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including K-metric spaces.

Key Words and Phrases: Fixed point, Kannan contractive mapping, K-metric spaces.

2010 Mathematics Subject Classification: 47H10, 54E35, 54E50.

1. INTRODUCTION

In the last decades the study of fixed points for mappings defined in a K-metric
space over a Banach space ordered by means of a cone (also called cone metric spaces)
have received great attention ([1]-[9], [11]-[16], [18], [19]). For example, the extension
of the Banach contraction principle to the framework of K-metric spaces has been
very useful in the theory of differential and integral equations ([13], [14], [19] and the
bibliography therein).

Recently, from a paper by L.-G. Huang and X. Zhang [8] many authors have
taken up the question of the existence of fixed points for mappings satisfying some
contractive conditions in K-metric spaces ([1]-[2], [9]-[11]). Some of them have also
studied the topological structure of a K- metric space, although it is a open question if
this topology is metrizable ([11], [12], [18]). It is worth pointing out that in the above-
mention papers it is usually required the cone to be normal with nonempty interior.
Last condition on the cone is very restrictive, for example, the positive cone of the
space of functions L; and the positive cone of the space of sequences £, (1 < p < o0)
have empty interior.

The purpose of this paper is to generalize some classical fixed point results for
contractions in the sense of Kannan [10] in K-metric spaces. We emphasize that in
our approach just a normality assumption is imposed on the cone.

73



74 T. DOMINGUEZ, J. LORENZO AND I. GATICA

It is noteworthy that a metric type space can be defined from a K-metric and thus,
as shows by M.A. Khamsi in a very recent paper [11], many results concerning fixed
point for contractions in K-metric spaces can be easily derived of the corresponding
results in a metric type spaces. However, this is not the case for Kannan mappings
as we show in this paper. In fact, we use the structure of a metric type space as a
complementary tool to prove our results.

2. PRELIMINARIES

Let (V.|| -||) be a Banach space. A set K C V is called a cone if and only if:
(1) K is nonempty and K # {0,}.
(2) If a, 3 € K and a,b € R, then aa + b3 € K.
(3) KN (=K)={0,}.
For a given cone K C V, we can define a partial ordering < with respect to K by
a < fif and only if 8 — a € K. We shall write a < 8 to indicate that a < 3 but
a # 3. We will refer (V.|| - ||, K) as an ordered Banach space.
The following definitions relate the norm || - || with the cone K:
e The cone K is called normal if there exists a number A > 1 such that for all
a,f eV, 0, <a<pg implies |[|a|] < A||B]]. The least positive number
satisfying above is called the normal constant of K.
e The cone K is called closed if K is closed with respect to the topology induced
by the norm.

Definition 2.1. Let X be a set and dg : X x X :— K a mapping. We say that dg
is a K-metric, if for all x,y,z € X, one has

(1) dK(‘r7y) =0, er=y;
(2) di(x,y) = di(y,z);
(3) di(x,y) < dk(z,2) + dx(2,y).
The pair (X, dk) is said to be a K-metric space.

Example 2.2. Let X be a nonempty set and (V|| ||, K) = R™,|| - ||, K) such that
lla|| = Va? + a2+ -+ a2 for all a € R and
K ={(a1,a9,...,a,) :a; >0, forallie{1,2,...,n}}.

It is clear that, K is a closed normal cone with normal constant A = 1. Now, we
define dg : X x X — K such that

d[((l'7y) = (d1(1'7y), d2(1'7y), ) dn(xvy))a
where d; is a metric in X for alli € {1,2,...,n}. We have that dk is a K-metric.

The proof of the following lemma easily follows from the definition of K-metric.

Lemma 2.3. Let (X,dk) be a K-metric space over an ordered Banach space (V|| -
||, K) such that K is a closed normal cone with normal constant A. Then the function
D: XxX — [0,00) defined by D(z,y) = ||dk (x,y)|| satisfies the following properties:
(1) D(a,y) =0z = y;
(2) D(z,y) = D(ya x);
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(3) D(z,y) < AN[D(z,2) + D(z,y)] for all z,y,z € X.

