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Introduction

In this thesis we present a series of result that are framed in the theory of Matrix Orthog-
onal Polynomials, a branch of the very celebrated subject of Orthogonal Polynomials.

The theory of orthogonal polynomials dates back from the end of the 19th century
and its birth used to be attributed to the works of T. J. Stieltjes (1856-1894) and P. L.
Chebyshev (1821-1894). The first discovered the orthogonality relation of the denomina-
tors of certain continuous fractions and to him is also attributed a primitive version of
Farvard’s theorem. He also introduced what is now known as the moments problem, given
a sequence (pn)n find a measure dy such that u, = [ 2"dp(z).

Chebyshev, among other results, introduced the Chebyshev polynomials (nowadays
known as Chebyshev polynomials of the first kind) 7, in order to find the best polynomial
approximation for a continuous function.

However several authors had already introduced particular examples that had came to
them via physical or mathematical problems. For example, Adrien Marie Legendre (1752-
1833) introduced the Legendre polynomials (later generalized by Jacobi) related with the
resolution of planetary motion problems. After him, Charles Hermite (1822-1901) defined
the Hermite polynomial for the study of expansion series in R, although these polynomials
had already been considered and studied by Laplace in the context of probability theory.
In relation with the integral

00 o
[ —dz,
T x

E. N. Laguerre (1834-1886) introduced the Laguerre polynomials, that were generalized
by N. Sonin. In 1859 a work by K. G. J. Jacobi (1804-1851) gave a generalization of the
Legendre polynomials, known as Jacobi polynomials.

The first monograph dedicated to the subject of orthogonal polynomials appeared in
1939, Orthogonal polynomials by Gabor Szegé [97].

All these families of orthogonal polynomials happened to have some interesting prop-
erties in common, in particular they are all eigenfunctions of a second order differential
operator of the form

2
(1) D() = (@)t + ()

where o is a polynomial of degree at most two and 7 is a polynomial of degree exactly one.
This property characterizes the families of Jacobi, Hermite and Laguerre polynomials, as it
was proven by S. Bochner in 1929, [8]. Some other properties were shown to characterize
these families. In 1887 Sonin proved that the only families of orthogonal polynomials
whose derivatives are also orthogonal were the Jacobi, Hermite and Laguerre polynomials.
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We also want to mention a third characterization proposed by F. Tricomi, that is the fact
that these families can be expressed in terms of a Rodrigues formula.

() = 2 (0" @)p(a))

z)=——— (" (x)p(x)),

where p(z) is the weight with respect to which the sequence is orthogonal. A very handy
characterizing property of these families of orthogonal polynomials is a distributional one,
the weights associated to these families satisfy a Pearson equation

(o(z)p(2))" = 7(x)p(2).

These families are called classical orthogonal polynomials and their associated weights
classical weights.

The classical orthogonal polynomials constitute a very important class of families of or-
thogonal polynomials because of their properties and applications. They can be expressed
in terms of hypergeometric functions

“nyay ) & (-n)i(a); oF
2FI( b |$)_k0 (b)k E.

In 1949 two authors published what we could see as the seminal works for this the-
sis. The first one, W. Hahn (1911-1998) extended with Uber Orthogonalpolynome die
g-Differenzengleichungen genitigen, [73], the classical orthogonal polynomials by generaliz-
ing their properties. For ¢ and w fixed numbers with ¢ # 1 let L be the linear operator

faw+w) - f(z)

/(@)= (g-Dzx+w

Hahn proposed the following problem': determine all sequences of orthogonal polynomials
(pn)n such that

1. (Lpp(x))yn is also a sequence of orthogonal polynomials.

2. For all n >0, p,(x) satisfies an operator equation of the form

5(x) L2 pu(z) + 7(2) Lpp(2) = Aopn(z)  &(x), 7(x) € C[z], A\, € C.

3. pn(z) = L™ (Ro(x)Ri(x)Ru(x)p(x)) p(x)t, where Ry(z) is a polynomial and
Ri(x) = Ri+1(qr + w) and p(x) is the weight with respect to which (py)y is or-
thogonal.

In this article Hahn proved that these properties determine one and the same class of
orthogonal polynomials and these polynomials can be constructed in terms of basic hy-
pergeometric functions.

For the particular case ¢ = 1, w = 1 we recover what it is known as the classical discrete
orthogonal polynomials. The difference equation satisfied by these polynomials,

a(z)AvVp(z) + 7(x)Ap(x) = Ap(x),

'Hahn’s problem involves two more equivalent properties that we have skipped because we do not
consider them in the matrix case.

vi
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where A(p)(z) =p(x+1)-p(x), V(p)(x) = p(z)-p(x-1), is a discretization in the lattice
x(s) = s of the differential equation satisfied by the classical orthogonal polynomials. This
particular problem was considered separately by O. E. Lancaster [83], and P. Lesky [86].
They showed that the only families of classical discrete orthogonal polynomials are the
Charlier, Meixner, Krawchuck and Hahn polynomials. These families satisfy a discrete
orthogonality property

> on(@)pm(2)p(2) = hnbpm, KeNor k= oo.
k=0

As the classical orthogonal polynomials they can be expressed in terms of hypergeometric
functions and their orthogonalizing weights satisfy a Pearson equation

A(a(x)p(x)) = 7(x)p(x).

By setting ¢ € (0,1) and w = 0 in Hahn’s problem we recover one of the first families
of g-classical orthogonal polynomials discovered, the big g-Jacobi polynomials. The ¢-
classical’ orthogonal polynomials are families of orthogonal polynomials that satisfy a
second order ¢-differential equation,

5(q*)DyDyg1p(q") + 7(q")Dygp(q”) = Ap(q*),

where D, f(z) = W is the g¢-differential operator.
qg-1x

More characterizing properties of the g-classical orthogonal polynomials were accom-
plished at the end of the 20th century and the beginning of the 21st, as well as a complete
classification of them (see [3] and [90]). In particular the g-classical polynomials were
shown to satisfy a Rodrigues equation and their associated weights a Pearson equation.
These orthogonal polynomials can be described in terms of basic hypergeometric series

a P , a 9 " a’f'; €
|: 1 7q7 :| Z ( 1 q)k )
by, by 0 (b1, bs; ) (459)k

k

According to the representation of the classical and the classical discrete orthogonal
polynomials in terms of hypergeometric functions the Askey-scheme provides a hierarchical
classification of them, establishing also some limit relations among the different families
of orthogonal polynomials (see for instance [4]).

The families of classical orthogonal polynomials can be obtained as limiting cases
of certain ¢-polynomials written in terms of 4¢3, the Askey Wilson polynomials, what
entailed the appearance of the ¢-Askey-scheme, where polynomials expressed in terms of
basic hypergeometric functions are treated and limit relations among them are shown (see
[77]).

A different treatment of the classical discrete and g-classical orthogonal polynomials is
due to A. F. Nikiforov and V. B. Uvarov and is based on the analysis of the discretization

2The term g¢-classical makes reference to a bigger class of orthogonal polynomials, those that satisfy an
operator equation that results form discretizing the second order differential equation in the g-quadratic
lattice. However in the present work we accomplished the term g-classical to this subclass, that used to
be referred as Hahn class.

vil



viii INTRODUCTION

of the second order differential equations satisfied by the classical orthogonal polynomials
in the uniform lattice z(s) = s, and the non-uniform lattice x(s) = c1¢® + cag™® + 3, [93].

The other author whose work is an starting point for this memory is M. G. Krein
(1907-1989). His publications from 1949, The fundamental propositions of the theory of
representations of Hermitian operators with deficiency index (m,m), [82], and Infinite J-
matrices and a matriz-moment problem, [81], are considered as the beginning of the theory
of matrix orthogonal polynomials.

In this theory one deals with the sesquilinear form defined by a matrix of measures W
in the space of matrix polynomials:

@ (P.Qw = [ PaWQ".

Under mild assuptions on the matrix of measures W, one can always construct sequences
of orthogonal matrix polynomials with respect to W. These matrices of measures will be
called weight matrices.

Since its birth and until the last decade of the previous century, the works concerning
the theory of matrix orthogonal polynomials were somehow sporadic (see for instance [10],
[65]). This situation has radically changed in the last two decades, and since the end of
the 20th century more systematic works have appeared, bringing a solid and structured
knowledge concerning this theory.

Many basic results from the scalar theory of orthogonal polynomials have been ex-
tended to the matrix theory. Among them, there have been discovered recurrence formulas,
with extension of Favard’s theorem, algebraic aspects, properties of the zeros and Gaussian
quadrature formulas (see e.g [22], [25], [26], [27], [47], [54], [58], [96]). Also some density
problems and problems regarding matrix moments have been studied (e. g. [48], [49], [50],
[53], [84], [85]). The study of asymptotic properties for the matrix orthogonality has also
been considered (see e.g. [20], [21], [29], [55], [87], [88]). It is worth mentioning that these
properties haven’t been obtained by using tools derived from Riemmann-Hilbert, but from
quadrature formulas. However taking into account the efficiency of such methods for the
scalar case it would be convenient to develop the basis of these tools in the matrix setting
that allow its use in the matrix case. The construction and study of examples of matrix
orthogonal polynomials satisfying second order differential equations (e.g. [9], [12], [13],
[14], [15], [31], [30], [36], [37], [38], [39], [40], [41], [42], [43], [44], [45], [66], [70], [71], [95],
[72], [94]), have shown that these families also posses the wealth of structural properties,
as their scalar relatives (e.g. [32], [33], [34], [39], [52]).

The theory of matrix orthogonal polynomials is linked to different areas of the mathe-
matics, pointing out the power of this theory. For instance, in [58] the authors established
the link between matrix orthogonal polynomials and scalar polynomials satisfying 2N + 1-
recurrence relations. Other works, as e.g. [68], show the connection with probability
theory, and random matrices [74]. More applications of the theory of matrix orthogonal
polynomials can be found in e.g. [96].

For a more complete view of the matrix orthogonal polynomials theory we reefer the
readers to [19], [51] and references therein.

The existence of singular matrices as well as the non-commutativity of the matrix
product difficult the treatment of these objects and force us to developed new ideas and
techniques for its study.

viii
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As we have already mentioned, the classical, classical discrete and g¢-classical polyno-
mials play an important role in the theory of scalar orthogonal polynomials, and one of the
characterizing properties that makes them so interesting is that of being eigenfunctions of
certain operators. In the theory of matrix orthogonal polynomials, the search of matrix
examples that satisfy an analogue property is a complicate issue. Such a complexity can
be seen in the fact that although the theory of matrix orthogonal polynomials was born in
the fifties it wasn’t until the last decade that the first examples of non-trivial matrix or-
thogonal polynomials being eigenfunctions of matrix operators (in particular second order
differential operators) have appeared.

As a first and primary consequence of the effect that non-commutativity has in the
treatment of this theory, we observe that when one wants to study matrix orthogonal
polynomials which are eigenfunctions of differential, difference or ¢-difference equations,
we need to take care of the order of multiplication of the coefficients and eigenvalues, as it
is explained in [28]. In the case of matrix differential operators, in order to avoid examples
which can be reduced to scalar ones, one needs to consider differential operators of the
form

M dk y y
Z wpn(x)Fk(m) = AnPn(x)a Fk(‘r) € (CN N[x]a An € CN N;
k=0

that is, the matrix coefficients are multiplying on the right and the eigenvalues on the left.

In the study of matrix operators with sequences of matrix orthogonal polynomials as
eigenfunctions, the concept of symmetry is a very important one. A matrix operator D is
said to be symmetric with respect to a weight matrix W if for all matrix polynomials P
and Q, (D(P),Q)w = (P,D(Q))w, where (-,-)i is defined by (2).

It happens that symmetric operators taking matrix polynomials into matrix polynomi-
als and such that they do not raise the degree of polynomials always have as eigenfunctions
a sequence of orthonormal polynomials (see Lemma 1.3.3). This apply to any kind of ma-
trix operators, whatever it is the nature of them.

Starting with the works of Durdn, Griinbaum, Tirao and Pacharoni, [38], [66], [70],
[71], in the last decade numerous examples of matrix orthogonal polynomials satisfying
second order differential equations have been constructed. One of the starting points for
the discovery of those examples is the symmetry of a differential operator with respect to a
weight matrix. This symmetry can be reached through a set of commuting and differential
equations, under certain boundary conditions, for the coefficients of the matrix differential
operator and the weight matrix (see [28], [30] and Section 1.3 of the present thesis).

The solution of these set of matrix differential equations is far away from being direct
or simple, however different methods have been accomplished in the last years and have
led to different shorts of examples (see e.g. [38], [70]).

The link between representation theory and matrix-valued spherical functions, see [60],
gives another way to construct matrix-valued orthogonal polynomials that satisfy second
order differential equation. This approach was initiated by Griinbaum, Pacharoni and
Tirao [71] using invariant differential operators on SU(3)/U(2). Since then several papers
have appeared following this approach (see [67], [78], [94], [95], [101] etc.), showing the
powerful connection between matrix orthogonal polynomials and representation theory, as
happened in the scalar case (see e.g. [100]).

The families of orthogonal matrix polynomials mentioned in the last paragraphs have
allowed to discover many new and interesting phenomena which are absent in the well

ix
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known scalar theory.

One of the phenomena is the fact that the elements of a family of orthogonal matrix
polynomials can be eigenfunctions of several linearly independent second order differential
or difference operators (while in the scalar case, the symmetric second order differential
operator is unique up to multiplicative and additive constants, see e.g. [14], [30], [35], [72],
[94]).

As a consequence of this phenomenon, the algebra of differential and difference oper-
ators are receiving some attention ([35], [72]). For the classical and the classical discrete
families this algebra is isomorphic to C[z]. In the matrix case the structure of these alge-
bras in much more complicated, and mostly we only have conjectures on them (see [14],
[35], [37], [99]).

As the dual situation to that mentioned in the previous paragraph we find that a differ-
ential operator D can have different families of orthogonal polynomials as eigenfunction,
and can also have different weights with respect to which it is symmetric, bringing into
the picture the two sets of weight matrices:

X(D) = {WIDP," = AP},
Y(D) = {W|Dis symmetric with respect to W}.

It happens that X(D) is a cone and Y (D) a convex cone. In [36] the authors provided a
method to construct new weights in the convex cone of a differential operator.

In the matrix case one misses some of the equivalences among the characterizing prop-
erties for the classical orthogonal polynomials. For instance, for a sequence of matrix
orthogonal polynomials which are eigenfunctions of a second order differential or differ-
ence operator, it is not longer true that the sequence formed by its derivatives is again a
sequence of matrix orthogonal polynomials (for more details see [12], [39] and [57], [42],
j46]).

Finding structural formulas for the matrix orthogonal polynomials is in general much
more complicated in the matrix case that in the scalar one, for obvious reasons. Most
of the formulas that one can find in the literature are usually valid for lower dimension
cases (e.g. [39], [52]), although there are some examples that have been fully studied for
arbitrary size, [34].

As it has already been pointed out, the search for examples of matrix polynomials
which are also eigenfunctions of certain matrix operators becomes a rather difficult issue.
This difficulty is due to several reasons. The most important of these reasons is the increase
of the difficulties in the computations related with the non-commutativity of the matrix
product, and the existence of singular matrices. However, having a wide set of examples of
matrix orthogonal polynomials has shown to be decisive in the study and discovery of new
phenomena happening in the matrix orthogonality, as those that we have mentioned above.
This has been the case with the examples of matrix orthogonal polynomials satisfying
differential equations. An example of the increasing knowledge about these families of
orthogonal polynomials is shown in the last chapter of this memory. There lot of tools
developed in the last decades are used to build and study in deep an interesting family
of matrix orthogonal polynomials satisfying second order differential equations. Moreover
these families are shown to satisfy first order differential equations as well.

In the case of matrix orthogonal polynomials satisfying difference equations, very little
was known. Apart from the examples in size 2 x 2 in [35] (and some others reducible to
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the scalar case) there were no examples of such matrix orthogonal polynomials. With
this thesis this lack of examples starts to be solved. Moreover, we introduce a method
to construct examples of matrix orthogonal polynomials satisfying second order difference
equations, and by making use of it we give a variety of examples. Having such a method
is of the main importance, because we skip the complexity in the computations that made
the search of examples so difficult, and now dealing with matrix orthogonal polynomials
and matrix difference equations becomes much easier to handle. The method profits of the
factorization of a weight matrix and the symmetry equations obtained in [35] for a discrete
weight matrix and a difference operator. These symmetry equations are the starting point
to develop the method. Also, as in the continuous case, the availability of examples has
already been used to explore new features and properties satisfied by this objects (see
Section 3, [57], [56]).

For the case of matrix orthogonal polynomials satisfying g-difference equations, even
less was known. In this thesis we establish the symmetry equations for the g-difference
case, and we adapt the method developed for the difference case to obtain the first non-
trivial examples of matrix orthogonal polynomials satisfying second order g-difference
operator. That emphasizes the power of the method to build examples for the difference
case. With our method we construct an example of matrix orthogonal polynomials sat-
isfying g¢-difference equations, but this method can easily be used to get a wider class of
examples and to explore their properties.

With the content of this thesis we get a more complete view of the theory of matrix
orthogonal polynomials, and many questions can now be tackled, such as those concerning
limiting relations among matrix orthogonal polynomials satisfying second order difference
equations (or g-difference) and matrix orthogonal polynomials satisfying second order
differential equations.

The contents of this memory is as follows.

In Chapter 1 we show some background on the theory of matrix orthogonal polyno-
mials and matrix operators that are needed for the understanding of the foregoing work.
We also review some basic concepts and display some known results concerning hyperge-
ometric functions that will be used later.

Chapters 2, 3, 4 and 5 are formed by the original contents of this thesis.

Chapter 2 is devoted to the study of second order difference operators of the form

D(P)(z) = P(x-1)F_1(z) + P(x)Fo(z) + P(x + 1) F1(x)

with a sequence of matrix orthogonal polynomials (P,), as eigenfunctions, D(P,)(x) =
A, P, (z). As for differential operators, in the discrete case similar considerations about
the order of multiplication of the coefficients and eigenvalues also applies, so we will just
consider difference operators with coefficients multiplying on the right and eigenvalues
multiplying on the left.

The symmetry of a generic difference operator D with respect to a discrete weight
matrix W can be achieved through a set of commuting and difference equations (the
symmetry equations) and boundary conditions regarding the coefficients of D and W,
(see Theorem 1.3.19 or [35]). For a second order difference operator D and a discrete
weight matrix W supported on a subset of the natural numbers & € N the symmetry

xi



xii INTRODUCTION

equations are (see Theorem 1.3.7)

(3) Fi(x)W(x)=W(z+1)F1(z+1)", ze&n(-1+6),
(4) Fo(x)W(x) =W (x)Fo(z)*, x€6.

In Chapter 2 we provide a method to solve these equations. For the benefit of the reader
we exhibit here Theorem 2.1.1, that shows the method.

Theorem 0.0.1. Let x be either a positive integer or infinite, and Fy and F_1 matric
polynomials. Assume that there exists a scalar function s(x) such that for © = 1, K,
s(x) #0 and

Fi(z-1)F. (z)=|s(@)I, ze{l, k).

Write T for the solution of the first order difference equation

F,l(.%')
s(x)

T(x-1)= T(x), foraxze{l,-,k}, T(0)=1I.

Then, the weight matriz
W= T(z)T*(x)d,,

z=0
satisfies the difference equation (3). Moreover if the matriz T'(x) ' Fy(2)T(x) is Hermitian
then, the difference equation (/) also holds.

With this method we construct four illustrative examples of matrix difference operators
that are symmetric with respect to discrete weight matrices. We display here an example
of size N x N that will be treated with more detail in Chapter 2.

Let a be a positive real number, and W the discrete weight matrix given by

(5) W = Za—T(I+A)x(I+A*)$6x,
zeN T

where A is the N x N nilpotent matrix given by

0O vv 0 - O

0 0 v -~ O
A=

0 0 - 0 oy

0 0 0 0

and I the identity matrix. Then, the sequence of monic orthogonal polynomials (P,,),
with respect to W, satisfies the difference equation

aPy(z+1) (I +A) + Py(x) (T - (I+ A) ' 2) + Py(x - 1) (I + A) "' = A, Py (),

where

Ap=(a(I+A)-J-n(I+A)7"),

xii
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and J is the N x N diagonal matrix given by

N-1 0 0 0

0 N-2 0 0
J =

0 0 1 0

0 0 0

The content of this chapter has been published in [2].

Chapter 3 is devoted to the study of the convex cone associated to a difference
operator D. For a fixed difference operator D of the form (1.33) we define the set of
weight matrices

(6) Y(D)={W :D is symmetric with respect to W}.

One straightforwardly has that if Y(D) # @ then, it is a convex cone: if Wi, W5 € T(D)
and 7,¢ >0 (one of them non null), then YW} + (W5 € Y (D). The convex cone associated
to a second order differential operator was studied in [36].

When T(D) # @, it contains, at least, a half line: yW, v > 0. In the scalar case, the
convex cone of positive measures associated to a second order difference operator always
reduces to the empty set except for those operators associated to the classical discrete
measures in which case the convex cone is the half line defined by the classical measure
itself. The situation is again rather different in the matrix orthogonality: in chapter 3
we show examples of second order difference operators D for which Y (D) is a higher
dimensional convex cone.

We provide two methods to find such examples and show a collection of instructive
examples. We remark that the convex cones generated by both methods have a completely
different structure.

The first method consists in the following. Consider a weight matrix W factorized in
the form W(z) = T(z)T*(x), « € Supp(W). We then form a new weight matrix Wg by
inserting between the factor T and its adjoint T a diagonal matrix of numbers S with
positive entries: Wg(x) =T (z)ST*(x). Although the diagonal matrix S does not depend
on zx, its effect on the orthogonal polynomials with respect to Wg can be highly non lineal
(as we show with an example); of course, this is due to the non commutativity of the
matrix product. We then find suitable conditions on a second order difference operator D
and on the weight matrix factor T which guarantee the symmetry of D with respect to all
the weight matrices Wg.

