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VOLTERRA OPERATORS ON SPACES OF ANALYTIC
FUNCTIONS - A SURVEY

ARISTOMENIS G. SISKAKIS

ABSTRACT. We give a short and selective account of results known about
operators of the form

V@ = - [T Hod @

where g is analytic on the disc and the operator T; = 2V}, acts on spaces
of analytic functions.

1. INTRODUCTION

Let D denote the unit disc in the complex plane C. For g analytic on the
disc consider the linear transformation

1) Ve =1 [ H0d O,

acting on the space H(D) of all analytic functions on . We also consider the
modified transformation

(2) T,(f)(z) = / O de

which maps every f € H(D) to a function vanishing at 0. In both cases g
is the symbol of the transformation, and these transformations have appeared
under various names such as Volterra operators, generalized Cesaro operators,
Riemann-Stieltjes operators, and integration operators.
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52 A. G. SISKAKIS

This class of operators includes the integration operator,

obtained with g(z) = z. It also includes the Cesaro operator

c =3 (nil Zak)
= k=0

which is defined on functions f(z) = >~ ja,z" € H(D). Indeed a power series
calculation shows

C(f)(z) = / £(¢ —dc

)
- 2 [ r0s©ac

where g(z) =log(1/(1 — z)). With this g we thus have C = V.

These operators are closely related to the operation of integration on simply
connected domains. Consider a simply connected domain Q2 C C with 0 € Q.
Denote by H(£2) the space of analytic functions on €2, and let h : D — Q be a
Riemann map with 4(0) = 0. Then the operator

Ch = H(Q) = HD), Cn(f)(z) = f(h(2))
is a linear bijection between H(2) and H (D). Let

-/ CFQ e,

the operator of integration acting on H(€). Writing Io=Cpolgo C}jl we
obtain an operator Io acting on H(D), and we have

Io(f)(z) = CrolgoCy'(f)(z)

/f N (C) d,

for each f € H(DD). Thus Iy = T), with h the above Riemann map.
Less directly but more interestingly, the averaged integration operator

Jof / £(Q)dc

is also related to some V;. Indeed the counterpart of Jo on H(D) is

Ja(f)(z) = ChodaoCr(f)(2)

1 [ ,
- /0 FQOR () d.
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Next, on H(D) define the transformations

M.(f)(z )—zf( ) (the usual shift),

BuNE) = 5 [ FOH O,

I NG
z)=— dc.
)= [ oS
A calculation shows that the following hold
(3) (i) M, o By, =JgoM,, (i) Ry,= By+ Ry, o By.

and

From (i) we have Jo ~ By, and from (i) that Ry, ~ By, where the symbol ~ is
used in a vague manner to mean that the operators have “similar” properties.
This can be made precise when the restrictions of these operators are made
to act on appropriate Banach spaces of analytic functions that are subspaces
of H(D). For example (ii) says that R; and By, belong to the same operator
ideals.

Further since

D (g2

h(z)
we find
mNE = 1 [ roac: [ o (s ac
= D))+ (Vgo M:)(f)(2),
where )
g(Z):log%~

Since the integration Jp is a “small” operator, we conclude that with this g, in
the vague sense mentioned above we have

Jo ~ V.

In addition to the above connections to integration operators, the Volterra
type operators also arise when studying semigroups of composition operators.
Indeed they are closely related to the resolvent operators of those semigroups,
see [Si3] for details.

2. SOME GENERAL OBSERVATIONS

Before we consider these Volterra type operators to act on specific spaces of
analytic functions, let us take a more general point of view. Suppose X and Y
are two Banach spaces consisting of analytic functions on . We may ask:
Question. For what symbols g is

T,: X =Y
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a bounded operator? A compact operator? If further X = Y how do the
spectral properties of T, : X — X depend on g?

