resonances, the diagonalization of the
Hamiltonian in a discrete basis with sufficientsalthough not
too larged dimension gives some eigenstates whose energies
are very stable as the dimension of the basis is increased, and
this can be taken as a signature for the resonances. However,
this is not the case for the relatively wide resonances consid-
ered here.

The exploration of Fig. 3, and the inspection of the eigen-
states of the Hamiltonian in the THO basis indicate that the
resonant states do not appear explicitly as eigenstates of the
Hamiltonian. This is shown in Fig. 4, where the radial wave
functions of the two Hamiltonian eigenstates with energies
close to the energy of the first resonance in the G potential
are plotted. It can be seen that none of them present a clear
resonant character. For a resonance one expects a large pres-
ence probability at small distances reflected in a large ampli-
tude of the wave function inside the potential well. In Fig. 4,
it is clear by visual inspection that this is not the case. Thus,
one should conclude that, in a discrete basis, the resonant
character is distributed among several states with energies in
the vicinity of the resonance.

This can be seen even more clearly by showing the over-
lap of the eigenstates of the Hamiltonian in the discrete basis

FIG. 2. Local scale transformationsssrd for the PT and G
ground state wave functions.(All quantities are dimensionless.)

FIG. 3. Energy levels in the THO basis for the PT and G Hamil-
tonians as a function of the number of states included in the THO
basis. The known energies of the first three resonances in the G case
are shown by dotted lines.(All quantities in the plot are dimension-
less.)
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with the true continuum states. For a resonance, one expects
to have a Lorentzian distribution in energy, which corre-
sponds to an asymptotic momentum distribution given by

rskddk=
k

p

G

sk2 − Erd2 + sG/2d2dk. s15d

In Fig. 5, this Lorentzian form is compared with the momen-
tum distribution of the two eigenstates of the Hamiltonian
that have eigenvalues close to the energy of the first reso-
nance. There it can be seen that the momentum distributions
of these two eigenstates of the Hamiltonian do not resemble
the expected form for a resonance, although both are close to
it in energy.

However, we expect that the THO basis should be able to
describe the resonances. This is because the THO basis can
describe accurately the Hilbert space that corresponds to the
range of distances within the potential, which is the most
relevant for the resonances. To see this more explicitly, we
have plotted in Fig. 6 the sum of the momentum distributions
of all the states in the THO basis,

rskd = kkuPsNdukl = o
n=1

N

cn
THOskd2. s16d

This sum is a measurement of the completeness of the THO
basis in momentum space. If the basis was truly complete,
rskd would be infinite for all the values ofk. So, for each
value ofk, the value ofrskd tells us how well suited is the
basis to describe that momentum range. It can be seen in Fig.
6 that for the nonresonant case the functionrskd reduces
monotonically ask increases, for the resonant case it has
relative maxima which corresponds exactly to the reso-
nances, both in position and width.

So, we can conclude that the resonant states should be
well described within the Hilbert space generated by the
THO basis, although they do not correspond to eigenstates of
h in that basis. In the following section, we describe a pro-
cedure to disentangle the resonances from the nonresonant
continuum in the THO basis.

III. DISENTANGLING THE RESONANCES
IN THE THO BASIS

When there are resonances, the continuum states have dif-
ferent behavior depending on whether their energy is close to
one of them or not. The continuum states whose energy is
close to a resonance have a relatively large probability den-
sity of being in the interior of the potential well. Moreover,
all the continuum states whose energy is close to a resonance
have a similar shape in the interior of the potential, although
they oscillate differently outside of the potential.

The THO basis should be, when the size of the basis is
sufficiently large, an adequate representation of the con-
tinuum. Our aim in this section is to find a single discrete
state in the THO basis which represents the behavior of the
continuum states within the potential well at energies around
a resonance. This state will not be, in general, an eigenstate
of the Hamiltonian in the THO basis as shown in the preced-
ing section.

FIG. 4. Wave functions for the Hamiltonian eigenstates in a
THO basis withN=15 with the energy closer to the first resonance,
E=4.55.(All quantities plotted are dimensionless.)

FIG. 5. Momentum distributions for the Hamiltonian eigenstates
in a THO basis withN=15 with the energy close to the first reso-
nance in the G potential, compared to the momentum distribution
expected for a resonance(Lorentzian shape). (All quantities are
dimensionless.)