The second method shows once again the differences with what happens in the scalar
orthogonality. We take a weight matrix W having several linearly independent symmetric
second order difference operators. We then add to W a Dirac distribution M (z0)dg,,
where the real number zy and the mass M (z() (a Hermitian positive semidefinite matrix)
are carefully chosen. We show in Section 3.1 that, for certain numbers z, we can produce,
under certain mild hypothesis, a positive semidefinite matrix M (xo) and a second order
difference operator D symmetric with respect to W and to any weight matrix of the form
YW + (M (20)0z,, ¥ > 0,¢ > 0. We illustrate this method with two examples, one of them
in size 2 x 2 and the other in arbitrary size. The latter can be considered as a matrix
relative of the Charlier scalar family. In this case, we add a Dirac delta at g = 0. The

xiii
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situation is different to that of the scalar case. Indeed, when we add a mass point at
0 to the classical weight of Charlier the existence of a symmetric finite order difference
operator automatically disappears (see [7]).

For the benefit of the reader, we exhibit now a couple of examples. For a > 0 and
b e R\{0}, we consider the second order difference operator

-a -ab r+1 -bx -r xb
Dl()—51()(0 _a)+50(')( 0 T )-‘1-5_1(0 —l‘).
Using the first method mentioned above, we will show that its convex cone is formed by
the weight matrices YW, v,§ > 0, where

a® (€ +b%z? bx
w25 (0 )

(notice that for £ = 1 we recover the example exhibited above (5) for the case N =2). On
the other hand, the convex cone for the second order difference operator Dy defined by

0 Z-bPa(z-1) b(z+1) -b*(z+1)(z+a)
Do) =810) (O ¢ ~bx ) +810) ( 1 -b(x +a) )

1 T
+50(") (E - b_(f? +a) _(E +1) ;:250(2:1: + a))

will be constructed using the second method. We will show that

T(D2)2{7W+§(Cllb 1/(1ab))50’ 7>07£20}7

where -
X a® (1+b°x* bx
W‘}Z%E( bx 1)'

Notice that the weight matrix W belongs to both convex cone (that is, both operators D
and Dy are symmetric with respect to W).

The content of this chapter has been published in [56].

In Chapter 4 we study matrix orthogonal polynomials that are eigenfunctions of a
matrix g-difference operator of the form

D(P)(x) = kz P(d"a)Fi(x).  Fu(z) e CVNa 1],

We also remark here that the considerations on the order of multiplication of the coeffi-
cients and eigenvalues also applies in the ¢g-matrix case.

To find examples of matrix orthogonal polynomials satisfying g-difference equations
we exploit Lemma (1.3.3), so in fact we find examples of ¢-difference operators D that are
symmetric with respect to a weight matrix W.

We establish a set of commuting and g-difference equations that, together with certain
boundary conditions, assure the symmetry of a g-difference operator D of the form (1.34)

Xiv
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with respect to a weight matrix W of the form (1.18) (see Theorem 1.3.21). For the
particular case of a second order g¢-difference operator

D(P)(¢") = P(¢""")Fi(¢") + P(¢") Fo(q") + P(¢" ) F.1(¢"), Fi(x) e CV N[,
the symmetry equations are given by

Fo(q")W(q") =W (q")Fo(q")", weN,
Fi(¢" YW (g"™") =qW(¢")F1(q")*, zeN\{0},

and the boundary condition

W(1)F_1(1)* =0.
FI(q")W(q") =0, as x> oo,
¢ (FL (@YW () -W(¢")F1(¢")") =0, asx— oo.

We provide a method to construct second order g-difference operators and g-weights
that satisfy the symmetry conditions. This method is based on that developed for the dis-
crete case and profits of the decomposition of the g-weight matrix W (q¢*) = T'(¢*)T(¢")*.

By making use of this method we construct an example of arbitrary size that constitute,
as long as we know, the first non trivial example of matrix ¢-polynomials satisfying g-
difference equations.

As an extension of the matrix hypergeometric functions introduced by Tirao [98] we
define a matrix basic hypergeometric function. Such a matrix function can be used to
describe the rows of the matrix orthogonal polynomials which are eigenfunctions of a
particular second order g¢-difference operator, whose coefficients are related with the pa-
rameters of the matrix basic hypergeometric function.

In Chapter 4 we also carry an extensive study of the particular case of size N = 2,
exhibited below.

Let @ and b be two real numbers such that 0 < a < ¢~' and b < ¢~'. Consider the
matrices M, L and U given by

(0 v(1-q)(g"-a) (1w egom _ [a —v(1-q)
ve(o ) ey p) mee (5 G7Y)

The monic orthogonal polynomials (P, ), with respect to

W) =0 PR Ly,

satisfy then the matrix g-difference equation
Pn(qxil)(qiz - 1)[71 + Po(q*) (U - qﬂ”([f1 + aL)) + Pn(q“l)(aq*x —abq)L = A, P (q"),

where

A - _q—n—l _ abqn+2 1)(1 _ q)(abqn+1 _ ql—n + q—l _ CL)
n = 0 _q—n _ abqn+1 :

By profiting the factorization of the weight matrix, we provide formulas for the matrix
polynomials P, in terms of little g-Jacobi polynomials. We also make use of the matrix

XV
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basic hypergeometric function introduced in Section 4.2 to give an alternative expression
of the polynomials, and by making use of this expression we find a three term recurrence
relation for the 2 x 2 polynomials. Also a Rodrigues formula is found.

The content of this chapter can be found in [1].

Chapter 5 is related to the already mentioned connection between representation
theory and matrix orthogonal polynomials is showing to be a very fruitful one. In [78],
and [79] the authors studied the full spherical functions associated to the particular case
(SU(2) x SU(2), SU(2)) and related them with a family matrix orthogonal polynomi-
als. By profiting of the machinery of the representation theory the authors of [78] and
[79] showed that these matrix orthogonal polynomials satisfy a second order differential
equation, and also a first order differential equation.

In Chapter 5 we introduce a family of weight matrices labeled by a positive number
(W(V))z»o’ and their sequences of orthogonal polynomials (Péy))n. For the particular case
of v =1 we recover the example in [78].

We define the weight matrices via its LDU-decomposition and we prove another equiv-
alent and useful expression for the weights in terms of Gegenbauer polynomials.

These weight matrices can be reduced to lower size, explicitly

)
W (@) =y [V @) o v,
El 0 W27 (x)

2

where Yy are the matrices given by
2

1 I J 1 I 0 3y
Yp+1:—\/§( bl "p“), V,==v2[ 0 V2 0], peN,
: 2 ~Jpr1 Ipa1 2 ~
-Jp 0 I,
where I, denotes the identity matrix of size p and
00 -- 1
00 - 10
31; =
01 - 00
10 - 0 O

It is also worth to notice that Wﬁy)(x) e C"" and W,(V)(:c) e C™2 where 11 = |
ro = [%J, and [ ] and | | are the ceiling and floor functions,

|2

[z]=min{meZ|m=>z}, |z|max{meZ| | m<az}.

Moreover they admit no more reduction.

For each v > 0 we construct a pair of differential operators, one of order two D™ and
the other of order one E(*), that satisfy the symmetry equations and boundary conditions
for W), The operator D®) can also be reduced to lower size via the composition with
the matrices Yy, but the operator E®) does not reduce to lower size.

These operators can be combined to obtain a third differential operator,

d? d

() _ () )
Dq),\lf = @(I) + %\IJ .

xXvi
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The existence of such operator implies the Hermiticity of ®(z)®W®)(z) and that
the weight matrices w® satisfy a Pearson-type equation as in [12],

(2 W ()) = ¥ (@)W (a).

By exploiting the expression of the weights in terms of scalar Gegenbauer polynomials,
we can prove that in fact W1 (z) = ®(2)*W" (), connecting the orthogonal polynomi-

als (ng))n with (PT(LHI))n. Moreover we can prove that the basic differential operator —

is a forward shift operator, i.e. if (P,(LV) )n is the sequence of monic orthogonal polynomials

with respect to W),

() =nBl.

And by carrying an integration by parts on (%P, Q)(” ) we can also give an operator,
) dQ W) () W) ()
(TVQ)(@) = L@)(8) (@) + Q@) (V@)

that satisfies T )PTEZH) = KY(LV) PT(LV), for certain matrices Kfly) that can be determined
from &) () and ) (z), that is T is a backward shift operator.

By combining the forward shift and backward shift operators we can get a compact
Rodrigues formula for the sequences of orthogonal polynomials (Péy))n,

A

PO () = W)

(W™ () )W (@)™,

where G%V) are diagonal matrices.

We also provide expressions of the matrix orthogonal polynomials in terms of matrix-
valued hypergeometric functions as in [98]. From this expression we can calculate the
three term recurrence relation satisfied by the polynomials. From the LDU decomposition
of the weight matrix (5.5), and by performing an appropriate change of variables, we find
the expression of the matrix orthogonal polynomials (ng))n in terms of Gegnbauer and
Racah polynomials.

We end this introduction by displaying an explicit example of size N = 3 of the weight
matrices W*) and the differential operators D) and E®). For v > 0 we define the weight
matrix W®) in (-1,1) by

1 222 (v+1)-1
, 20+1
W)= (-2 @) 2 Sl g
222 (v+1)-1 1
20+1 x

The weight matrix W) can be decomposed in a two block matrix:

22 (v+1)+v
) 2\ (v-1/2) it V2 ’ +
W¥(z)=(1-z%)" (2+I/)Y% Vor vl 0 YS,
0 0 C2(z-1)(z+1)(A+r) | 2
2u+1

xvii
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where

1
0].
1

(L0
Ys = — V2
Fval

The sequence of monic orthogonal polynomials (P,EV))n with respect to w®) satisfy the

following differential equations:

(7)
" (22 +3) 2 0
(1-2%) (P (2)) +(2u+3)(P,§”>(x))( 1 —2(2v +3) 0 )
0 2 —z(2v + 3)
(8)
-(v=-1)(3+v) 0 0
+ P (z) ( 0 1-(v-1)(3+v) 0 ) = A (DY PW) (1),
0 0 -(r-1)(3+v)
(9)
T 1 0 -3-v 0 0
(P"(x)) (1/2 0 1/2)+PT(LV)(:L’)( 0 -2 0 )An(E(”>)P,§”>(x)
0 -1 =z 0 0 v-1
where
@r+3)-1-w-DB+v) 0 0
Ap(DW)) = 0 Qv +3)-(-1)(3 +v) 0 ) ,
0 0 @Qu+3)-1-w-1)B+v)
-4-v 0 0
A(EY = 0 -2 0).
0 0 v

Moreover the sequences of monic orthogonal polynomials (PT(LV)) satisfy

dk
dzk

The content of this chapter can be found in [80].

xviil

_PTEV)(;,;) =(n-k+ 1)kPT(:Zk)(x), for all k < n.









Chapter 1

Preliminaries

In this chapter we introduce some results concerning the theory of matrix orthogonal
polynomials that will be used in the forward chapters. We also provide some useful
formulas and establish some notation that will be used in the rest of the thesis.

1.1 Hypergeometric and basic hypergeometric function.

Far away from being a deep treatment in hypergeometric and basic hypergeometric func-
tions, we establish here some notation and define some important functions that will be
used in this thesis. We also list a few interesting and useful summation formulas that will
be needed in the forthcoming chapters. For a deeper understanding and study we refer
the reader to [6], [63], [76], [77], among others.

1.1.1 Hypergeometric functions

For a € C, k € N we set (a) for the ascending Pochhammer symbol, that is

r k
(a)g=ala+1)(a+2), - (a+k-1)= M.
I'(a)
We can extend this function for negative integers by the convention
0 ifk>a+1
(@k=y Dlatl) ey
MNa-k+1)
For a,b, c € C the Gauss hypergeometric function is defined by
L4 a_bx . a(a+1)b(b+1) x_z a(a+1(a+2)b(b+1)(b+2) x_g ~ i (a)r (D) x_k
c c(c+1) 2! c(e+1)(c+2) 3! & (O K

whenever it makes sense. Notice that if ¢ € Z with ¢ < 0 then, this function is not defined
unless a € Z with a < 0 and ¢ < a (or the same but with b). The Gauss hypergeometric
function converges for |z| < 1 and for x = 1 when R(c—a—-b+1) > 0. It satisfies the second
order differential equation

d? d
(1.1) z(1 —x)@(f(x)) +(c-(a+b+ 1)3:)%(]"(:@) —abf(zx)=0.

1
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We will denote the Gauss hypergeometric function by

2F1(a,b; c]a:)_gFl( b| ) Z (a)(b)g =*

= (Or K

If n € N then, 2F1(_Z’b|m) is a polynomials in = of degree n that satisfies the second
order differential equation (1.1).

For a1, ag,---,a, € C and by, ba,---,b, € C the generalized hypergeometric function is
given by

a1, Az, -, Qr
1.2 F x
( ) " p( b17b27"'7bp

): - (al)k(QQ)k"'(ar)kgj_k
20 (b)k(b2)r(bp)k k!

We now define balanced, well-poissed and very-well-poised series.

Definition 1.1.1. A hypergeometric series p+1Fp(a})’1a§;’a”“|m) is called balanced (or

Saalschiitzian ) if it satisfies
p+1

1+ Z ar = Z bk
We say that ,.1F), is well-poised if it satzsﬁes
1+aq :b1+a2 =b2+a3:---:bp+ap+1.

And we say that py1Fy is a very-well-poised series if it is well-poised and az = % + 1.

Summation formulas

We list here some summation formulas for hypergeometric series. They can be found in
e.g. [5], [6].
o Gauss summation formula. For R(c—a—-b) >0

2F1(a,b’x) _I'(e)I'(c-a-b)

(1) c " T(c-a)T(c-b)

o Kummer’s summation formula

2F( a,b _1):F(1+a—b)F(1+%a)

14 .
(14) N1+a-0 F(1+a)I'(1+3a-0b)

Pfaff-Saalschiitz formula. For a 3F5 balanced series we have

3F( -n,a,b ‘1)_ (c—a)p(c=b)y

Ne,avb-n-c+1 C(n(c—a-b),

Whipple’s transformations. For a 4F3 balanced series we have

-n,a,b,c _(e—a)n(f-a) -n,a,d—-b,d—c
(1.6) 4F3( d,e, f |1)_ @)n(fHn 4F3(d,a+1—n—e,a+1—n—f 1)'

(1.5)

Dougall summation formula.

a,af2+1,c,d,—-m a+D)pla—c—-d+1),
5F4( / |1)_< o )

1.7 = .
(L7) a/2,a-c+1,a-d+1,a+m+1 (a-c+1)pla—d+1)y,
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1.1.2 Basic hypergeometric functions.

In forthcoming chapters and sections we will occasionally work with g-orthogonal polyno-
mials, for what we need to introduce some notation and definitions.

For the rest of the thesis ¢ stands for a real number with 0 < g < 1.

For m € N the ¢-shifted factorial, (or simply g-factorial or g-Pochhammer symbol), is
defined by

(18)  (i@)m=(1-a)(1-ga)(1-¢*a)-(1-¢""a), (;q)e = [](1-aq"),
k=0
and the multiple g-shifted factorials
P
(a1,02, 3 @)m = [ T (% @)m-
k=1
We can extend the definition of ¢-shifted factorial for m € Z by using the formula

(2 q)oo
1.9 aq;q)m = —————
o D G
valid for a negative integer m provided aq™ # ¢”" for any n € N.
The ¢-binomial coefficient is

[n] _ (4 Q)n

klg (6 0e(@Onk

We define the basic hypergeometric serie of parameters ai, az, -+, oy € C and 1, B2, -+, By €

C by
k

QZ) I:alaa27"'7ap_q I:I _ el (alaa25"'7ap;Q)k T
P B, Bay By = (B, Bas Brs @k (G0)k’
see [63].
If for some k = 1,7, By = ¢”" for some n € N, then the function ,¢;, is not defined
unless aj = ¢ with m < n for some j = 1,---,p. Notice that if o; = g7 for some j = 1,---,7

then,
1,02, 0p
o ]
P ,61752,"‘,,6(1’ ’

is a polynomial in x of degree at most m.
There is a g-analogue of the gamma function. The g-gamma function is defined by

(4;9) oo
(1-9)* 1 (¢® @)oo

Lo(z) =
It satisfies the functional equation

Fy(z+1) =

1-4¢"
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There is also a notion of g-derivation and g¢-integration. We define the g-derivative of
a function with derivative at x = 0 by

F@) - fla)
(1.10) D) =1 (-qa 70
17(0) ifz=0.

The g¢-integral or Jackson integral is the inverse of the g-derivative,

1) [ @ = o -ad D Ged), [ g = [ @ [ @)y

1.2 Matrix orthogonal polynomials

Let us denote by CN1*N2 the vector space of matrices of size N1 x Ny whose entries are
complex numbers, and write CV for the vector space formed by the complex vectors of
size N, and we will specify whenever it is needed whether we are working with row or
column vectors.

Definition 1.2.1. A matriz polynomial P(x) is a polynomial whose coefficients are ma-
trices, all of them of the same size. We denote by CNVN2[x] the vector space of all matrix
polynomials of size N1 x Na,

m

(CleNQ [x] = {Z Mkl‘k ’ Mk € (CNlXN2, m € N} .
k=0

For k € N we denote by C]kV1XN2 [2] ¢ CNYN2[g] the set of all matriz polynomials of size

Ny x Ny with degree at most k.

In this work we focus on the particular case of square matrix polynomials, CV*V[z]
and we will restrict the variable z to the real line. There are also very interesting works
on the theory of matrix orthogonal polynomials on the complex plane, in particular on
the unit circle (see e.g. [23], [64], [89]), but it is out of the scope of this thesis.

The identity matrix in CV* is represented by I. The symbol & ; stands for the N x N
matrix with entry (i,j) equal to 1 and 0 otherwise. It is not difficult to see that these
matrices satisfy the following property

(1.12) Ei i€k =Ei 105k
N
With this notation a matrix M € CN*V can be written as M = Z m;;&;j, where m;; € C.
i,j=1

For a matrix M ¢ C"*VN | we denote by M* its Hermitian conjugate, that is if M =
(mi’j)%zl then, M* = (mjﬂ-)%-:l. The spectrum of a matrix M is denoted by (M),
O'(M) = {)\l € C|det(M— )\ll) = 0},
and we will denote by p(M) its spectral radius, that is
(1.13) p(M) = max(A).
Aeo

The orthogonality will be defined with respect to a weight matriz.
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Definition 1.2.2. An Hermitian square matriz of Borel measures W, all of them sup-
ported in the Borel set G C R, is said to be a weight matrix if it satisfies

1. For any Borel set B< &, W(B) is a positive semi-definite matriz.

2. W has finite moments of every order, i.e., for all n €N, pu, = [5a"dW (x) € CV*N,
where the integral is taken entrywise.

3. If P(x) is a matriz polynomial whose leading coefficient is non singular, [g P(x)dW (x)P(x)*
s also mon singular

We associate to a weight matrix W the Hermitian sesquilinear form
<‘7 >W . (CNXN[$] N CNXN
defined by

(1.14) <p,Q>W=f6P(x)dW(x)Q(x)*, P, QeCV* V4],

This form satisfies the following properties, for all A;, Ay € CM*V and P,Q,R «
CNXN[:E]

o (A1P+ AR, Q)w = A1(P, Q)w + A2(R, Q)w

o (P,Qw=(Q,P)w)".

e (P,P)y >0, and (P, P)y =0 if and only if P =0,

where A > 0 for a matrix A € CV*V means that it is semi-definite positive. Abusing of
terminology we will say that the Hermitian sesquilinear form (-, -}y is the inner product
associated to W.

Notice that, since the matrix product is non commutative, there is an implicit choice
in the inner product we have just presented. One could also consider the following inner
product

(1.15) (P.Q = [ Q) dW (@)P().
Both inner products are related by the formula
(P.QW = ((P,Q"w)",

so the theories that can be developed by choosing one or another inner product are com-
pletely analogous.

In this thesis we deal with three particular types of weights: weights with a differen-
tiable density with respect to the Lebesgue measure,

(1.16) dW (x) =W (x)dz, (P,Q)w / P(x)W(x)Q(z) dx, W eC™(6),

discrete weight matrices

(1.17) W = f%)W(m)éx, (P,Q)w %P )W (2)Q ()",
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where k € N, or, k = oo, and ¢g-weight matrices

(1.18) W= E)Q’”W(q:"’)%x, (P, Q)w = %qu(qx)W(qx)Q(q””)*, 0<g<l.
= xTr=

Notice that in the previous expressions we have used W to refer both the weight matrix
and the function that defines it. However the context will make clear which one we are
dealing with.

From now on whenever there is no place for confusion we leave out the W in the inner
product and we will simply write (P, Q) to denote the inner product of P and @ (1.14).

We can now introduce the concept of matriz orthogonal polynomials.

Definition 1.2.3. A sequence of matriz polynomials (P,), c CN*N[x] is said to be a
sequence of matrix orthogonal polynomials with respect to W if it satisfies

1. For alln, P,(x) is of degree n with non-singular leading coefficient, det(P}}) # 0.

2. For all n, m € N, (P,, Py) = I',0pm, where 0y is the Kronecker delta and T, €
CN*N is an Hermitian matriz.

For any weight matrix W one can always construct a family of orthogonal polynomials
with respect to it (see e.g. [19], [47] [92]). Such a sequence is unique up to multiplication
on the left by a sequence of non singular matrices. To see different computational methods
to construct such a sequence we refer the reader to [92].

If (P, P,) = I for all n we say that (P,), is a sequence of orthonormal polynomials
with respect to W, and we say that it is a sequence of monic orthogonal polynomials if
P! =1, for all n >0, where P is the leading coefficient of P,.

