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A spatial local viscous stability analysis of a swirling flow developing in a cylindrical pipe has been
carried out numerically. Even at moderately low swirl strengths, we have found the existence of
centrifugal modes in addition to the shear ones found in previous stability analysis of nonswirling
flows developing in pipes. It is found that these centrifugal instabilities develop at Reynolds
numbers that are much lower than those required for the growing of the shear instability. Moreover,
the extent of the region where centrifugal instabilities appear is much larger than that where the
shear layer instability grows. We have found from the analysis that the most unstable mode was the
counter-rotating onen= —1). The critical Reynolds number for which linear analysis predicts the
growth of the convective instabilities is for the centrifugal modes one hundred times smaller than for
the shear layer ones. @004 American Institute of Physic§DOI: 10.1063/1.1728158

I. INTRODUCTION shown that the flow was convectively unstable under nonaxi-
symmetric perturbations; the most unstable mode being pre-
The effect of the swirl strength on the stability of devel- cisely then=—1 one previously found by temporal stability
oping swirling flows in pipes has not been sufficiently inves-analyses. In addition, a transition from convective to abso-
tigated yet. It is well known that in the absence of swirl, the|ute instability was found for sufficiently large values of the
fully developed Poiseuille flow in a pipe is stable to infini- Reynolds number and swirl strength.
tesimal axisymmetric and nonaxisymmetric disturbances un-  Despite the aforementioned studies, which deal with
der both temporal and spatial analyses. This fact motivate¢lilly developed swirling flow in a rotating pipe, the different
the study of the linear stability of the developing flow in the problem of the stability of a swirling flow developing in the
pipe entrancé:® Even though the latter analyses succeed inentrance region of a pipe at rest has not been investigated
ascertaining regions of instability within the laminar entranceyet. In this paper, we address this problem considering a
region, they yield critical Reynolds numbers for instability basic flow at the pipe entrance with an uniform axial velocity
whose value differs from one study to another. The discrepprofile and with an azimuthal velocity profile of the Burger
ancies between the existing analyses may be attributed to thgpe. The development of the resulting swirling basic flow in
calculation of the basic flow, to the different approachesthe pipe entrance region has been computed in a self-
(spatial or temporalto the stability problem, and also to the consistent manner by solving the steady Navier—Stokes
different treatment of the nonparallel terms in the linearizedequations in the slender approximation using a standard
equations. Even worse is the disagreement between the thgrethod of lines. Then, the complete set of Navier—Stokes
oretical results and the experimental ofi¢e finite ampli- equations are linearized around that basic solution in order to
tude nature of the applied disturbances and possible bypaggrform a local, nonparallel, spatial stability analysis at dif-
mechanisms were suggested as a possible explanation fgfrent pipe sections, which permits one to determine the
these discrepanciés. critical Reynolds number beyond which convectively un-
The linear stability results for the fully developed Poi- stable perturbations develop. The results show that even a
seuille flow in pipes are modified significantly in the pres-small amount of swirl modifies completely the picture of the
ence of swirl. In effect, the temporal stability analysis firstflow with respect to the nonswirling case. In particular, the
carried out by Pedl€y? showed that Poiseuille flow with critical Reynolds numbers found for swirling flows are much
superimposed solid body rotation becomes unstable to nosmaller than those for nonswirling ones. Also the extent of
axisymmetric disturbances, while it remains stable to axithe region where the flow may become unstable is much
symmetric ones. These results were later confirmed and eXarger for the swirling case than for the nonswirling one.
tended by more complete temporal stability studie$.t The general problem formulation and the numerical
was found there that the most unstable disturbance correscheme are described in Sec. Il. Numerical results on the
sponded to the mode with azimuthal wave number—1.  flow stability are given and discussed in Sec. Ill. Finally, a
Spatial stability analysé$'* of the same basic flow have summary of the results is given in Sec. IV.
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Il. FORMULATION OF THE PROBLEM

A. The basic vortex

Let us investigate the steady, axisymmetric developing
swirling flow at the entrance region of a cylindrical pipe of
radiusR. The variables have been made dimensionless using
R andR Re as radial and axial length scal®¥, as charac-
teristic velocity in the axial and azimuthal directiongR as
characteristic velocity in the radial direction, amfvé as
characteristic pressuréy, is the characteristic axial velocity
at the entrance ang and v are the density and kinematic
viscosity of the fluid, respectively. If the characteristic Rey-
nolds number, ReWyR/v is large enough, the velocity com-
ponentsug, vg, Wq in cylindrical coordinatesr( ¢,z) and

