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Abstract. The global attractor of a skew product semiflow for a non-autonomous
differential equation describes the asymptotic behaviour of the model. This attrac-
tor is usually characterized as the union, for all the parameters in the base space, of
the associated cocycle attractors in the product space. The continuity of the cocycle
attractor in the parameter is usually a difficult question. In this paper we develop
in detail a 1D non-autonomous linear differential equation and show the richness of
non-autonomous dynamics by focusing on the continuity, characterization and chaotic
dynamics of the cocycle attractors. In particular, we analyse the sets of continuity
and discontinuity for the parameter of the attractors, and relate them with the even-
tually forward behaviour of the processes. We will also find chaotic behaviour on the
attractors in the Li-Yorke and Auslander-Yorke senses. Note that they hold for linear
1D equations, which shows a crucial difference with respect to the presence of chaotic
dynamics in autonomous systems.
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1. Introduction

We are interested in the asymptotic dynamics of initial value problems of the form

= f(t,z), t>s
x(s) =z € X,

(1)

where f : Rx D C R x X — X is a map belonging to some metric space C, and
X a Banach space. Assume that, for each f € C and xq € X, the solution of is
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defined for all ¢ > s; that is, for each xq € X, there is a unique continuous function
[s,00) 2 ¢t — xz(t, s, f,z9) € X satisfying (I]). For each ¢, f(t,-) is the vector field that
drives the solution at time ¢. Hence, the path described by the solution in X between
s and s + 7 will depend on both the initial time s and the elapsed time 7.

In this paper we assume some kind of recurrence in the temporal variation of the
vector fields. In particular, we pay special attention to the almost periodic case.

There is a general method to consider the family of non-linearities as a base flow
driven by the time shift applied to the non-linearity f(¢,-) of the original equation. We
consider f € Cy(R, X), the set of bounded and uniformly continuous functions from
R into X with the metric p of the uniform convergence. Denote by F, the set of all
translates of f,

Fo(f) ={f(s+-): s eR},
and define the shift operator 0; : C(R, X)) — Cy(R, X) by

9tf(') = f( "’t)-

For autonomous and periodic time dependence this construction yields a closed base
space Py. However, for more general almost-periodic terms it is convenient to consider
the closure of Py with respect to p:

P := P,(f) = closure of Py(f) in Cp(R, X) with respect to p,

known as the hull of the function f in the space (Cy(R, X); p), see [41]. Continuity of
0; on Py then extends to continuity of 6, on P.
In this paper we consider the 1D linear and dissipative differential equation

o' = h(bp)x +g(z), p € Px €R, (2)

with h a real almost-periodic function with null mean value and unbounded primitive
and

the hull of h. Note that (P, 0) is a continuous flow in a compact metric space. g : R — R
is a smooth function with zg(z) < 0 for all z € R, lim, ,g(z) = —oo and
lim -0 @ = —o00. We denote by C(P) the set of real continuous functions on P and
thus Cy(P) will denote the subset of C'(P) with null mean value. B(P) will represent
the subset of Cy(P) with continuous primitive, and U(P) its complementary, i.e., the
subset of Cy(P) of functions with unbounded primitive (see Section 3).

In this framework, two asymptotic behaviours give rise to completely different
scenarios. Indeed, asymptotics with respect to time ¢ (uniformly, see Chepyzhov and
Vishik [I3], or not in s) or with respect to s (when s — —oo and ¢ is arbitrary but
fixed). These are called, respectively, forward and pullback dynamics and are in general
unrelated.

Thus, during the last twenty years two main approaches have been developed in
order to study attractors for ([1)): on the one hand, the pullback attractor (Carvalho et
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al. [11], Kloeden and Rasmussen [27]), an invariant set for the evolution process which is
pullback (but, in general, not forward) attracting; on the other hand, the global attractor
for the associated skew-product flow, an invariant compact set attracting forward in time
(Sell [42], Kloeden and Rasmussen [27]).

The cocycle attractor A(p) (see Definition |3) for is described by an interval
la(p), b(p)], for all p € P. The aim of this paper is to study in detail the structure and
internal dynamics on this family of attractors. Another definition of attractor for non-
autonomous dynamical systems is that of the uniform attractor (see Chepyzhov and
Vishik [I3]) which is then described as the union of all the associated cocycle attractor
(see Kloeden and Rasmussen [27], Bortolan et al. [9, [§]) so that, by studying the
structure of cocycle attractor, in fact we are also going in detail into the characterization
of uniform attractors. A recent related work is Hoang et al. [20], where the authors
prove that, given a family of parameterized processes, continuity points (with respect
to the parameter) for pullback and uniform attractors is a residual set, so dense in the
set of parameters. Our results are different in the sense that our family is given by the
driven space of functions p € P, and not by perturbation of dynamical systems.

An important result in Cheban et al. [12] proves that, if the function p — A(p) is
upper and lower semicontinuous, then, uniform pullback and uniform forward attraction
are equivalent. The results in this paper will confirm that the property of continuity of
this set-valued map cannot be weakened. Indeed, in Section 3 we study, for a particular
h € U(P), the set P, C P of continuity and non-continuity Py C P of function p — A(p),
showing that our attractor is a pinched set (see Definition [1)), described as A(p) = 0 for
all p € Py and A(p) = [—b(p), b(p)] with b(p) > 0 for all p € Py.

For a residual set in Ps, we prove (see Proposition [24| and Corollary that there
is no forward attraction to A(p), i.e., we lose forward attraction specifically in the
continuity points of the cocycle attractor. In some cases this residual set is all P;. In
Section 5 we prove that, generically, this is the situation we find, i.e., if we define

R,(P) = {h € Co(P) : v(P.(h)) =1}

and
Ry(P)={h € Cy(P): v(Ps(h)) =1}

with v the Haar measure on P, we deduce (see Theorem that Rs(P) is a residual
set in Cy(P). Although topologically more unusual, in Section We concentrate in the
case when R¢(P) # (0, so that we can deal with h € U(P), with v(Pf(h)) = 1. Theorem
proves that we obtain forward attraction in P, i.e., we have forward attraction in full
measure precisely in the set of non-continuity of the map p — A(p). A recent discussion
on forward nonautonomous attractors can be found in Kloeden and Lorenz [28].

In Section [6] we find chaos inside the cocycle attractor. To our knowledge this is
the first time in the literature where chaos is studied related to this kind of attractors.
Indeed, Theorem (36| shows that, in the previous case with h € U(P) and v(Ps(h)) =1
the sets [—b(p),b(p)] are scrambled (see Definition for a.a. p € P, leading to Li-

Yorke chaotic dynamics in measure (see Blanchard et al. [7]). In addition, we also
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obtain explicit examples in the case v(Ps(h)) = 1 where the cocycle attractor is Li-
Yorke chaotic. Finally, in Section we can also find sensitive dependence on the set
Ay = Upep{p} x {0} , so that we also find chaotic dynamics in the Auslander-Yorke
sense (see [9]).

2. Basic notions

We start with some preliminary concepts and results on topological dynamics and
ergodic theory that can be found in Ellis [15], Nemytskii and Stepanov [35], Sell [42]
and Shen and Yi [43].

Let (P,dp) be a compact metric space and 6 = {6;};cr a real continuous flow on
P. Given p € P, the set {0;p}ier is called the orbit of p. We say that a subset P, C P is
f-invariant if 0,(P;) = P, for all t € R. A subset P, is minimal if it is compact invariant
and it does not contain properly any other compact invariant set. We say that the
continuous flow (P, ) is recurrent or minimal if P is minimal.

A normalized regular measure v defined on the Borel sets of P is invariant if
v(0,(Py)) = v(Py) for every Borel subset P, C P and every t € R. It is ergodic if,
in addition, ¥(P;) = 1 or v(P;) = 0 for every invariant subset P;. The set of normalized
invariant measures is not void. We say that (P, dp) is uniquely ergodic if it has a unique
normalized invariant measure which is necessarily ergodic.

We say that the flow (P, dp) is almost-periodic if the family {6; };cg of section maps
is equicontinuous, i.e., for every ¢ > 0 there exists 0 > 0 such that if p;,p; € P and
dp(p1,p2) < d then dp(0;p1,0ip2) < € for every t € R.

A subset L C R is said to be relatively dense if there exists a number [ > 0 such
that every interval [r,r + [] contains at least a point of L. We say that f € C,(R,R)
is almost periodic if for every ¢ > 0 there exists a relatively dense subset L.(f) such
that sup,cp |f(t+7) — f(t)| < € for every r € L.(f). If f € Cp(R,R) is almost-periodic
then the hull P = P(f) of f is a compact metric space and if {6, };cr denotes the shift
operator, then the flow (P, ) is almost-periodic, minimal and uniquely ergodic. In fact
P is an abelian topological group and the Haar measure is its only invariant measure.