Let us see how far we can go in this generality. Assume for simplicity X =Y
and define

V=Vx:={g€eH(D):T,: X — X is bounded }
and
Vo=Vox ={9 € H(D): T, : X — X is compact }.
Because
Tyg = ATy, Tyin =T, +Th,

both V' and Vj are nontrivial vector spaces (both contain the constants) and
Vo € V. We introduce a norm on V

lgll = llgllv = 1g(0)] + [Tyl x—x,

which is also a norm on Vj C V. Then it is easy to show [SiZh] that if the
convergence f, — f in X implies uniform convergence on compact subsets of
D then V and V; are complete under || - ||y and are therefore Banach spaces.
Further assume the multiplication operator M, (f)(z) = zf(z) is bounded on
X. Then from

Ton(£)(2) = / FQ¢ dC = n / M) Q) de

we have
Ton =nT, 0 M1,

and it follows that V' contains all monomials z" whenever it contains z. Thus if
the integration operator 7, is bounded on X, then the linear space V contains
all polynomials. In the same way it follows that if T, is compact on X, then
in fact the smaller space V[ contains all polynomials.

Now we consider the Mobius invariance of V' and V. Let

a—z
= — 3 E :[D).
9a() 1—-az “
be the M&bius maps which map the disc conformally onto itself and exchange
a with 0. Let C, be the composition operator

Calf) = [ o ¢a,
induced by ¢, on H(D). For f € H(D) write F'(z) = Ty(f)(2), then
F'(2) = f(2)d'(2).
Composing with ¢,(z) and multiplying by ¢/, (z) we obtain
(Fo¢a)(2) = (foda)(2)(g0¢a)(2),
thus ;
(Po60)(:) = (Fo0)0) = [ (£00n)(O)00 60 (O
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We write this equation in terms of Cl,,

Ca 0 Ty(f)(2) = Ca 0 Ty(f)(0) = Tyog, © Ca(f)(2),

equivalently,
(4) IyoCqoTyolaq=Tyop,,

where I is the operator In(f)(z) = f(z) — f(0) acting on H(D).
Now consider the restriction of the above to the Banach space X C H(D).
If X contains the constant functions, then Iy(f) € X whenever f € X. Using
(4) we conclude that if X contains the constants and is preserved by C, (that
is fo¢, € X for each f € X) then V and V} are also preserved by C,.
Suppose again X contains the constants. Then for the function 1 € X and
each g € V we obtain

T,(1)(z) = / TGO dC = g(z) — g(0) € X

soge X,ie V C X. Further,

lgllx = 1l9(0) +9 — g(0)llx
< g(0)llx + llg(2) — 9(0)l[x
= 1gO)lllx + 1T, (1)l x
< JgO)Itlx + 1Tyl x—x 1l x

I xllgllv,

so |lgllx < C|lg|lv with the constant C' = ||1||x independent of g € V.
We can now iterate the above construction to obtain a sequence of spaces.
We start with a Banach space X with the properties:

(i) X contains the constant functions.
(ii) If f, — f in X then f, — f uniformly on compact subsets of D.
(iii) If f € X and a € D then f — fo¢, € X.

Write X; for the space V' defined above. Thus X; contains the constants,
and is preserved by composition with ¢,. Further X; C X and || f||x < C||f|lx,
for each f € X;. It follows that convergence in X; implies convergence in X
and by (ii) this implies uniform convergence on compact subsets of D. We see
therefore that X; is a Banach space which also satisfies the properties (i), (ii)
and (iii). Proceeding inductively, suppose Xj_1 has been defined. Define Xj
by

Xy =:{ge HD) : T, : X,_1 — Xk—_1 is bounded },

and equip it with the norm

lgllxi = 19O) + 1Ty [l x4~ x4+
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By induction, X} is a Banach space of analytic functions which satisfies prop-
erties (i), (ii) and (iii). We have

X2X12X2 - Xg-o -,

and

lgllxioy < llgllxi,  k>1,9€ X
We may ask various questions about these spaces Xj. For example if we start
with a specific space for X, what are the subsequent spaces X;? Do they all

contain non constant functions? Are they strictly smaller from one step to the
next? Does their infinite intersection contain non constant functions?

3. SPACES OF FUNCTIONS

Below we will survey some known results about Volterra type operators
acting on some classical spaces of analytic functions. We give the definitions
and basic properties of the spaces first.