05¢

pressurep,, of the basic swirling flow satisfy, up to order of 00 0'2 0:4 0:6
Re ?, the following: r
10 IWo -0 1 FIG. 1. Radial distribution of the axial velocity of the basic flow at several
n (9—r(ru0) + gz 1) z stations of the pipeS=0.2 and5=0.5.
2
vo — apo - . - - .
T o 2 Eqg. (2) to that obtained by taking derivatives with respect to

r in Eq. (4). The resulting system of equations is then dis-
dvg dvg voUg |1 9 vy wvo cretized in the radial direction at given points,= (i
Uo o tWom t = — =1 o | 3  —1)/(N-1), i=1,...N using second-order central differ-
ences, and after some algebra, one can obtain a simple tridi-

IWg IWg dpg |1 9 ( awoﬂ agonal system which yields the values of the radial velocity

U tWo == T T o\ " or 4) at the different lines, )N, in terms  of wo) and
(vg)i—1 - In this manner, one arrives at a system df @rdi-

Equations(1)—(4) have been solved subject to the fol- nary differential equations forg/dz)) , and (@v/dz)}.,

lowing boundary conditions. which can be solved, for example, with a standard variable
At the axis,r=0, step-size fourth-order Runge—Kutta method. In this problem,
Up=vg we have considereM =400 lines, and a relative error toler-

ance of 10° for the Runge—Kutta solver, which allow for a

. % B . . . very stable and accurate downstream integration of the equa-
oo (regularity and symmetric conditions tions. It should be remarked that the use of the method of
lines avoids complicated and expensive nonlinear iterations
5 . e R
required, for example, by implicit finite difference methods.
At the pipe wall,r=1, the impermeability and nonslip Figures 1 and 2 show the radial profiles of both the axial
conditions read velocity (1) and the azimuthal velocity2) of a basic flow
Vo=Wg=Up=0. (6)
Since we do not have any information about the flow g 14 . ; ,
upstream of the initial station, an uniform axial velocity and z=(y —=
an azimuthal velocity profile of the Burgers vortex type have g 42} , N O2=0.001 1
been assumed at the pipe entrameeD, 4 z=0.04 \
%) 01t Y \
4
Wo=1, vo=—[1—exp—(r/8)?)]. (7) y \
' 0.08} p \
0<1is the dimensionless vortex core length &id a swirl v, / 2=0.1 '
parameter which characterizes the strength of the vortex a 0.06 T TS \
the entrance. Conditior(§) are standard in the swirling flow e AN \
literature and their use is justified in linear stability analyses 0-04} d ~ \\
of developing swirling flows since the conditions of the flow / ~ ~ \
at the pipe entrance should not affect significantly the devel- 0.02¢ 4 4 2-0.3 > o\l
opment of instabilities due to the presence of a swirl. - : - : : ~
To solve Eqgs(1)—(4) with boundary condition$5)—(7), , 00 0.2 0.4 0.6 0.8 9
r

we have used a standard explicit method of lines. For that

purpose, we have first e”minatEd_the_preSS_Ure in Egs(4) FIG. 2. Radial distribution of the azimuthal velocity of the basic flow at
by adding the result of taking derivatives with respeczio  severalz stations of the pipeS=0.2 ands=0.5.
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The presence of the Reynolds number in the term represent-
ing the basic radial velocity in E@8) is due to the use diV,
in the definition of the nondimensional velocity field
(u,v,w).