We introduce two types of almost-periodic functions that will play a relevant role
in what follows. Let @ = (a,...,a;,) € R™ be a vector with rational independent
components. The Kronecker flow of vector « is defined on the m—dimensional torus
T™ by the map 6, : R x T™ — T™, (¢, 21,...,Tm) = (x1 + taq, ..., Ty + tay,), and it
is almost periodic and minimal (see [15] 43]). We say that a function f € C(R,R) is
quasi-periodic if there exists a Kronecker flow (T™,6,) and a function h € C(T™) with
f(t) = h(ast, ..., ant) for every t € R. Under this condition the hull of f is isomorphic
to a k-dimensional torus of (T™,0,).

We say that a function h € C(R,R) is limit-periodic if is the uniform limit of a
sequence of continuous and periodic functions. In this case the hull of h has frequently
a more complicated structure: in simple cases it provides a solenoid. Many relevant
examples in the literature considered in this paper have been developed by quasi-periodic
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or limit-periodic functions.

We can try to analyse non-autonomous differential equations as the combination
of a base flow {0;};,cg on P and, for each p € P, the semiflow R* x X > (¢,z9) —
o(t,p)rg € X where, for each zg € X, RT 3t — ¢(t,p)zo € X is the solution of the
initial value problem

& =p(t,z), t >0,

Then, the family of mappings
(t,p) € RT x p = o(t,p) € C(X),

satisfies
e ©(0,p) =1Idx for all p € P,
e z— ¢(t,p)xr € X is continuous, and
o forallt>s, seR, and p € P,

o(t+s5,p) = @(t,0:p)p(s,p),

the ‘cocycle property’.

One interprets (¢, p)x as the solution at time ¢ that has started in the state x at time
zero subjected to the non-autonomous driving term p € P.

The pair (¢, 0)x,py will be called a non-autonomous dynamical system on (X, P)
(see Kloeden and Rasmussen [27]). Now, given a non-autonomous dynamical system
(¢,0)x,p), one can also define an associated autonomous dynamical system (see [41}42])
II(-) on X = P x X (with the metric dx((x,p), (z,p)) = d(x,Z) + dp(p,p)) by setting

I1(t)(p, x) = (0:p, (t, p))), t > 0.

The semigroup property of 6, and the cocycle property of ¢ ensure that TI(-) satisfies
the semigroup property.

Thus, given a non-autonomous differential equation such as , we need to deal
with four different dynamical systems:

(a) The driving semigroup {6; : t > 0} on P associated to the dynamics of the time-
dependent nonlinearities appearing in the equation.

(b) the skew-product semiflow {Il(t) : ¢t > 0} defined on the product space P x X,

(c) the associated non-autonomous dynamical system (p,0)x py with o(t,0sf)xe =
z(t+ s, f,x0),

(d) and the evolution process S(t,s)xo = u(t — s, 05 f)x.

Observe that these dynamical systems can possess an associated attractor:

(i) A global attractor A for the skew-product semiflow II(t),
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(ii) a cocycle attractor {A(p)},e, for the cocycle semiflow ¢, (see Kloeden and
Rasmussen [27])

(iii) a pullback attractor { A(t)}:cr for the evolution process S(t,s) (see Carvalho et al.
[11]).
We next introduce and compare some concepts of the topological and random theory
of dynamical systems. In this paper we always assume that the base flow (P, 6,R) is

mininal. We first consider some topological notions. The concepts of minimal and
invariant measure admit natural extensions for semiflows.

Definition 1. (i) A minimal set K C P x X is called an automorphic extension of
the base P if, for some p € P, K N H;l(p) 15 singleton, with Ilp the projection on
the first component of P x X. In these conditions we say that the minimal set K 1is
almost-automorphic when the flow on the base P is almost-periodic.

(i1) A compact invariant set K C P x X is called a pinched set if there ezists a
residual set Py C P such that K N11;!(p) is a singleton for all p € Py and K N1, (p)
is not a singleton for all p ¢ P.

Note that an invariant compact set K C P x X is almost automorphic if it is
pinched and minimal.

Given a NDS (¢,0)x,p), suppose that the associated skew-product semiflow
semigroup {II(¢) : t > 0} possesses a global attractor A on P x X. We know that
{II(¢) : t > 0} has a global attractor if and only if there exists a compact set K C P x X
such that

lim dist (I1(£)B, K) = 0, (4)

for any bounded subset B of P x X, where dist denotes the Hausdorff semidistance

between sets defined as
dist(A, B) = supinf d(a,b).

acA beb

Definition 2. (i) A non-autonomous set is a family {D(p)},ep of subsets of X indexed
in p. We say that {D(p)},ep is an open (closed, compact) non-autonomous set if each
fiber D(p) is an open (closed, compact) subset of X .

(ii) A non-autonomous set {D(p)}ycp is invariant under the NDS (¢,0)x,p if

©(t, p)D(p) = D(6:p),

for allt >0 and each p € P.

It is immediate that a non-autonomous set {D(p)}pep is invariant for (¢, 6)x, py if
and only if the corresponding subset I of P x X, given by

D = | J{p} x D(p),

peEP

is invariant for the semigroup {II(¢) : ¢ > 0}.
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Given a subset E of P x X we denote by E(p) = {z € X : (z,p) € E} the p—section
of E; hence

E = | J{p} x E(p) (5)

pEP
Given a non-autonomous set { £(p)},cp we denote by E the set defined by (F)).
Note that
pEP

where we denote by Ilx the projection on the second component in P x X.
We can now relate the concept of cocycle attractors for (¢,6)x,py with the global
attractor for the associated skew-product semiflow {II(¢) : ¢ > 0}.

Definition 3. Suppose P is compact and invariant and that {6, : t € R} is a group over
P and 0;' = 0_, for allt > 0. A compact non-autonomous set {A(p)},ep is called a
cocycle attractor of (¢,0)x,p) if

(i) {A(p)}pep is invariant under the NDS (p,0)x,p); i-e., o(t,p)A(p) = A(:p), for
allt > 0.

(ii) {A(p)}pep pullback attracts all bounded subsets B C X, i.e., for allp € P,

tginoo dist(¢(t,0_:p)B, A(p)) = 0.
The following result can be found, for instance, in Propositions 3.30 and 3.31 in
Kloeden and Rasmussen [27], or Theorem 3.4 in Caraballo et al. [10].

Theorem 4. Let (p,0)x,p) be a non-autonomous dynamical system, where P is
compact, and let {II(t) : t > 0} be the associated skew-product semiflow on P x X
with a global attractor A. Then {A(p)}pep with A(p) = {x € X : (z,p) € A} is the
cocycle attractor of (v, 0)x,p)-

The following result offers a converse (see Proposition 3.31 in [27], or Lemma 16.5

in [I1]).
Theorem 5. Suppose that {A(p)}pep is the cocycle attractor of (p,0)x.py, and {I1(t) :
t > 0} is the associated skew-product semiflow. Assume that {A(p)}pep is uniformly
attracting, i.e., there exists K C X compact such that, for all B C X bounded,

li dist(¢(t,0_p)B, K) =0

Jmsup dist(p(t, 6-p) B, K) =0,
and that \J,cp A(p) is precompact in X. Then the set A associated with {A(p)}pep,
given by

A= J{p} x Ap).

peEP

is the global attractor of the semigroup {II(t) : t > 0}.
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3. Non-uniform cocycle attractors

Let (P,0,R) be a minimal flow on a compact metric space P. For a given Banach space
X we consider a skew-product semiflow {II(¢)};cr+ on P x X. Suppose I1(t) admits a
global attractor A described by

A= J{p} x Alp).

peP

In Cheban et al. [12] it is proved that the continuity of the set-function p — A(p)
implies the uniform pullback, and therefore uniform forward, attraction to the cocycle
attractor A(p) given by Theorem [4]

The aim of the following sections is to develop some non-trivial models in which
the above function is not continuous in the whole P, and, by a careful study of its sets
of continuity, to give a detailed description on the dynamics and the structure of the
attractors.

3.1. Attractors for order preserving non-autonomous systems

In what follows we suposse X is a partially ordered Banach space, i.e. there exists a
closed convex positive cone X+ C X, which is also a vectorial subspace of X, such that
Xtn(=X"*)={0}.

This set Xt defines a partial order relation on X in the way x <y ify —z € X™;
we write x < y if z < y and x # y. If in addition int(X ™) # () we say that X is strongly
ordered.