Hardy spaces and BMOA. For 0 < p < oo the Hardy space HP contains all
analytic functions f : D — C for which

2 X d9 l/p
I = s ([l <.
0 ™

0<r<1

With this norm, H? is a complete metric linear space and a Banach space for
p > 1. It is a Hilbert space for p = 2. For p = oo the Banach space H*
consists of the bounded analytic functions with norm

1flloc = sup [ f(2)]-
zeD

The space BMOA consists of all f € H? such that
1f1l+ = 1£(0)] +sup 1f 0 ¢a = fla)llg= < o0,
ac

where ¢,(z) are the Mobius automorphisms of . The space VMOA consists
of the functions f € BMOA such that

Iim £ 6, = f(a) |l =01

Equivalently, VMOA is the closure of polynomials in BMOA. Both BMOA
and VMOA can be described in terms of Carleson measures.
Recall that a positive measure p on the disc is a Carleson measure if
S(I

(5) sup n(5)) < o0,

rcon |
where S(I) = {z : 1 = |I| < |z| < 1, z/|z| € I} is the Carleson box based
on the arc I C 9D of length |I|. A vanishing Carleson measure p is one for
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which u(S(I)) = o(|I]) as [I| — 0. It is a basic theorem that condition (5) is
equivalent to

(6) I flle2@,u) < Cllfll a2 feH?

i.e. the inclusion operator i : H? < L2(ID, 1) is bounded. Vanishing Carleson
measures are those for which this inclusion is compact.

The Carleson measure characterization of BMOA is as follows. A function
f € H? is in BMOA if and only if the measure

du(z) = |f'(2)* log(z~")dm(2)

is a Carleson measure on D (here dm(z) is the Lebesgue area measure). And
a function f € BMOA is in VMOA if and only if this measure is a vanishing
Carleson measure.
Functions f € HP have radial limits almost everywhere on the boundary and
a boundary function, denoted by f(e*), is well defined. For p > 1 the boundary
function is in L?(9D), and H? embeds in LP(OD) by this correspondence. H?
then can alternatively be described as the subspace of functions in LP(9D)
whose Fourier series have all coefficients of negative index equal to zero. For
1 < p < oo the pairing
27 L dp
_ 16 i0)
(0= [ HERE G
establishes a duality between HP and H? with % + % = 1. Interpreted in a
wider sense, (f,h) = lim,_1(f,, h,), where f.(z) = f(rz), this pairing gives
also the dualities VMOA* = H! and (H')* = BMOA. This pairing can be
written by the Littlewood-Paley formula as

(o= FORE) + 2 [ £ og (1) dm).

More information on Hardy spaces and BMOA can be found in [Du], [Bae] and
in [Sar].

Bergman and Bloch spaces. Suppose w : [0,1) — (0, 00) is a weight function
which is integrable on [0,1). We extend w on D by w(z) = w(|z|) and assume
that w is normalized so that [ w(z)dm(z) = 1.

For 1 < p < oo the weighted Bergman space AP is the space of all analytic
functions f : D — C such that

12 = /D () P(2)dm(z) < oo.

These are Banach spaces. We write simply AP? when w = 1.
The Bloch space B consists of all f analytic on D such that the Bloch norm

1£ll5 = £ (0)] + sup(1 — |2[*)|f'(2)]
z€D
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is finite, while the little Bloch space By contains those f € B for which
limy, 1 (1 — |2[*)|f/(2)| = 0. Equivalently, By is the closure of polynomials
in the Bloch norm. Both B and By are Banach spaces under the Bloch norm.
Bloch spaces are the area measure versions of BMOA and VMOA. In this
connection, a useful characterization is the following. Suppose 1 < p < 0o and
let ¢, denote the usual Mobius automorphisms of D. Then we have, see [Ax]],

(7) geB & suplgod, —g(a)lar < oo,
acD

and
g€ By & |‘HI—I’11 llg o da — g(a)]|a» = 0.

Besov spaces. For 1 < p < oo the Besov space B), consists of all analytic
functions f on D such that

1fls, = /D /()P (1 = [2[*)"=2 dm(z) < oo,

The space B, is a Banach space for p > 1. For p = 2, Bs is a Hilbert space, also
known as Dirichlet space and denoted by D. More information about Bergman,
Bloch and Besov spaces can be found in [Zhu].

4. BOUNDEDNESS AND COMPACTNESS

In this section we will present the main theorems that characterize those g
for which T is bounded or compact. The setting is on Hardy spaces, Bergman
spaces and on BMOA.