Recently, M.A. Khamsi [11] introduced the concept of a metric type space: for an
arbitrary set X, the pair (X, D) is called a metric type space if D : X x X — [0, 00)
is a function satisfying properties [1], [2] and [3] in the above lemma. Defining a
topology on this class of spaces, he obtained some metric and topological fixed point
theorems (see [12]). The previous lemma is used to carry such fixed point results to
the framework of K-metric spaces. This fact suggests that many fixed point results
proved in K-metric spaces do not need full structure because they could follow by
using the real valued function D. However, this approach does not work in order to
prove our results, as we show after Theorem 3.1.

Example 2.4. Let ¢ = {z € R : zlirgoxz =0} and (R™,|| - ||, K) such that ||a|| =
VaZ+aZ+---+a2 foralla € R and

K={aeR":a; >0, forallie{1,2,...,n}}.
Fiz o = (o, g, ...,ap) € K and define di : co X ¢co — K such that

dg(2,y) = (a]lz = ylloo, @2flz = Ylloo, - -+ amllz = ylloo)
n

= HLL’ _y||00(a17a27-'-aan): ||;U _y”oozaiei;
=1

Thus, (co,dk) is a K-metric and D(z,y)= ||z — y||co||]-

Given a K-metric space (X,dk), the concept of sequence will be the usual. We
next define convergence and completeness.

Definition 2.5. Let (X,dg) be a K-metric space over an ordered Banach space

(Vo] - 1|, K) such that K is a closed normal cone, © € X and {xp}ney C X. We say

that {x, }nen converges to x in X, if lim D(x,,z) = 0. We write x,, — x to denote
n

that the sequence {xy }nen i convergent to x, that is, T, — x < D(x,,z) — 0.
From this definition, it is easy to deduce the following result.

Lemma 2.6. Let (X,dk) be a K-metric space over an ordered Banach space (V|| -
||, K) such that K is a normal cone. Then the limit is unique.

Definition 2.7. Let (X,dk) be a K-metric space over an ordered Banach space
(Vo - 1|, K) such that K is a closed normal cone and {xp}nen a sequence in X. We
say that {z,}nen is a Cauchy sequence, if for every positive real number a, there
exists N € N such that for alln,m > N, we have that D(z,,zy) < a.

Definition 2.8. Let (X,dg) be a K-metric space over an ordered Banach space
V- I, K) such that K is a closed normal cone. Then X is called a complete K-
metric space, if every Cauchy sequence is convergent in X.

Let (V,||-||, K) an ordered Banach space. Recall that a linear operator Q : V. — V
is positive if Q(K) C K.

Lemma 2.9. Let (V, |||, K) be an ordered Banach space such that K is a normal cone
with normal constant A and Q : V- — V be a linear positive operator. If ||Q™(c)|| — 0
fora € K —{0,}, then Q(a) — a ¢ K — {0,}.
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Proof. Consider o € K —{0,} such that ||Q™(«)|| — 0. Suppose that Q(a) —a € K,
that is @ < Q(«a). Since @ is a linear and positive operator we have that o < Q"(«)
for all n € N. Hence ||o|| < A||Q™(«)|| for all n € N. Taking limit as n — oo we have
[le|] = 0,, and so « = 0,, which is a contradiction. O

Along the paper we will use the following notation:
e BT(V)={Q:V — V/Q is a positive bounded linear operator }.
¢ [|1Qllo = sup{||Q(a)[| : [|a]| < 1}.

3. MAIN RESULTS

We begin this section with a common fixed point result for mappings satisfying a
Kannan type condition. This result is actually an extension of a result of [17] in the
context of a K-metric space.

Theorem 3.1. Let (X,dk) be a complete K-metric space over an ordered Banach
space (V) ||+ ||, K) such that K is a closed normal cone with normal constant A. If T
and S are two operators mapping X into itself such that for some p,q € N we have
that

dg (T"z, 5%) < Q(dk (v, T"x)) + R(dk (y, 5)),

for all x,y € X, where Q,R € BT (V) and ||Q||o + ||R||o < 1, then T and S have a
unique and common fixed point in X .