Definition 6. Let (p,0)x,p) be a non-autonomous dynamical system. We say that ¢
is order-preserving for the order relation ‘<’ in X if ug < vg implies that @(t,p)uy <
o(t, p)vo, for allp € P and t > 0.

In this section we assume that the non-autonomous dynamical system (i, 6)
generated by equation (1)) is order preserving for the order in X.

We introduce the concepts of sub—, super— and equilibrium given by Arnold and
Chueshov [3] in the stochastic setting (see also Chueshov [14]) and by Novo et al. [34]
in the topological framework.

Definition 7. A Borel map a : P — X such that o(t,p)a(p) is defined for any t > 0 is
said to be

a) an equilibrium if a(6,p) = p(t, p)a(p), for any p € P and t > 0,

b) a super-equilibrium if a(6,p) > @(t,p)a(p), for any p € P and t > 0,

c) a sub-equilibrium if a(6;p) < p(t,p)a(p), for any p € P and t > 0.
Definition 8. A super-equilibrium (resp. sub-equilibrium) a : P — X is semi-
continuous if the following holds

i) T'y = closurex{a(p) : p € P} is a compact subset in X;
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ii) Co = {(p,x) : x < a(p)} (resp. Co = {(p,x) : = > a(p)}) is a closed subset of
P xX.

An equilibrium is semi-continuous if it holds i) and ii) above. We name a semi-
equilibrium to a sub-equilibrium or a super-equilibrium.

The following result, that will be relevant in the topological version of the semi-
equilibria, was proved in Proposition 3.4 of Novo et al. [34], following classical arguments
from Aubin and Frankowska [4].

Proposition 9. Assume that a : P — X is a semi-continuous semi-equilibrium. Then
it possesses a residual invariant set P, of continuity points.

We assume that ¢ admits a cocycle attractor. The following result provides
sufficient conditions for the existence of upper and lower asymptotically stable semi-
equilibria, giving some useful information on the structure of this invariant set. The
proof was given by Arnold and Chueshov [3] in the random context and generalized to
the topological formulation in Novo et al. [34].

Theorem 10. Let ¢ be an order-preserving process and A(p) be its associated cocycle
attractor. Suppose there exist Borel maps «, B : P — X such that the cocycle attractor
is in the “interval” [a(p), B(p)], i.e.

Alp) C I5(p) = [a(p), Bp)] = {z € X : a(p) <z < B(p)}.
Then, there ezist two equilibria a,b: P — X with a(p),b(p) € A(p) such that

i) a(p) < a(p) < b(p) < B(p), and A(p) C I;(p), for allp € P.
i) a is minimal (b is maximal) in the sense that it does not exist any complete trajectory
in the interval I*(I7).
iii) a(p) is pullback asymptotically stable from below, that is, for all v(-) with a(p) <
v(p) < a(p), for all p € P, we have that
tiigloo d((t, 0—p)v(0_p), a(p)) = 0.

b(p) is pullback asymptotically stable from above, that is, for all v(-) with B(p) >
v(p) > b(p), for all p € P, we have that

tggloo d((p(tv eftp)v(eftp)a b(p)) =0.

w) If A = U, cpip} x A(p) is compact and the maps «, 3 are continuous, then the
functions p — a(p), p — b(p) are semi-continuous and admits a residual set P, C P
of points of continuity.

v) Assume condition in i), and take py € P.. Then the sets

Ka = {<9tp07 a(etp0)7 te R}

and

Ky = {(0:po, b(01po), t € R}
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define semiflows in P x X, with K,, K, C A. Moreover
card(K, N5 (p)) = card(K, N5} (p)) = 1,
for allp € P, i.e., K., K, are almost automorphic extensions of (P,0).

Proof. Ttems i), ii) and iii) can be found in Arnold and Chueshov [3]

Items iv) and v) are proved in Theorem 3.6 of Novo et al. [34]. We repeat the
argument here, for completeness. Note that ', = {a(p): p € P}, Iy = {b(p) : p € P}
C IIxA are compact sets in X.

From ar(p) = o(T,0_rp)a(0_rp), br(p) = @(T,0_1p)5(0_7p), we deduce that
these functions are continuous semi-equilibria. If 7} < 75 then ap, < ag,, by, < bpy,

and a(p) = limyr_ ap(p), b(p) = limyr_ by(p) for every p € P, showing that these
functions are equilibria. Thus,

{(p ) 2 <b(p)} = [(H(p2): = <br(p)}

{(p.x): x>a(p)} = Hp2): 2> ar(p)}

are closed. Moreover, {a(p): p € P}, {b(p): pe P} C IIx(A) C X and both
are compact sets. Consequently, the equilibria a,b are semi-continuous, so that, by

Proposition [J] they admit a residual invariant set P. C P of continuity points.

For v), suppose po € P. and p; € P.. Let t, such that 6, po — p;. Then,
by continuity, we also have that a(6; py) — a(py) and b(6;,po) — b(p1). Thus,
K, NI (p1) = {(p1,a(p1))} and Ky NIT5" (p1) = {(p1,b(p1))}. This implies that K,, K,
are minimal semiflows and sections (in p) are singleton if p € P., so that they are almost
automorphic extension of (P, ). ]

Remark 11. We want to study the continuity of the cocycle attractor A(p). Note that,
in this framework, the continuity of A(p) requires continuity of functions a(-),b(-).
3.2. Oscillatory functions on an almost periodic base

In the following we consider (P, #) minimal and almost periodic. Then, P is ergodic
with a unique invariant measure v given by Haar measure. Let

Co(P) = {h € C(P) : / hdv = 0}.

The following result is classical and can be found in Gottschalk and Hedlund [19)].
Proposition 12. Let h € Cy(P). The following items are equivalent
i) There exists k € C(P) satisfying
t
6w) ~ o) = [ H(Op)ds ()
0
forallp e Pt € R.
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i) For all p € P it holds

t
sup{ / h(Osp)ds|, t € ]R} < 00.
0
ii) There exists py € P such that
t
sup{ / h(Ospo)ds|, t € R} < 0.
0

iv) There exists pg € P such that

sup {

We denote by B(P) = {h € Cy(P) satisfying (6)}, i.e., the set of functions in Cy(P)
with bounded primitive. It is known that if P is almost-periodic but not periodic then
Co(P) \ B(P) # ). Moreover, it is easy to see that

t t
/ h(6,po)ds / h(6,po)ds
0 0

,t20}<ooo7“sup{

,t§0}<oo.

i) B(P) is dense in Cy(P).
ii) U(P) = Cy(P) \ B(P) is residual in Cy(P).

The following theorem comes from Johnson [22] (see also Jorba et al. [26]):

Theorem 13. Let h € U(P). Then there exists a residual invariant set P, C P such
that for all py € P, there exist sequences {t' }nen, 1 =1,2,3,4 with

lim ¢, =00, +=1,2, lim¢ = —oo, i=34,
n—oo n—oo

and ,
t’L

lim [ h(Ospo)ds = o0, i=1,3,

n—o0 0

ti

n

lim h(Ospo)ds = —oc0, i =2,4.

n—oo 0

Thus, the set P, contains points where the functions H(¢,p) = f(f h(fsp)ds exhibits
a strong oscillation when ¢ goes to +oo.

3.3. A 1-D linear model for h € U(P)

Consider the linear equation

y'(t) = h(Op)y(t), peP tiyecR (7)

with h € U(P). For each p € P and 3y € R we denote by y(¢, p; yo) the solution through
p with initial value yq, i.e, y(0,p;vy0) = yo. It is easy to check that equation has
no exponential dichotomy in Cy(P) (see, for instance, Sacker and Sell [39] for a precise
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definition of this concept and some of its consequences). Thus, there exists a nontrivial
bounded solution (see Selgrade [40]), i.e., there exists py € P\ P,, yo # 0 with

t
| no.myas
y(t, po; Yo) = yoe/0 bounded, (8)
so that for ¢; € R

¢
/ h(Ospo)ds < ¢y, for all t € R.
0

For p, satisfying , we define

MO = {(9&70: j:y<t7p07 1))7 te R}

It is clear that M, is an invariant compact set in P x X.
Lemma 14. Then
a) If (p,x) € My then (p,—x) € M,.
b) (po, £1) € M.
c) {p} x {0} € My for allp € P.
d) Myn Tz (p) = {p} x {0} for all p € P,, where P, comes from Theorem .