We consider Hardy spaces first. It was proved by Pommerenke in [Pom,
Lemma 1] that T} is bounded on H? if and only if g € BMOA. To see this
assume f is a polynomial and use the Littlewood-Paley formula to write

IT,(DIZe = (D). T,
2 / F()P1g () log(=") dm(2)
D

20 f1Z2(o, ),

where

(8) pg(2) = g’ (2)]* log(z~H)dm(2).
Since polynomials are dense in H?, we see that T, : H?> — H? is bounded if
and only if the inclusion operator

it H? — L*(D, py)
is bounded, and this is equivalent to that p, is a Carleson measure. In other

words, T} is bounded on H? if and only if g € BMOA. The same argument
shows that T} is compact on H? if and only if g € VMOA.
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The same characterization of boundedness and compactness of T, on HP
is valid for any 0 < p < oo, the proofs however are more difficult. The case
p > 1 was proved in [AleSil] while the extension for 0 < p < 1 was obtained in
[AleCi]. Thus we have

Theorem 4.1. Let 0 < p < oco. Then Ty : H? — HP is bounded if and only if
g € BMOA.

In [AleCi] the authors in fact consider any pair of indices p, ¢ € (0, 00) and
characterize the symbols g for which T; maps H? into H? (the closed graph
theorem then implies that for those g, T, maps H? boundedly into H?). We will
not state the details of all cases but we remark that [AleCi, Theorem 1(iii)] is a
substantial strengthening of a classical result of Hardy and Littlewood. Indeed
they prove: If p < q and % — % < 1, then Ty maps H? into HY if and only
if g € A1 _1. Here the Lipschitz class A,, 0 < a < 1, consists of all analytic
functions gqon D such that

g’ ()l =01 = [))*7), |l = 1.

Now apply this with 1% — é =1 and ¢g(z) = z € Ay, to obtain the following
theorem of Hardy and Littlewood. If0 <p <1, f € H? and F' = f then F €
H? and g = p/(1 — p). Theorem 1(iii) of [AleCi] in its full generality as stated
above is a nontrivial strengthened form of the Hardy-Littlewood theorem, see
[AleCi] for details.

As a byproduct in the proof of the boundedness of T, one obtains the fol-
lowing corollary for compactness which was proved for p > 1 in [AleSil] and
for all p > 0 in [AleCi].

Corollary 4.2. Let 0 < p < oco. Then T, : H? — HP? is compact if and only if
g € VMOA.

Analogous characterization for the symbols g hold for T, to be bounded on
Bergman spaces. In the unweighted case, for 1 < p < oo and f € AP it is well
known that one can write

1715 = / F()P dm(2)

1

FOP + / PP — 2P dm(z),

where ~ means the two sides are comparable. Thus we have
1T (F)Nar ~ /D [f(2)IP1g' (2)[P(1 = |2*)P dim(2).

We see that if g is in the Bloch space B then |¢/(2)[(1 — |2|?) < ||g||s for all
z € D, and we have

1Ty ()l ar < Cllfllarllgll5,
so T, : AP — AP is bounded.
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This last inequality together with the fact that integration in AP is a compact
operator (and therefore Tp is compact on AP for any polynomial P) and the
fact that the little Bloch space By is the closure of polynomials in B, imply
that if g € By then T, : AP — AP is compact.

The converse of this is also true. To prove it we will make use of the char-
acterization of Bloch and little Bloch functions given in (7). Indeed assume
1 <p<ooandTy: AP — AP is bounded. We will show that g € B, by
showing that sup,cp Hg o ¢, — g(a)|lar < co. We have,

12

[ o auy (1 = ) dm2

L1 Gu )1 = 12 dm(z)

[ 1 @alomI(1 = foul2) ) a2

[ @10 = P, dn(:)

[ig@i0 -5 dne)

[ -1 C T O ),

[1—az]2 |1-—az?

g © ¢a — g(a)] ar

where %—i—% = 1. Write k,(z) = %, ha(z) = % and use Holder’s

inequality to obtain

lgo¢a—gla)llar < |lkallzalllg’(2)I(1 = |2*) ha(2)]] 2o
[kallal|Ty(ha)ll a»
kallLal|Tgll ap— ar [|ha || 4
C|Ty || ar— a»

A

12

<
<

because ||kq||Le = ||hallar =~ 1 for each a € D. By assumption T}, is bounded
on AP. Thus

sup |lg o pa — g(a)||ar < 0o
a€D

so g € B. The case p =1 can be handled similarly.
An analogous argument, based on weak convergence of test functions gives
that if T, : AP — AP is compact then g € By. We summarize

Theorem 4.3. Let 1 <p < oo. Then
(i) Ty: AP — AP is bounded if and only if g € B.
(i) T, : AP — AP is compact if and only if g € By.
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This theorem can be extended to a class of weighted Bergman spaces for
some general weights. The details can be found in [AleSi2]. We will only
describe here the weights w for which the above theorem is valid on A?.