Proof. Let ¢ € X and define a sequence {x,}>2; in X as follows

xr1 = Tpx(b To = qula
x3 = TPx,, xy = Sx3,

Top—1 = TPro(k—1), Tok = STok_1,
for all £ € N. From the assumption we have

dK(lL'l,(EQ) = dK(Tp.’ﬂQ,Sq.’tl) S Q(d}( $0,Tp1’0)) + R(dK(xl,qul))
= Q(dk (z0, TPx0)) + R(dk (x1,x2)).

(
(
Hence, [I — R](dk(x1,22)) < Q(dx(xo,TPx0)) and thus we get that d(z1,22) <
[l — R)7! o Q](dk (w0, TPx0)). We put Wy := [ — R]~! o Q. Thus,

d (w1, 22) < Wi(dk (z0, TP20)),
which implies that

D(z1,x2) < AN|Whl|oD(zo, TPx0).
On the other hand,

dK(l‘g, 1‘3) = dK(SqJJl,Tp.Z‘Q) < Q(dK(l‘g,Tp.’L‘g)) + R(dK(l‘l, Sql‘l))
= Q(dk (22, 73)) + R(dx (1, 22)).
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Thus we obtain [I — Q](dk(x2,23)) < R(dg(z1,72)) and hence we get that
d (e, 23) < [[I — Q]7! o R](dk (21, 72)). If we put Wa := [[ — Q]7! o R, it follows
that

dg (z2,23) < Wa(di (x1,22)) < [Wa o Wh(dk (20, TPx0)).
Thus
D(x2, x3) < A[[Wallo|[Wil[oD (0, TP o).
By induction, for each k£ > 1 we obtain,
D(wak-1,x21) < M[Wi|[5||Wal[§ ™ D(xo, TP o),
and
D(zap, wary1) < A[Wil[5][Wal|§ D(wo, T ).
Denote by ry := ||Wi||, and 73 := ||[W3]|,. Note that

s \I[I*R]’lllolleo =|I+R+R*+---+ R+ [|olQll
< (L |[Bllo + [[B%]o +--- + [[B™[[o + - )R]

Qllo
= =,
1—|R[l

because ||Q||o + ||R]lo < 1. Analogously ro < 1. We will prove that {z,}nen is a
Cauchy sequence. For each m > 1 we have for any n = 2k, k > 1

D(In7$n+m) < >‘[ (xnv$n+1) + D(In+17$ﬂ+2) ++ D(xn-&-m—lvxn+m)]
SA[(rbrg + g et - )AD (o, TPao))

< NZD(z, TPxo)[(rhrk 4+ rFH1pk) Zr1r2

/\QD(.To,Tpxo)(l + T‘1) kK
= T

1-— T172
Similarly, for any n =2k -1, k> 1

D(Zpy Tppm) < NErb=t 4pbpk 4ph Tk L Y AD (20, TP20)]

o0

< NZD (20, TPxo)[(r¥rE =" 4 rirk) Zr1r2
i=0

~ A?D(xo, TPx0)(1 +T2)rlcrk71
- 1-— r17Tro 172 ’

Therefore, D(z,, Tptm) — 0 as n — oco. Since X is complete, there exists z* € X
such that z,, — x*. We first show that TPx* = S92* = z*.
Because di is a K-metric, we have, for each n > 1, that

dg (2%, TPx") < dg(x”, xn) + dic (@, TP2").
If n is even, z,, = S%x,,_1 and

di (z*,TPx*) < dg(z*,2,)+ dg(S%p_1, TPx*)
<dg(z*,zn) + Q(dg (x*, TPx*)) + R(dg (n_1,58%Tn_1))
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which implies [I — Q](dk (z*,TPx*)) < dg(x*,z,) + R(dx (Tn-1,%n)). Thus, we have
I — Q)(dr (x*, TPx*))|| < A[D(x*, ) + ||R||oD(2y—1, 2y )]. Taking limit as n — oo,
since D(z*,x,) — 0 and D(2,_1,2,) — 0, we obtain ||[[I — Q](dk (z*,TPx*))|| = 0.
Hence dg (z*,TPx*) = 0,. Hence TPz* = x*. Similarly S%x* = z*.