Given a sequence of polynomials (P,), orthogonal with respect to a weight matrix
W, we can construct a sequence of orthonormal polynomials with respect to W. If I, =
(Py, P,) then, because of the properties of a weight matrix, I';, is a non-singular Hermitian
matrix and it can be factorized as I'), = GG}, where G,, is a non-singular matrix. The

n’
sequence (G;Lan)n is a sequence of orthonormal polynomials:

(G APy, G AP, = G (G 0mn = GGG (G ) Sn = I,

Notice that if (P,) is a sequence of orthonormal polynomials then, for any sequence
of unitary matrices (U, ), the sequence (U, P, ), is also a sequence of orthonormal poly-
nomials with respect to W.

As in the scalar case the orthonormality of a sequence of polynomials is equivalent to
a three term recurrence relation.

Proposition 1.2.4. [26, 47] Let (P,), be a sequence of matriz polynomials with initial
conditions P-1 = 0 and Py a non singular matriz, such that it satisfies the recurrence
relation

(1.19) 2Py (x) = Aps1 Poi1(x) + BpPo(z) + Ay Pro1(x), n=0,1,2,-

where A, € CN*N_ n e N are non singular matrices and B, € CNVN, n e N are Hermi-
tian matrices. Then, there exists a weight matriz W such that (P,), is the sequence of
orthonormal polynomials with respect to it.
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Conversely, for any sequence of orthonormal polynomials with respect to a weight ma-
triz, (Py)n, there exist a sequence of Hermitian matrices, By, c CNN n e N, and a
sequence of non singular matrices, A, € CN*N neN, such that (1.19) holds.

It is clear that if (P,), is a sequence of orthonormal polynomials with respect to W
then, any other sequence of orthogonal polynomials with respect to W, (Py)y = (GnPp)n
satisfies a three term recurrence relation of the form

(1.20) 2P, = ApPyi1 + ByPy +CoP, 1,

where A, = GpAni1(Grs1)™, Bp = GpuBn(Gp)™ and C,, = G A% (Gpo1) ™t

A recurrence relation of the form (1.20) can be seen as a matrix second order difference
operators acting on matrix functions of two variables. That is, if we set P(n,x) = P,(z),
A(n) = A,, B(n) = B, and C(n) = C, then, (1.20) can be written as ©(P(n,z)) =
xP(n,x) where

(1.21) O(P(n,z))=A(n)P(n+1,z)+ B(n)P(n,z) + C(n)P(n-1,x).
By writing
P(0,x)
P(z) = P(1,z)

P(2,x)

the operator © can be seen as a semi-infinite block Jacobi matrix,

By A
o~ Cy B A

CQ BQ A2 ’

satisfying
OP(zx) = zP(x).

When working with matrix polynomials a very important concept is that of similar
weights.

Definition 1.2.5. Two weight matrices, W1 and Wa are similar if there exists a non-
singular matriz T € CN*N independent of x such that Wy (x) = TWo(z)T*.

If (P}),, is a sequence of matriz orthogonal polynomials with respect to Wi then,
(P2),, = (P!T), is a sequence of matriz orthogonal polynomials with respect to Ws.

We say that a weight matric W reduces to lower sizes if it is similar to a block weight

matric
W(z)=T (Zléx) Zz(()x)) T*.

As a particular case we say that a weight matrix W reduces to scalar weights if it is
similar to a diagonal weight matrix

wy(x) 0 0

way-r| ¢ w2 T*.

0 0 wy (z)
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Notice that if a weight matrix W reduces to scalar weights, and (P,), is a sequence
of orthogonal polynomials with respect to W, then the following formula holds, up to
multiplication by a sequence of non-singular matrices,

(@)
P(2)T = Pu(@) . , n>0,

(@)

where (p;)n is a sequence of orthogonal polynomials with respect to the measure w;.
Therefore the study of weight matrices that reduce to scalar weights belong to the study
of scalar orthogonality more that to the matrix one.

In general it is not an easy task to see whether a weight matrix reduces to scalar
weights or not, however in the case when a weight matrix W is of the form (1.16), (1.17)
or (1.18), as a consequence of [75, Theorem 4.1.6 | (see also [38]) the following proposition
gives a very useful criterion to check if we are dealing with weight matrices that reduce to
scalar weights or not.

Proposition 1.2.6. Assume that there exists a € & such that W(a) = I, then W reduces
to scalar weights if and only if W(s)W (t) = W(t)W (s) for all s,teS.

We will use that an analytic function f at xy, with convergent power series given by
flx) = Eai(m - :ro)i, |z — x| <€,
i=0

defines the following function over the matrices M with p(M —xl) <€ (p(M) stands for
the spectral radius of a matrix M, 1.13):

f(M) = f(j)ai(M —zol)".

For any two matrices X and Y, we use the standard notation
(1.22) adk Y =Y, ad\Y=[X,Y]=XY-YX, ad¥'Y=[X,ad%Y].
For any matrix G ¢ CN*V, we denote by Gr and G, the operators right and left
multiplication, i.e. for all F e CV*V

(1.23) G.(F)=FG, Gy(F)=GF

We will also use the following formula [91, Lemma 5.3, page 160]: if X and Y are
N x N matrices we have

(1.24) e Xyet = i DYty
. i o

We denote by A and J the nilpotent and diagonal matrices, respectively, defined by

N-1 N
(1.25) A=Y v, J=) N-i&y,
i=1 i=1

where v, v9, -+, un_1 € C.
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1.3 Matrix Operators

The classical orthogonal polynomials are families of orthogonal polynomials characterized
for being eigenfunctions of a second order differential operator of the form

d2

(1.26) D(") :O'(SC)—2(')+T(.’L’)

- ‘i(-), o(x), 7(x) € Cla], dgr(o) <2, der(r) = 1.

dzx
This property is equivalent to a bunch of interesting characterizing properties (see, for
instance [16]). For instance a sequence of classical orthogonal polynomials (py,), with
respect to a weight p(x) can be expressed in terms of a Rodrigues formula

mn

o = B (0(0)" () ()

Also the weight satisfies a Person equation

= (o@)pl)) = m(@)p(r).

and the sequence of their derivatives (pl,), is again a sequence of classical orthogonal
polynomials with respect to o(z)p(z).

One can consider different discretizations of the operator (1.26) by replacing the deriva-
tive by certain approximations on a lattice.

Definition 1.3.1. [93] A lattice is a complex function x € C*(Q) where  is a complex
domain, No € Q, and x(s), s=0,1,--- are the points where we discretize (1.26).

By considering the uniform lattice z(s) = s the operator (1.26) becomes
(1.27) D(-) =a(x)AV(-) +7(x)A(-), &, 7eC[x], dgr(a) <2, dgr(7) =1,

where A(p(x)) = p(z+1)-p(z) and V(p(x)) = p(z)—p(z-1) are the forward and backward
difference operators respectively. The families of orthogonal polynomials being eigenfunc-
tions of such a second order difference operator are called classical discrete orthogonal
polynomials. Like it happened in the continuous case, there are several properties that
characterize them, such as a Rodrigues formula

(1.28) pnanV"([ﬁ a(x+m)]p(az+n)),

m=1

a Pearson equation,
Ao (z)p(x)) = 7(x)p(x),

and that the sequence of their difference polynomials (Vpy,), is a sequence of classical
discrete orthogonal polynomials with respect to a(z)p(x).

If instead of the uniform lattice z(s) = s we consider a non uniform lattice of the form
z(s) = ¢°, for 0 < g <1, the operator (1.26) becomes, after some linear manipulations

(1.29) D() =6(x2)DgD g1 () + 7(x)Dy(-), 07,7 eC[z], dgr(c) <2, dgr(7) =1,
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where

p(qx) - p(x)
(¢- 1z

is the g-derivative. The orthogonal polynomials satisfying such a ¢-difference equation are
called g-classical polynomials (see [18], [90], [93]). One can also see that these orthogo-
nal polynomials are characterized by different properties, for instance the g-weight p(¢*)
satisfies a Pearson equation

(1.30) Dy(p(x)) =

Dy(6(q*)p(q")) =7(qd")p(q"),

the g-classical polynomials satisfy a Rodrigues formula
- k
pn(q") = BuDjfs (p(qm) [[o(¢™ )) ;
k=1

and the sequence (Dypy(q”))n is a sequence of orthogonal polynomials with respect to
o(¢®Hp(¢*™1) In fact the g-classical polynomials are a wider class to that presented
above, but for the purpose of this thesis we will just consider this subclass of g-classical
polynomials, that used to be called g-classical polynomials of the Hahn class.

The aim of this section is to introduce some basic definition and facts needed to
go through the study of matrix orthogonal polynomials being eigenfunctions of matrix
analogues of the previous operators.

Due to the non-commutativity of the matrix product and the existence of singular ma-
trices several considerations have to be done in the study of matrix operators. For instance
the order in which the coefficients and eigenvalues multiply in the operator equation has
to be carefully chosen ([28]). We also miss in general the equivalence of the properties sat-
isfied by the scalar classical, discrete classical and g-classical polynomials (see for instance
[12], [39], [46], [57]).

But if the non-commutativity and the existence of singular matrices bring a higher
complexity to this theory, such a complexity also implies new interesting features appearing
in the theory of matrix polynomials which are absent in the well known scalar theory of
classical, classical discrete or g-classical polynomials. One of these phenomena is that
the elements of a family of orthogonal matrix polynomials can be eigenfunctions of several
linearly independent (second order differential or difference) operators ([14], [30], [35], [72],
[94]). As a dual situation we can also find (differential) operators having several families
of orthogonal polynomials as eigenfunctions ([36]). We will study this fact for difference
operators in Chapter 2 below.

Before starting, we need to establish the sort of matrix operators we will consider.

Let D : CVN[z] - CV*N[z] be a matrix operator taking matrix polynomials into
matrix polynomials. As a matrix analogue of the situations discussed above we are going
to focus the study in those matrix operators such that

D(P,(z)) = ApPp(z), A,eCN*N,

for some family of matrix orthogonal polynomials (P,),. To do so we need to introduce
the key concept of a symmetric operator with respect to a weight matrix.
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Definition 1.3.2. Let D : CN*N[z] —» CY*N[z] be a matriz operator taking matriz poly-
nomials into matriz polynomails. We say that D is symmetric with respect to a weight
matriz W if it satisfies

(131) (D(P),Q)= [ D(P)AWQ" = [ PaWD(Q)" = (P, D(Q)).

The following lemma establishes the relation between symmetric operators and matrix
operators having matrix orthogonal polynomials as eigenfunctions.

Lemma 1.3.3. [28] Let W be a weight matriz and (P,), a sequence of orthonormal
polynomials with respect to W. Let D be a matriz operator satisfying that for all polynomial
P, D(P) is a polynomial with degree at most the degree of P. Then, D is symmetric
with respect to W if and only if D(Py,) = AP, for certain sequence (Ay), of Hermitian
matrices.

In this thesis we deal with three types of matrix operators

1. Matrix differential operators

ko k
(1.52) D(P() = 3 S (PER). Fule) e [a).

2. Matrix difference operators:

(1.33)  D(P(x)) = gﬁk(P(fv))Fk(ﬁ), Sp(P(x)) = P(x + k), Fiy(x) e CVNz].

3. Matrix g¢-difference operators, for 0 < g < 1:

(1.34)  D(P(x)) - kz ¢ (P(2)) Fo(), € (P(2)) = P(¢°z), Fy(x) e CVN 2711,

Notice that all these three types of matrix operators have matrix coefficients multiply-
ing on the right, whereas the eigenvalues appearing in Lemma (1.3.3) are multiplying on
the left. There are several reasons why we focus on these kinds of matrix operators (see
[28], [38]).

Notice that if (P,), is a sequence of orthogonal polynomials then, for any sequence
of non-singular matrices (A,,),, the sequence (A, FP,), is also a sequence of orthogonal
polynomials, but in general (P,A,,), is not a sequence of orthogonal polynomials. This is
the reason why we multiply the eigenvalues on the left.

The reason for the order of multiplication of the coefficients in the case of continuous
weights and second order differential operators is explained in [28, Theorem 3.2 ], a result
that can be easily generalized for the case of difference and ¢-difference operators:

Theorem 1.3.4. The following conditions are equivalent:

(i) W is a continuous matriz weight (resp. discrete weight, q-weight) with a left-hand
side second order differential operator (resp. matriz difference, q-difference operator)
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(ii) A non-singular matriz S exists for which W = S*WyS where Wy = pI, with p a
classical scalar weight (resp. classical discrete weight, q-classical weight).

In the following sections we investigate those matrix operators of the form (1.32),
(1.33), (1.34) not raising the degree of matrix polynomials and being symmetric with
respect to some weight.

1.3.1 Matrix differential operators

In this section we study matrix-valued differential operators having a sequence of or-
thogonal polynomials as eigenfunctions. Such differential operators are related with a
discrete-continuous non-commutative bispectral problem (for more information on bispec-
tral problem we refer to [24], and to [69] for the non-commutative version). Recall that
the orthogonality of a sequence is equivalent to a second order difference operator given
by the three term recurrence relation (1.21). Then, if (P,), is a sequence of orthogo-
nal polynomials being eigenfunctions of a differential operator D, then they are common
eigenfunctions of two operators
ko dk

D(P,) = kz_g) @(Pn(x))Fk(a;) = A, P, (x),

OP,(z) = ApPpii(x) + BpPp(x) + CpPpo1(x) = P, ().

If D is a differential operator with a sequence of orthogonal polynomials as eigenfunc-
tions, then D is of the form [72]

ko k
D()= 3 L OF), File) e CYNla]
k=0 4T
The non-commutativity of the product of matrices entail the existence of sequences
of matrix orthogonal polynomials being eigenfunctions of several independent matrix dif-
ferential operator as one can see, for instance, in [14], what brings into the picture the
concept of algebra of operators associated to a weight matrix.
Let W be a weight matrix and (P, ),, a sequence of orthogonal polynomials with respect
to it. We define the set ©(W) as

(1.35) D(W) = {D = % dd—kk(-)Fk(x) \ D(P,) = APy, F, e CRN[2], ko € N} .
k=0 4T

Notice that if (@), is another sequence of orthogonal polynomials with respect to W
then, there exists a sequence of non singular matrices (M, ),, such that @Q,, = M,, P,, and if
D e ®(W) we have

D(Qn) = D(MyPy,) = M,D(Py) = MpAy M, Qp,

so the definition of the algebra ® (W) does not depend on the sequence chosen, but only
on the weight matrix.
It is worth observing that © (W) is a subalgebra of the Weyl algebra

ko k
D(W) = {D - %(.)Fk(ka e CVN 2], ko € N}.
k=0
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Given a weight matrix W, and a sequence of orthogonal polynomials (P, ),, with respect
to W, a differential operator D € © (W) is determined by the sequence of eigenvalues (A, ).

Proposition 1.3.5. [72] Given a sequence (P,), of orthogonal polynomials with respect
to W, let us consider the algebra ©(W') defined in (1.35). Let A(D,n) = A, (D) be the
eigenvalue associated to Q,,. Then, D~ A(D,n) is a representation of (W) into CN*N.
Moreover the sequence (Ay,), separates elements of ©(W).
ko dk k .
For D e ®(W), D = ];) ka(x), with Fj, = E)ngj. The eigenvalues A,, associated
= 7=
to the monic orthogonal polynomials (P, ), form a sequence of polynomials in n of degree
at most the order of D, given by

ko

(1.36) A= (Z)k'F,f

k=0

One can define a *-operation in the algebra of differential operators associated to a
weight matrix via the adjoint of operators.

Theorem 1.3.6. [72] For any D € (W) there exists a unique differential operator D* €
D(W) such that (D(P),Q) = (P,D*(Q)), for all P, Q € CN*N[2]. We shall refer to D*
as the adjoint of D. The map D — D* is a *-operation, and the orders of D and D
coincide.

By Lemma 1.3.3 it is clear that symmetric differential operators not raising the degree
of polynomials are always in ©(W). If we denote by S(W) c D(W) the subset of sym-
metric differential operators, we have that S(W) is a real form of the space D (W) (see
[72)),

DW)=8S(W)a®iS(W).
In the rest of the section we focus on second order matrix differential operators

2
d_z(')F2(l‘) + %(')Fl(l“) + () Fy

(1.37) D()=—

The following theorem establishes criteria to assure the symmetry of a differential operator
D of degree 2 with respect to a weight matrix having a differentiable density with respect
to the Lebesgue measure dW = W (x)dx.

Theorem 1.3.7. [38] Let D be a second order matriz differential operator of the form
(1.37) and W a weight matriz with a differentiable density with respect to the Lebesgue
measure dW = W (x)dz and supported on an interval 3 = (a,b) of the real line 3 € R (a and
b finite or infinite). If for all x €T, the coefficients of D and W (z) satisfy the symmetry
equations

Fy(z)W(x) =W (x)Fa(x)”
2(Ba(x)W(2)) = Fi(z)W (z) + W(a)Fi(z)"
(Fa(2)W (2))" = (Fi(2)W (2))" + FoW (x) = W (2) Fy,,
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and the boundary conditions

li{mb} 2" Fy(x)W (x) =0, li{mb} " ((Fa(2)W(z)) - Fi(z)W(z)) =0, forallneN,

then, D is symmetric with respect to W.

The symmetry of a differential operator D, with respect to a weight matrix W, is also
equivalent to a set of identities involving the moments of W and the coefficients of D.

Theorem 1.3.8. [38] Let D be a second order matriz differential operator of the form
(1.37) and W a weight matriz. Let us denote by uy, = [ ™dW (z) the moments associated
to W, and we write

F(z) =Y Fia', FieCMVN k=0,1,2.
1=0

for the coefficients of the differential operator (1.37). Then, the following properties are
equivalent,

(i) D is symmetric with respect to W.

(ii) Forn=2,3,-,

F22Nn+F21,Un—1+F20Mn—2:Hn(FZQ)*+Nn—1(F21)*+Mn—2(F20)*'

Forn=1,2,--,
2(1_n)(F22Mn+F21Nn—1+F20Nn—2):F11Nn+F10Hn—1+Nn(F11)*+Nn—1 (FP)*
And forn=0,1,--,

n(l_n)(Fgﬂn"‘leﬂn—l+F§Mn—2)_n(F11Mn+F{)Mn—l)+Fgﬂn:,un(F(?)*-

As we have already mentioned, in the matrix case we lose some of the equivalences
among those properties that characterize the classical orthogonal polynomials. In general,
for a family of matrix orthogonal polynomials (P, ), that are eigenfunctions of a second
order differential operator like (1.37), it is not true that the sequence formed by its deriva-
tives, (P )n, is a sequence of orthogonal polynomials with respect to some weight matrix.
In [12] the authors established criteria to assure the orthogonality of (P} ),,.

Theorem 1.3.9. [12] Let W be a weight matriz supported in the interval J = (a,b) € R,
and (Pp), the sequence of monic orthogonal polynomials with respect to W. Then, the
following are equivalent,

(i) There exists two matriz polynomials ®, ¥ with dgr(®) < 2, dgr(¥) < 1 satisfying
det(®(z)W(x)) #0 in J and such that

()W (x) = W(x)®(z)",

L @@)W (@) = U)W (), for all e,

dz
(1.38) lim ®(z)W(x)= lim U(xz)W(zx)=0.
z—{a,b} z—{a,b}

(ii) The sequence (%P,;)n is a sequence of monic orthogonal polynomials.

Moreover the sequence (P)), is orthogonal with respect to ®(z)W (x).
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The matrix-valued hypergeometric equation

For some particular cases of second order matrix differential operators, the polynomial
eigenfunctions can be described in terms of matrix-valued hypergeometric functions. We
present here two matrix-valued hypergeometric functions introduced by Tirao in [98].
These matrix-valued functions characterize, under certain restrictions on the coefficients,
the vector-valued polynomial solutions around x = 0 of the matrix equation

x(1-2)P"(z) + P'(z)Fi(2) + P(x)Fy = AP(x).

To do so we first make clear some notation that will be used.
Assume that A, B,C ¢ CV*N with ¢(C) n {0,-1,-2,--} = @. For m € N we write
(A, B,C),, for the matrix function

(A7 B7 C)[) = Ia
(A7 B7 C’)m+1 = (A7 Ba C)m (B + ’I?’LI)(A + mI)(C + mI)_l
and [A, B,C], for the matrix function
[A,B,C], =1,
[A,B,C],,,, =[A,B,C],, (m*T+m(A~1)+B)(C+mI)™"

Definition 1.3.10. Let A, B,C ¢ C"*N such that (C) n{0,-1,-2,---} = &, we define

(1.39) QF[AB ] i (4,B,C).,.

2"
n!
Definition 1.3.11. Let C,U,V e CV*N such that o(C) n {0,-1,-2,---} = &, we define

(1.40) QH[UV ] i% U,V,C),

The following theorem characterizes the vector-valued analytic solutions of certain
second order matrix differential equations.

Theorem 1.3.12. [98] If o(C)n{0,-1,-2,---} = & then,

1. The function ng[ ,x] is analytic on |x| < 1 with values in CN*N .

2. If Go e CV, then ng[U’CV;:r]GO s a solution of the hypergeometric equation

(1.41) 2(1-2)G +G (C-2U)-GV =0
such that G(0) = Gog. Conversely any solution G at x =0 is of this form.

In the particular case when there exist matrices A and B such that U = [ + A+ B and
V = AB, equation (1.41) can be solved by means of the matrix-hypergeometric function
(1.39).
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Theorem 1.3.13. [98] If o(C)n{0,-1,-2,---} = & then,
1. The function gFl[AC’,B;x] is analytic on |z| < 1 with values in CN*V.
2. If Go e CV, then 2F1[AC’,B;:):]G0 s a solution of the hypergeometric equation
2(1-2)G +G (C-z(I+A+B))-GAB=0
such that G(0) = Gy. Conversely any solution G at x =0 is of this form.

Observation 1.3.14. In general and because of the different order in which the coefficients
and the eigenvalues are multiplied, the matriz equation

r(1-2)P!(z) + P.(2)Fi(x) + Py(2)Fy = A Po(2)

does not fit in the form of the previous ones. However, for a differential operator D such
that there exists a family of orthogonal polynomials (P,), with DP, = A, P, and A, is
a diagonal matriz for all n > 0, then we can rewrite the previous equation as a set of N
differential equations for the rows of the matriz orthogonal polynomials P, ;, and these
equations are of the form (1.41),

x(1- x)PT'l'Z(:L") + P,,,”({L‘)(Fl(l‘) -NI)+ P i(x)Fy =0.