Theorem 4.4. Suppose w : [0,1) — (0,00) is a weight function which is
integrable on [0,1) and satisfies the conditions
(Py) There is a constant C such that

1
w(r)zl_r/w(u)du, 0<r<l
(P2) There is an s € (0,1) and a constant D such that
w(sr+1—s) > Dw(r), 0<r<l

Then:
(i) Ty is bounded on A if and only if g € B.
(ii) T, is compact on AP if and only if g € By.
Condition (P;) in the above theorem is used to prove an inequality of the
form

Auuwwamma<00ﬂmwféuku—sz@mM@)

for f analytic on I, which clearly gives the sufficiency assertions for T,. Con-
dition (P») which is a generalized version of w($~) > Dw(r) (s = 1/2) is used
to prove the necessity. All standard weights w(r) = (1 — r)®, a > —1, satisfy
conditions (P;) and (P»). Other weights that satisfy them are,

e
1—1r

B
w(r) =(1-r) <log ) , a>—-1,0eR,

w(r) = exp (—5 <1og

However the exponential weight
—B

w(r) = exp ((1—r)a

does not satisfy condition (P;), see [AleSi2] for details.

«
) ), 0<a<l,8>0.
1—1r

)7 O‘a6>0

We now consider T, acting on BMOA. If T, is bounded on BMOA then
Ty(1) = g(2) — g(0) € BMOA so g € BMOA. On the other hand, for g(z) =
log(+1-) € BMOA we have

10 = [ a0 dc = Jog* ()

1—2z
and this function is not in BMOA. Thus the space of g’s for which T, is
bounded is a proper subspace of BMOA. This space was determined in [SiZh]
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and is a space of functions that are of bounded logarithmically weighted mean
oscillation as described in the following

Theorem 4.5. The operator Ty maps BMOA boundedly into itself if and only
if

) sup
ICoD

(log )" e )
{m/w)m ()P >dm<z>} < ool

We now show that this condition also characterizes those g for which T} is
bounded on VMOA. First observe that under this condition T,(VMOA) C
VMOA. Indeed suppose g satisfies (9) then clearly g € VMOA. Since T,(1) =
g — g(0), the constant functions are mapped into VM OA. Let n be a positive
integer. An integration by parts gives

T,(z") = 2"g(z) — n / T (0 d.

Since multiplication by z and the integration operator are bounded on VMOA
we see that Ty(2") € VMOA, and the same is true for T, (p) for any polynomial
p. Next let f € VMOA. There is a sequence (p,) of polynomials such that
Il f — pnll« — 0 and we have

1Ty (f) = Typa)ll« = 1Ty (f = pa)lls <N TGlI[f = palls-

This shows that Ty(f) can be approximated in the || - ||« norm by VMOA
functions. Since VMOA is closed in this norm the assertion follows.

Now assume T, : VMOA — VMOA is bounded and recall the dualities
between VMOA, H' and BMOA. Let

Ay =Ty : H' - H!
be the adjoint of T, acting on H* = (VMOA)*, and let
A?: BMOA — BMOA

be the adjoint of A,. Because VMOA is weak® dense in BMOA and since
T,(VMOA) C VMOA, we see that Ay = T,. It follows that T; is bounded on
VMOA if and only if it is bounded on BMOA.

The following theorem from [SiZh] asserts that the little oh condition cor-
responding to (9) characterizes those g for which T}, is a compact operator on
BMOA.

Theorem 4.6. T, is compact on BMOA if and only if

(log )°
. 7]
10 lim { ~—— 17
(10) 7|0 1]

[ @R dme) =0
S(I)
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5. SCHATTEN IDEALS

Let H be a Hilbert space and T': H — H a bounded operator. The singular
numbers of T" are defined by

Ap =inf{||T — F||: F: H— H is an operator of rank < n}.

