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The critical radii obtained from analyses of the elastic scattering of alpha-particles by a range of nuclei are found to be 
closely connected with the nuclear matter distributions obtained by summing the squares of single-particle wavefunctions. 
This provides a method of calculating the details of the optical potentials from the structure of the target nucleus. 

A recent analysis by Badawy et al. [1 ] of the elas- 
tic scattering of  alpha-particles by several isotopic se- 
quences at energies around the Coulomb barrier 
showed that the differential cross section essentially 
determines the radius R at which the nucleon density 
is 2 X 10 -3  nucleons fm -3.  These radii are approxi- 
mately proportional to A 1/3, but there are small sys- 
tematic differences due to the structure of  the nuclei 
concerned. In particular, the quantity R A -  I/3 is 
found to increase slowly through some isotopic se- 
quences and to decrease through others. This may be 
understood qualitatively in terms of  the shell structure 
of the nuclei, since we expect the nuclear radius to in- 
crease more rapidly when a major shell is just begin- 
ning to be filled than when it is nearly full. 

A quantitative study of this effect may be made by 
calculating the nuclear density distributions of the 
nuclei from a suitable model. It is necessary that the 
calculated distributions are particularly reliable in the 
surface region, and this is the case for those obtained 
by smrrming the squares of  the appropriate single- 
particle wavefunctions since for each state the poten- 
tial is adjusted to fit the nucleon separation energy. 

The nuclear density distributions p(r) were calcula- 
ted from the single-particle wavefunctions ~i in a 
Saxon--Woods potential V(r) using the expression 

o(r)  = ~[~ ailt~i 12 , (1) 

where a i is the occupation number of the state i and 
the sum runs over all the occupied states. 

The potential V(r) has the usual form 

V(r) = Vc(r ) + Uf  1 (r) \ rn ,c]  s r drr L "  ~ ,  (2) 

where Vc(r ) is the Coulomb electrostatic potential (for 
protons only), and the form factor fi(r) = [1 + exp 
{(r - Ri)/ai} ] with R i = riA 1/3. 

The expression (1) is corrected for the finite size of 
the nucleons by folding in their own density distribu- 
tions, taking into account the Darwin-Foldy term 
and the centre-of-mass motion. The Perey non-locality 
correction factor was applied to the wavefunctions, 
and the final set was orthogonalised by the Gram-  
Schmidt procedure. A detailed account of  the method 
of  calculation is given in ref. [2]. 

Ideally, the occupation numbers a i are determined 
by analyses of  nucleon transfer and knock-out reactions 
and the parameters of  the potential are adjusted to 
optimise the fit to the model-independent charge distri- 
butions, which are often known to considerable accu- 
racy and to the measured single-particle centroid ener- 
gies. These potentials are then used to calculate the 

170 



Volume 82B, number 2 PHYSICS LETTERS 26 March 1979 

nuclear matter  distribution. In practice some of  these 
data are not  available, so some of  the information has 
to be estimated from general knowledge of  nuclear 
systematics. The various ways of doing this are de- 
scribed below. 

The density distribution obtained in this way is 
then fitted in the tail region by  the expression 

p ( r )  = PO [1 + exp{(r  R p ) / a o } ] - I  

P0 exp{ ( R ;  - r ) / a p }  , (3) 

to give the best values of  the surface diffuseness para- 
meter ap. The radius R at which the nucleon density 
is 0.002 is thus given by 0.002 = P0 exp((Rp - R ) /  

% } .  Setting P0 = 0.14 gives 

R =Rp  + 4.25 ap . (4) 

Now Badawy et al. [1] have shown that the real 
part of  the alpha-particle potential  can be obtained 
from the nuclear density distr ibution using the relation 

R(0.2)  =Rp  + 5.54 a o + 2 .37 ,  (5) 

where R(0.2) is the radius at which the real potential 
is - 0 . 2  MeV. 

Thus from eqs. (4) and (5) 

R(0.2)  = R + 1.29 a o + 2 .37 .  (6) 

This expression enables our density distributions to be 
compared directly with the values of  R(0.2)  obtained 
by Badawy et al. [ 1 ]. 

A preliminary calculation was made using overall 
parameters, and subsequently the results were im- 
proved by including as much information as possible 
from the nuclei of  interest. 

The first calculation [3] used the integral occupa- 
tion numbers of  the simple shell model and obtained 
the potential  U from a non-local potential  of  depth 
83 MeV and non-locality parameter/3 = 0.87. The form 
factor parameters r i = 1.236 fro, a i = 0.52 fro. To take 
account of  the variation of  potential  through the iso- 
topic sequences an asymmetry potential  of  30 MeV 
was added. The parameters of  the sp in -o rb i t  poten- 
tial were 7 MeV, with r 2 = 1.1 fm, a 2 = 0.65 fro. The 
results of  this calculation in fig. 1 already show the 
same overall trends as the radii obtained from alpha- 
particle scattering. 

The second calculation used the occupation num- 
bers of  Beiner and Lombard [4] and the potential  
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t;ig, 1. Nuclear radius parameter as a function of A for several 
isotopic sequences. ,}, experimental data of Badawy et al. [ 1 ] 
and of Tabor et al. [7] (for Nd). Values calculated from nucle- 
ar density distributions • l, • 2, ,r 3, o 4, • 5. 

depths were altered to fit his binding energies. The 
third calculation also used Lombard 's  results, but in 
addition used the experimental binding energies that 
are available for the isotopes 122,124,126,128Te [5]. 

The fourth calculation combined the integral occupa- 
tion numbers and the experimental binding energies 
and the fifth used the potential of  Bear and Hodgson 
[6]. In calculations 2, 3 and 4 the radius parameter 
r 1 = 1.273 fro. These characteristics of  the calculations 
are summarised in table l ,  and the corresponding re- 
sults for the alpha-particle potential are compared 
with the values of  Badawy et al. [1 ] and of  Tabor et 
al. [7] (for Nd) in fig. 1. 

The comparison in fig. 1 between the experimental  
and calculated radii shows that the deviations from the 
overall A 1/3 variation are quantitatively reproduced. 
Use of  the occupation numbers and potentials of  
Beiner and Lombard does not improve the fit. The 
best results are obtained with the potential  of  Bear and 

Table 1 
Nuclear density calculations 

No. Occupation Binding Potential 
numbers energies 

1 integral - non-local 
2 Beiner Lombard Beiner-Lombard non-local 
3 Beiner-Lombard (experimental) non-local 
4 intcgral (experimental) non-local 
5 integral - Bear 
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Hodgson, which has been fi t ted to a wide range of  ex- 

perimental data. 
This work establishes a direct connection between 

the nuclear matter  distribution and the alpha-particle 
optical potential  and provides a way of  calculating the 
nuclear structure effects in the potential  for energies 
around that  of  the Coulomb barrier. 

The elastic scattering of  particles by  nuclei becomes 
increasingly sensitive to the nuclear surface as the mass 
of  the particle increases. Thus nuclear structure effects 
of the type studied here are not found for nucleons, 
are appreciable for alpha-particles and are likely to be 
even more pronounced for heavy ions. Thus including 
information from the calculated nuclear densities 
should improve heavy ion optical potentials,  and work 
along these lines is in progress. 
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