Notice that, because of Lemma 1.53.3, for a symmetric differential operator D with respect
to a weight matrix W we can always find a sequence of orthogonal polynomials (Py,)y such
that D(P,) = Ap P, and A,, are diagonal matrices.

1.3.2 Matrix difference operators

A finite difference operator can be expanded in terms of several basis. We can use powers
of the difference operators A and V defined by

A(f(2) = fx+1) = f(z), V(f(2))=[f(z)-f(z-1).

Cross powers A’V/ are not needed since they are linear combinations of powers of A and
V (it is an easy consequence of the formula AV = A - V). We can also use the shift
operators, §;(F)(z) = F(z +1) with [ € Z. We can change from the basis A*, V¥ k>0, to
the basis §;, by using the formulas (k > 0)

2= 0 (Hen vt 30 (o

kL (k k k
5k:2(z)Al’ 5“‘fzz(_l)l(z)vl'
1=0 =0

Since §_1 o §7 is the identity operator, all the shift operators are powers (positive or

negative) of §;. We will mostly use the shift operators §;, | € Z (see (1.33)) to define

matrix difference operators, and eventually we will change to the A and V operators.
Taking into account Lemma 1.3.3, if a weight matrix W has a symmetric second order

difference operator D such that for any polynomial P, D(P) is a polynomial with degree
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at most the degree of P, then their orthonormal polynomials (P,), (and then, any other
sequence of orthogonal polynomials with respect to W) satisfy a second order difference
equations of the form

(1.42) P (x+1)Fi(z) + Py(x)Fo(x) + Py(x - 1)F_1(z) = A P ().

The following lemma (Lemma 3.2 of [35]) characterizes the coefficients of finite differ-
ence operators, D such that for every polynomial P, D(P) is a polynomial with degree at
most the degree of P.

Lemma 1.3.15. [35] Let D be a finite difference operator
T

(1.43) D()) =) 8i()Fi.
l=s

The following conditions are equivalent

(i) For any matriz polynomial P, D(P) is also a polynomial with degree at most the
degree of P.

(ii) The functions Fy, l = s,---,r, are polynomials of degree at most r — s and

dgr(ZlkFl <k fork=0,-,r-s.

l=s

Proceeding as we did for matrix differential operators with orthogonal polynomials
as eigenfunctions, one can relate matrix orthogonal polynomials being eigenfunctions of
difference operators with a discrete-discrete non-commutative bispectral problem.

In the discrete case one also finds families of orthogonal polynomials being eigenfunc-
tions of various independent difference operator. Given a weight matrix W and a sequence
of orthogonal polynomials with respect to it (P,),, we define the algebra © (W) by

(1.44) DW) = {D = Zr:ﬁka(x) ‘ D(P,) =A,P,,s<r,n> 0}.
k=s

Although we use the same notation for the algebra of difference operators and differential
operators, the context will make clear which we are dealing with. Because of the left
linearity of such a difference operator, it is clear that the definition does not depend on
the sequence of matrix orthogonal polynomials but only on the weight. We say that a
difference operator D of the form (1.43) with Fs, F, # 0 has order r — s and genre (r,s).
Fixed a sequence of orthogonal polynomials with respect to a weight matrix W, each
difference operator in © is determined by the sequence of eigenvalues (A, (D))y.

Theorem 1.3.16. [35] Let D be a difference operator in ©(W') with D(P,) = An(D)P,.
Then, D is determined by the sequence (Ap(D))p. Set A(D,n) = Ay (D), for each n >0,
the application D — A(D,n) is a representation of (W) in CN*N and the sequence of
representation (Ay,)y separates elements of ©(W).

If D e ©(W), then the n-th eigenvalue associated to the sequence of monic orthogonal
polynomials (P,), is a matrix polynomial in n with degree at most the order of D.
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T
Theorem 1.3.17. [35] Let D = ZEZFI a difference operator such that D(P,) = A, P,
l=s
where (Pp), is the sequence of monic orthogonal polynomials with respect to W. If F} =
T—S8 L
> F/z', then
i=0
T

A=Y (") S FRF.
k=0 k

l=s

Hence the matriz A, is a polynomial in n of degree at most the order r —s of D.

The algebra of difference operators associated to a weight matrix W can be endowed
with a *-operation.

Theorem 1.3.18. [35] For any D € ©(W) there is a unique difference operator D* €
D(W) such that (D(P),Q) =(P,D*(Q)). We shall refer to D* as the adjoint of D. The
map D — D* is then a x-operation in the algebra ©(W'). If the operator D has genre
(s,7) then, D* has genre (-r,-s).

By Lemma 1.3.3 it is clear that symmetric operators D not raising the degree of
polynomials are always in © (W) and can be characterized in terms of its eigenvalues with
respect to a sequence of orthonormal polynomials. If we denote by S(W) c ©(W) the
subset of symmetric difference operator, then S(W) is a real form of the space D(W),
[35]7

DW)=S(W)®iS(W).

From theorem 1.3.18 it follows that a finite order difference operator D (1.43) sym-
metric with respect to a weight matrix and the degree of D(P) is at most the degree of
P for all matrix polynomials P has genre (-r,7) and order 2r. The symmetry of a finite
order difference operator satisfying this condition with respect to a discrete weight matrix
W can be guaranteed by a finite set of commuting and difference equations together with
certain boundary conditions. In fact, the following theorem holds:

Theorem 1.3.19. [35] For r >0, let D be the finite difference operator
T
(1.45) D() = Y si()Fi(x),
l=—1r

where Fi(x), | = —r,---,r are matriz polynomials. Let W be the discrete weight matriz with
support &, given by

(1.46) W=> W(xz)d,.
€S

Suppose that the coefficients Fy and the weight matriz W satisfy the following equations
(1.47) F(z-1)W(z-1)=W(x)F*(z), forze(l+6)n&, and [=0,1,--,r,
and the boundary conditions

(1.48) F(z-0)W(z-1)=0, forxe(l+8)\&, andl=1, -1,
(1.49) W(z)F5(x)=0, forxzeS\(I+&), andl=1,--,r.

Then, the difference operator (1.45) is symmetric with respect to W.
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1.3.3 Matrix ¢-difference operators

In the whole thesis, ¢ denotes a real number with 0 < ¢ < 1. A g¢-difference operator can
be expressed in terms of g-differential basic operators (g-derivatives)

f(z) - f(qz) _f@) - f(g'x)

Dy(f()) = -z Dy-1(f(2)) = (1-¢ Dz

or in terms of ¢-shift operators &;(f(z)) = f(¢'z). For a matter of simplicity in the
result exhibited here and in the foregoing chapters, we chose to study matrix g-difference
operators expressed in terms of g-shift operators. In particular, and because of Lemma
1.3.3 we focus our attention in those g-difference operators taking matrix polynomials into
matrix polynomials and not raising the degree, i.e

D:CYN[z] » CYN[x].

Then, we have to consider ¢-difference operators of the form
D(-) = Y €()Fi(z), Fi(z) eCV N2,
l=s

where Fj(x) satisfy some degree conditions, as it is shown in the following theorem, that
is a straightforward adaptation of Theorem 3.2 [35]

Theorem 1.3.20. Let
(1.50) D =Y € ()R,
l=s

with 7, s integers such that s <r. The following conditions are equivalent:
(i) D:CY*N[z] - CY*N[z] for all k> 0.
(ii) Fy(z) e CoN[2™] forl=s,...,r and ¥|_,¢"*Fi(z) e CY*N[z7'] for k=0,...,r-s.

We say that a g-difference operator of the form (1.50) has order r — s and genre r, s).
It happens that if a ¢-difference operator is symmetric with respect to a weight matrix,
then s = —r. The following theorem establishes the symmetry equations and boundary
condition that assure the symmetry of a ¢-difference operator with order 2r and genre
(r,-r), with respect to a g-weight.

Theorem 1.3.21. Forr >0, let D be the q-difference operator
T

(151) D=3 &()F(x)
l=—r

where Fy(x) are matriz polynomials in x~1. Let W be a q-weight given by

o0

W= W(g)o,e.
=0
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Suppose that the coefficients F; and the q-weight matriz W satisfy the following equations

(1.52) Fo(q")W(q") = W(q")Fo(¢")", =eN,

(1.53) F(¢"YW(g"™") = dW(¢")Fu(d")", w21

and the boundary conditions

(1.54) F(¢")YW(q*)=0, forx=0,-,1-1, andl =1, r

lim ¢**F(¢")W(¢") -0, forl=1,--r
xTr—>00
lim ¢* (Fi(¢")W(q") -W(q")Fi(¢")") >0, forl=1,-r
€T —> 00
Then, the q-difference operator D is symmetric with respect to W.

Proof. Let D be a g-difference operator of the form (1.51) and W a ¢-weight such that
the symmetry equations (1.52) and (1.53) as well as the boundary conditions (1.54) hold.
For M large enough (much bigger that r) we consider the truncated inner product

M
=2, ¢"P(¢")W(¢")Q(a")".
=0
It is clear that for any two matrix polynomials P, Q € CN*V[z]
lim (P,Q)" = (P,Q).
M —o0
We are going to prove that

(D(P), Q" = (P.D(Q))" +©(M,x)

where ©(M, x) is a matrix function such that limps. O(M,z) = 0.
Let P, Q e CN*N[z]. Then,

(1.55)
M r
(D(P),Q)M = Zm; P(¢"™) Fe(¢" )W (¢")Q(¢")*¢"
M r M
= Z%kZ P(¢" "YFe(q")W(d")Q(¢")*q" + Z;P(qx)Fo(qm)W(qm)Q(qx)*qm
z=0 k=1 =

M r
-2 3 PR R

Taking into account the symmetry equation (1.53) we can write the first factor on the
previous sum as

r M r M
kZ Z%P(Q"””“)F_k(qx)W(qI)Q(qx)* q* = Z Z "M Fo(q" )W (¢)Q(q") ¢ "
=] x= k=1 z=0
r M
Z_: 2 W (") Fi(¢® ) Q(g")* ¢"*
r k-1
Z_: Z_: P(¢" ") F_(q" )W (¢")Q(d")*q".
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k-1
By the first boundary condition Z P(qx_k)F_k(qx)W(ql’)Q(qv’”)*q“f =0fork=1,-r,
z=0
then, we get

(1.56)
r M r M
kz Z;P(qx*k)ka(qx)W(qz)Q(qm)*qz =kZ E%P(Q’”)W(qw)Fk(qz)*Q(qM)*qx
=1x= =1z=
T M
- 2 P@OW()E(G) Q") "
k=1x=M-k+1

By proceeding as above we obtain the following identity concerning the third factor in
(1.55)

(1.57)
M r . M
2,5 P@IOREOWEIEY T = 1 B PV ) e
r=0k=1 =1zx=
M
Z > PN EGOW ()R
k=1z=M-k+1

M
For the remaining factor in (1.55), > P(¢")Fo(¢")W (¢")Q(¢")*¢" it suffices to use
=0

symmetry equation (1.52) to get

M M
(1.58) Z_E)P(qx)Fo(qw)W(qx)Q(qx)*qx = Z_:OP(qx)W(qx)Fo(qx)*Q(qx)*qz
Taking into account (1.56), (1.57) and (1.58) we can write (1.55) as
M r
(1L59)  (D(P).,Q)" =} 2 P)W () Fila") Q ¢"*)*q" + ©(M, )

=0k
= ,D(Q)) +O(M, ).

where
(1.60)
r M M
O(M,z) = Z( > P(@")E(@)W(@)Q@)d" - Y. P(q)W(g")Fi(q") Q(q"*)*¢"" ’“)
k=1 \z=M-k+1 r=M-k+1

By taking limits in (1.59) we get
(D(P).Q) = (P.D(@) + lim O(M.x)

Then, it just remains to see that ©(M,x) - 0 when M — oo to obtain the desired result.
To see this write P(z) = Py + zP(x) and Q = Qo + zQ(z). Then, by expanding the
expression in (1.60) and taking into account the second and third boundary conditions
(1.54) we obtain

lim ©(M,z)=0
M —o0

and then, we can conclude that (D(P),Q) = (P, D(Q)) for all P, Q e CN*N[z]. O






Chapter 2

Matrix polynomials satisfying
difference equations

Recall that the discrete classical orthogonal polynomials are those families of orthogonal
polynomials satisfying a second order difference equation of the form

o(x)AVp(z) + 7(x)Ap(x) = Ap(x), o, 7eClz], dgr(o)<2,dgr(r)=1.
This difference equation can also be written in terms of shift operators
(2.1) f-1(x)s-1p(z) + fo(z)Sop(2) + fi(z)S1p() = Ap(),

where fi=0+71, fo=-20-71, f-1=0.
The discrete classical orthogonal polynomials can be classified in four big families as
one can see, for instance, in [62], [77], [83], [93]. These families are

1. Charlier polynomials. For a > 0,
a -n,—x 1 n k _k<n)(x)
2.2 = o[ o -1 k!
22) @ =an( 1) Syt ()

They satisfy the orthogonality relation

oo} a$
> gcz(x)cfn(x) =a "e" nl0mp.
=0 “*

2. Meixner polynomials. For ¢>0,0<a <1,

—n - 1
mga(m):zﬂ( noe 1——).
C mu

They satisfy the orthogonality relation

< a'T(x +¢) a”"n!

;) (o)l my (z)my () = On(i—ay a)cénr-

23
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3. Krawtchouk polynomials. For x € N and 0 < p < 1, the Krawchuck polynomials

are defined by
-n,—x |1
kn(SL‘)ZgFl( |—)

They satisfy the orthogonality relation

E(k—x+ 1) p"(1-p)* _(=D)"n! (1-p\"
) . k()b (x) =~ =5 (F) b

4. Hahn polynomials. For x € N, ¢ > -1 and b > —1 the Hahn polynomials are defined
by
-n,-n+a+b+1,-x
hn(fb):'g,FQ( ‘1)
a+1,-k
They satisfy the orthogonality relation

“(a+1)g(b+1) s

C(=D)"(n+a+b+1)1(b+1),n!
i (2) han () = (2n+a+b+1)(a+ 1)n(_,€)n(ﬁ)!6nm.

z!(k - x)!

For more details on the classical discrete orthogonal polynomials and some interesting
relations among them we refer to [93], [76], [77].
We consider the following matrix analogue to (2.1)

(2.3) S1()F1(x) +So() Fo(z) +65-1(-) FLa(x),

where F; are matrix polynomials satisfying the conditions given in Lemma 1.3.15 that, in
this particular case, take the form

ng‘(E)SQ, dgr(Fl—F_l)Sl, dgr(F_1 +F0+F1)=0.

These conditions imply that the degree of D(P) is, at most, the degree of P. The symmetry
equations (1.47) for such a difference equations are

(2.4) Fiz-1)W(x-1)=W(x)F*(z), forxz=1,2,-k,

(2.5) Fo(x)W(x) =W (x)Fy(z), foraxz=0,1,- k.

and the boundary conditions (1.48) are given by

(2.6) W(0)F*(0) =0,

(2.7) Fi(k)W (k) =0, if kis a positive integer.

In this chapter we present a method to solve the symmetry equations (2.4). Using this
method we will construct explicit examples of matrix difference operators and discrete
weights satisfying both (2.4) and (2.5) as well as the boundary conditions (2.6), (2.7).
That is, we construct pairs of difference operators and discrete weights (D, W) such that

D is symmetric with respect to W.
Along the rest of this chapter, W is a discrete weight matrix

W=> W(z)b;, reNork=oo,
=0

and D is a difference operator of the form (2.3)
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2.1 A method for solving the difference equations for the
weight matrix

We now describe a method for constructing discrete weight matrices W and matrix poly-
nomials F; and F_; such that the first order difference equation (2.4) holds. The method
is based on the following assumption on the coefficients I} and F_;: there exists a scalar
function s such that for z € {1,2,--,k}, s(x) # 0 and

Fi(z-1)F_y(z) = |s(z)]* I.

We now look for a weight matrix W factorized in the form
W =3 T(x)T"(2)ds,
x=0

where T is the matrix function satisfying 7'(0) = I and the first order difference equation

Fa(z)
s(x)

T(x-1)= T(x), forxe{l,2,--- K}

With this choice of W we have
Filz-1)W(z-1)=Fi(z-1)T(z-1)T"(x - 1)
(@) gy Fa(2)
oy T =S
_F(e-1)F. ()

s(@)s(x)
=W(x)F*(z).

:_Pﬁ(x-—l)

W (x)F* (z)

So equation (2.4) holds.
We have thus proved the following theorem.

Theorem 2.1.1. Let k be either a positive integer or infinite, and Fy and F_1 matric
polynomials. Assume that there exists a scalar function s(x) such that for x =1, K,
s(x) #0 and

Fi(z-1)F(z)=|s(@)I, ze{l, - K}

Write T for the solution of the first order difference equation

PL1($)

T(x-1)= ()

T(x), forxze{l,--,k}, T(0)=1I.

Then, the weight matriz

W = f%)T(x)T*(x)éx,

satisfies the difference equation (2.4).
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2.2 Four families of illustrative examples

In this section we show four families of orthogonal polynomials satisfying second order
difference equations of the form

(2.8) Po(x=1)F_1(z) + Py(z)Fo(z) + Py(x + 1) Fi(z) = Ay Pp(x),

that we have constructed with our method. These families are classified in accordance
with the degree of the coefficient F}.
We recall that the matrices A and J are given by

M=

Il
—

A=) viliin, J=

i=1 i

(N—i)5i7i,
where vy, v, -, un_1 € C.

2.2.1 Example with dgr(F;) =0

In our first example the coefficient F; of its associated second order difference operator
does not depend on z. The example can be considered as a matrix relative of the Charlier
scalar weight.

Theorem 2.2.1. Let a be a positive real number. The second order difference operator
(2.9) D()=a$1()(I+A) +55() (T -(T+A) " a)+5,()(T+A) "z

is symmetric with respect to the weight matriz defined by

(2.10) W= S (I+A) (I+A%) 6,
reN L+

Moreover the monic orthogonal polynomials with respect to W are common eigenfunctions
of D with eigenvalues given by

Ap=a(I+A)—J-n(I+A)7"

Before we prove Theorem 2.2.1 we announce an prove a Lemma that will be used.
Lemma 2.2.2. Let A and J be the matrices given by (1.25), and let f be an analytic
function at 0. Write S = f(A). Then, [S,J]=-Af'(A). In particular, for S =log (I + A)
we have [S,J] = -+ (I +A)7".

Proof. Write f(z) = Y52, arz". Tt is easy to check that for k>0 [Ak, J] = —kA*. Then,

[S,J]= i ap [A*, J] = - i karAF = —Af'(A).
k=0 k=0
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Proof. For this example we have that x is infinite and

(2.11) Fi=I+A) "z,
(2.12) Fo=-J-(I+A) "z,
(2.13) Fi=a(I+A).

We now use Theorem 1.3.19 for r = 1 to prove that the operator D is symmetric. We
have to check the boundary condition W (0)F* (0) = 0 and the equations

Fi(z-1)W(x-1)=W(x)F*(z), forz=1,2,-
Fo(z)W(z) =W (x)Fy(z), forz=0,1,--

We proceed in three steps.

First Step. Boundary condition W(0)E™* (0) = 0.
Since F_i(z) = (I+A) 'z, we have F_1(0) = 0 and the boundary condition follows
straightforwardly.

Second Step. Fi(x-1)W(zx-1)=W(x)F*(z) forz=1,2,--
We use Theorem 2.1.1 to prove that Fy, F_; and W satisfy this first order difference
equation.

We first check that for s(x) = \/ax the matrix polynomials F_; and F satisfy

Fi(z-1)F(z)=s*(z)I, z>1.

But this is straightforward from the definition of F_; and Fj (see (2.11) and (2.13)).
We then factorize the matrix weight W in the form W = Y22, T (z)T*(z)d,, where

T(z) = \/g(l + A)".

Since T'(0) = I, we only have to check that for x > 1, T(z-1) = F_(l (f) T(x). Indeed, we
s(x
have
Fi(x) (I+A)7 'z [a \/’
T(x I+A)" I+A I+A)"
27 - D [T ay -\ [ [ e )
aiE

k= )|(I+A)“_T(x 1).

Theorem 2.1.1 gives now that Fy, F_; and W satisfy Fy(z-1)W (x—-1) = W (x)F*,(z)
forx=1,2,-.

Third Step. Fo(x)W (x) = W (z)F;(z) for x € N.
Since W (x) =T ()T (z) the equation FoW = WE{ is straightforwardly equivalent to the
Hermiticity of the function

x(z) =T (z)Fy(2)T(z), xeN.
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We now explicitly compute the function x to see that actually it is a real diagonal matrix
function. To do that, we expand the function y(z) in a power series. By writing S =
log (I + A) we get (I + A)* =57, Taking into account that A and S commute, and using
formula (1.24), we have

x(z) =T Y 2)FoT(z) = e (-J-(I+ A)_lzx) 5
_ i (_1)i+1
i=0

. adl Jz' — (I+ A) ' a.
7!
To compute adfg J,1>1, we use Lemma 2.2.2 and we get

adg J =[S, J]=(I+A)" -1
For adfg J, i>2, since S commutes with A, we have
ady J =ady! (adg J) =adg' ((I+A)™'-1)=0.
Hence, we get
x(x)=-J—zl.

That is, the matrix function y is real diagonal, and then Hermitian.

Thus, Theorem 1.3.19 for r = 1 shows that the second order operator D (3.5) is sym-
metric with respect to W.

We now use Lemma 1.3.3 to prove that the orthogonal polynomials are common eigen-
functions of the operator D. Since we have already proved that D is symmetric with
respect to W, it is enough to check that for any polynomial P the degree of D(P) is at
most the degree of P. But that is a consequence of Lemma 1.3.15 taking into account that

dgr(F;) <2, fori=0,1,-1,
dgr (Fy - F_1) =dgr(a(I+A) - (I + A)flx) =1,
dgr(Fo+ F1+ F_1) =dgr(-J+a(I+A))=0.