FIG. 6. Momentum distributionrskd for the PT and G potentials
for N=15. The momentum distributions for the first three reso-
nances of the G potential are also shown in bold dashed lines. The
thin dashed lines indicate the position of the resonances.(All quan-
tities are dimensionless.)
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To build the resonances in the THO basis we consider the
eigenstates of the operatorD2 defined by the expression

D2 = PsNdsh − eBdQsNdsh − eBdPsNd

= PsNdsh − eBd2PsNd − fPsNdsh − eBdPsNdg2, s17d

whereh is the Hamiltonian of the system,eB is the ground
state energy, andQsNd=1−PsNd is the operator that projects
out of the THO basis. The meaning of the operatorD2 is the
following: The expectation value ofD2 in a state belonging
to the subspace generated by the THO basis measures how
strongly does the Hamiltonian couple this state to the states
outside the THO subspace. If the operatorD2 swhich is posi-
tive definited is diagonalized in the THO basis, then the
eigenstates which have small eigenvalues will correspond to
states which are weakly coupled to the states outside the
THO basis. So, the operatorD2 has the interpretation of the
square of an energy width, associated with the fact that the
THO states will eventually evolve to abandon the THO sub-
space. Thus," /ÎD2 would be related to the time a given
state remains in the space generated by the THO basis,
which is also related to the time that a given state remains
in the vicinity of the potential.

We expect that a resonance, as opposed to the nonreso-
nant continuum with similar energy, should remain for a
longer time at the vicinity of the potential. These configura-
tions are well described in the THO basis. Thus, the state that
describes the resonance in the THO basis should not couple
strongly to states outside the THO basis. Hence, we should
look for the resonance between the eigenstates ofD2 which
have low eigenvalues.

On the other hand, as Fig. 6 shows, the THO basis de-
scribes more accurately the states with low excitation energy,
resonant or not. Hence, not all the eigenstates ofD2 with low
eigenvalues correspond to resonances. The relevant states are
those with low values ofD2, but which have, at the same
time, relatively high values of the energy.

The eigenstates ofD2 will be orthonormal combinations
of the states in the THO basis given by

uTHO,N,D2; il = o
n=1

N

kTHO,nuN,D2; iluTHO,nl,

i = 1, . . . ,N, s18d

which satisfy

o
n=1

N

kTHO,muD2uTHO,nlkTHO,nuN,h; il

= D2sN; idkTHO,muN,D2; il. s19d

In Fig. 7 we have plotted, for the G and PT cases, the
expectation value ofh for the eigenstates ofD2, as a function
of the dimension of the basis. We have joined by lines the
values corresponding to the lowest eigenstates ofD2 for each
value of N, then the next one, and so on. Note that asN
increases along a given line, the eigenvalue ofD2 decreases,
and, consequently, the time that the state remains in the vi-
cinity of the potential increases. For the nonresonant poten-

tial, we can see that the expectation values ofh decrease
monotonically asN increases. This is expected because a
longer time should be associated with a smaller velocity and
hence a smaller energy. However, for the resonant potential,
it can be seen that the trend is not always the same. There are
some cases in which an increase inN, and hence a decrease
in the value ofD2, or an increase in the time of permanence
close to the potential, is accompanied by an increase in the
expectation value of the energy. In Fig. 7 we have marked
with symbols the states we have identified as resonances be-
cause they have a large probability of being within the po-
tential. As it can be seen in Fig. 7, there is a clear correspon-
dence between resonances and eigenstates ofD2 which have
an anomalously large expectation value of the energy. Also,
it should be noticed that the expectation value for the energy
is consistent with the known average energy of the reso-
nance. So, we conclude that resonances in the THO basis can
be obtained as the eigenstates ofD2 with a large energy,
which deviates from the decreasing tendency asN is in-
creased. The wave functions of the resonance are given by

cressrd = o
n=1

N

kTHO,nuN,D2; ilcn
THOsrd, s20d

in configuration space, and

cresskd = o
n=1

N

kTHO,nuN,D2; ilcn
THOskd, s21d

in momentum space. In this paper, since we are keeping a
small dimension of the THO basis, we expect to get a good
description only of the first resonance. However, we also
show in Fig. 7 the second and third resonances in the G
potential, which appear at energies consistent with the
known values.