We shall show that x* is the unique common fixed point of T? and S?. Suppose
that there exists another y* € X such that TPy* = S9* = y*. Then

dg (¢*,y") = di (TP2", S1y") < Q(dk (27, T"x7)) + R(dk (y*, 5%")) = 0,

Therefore dg (z*,y*) = 0, l.e. z* = y*.

Finally we prove that z* is the unique common fixed point of 7" and S. It is clear
that TPz* = o*. Hence T'(T?Px*) = Tx*, that is, T?(Tz*) = Tz*. Thus Tx* = z*. In
the same way we obtain that Sz* = z*. Since a common fixed point of T" and S is
also a common fixed point of TP and S? the proof is complete.

O

Remark 3.2. Note that the use of a K-metric cannot be avoided in the proof of the
previous theorem (unlike the case of contractions as shows in [11]). Indeed, from the
statement of theorem 3.1 (p,q = 1) we can just obtain

D(Tz,Sy) < MaD(xz,Tz) + bD(y, Sy)),

where a +b < 1. When X\ > 1, it is easy to find an example of a pair of fixed point
free mappings satisfying the above condition.

As a consequence of the preceding theorem we obtain the extension of Kannan’s
fixed point theorem [10] to K-metric spaces.

Corollary 3.3. Let (X,dk) be a complete K-metric space over an ordered Banach
space (V, || - ||, K) such that K is a closed normal cone. If T and S are two operators
mapping X into itself such that for all x,y € X we have that

dK(T:z:,Sy) < Q(dK(‘T7TI) + dK(y’ Sy))7

where @ € BY(V) and ||Q||o < 1/2, then T and S have a unique and common fized
point in X.

Remark 3.4. It should be note that the above corollary improves in different senses
some results from [1] and [15]. Specifically, while in [15] the same result is obtained
by considering a vector-valued metric, in [1] the authors state an analogue theorem
where a numerical constant is taken instead of a linear operator on the contractive
condition satisfied by the maps.

Corollary 3.5. Let (X,dg) be a complete K-metric space over an ordered Banach
space (V|| - ||, K) such that K is a closed normal cone. If T is an operator mappings
X into itself such that for some p,q € N we have that

di (T?z, T) < Q(dk (v, TPz)) + R(dk (y, T?)),

for all x,y € X, where Q,R € BY(V) and ||Q||o + ||R||o < 1, then T has a unique
fixed point in X.
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In the situation T" = S as in Corollary 3.5, we can, in fact, carry our results to
a more general setting. Following some ideas from [2] we introduce next a class of
spaces including K-metric spaces.

Definition 3.6. Let X be a set and dyx : X x X :— K a mapping. We say that dg is a
N -polygonal K-metric, if for allx,y € X and for all distinct points z1,z2,...,z2ny € X,
each of them different from x and y, one has

(1) dK(xay) =0, s z=y;

(2) dK(xa y) = dK(y> .’)3);

(3) di(w,y) <dg(w,21) +dr(21,22) + - + dr(2n-1,2N8) + dr (2, V).
The pair (X, dk) is said to be a N-polygonal K-metric space.

If N =1 the pair (X,dk) is a K-metric space. The concept of 2-polygonal K-
metric space is referred in [2] as cone rectangular metric space. It is clear that a
K-metric space is a N-poligonal K-metric space, for all N > 2.

Example 3.7. Let X =N, (V,||-||) = (R%,|| - ||) with ||a|] = /a2 + a3 and
K ={(a1,a2) : a1, > 0}.
We define di : X x X — K as follow:

(0,0) - if T =y,
dr(z,y) =4 (3a,3) :if ze{l,2}Aye{l,2}AzH#y,
(a,1) :4f (we{l,2}cvye{l,2})Az#y.
with a € (0,00). Then dg is a rectangular K-metric but it is not a K-metric because
it lacks the triangular property:

di(1,2) = (3a,3) > dg(1,3) + dx (3,2) = (24, 2).

From the definition of N-polygonal K-metric we can easily deduce the following
lemma.