The expression for the eigenvalues follows by Theorem 1.3.17. This completes the proof.
O

2.2.2 Example with dgr(F7) =1 and unbounded support.

Our second example can be considered as a matrix relative of the Meixner scalar weight.
It has unbounded support and the coefficient F of its associated second order difference
operator is a polynomials of degree 1.

Theorem 2.2.3. Let A and J be the N x N nilpotent and diagonal matrices, respectively,
given by (1.25). Given two positive real numbers a and c, with 0 < a <1, we consider the
matrix

(2.14) Rpoo=(I-A)(I-aA)™",
and the weight matriz defined by

1 & adT(x+c)
(2.15) W_F(c)g;) -

RY (R, 0o
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Then, the second order difference operator

(2.16) D(-) =61()Fi(x) +S0(-) Fo(x) +6-1(-) FLa (),
where

(2.17) Fo(z) = Ry ,a,

(2.18) Fy(x) = (a=1)J - x(aRaq+ Ra,),
(2.19) Fi(z) = a(z + ¢)Raa,

1s symmetric with respect to the weight matrizc W. Moreover, the monic orthogonal poly-
nomaals with respect to W are common eigenfunctions of D, with eigenvalues given by

Ap=(a-1)J+ acRpq+mn (aRA,a - R;ﬁa) .

Proof. We use again Theorem 1.3.19 for = 1 to prove that the operator D is symmetric.
We have to check the boundary condition W (0)F*;(0) =0 and the equations

(2.20) Fiz-1)W(x-1)=W(x)F_1(x), forax=1,2,-,
(2.21) Fo(z)W (x) =W (z)Fy(z), forx=0,1,--.

We omit the proofs of the boundary condition and the equation (2.20) because they are

similar to those in Steps 1 and 2 in Theorem 2.2.1 (just taking here s(z) = \/a(z + ¢ - 1)x).
To prove Fy(x)W(x) = W(x)Fj(x) for x € N, we proceed as follows. We first write

W(z)=T(x)T*(x), where
T(x) - %Rja.

As we have already pointed out, the equation Fy(z)W (x) = W (z)F; (z) is then equivalent
to the Hermiticity of the matrix function x () = T71(2) Fy(z)T(x). We are going to show
that this is, in fact, a real diagonal matrix.

Consider now the analytic function at 0

f(z) =log ( 11—_azz) ’

and write S = f(A). This gives ¢ = Ra, and e = R;ﬁa, and hence

x(z) =T~ (x) Fo(x)T ()
=5 ((a-1)J - ae’z - e_Sw) e5®

© (_] 7 ) )
=> (Z,—')(a— 1) ady Ja' - aedz - e .
=0 b

We now compute explicitly the function x
Using Lemma 2.2.2, we see that —(a —1)[S,J] —ae® — e™ is, in fact, a multiple of the
identity matrix. Indeed, since

a 1

l-az 1-2’

f'(z) =
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according to this lemma, we have
[S,J]=A(1-A)" —aA(1l-aA) .
On the other hand, a simple computation gives
—ae’ e =—(a+ DI -ala-1)A(1-aA) +(a-1)AJ - A)7L.

Then, we get
—(a-1)[S,J]-ae® - =-(1+a)l.

For the rest of the coefficients, we proceed as in Theorem 2.2.1 to get ad% J =0 for
i>2.
We have then that
x(x)=(a-1)J-(1+a)lx.

This is a real diagonal matrix for all x > 0, and so Hermitian. Then, Fy(x)W(z) =
W (z)F; (z) holds for x € N.

Using Theorem 1.3.19 for r = 1 we can conclude that the second order difference
operator (2.16) is symmetric with respect to the weight matrix W (2.15).

We now use Lemma 1.3.3 to see that the matrix orthogonal polynomials with respect
to W are common eigenfunctions of the difference operator (2.16). Since we have already
proved the symmetry of D, we have just to see that for any polynomial P, D(P) has
degree at most the degree of P. This is a consequence of Lemma 1.3.15 since

dgr(F;) <2, fori=0,1,-1,
dgr (F1 — F.1) =dgr (a(x +C)Raq— R;ﬁax) =1,
dgr(Fo+ Fi+F.1)=dgr((a-1)J +acRa,) = 0.

The expression for the eigenvalues follows by Theorem 1.3.17.
The proof of the theorem is now complete.

2.2.3 Example with dgr(F7) =1 and finite support

Our third example can be considered as a matrix relative of the Krawtchouk scalar weight.
It has then finite support and the coefficient F} of its associated second order difference
operator is a polynomial of degree 1 (the proof will be omitted because is similar to that
of theorems 2.2.1 and 2.2.3).

Theorem 2.2.4. Let A and J be the N x N matrices given by (1.25). Given a positive
integer k and a positive real number a, we consider the matrix

(2.22) Rao=(I+A)(I-aA)™",
and the matrixz weight defined by

_ a axF(H+1) x * x
(2.23) W_Q;)F(/a+1—x)x! A’a( A’a) Oz
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Then, the second order difference operator
(2.24) D) = $1()F1(2) + 50() Fo(@) + 51() 1 (a),
where

Foi(z) = Ry,

Fy(z)=-(a+1)J+aRaqx - R}z,
Fi(z) =-aRpq.x +axkRa,,

1s symmetric with respect to W. Moreover, the monic orthogonal polynomials with respect
to W are common eigenfunctions of D and its eigenvalues are given by

Ap=-(a+1)J+akRaq—-n (aRA’a + R;ﬁa) .

2.2.4 Example with dgr(F}) =2

Our third example seems not to have any scalar relative. The weight matrix has bounded
support and the difference coefficient F; has degree two.

For a positive integer x and complex numbers v; € C, 1 <4 < N — 1, we define the
nilpotent matrices (with order of nilpotency 2 and N -1 respectively)

—21)1
2.25 B= ,
( ) Rl
N-1
(2.26) C=v613+ Z 0; i1
i
We also define the diagonal matrix
N
(2.27) L=E&11 458+ ) (2i-3)&;.
i=3

It is a matter of computation to check that these matrices satisfy the following equations

(2.28) B*=0,

(2.29) BC =CB=0,

(2.30) ado L =2C - (k+1)B,
(2.31) adon L = 2kC*, for k> 2,
(2.32) adp L = 4B.

We are now ready to introduce our last example.

Theorem 2.2.5. Let B, C and L be the matrices defined by (2.25), (2.26) and (2.27)
respectively. We consider the matrizx

(2.33) Re = (I - %C) (I + %C)l
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and the weight matriz defined by

(2.34) W = i % (Ré_BSE(;U+1)) ((R ) o :E(x2+ 1))5%

Then, the second order difference operator

(2.35) D() =8:1()F1(x) + 8o(-) Fo(z) +5-1(-) F1 (),
where

(2.36) Fy=Bz*+((1-Kk)B-Rc)z+k(Rc-B),
(2.37) Fy=-2B2® - (R¢' +(1-K)B-Re)x + L,
(2.38) F., = Bz?*+ Rilz,

is symmetric with respect to the weight matriz W (2.34). Moreover, the monic orthogonal
polynomials with respect to W are common eigenfunctions of D and its eigenvalues are
given by

Ap=L+k(Rc-B)+n((1-k)B-Rc-R¢')+n(n-1)B.

Proof. We use Theorem 1.3.19 for r = 1 to prove the symmetry of D with respect to W.
For this we have to check the boundary conditions, Fi (k)W (k) =0 and W(0)F*(0) =0
and the equations

Fl(x_].)W(SU—]_):W(.’IT)Fjl(J?), fOI'I'Zl,"',Ii,
Fo(z)W(z) =W(2)Fj(x), forz=0,1, k.
We skip over the proof of the boundary conditions and the first symmetry equation since

it is similar to that for Theorem 2.2.1 (taking now s(z) = \/x(k+1-2x)).
We write W = Y5 T'(x)T* (x)d, for

T()\J T T(eD) (RCB@)

[(k+1-2)z!

Then, the equation Fy(x)W(x) = W(z)F(x) is equivalent to the Hermiticity of the
matrix function

x(2) = T™! () Fo(2)T ().

We again compute explicitly the function y to see that it is in fact a real diagonal matrix.
Consider the analytic function at 0

1+2
(2.39) f(z)= log( f) ,

1-3

and write S = f(C). This gives R = ¢” and Ro = e™®. The function f(C) only contains
odd powers of C, then by the property (2.29) we get that SB = BS =0, and so

5B = Be®® = B = e "B = Be 5%,
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Taking into account this remark as well as the property (2.28) we can write

_ | Pe+l-2)2! [ qp x(z+1) -
R o G

I(k+1-x)x! (I ~ Bx(a: +1) ) e—Sx)_l

"\ T(e+1) 2
| D(r+1-x)x! z(z+1)\ g,
\ ey [+B==— )es.

Because of (2.28) and (2.32), we have ad’; L = 0 for i > 2. Taking into account all these
properties we can write x(z) as the power series

1
(2.40) X(:c):L+((/i—1)B+e_S—eS+adsL+§adBL)x

1 1
+ (_zB +5adp (L+adg L)+ 3 ad% L)x2

% i1 i-2 i ‘
+> la.dB afls L, ac,is L), ads L z'.

We now prove that, except the first one, all the coefficients above vanish. To do that,
we use the following lemma.

i!

Lemma 2.2.6. Let B, C and L be the matrices defined by (2.25), (2.26) and (2.27). For
an analytic function f at 0 the following equations hold

(2.41) (5 +1)(0) ~2)B + ad o L + % adp L= 20 /(C),
(2.42) ad;':(lc) L=0, fori>1,
(2.43) adp (ady(cy L) = 0.

Proof. Write f(2) = Y0 arz”. Taking into account equations (2.30) and (2.31), we get

adpcy L = k%ak [CF L] = zkgoakkc’f —(k+1)a;B=2Cf'(C) - (k+1)f(0)B,

and then, using equation (2.32) we get
1
((k+1)f'(0) -2)B +adycy L+ 3 adg L =((k+1)f'(0) -2)B+2Cf'(C)
- (k+1)f(0)B+2B=2Cf'(C).
Since BC' = C'B =0, any power of C commute with B then, we have

adb Ly L= adh o) (201/(C) - (k+ DarB) =0, fori>1,
ad (adf(o) L) = adp (201'(C) - (v + D)1 B) = 0.
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Using now equation (2.41) of Lemma 2.2.6 for the function f in (2.39) (for which
f(0)=1) and S = f(C), we get

(2.44) (k-1)B+e -eS+adgL +% adp L= e - e +2Cf'(0C)
-1 -1
:e_S—eS+((I+€) +(I—€) )
2 2
=0.

On the other hand, using equations (2.42) and (2.43) of Lemma 2.2.6, we obtain

1 1
(2.45) 2B+ Sadp (L+ads L) + 5adgL:o,

1 AL ad%?L di L
(as als )+a5 -0, i>3,

(246) 2B\ G o)t
where we have also used the equation (2.32).

Equations (2.40), (2.44), (2.45) and (2.46) then give that x(x) = L, which it is a real
diagonal matrix. So Fo(z)W (z) = W (z)Fy(z) for x =0,1,-, k.

By Theorem 1.3.19 for r = 1, we conclude that D is symmetric with respect to W.

To see that the orthogonal polynomials with respect to W are common eigenfunctions
of D, we use Theorem 1.3.3. Since we have already proved that D is symmetric with
respect to W, it remains to see that for any polynomial P, D(P) is a polynomial with
degree at most the degree of P. This is a consequence of Lemma 1.3.15, since

dgr(F;) <2 fori=-1,0,1,
dgr (Fy - F_1) =dgr (((1-k)B - e —65)1' + /i(efs -B))=1,
dgr (Fo+ Fy + F_1) =dgr(L + k(e - B)) = 0.

Finally to obtain the expression for the eigenvalues we apply Theorem 1.3.17









Chapter 3

The convex cone assoclated to a
difference operator

It has already been mentioned that in the matrix case the family of orthogonal polyno-
mials can be eigenfunctions of several matrix difference operators, and the set of all these
different operators form an algebra, D(W). In this chapter we show what one can call the
dual situation of this fact. For a fixed difference operator D of the form

(3.1) D() = kz 5e()Fu(e),  Fi(r) eCVV[a],

we define the set of weight matrices
Y(D)={W :D is symmetric with respect to W}.

One straightforwardly has that, if Y (D) # @ then, it is a convex cone i.e., if Wi, W5 € T(D)
and v,¢ > 0 (one of them non null) then, YW + (W3 € T(D).

When Y(D) # @, it contains, at least, a half line: YW, v > 0. In the scalar case, the
convex cone of positive measures associated to a second order difference operator always
reduces to the empty set except for those operators associated to the classical discrete
measures in which case the convex cone is the half line defined by the classical measure
itself. The situation is again rather different in the matrix orthogonality setup. The
purpose of this chapter is to show examples of second order difference operators D for
which YT(D) is at least a two dimensional convex cone.

We provide two methods to find such examples (Section 3.1) and show a collection of
instructive examples (Section 3.2). We remark that the convex cones generated by both
methods have a completely different structure.

For similar results for the convex cone of weight matrices associated to a differential
operator see [36]

3.1 Some necessary and/or sufficient conditions for symme-
try

In this section we prove some necessary and/or sufficient conditions for the symmetry of
a difference operator with respect to a weight matrix. These conditions will allow us to

37
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develop the two methods for studying the convex cone of weight matrices associated to a
difference operator reported in the previous paragraph.

The first method is based on the method introduced in Chapter 2 to construct pairs
of weights W and difference operators D satisfying the symmetry equations (1.47).

Lemma 3.1.1. Let k be either a positive integer or infinite, and consider the weight matriz

W= z:T(x)T* ()0,

where T is certain matrix function satisfying that T(0) = 1. Let D be the second order
difference operator
D= 5,1F,1(£L‘) +50F0(x) +51F1(.7}),

where F_1 and Fy satisfy that F-1(0) =0 and if x is finite, F1(k) =0. Assume that there
exists a scalar function s(x) such that for x =1, K, s(x) #0 and

Fi(z-1)F4(z) = |5(33)|2 I, ze{l, - r}
F_l(IL’)
s(x)
T_l(m)Fo(x)T(x) is diagonal for all x =0, k.

T(x-1)=

T(x), forxze{l,- K},

Then, for any diagonal matriz of numbers S with positive entries, the difference operator
D is symmetric with respect to the matriz weight

W - iT(m)ST"(w)éz.

Proof. In order to prove the symmetry of D with respect to Wg, we use Theorem 1.3.19
for r = 1. It is clear that the boundary conditions (1.48) and (1.49) hold since F_1(0) =0
and if k is finite F} (k) = 0. By Theorem 2.1.1 it is clear that the first symmetry equation
holds.

Now for the weight matrix Wg = >5_(T(z)ST*(2)d,, the symmetry equation (1.47)
for [ = 0 holds if and only if the matrix T~!(x)Fy(z)T(z)S is Hermitian for all z in the
support. But this is a diagonal matrix, since by hypothesis 77! (z) Fy(x)T(x) is diagonal.
We have then that for any diagonal matrix S with positive entries, the second order
difference operator D is symmetric with respect to Wg. ]

The assumptions in the previous Lemma are not so restrictive as at a first glance
appeared to be. In fact, all the examples of weight matrices constructed in Chapter 2
satisfy those assumptions.

The next lemma provides a second method to construct convex cones associated to a
difference operator. Given a difference operator D, we show how to choose a real number
xo and a positive semidefinite matrix M (zo) such that the difference operator D is also
symmetric with respect to all the weight matrices of the form YW +(M (x0)dz,, ¥ > 0,{ > 0.

In the next Section, we will use this method to study the convex hull of two second
order difference operators. In one case the real number xy belongs to the support of W
(Theorem 3.2.5) and in the other it does not (Theorem 3.2.4).
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Lemma 3.1.2. Let D be a difference operator like (3.1) with s = —r. Assume that for
xo € R, there exists an Hermitian matriz My, such that

(3.2) Fi(w0)Myy =0, 1#0,—r<i<r,  Fy(xo)My, = M, Fy (z0).

If D is symmetric with respect to W then, for all real numbers v > 0,€ > 0, D is also
symmetric with respect to the weight matric YW + My, 0z, -

Proof. Notice that (3.2) easily implies that

D(P(x0)) Mz, Q" (z0) = P(w0) Mz, D(Q(0))"

Hence, the inner product defined by W = v + &My, 04, satisfies that

(D(P), Q) =1 {D(P), Q)w + ED(P(w0)) Mo Q" (20)
= ’Y(PvD(Q))W +§P(xO)Ma:0D(Q(xO))* = <P7D(Q))T/T77

where we have used the symmetry of D with respect to W. This shows that D is also
symmetric with respect to W. O

The above Lemmas in this Section provide two methods for constructing weight ma-
trices in the convex cone Y(D) of a second order difference operator D. In some of the
examples in the next Section we will prove that both methods produce all the weight ma-
trices in the convex cone Y(D). The key to prove that is the next lemma where we state
necessary conditions for the symmetry of a second order difference operator with respect
to a weight matrix in terms of the (generalized) moments of the weight matrix.

Lemma 3.1.3. Let W be a weight matrixz and write u, for its generalized moments p, =
f (i)dW(m), n > 0. Consider the second order difference operator D = $_1F_1+50Fy+51 F.
Write

X o X e
Foi(z) = F—1,2(2) + F—1,1(1) +F.10, Fi(x)= F1,2(2) + F1,1(1) +F1,

G():F_1+F[)+F1.

If D is symmetric with respect to W and the degree of D(P) is at most the degree of P
then,

(3.3) Gopo = 110G,
and forn >1

(3.4) [(Z)Fw n (T)Fm - (T)F_Ll + Go] i

n—1

n—1 n—1 o .
+ [( 5 )F1,2 + ( 1 )F1,1 + Fl,o] fin-1— Fo10 Y, (-1)7*" l,uj = punGy.
=0
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-1 -1
Proof. Using the basic identities (a;) = (Jlj ) + (x 1)7 and
n

n n-—

(062 G2)-Ee()

we get

o) e ral( )
G (- () () vael ()

n_l n—l T n-1 . €T
+ Fio+ Fi1+F -F —J_]+”’1( ).
[( 5 ) 1,2 ( ) ) 1,1 1,0] (n—l) 1,0;)( ) i

Since the degree of D(P) is at most the degree of P, we have that F_; — F} and G are
polynomials of degree at most 1 and 0 respectively (see Lemma 1.3.15). Hence Fy o—F_1 2 =
0 and D(1) = Go. Then,

o) =[(3)ma+ (e () v ] () _
+ [(n; 1)F1,2 " (”I 1)F1,1 " FLO] (ni 1) -F %(-Dﬁn—l(j)

Since D is symmetric, we have (D(i), 1) = ((i),D(l)), n >0, from where (3.3) and (3.4)
are deduced. O

3.2 Examples

Using the methods explained in the previous Section, we now study some illustrative
examples of convex cones of weight matrices associated to some second order difference
operators.

3.2.1 Examples constructed by using the first method

This Section will be devoted to a couple of examples of convex cones constructed by using
the first method mentioned in the Introduction (for more details see Lemma 2.1.1).
We first consider the second order difference operator

(3.5) D()=51(") (_Oa __C;b) +50() (1’8 1 —b$) 15, (—0.%' :L'b) .

x -z
We will show that its convex cone T(D) is formed by the weight matrices vW¢, 7,£ > 0,

where
B a® (1 bx\ (& O0Y[1 O
%_Zﬁ@ JQlﬂMl%”

zeN
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First of all, we stress that the perturbation produced by the matrix (g (1)) has a

nonlinear effect on the orthogonal polynomials with respect W (this is due to the non
commutativity of the matrix product). To evaluate this effect we next display an explicit
expression of the orthogonal polynomials with respect to W.

Lemma 3.2.1. For a>0, let (¢%),, be the Charlier polynomials given by (2.2). Consider
the matrices Yi(n,&), Ya(n) and Yz(n) defined by

2an nab -nb’a(a+n -
3o wwo-(] fnrs) v (g ),

(3.7) Yy(n) = (8 n(n —01)a2bz).

Then, for &> 0, the polynomials (P ¢)n defined by
Pre(x) = ¢, (2)Y1(n,§) + ¢,y () Ya(n) + ¢, () Y3(n),
are orthogonal with respect to the weight matriz We.

Proof. Notice first that the leading coefficient of P, ¢ is (-1)"Y1(n,&) which is a non
singular matrix.
We then have to check that the polynomials P, ¢, n > 0, satisfy the orthogonality

condition (P, ¢, 2™ )w, = 0, for m <n. To do that, we rewrite the weight matrix W as

We(x) = Z—TR(JE,E) with

R(x,§) = (5 +bl;23:2 blx) =2?Ry + xRy + Ro(§),

where

2
(33) Rz=(% 8) Rl=(2 8) Ro(§)=(g (1))

Accordingly, the inner product (P, ¢, acm)w5 can be rewritten as

(3.9) (Poet™w, = 3 = Poe(x)R(z,€)2™
k=0 L
= i a—TPn,g(.%') (.Z'2R2 + .’L‘Rl + Ro(f)) ™.
k=0 L

Using the three term recurrence relation for the Charlier polynomials [77], pp. 247-249,
we get

ZL‘QC%(ZL‘) =cp(@)-2n+2a+1)c, () +((n+1)a+ (n+ a)2 +na)c,(z)

—((n+a)na+na(n+a-1))c_(x) +na*(n-1)c_ ().
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By carrying a careful computation, using the previous recurrence relation for the Charlier
polynomials, as well as the expression of P, ¢ in terms of (3.6), (3.7) and (3.8), one can
see that

(1(/)5 ‘1)) Poc(2)(@? Ry + 2Ry + Ro(€))
( b(=Cpa1 (2) + (0 +a)cy(2)) cn () )

b2c? o (7) = (b2 + nb? + b%a)c?, (z) + (nb%a + £ + b%a)cl(x) —bc%,,(x)

Since the Charlier polynomials ¢, n > 0, are orthogonal with respect to the measure

oo} x

p = Z — 0z, we get from (3.9) that (P ¢,2™)w, =0 for m <n. Hence the polynomials
z=0 T

Pye,n2 0 are orthogonal with respect to W¢. 0

We now prove that the family of weight matrices YW, v,£ > 0, form the convex cone
of the difference operator D (3.5).