We have investigated the robustness of this method as the
size of the basis is increased. In Fig. 8 we plot the identified
first resonant wave function(upper panel,i =1) as the size of

FIG. 7. Expectation value of the energy for the eigenstates ofD2

in a THO basis as a function of the dimension of the basis for the
PT and G cases. The resonances are marked by special symbols.
The known energies of the first three resonances in the G case are
shown by dotted lines.(All quantities are dimensionless.)
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the basis is increasedsN=13,14,15d we see that the form of
the wave function in the interior of the potential well is prac-
tically unaffected. We show in this figure, the second(middle
panel,i =2) and the third resonances(lower panel,i =3) too.
It can be seen that also these resonances are relatively stable
inside the well although they are changing more than the first
one due to the size of the basis that covers well the energy
region of the first resonance but scarcely the energy region of
the other resonances.

We have performed several checks to see that the reso-
nances we obtain from the eigenstates ofD2 in the THO
basis correspond to other definitions of resonances. First, we
have compared our resonance with the actual continuum
wave function at the energyE=Er. We see in Fig. 9 that the
two wave functions coincide within the range of the potential
well. Outside of it, the THO wave function vanishes, while
the continuum state oscillates. It is remarkable that the two
wave functions show similar values within the potential, al-
though they have different normalization criteria. While the
resonant wave function in the THO basis is normalized so
that the integral of the square of the wave function is one, the

continuum wave functions satisfy Eq.(11). However, any
wave packet which is constructed with the continuum wave
functions at energies close to the resonance is square normal-
izable, and hence it can be compared to the THO resonance.
Thus, we have also compared in Fig. 9 the THO resonance
with an average of continuum wave functions(a bin) which
is taken in the range fromE=Er +G /2 to E=Er −G /2 (G is
the width of the resonance).

In Fig. 10, we compare the Lorentzian form expected for
the first resonance with the momentum distribution of this
resonance in the THO basis withN=15. There it can be seen
that the momentum distribution does resemble the expected
form for a resonance. Note also that both the position and
width of the resonance is well reproduced.

IV. COUPLING OF THE BOUND STATE WITH THE
CONTINUUM

In this section we consider the coupling of the ground
state to the continuum. We consider the matrix elements of
the operatorr between the bound state and the continuum
states. Our aim is to investigate the difference between the
resonant(Ginocchio) and nonresonant(Pöschl-Teller) cases,
and to evaluate the adequateness of the THO basis to de-
scribe these differences.

We evaluate the bound-to-continuum amplitudes as

Asg.s.,kd = kg.s.ur ukl . o
n=1

N

kg.s.ur uTHO,nlkTHO,nukl.

s22d

The strength function of the operatorr is given by Sskd
= uAsg.s.,kdu2. In Fig. 11, it can be clearly seen that, in the
nonresonant case, the strength function is a smooth func-
tion of the momentum. However, in the resonant case a
clear structure associated with the resonance appears in
the range ofk values which correspond to the first reso-
nance. In Fig. 11 we have plottedsfull lined the exact
strength functionSskd= uAsg.s.,kdu2= ukg.s.u r uklu2 and the

FIG. 8. THO resonances for different values of the basis size:
N=13,14, and 15. The upper panel is for the first, the middle panel
for the second, and the lower panel for the third resonances.(All
quantities are dimensionless.)

FIG. 9. THO resonance for a basisN=15 compared with the
actual continuum wave function, and the bin wave function. See the
text for details.(All quantities are dimensionless.)

FIG. 10. Momentum distribution for the first THO resonance
with N=15, compared to the expected resonance distribution
(Lorentzian shape). (All quantities plotted are dimensionless.)
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strength function obtained for anN=15 THO basisSskd
= uAsg.s.,kdu2= uon=1

N kg.s.u r uTHO,nlkTHO,nuklu2 sdot lined.
Both results are basically the same for PT and G poten-
tials. One can evaluate the contribution toSskd of the THO
resonances. The amplitude that corresponds to the reso-
nancei is given by

AR,iskd = kg.s.ur uTHO,N,D2; ilkTHO,N,D2; i ukl. s23d

We have evaluated the contribution of the THO state
which corresponds to the first resonance. This is plotted in
Fig. 11 as a dashed line. The peak observed in the strength
function at aroundk=2 is clearly reproduced by this single
state, while the peak belowk=1 has nothing to do with the
resonance.

The contributions of the second and third resonances can
also be evaluated. It should be noticed that the amplitudes of
the resonances can interfere with each other, and also with
the nonresonant continuum.

V. SUMMARY AND CONCLUSIONS

We have applied the THO method to investigate the role
of resonances in the continuum. For that purpose, we have
used the wave functions of the Ginocchio potential, which is
analytically solvable. This potential is determined by two
dimensionless parametersn and l, so thatn determines the
number of bound states whilel determines the shape of the
potential barrier and generates the resonances. In this paper
we have concentrated on resonances withL=0. We have
considered two cases: The Pöschl-Teller(PT) case, corre-
sponding tol=1, where no resonances appear, and the case
of l=10, to which we refer as the Ginocchio(G) case which
displays resonances. The values of then parameter and the
scale length have been chosen so that both potentials have
only one bound state, with the same mean square radius and
binding energy.