The perturbation vectes=[u,v,w,p] is usually written
in the standard form:

W S(r,z,¢,t)=S(r)X(z,¢.1), 9)
[
where the complex eigenfunctions only depend on the radial
coordinate
S(r)=[u(r),va(r),wy(r),ps(r)], (10)

while the exponential part of the perturbations describes the
wave-like nature of the disturbance,

1 . . X(z,¢,t)=exgRekz+i(n¢— wt)]. (11

0 0.1 0.2 0.3
z w=QR/W, andk=RK* are the nondimensional frequency
H i *

FIG. 3. Velocity at the axisv. as function ofz for §=0.5 and different and the axial W‘iive ngmber_, respectively, dhdindk™ are
values of the swirl parameter. f[he c_:orrespondmg dimensional values. _The real and the
imaginary partsy and « of the complex axial wave number

k=y+ia, (12)

(S=0.2 and5=0.9) at severalz stations of the pipe. Note are the exponential growth rate and the axial wave number,

that the axial velocity evolves downstream toward a profilerespectively.

of the Poiseuille type while the swirl decays. Introducing (8) into the Navier—Stokes equations and
Figure 3 shows the velocity at the axisy.=w(r neglecting terms of order Ré and higher, one arrives at the

=0,z), as a function of dimensionless pipe axial distarze, following set of nonparallel, linear, stability equations:

for several values of the swirl strengtf, and for §=0.5. It ,

can be obsgrved thf':lt in. all cases shown'in Fig. 3, the c!ass\i,\-,lk+ %_1_ ﬂ_,_ mﬂzo (13)

cal (nonswirling Poiseuille flow (v.—2) is reached suffi- ar r r

ciently far from the pipe entrance; the azimuthal velocities

being eventually damped by viscous diffusion. For moder; ,y, — kwyu; — — —— — .0

ately small swirl strengths, the development of the swirling Re or  Re Jr r r

flow does not differ much from the nonswirling one. How- P 1 (520, 1 4u 02 U

ever for larger swirl strengthsS= 1.5 in Fig. 3, w,, presents _ ﬂ+ |2z _1_( _K2 ) U — 1

a nonmonotonic evolution along the pipe and the distance ar  Rel g2 1 or

required to reach the pure Poiseuille flow increases. This

increase in the entrance length may be due to the pressure _2in U1

gradient associated with centrifugal forces which lowers the r2

growth rates of the wall boundary layers. Finally, for a swirl

strengthS~ 1.6 (not shown in the figurethe downstream i  KWepn— Ug dvy Wi dug UgUp . Uglg

integration of the basic flow eventually fails at somstation ~ “"? o1

close to the pipe entrance. Some author$ have inter-

=0, (14

Reor Re dz Rer : r

preted this failure of the slend¢®C) approximation to de- 3 (@ %) i b vy 1 vy

scribe the basic flow as the occurrence of vortex breakdown. Nor o oor r Rel g2 r or

However, in this study, we are not interested in the vortex

breakdown phenomenofwhich requires azimuthal veloci- ) n? o up vg

ties of the same order as the axial opdsut on the linear —k°+ 2 vit+2in 22 =0, (15

stability analysis of a developing slender and axisymmetric
swirling flow with moderately lowS values. Ug dW; W1 dWq IWg VoW;

. N . loWy—kWoWy =~ e 5" Re oz Yr N
B. Nonparallel local linear stability formulation
2 2
As usual in stability analysis, we split the velocity and ~ _yp, Lowy Low [, N w,|=0. (16)
pressure fieldsu,v,w,p) into two problems: the basic prob- Re| gr2 1 or r2

lem (ug,vg,Wo, and a perturbation onau(v,w,p), . .
(Uo,v0,Wo,Po) P (v,w.p) Equations(13)—(16) must be solved subject to the fol-

_ _ _ _ lowing radial boundary condition’s:
u=ug/Retu, v=vetv, W=Wytw, p=pgt+p.

(8) r=1: u;=v,=w;=0; (17
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u;=v,=0, dwy/dr=0, (n=0),
r=0: { uy*xiv,=0, duy/or=0, w;=0, (n==x1),
u1=vl=W1=0, (|n|>1)
(18)

C. Numerical scheme

It proves convenient to rewrite Eq$13)—(16) in the

form
1 k?

0= Ll+ R_el_2+k|_3+ R_eL4 S, (19)
whereL,, L,, L3, andL, are complex matrices which de-
pend onz andr. To solve(19) numerically, the equations are
discretized in ther direction using a staggered Chebyshev
spectral collocation techniqif@ Note that no boundary con-

ditions for pressure are needed when using staggered collo

cation points for pressure.

Let us map the interval €r=<1 into the Chebyshev
polynomial domain—1=<¢=<1 using the algebraic transfor-
mation

r=%1+¢). (20)

Then, the¢ coordinate is discretized iN collocation points.