Theorem 3.2.2. For real numbers a and b with a >0 and b # 0, let D be the second order
difference operator defined by (5.5). Then,

T(D) = {vWe:v,£>0}.
Proof. Write T'(z) =1/ a_' ((1] bir ) An easy calculation shows that
x!

z+1 0

T(:c—l):\/_%F_l(x)T(x), T-l(x)Fo(x)T(x):( 0 .

) , Fi(x-1)F_i(z) = azxl,

where F_1, Fy and F} are the coefficients of §_1, §y and $1 in the second order difference
operator D (3.5). Lemma 3.1.1 gives then that yW¢ € T (D), v,£ > 0.

We now prove that actually the family vW, +,£ > 0, provides all the weight matrices
in the convex cone YT (D), that is

T(D) = {yWe:7,§>0}.
Lemma 3.1.3 gives that the generalized moments p, = [ (z)dU(m), n > 0, of each weight

matrix U € T(D) have to satisfy the moment equations (3.3) and (3.4). If we write
x x x
Foy(r) = F—1,2(2) + F—1,1(1), Fy(7) = F1,2(2) +F 1( ) +F 0,
Go = F_1 +F0 +F1,
these moment equations are (take into account that F_; 9 =0), for n =0,
(3.10) Gopo = 110Gy,

and for n >1
(311) I:(;L)FLQ + ’I”LFLl - ’I”LF_l’l + Go] Hn

n — 1 *
+ [( 5 )F1,2 +(n-1)F11+ Fm] pn-1 = pnGy.
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In our example we have that

(Z)F1,2+nF1,1—nF1,1+GO=(n+1_a —nb—ab)’ ng(l_a —ab)‘

0 n-a 0 -a

For a fixed n > 2, the matrices (Z)FLQ +nkFi 1 —nF_11 + Gy and G do not share any
eigenvalue. This implies that the equation (3.11) defines p,,, n > 2, in an unique way from
po and pp (see [61], p. 225). But ug has to be Hermitian, since U is a weight matrix,
hence it is easy to see that equation (3.11) for n = 1 also defines y1 in an unique way from
Ho-

It is just a matter of calculation to see that the set of solutions pg of the equation
(3.10) is formed by the matrices

n  aby
(abv g )

where v > 0 and 7 > ya?b? (since we are assuming that p is the first moment of a weight
matrix, and so it has to be a positive definite matrix). On the other hand, the first moment
of YWe, v>0,§ eR, is

. E+ab®+a’b® ab
U ab 1)

By choosing & = 1/ — ab® — a?b?, we see that for each weight matrix U € Y(D) there exist
v >0 and £ € R such that U has the same first moment pg as ye™*W;. Hence, since the
(generalized) moments py,, n > 1, of U and YW are uniquely defined from 1, we conclude
that U and yW; have the same generalized moments fi,, n > 0. It is then clear that U
and YW have also the same moments s,, n > 0, where s, = [ 2"dU(z).

We now prove that actually U = yW, and then, £ > 0 (since U is a weight matrix).
This can be done by different approaches. One of them uses Fourier transform and it
works as follows: consider the Fourier transform F(X) of a weight matrix X defined by
F(X)(z) = [e™™dX(t), z e R. F(X) is a matrix C*-function in R and

(%)n(}"(X)(x))z [anreEax ), wew

This shows that the moments of X are just (d/dz)" (F(X))(0)/i", n > 0.

Since U and yW¢ have the same moments s,, n > 0, we have that the Fourier transforms
F(U) of U and F(yW¢) of yW, have at 0 the same derivatives of any order. These
derivatives are equal to i"s,, n > 0.

It is easy to see that the Fourier transform F(yW¢) is actually a matrix entire function,

and accordingly

i r
lim |(sn)i,j|—' =0,
n—oo n.

for all » > 0, where Y; ; denotes the (4,7) entry of a matrix Y. Since s,, n > 0, are the
moments of the weight matrix U and the even moments s, of a weight matrix are positive
definite matrices, we conclude that

T,Qn

7}1_{1010 Tr(s2n) @m)] =0
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Since U and yW; have the same moments, according to Lemma 2.1 of [36], there exists
an entire function ® such that ®(z) = F(U)(«x), € R. Hence, the corresponding Fourier
transforms of U and yW; are entire functions which have at 0 the same derivatives of any
order. That is, the entire functions ® and F(yW¢) are equal and then, F(yW¢)(x) =
FU)(x), zeR. So U =~Wk. O

As we wrote in the previous Section, the assumptions in the Lemma 3.1.1 are not
so restrictive as at a first glance appeared to be. In fact, all the examples of weight
matrices constructed in Chapter 2 satisfy that assumptions. For the sake of completeness,
we display a second example (the proof is omitted), now in arbitrary size, using the same
method and based again in an example from Chapter 2. In this case the convex cone
Y (D) is, at least, N-dimensional.

For this example we recover the matrices, A, J in (1.25) and introduce the N x N
matrix R4 4

N-1 N
(3.12) A=Y v, J=YAN-&i  Raa=(I-A)I-ad)™",
i=1 i=

where symbol &; j stands for the N x N matrix with entry (7,7) equal to 1 and 0 otherwise,
and vy,--,vNy_1 are complex numbers.

Theorem 3.2.3. For real numbers a and ¢ with 0 < a <1 and ¢ > 0 let D be the second
order difference operator defined by

D(-)=861()Fi(x) +So(-) Fo(z) +6-1(-) FL1(2),

where
F_1($) = R;ll,axa Fl(x) = a(x + C)RA,av
Fy(z)=(@-1)(J-(N-1)I) -z(aRaq+ R4,).
Then, {YWe, eny :7:& > 0,0 =1, N =1} € (D) where
& 0 0
kad aT(x+c) . o . A\
Wfly“',qu = P(C) Z RA,a 0 « &vq O (RA,a) -
0 - 0 1

3.2.2 Examples constructed by using the second method

We now use the second method to study the convex cone of some second order difference
operators.
We first consider the second order difference operator

(3.13) D() 251(-)F1(:L') +50(-)F0(3?) +5_1(-)F_1(a:).
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where F_1, Fy, Fi are the matrix polynomials given by

Fo(z) = ‘b(:L“—_li(a—l) ab%(:p;bla)(a_l))’

Fo(z) = b(a(cﬂ)l—x)—b‘1 —ax(bQ(ctsizéa_l)_l))’
0 a(c+z)((z+1)b*(a-1)-1

Fi) =, (b(cm)a ))7

along with the weight matrix

& aT(z+e) (z+b02(a-1)222 b(a-1)z
W_;)T( ba-1)x 1 )593'

Theorem 3.2.4. For real numbers a, b and ¢ with 0 <a<1,0<c, a#1/2+1/(2b%) and
b#0, let D be the second order difference operator defined by (3.13). Then,

(D) = {yW +¢ (_Sc.fgc(b) I/S(I%S))) Sy > 0,620},

where sign(b) stands for the sign of b.

Proof. 1t is a matter of calculation to check that W and D satisfy the symmetry equations
Fi(x-0)W(xz-1)=W(x)F*(z), forz>1
Fo(x)W(x) =W (x)F;(z), for x>0,

as well as the boundary condition W(0)F* (0) = 0. By Theorem 1.3.19 we can conclude
that W e Y(D).

To simplify the writing, we set
M- q|b|c —sign(b) ‘
~sign(b) 1/(alblc)

For x = —c¢ we then, have

COM - b(c+1)(a-1) ach?(c+1)(a-1) alplec  —sign(b)) _
Fo(=e)M = 1 —cba ) (—sign(b) 1/(a|b|c)) =0,

B _ 0 0 a,|b|c _Sign(b) —
Fi(-c)M 0 0)(—sign(b) 1/(a|b|c)) ;

—1+cb? 2 2 i
B _[—p— ~ac (cb a—cb”+ 1) alble - sign(b)
Folant={"y 2cha —sign(®) 1/(altle)
_ (sign(b)ca®b®  -alble
- —alblc —sign(b) )’
. alble  —sign(b) “Lich? 1
MEFy(-c) = . b
0(=¢) —sign(b) 1/(alblc) ) \-ac(cb?a - cb? + 1) 2cba

sign(b)c?a’b?  —alb|c
—alble —sign(b) )"
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By Theorem 3.1.2, the weight matrix YW + M _., v > 0,£ > 0, is also in the convex cone
Y (D) of D.

We now prove that actually this family of weight matrices provides all the weight
matrices in the convex cone Y(D), that is T(D) = {yW +EMd_.:v>0,€ >0}. The proof
is similar to that of Theorem 3.2.2, hence we only sketch it.

Lemma 3.1.3 gives that the generalized moments pu, = [ (fl)dU (z), n > 0, of each
weight matrix U € T (D) have to satisfy the moment equations (3.3) and (3.4). If we write

X X X X
Fq(z) = F—1,2(2) + F—1,1(1) +F_1, Fi(z) = F1,2(2) + F1,1(1) + Fi 0,

G() = F_1 +F0 +F1,
these moment equations are, for n =0,
(3.14) Gopo = 110Gy,

and for n>1

n n n
(315) [( )FLQ + ( )Fl,l - ( )F—l,l + Go] Mn
2 1 1
n-1 n-1 = i .
" [( 2 )FL? * ( 1 )FM + Fl,o]ﬂn—l ~Foi 3 (Z1)77 = pn Gy
j=0

In our example, (g)FLQ +nFy 1 —nF_1 1+ Go and Gg are upper triangular matrices with
diagonal entries equal to

b(a-1)n+abc+ab-b-1/b, abc—ab, abc+ab-b-1/b, abc,

respectively. Hence, for a fixed n > 1, and except for the values a = 1/2 + 1/(2b?) and
a=1+1/((n+1)b?), the matrices (Q)Fl,z +nFy 1 —nF_11+Gp and G do not share any
eigenvalue. We need not to consider these exceptional values: a = 1+ 1/((n +1)b?), since
we assume a < 1, and a # 1/2 + 1/(2b%). Hence, equation (3.15) defines j,, n > 1, in an
unique way from pug (see [61], p. 225).

It is just a matter of calculation to see that the set of solutions pg of the equation
(3.14) is formed by the matrices

n —aber
(—abCT T )’

where 7 > 0 and 7 > 7a?b?c? (since we are assuming that pg is the first moment of a
weight matrix, and so it has to be a positive definite matrix). On the other hand, the first
moment of YW +EM_., v,€ € R, is

I'(e)

212 . 320 1N _ 1 _p2
ac(a*b c—ab*(c—1) - 1-b°) —abe
1 - a—-1 +EM.
(1-a) —abc 1

It is then easy to see that given 7 and 7 there exist «, £ € R such that U has the same first
moment pg as YW + EMd_.. Hence, since the generalized moments ., n > 1, of U and
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YW +EM6_. are uniquely defined from pig, we conclude that U and yW, have the same
generalized moments p,, n > 0. It is then clear that U and vW + £Md_. have also the
same moments s, n > 0, where s,, = [ 2"dU (z).

In order to prove that actually U = yW +&M6_., we can use again the Fourier transform
(as in the proof of Theorem 3.2.2), taking into account that F(U) and F(yW +EM_.)
have at 0 the same derivatives of any order, that F(yW + £Md_.) is an analytic function
in the open half plane {z € C:loga < Jz} and that 0 is contained in that half plane (since
O<a<l). O

We finally display an example in arbitrary size N x N.
Consider again the N x N matrices given by (1.25),

N-1
A= > v, J =

i=1

M=

~
Il
—_

(N -1)&4,

where the parameters v; satisfy the following constrains: for ¢ =1,---, N — 2,
(3.16) (N —i-1DaviPlon-1]* + (N = 1)|vi|* = i(N = i)jon_1]* = 0.

Let W be the discrete weight matrix given by
(3.17) W= 51+ A1+ A7),
z=0 T

It was shown in Theorem 2.2.1 that the difference operator
Di()=5_1()(I+ A)_la: +50()(-J - (I + A)_lx) +a$1(:)(I+A)

is symmetric with respect to the weight matrix (3.17). In [57, Theorem 3] it was proved
that, under the constrains (3.16), the difference operator

Do(-) =6-1(-)H-1(x) + So(-) Ho(z) + 51 H:1(2)

where

N-1

H_ (x) = [(I + A)_l - I] 4 (a|vN_1|2

I+J)x,

Hi(z)=[(I+A) " ~I]2*+ (2 -NI-aA+ (T +A) )z

N -1
+G(I+A)(WI+J)(I+A*),

Ho(.’]’j) =- H_l(l‘) - Hl(CL‘),
is also symmetric with respect to W.
Theorem 3.2.5. Let w be the non zero (row) vector in CN whose entries satisfy

N —i
(318) Wit1 = ( — Z)wia wy = 17
av;
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and write My for the N x N positive semidefinite matriz My = w*w. For

(N - 1)(1 + a|vN_1|2)
CL|’UN_1|2

A=-—

)

consider the operator D3 = AD1 + Dy. Then,
{YW + EMydog v >0, £>0} € Y(D3).

Proof. Since Dj is a linear combination of two symmetric operators with respect to W, it

is also symmetric with respect to W. Write
Ds(:)=5_1(-)F-1(z) + So(-) Fo(z) + 51 F1(x).
By Lemma 3.1.2, if we prove that Dj satisfies the conditions
(3.19) Fi(0)My=0,  MF(0)=0,  Fo(0)Mp = M F;(0),

then, we have that D3 is symmetric with respect to the weight matrices YW +£&Mydg, v > 0
and £ >0, i.e. YW +EMydg € T(Ds3).
The coefficients of D3 are given by

Fi(z)=[(I+A) " ~I]2*+[2J - NI -aA+ (I +A) ]z

N1 I+J)(I+A )]
lon-1]?

+a(l+A) [)\I+(
-1 2 N-1
Fa(z)=[(I+A) ' =I]a?+ | ———T+J+A(I+A)”"
CL|UN 1‘
Fo(z)=—F_1(z) - Fi(x) = X(J —a(l + A)).
It is obvious that the second condition in (3.19) holds since F_1(0) = 0. To see that the

first condition in (3.19) holds, we point out that under the constrains (3.16) we have

F1(0) =a (1 +A)| A+ (ﬁu J) (I+A*)]

=a(I+A) ——(N DI+J+

—12A* + JA*:I
alvn_1|

=a(I+A) ]ZV:(l _i)gi,i + Z(w + (N—i)@il)gi,iljl
[i=1 2\ alon-|
[ X -1+

(e )| S ey RO

where the last equality holds because of the constrains on v;, (3.16). Now it is straightfor-
ward to see that, because of (3.18), w* is in the kernel of F;(0), and hence F3(0)M)j = 0.
For the third condition in (3.19), notice that

Fo(0)My = (-F1(0) = F_1(0) = A (J—a(I+ A))) w'w=-A(J+Aa (I + A)) w*w.
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And also MyF;(0) = -Aw*w (J —a (I +A*)). Then, to see that Fy(0)My = My E;(0)
it suffices to check the following equality, (-J + aA) w*w = w*w (-J + aA*). We write
N
w = Z w;e;, where (ei)f\i | is the canonical base of CN. Then, we have that
i=0

N N
(—J + (IA)MO = (Z(Z - ]\7)51,Z +a Z 'Uigz',iJrl) wrw
i=1 i=1

N

(2;((1' - N)w; + aviwm)ei) w

((i- N)wiwj + aviﬁ)nle) Ei g
1

™M=

1,J

=2

Mo(=J +aA™) = 37 ((j - N)wiw; + avjiiwj1) ;.
Q=1

So we have that (-J + aA)My = My(-J + aA*) if and only if
(’i — N)@inj + av; Wi W5 = (] - N)’lIJiwj + aV;WiWj+1-

By dividing both sides of the previous equality by w;w; we get that (-J + aA)My =
My(=J +aA*) if and only if

Wil Wi+1

(i—N)+avZ-

=(j—N)+CL1_}j
i wj

_ N
_wf” = ( ) , and then both sides of the previous equality

But this is true since by (3.18)
W; av;
are, indeed, 0. With this last equzality it is proved the third condition in (3.19). O






Chapter 4

Matrix polynomials satisfying
g-difference equations.

In the theory of scalar orthogonal polynomials, those families of orthogonal polynomials
being solutions of a g-differential equation of the form (1.29)

0(x) Dy (Dy(p(x))) + 7(2) Dg(p(x)) = Ap(),

where o and 7 are polynomials and D, is the g¢-differential operator (1.30), are called
g-classical polynomials of the Hahn class (we will refer to them simply as g-classical poly-
nomials).

The previous g¢-differential equation can be written in terms of g¢-shift operators,

& (f(x)) = f(¢'z) for l € Z, by

(4.1) f-1(x)€1p(x) + fo(x)€op(x) + f1(z)Eip(z) = Ap(2),
where
o) o) = (1+qHo(x) N 7(z)
L e e ) (R P (e Py

(I-q)(1-g D (1-g)’
We consider here a matrix analogue of the ¢-difference operator, defined by
C1()Fi(z) + € () Fo(z) + €1(-) Fi(x),

where F;(r) are matrix polynomials in 2! such that dgr(F}) < 2, dgr(¢F1+Fo+q ' F.1) <1
and dgr(F1 + FO + F_l) =0.

Such a g¢-difference operator is symmetric with respect to a g-weight if it satisfies the
symmetry equations

(4.2) Fo(q")W(q") =W (q")Fo(q¢")", weN,
Fi(qg" YW (") = qW(q")Fa(q®)*, @ eN\{0},

ol
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and the boundary conditions

(4.4) W(1)F.1(1)* =0,
) q2wF1(qx)W(q“) -0, asz— oo,
(4.6) q" (F1(¢")W(q") -W(q")F1(¢")*) =0, asz — oo.

In this chapter we introduce a method to solve the symmetry equation (4.3) for a
second-order g-difference operator with respect to a ¢-weight

(4.7) W= quCW(ql‘)éqw-

We then construct a matrix relative of the little g-Jacobi polynomials and we explore
some of their properties.

The following lemma give us a method to solve equation (1.53) in Theorem 1.3.21. We
omit the proof for being completely analogous to that of Theorem 2.1.1.

Lemma 4.0.6. Let s(x) be a scalar function satisfying s(q*) # 0 for x € N\{0}. Assume
that F1 and F_1 are matriz-valued polynomials such that

(4.8) Fi(¢" ) Fa(q”) = als(¢")P1, Vo e N\{0}.

Let T be a solution of the q-difference equation

(4.9) T(¢" ") = s(¢") ' Faa(q™)T(¢%), = eN\{0}, T(1)=1I.

Then, the q-weight defined by W (q*) =T (¢*)T(¢")* satisfies the symmetry equation

Fi(qg" YW (") = qW(q")F_1(¢®)*, e N\{0}.

4.1 A matrix-valued relative of the little ¢g-Jacobi polyno-
mials

In this section we construct a family of matrix orthogonal polynomials that can be con-
sidered as a matrix relative of the little g-Jacobi polynomials.
For a € R\{0} consider the matrix

(4.10) R = aA - qelos@(J+4) _ ~log(a)(J+A)

where A and J are the matrices given by (1.25). Notice that, since —aelos(@)(J+4) _
e~ 1o8(@(J+4) nag different eigenvalues, so does R, therefore it can be diagonalized. Let S
be a matrix such that S™'RS is diagonal,

(4.11) S (aA _ gelos(@(J+A) _ 6—10g(q)(J+A)) S = —aeos@7 _ s _ g0 g

We set the matrices

(4.12) M=SYJ+A)S, L=¢¥=5"1"s U=aS'4S.
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Theorem 4.1.1. Let a e R\{0}, 0<a<q ! and b< ¢!, and consider the matrices M, L
and U given by (4.12). The q-difference operator

(413)  D()=¢4() (a7 -1) L7+ &) (U-a"(aL+ L") + & (-)(az™" - abq) L

is symmetric with respect to the weight matriz W supported on ¢ and given by

a®(bq; q)z
(4:9)

Proof. To prove that (4.13) is symmetric with respect to (4.14) we apply Theorem 1.3.21
for r = 1. Then, it suffices to show that the symmetry equations (4.2), (4.3) and the
boundary conditions (4.4), (4.5) and (4.6) hold. We proceed in three steps.

First Step. The symmetry equation Fi(¢" D)W (¢*') = ¢W(¢*)F_1(¢%)* holds for
xeN.

We use Lemma 4.0.6 to see that this ¢-difference equation holds. To do so notice that
the coefficients Fy = (aq ™! —abq)L and F_y = (¢°% - 1)L~ satisfy

(4.14) W(q®) = L*(L*)", zeN.

xr— X - - - xT 2
Fi(¢" ) Fa(q") = (ag™ —abq) (¢ 1) LL™" = |s(¢")[ I, z>1

and s(¢%) = /(ag 1 —abq) (¢~ — 1) # 0 for x > 1. On the other hand, the g-weight (4.14)
can be factorized as

(4.15) W(q") =T(¢")T(¢")", T(¢") = g%gﬁsfliLx,

and T satisfies T'(¢*!) = /49 F1(¢")T(q"):

s(q®)
Va ey oy Valg-1) a*(bg;q)z -1 12
S(QI)F_I(q () = V(ag'=* —abg)(g* - 1) (49 LL

| a0 -¢") a0 Qa ;p1 | "G Qa1 ;4
‘mefww (@) _J @Des

=T(¢" ).