Proof. We only need to prove d). If d) is not true, let p; € P, and y; € RT \ {0} with
(p1,y1) € My. Then {(0ip1,y(t,p1;11), t € R} C My, as it is a compact invariant set,

t

but y(t,p1;11) = 1 exp(/ h(fsp1)ds) is unbounded in ¢, which is a contradiction. [
0

The above lemma is showing that the set M, is pinched, since it is the singleton

p x {0} for p € P, and strictly bigger (containing (py, £1)) outside P,. In what follows
we will take advantage of this fact.

3.4. A 1-D nonlinear equation for h € U(P)

Let
ro = 2sup{z € R : such that (p,z) € My}. (9)

In the following model we will find a cocycle attractor which is a pinched set containing
My. We define the family of linear-dissipative differential equations given by

' =h(Op)x + g(x), (10)
where g : R — R is a continuous function with g(z) = 0 if x € [—rg, 0], zg(z) < 0 for
all z € R, lim,_,o0 g(2) = —o00 and lim|y s @ = —oo. For simplicity we take in what
follows

—(x —1o)?, x 2T
glx) =< 0, 10 <z <7 (11)

(x +10)?, x < —r.
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An alternative study of the structure of the set of bounded solutions for a convex or
concave scalar ODE was given in Alonso and Obaya [1]. For each p € P and xy € R we
denote by x(t) the solution to through p with initial value xo, i.e, (0, p;zo) = xo.
Note that if > ry then h(p)r + g(r) < 0 and —h(p)r + g(—r) > 0, i.e., the functions
B(p) = r and a(p) = —r are continuous super and sub-equilibria respectively, i.e, if

x(t, p; o) is solution of
z(t,p;r) <r, forallt >0,p € P,

x(t,p;r) > —r, forallt > 0,p € P.

We define, for T > 0,
br(p) = (T, 0-1p;7)
and
ar(p) = x(T, 0_7p; —r).

Then by, arp are respectively super and sub-equilibria satisfying
0< le (p) < bTQ(p) <,

—r < ar, (p) < ar (p) < Oa

forallpe P,0< T, <T.
From now on we fix r, by and ar. Define

b(p) = lim br(p); a(p) = lim ar(p). (12)
T—o0 T—oc0
Proposition 15. The following items hold:
a) a,b: P — [—rr] are equilibria for (10), i.c., for allp € P andt € R

z(t,p;a(p)) = a(O:p), x(t,p;b(p)) = b(0:p).

b) a(p) = —b(p), for allp € P.
¢) My C Uyecp{p} x [a(p),b(p)]. In particular, a(po) < 0,b(po) > 0.
d) There exists a residual set Py such that, for all p € Py it holds a(p) = 0 = b(p).
e) For all p € P\ Ps, sup,cg b(6:p) > 70.
Proof. a) is a consequence of Theorem Note that ar(p) = —br(p) forall T > 0,p € P,

which implies b).
For c), define

bo(p) =sup{z € X : (p,x) € My}; ao(p) =inf{x € X : (p,x) € My}.
It is clear that by(p) = —ao(p). Since x(T,0_1p, by(0_7p) = bo(p), we have that

b(p) = Jim br((p) = lim 2(T,6_rp,r) > bo(p),

=1
T—oo
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and, similarly,
a(p) = lim ar(p) = lim x(T,0_7p, —r) < ao(p)-
T—o0 T—o0

In particular, b(pg) > 0 and a(py) < 0. Note that, if py € P, then b(py) = 0 implies
b(0ipo) = 0 for all t > 0, i.e., the set P; = {p € P: b(p) = 0} is invariant.

For d), it follows from Theorem 3.4 that a,b possess a subset P, of points of continuity.
We will prove that a(p) = b(p) = 0 for all p € P., i.e. P. = Ps. Indeed, if there exists
p1 € P with b(p1) = 20 > 0 for some § > 0 there exists 7 > 0 such that, for all
p € P with dp(p,p1) < 7 we have b(p) > J. From the minimality of (P, #) there exists
T > 0 such that if p € P we can find 0 < t < t(p) < T with ,p € B(py, ). Moreover,

b(p) = x(—t, 6:p; b(6:p)).
Thus, the mapping

z:[=T,0] x B(p1,7) X [0,7] — R

(t,p; o) — (¢, p;z0) > 0
is continuous and strictly positive on a compact set, so that there exists 6; > 0 with
x(t, p;xg) > 0y for all (¢, p;x0) € [~T,0] x B(py,7) x [6,7]. In particular, as for all p € P
there exists ¢ € [0, T] with b(p) = x(—t,0;p; b(0;p)), dp(6ip, p1) < 7, then b(p) > 6, > 0,
for all p € P. Moreover,

V' (0:p) = h(0:p)b(0:p) + g(b(0:p)) < h(tp)b(B:p),
Thus, a standard comparison argument provides
y(t,p;b(p)) > b(0p) > 6y for all p € Pt > 0.
But, if py € P, (P, from Theorem there exists a sequence {t, }nen with ¢, — oo and
Tim y(tn, poi b(po)) = lim b(pg)els” MO0 — g,

which implies lim,, . b(6;,p0) = 0, a contradiction. As a consequence, b(p) = 0 for
all p € P. = P,. For the proof of e) we again argue by contradiction. Suppose
p € P with 0 < sup,cg b(fip) < 6 < 79. This means that the function ¢ — 2b(6,p)
is simultaneously a bounded solution of the linear equation and of the nonlinear one
(10). The same argument in c) shows that it is bounded by b(6p), i.e., b(p) > "2b(6;p),
which is impossible, and proves e). O]

We can now prove the main result for the attractor associated to ((10)).

Theorem 16. In the above conditions,

a) {A(p) = a(p), b(p)]}pep is the cocycle attractor for (10).

b) The maps
P—R
p— b(p)
p — —=b(p) = alp)
are continuous in the invariant residual set P = {p € P : b(p) = 0} and

discontinuous in the first category invariant set Py = P\ P.
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¢) A = Upep{p} x [a(p),b(p)] is the global attractor for (10) with respect to the
associated skew-product semiflow I1.

Proof. a) and b) follows directly from Proposition [15], and ¢) from Theorem [5 O

As a consequence, our cocycle attractor A is a compact pinched set with a complex
dynamical structure (see Glendinning et al. [I8] and references therein); this question
will be analysed in Section [6]

4. Recurrent and asymptotic points. forward versus pullback attraction

t
Consider h € U(P) and the function H(t,p) = / h(0sp)ds, p € P,t € R. We next
0
introduce different possible properties of H with important dynamical consequences on
the corresponding cocycle attractors. Precise examples of all these situations appear
in the work of Poincaré (see [37] and the references therein); such examples have been
frequently constructed in the quasi-periodic and limit-periodic cases.

Definition 17. a) A point p € P is said to be (Poincaré) recurrent at oo for h if

tTL
there exists a sequence t, — 0o with h(bsp)ds — 0. Analogously, a point p € P

0
is said to be (Poincaré) recurrent at —oo for h if there exists a sequence t, — —o0

tn
with/ h(0sp)ds — 0.
0

t
b) A point p € P is said to be asymptotic for h Zf/ h(fsp)ds — —o0 as t — oo.
0

Note that if h € B(P), then every p € P is recurrent. We will denote by P the set
of recurrent points at oo, by P~ the set of recurrent points at —oo, and by P, = PTNP.
The following result comes from Shneiberg [44].

Theorem 18. Let h € Cy(P). The set P, C P of recurrent points is invariant and of
full measure, i.e. v(P,) = 1.

It is immediate that the set of oscillatory points P, satisfies P, C P,. As a
consequence, P, is residual and has full measure. Actually the argument of Shneiberg
[44] proves that the set P, has full measure. The invariance in the present conditions is
a simple application of Fubini’s theorem.

Moreover, for the n-dimensional torus, we have that all the points are recurrent
in the quasi periodic case if enough regularity is required (Kozlov [30], Konyagin [29],
Moschevitin [32]):

Theorem 19. Let n > 2. There exists k, € N such that, if h € C*(T") N Co(T") then
every p € T" is recurrent for h.

This result was deduced by Kozlov [30] for n = 2 and conjectured for the general
case. It has been proved by Konyagin [29] for n odd and by Moshchevitin [32] for general
n > 2. Last result leads us to the following definition
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Definition 20. A function h € Cy(P) is Kozlov if every p € P is recurrent for h.

We consider h € Cy(p) and the above framework for (10). Then there exists P,
invariant and of first category, and its complementary, the residual set P, such that the
cocycle attractor A(p) = [—b(p), b(p)] with b(p) > 0 if p € Py and b(p) = 0 if p € P;.
Let P, be the recurrent points and P, the asymptotic points. Recall that we denote by
P, the oscillatory points in P. We firstly have the following result

Proposition 21. Let py € P.