N, which coincides with the number of Chebyshev polyno-
mials contained in the spectral representationSpfanges
here between 40 and 50.
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FIG. 4. Critical Reynolds number for nonswirling flows as a functiorz.of
axisymmetricn=0 mode(broken ling; nonaxisymmetricn=1 mode(solid
line).

the region is less than 0.01 while the entrance length of the
basic flow is roughly thirty times larger, see Fig. 3. These
results are in agreement with those obtained in previous lin-
ear stability analyses. It should also be pointed out that our

The system is solved using the linear companion matrixaumerical results agree pretty well with those obtained by
method described in Ref. 21. The resulting linear eigenvalu&arg, who also used a nonparallel approximation to describe
problem is solved using an eigenvalue solver subroutinghe stability of the flow?

DGVCCG from the IMSL library, which provides the entire The stability results get completely modified when flows

spectrum of eigenvalues and eigenfunctions. Spurious eigenvith a small amount of swirl are considered, even though the
values were ruled out by comparing the computed spectrumgownstream evolution of some quantities of the basic flow
obtained for different values of the numh¥rof collocation  such as the velocity at the axisee Fig. 3, the pressure, and

points. the stress at the wall pipe are nearly the same in nonswirling
and swirling flows. This is the case of a flow wif+ 0.2 and
Il. RESULTS 6=0.5 for which our numerical results showed the existence

of new modes(centrifugal modesin addition to the shear
Previously to study the effect of the swirl on the stability

of the flow at the entrance region of the pipe, we have ana-
lyzed the nonswirling caseé5=0. In this case, which has
been widely investigated in the pasP, there is only a rel-
evant physical modéwve call this mode the shear modeat

if the Reynolds number is sufficiently high becomes convec-
tively unstable(y>0 andcy= dw/da>0),?* within a certain
region close to the pipe inlet. The critical Reynolds number,
Re*, at eachz station is defined as the minimum Reynolds
number for which the shear mode becomes neutrally stableg’
(y=0) at a certain frequency* (critical frequency, while it
remains stabléy<O0) for any other frequency. The variation

of the critical Reynolds number withfor both axisymmetric

n=0 and nonaxisymmetric perturbation=1 is plotted in

Fig. 4. The corresponding variation of the critical frequency

o* with zis plotted in Fig. 5. Note that, for the nonswirling
case considered in these figures, the axisymmetric mode is
the most unstable oné&@bsolute minimum value of Re

Also, for Reynolds numbers larger than the minimum value

of R€", the region where the flow is unstable is very close tOpiG. 5. critical frequency for nonswirling flows as a functionzfixisym-
the pipe entrance; observe that the dimensionless length @fetricn=0 mode(broken ling; nonaxisymmetrim=1 mode(solid line).

25

0.5

0O 0.002 0.004 0.006 0.008 0.01
r4 .
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FIG. 6. Critical Reynolds numbers for nonswirlin§=0, and swirling,S

=0.2, flows for axisymmetria=0 modes and=0.5. FIG. 7. Critical Reynolds numbers for nonswirlin§=0, and swirling,S

=0.2, flows for co-rotatingi=1 modes and=0.5.

modes found in thés=0 case. The shear modes become . .
. . counter-rotating modes are the most unstable ones in a re-
convectively unstable for very high Reynolds number

(Re~14 000 while the centrifugal ones become convec—gio.n very close to the pipe entrance, but this tendency
tively unstable at much smaller Reynolds numbers. In addi-qUICkIy changes as we move downstream where th? _Iowest
order counter-rotating mode= —1 has the smallest critical

tion, we have found that the counter-rotating perturbation% . .
. eynolds numbers in most of the entrance region. Therefore,
(n<0) become convectively unstable at Reynolds numbers

of the order of 200. Let us point out that centrifugal insta-". __ 1 seems to be the most dangerous mode for the growth

bilities at relatively low Reynolds numbers have also beenof centrifugal instabilities in developing swirling flows. It is

found in the stability analyses of other different swirling worth noting that in the case of a Poiseuille flow with super-

imposed solid body rotation, the= — 1 modes were also the
flows such as columnar free vortex flows of the Burgers

23 most unstable ones.
type:

. . Let us now discuss the effect on the stability analysis of
To investigate the appearance of these modes, we hav, ) L .
. ) - - . - which measures the characteristic radius of the vortex core
first studied the behavior of the swirling basic flow under

axisymmetric perturbationea=0. In this case, only shear at the pipe entrancgsee Eq.(7)]. Thus, a small value o

: corresponds to the case of a very concentrated near-axis vor-
modes are found, which become unstable at values of Rg .