Then, Lemma 4.0.6 applies, and the symmetry equation

Fi(q® YW (g"™") = qW (¢") F1(q")*

holds.
Second step. The symmetry equation Fo(q*)W(q¢*) = W (q¢*)Fo(¢*)* holds for x € N.
By using the factorization W (¢*) = T'(¢*)T(¢*)* this symmetry equation is equivalent
to the Hermiticity of the matrix function

(4.16) T(¢") ' (U-q"(aL+ L") T(q"), forallzeN
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We see that this matrix is actually a real diagonal matrix for all z € N, hence it is Hermitian.
Taking into account formulas (1.22), (4.15) and the definition of the matrix L (4.12), we
can write

T(q") " (U-q"(aL+ L)) T(q")
_ q—M:r (U _ q—x(aS—qu+AS " S—lq—(J+A)S)) qMa:

= Z ﬂxl log(q)’ (Adsz U-aStq/*4s - S_lq_(‘”A)S) .
0
Notice that the matrices U and M given by (4.12) satisfy
[M,U]=aS™ (J+A)SSTAS -aSASS ™ (J+A)S=aS™ (JA-AJ)S=aS AS=U.

Therefore Adjy, U = U for all i > 0 and then,

=) 2*log(q)’ (U_as—qu+AS_ S—lq—(J+A)S)

7!

Nk

T(q")" Fo(¢")T(4") =

S
Il
o

(—P ' log(q)' S~ (aA_aq(J+A) _q—(J+A))S'
1.

s

<
Il
[e=]

By (4.11) we get

B °© (-1 [ ) B
T(¢") ' Fo(¢")T(¢") = Y. ( Z.,) 2'log(q)’ (—aq” —¢77),
i-0 L
since all the parameters involved are real, this is an Hermitian matrix for all z > 0, therefore
the second symmetry equation (4.3) holds.
Third Step. Boundary Conditions.

It just remains to check the boundary conditions

(4.17) W(1)F.1(1)" =0
(4.18) lim ¢**(Fi(¢")W (")) = 0
(4.19) lim ¢*(F(¢")W(¢") - W(g*)Fi(¢")") = 0.

It is clear that the boundary condition (4.17) hold since F_i(z) = (2! - 1)L7!. To see
that (4.18) is satisfied, we use the factorization of W (4.15). Write W = p(¢*)L*(L")*
x b .
where p(¢”) = % is the g-weight associated to the little g-Jacobi polynomials, then,
4:9)x
¢*W(q"*) - 0 when 2 — oo, and we get

lim ¢ (Fi(q")W(q")) = lim ¢**(aq™" — abg) LW (¢") = 0.

For the last boundary condition (4.19) we see that

q%ﬂmﬁwmﬂ—wmﬂmmﬂw=f%%%%x@ﬂ=¢ﬂfﬂ«f»
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where K (¢") is a matrix polynomial in ¢”. Then, since p(¢®) is the scalar weight for the
little g-Jacobi polynomials, we have that

lim ¢"p(¢")K(¢") = 0.
Notice that for the matrices J and A (1.25), J + A can be diagonalized and so does
S7H(J + A)S. Let S; be the matrix such that (S;)"1S™1(J + A)SS; = J, then, since
L = §71elo9(@+A) § we have (S1)'LS; = ¢’ and
Lx+1 (L*)x _IF (L*)z+1 _ (qJ(x+1)(Sl)—1(Sf)—1qJ;c _ C]J(JHI)(Sl)_I(Sf)_Iqu) Sie
= 197" (¢7(S1) 7 (ST = (S) TS M) g7 Sy

We write
q(Nfl)w

Jz _ q(N_Q)I —_ N
(4.20) ¢ = § =Q(z) +Enn,

1
where we recall that &; ; is the matrix with 1 in its (4,7) entry and zero otherwise. Then,
L7 (L) = L7 (L) = S1(Q(w) + Enn) (a7 (51) 71 (ST) " = (1) 71 (ST) '¢?) (Q(w) + Ewn) St

= 51Q(x) (¢7(S1) 71 (SP) ™ = (81)71(SP) '¢”) Q(x) S} + ©(x)
(4.21) = qzxKl (z) +O©(q"),

where K1(¢”) is a matrix polynomial in ¢* and
O(z) = S1&vn (g7 (S (ST = (1)1 (S1) '¢”) Q=) St
+51Q(x) (¢7 (ST = (51)7TH(ST) ) StEnn
+S1E0n (a7 (1)) T = (57T ) EnnST
Notice that Enn (¢7(S1)7H(S) ™ = (S1)71(S7)¢”) Enn =0, therefore
O(z) = Si€nn (¢7(51) 7 (ST = (S1) 7 (57) ¢”) Q=) 57

+51Q(x) (¢7 (1) (SH T = (S1) TS e StEnn
(4.22) =q"Ka(q"),

where K3(q") is a matrix polynomial in ¢”. Then, it follows from (4.15), (4.21) and (4.22)
that

lim ¢* (F1(q")W(q") - W(q") F1(¢"))

“(bq; q)z *\T T (T HA\E
= lim cﬂ(aq_’”—abq)w(LQCJr1 (L") = L* (L") +1)

(69
. - —z a®(bq; q)x x x T x
= lim ¢*(ag —alxl)%(q2 K1(¢") + " K2(q"))

i & (00 De

v (q;q)

(a-abg™™") (¢"K1(q") + K2(¢")) =0,
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so the third boundary condition (4.19) also holds, and we have seen that Theorem 1.3.21
applies. Then, we can conclude that the ¢-difference operator given by (4.13) is symmetric
with respect to the weight matrix W given by (4.14). O

Since the coefficients F', Fy and F_; satisfy the degree conditions given in Theorem
1.3.20, the g¢-difference operator D takes polynomials into polynomials and it does not
raise the degree of polynomials. Then, we have the following corollary.

Corollary 4.1.2. Let (P,),, be the sequence of monic orthogonal polynomials with respect
to the q-weight (4.1/), then

D(P,) =ApPn, Ap=-¢ 'L +U-abg"'L

Observation 4.1.3. The weight matrix presented in the previous theorem cannot be re-
duced to scalars. To see that, notice that from the definition of A, (1.25), for vy, un_1 €
C not all of them zero, the matriz A is not normal, which implies that W (¢*)W (¢¥) #
W (g¥)W(q*) for ally # .

4.2 A matrix valued ¢g-hypergeometric function

As in the continuous case, for certain vector-valued g¢-differential equation one can describe
its analytic solutions around = = 0 in terms of a matrix analogue of basic hypergeometric
functions. This can be used to describe the rows of the eigenfunctions of a matrix ¢-
difference operator with diagonal eigenvalues.

In this section we introduce a matrix-valued basic hypergeometric function and show
how this matrix function defines the analytic solutions of a g¢-difference equation. This
work is based in the matrix-valued hypergeometric functions introduced by Tirao [98] and
presented in the preliminaries. It is worth to mention that the matrix function that we
introduce here is different form that introduced in [17], where some extra factorization
assumption are required.

We start by defining the matrix basic hypergeometric function 97;.

Definition 4.2.1. Let A, B,C ¢ CN*N where o(C) n g "M% = & Define

(A7Bvc7Q)O:I7
(A, B:Ciq)y = (A, B; C3q),, (I -4 A= 2B) (I - ¢"C) ", k> 1.

Define the function ony by
l,n
(G On

Theorem 4.2.2. Let A, B,C ¢ CN*N such that o(C) n ¢ = & Then, for Q° ¢
cN.Q"+0

AB =
n=0

(4.24) Q($)=CfBCH[A5?;%qw]
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s a solution of the vector-valued q-difference equation
(4.25) Qg ') (1-2)+Q(z) (-1 -C +xA) +Q(qx) (C +xzB) =0,

with initial condition Q(0) = Q°. Conversely, any vector-valued analytic solution Q(x)

around 0 of (4.25) with initial condition Q(0) # 0 is of the form (/.24).
Proof. We will prove that any analytic solution of (4.25) is of the form (4.24).
Let @ = Z Qkxk be an analytic solution of (4.25) with Q° # 0. Applying the Frobenius

k=0
method we get the following recursions formulas for the coefficients of @:

Q=qQ",
OZQk((q—k_l)I+(qk_1)C)+Qk—1(_q—k+II+A+qk—lB)’ E>1.
Then, we get
Qk _ _Qk—l (_q—k+II+A+qk—1B) ((q‘k DI+ (q"’ B 1)0)—1
= QMM (1 =g A= B) (- DI+ (6" - 1)0)
- QMg (141 A= 2B) ((1- )1 -d*(1-4")C)

_ a _qqk)Qk_l (I_qk—lA_qQk—QB) (I_qkzc)_ll

By iterating this process we obtain

Q- L Q4. B:Cig)
- (QQ)k ’ ’ 34 )ns

and therefore, @) is given by 4.24. O

4.3 The 2 x 2 case in depth.

In this section we study in depth a family of matrix valued orthogonal polynomials intro-
duced in Section 4.1 for the size N = 2. First, by exploiting the factorization of the weight
matrix we can write the polynomials in terms of scalar little g-Jacobi polynomials. Then,
we apply the results presented in the previous sections to write the orthogonal polynomials
as basic hypergeometric functions. We also provide a Rodrigues formula as well as a three
term recurrence relation for this family of polynomials.

The next theorem is just Theorem 4.1.1 for N =2 and a = (1-¢)(q¢"* - a).

Theorem 4.3.1. Assume a and b satisfy0<a < g ' andb<q™'. ForveC define matrices

(4.26) U:(g v(l—q)(()q‘l_a))7 M:(é 8)7 L:elog(q)M:(g _U(ll_q))'

The q-difference operator given by

(4.27) D= G,lF,l(ZL‘) + QfoFo(:L‘) + €1F1(£U),
Fa(z)=(z'-1)L7', Fy(x)=U-2""(L ' +aL), Fi(z)=(az' -abq)L,
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satisfies DP,, = A, P,,, where (P, )ns0 are the monic polynomials orthogonal with respect to
a weight matriz of the form (4.7) with

N /1Y) Py
(4.28) W) =a e (1),
and the eigenvalues are
-n—1 n+2 n+1 1-n -1
_ (¢ —abg" v(1-q)(abg™ —q " +q7 —a)
(429) ATL - ( 0 _q—n _ Cqun+1 .

4.3.1 Expression in terms of little ¢-Jacobi polynomials.
For N =2 and a = (1-¢)(q"* - a) the weight function (4.14) takes the form
W(gt) = “ 050 (qu + o (1-¢%)* —o(1- q“))
(4:9)x -u(1-q") 1 ’

and by Theorem (4.3.1), the sequence of monic orthogonal polynomials (P,),, with respect
to W satisfy

(4.30)  Pu(q ') L7 + Po(2) (U -2 (aL + L7Y)) + (az™! - abq) P(qa) L = Ap Py (),

where

: _q—n—l__abqn+2 2}(1__(])(@1%]7“1__ql—n_l_q—l__a)
(4.31) An = ( 0 g — abg™! .

The following theorem gives the explicit expression of the matrix orthogonal polyno-
mials in terms of the little g-Jacobi polynomials.

Theorem 4.3.2. The monic matriz-valued orthogonal polynomials are of the form

Bo(z) = M1 Kipn(a;ag®,biq)  Kiappe (23a,b39) + K7y (1 - )vpa (a3 ag®, bsq)
" " \k5pn-1(z5002,b;q)  KSpn(z;a,b;q) + 65, (1 - 2)vpn-1(z;a¢?,b;9) |

where
1 Hn
(4.32) M, = 1 abgn?’ |,
0 1
pn(x;a,b;q) are the little q-Jacobi polynomials
—n7ab n+1
(433) pn(xaa7b|Q) = 2¢1|:q 1 ;qaqx:|>

and the coefficients k;'; are given by

3. .
130) = (1)g(3) (0D d = (1) (s (a6 Dot
e (abg™%; q)n b= (T (abg™*%; q)n+1

—ni2 (L=g") (= bg") == Ky
K31 = &nag n+2(1_aq)(1—aq2) B K=& 1; ;
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where

(1-q")(1-bg") )1.

n = 1 2
¢ ( e e Ty (1 = ag )

Proof. Let (P,)y be the sequence of orthogonal polynomials given by P, = M, P,. Then,
D(P,)) = M;'AnM, P, = A, P,.

A straightforward computation gives that for M, and A,, given by (4.31), the following
holds 3
Ay = M AnM,, = diag(-¢™" = abg"™*?, —¢™" — abg™*1).
We now write
5 Piaa”)  p1a(q")
P,(¢*) = M,P,(¢*) =" _ ,
na) = MnFnld") (pm(qx) P (4");
P(e”) Pa—(1=g")vpti(¢")) _ (r11(q") ria(q”)
4.35 Yo p (oL =4 Ifn(q ) P12 ( P11 - (™1 12 ]
435) Qoo =m= (L0 T () - (s T
Taking into account that the sequence of monic orthogonal polynomials, (P, ), satisfies
(4.30) and that L™ Fy(¢®)L" is diagonal (see Theorem 4.1.1) we obtain

(DP,)(q")L" =Po(q" ") (¢ '2) L7 L* + Po(¢")L*L™* (U =2~ ' (aL + L)) L*
+ (az™! - abq) P, (qz) LL"

(- 1)Qu(d) + Qulg)a (_(q_lJ Wl a>)

+ (ag™® - abg)Qn(g"*")
(4.36) =diag(-¢""' = abg"*?, ¢ — abg" ™ Qn(q"Y).

Since the eigenvalues, as well as all the matrix coefficients involved, are diagonal, (4.36)
gives four uncoupled scalar-valued ¢-difference equations. These equations can be matched
with the g-difference equation for the little g-Jacobi polynomials, giving

p?l = E?lpn(ma CLqQ, bv q)7 p?Z = /1?2]?”_1(.%‘; aq27 b7 q)7
r3 = k51 pne (23aq%, b5 q), T = Kopn (25 a,b;q),
where p,(z;a,b;q) are little g-Jacobi polynomials, and «;; € C are constants that need to
be determined. Then, we can write
Py (x) = Kipn(asag®,biq)  Kisppe (23a,b39) + K71 (1 - )vpa(a;ag®, b;q)
" Ky Pn-1(2506%,b;9)  K5opn(w;a,b;9) + 65, (1 = x)op,-1(z; ag®, b; q)

From the expression of the leading coefficient of P,, M,,, the coefficients 7, and k7,
are determined and one can easily see that they are given by (4.34). The expression of
M, also gives the relation

(4.37) KD =g " (gaq;q)n K v (1-aq)(1-ag?)
| )

(g7, abg™ !5 q)n (1-abg™*1)(1 - agm!)’
By using the orthogonality of P, we can determine completely x5, and k5, and they are
given by (4.34). This completes the proof of the theorem. O
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Corollary 4.3.3. For the matriz-valued polynomials (Py)ns0 with diagonal eigenvalues
we have

(Pma Pn)W = Hn5m,n’
where H,, is the diagonal matriz

(4.38)
H, = diag(|x}1[*hn(ag®, b; q) + |k1o[*hn(a, b; ), |65, *hi (ag®, b; @) + K552 R (@, b3 @),

and hy(a,b;q) = ||pa(a,b;q)|*.

4.3.2 Expression as a matrix-valued ¢-hypergeometric function

Let P, ; be the i-th row of the matrix-valued polynomial F;. Since the matrix polynomials
P, satisfy D(P,) = A,,P,, where D is given by (4.27) and A,, are diagonal matrices, this
g-difference equation can be written as two decoupled row equations

(4.39) DP, i(x) = Pnji(q_lx)F_l (z) + Ppi(x)Fo(z) + Pri(qx) Fi(x) = A i P,

-n—1 n+2 -n n+1
;A

where 7 = 1,2, A\, 1 = —¢ — abq n2 =—q " —abg and P, ; are the rows of the
matrix polynomials P,.
We rewrite (4.39) by multiplying on the right by zL, where L is given by (4.26), we

get froe=1,2,

(4.40)
Pm-(q_lx) (1-z)+ P,i(x) (w (U-Mil) L - (I + aLZ)) + P(qx) ((a - aqu)LQ) =0.

Proposition 4.3.4. The vector-valued orthogonal polynomial solution of (/.40) is given
by

UL - AL, —abqL?

(4.41) Poi(z) = Pn,i(O)ZGl[ al?

§Qaq13:|'
Proof. Since o(aL?) ng "M% = {1,¢%} n g% = & we apply Theorem 4.2.2 on (4.40) to
get (4.41).

Notice that the initial values of the terminating series (4.41) can be determined by
Theorem 4.3.2, and are given by

n n n
Py (0) = K11 Ko RV
AT kD nor kol
Ro1 Kag 21

4.3.3 The three term recurrence relation and the Rodrigues formula

In this section we compute the coefficients of the three term recurrence relation for (P,),
and we show a Rodrigues formula for them.
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Theorem 4.3.5. The sequence of orthogonal polynomials (P,), satisfies the three term
recurrence relation

(4.42) 2Py () = ApPpii(x) + BpPp(x) + Cp Py,
where the matrices A,, B, and C, are given by

An = MM Cn=AH,H!,,

By = ~An Pt (0)(Po(0)) ™" = C Pt (0) (P (0)) 7,
and M, and H,, are given by (4.32) and (/.38) respectively.
Proof. Consider the recurrence relation
(4.43) 2Py (z) = ApPpii(x) + BpPp(x) + CpPp-1.
By comparing the leading coefficients of (4.43) we get

| (A=) -ag)(L+abg)
Ap = M, M} = (abg®™2; 2),
0 1

From (4.43) we can compute C,, as
Cn= An<Pn7 Pn><Pn—17 Pn—l)_l-

Therefore by Corollary 4.3.3 we can write C,, = AanH[L}l. To find B,, we first recall
that, by Theorem (4.3.2),

kY K + KU
Py (0) :( 11 Ri2 TR )

n n n
ko1 Koo + KoV

and det(P,(0)) = k1 Kk5y — k5, K]y > 0, by Theorem 4.3.2. If we plug-in x = 0 in (4.43) we
find

By = _AnPn+1(0)(Pn(O))_1 - Cnpn—l(o)(Pn(O))_l-

The following theorem gives a Rodrigues formula for (B, )y.

Theorem 4.3.6. Let R(n) be the matrixz function given by

(1-ag"?)(1-abg"?) + av?q*(1 - ¢")(1 - bg"*) 0
R(n) = 1 — abg?"+3
(1 arg? 1 - ag"?

Then, the expression

a®q"* V% (bg; q),
(@) z-n

(4.44) Pu(q") =q "Dy ( LxR(n)(Lx)*) W(g")™,

defines a sequence of matrixz polynomials orthogonal with respect to (4.28)
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Before we prove Theorem 4.3.6 we formulate a Lemma that will be proved later.
Lemma 4.3.7. For 1<k <n,

a1 g( D@k (g 0) g - “Lyx

(4.45) Dp~* (

(@ Dath-n-1
and
(4.46)
ek (az+k—1q(n+1)(z+k—1)(bq;Q):p+k—1T(qz+k—1)R(n)T(quc—l)*) Dk(qmm)| _
(€ Q) ak-n-1 ! =e0

We will also make use of the g-Leibniz rule

(4.47) Dp (Fa9a) = [P35 ) Do),

k=0

and the following formula

n x _—n n (";J) j+
(1.49) Dy () = g (1 7@,

Proof of Theorem 4.3.6. We need to prove that for all n >0, P, is a matrix-valued poly-
nomial of degree n with non-singular coefficient and they satisfy an orthogonality relation
with respect to (4.28).

First step. P, is a matriz polynomial of degree n with non-singular coefficient.

Let us write ¢“W(q*) = p(¢*)L® (L*)", where the matrix L is given by 4.26 and
x b .
p(q°) = qz% is the weight associated to the scalar little g-Jacobi polynomials with
xX
parameters a and b. Taking into account that L*R(n) (L*)" is a matrix-valued polynomial
of degree 2 in ¢” and the g-Leibniz rule (4.47), we can write P, as

(4.49)

(n+1)x
n a” q ( ¢ Q)
P(q") =D,

LxR(n)(Lx)*) W(g*)™

a® (n+1)x bq; q) s ~
( q(q, un )(p(x))-leRmex)*<Lf<m*) !

aa;+1q(n+1)(a:+1) (bq; Q)x+1
(¢ @)z—n+1

[n] o (@2 DED (bg; q) o
+ D
q (Q§ Q)x—n+2

) (p(2)) ' Dy (L*R(n)(L7)") (L*(L*)")

) (p(2))™'Dj (L7 R(n)(L7)") (L7 (L")") .
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Let us first deal with the scalar part of (4.49). By making use of the formula (4.48)
we can write

a:vq(nJrl)m(bq;q)z B —j .
D" x n—j ( ) (n+1)j 7
! ( (@ @)a-n o) (1- q)n Z_:( Y [J] oo

q
x (bg"* 5 0); (6" "
(4.50) =t (q"),
Dn_l az+1q(n+1)(x+1)(bq;q)x+1 o1 _ x 1y~ ian- 1 (n—j—l)
g @ p(q") o Z( ) ¢\ 2
¢ Qa+i-n (1 gn-1q("2) i2 J
% q(n+1)(J+1)a]+1(qu+l;q)j+1(qx7n+j+2;q)n_j_1
(4.51) =¢"r5(q")
B ax+2q(n+1)(x+2)(bq;q)x 9 ~ 2 n-2 o n=-2 n—j—2y .
Dy , e R e DO S5 L M I e e
(q7Q)m+2—n (]_ —q)n_Qq( 2 ) 3=0 J q
% q(n+l)(j+2)(qu+l;q)j+2(qa:—n+j+3;q)n_j_2
(4.52) =% sn(q"),

where t,,, r,, and s, are polynomials of degree n. Moreover, one can directly see that these
polynomials have leading coefficients given by

(4.53) ty = m Z(:)(_l)n—j [n] (1Y (n+1)]ajbj
- = q
(4.54) Ty = 1 T Z( 1)ni- 1[” 1] (J+2) (n+1)(5+1) i+ 1pi+1
(1- Q)n J 4
(4.55) s = Z( 1)n—j—2|:n_.2:| q(”?’) (n+1)(j+2) [ 3+2p+2
(1- Q)" 2 =0 J g

By applying the ¢-Leibniz rule (4.47) to the matrix part of (4.49) we can write

(4.56) Dy(L*R(n)(L*)* ) (L*) L™ = L*Ry(n)L",

L
(1-¢q)q”

Dy(L*R(n)(L*))(L™)" L™ = e

L*Ry(n)L™7,
where

Ri(n) = R(n) - LR(n)L*, Ry(n)=R(n)-1+q HLR(n)L* +¢ 'L?R(n)(L")%
Taking into account (4.50), (4.51), (4.52) and (4.56), we can write (4.49) as

(4.57)

n T, T n 2335 T
Pu(q") = ta(¢")L"R(n) L ™" + [1](1—?1 _’l((]‘)lqi L*Ry(n)L™" + [Q]Q—(ql - ;)(§q2)m L Ry(n)L™".
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By plugging in the explicit expressions of the polynomials ¢,,, r,, and s,, and of the matrices
R(n), Ri(n), R2(n) and L* and carrying direct computations we get that (4.57) is a
polynomial of degree n with non-singular leading coefficient.