¢
sup/ h(0spo)ds = oo if and only if b(pe) =0, i.e., pg € P,
0

£<0
and
i)
¢
sup/ h(0spo)ds < oo if and only if b(po) > 0, i.e., py € Ps.
t<0 Jo
i) If

t t
lim Sup/ h(0spo)ds < sup/ h(0spo)ds
0 0

t——o00 teR

then py € Py and there exists t € R with b(0ypg) > ro.

Proof. 1) Let y,,(t) = exp(fot h(0spo)ds). Note that y,, (t) = y(t,po; 1) is the solution of

—tn

1} with y,,(0) = 1. Then there exists t,, — oo with lim / h(0spo)ds — oo. Suppose

n—oo

r big enough. For T' > 0, br(po) < y(T,po(—=T),r), and b(py) = limr_,o br(po). We have

T r

= my(tnapo(_tn)§ypo<_tn>> = m

converges to zero as n — oo, which implies the equivalence with b(py) = 0, i.e. py € Ps.
For ii), let p > 0 with

Y(tn, po(—tn);T)

<0

Then, if x(¢; po; p) is the solution of with z(0) = p it holds
x(t,po;p) = p eo hOsp0)ds o 1) ¢ < 0.

On the other hand, since {z(¢, po; p) : t € R} is bounded, it is on the cocycle attractor,
i.e. [0,p] C [0,b(po)] and then b(py) > 0.

t
For iii), it is clear that sup,, / h(Bspo)ds < oo and hence py € Pj. There
0
t t2
are t; < to with supt<t1/ h(0spo)ds < / h(Ospo)ds = p for every t < t;. Let
0 0

y(t) = y(t,po;%’) = %Oexp(f(;S h(0spo)ds) be the solution of . Let t3 € (—o0,ts]
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be the first point with y(t3) = ro. There exists v > 1 with y(¢, 04, po; yy(t1)) < 1o for
every t < t;. Then the solution of the nonlinear equation satisfies

2(t, 0, po; vy(t)) = y(t, 04, po; vy(t1))

for every t < t; and

T
x(ts—t1, 0, p0; Yy(t1)) > x(ts—t1, 04,00, y(t1)) = y(ts—t1, 04,00, y(t1)) = y(ts, po; FO) = Tp.

Hence

b(6t3p0) Z x(t3 - tl? 6t1p0; V?J(tl)) > To-

Note that in this case the function t — b(6;pg) is not solution of the linear equation ([7)
as its affected by the dissipation term in ((10J). O]

From this last result we deduce
Corollary 22. P, C P,.
The following result characterizes the forward attraction in the cocycle attractor.

Proposition 23. Let py € P and xq € R. Then it holds
tlim x(t, po; o) = 0 if and only if py € P,.
—00

Proof. Suppose there exists ¢y such that if ¢ > tq then z(t, po; xo) < 1. Then

z(t, po; xo) = x(t — to, 04, po; (Lo, Po; o)) = x(to, Po; l‘o)efotito h(poltots))ds,

which implies
t

lim [ h(Ospy)ds = —o0,

t—o00 0

so that pg € P,.
On the other hand,

0< x(tvpo; l’o) < ajoef(f h(0spo)ds

which tends to zero for every xy € R if pg € P,. O

Proposition 24. Let py € P.
i) If po € P,, the process p(t,po) has a forward attractor defined by {0}.
ii) If po € Ps N P, the process o(t,po) has no forward attractor.

Proof. i) and ii) are clear from Proposition 23| Indeed, if we have forward attraction to
zero we have that py € P,. O
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Remark 25. Note that if po € P, N P; we have proved that b(py) > 0 and
limy 0 b(0:po) = 0. Thus, a proper definition of a forward attractor {A(p)}pep for the
cocycle should consider minimality of the family A(p), in the sense that there is no
proper invariant forward attracting family included in A(p). Thus, for py € P, N Py the
forward attractor should be defined as the constant family A(p) = 0.

The following results are immediate consequences of Proposition [24]
Corollary 26. If h is Kozlov then there is no forward attractor in P;.

Corollary 27. If h € U(P) and v(P;) = 1 then there exists a residual set of full

measure, P* such that, if py € PF the process o(t,po) has no forward attractor.

5. The sets R,(P), R¢(P). Genericity of v(F;) = 1.

In the rest of the paper we will represent by Ps(h), Pf(h) the invariant subsets defined
in the previous section to emphasize their dependence with respect to h € Cy(P). We
define the sets

Ry(P) ={h € Co(P) : v(Ps(h)) =1}
and

Ry(P) ={h e Cy(P): v(Ps(h)) =1}.
It is clear that B(P) C Ry (P) and that R,(P) U Rf(P) = Cy(P). In this section we
analyse the topological size of these sets in Cy(P).

5.1. Rs(P) is residual in Cy(P).

We consider the time reversed flow ¢ on R x P defined as

6(15, p) = G,tp.

If y(t) is a solution of through py € P then y(t) = y(—t) satisfies ¢'(t) =
—h(0_4po)y(t). For simplicity we denote by P the base space with time reversed flow,
ie. P= (P,6,R). Note that the reverse of the flow ¢ is again o.

Proposition 28. [t holds

i) For any h € Cy(P), either h € Rs(P) or —h € R4(P).
i) For the time-reversed flow, Ry(P) = —Ry(P), Rf(P) = —Rs(P).

t

Proof. Let h € U(P) and fix py € P. If suptgo/ h(0spo)ds < oo, then it follows from

0
t

t

Proposition (12| that inftg()/ h(Ospo)ds = —o0, so that SUPtgo/ —h(Ospo)ds = oo and
0 0

po € Ps(—h). As a consequence of the ergodicity of v we conclude that at least either
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v(Ps(h)) =1 or v(Ps(—h)) = 1.
For ii), suppose that we are in the case with v(Ps(h)) = 1 and take py € Ps(h), so that

t
sup/ h(8spo)ds = oo.
0

<0

Then there exists a sequence t} — —oo with

th
/ h(fspo)ds = oo.
0

As v(P,) =1 we can suppose that all the points of the sets {0;py : t € R} are recurrent
points. For each n € N there exists t2 > 0 such that the sequence

tn th—ty
/ h(0spo)ds = / R(0@1 +s))pods — 0,
0

t

1
n

this last property by the recurrence of path. But note that

12 th t2
/ h(Ospo)ds = —/ h(Ospo)ds +/ h(Ospo)ds
¢ 0 0

1
n

tl

n

so that, as / h(01 +s))Pods — —oo, then sup,s fot h(8spo)ds = 0.

0
We consider the time reversed flow & on R x P. Since, for t > 0

t —t
/ h(0.po)ds — / (0 po)ds,
0 0

it holds . .
sup/ —h(0_spo)ds = sup/ h(Ospo)ds = oo
0 0

t<0 t>0

hence py € P,(—h) and then we have that v(P,(—h)) = 1 and —h € R,(P). As a

A A

consequence R (P) C —R,(P). A symmetric argument proves that R,(P) C Rs(P) and

A

thus equality. Now it is also straightforward that R¢(P) = —R;(P) O

Observe that this last result shows how big Rs(P) is on Cy(P), since it shows that

The references Johnson [25] and Novo and Obaya [33] provide criteria for existence
and precise examples of functions h € U(P) and L : P — R measurable with
L(6p) — L(p) = fg h(0sp)ds for almost every p € P and t € R. We say that L
is a measurable primitive along the flow on h. The examples are based in previous
construction given in Furstenberg [16].

The condition h € R(P) requires in addition that e € L>(P). The example 3.2.1
in Johnson [23] uses methods, already suggested in Anosov [2], to construct quasi period
flows in the 2D torus T? and a function h € Cy(T?) with

t
L(p) = sup/ h(Osp)ds < Ly < oo a.e.
0

teR
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In this case h € R¢(P) and, moreover, for a.a. p € P

t
L(6:p) — L(p) = / h(0sp)ds for all t € R.
0

This method was improved in the Appendix of Ortega and Tarallo [36], which in
particular implies that this kind of function h exists for every quasi-periodic flow.
Theorem 29. i) R, (P) is a residual set in Cy(P).

i1) The set Ry(P) = {h € Co(P) : v(P,(h)) =1)} is also residual in Cy(P).

Proof. For h € Cy(P), k € Nk > 1 we define

Ni(h) ={p € P: limsup %l({t €-1,7T): < k}) =0},

T—o0 T

/0 t h(0,p)ds

with [ the Lebesgue measure in R. It is clear that Nyii(h) C Ni(h) for all £ € N. In
Johnson [24] it is proved that the set

Cy ={h € Co(P) : v(Ni(h) =1 for all k € N}

is residual in Cy(P). If h € Ry(P) then v(Ps(h)) =1, i.e.

t
L(p) = sup/ h(fsp)ds < 0o a.e.
0

teR

and hence for a.e. p€ P and all t € R

L(6p) — L(p) = / h(0,p)ds.