Lemma 3.8. Let (X,dg) be a N-polygonal K-metric space over an ordered Banach
space (V|| -], K) such that K is a closed normal cone with normal constant X\. Then
the function D : X x X — [0,00) defined by D(z,y) = ||dx(x,y)|| satisfies the
following properties:

(1) Dle,y) =0z =y

(2) D(z,y) = D(y,z);

(3) D(x,y) < AN[D(z,21)+D(21,22)+ -+ D(2n-1,2n)+D(zn,y)] for all distinct

points z1,23,...,2N € X, each of them different from x and y.

Given a N-polygonal K-metric space (X, dk), the concept of sequence will be the
usual. We next define convergence and completeness.

Definition 3.9. Let (X, dx) be a N-polygonal K -metric space over an ordered Banach
space (V.|| - ||, K) such that K is a closed normal cone, x € X and {x,}neny C X.
We say that {xp}nen converges to x in X, if lim D(z,,x) = 0. We write z, — x to

denote that the sequence {xp tnen i convergent to x, that s, ©, — x < D(xp,x) — 0.
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In general, for a N-polygonal K-metric space with N > 2, the uniqueness of the
limit of a sequence does not hold (see Example 1.6 in [9]). However, the limit is
unique for a convergent Cauchy sequence as we show below.

Definition 3.10. Let (X,dk) be a N-polygonal K-metric space over an ordered Ba-
nach space (V,|| ||, K) such that K is a closed normal cone and {x,}nen a sequence
in X. We say that {x,}nen is a Cauchy sequence, if for every positive real number
a, there exists N €N such that for all n,m > ]\7, we have that D(xy,, xm) < a.

Next Lemma is an extension of Lemma 1.10 presented in [9].

Lemma 3.11. Let (X,dg) be a N-polygonal K-metric space over an ordered Banach
space (V) ||-||, K) such that K is a normal cone with normal constant A and {x, }nen be
a sequence in X. If {x,}nen s an Cauchy sequence, such that satisfies the following
conditions:

(a): Fz,y € X)(zp —m x A2y — 9),

(b): (AN eN)(n,m > N = xy, # Ty ATy, T ATy £ Y),
then x = y.
Proof. Suppose {z, }nen is an Cauchy sequence satisfying conditions (a) and (b). For
all n > N we have

D(z,y) < A[D(x,25) + D(Tpt1, Tpt2) + - + D(Tnyn-1,9)].

Taking limit as n — oo, we obtain D(z,y) = 0 and hence z = y. O
Definition 3.12. Let (X,dg) be a N-polygonal K-metric space over an ordered Ba-

nach space (V|| - ||, K) such that K is a closed normal cone. Then X is called a
complete N-polygonal K-metric space, if every Cauchy sequence is convergent in X.

Our next fixed point result for Kannan type maps is given in the framework of a
complete N-polygonal K-metric space.

Theorem 3.13. Let (X,dk) be a complete N-polygonal K-metric space over an or-
dered Banach space (V|| - ||, K) such that K is a closed normal cone with normal
constant \. If T is an operator mapping X into itself such that for a positive integer
p > 1 we have that:

di (TP2, T"y) < Qdk (v, Tx)) + R(dk (y,T"y)),

for all x,y € X, where Q,R € BY(V) and ||Q||o + ||R||o < 1, then T has a unique
fixed point in X.

Proof. Let zg € X be fixed and, for each n > 1, define z,, = TPz, 1 = T™Pzy. By
assumptions, we have

di (21, 22) < Q(dk (20, T"20)) + R(dk (z1, T 21)).

This implies [I — R|(dx(z1,22)) < Q(dk(xg,TPx0)). Thus, we have dg(r1,22) <
[l — R o Q](dk (xo, TPx0)). Now, denote W := [ — R]~! o Q. Clearly

D(Z‘l,l‘g) < )\||W||0D(Z‘0,Tpxo).
Since [|Q|[o + [|R][o < 1 it follows |[W]|, < 1, as in the proof of Theorem 3.1.
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On the other hand, we have
dx (72, 73) < Q(di (w1, TPx1)) + R(dx (w2, TPx2)).
Hence, dg(x2,x3) < W(dg(z1,TPx1)). Therefore we get that
dK((EQ, .’23) S Wz(dK(xo, Tpxo)).
By induction we obtain
dr(Tn, Tny1) < W™ (dx (20, TP0)),
which implies
D(zp, xnt1) < MWL D(zg, TPx0).
Now, we prove that TP has a fixed point. We divide the proof into two cases.
(Case a): Suppose that z,, = x,, for some n,m € N such that n < m. Hence
TPry = T™Pxy. If we define yg := T"Pxy we have yg = T*Pyy where s = m — n.
Therefore
dic (Y0, T"yo) = dic (T*Pyo, T Pyo) < W*(dic (yo, T"30))-