The operator T is compact if and only if A,, — 0, and of finite rank if and
only if \,, = 0 for all sufficiently large n. For 0 < p < oo the Schatten
classes SP contain those bounded linear operators on H for which (A,) € P,
the space of p-summable sequences. For p > 1 the Schatten norm in SP is
defined by |T'|sr = |[(An)]lir- Each SP is a two sided self-adjoint ideal in the
space of all bounded operators on H and is a Banach space under the Schatten
norm. Further T € S? if and only if T*T € SP/2. The classes S? and S* are the
Hilbert-Schmidt and trace class respectively. An operator T is Hilbert-Schmidt
if and only if >° || T(en)|> < oo for some orthonormal basis {e,, } of H.

Before we consider the Schatten classes of T}, on specific Hilbert spaces let
us consider a general case. Suppose the Hilbert space H consists of analytic
functions on the disc D. For each p > 1 define

Wy, =Wy, n={9€HD): T, € S"}.

Since each S? is a Banach space under the Schatten norm, each W), is a vector
space always containing the constants. We can give it a norm

lgllw, = 19(0)] + I Tlls»,

under which W), is a Banach space. This follows from the fact that a Cauchy
sequence of operators in the Schatten norm is also Cauchy in the operator
norm. For p = 2 the inner product

(9, hyw, = g(0)h(0) + (T, Th) s>

makes Wy a Hilbert space.

Further if H contains the constants and the compositions C,(f) = f o ¢,
with M6bius automorphisms of D are bounded operators on H, using arguments
similar to those in section 2 we find that W, are preserved by composition with

Pa-
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We will now consider the Schatten classes of T, on the Hardy space H?. For
the basis {e,(2) = 2" :n =0,1,2,...} of H? we have

o) o] z 2
St = S| [ oo
n=0 n=0 170 H?

1

Z/D\zIQ”Ig’(z)P(l— |2]) dm(z)

/D (Z |Z|2"> g ()P (1 = |2]) dm(2)

n=0

= 71 ! z 2 — |2 mi\z
- [ o @R n(e)
[ 1@ dme).

D

12

This says that T} is Hilbert-Schmidt on H? if and only if g is in the Dirichlet
space D. To determine the other Schatten classes observe that for f, h € H?
we have by the Littlewood-Paley formula

(TXT,(£), h) = (Ty(f), Ty(h)) =2 / FRE) () log(z 1) dim(=).

Choosing h(z) = ky(2) = (1 — wz) ™!, the reproducing kernel of H?, the above
equation becomes

1
1—zw

TIT,(f)(w) = 2 / (o) du(z),

with
dp(z) = |g'(2)|* log(7) dm(z).

Thus the operator T;Ty is a generalized Toeplitz operator and the Schatten
ideals for those operators have been determined in [Lu]. Applying the main
theorem of [Lu] we can determine the Schatten class of T}; T, and therefore also
that of T, see [AleSil] for details.

Theorem 5.1. Suppose 1 < p < co. Then T, € S? on H? if and only if g is
in the Besov space B,. Further Ty is not in S* unless g is a constant.
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We now consider the Schatten classes of T, on the Bergman space A%. Taking
{en(z) =v/n+12":n=0,1,---} as an orthonormal basis we have

Do ITy(en)lEe =~ Z/(nJrl)IZ\Q"Ig’(Z)IQ(l—IZDQdm(Z)
n=0 n=0"D

/D (Z(?H 1)|Z|2”> l9'(2)*(1 = [2])? dim(2)

n=0
= 1y 201 — 122 dm(z
- [ g R ()

[ @P an)

thus T}, is Hilbert-Schmidt on A? if and only if g € D.
More generally consider the weighted Bergman spaces A2 with weights

w(r) = (a+ 1)1 —rH)* a> -1

12

The reproducing kernel here is

() = ——

(1 —wz)ot2’

and the inner product can be written
(1.h) = /f A1 |22 dm(z)
= SO+ [ RG] dm(2).

v(r)2/1(1uuzw+ldu.