For k big enough it is easy to prove that

1
li;nﬁs;p ﬁl({t e-T,T):

<k})>0

/0 t h(0sp)ds

for a subset of P with positive measure. Thus, for k large enough, v(Ny(h)) = 0, so
that h € Cy(P) \ C§, ie., Cj C Ry(P) and this set is residual.
For ii), let R* be the set of functions h € U(P) satisfying

t t
sup/ h(6spo)ds = sup/ h(fspg)ds = oo for a.a. p € P,
0 0

<0 t>0

t<0

t t
inf/ h(Ospo)ds = inf/ h(0spo)ds = —oo for a.a. p € P.
0 t20 Jo
Then R* = Rs(P)((—Rs(P)) is residual, which implies that

R,(P)={h € U(P): v(Py(h)) =1} is a residual set in Cy(P).
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5.2. The case R¢(h)) # 0.
In this section suppose there exists h € U(P) with v(P¢(h)) = 1. Then it holds

Proposition 30. R;(P) is a dense first category set in Cy(P).

Proof. From the last result, it is clear that R,(P) is of first category. Fix h* € R;(P).
Then
{h+ph*: he B(P), p>0} C Rs(P).

Fix h € Cy(P) and € > 0. For ||-|| the supreme norm on Cy(P). There exist hy € B(P),
po > 0 with ||k — ho|| < /2, and po||h*|| < €/2. Then hy + poh* € Ry(P) and
||h—h0—p0h*||<5. ]

In Section we have shown the existence of a cocycle attractor defined by a
pinched set, which is continuous in parameter p whenever p € P,, and which is not
forward attracting in the residual set P;.

The following result gives a forward attraction to the cocycle attractor in a set of
non-continuity and of full measure. Note that, from the result in Cheban et al [12] one
could tend to think that the forward attraction in a cocycle attractor is related to the
continuity in the parameter for the cocycle attractor. The following result shows that
the uniformity condition for the continuity in [I2] is necessary.

Theorem 31. Let h € Cy(P)\ B(P), with v(Ps(h)) = 0. Then there exists an invariant
set Py, C Py(h) with v(Py,) =1 such that if p € Py, then A(p) is the forward attractor
of the process p(t,0sp)zg = x(t — s,0sp; To) associated to (10]).

Proof. For p € P(h) we have that A(p) = [a(p), b(p)] with a(p) < 0 < b(p). Moreover,
for r big enough,

b(p) = lim br(p) = 711_{1010 x(T,0_rp;r); a(p) = lim ar(p) = Th_r}rolo z(T,0_rp; —r).

By Egorov’s theorem (Rudin [38]) there exists a compact set Py, C Pr(h) with v(Py,) > 0
(as close to one as desired) such that

b(p) = lim br(p), uniformly in Pj,.

T—o00

Thus, b is continuous in the compact set Py, and then there exists ¢ > 0 with
b, = 6> 0. Let A > 1. We now prove that Ag(b(p)) > g(Ab(p)). Indeed, if g(b(p)) = 0
is clear. If g(b(p)) = —(b(p) — 10)? then g(Ab(p)) = —(Ab(p) — 1r9)* < —=A2(b(p) — )% <
—A(b(p) —10)* = Ag(b(p)). Thus,

(Ab(p))" = Ab(p)h(p) + Ag(b(p)) = h(p)Ab(p) + g(Ab(p)),
which means that Ab(p) is a super-equilibrium for . Thus, if A >1and p e P

b(0:p) < x(t,p; Ab(p)) < Ab(6:p), for all t > 0.
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By Birkhoft’s Ergodic Theorem (Nemytskii and Stepanov [35]) there exists an invariant
set Py, with v(Pf,) = 1 such that for all p € Py, there exists a sequence {t! },en with
tr — oo and 0;p;, € Py,. We will prove that for p € Py, and r > 1 big enough we have
that

lim (z(¢, p;r) — b(6:p)) = 0.

t—o00

Let ¢ > 0 and A > 1 with b(p)(A — 1) < ¢ for all p € P. For p € Py,, there exists a ¢},
with 0,p}, € Py, satisfying by (6:p%) < Ab(6yp};) by the uniform convergence in Py,, hence

0 < by (0ipy,) — b(01p;,) < (A —1)b(0sp},) < €.
Then, if t > ¢
a(t,p;r) = a(t —t,, 0k x(th, pir)) = x(t — ¢, 6i0%; biz (010%))

< x(t =15, 6upr; AD(Oip},))
< Ab(t — t5, 0,05 b(0,0%)) = Ab(6;p).

Then, for all t > ¢7,
0 <az(t,p;r) —b(lp) < (A—1)b(Op) < e,

which implies the forward convergence in Py,.
O

Remark 32. Note that in this case we have obtained that the cocycle attractor A(p) #
{0} with full measure (as v(Py,) =1) in a subset of no continuity points for the cocycle
attractor, in which we also find forward attraction. We see that is a natural fact not to
obtain forward convergence where the cocycle attractor is continuous (see also [28] for
a related example on this fact).

6. Chaotic dynamics on the attractor

In this last section we study in detail the dynamical complexity of cocycle attractors.
We show the presence of different types of chaotic behaviour in our cocycle attractor.
In particular, we prove that the attractor possesses chaotic dynamics in the Li-Yorke
sense, and that there exists sensitive dependence on initial conditions.

6.1. Chaotic cocycle attractors in the Li-Yorke sense

In this final section we will study chaotic dynamics in the Li-Yorke sense on our cocycle
attractors, introduced in [31]. Important consequences of this chaotic behaviour can be
found in Blanchard et al. [7].

Definition 33. Given (K, o,d) a continuous flow in a compact metric space, a pair
{z,y} C K is called a Li-Yorke pair if it holds

limsupd(o(t;x),0(t;y) >0, liminfd(o(t;z),0(t;y)) = 0.

t—00 t—o0
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A set S C K is said to be scrambled if every {x,y} C S is a Li-Yorke pair. Finally, we
say that the flow (K, o,d) is chaotic in the Li-Yorke sense if there exists an uncountable
scrambled S C K.

We will now consider our cocycle attractor A(p) = [a(p),b(p)] associated to (L0))
and consider
K = A= [J{p} x [a(p),b(p)]-
peP
Since our flow on the base (P, o, R) is almost-periodic it is obvious that if (p;, 1) € PR,
(p2, x2) € P xR are a Li-Yorke pair then p; = py. Thus, if Sy C P xR is a scrambled set
there exists py € P such that Sy C {po} X A(po). This motivates the following definition:

Definition 34. We say that A is fiber-chaotic in measure in the Li- Yorke sense if there
exists an invariant set P, C P with v(P.,) = 1 such that {p} x A(p) is scrambled for
all p € P,

Note that P, C Py and it is a set of first category. Thus, our set is different from
the residually Li-Yorke chaotic sets analysed in Bjerklov and Johnson [6] and Huand
and Yi [2I]. The arguments of these papers also shows that our fiber-chaotic compact
set has zero topological entropy.

6.1.1. Chaotic dynamics with full measure We consider the framework of the previous
section, that is, we have v(Pf) = 1 being b(p) > 0 for all p € Py.

We first need the following important result which guarantees that, with full
measure, the cocycle attractor is described from complete bounded trajectories of the

linear system .

Theorem 35. There exists P, C Py invariant and with v(P,) = 1 such that 0 < b(p) < 1o
for allp € P,

Proof. Let us define Dy = {p € P : there exists t € R with b(6;p) > ro}. It is clear that
Dy is measurable and invariant. We argue by contradiction and assume that v(Dg) = 1.
Take m € N and D,,, = {p € P : there exists ¢ € R with b(6,p) > ro + +}. Note that
Dy =J;°_; Dy,. Then there exists my € N with v(D,,,) > 0. Define

1
D} ={pe P: there exists t > 0 with b(;p) > ro + —}.
m

Let Ey C D,,, compact with v(Ey) > 0, and consider the restriction of b to Ey, g,
continuous. Birkhoff ergodic theorem assures the existence of a compact set F; C FEjy
with 0 < v(F;) < 1 such that for all p € E; there exist sequences s} — 00, s2 — —o0
(depending on p) such that 0,pl 0,p2 € Ej for all n € N. Note that for all p € Ey there
exists t(p) with b(6;p(p)) > ro + mio Since b(0;p) = z(t,p;b(p)) for every p € P and b
is continuous on Ey, then b(6;p1(p)) > 1o + mio for all p; € B(p,d(p)) N Ey for suitable
d(p) > 0.
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Finally, Ey C Uper,B(p,0(p)) admits, by compactness, a recovering by a finite
number of sets, so that there exists Ty > 0 such that, for all p € Ey we find ¢(p) with
lt(p)| < Ty satistying b(0yp) > ro + mLO

From here it is easy to prove that Fy C D;. If p € E; there are s' = s(p) > Ty and
th = t(6,p") with [t;| < Tp, 6,p" € Ey and such that b(fsnp) > 7o + +. This implies
that p € D;.

