Long-time behavior of a

Cahn-Hilliard-Navier-Stokes vesicle-fluid
interaction model

Blanca Climent Ezquerra
Francisco Guillén Gonzalez

Céadiz, junio de 2015

Blanca Climent Ezquerra. Dpto. EDAN, IMUS, US XXIV Cedya / XIV CMA. Cadiz 2015 1/29



Table of contents

Blanca Climent Ezquerra. Dpto. EDAN, | XXIV Cedya / XIV CMA. Cadiz 2015 2/29



Table of contents

Blanca Climent Ezquerra. Dpto. EDAN, | XXIV Cedya / XIV CMA. Cadiz 2015 3/29



The Model: Interaction of a vesicle membrane with a

fluid field in 3D

Evolution of vesicles immersed in an incompressible Newtonian
fluid. Volume and area are conserved.

@ Navier-Stokes eqs.+stress term membrane.
@ Incompressibility eq.
@ Phase-field eq. of Cahn-Hilliard type (diffuse interface)
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Phase-field equation

F(¢) = %(gbz — 1)? Ginzburg-Landau potential,
M, o > 0 constants, ¢ interface width,

A(p) = /Q (ZW(;&\Z + ZF/(¢)> dx, area surface.

Bending energy

Ex(0) = 5. [ (-0 + TF(O) o+ M) - off

2¢

Cahn-Hilliard equation

dEp(0)

oip+uU-Vo=-A 50

Blanca Climent Ezquerra. Dpto. EDAN, IMUS, US XXIV Cedya / XIV CMA. Cadiz 2015 5/29



Phase-field equation

F(¢) = %(gbz — 1)? Ginzburg-Landau potential,
M, o > 0 constants, ¢ interface width,

A(p) = /Q (ZW(;&\Z + ZF/(¢)> dx, area surface.

Bending energy

Ex(0) = 5. [ (-0 + TF(O) o+ M) - off

2¢

Cahn-Hilliard equation

dEp(0)

Ooip+uU-Vo=—-A 50

Blanca Climent Ezquerra. Dpto. EDAN, IMUS, US XXIV Cedya / XIV CMA. Cadiz 2015  6/29



Other phase-field equation

B(qﬁ):/qudx, volume.

Bending energy

Eu(0) = 5 [ (~eBo-+ L F(@)) o+ 5 M (A(9) - o
+3Mo(B(9) — )

Allen-Cahn equation

dEp(0)

oip+U-Vo =— 56

Q. Du,M. Li,C. Liu'07
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Phase-field equation

Chemical potential:

._ 9Eb(9)
W= 5¢

= eA2%¢ + G(¢)

where

G(9) = ~ L AF(8) + 5(~ehd+ LF/(4)) F'(9)

+ MA() ~ a)(~<6 + LF(4)

Cahn-Hilliard equations

op+u-Vo—Aw =0,
eN2¢ + G(¢) — w = 0.
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The equations of the model

Changing the variables
P(x,t) == p(x,t) — mg and z := w — (w) with my = (¢(x, 0))

Navier-Stokes-Cahn-Hilliard system

ou+ (u-Viu—Au—zViyp +vVqg=0,
V- -u=0,

o +u-Vi—Az=0,

eA?) + G(y) —z =0,

Upa =0, Onlsa =0, 0hAY|sa =0, 0nZloq =0,
u(0) =u,  ¥(0) = :=¢(x,0) —my inQ.

where o
G(v) = G(¢ + mo) — (G(¥ + m)),
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H={uecl? V-u=0,u-n=00ndQ},
V={ueH;V-u=0u=00n0Q}

Lf:{veLz(Q);/v:O},

Q
Hf:{ver(Q);/VZO} k>1,
Q

Hﬁg = {V & HE(Q); 8nV’8Q = 0}

HE = {ve HY 9pvlpa =0, 9pAv]on =0} k=3,4,5,6.
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Total energy

Energy Inequality

iE(u(t),w(t)) +|[Vu(t)5 + [Vz(t)[5 < 0.
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Weak solution

Global weak estimates

u e L2(0,+00; V)N L®(0, +o0; H), z € L?(0,+oc0; H})
P € L2(0, +oo; H2).

Additional estimate

¥ € L2 (0, +oo; HS)
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Strong solution

Strong estimates for velocity for large times

ue L>(] reg7+oo) H1) N Lz([ reg7+oo); HZ)’

dru e L3([ Tregs +00); L?).

Global in time strong estimate for ¢

P € L(0, +oo; H3).

Strong estimates for ¢) and z

¥ € L2 (0, 400; HS), O € L2(0,+o0; L2)
z e L2 (0,+oo; H?).
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Convergence at infinite time of strong solution

E(u(t),y(t)) \ExinR ast?+oo.