We have applied the THO method to discretize the con-

tinuum in both cases. The Hamiltonian have been diagonal-
ized in the THO basis, for a given number of states, and the
eigenstates and eigenvalues have been obtained. Although
there are small differences between the spectra of the PT and
G cases, there is not a clear signal which allows us to iden-
tify the resonance in the G case. The same can be said about
the wave functions of the eigenstates.

We have developed a procedure to obtain the state in the
THO basis which represents the resonance. We start consid-
ering the eigenstates of the operatorD2=PhQhP, which is
related to the matrix elements of the Hamiltonian which
couple states within the THO basis with states outside it. As
the size of the basis increases, we show that the expectation
value of the Hamiltonian for the eigenstates ofD2 decreases
in general. However, when there are resonances, some eigen-
states display an unexpected increase in the expectation
value of the energy. These states, which are eigenstates ofD2

and show a large expectation value of the energy, are identi-
fied with the resonances in the THO basis.

The THO resonance has a radial behavior within the po-
tential well which is very similar to that of the continuum
states with energies close to the resonance energy. Outside
the potential, the THO resonance decreases smoothly. The
THO resonance can be expanded in terms of states of the
continuum, and it displays a structure which is consistent in
position and width with a Breit-Wigner distribution.

We have investigated the completeness properties of the
THO basis, both in the resonant and in the nonresonant case.
When the number of states is infinite, the THO basis de-
scribes the complete continuum. Nevertheless, for a finite
number of THO states, the description of states with low
momentum is more accurate than that of high momentum. In
the resonant case, however, the description of the continuum
is more accurate in the range of the resonances than outside
it. Regarding completeness in configuration representation, it
is seen that, in the nonresonant case, smaller distances are
better described than larger distances, while for the resonant
case, the distances close to the potential barrier are best de-
scribed.

We have investigated the coupling of the bound state to
the continuum. It is found that, for the nonresonant case, the
strength function is a smooth function of the momentum of
the continuum state, while in the resonant case there is a
characteristic resonant structure for the momenta close to the
resonance. The THO basis, with a small number of states,
describes accurately the strength function in both cases.
Moreover, the THO resonance is found to describe the
strength contribution at the energies of the resonance.

In summary, we have shown that the THO basis provides
an adequate representation of the continuum, both resonant
and nonresonant. It allows us to identify a single state that
represent each resonance. The difference between the
strength functions in resonant and nonresonant cases can be
understood and calculated accurately in the THO basis.

We consider that the results presented here for a particular
potential shape and just one bound state withL=0 should be
applicable in more realistic cases. The extension to arbitrary
potential shapes with ground state known either analytically
or numerically, several bound states, and angular momentum
different from zero is straightforward. The extension to cases

FIG. 11. Strength functionSskd for the operatorr as a function
of the momentum for the PT and G potentials. The exact values and
the value obtained for a THO basis withN=15 (which are almost
indistinguishable) are presented for both cases. The contribution of
just the first THO resonance in the G case is also shown.(All
quantities are dimensionless.)
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in which the resonances have a many-body nature is more
involved but it can be done. If the explicit expression of the
Hamiltonian is known, then the matrix elements ofh2 can be
evaluated, and the procedure outlined here can be directly
applied. If one does not know the explicit form of the Hamil-
tonian but knows how to calculate matrix elements of the
Hamiltonian in a many-particle configuration space, as it is
the case, for instance, in the nuclear shell model, the method
presented here can be used. One has to define a large basis
(e.g., many harmonic oscillator shells) out of which a smaller
set of states is selected(e.g., one harmonic oscillator shell) as
an approximated basis for a reduced configuration space.
Then, one can study the resonances in this reduced space
with the method presented here. Let us call schematicallyu,l
to the states in the large basis andusl to the basis states in the
small basis. The matrix elements ofD2 are obtained as

ks8uD2usl = ks8uh2usl − o
s9

ks8uhus9lks9uhusl

= o
,

ks8uhu,lk,uhusl − o
s9

ks8uhus9lks9uhusl.

s24d

Once theD2 matrix is constructed from the matrix elements
of h one can proceed as shown in this paper to study the
resonances in the restricted space.
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