If we now denote as usual by y(t,p;z) the solution of the linear equation
through p with y(0) = zo, we will prove that, for each fixed p; € Ej, then
lim,, o0 y(sL, p1;0(p1)) = oo, where s = sl(p;). Denote s, = sl. We can suppose
that s,.1 — s, > Ty + 1 for every n € N. We argue by contradiction and suppose also
that 05, p1 € Fy tends to p. € Fy and lim,,_, y(Sn, p1;0(p1) = Y0b(ps) < 0.

Note that if A > 0
(Ab(0ip))" = h(0ip)Ab(0:p) + Ag(b(0ip)) < h(0up)Ab(6:p), for all t € R,p € P
i.e., 70b(p) is a sub-equilibrium for and, for all t > 0,p e P

y(t, p;700(p)) = 70b(6:p).-
Moreover, for p, there exists ¢(p.) > 0 with b(fp,)p.) > 10 + = and hence
Y09 (b(Os(p.)p+)) > 0, then
d

%(’Yob(etp*))\t:t(p*) < h(etp*)%b(etp*)|t:t(p*),

implying that the sub-equilibrium is strong in the sense we next explain.
There exist 75 > 71 > 70 and ¢y > t.(p.) > 0 with

y(t, i v0b(ps)) = 72b(0ips)
for every t > ty. Moreover
b(Biop.) = N b0y, 11,p1)

hence there exists ng € N such that
Y(Sny + to, P13 0(p1)) = y(to, bs, P13 Y(Sny, P13 0(p1))

> y(to, 0s,,015%00(0s,,,p1)) > 110(0s,, 1+1001)
and thus
Y(5n, 115 0(p1)) > 71b(ps)
if s, > sp, + to. Finally
Tim y(sn, p1;b(p1)) = 11b(ps),

which contradicts the definition of ~y. As a consequence

Sn

lim h(0sb(p))ds = oc.

n—o0 0

But, application of Theorem |18/ shows that sup,-, fg h(0sb(p))ds = oo for a.e. p € Ey,
which is impossible as v(Pf(h)) = 1. Thus, v(Dy) = 0 and the result is proved. O
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Let £ C P, be a compact set such that v(£) > 0 and the restriction bz continuous.
Let
E. ={p€ P, : there exists t,, — oo with 0;p,, € E}.

We know that v(E,) = 1. We will prove that
Theorem 36. For all p € E,, the sets {p} x [=b(p),b(p)] is scrambled.

Proof. Note that it is enough to prove it for {p} x [0,b(p)]. Take p € E, and p, € P;.
Then there exist sequences t.,¢2 with 0;p. € E for all n € N and 6,p> — py € P,.

Then, if 21,29 € (0,b(p)] there exist 1,72 € (0,1), 71 # 72, such that z; = y,b(p) and
o = 720(p). Then

1

n

) ) / h(6sp)ds )
[z (t,, s 110(p)) — x(t,, p; 72b(P))| = |71 — 72|b(p)e/o = |71 — 72|b(0:py,)

which is between 6|y, — Y| and |y, — 2| for some 6,7 > 0 by the continuity of b on
the compact set E.
In the same way

2 (2, p; 11b(p)) — (t2, p; 12b(p))| < b(Bep2) — 0.

Note that the result is also true if 9, = 0.
O

The compact [J,ep{p} x [~b(p), b(p)] C P x R is also invariant for the linear flow
defined by , so that the above result shows the restriction of the flow is Li-Yorke
chaotic.

6.1.2. Chaotic dynamics in a fiber In this final section we prove the existence of chaotic
dynamics in the Li-Yorke sense in some cases where v(Py) = 0.

Theorem 37. Let h € Co(P) be a function of Kozlov. Then the cocycle attractor
associated to (@) 1s chaotic in the Li-Yorke sense.

Proof. There exists py € Py with

t
sup/ h(Ospo)ds = p < oo.
0

teR

Ifogxogﬁthen
p

t
/ h(0.po)ds
0 .

z(t, po; xo) = e
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It then holds that [0,%2] C A(po) = [0, b(po)]. We see that {po} x [0, 2] is scrambled.
Let 0 < A\ < Mg < %0. We have that

t
| noyis
x(t, po; A2) — x(t, po; A1) = (A2 — Ap)edo .

t1

n

As py is recurrent, there exists a sequence t. — oo with / h(0spo)ds — 0. Then
0

lim (2(t,, po; A2) — 2(ty, po; M) = (A2 — A1) > 0.

n—oo
On the other hand, as P is minimal and P, dense, given p; € P, there exists t2 — oo

t
such that / h(0spo)ds — —oo and
0

lim (x(ti,po; o) — x(ti,pg; A1) = 0.

n—o0

]

Remark 38. Observe that if h is a function of Kozlov, we have proved the non-existence
of forward attractor with full measure. Now we have proved the Li-Yorke chaotic motion
i this framework.

6.2. Sensitive dependence on initial conditions

In the description of a chaotic behaviour it is usual to consider sensitive dependence on
initial conditions on the compact set. In this section we analyse this property on the
cocycle attractor.

Let (K, d) be a compact metric space with continuous flow o and M C K compact
and invariant.

Definition 39. We say that M is sensitive with respect to initial conditions (sensitive
for brevity) in K if there exists p > 0 such that for all x € M,§ > 0 there ezists y € K
and t > 0 with

d(z,y) <9 and d(o(t,z),o(t,y)) > p.

If M = K we say that K is sensitive with respect to initial conditions.

Definition 40. A dynamical system (K, o,R) is called transitive if there exists a point
x € K with semiorbit {zt : t > 0} dense in K. Any such point is called a transitive
point.

Definition 41. We call dynamical system (K,o,R) chaotic in the Auslander-Yorke
sense if it is both sensitive and transitive (see Auslander and Yorke [5]).

Now we consider the cocycle attractor for .

Proposition 42. The minimal Ay = Upep{p} x 0 is sensitive in A.
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Proof. Let py € P and p; € Py with b(p;) = ry. Fix § > 0. Then there exists p, € P; with
d(po, p2) < /2 and a sequence t, — —oo such that lim, (0, p1,b(0:,p1)) = (p2,0).

We consider the distance d((py,z1), (p2, 22)) = d(p1,p2) + |1 — 23|. Then there
exists ng with d((6;,pr,b(6;,p1)), (p2,0)) < §/2 for all n > ng. Thus,

d((01,p1,0(0:,01)), (P0,0)) <6

and

d((p1,b(p1)), (0_t,p0,0)) > 7o,
which completes the proof. O

We now consider the case in which v(Py) = 1.
We know that A(p) = [—b(p), b(p)] with b(p) > 0 if p € Py. For each A € [0,1] we
define the measure p) on A by Riesz theorem by

/fdu,\ = / f(p, \b(p))dv, for all f € C(A).
A P

By Proposition |35 we know that b(p) < ry for all p € P, with v(P) = 1. Then,
since z(t, p; Ab(p)) = Ab(6yp) for all p € P, t € R then for each t € R and f € C(A)

/A FoTOdu = [ 10w 36wy = [ o 20(p)c = /A Fua

so that u, is an invariant measure on A with p(A) = 1, which is also ergodic. We now
denote by A, = supu, the support of u,, which is a compact invariant set. It is clear
that Ay = {(p, \x) : (p,x) € A1}

Theorem 43. Suppose v(Pf) = 1. Then the compact invariant set Ay is sensitive and
chaotic in the Auslander-Yorke sense.

Proof. Since ) is ergodic there exists an invariant set Ty C A, of transitive points with
px(Ty) = 1. Thus, A, is topologically transitive. Clearly, (p, A\b(p)) € A, for a.e. p € Py
and Ay C A,. It is obvious that the flow II(¢) on A, is not equicontinuous. Thus, by
Theorem 1.3 in Glasner and Weiss [17], A is sensitive, which finishes the proof. O

Acknowledgment.