We can now work as in the Hardy space case to obtain the operator T,/7}, in
the form

where

1
TyTy(f)(w) = /Df(Z)W du(z)
with du(z) = |¢'(2)[*v(|z])dm(z). Applying again the work of [Lu] we obtain

Theorem 5.2. Let > —1 and 1 < p < co. The operator Ty is in SP on A?
if and only if g € B,. Further T, is not in S' unless g is a constant.

6. SOME FINAL REMARKS

Volterra type operators and some variations of them have been also studied
on various spaces in [Hu], [Xi], [AMN], [Youl], [You2], [You3]. We will not
recount the results of these papers here. We will make however some remarks
about such operators.
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1. Cyclicity. Consider T, acting on H? and without loss of generality
assume ¢(0) = 0. Then

T,(1)(2) = / g Qe = gl2),

and inductively
1
Tn n

Set also T{(1)(z) = 1. We see that the linear span of the orbit of 1 under T},
is dense in H? if and only if the polynomials in g(z) are dense in H2. Observe
that this can happen only if ¢ is univalent. Indeed if there are z,w € D such
that g(z) = g(w) then for any polynomial P we will have P(g(z)) = P(g(w))
and any limit f of a sequence of such polynomials must satisfy f(z) = f(w),
so the set of polynomials in ¢ cannot be dense in H?2.

Let Q = g(D), and let H?(Q) to be the Hardy space on Q defined through
harmonic majorants i.e. f:Q — C belongs to H?(Q) if and only if there is a
harmonic function u(z) on € such that |f(2)|? < u(z) for each z € Q. In this
situation polynomials in ¢ are dense in H? if and only if the polynomials in z
are dense in H2(£2). We therefore have

Proposition 6.1. The vector 1 is a cyclic vector for Ty on H? if and only if
polynomials are dense on H?(Q2) with Q = g(D).

It would be interesting to see if the role of the vector 1 can be removed in
the above proposition. In other words to prove that T} is cyclic on H 2 if and
only if polynomials are dense in H?((2).

2. A new proof of an old result. It is well known that if g is a function
in BMOA then €9 is in HP for some p > 0. And if g € VMOA then e9 € HP
for all p < oo [CiSc|]. We are going to give a proof of these facts using the
operators 1.

Indeed let g € BMOA. Then T, is bounded on H?. Assume without loss
of generality ¢g(0) = 0. Applying T, repeatedly to the constant function 1 we
have

1
n _ n —
Ty (1)(2) = —n!g(z) , n=20,1,2,...

Let r4 denote the spectral radius of T, and let s be a number such that 0 <
s < 1/rg. Then the series ZZO:O s"Tg" converges in the operator norm topology,
thus the series - . -
sg(z
n=0 n=0
converges in H2. The sum of this series coincides with the pointwise sum which
is %9(2), Thus e*9(*) is in H? and e9(z) is in H?*.
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If g € VMOA then Ty is compact in H?, and it can be checked by hand that
T, has no eigenvalues so its spectrum is {0}, and the spectral radius r, = 0.
Thus we can choose the number s in the previous argument to be any number
in (0,00). It follows that e*9(*) is in H? for all s € (0,00) so e9(*) is in every
H? p < .

The same reasoning proves the analogous statements for g in the Bloch or
little Bloch space. We have

Theorem 6.2. Let g be analytic on D, then

(i) If g € BMOA, then e? € H? for some p > 0.
(ii) If g € VMOA, then e9 € HP for all p > 0.
(iii) If g € B, then €9 € AP for some p > 0.

(iv) If g € By, then e9 € AP for all p > 0.

This theorem can be extended to the spaces X of section 2. The same
reasoning can be applied to prove the following. Suppose X is a Banach space
of analytic functions on I which contains the constant functions, M, : X — X
is bounded, and the point evaluations are bounded on X. Then for the Cesaro
operator to be bounded on X it is necessary that X contains the functions
1/(1 — 2)® for all sufficiently small s, see [Si2]. This is because the Cesaro
operator is obtained as T, with g = log(1/(1 — 2)) and e*9¢) = 1/(1 — 2)*.

3. Spectral properties. The spectrum of the Cesaro operator has been
determined by using its relation to a semigroup of weighted composition op-
erators, see [Sil]. This method can not be applied to the general Volterra
operators Ty;. The spectral properties of these operators remain unknown even
though there have been some papers with sporadic results see [Youl], [You2],
[AMN], [MMN] and [Mil].
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