Fixed a global weak solution, (u, ), associated to the initial
data, (Up, o) € Vx H3,

w(t, ) = {(Uso, ¥oo) € Vx H3 : 3{ta} T +o0 s.t.
(U(tn), ¥(tn)) — (Uso, o) Weakly in H' x H3}.

Set of equilibrium points

S=1{(0,¢): ¢ € H3(Q) : eA%)+ G(¥)) =0a.ein Q}.

Blanca Climent Ezquerra. Dpto. EDAN, IMUS, US XXIV Cedya / XIV CMA. Cadiz 2015 18/29



Convergence at infinite time of strong solution

Assume that (ug, 1) € V x H3, fixed (u(t), ¥ (t), z(t)) a weak
solution in (0, +00),

Theorem
w(u, 1) is nonempty and ( W
For any (0,¢) € w(u,v)) C S, E

C

) C
(%)

I »

Theorem

There exists ¢ € Hy, such that () — v in HS weakly as
t1 +o0o, ie.

| \

w(u,y) = {(0,4)}.

A\
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Convergence at infinite time of strong solution

Tools of proof: BCE, F. Guillén-Gonzalez'14.
@ BCE, F. Guillén-Gonzalez, M.A. Rodriguez-Bellido’10,

@ Lemma of strong continuous dependence with respect to
initial data.

@ Lojasiewicz-Simon Lemma.

H. Wu, X. Xu’13: Navier-Stokes-Allen-Cahn
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Convergence at infinite time of strong solution

Lemma

Let &, B € L'(0, 4+o0) be two positive functions such that
® € H'(0, T) VT > 0, which satisfies

(1) < C(d(1)° + B(1)).

Then, there exists a sufficiently large T* > 0 such that
® € L*°(T*, +o0) and

3 lim &(f) = 0.

=400
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Convergence at infinite time of strong solution

Continuous dependence initial data

If (uF, 7%, z°), for some € > 0, and (uP, 4, z°) are two regular
solutions in (0, T*) of the problem; associated to the different
initial conditions, (u5,v5) € H' x H3 and (up, vo) € H' x H2,
respectively, then ¢ — uP, ¢ — % and z¢ — z° depend
continuously of the initial values in the following sense: If

u; — up weakly in H' (and strongly in L?) and 5 — 1o weakly
in H3 (and strongly in H2), then,

rF—uw -0 inl>0,T5L%)NL20, T HY,
Y — 90 =0 inL>®(0, T*; H?) N L?(0, T*; H°).
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Convergence at infinite time of strong solution

Lojasiewicz-Simon inequality
Let S be the following set of equilibrium points related to the
bending energy

S={y € H3(Q): A% + G(v)) = 0a.ein Q}.

If b € S, there are three positive constants C, a, and
0 € (0, 1/2) which depend on v, such that for all 1) € Hy and

[ — 12 < B, then
|Ep(v) — Ep(¥)]' ™ < C |zl

where z = z(v)) := eA2y + G(¥).
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Convergence at infinite time of weak solution

Fixed a global weak solution, (u, ), associated to the initial
data, (Up, vo) € H x H2,

w(U, 1) = {(Uso, ¥oo) € Hx H? : 3{ty} 1 +o0 sit.
(u(tn), ¥(tn)) — (Uso, ¥oo) Weakly in H x H?}.
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Convergence at infinite time of weak solution

Assume that (U, vo) € H x H2, fixed (u(t), (1), z(t)) a weak
solution in (0, +00),

Theorem

w(u, ) is nonempty and w(u, ) C S.
For any (0,v) € w(u,v) C Sthen E(y)) = E

Theorem

There exists ¢ € Hy, such that () — v in H? weakly as
t1 +o0o, ie.

| 8
A\

w(u,y) = {(0,4)}.

A\
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Convergence at infinite time of weak solution

Tools of proof:
@ H. Petzeltova, E. Rocca, G. Schimperna’13.
@ Lojasiewicz-Simon Lemma.
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Convergence at infinite time of weak solution

Consider the initial and boundary value problem associated to
the problem on the time interval [t,, {, + 1] with initial values
u(ty) and ¢ (t,). Define

up(t) == u(t+ ty)
Yn(t) = P(t + tn)
zp(t) == z(¢(t + t))

for a.e.
t€[0,1],

(un,v¥n) is a weak solution on the time interval [0, 1].
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Convergence at infinite time of strong solution

Lojasiewicz-Simon inequality

Let S be the following set of equilibrium points related to the
bending energy Ep()

S={ycHyQ): A% + G(v)) =0 a.ein Q}.

Let ¢ € S and K > 0 fixed. Then, for any two sufficiently small
constants 3 and ¢, there exists C > 0 and ¢ € (0,1/2)
(depending on v, 8 and 4), such that for all ¢» € Hy with

1¥lls < K, [l = lls < 8 and |Ep(¢) — Ep(¥)| < 6, it holds

|Ep(¥) — Ep(¥)|'? < C|z|2

where z = z(1) := eA%) + G(v)).
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