T. Caraballo has been partially supported by FEDER and Ministerio de Economia y
Competitividad grant # MTM2015-63723-P and Junta de Andalucia under Proyecto
de Excelencia FQM-1492. J.A. Langa has been partially supported by FEDER
and Ministerio de Economia y Competitividad grant # MTM2011-22411, Junta de
Andalucia under Proyecto de Excelencia FQM-1492 and Brazilian-European partnership
in Dynamical Systems (BREUDS) from the FP7-IRSES grant of the European Union.
R. Obaya has been partially supported by FEDER and Ministerio de Economia y
Competitividad # grant MTM2012-30860 and by Junta de Castilla y Leén under project
VA118A12-1.



Continuity and characterization of cocycle attractors 28

References

Alonso, A.L., Obaya, R. 2003 The structure of the bounded trajectories set of a scalar convex
differential equation. Proc. of the Royal Soc. Edinburg Sect A 133, 237-263.

Anosov, D.V. 1973 The additive functional homology equation that is connected with an ergodic
rotation of the circles. (Russian) Izv. Akad. Nauk SSSR Ser. Mat. 37 (1973), 1259-1274.

Arnold, L. and Chueshov, I. 1998 Order-preserving random dynamical systems: equilibria,
attractors, applications. Dyn. Stability of Systems, 13 , 265-280.

Aubin J.P., Frankowska, H. 1990 Set-Valued Analysis, Birkhauser, Boston.

Auslander, J, Yorke, J. 1980 Interval maps, factors of maps and chaos, Tohoku Math J. 32, 177-188.

Bjerklov, K., Johnson, R. 2008 Minimal subsets on projective flows. Discrete and Continuous
Dynamical Systems B, 9 (3-4), 493-516.

Blanchard, F., Glasner, E., Kolyada, S., Maass, A. 2002 On Li-Yorke pairs, J. Reine Angew Math.
547, 51-68.

Bortolan, M. C.; Carvalho, A. N.; Langa, J. A. 2014 Structural stability of skew-product semiflows,
Journal Differential Equations, New York, 257 (2), 490-522.

Bortolan, M.C., Caraballo, T., Carvalho, A.N. & Langa, J.A. 2013 Skew-product semiflows and
Morse decomposition, J. Differential Equations 255 (8), 2436-2462.

Caraballo, T., Jara, J.C., Langa, J.A. & Liu,Z. 2013 Morse decomposition of attractors for non-
autonomous dynamical systems, Advanced Nonlinear Studies 13 (2), 309-329.

Carvalho, A.N., Langa, J.A., & Robinson, J.C. 2013 Attractors for infinite-dimensional non-
autonomous dynamical systems, Applied Mathematical Series 182, Springer, New York.

Cheban, D.N.; Kloeden, P.E. & Schmalfuf}, B. 2002 The relationship between pullback, forward and
global attractors of nonautonomous dynamical systems. Nonlin. Dyn. Sys. Theory 2, 125-144.

Chepyzhov, V.V. & Vishik, M.I. 2002 Attractors for Equations of Mathematical Physics.
Colloquium Publications 49, American Mathematical Society, Providence, R.I.

Chueshov, I.D. 2002 Monotone random systems theory and applications. Lecture Notes in
Mathematics Vol. 1779. Springer-Verlag, Berlin.

Ellis, R. 1969 Lectures on topological dynamics. Benjamin New-York.

Furstenberg, H. 1961 Strict ergodicity and transformation of the torus. Amer. J. Math 83, 573-601.

Glasner, E., Weiss, B. 1993 Sensitive dependence on initial conditions, Nonlinearity 6, 1067-1075.

Glendinning, P., Jager, H., Keller, G. 2006 How chaotic are strange nonchaotic attractors?
Nonlinearity 19, 2005-2022.

Gottschalk, W. H., Hedlund, G. A. 1955 Topological dynamics. American Mathematical Society
Colloquium Publications, Vol. 36. American Mathematical Society, Providence, R. 1.

Hoang, L.T, Olson, E.J., Robinson, J.C. 2016 Continuity of pullback and uniform attractors. arXiv
preprint arXiv:1601.07436.

Huang, W., Yi, Y. 2009 Almost periodically forced circle flows, J. Funct. Anal. 257 (3), 832-902.

Johnson, R. 1978 Minimal functions with unbounded integral. Israel J. Math. 31, 133-141.

Johnson, R. 1979 Measurable subbundles in linear skew-product flows. Illinois J. Math. 23 (2),
183-198.

Johnson, R. 1980 Almost-periodic functions with unbounded integral, Pac. J. of Math. 87 (2),
347-362.

Johnson, R. 1981 Bounded solutions of scalar, almost periodic linear equations, [llinois J. of Math.
25 (4), 632-643.

Jorba, A., Nunez, C., Obaya, R., Tatjer, J.C. 2007 Old and new results on strange nonchaotic
attractors. Int. J. Bif. Chaos Appl. Sci. Eng. 17 (11), 3895-3928.

Kloeden, P.E. & Rasmussen, M. 2011 Nonautonomous Dynamical Systems. AMS Mathematical
Surveys and Monographs.

Kloeden, P.E, Lorenz, T 2016 Construction of nonautonomous forward attractors. Prc. Amer. Mat.
Soc. 144 (1), 259-268.



Continuity and characterization of cocycle attractors 29

[29]

[30]

Konyagin, S. V. 1997 On the recurrence of an integral of an odd conditionally periodic function.
(Russian) Mat. Zametki 61 (1997), no. 4, 570-577; translation in Math. Notes 61, no. 3-4, 473479

Kozlov, V.V. 1978 Final properties of integrals of quasi-periodic functions. Moscow University
Math Bull. 1, 106-115.

Li, T., Yorke, J. 1975 Period three implies chaos. Am. Math. Monthly. 82 (10), 985-992.

Moshchevitin, N. G. 1998 On the recurrence of an integral of a smooth conditionally periodic
function. (Russian) Mat. Zametki 63 (1998), no. 5, 737-748; translation in Math. Notes 63, no.
5-6, 648-657 .

Novo, S., Obaya, R. 1996 An ergodic classification of bidimensional linear systems. J. Dyn. Diff.
Equations 8 (3), 373-406.

Novo, S., Nunez, C., Obaya, R. 2005 Almost automorphic and almost periodic dynamics
for quasimonotone non-autonomous functional differential equations, J. Dynam. Differential
Equations 17 (3), 589-619.

Nemytskii, V., Stepanoff, V. 1960 Qualitative Theory of Differential Equations. Princeton
University Press, Princeton, New York.

Ortega, R., Tarallo, M. 2002 Masserais theorem for quasi-periodic differential equations.
Topological Methods in Nonlinear Analysis 19, 39-61.

Poincaré, H. 1886 Sur les courbes definies par une équation différentielle IV. Journal de
mathématiques Pures et Appliquées 2, 151-217.

Rudin, W. 1986 Real and complex analysis. Mc-Graw Hill. International Series in Pure and Applied
Mathematics, New York.

Sacker, R.J. & Sell, G.R. 1974 Ezistence of dichotomies and invariant splittings for linear
differential systems. I. J. Differential Equations 15, 429-458.

Selgrade, J.F. 1975 Isolated invariant sets for flows on vector bundles. Trans. Amer. Math. Soc.
203, 359-390.

Sell, G.R. & You, Y. 2002 Dynamics of evolutionary equations. Applied Mathematical Sciences
Vol. 143. Springer-Verlag, New York.

Sell, G.R. 1967 Nonautonomous differential equations and topological dynamics. I. The basic
theory. Trans. Amer. Math. Soc. 127, 241-262.

Shen, W., Yi, Y. 1998 Almost Automorphic and Almost-Periodic Dynamics in Skew-product
Semiflows. Mem. Amer. Math. Soc. Providence. R.I.

Shneiberg, 1. Ya. 1985 Zeros of the integrals along trajectories of ergodic systems, Funktsional.
Anal. i Prilozhen 19 (2), 92-93.



	Introduction
	Basic notions
	Non-uniform cocycle attractors
	Attractors for order preserving non-autonomous systems
	Oscillatory functions on an almost periodic base
	A 1-D linear model for hU(P)
	A 1-D nonlinear equation for hU(P)

	Recurrent and asymptotic points. forward versus pullback attraction
	The sets Rs(P),Rf(P). Genericity of (Ps)=1.
	Rs(P) is residual in C0(P).
	The case Rf(h))=.

	Chaotic dynamics on the attractor
	Chaotic cocycle attractors in the Li-Yorke sense
	Chaotic dynamics with full measure
	Chaotic dynamics in a fiber

	Sensitive dependence on initial conditions