Since W € B*(V), because [ — R]"™! =TI+ R+ ---+ R" +--- maps K into K and
[[W]|, < 1, by Lemma 2.9 we must have dg (yo, TPyo) = 0,. Thus g is a fixed point
of TP.

(Case b): Assume that x,, # x,, for all n,m € N such that n # m. Now, we will
prove that {z, },en is a Cauchy sequence. We observe that for all n,m > 1 we have

dK (.'lfn, mn+m) S Q(dK (xnfly Tp$n71>) + R(dK (anrmfla Tp$n+mfl>>
< QW Hdk (20, 21))) + ROV ™ Hdk (20, 21)))-

Thus
D@, Tnym) < A|Qo[WI5 Do, 21) + [| Rl W[5+ D(0, 21)).

Therefore D(zy,, Tnym) — 0 asn — oo. It implies that {x,, }nen is a Cauchy sequence.
Since X is complete, there exists £* € X such that z, — z*.

We shall now show that T?x* = z*. Without any loss of generality, we can assume
T™"xo # z* and T™Pxg # TPzx* for all n > 1. Denote « := dg(a*,TPx*). Since
Ty # Ty for all n,m > 1 such that n # m we have

a <dg(x*,rn) +dg(Tn, Tne1) + ..+ drx (Tnyn—1,TP2")
<dg(x*,xn) + W(dg (x0,21)) + .. + Q(dr (TngN—2, Tnin—1)) + R(a)
< dg(z*,xn) + W (dk (20, 21)) + .. + QW TN 2(dk (0, 21))) + R(a).
(

ThUS, [I - R](Oé) < dK(‘T*axn) +wn dK($0,$1)) +oee Q(Wn+N72(dK(x07xl)))'
Therefore
Il = Rl(a)[] < A[D(z*, 2,) + |[W[g D(xo, 21) + - - + [|Qllo[[WI[5 2D (o, 21))-
Since D(x*,z,) — 0 and ||[W||? — 0 as n — oo we have ||[I — R](«)|| = 0. Hence
dg (z*,TPx*) = 0, following TPz* = x*.
We observe that z* is the unique fixed point of T?P. Indeed, suppose that there
exists y* € X such that y* # z* and TPy* = y*. Thus

dg (¢*,y") = di (TP2", TPy") < Q(dk (z*, TP2")) + R(dk (y*, T"y")) = 00
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Therefore dg (z*,y*) = 0, which is a contradiction. So, the fixed point of TP is
unique. Now we prove that Tx* = x*. It is clear that TPz* = x*, in consequence
T(T?Px*) = Tx*. Thus TP(Tx*) = Ta*. Therefore Txz* = 2*, because * is the unique
fixed point of TP. We also have that z* is the unique fixed point of T'. Suppose that
there exists y* such that Ty* = y*. It follows that TPy* = y* and thus z* =y*. O

Corollary 3.14. Let (X,dk) be a complete N-polygonal K-metric space over an
ordered Banach space (V,||-||, K) such that K is a closed normal cone and T : X — X
be a mapping. If for all x,y € X and p € N we have that

dK (Tpxa pr) < Q(dK(x? Tpx) + dK (ya pr))7
where Q € BY(V) and ||Q||, < 1/2, then T has a unique fized point in X .

Since a rectangular metric space is a 2-polygonal K-metric space, we obtain the
following consequence.

Corollary 3.15. ([3], [9]) Let (X,dk) be a complete rectangular K-metric space
over an ordered Banach space (V.|| - ||, K) such that K is a closed normal cone and
T:X — X be a mapping. If for all x,y € X we have that

where a € [0,1/2), then T has a unique fized point in X.
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