: : - tex flow, while a valueé~1 corresponds to the case of a
slightly smaller than those found in the nonswirling case, Se%wirlin flow at the pine entrance with nearly solid bod
Fig. 6. Observe that the stability characteristics of the axi- 9 PP y y

symmetric modes do not change significantly by the pres-

ence of a small amount of swirl in the basic flow. The situ- 1600

ation looks quite similar for the case of co-rotating

perturbations1t>0), see Fig. 7; therefore, we conclude that 1400

both axisymmetric and co-rotating modes are of the shear

type. A completely different situation presents itself when 1200

counter-rotating perturbations€0) are considered. In ef-

fect, in addition to the shear modes, we have found in this 1000}

case a new set of modes, which we have called centrifugal ,

modes. These modes become unstable at much smaller ReyRe 800

nolds numbers than those of the shear type. Figure 8 shows 600

the variation of the critical Reynolds number wittior cen-

trifugal modes with azimuthal wave numbers=—1, n 400}

=—2, andn= —3, respectively. Note in Fig. 8 that the criti-

cal Reynolds numbers are not only much smaller than those 200+

in the case of shear modes but the extent of the instability

region is of the order of the entrance length of the pipe. For 0 . : .
example, for Re-250 the flow is unstable under counter- 0 0.05 0.1 0.15 0.2

. . . . . z
rotating perturbations witm=—1 in a large portion %

~O.15.).Of the entrance region_’ WhiCh extends U_Fz’td)-& FIG. 8. Critical Reynolds number of the centrifugal modes0 (counter-
In addition, it can be observed in Fig. 8 that the highest orderotating modesfor S=0.2 and5=0.5.
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300 : : n=—1 ands=1. Observe that Redecreases monotonically
with S, but the dependence is much stronger for snsall
values, for which R& becomes very high, in agreement with

280 . -
the results obtained for the case of nonswirling flows.

260 IV. SUMMARY AND CONCLUSIONS

Re’ We have carried out a spatial, local, viscous, linear sta-

2407 bility analysis of developing swirl flows in the entrance re-
gion of a cylindrical pipe at rest. The numerical results for

290 1, the nonswirling caseS=0) confirm the results of previous
investigations. Only flows at very large Reynolds numbers
develop axisymmetric and nonaxisymmetric shear layer in-

200 stabilities in a region of the pipe which is located very close
to the pipe entrance and whose extent is short compared to

180 ‘ ‘ the total entrance length. For swirling flows, even at small

0.25 0.5 0.75 1 values ofS the stability results are quite different. In this

o case, we have found both axisymmeinie O and co-rotating

FIG. 9. Critical Reynolds numbers calculated at the pipe seatiof.08 as  n>0 perturbations, which behave much in the same way as
function of 6 for n=—1 modes and a swirl streng&=0.2. the shear layer modes of nonswirling case. On the other

hand, a new type of unstable modes associated with counter-

rotating perturbatione<<0 appear. These modes, which we
rotation. For the case=—1, Fig. 9 shows the critical Rey- have called centrifugal modes, become unstable at much
nolds number as a function ofcalculated at the pipe section smaller Reynolds numbers and, contrary to the shear modes,
z=0.08, which is the section at which the minimum critical the region of flow instability extends to a large portion of the
Reynolds number is reached, see Fig. 8. Observe that théntrance region. Numerical results show that counter-rotating
evolution of critical Reynolds number with is nonmono-  mopden= —1 is the most unstable one. It has also been found
tonic, it first increases and then decreases up to reaching itfat even for swirl strength that is not too lar@s= 0.2, the
minimum value for the case of almost solid body rotationcritical Reynolds number for which linear analysis predicts
flows (6=1); nevertheless, independent of the concentratioyrowth of convective instabilities is for the centrifugal

of vortex, the flow become unstable for Reynolds numbersnodes about 100 times smaller than for the shear ones.
larger than 290.

Finally, we have also investigated the effect of the swirlA KNOWLEDGMENT
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