Second step. The orthogonality relation.
To prove that the sequence of polynomials given by (4.44) is orthogonal, we see that for
n>1and 0 <m<n, (P, z™I)y =0 holds.

By using the ¢-Leibniz rule (4.47), the formal identity given in (4.48) Lemma 4.3.7, we
get

1 o z, (n+l)x bq: Q)
(P, 2™ = }2 ((1 q (bg; q)

(¢ @)z—n

z ,(n+l)z bq: q) oo
cppt (D gy g
(Q;q)x—n z=0

1 & (ax+1q(n+1)(a:+1)(bq; q)ng

(¢ Dx+1-n
ax+1q(n+1)(z+1) (bq;

L"”R(n)(L‘”)*) Do(q™)

Q)x+1

(¢ Q) z+1-n

L5 D;“( L%(n)(Lﬂf)*)Dq(m

By repeating this process we obtain

00 ar+m+1qn(x+m+2)(bq;q)x mal
(Pa,a™) Z “LER(n) (L) | Dy (d™) e’
Tq-14 (@3 Dzsms1-n
=0
because Dg””(qu) =0. This gives the desired result. O

We now prove Lemma 4.3.7.

Proof of Lemma 4.3.7. To see that the first boundary condition (4.45) holds, we use the
expression

1 ) (qa: n+1’q)
(@) z-n (4:9)x

that vanishes at « = 0. Any other quantity involved in (4.45) is bounded in z = 0, then,
we have that (4.45) holds.

For (4.46), use that 0 < a < ¢! and so a®*F~1¢("+*D(@+k=1) 9565 to 0 when z goes to co.
Since all the other quantities remain bounded when x goes to oo, we obtain the desired
result. O









Chapter 5

A family of matrix polynomials
satisfying second order differential
equations.

In this chapter we introduce a family of continuous weight matrices and their sequences
of orthogonal polynomials. We start by presenting the weights via an LDU-decomposition
(see [75]) and we give an alternative expression of them in terms of scalar Gegenbauer
polynomials. We then show that the sequences of orthogonal polynomials are eigenfunc-
tions of two independent differential operators. This property can be exploited to obtain
a matrix Pearson equation for the weight matrices in the sense of [12] and a compact
Rodrigues formula for the polynomials. We also show how the families of polynomials
introduced here can be expressed in terms of matrix hypergeometric functions introduced
in Chapter 1, and we give the expression of these matrix polynomials in terms of scalar
Racah polynomials and Gegenbauer polynomials.

Along the whole chapter we will make use of several summation formulas regarding
hypergeometric functions. Such formulas are listed in Section (1.1).

For a matter of simplicity in the formulas exhibited in this chapter, we perform a tinny
change in the notation used for the matrices, by shifting the index summation range. From
now, a matrix M e CV+DX(N+1) wil] be written as

N N
i=0 j=0
and &; j is the matrix with a 1 in its (¢ + 1,7 + 1) entry, and zero othewise.

5.1 The weight matrix

We define a family of weights matrices (W), absolutely continuous with respect to
the Lebesgue measure on (=1,1). Then their densities (that we also denote by W®*)) are
positive semi-definite matrices on (—1,1) so they can be expressed in terms of an LDU
decomposition of the form L(z)D(xz)L*(xz) where L(z) is a triangular unipotent matrix
and D(x) is a positive semi-definite diagonal matrix for all z € (=1,1). In the rest of the

67
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chapter we will use the term weight matrix to refer both to the weight matrix itself and
to the matrix functions that defines it, dW®) (z) = W) (z)dzx.

To do so we will use the Gegenabuer polynomials defined by (see, for instance, [76],
[59])

y (2v)n -n,n+2v (1-x)
(5.1) W (z) = — Fl( Ly T)

The Gegenbauer polynomials satisfy the orthogonality relation

(2V) \/_F(V+ 2)

n!(n+v)L(v) ™"

(5.2 [ e @0 @) -2y e -

Forv>0and {e¢ %N, N =20+1, we define the matrix polynomials L(t):[-1,1] - CV*N
by

0 ifm<k

(5.3) (LY () k{ m! Vo
m, if m > k,
v s 2k k(@) im

for k, m =0,---,2¢. Notice that they are unipotent lower triangular matrices.
We also introduce the diagonal matrix polynomial

T7¢):[-1,1] » CVN

(1)), = 107 (=2, k=02

t(u) B E'(v)g 2v+20) (20+v)
C(wH1/2) (20-k+ 1), 2+ k-1);

(5.4)

A direct check shows that T()(x) is a positive definite matrix for all z € (-1,1) and for
all v>0.

Definition 5.1.1. Letv >0 and £ € %N, set N=20+1. Let W) be the continuous weight
matriz supported on (-=1,1) and given by dW®) = W®) (z)dx, where

(5.5) W) (z) = L ()T () (L ()
Observation 5.1.2. Notice that

0) () (@)l i

it 1s also clear that (T(V)(:Izl))k7k = téy)ék,g. If we write W®) = (1 —:UQ)”_l/QWIE(V)l)(:B) then
we get

(5.6) (W(")(l))i =t =20+v, (W(- 1)) = (-1)"(20+v).

pol pol
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Observation 5.1.3. The matriz L(x) is invertible, and it is remarkable that the inverse
is again completely described in terms of hypergeometric series. Explicitly, see Cagliero
and Koornwinder [11, (4.7), Thm. 4.1],

k!

v -1 . (1—11—]{3)
(57) <(L( )(x)) )k — Qu+k+n-1),_, O (): ki,

where we follow the convention of [11] for C,(fp)(x) for peN,

P _ (-2p)n P, (—n,n—2p‘ (1 —x))

" n! %—p T2

The next theorem gives an alternative expression for the weight matrices W) in terms
of scalar Gegenbauer polynomials.

Theorem 5.1.4. For £« %N and v > 0, the weight function W®) can be expressed as

(68  (WW@) == Y o 6,5)C) (@),
J t=max(0,i+j-20)
JilG+i—200 () (W)ie (i+75-2t+v)
t! (2V)i+j—2t (V)i+j—t (] - t)' (Z - t)' (’L +j -t+ I/)

N (20+v)
(-1 - 2)ea(-20- 0 B,

(5.9) o (i,5) = (-1)’

where C’ff’) stands for the Gegenbauer polynomials (5.1), i,7 € {0,1,---,2¢} and j > i, and
(W(”)(m))m = (W(”)(a:))j’l. for j <i.

Before we prove Theorem 5.1.4 we announce a lemma that is needed and will be proved
afterwards.

Lemma 5.1.5. Forv>-1/2,i<j, and t, k€ {0,1,---,i} the following holds

(2V)i+j_2t\/7_'rr(1/+%) :Zi: i!j!tl(;/)
1+7-20)1(i+7-2t+v)['(v — EVE(2v + 2k);_ 1 (20 + 2K) 5k
k=0 J

1
y f 1 c (@) e (@)el)

(5.10) ol (i,j)

Z+j—2t($) (1 _ 1‘2)k+’/—1/2 dz.

We can now prove Theorem 5.1.4.

Proof of Theorem 5.1./. Because of the symmetries of the matrices involved it suffices to
see that for i < j the (i, j)-entry of (5.5) is equal to the right hand side of (5.8), that is

i i () 2\k
W),. . (v) Z‘]'tk (1_$)

511) 3 oW -3

(5.11) P (0:3) G- ) ST (20 + 2K)i (20 + 2K)

i (@) ¢ (@),

By the orthogonality relation for the Gegenbauer polynomials (5.2), (5.11) is equivalent
to see that for r#¢+5-2t,t=0,---,1,

(5.12)
Zi: ’L"]' tl(;/) /1 C(]/+k;)( )C(l/+/<:)( )C(V)( )(1 2)k+V—1/2 =0
S kR (20 + 2k) k(20 + 2k) jop J-1 R Py AT : o
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and for r =i+ j -2t with £ =0, 4,

iy [ O @) @) o () (1 - o)

w),. . (v) 2 J+i—2t
5.13) « c =
(5:18) a7 (@, 9)l H]_thV 0 KR\ (20 + 2k);-(2v + 2k) j i,

To see that (5.12) holds, we apply the connection formula of C’,gy) and the linearization
formula for the product CZ.(Z: k)C;l_’;k) (see for instance [76]),

(5]

5.14 co) o5 OBy B =25 o)
( ) gz:(:J ]'(6 + 1)r—j ﬁ =2
(5.15) cMo :min(f’”) (n+m=25+7)(n+m-25)1(7);

S (n+m—j+y)jl(n-j)(m-j)
(a)n_j(a)m—j(za)m+n—j @
(@) man—j (20) man—-2; n+m-2;5°

and we obtain .
[1 CZ-(_V,:k)(ﬂ:) C;l_lgk)(x)c7§”)(x)(1 _g?yel/2 g

fori+j-roddand r<j+iorr>i+j. Thatisr+i+j—2tfor t=0,-4. So (5.12) is,
indeed, equal to zero. For (5.13), we apply Lemma 5.1.5 and we have the result since by
(5.2),
e |2 = (20)isj-2/TL (v + 3) |
IV (g = 20) (i + § - 2t + V)T(v)

We now prove Lemma 5.1.5.

Proof of Lemma 5.1.5. To see that (5.10) holds we start by evaluating the integral on the
right hand side

1
(5.16) [, D@D @0l @) (1 -at) R da.

i+j—

By applying the the connection formula, (5.14) and the linearization formula, (5.15) for
the Gegenbauer polynomials, we get that (5.16) can be written as

(U+ k)i_k(2V+ 2k)j_k(—i)i_t(u)j_tf(y+ k+ 1/2)\/E
(i-ENG-KNGE-D)IT(v+i+j—t+1)
y 4F3(k—z,—z—'k—-2u+l,t‘—z,.l/+1+]—t;l)’
-, —t—-v+1,7—-i+1

where we have also used the orthogonality relations for the Gegenbauer polynomials (5.2).
Using Whipple’s transformation, (see 1.6), twice (once with (n,a,d) of as (i —k,—i —2v —
k+1,—-i) and the second time as (t,—i—j — v +t,—i)) the 4 F3-series can be rewritten as

(1-j—i-2v)k(=5)e(v):

(5.17) (I+7-1)ix(l-v—i)(1-i-j-2v)

—k,k+2u—1,—t,t—z’—j—y_1)

-, =), V

4F3(



5.1. The weight matrix 71

Then, the integral (5.16) remains

(5.18) f 11 O (@) P (@)Y () (1= ) P dr =
SRRk 2); (i) Tk +1/2)
" G—B) (k) (G- T(v+i+j—t+1)

y (A-j—i=20)ik(=)e()s
(1+j—-9)p(1-—v—i)(1—i—7j-2v)
NS (H) (k20 = Do (D= = = V)

m=0 (_i)m(_j)m(lf)mm!

We now plug (5.18) in (5.10) We next interchange the summations over k and m, and in
the summation );_, . we replace k = p+m. This gives for the inner sum (the k-dependent
part)

Qu+20);m(1-j-i-20)im(2v+m)p,
(-20)m v +m);(i—m)! (1 +j—1)i—m
(2y+2m—1,1/+m+1m—j,21/+2l+m,m—i )
X 504 ;1

27
1/+m—%,2l/+m+j,—2€+m,2y+i+m
_ (1_j_i_2y)i(j_2£)i (2V+2£)m(_i)m(_j)m
(—2£)ll'(1 +j_i)i(27/+j)i (1—j—i+2f)m

where we have used the Dougall summation formula for a very-well-poised 5 Fy-series, (1.7).
This shows that the right hand side of (5.10) can be written as a single sum; explicitly

(=)i-t (1) j-e/T(=3)e ()i 2L+ v) (V)T (v + 5) (1 =i - = 20)i(j - 20);
G- (G-t T(w+it+j—t+1)(L-v—-i)(L—i-j—20)(-20);
1 (—t,t—i—j—y,2V+2€ )
X — ~— 3F% o i1

(1+j5-14)i(2v+3); v,1-i—75+2¢

The balanced 3F5-series is summable to (1_(2_)]1 222; Bifff;tu)t by the Pfaff-Saalschiitz for-

mula, (1.5). Next, a straightforward verification using the expression of agy)(i,j) in (5.9)
shows that this is equal to the left hand side of (5.10), which proves Lemma 5.1.5.

O

As it was mentioned in the preliminaries, given a weight matrix one can always con-

struct a sequence of orthogonal polynomials with respect to it. We denote by P,(LV) the
corresponding monic matrix orthogonal polynomial of degree n, thus

1 *
51 [ PO@WO@)(PY (@) dw = bumH .

PT(LV)(;E) iy xn—lpé'/rz_l R ‘TPr(Lyl) + p® PT(LVTQ -1, P,g”i) ¢ 2L+

n,0

where HT(LV) is a positive definite matrix. We denote the matrix inner product by

(5.20) (P.Q)" = [jP(:U)W(”)(x) (Q(x)) dz,  v>0.
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In particular, the case n =0 in (5.19) can be evaluated explicitly using the orthogonality

relations for the Gegenbauer polynomials (5.2) and (5.5), to see that Héy) is a diagonal
matrix with entries

(5.21)
(H(gy))k,k: O‘J(:)(ka k) [11(1 — 2?2 g = (20 + I/)\/7_TP(V i %) KU B)! (v + Loy

T(v+1) 20! (v + Dp(v + Dorp

Before we study the polynomials closely, and in order to be able to establish a result
concerning the decomposition of the weight matrix, we determine the commutant of the
weight, that is the algebra of matrices that commute with the weight.

Proposition 5.1.1. Let v >0, N =20+ 1. The commutant algebra, AW = {T e CNN |
[T, W) (2)] =0, Va € (-1,1)}, is generated by J, where J € CVN*N s the involution defined
by e;j = exp_j.

Proof. We first show that J € A®). Notice that W) commutes with J if and only if

(W @) = (WP ()

§,20—4 20—ji

From the expression of W) in Theorem 5.1.4 and comparing the coefficients of the
Gegenbauer polynomials we need to prove

agy)(min(% - m,n), max(2( - m,n)) (v) (min(2¢ - n,m), max(2¢ - n,m)).

= at+m—n

This is straightforwardly verified from the expression of agy) (5.9). Notice that the sum-
mation ranges in (5.8) also match.

We now prove that if S is in the commutant then it is a linear combination of J and 1.

Write W) (z) = (1 - xQ)V_I/QWIEZI)(a;), and W;Zl)(m) = 22 Wia* where Wy, € CVN
are Hermitian matrices. Then S € A®) if and only if [S, W;,] = 0 for all k = 0, ---, 2¢.

Take k = 2¢. From (5.8) and (5.9) we observe that (Wa¢);; # 0 only for j = 2¢ -1,
then (SWar),; = (WaeS),; if and only if (S), o, (Wae)ap_; j = (Wae); 20— (5)a-; j» then for
1,7 =020

(Wae); 20— (Wae); 20— Wae)ap_i s
(W%)Qg_j,j (WQE)QZ—]'J (W%)j,ze—j
From the expression in (5.8) and since v > 0, we have that (War); 5p; = (Wae); o if and

only if j =i or j = 20—i. Therefore, from (5.22) we get that if S € A®) then S;,j = 0 unless
j=1or j=2¢—1i. Moreover

(5.22) (8)i0ej = (8)ae—ij = (5)i20-

(5.23) Sio0—i = S20-ii, Sii= 520520

Now take k = 2¢—1. From (5.8) and taking into account that the Gegenbauer polynomials
of even order are even and of odd order are odd we get that (Wzg_l)i7 j vanishes except for

i +j —2¢| = 1. Then, we have that S € A®) if and only if

(5.24) Sip0-jr1 War-1)gg_ji1 4 + Si2e-j-1 Wae-1)gp_j1 ;=

Sae-iv1,j (Wae-1); 001 + S2-i-15 (Wae-1) 9051 -
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Taking into account that S; ; = 0 unless j =4 or j = 2¢ — i, we have that (5.24) is trivial
except fori=20—-j+1,5+1,2(-35-1, 7-1. By plugging in each of the values for which
(5.24) is non-trivial and taking into account the symmetries of Wy, we get that

S = S2—ji1.20-j+1, Sj20-j = Sj-120-j41, forj=1,---20, 5+,

and, in the case j = ¢, we also get Sy ¢ = Spi1 041+ Se+1,6-1. This, together with (5.23), gives
that S is a linear combination of J and I. So, we can conclude that A®) is spanned by I
and J for all v > -1/2. O

Observation 5.1.6. It follows that A"Y) is a two-dimensional algebra, and that the in-
variant subspaces of C2**1 for W(”)(x) are the +1-eigenspaces of 3. Then, the restrictions
of W(V)(l‘) to the £1-eigenspaces are irreducible. Ezxplicitly,

(v)
W (z) =Y} Wi (z) (VO) Ye, Y, €S0(20+1),
0 W2 (x)
(5.25) , ; R , L, 0 3
Y+;=—\/§ f+1 Jp+17 }/;)z—\/i 0 \/§ 0], peN,
Pty 2 —JIp+1 Ipa1 2 ~
-3 0 I

where I, denotes the identity as p x p-matriz and J, the antidiagonal matriz in CP*P,

00 - 01

00 - 10
Jp = ’

0 1 0 0

10 00

That means that the weight matriz W) can be reduced to lower size, (5.25) and it admits
no more reduction.

Note that Wfl’)(x) e C"*"™ and W_(V)(:):) € C™"2 with ry = [£+ %] and ro = £+ %J,
where [ | and | | are the ceiling and floor functions,

[z]=min{meZ|m>z}, |z]max{meZ|m<z}.

The corresponding monic orthogonal polynomials are denoted Pi(l;l)

Since Céu)(—m) = (—1)”CT(LV)(:I;), the involution § € C2*12+1 ¢, s (~1)Te; satisfies
W (2)F = FW) (=2). Since §J = (-1)%'JF, we find, in the case when the dimension
20 + 1 is even that the weights WJEV)(—:L‘) = SJW_(V)(:C)J&' (where § and J are now the

2041, 20+1

*727.) For odd 2/ + 1 there is

corresponding diagonal and antidiagonal operators in C™ 2
no link between the weights Wi(y).

5.2 Polynomial eigenfunctions of matrix differential opera-
tors

In this section we present, for each v > 0 a first order and a second order matrix differential
operators which are symmetric with respect to the weight function W(”), and such that
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they do not raise the degree of polynomials. In particular (see Lemma 1.3.3) this implies
that the corresponding monic matrix orthogonal polynomials are eigenfunctions for these
differential operators. These differential operators can be combined to obtain matrix
functions that connect to the results by Cantero, Moral and Veldzquez in [12]. This
leads to forward shift and backward shift operators which can be used to give an explicit
evaluation of the squared norm and to establish a Rodrigues formula.

Theorem 5.2.1. For v >0, let D™ and E™) be the matriz differential operators
(5.26) DY) = (1- ) () —( Y)(CW) —au™)) -V,
14 d 14 14 14
(5.27) E<%>=E;>@BP+BSM+A$,
where the matrices CV), UM v () B(()V), Biy) and A(()V) are given by

20 20
C(V) = Z(?f - i)gi,iJrl + Z ’L'Si,ifl, U(V) = (2£ +2v + 1)[,
1=0 =0

20
VO = SN2 - i)Ei+ (v-1) (20 + v+ 1),
1=0

2 , 2%
(v) (2¢-4) [ (1/) (6 - z)
By’ = pivl— ) —E&ii-1, Eii,
0 2(:) o0 Gt ;Ozeg’ ' Z
N 2((20+2)(i-2¢ /
A -y (B2 D,
=0

Then, D™ and E®™) are symmetric with respect to the weight W®, and D@ and E®
commute. Moreover, for every integer n > 0, the monic orthogonal polynomials with respect

to W), (Pé”))n satisfy:
(5.28)

2/
DW(BMY) = Ay(DYYPM), Ay (D) =3 (020~ i) — (n+ v = 1) (20 + v+ 1+ 1)) &4,
=0

(5.29)

EO(PW) = A (EYPW, A, (B = Z(“l)(Z 25)—n(€£—i)—(v—1)(€—i)
1=0

Eii-

Proof. We make use of Theorem 1.3.7 to see that the differential operators E(*) and D)
are symmetric with respect to W),

The symmetry of E®) with respect to w®, By Theorem 1.3.7 and writing
W (z) = p($)WIEZI)(aj) with p(z) = (1 - 2%)”"1/2, we have that the symmetry equations
for E®) and W) are given by

(5.30) 0=W () (@B" + B{) + (2B + B YW (x),
v X v v v
(5.31) 0= —Aj (2)W3e) (x) - (( ))( B + B )W) ()

(@B + B YW () + AW ) (2) - W () A5,
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And the boundary condition is
(5.32) lim (2B; + Bo) w®(z) = 0.
Tr—+

We start by proving the boundary condition (5.32). Because of Observation 5.6 we have
that for all 4,5 =0,---2¢

(Efi (B + By) W(”)(x))‘

Z?]

(hm(l 1‘2)(V 1/2) ($Bl + BO) Wpol(l))

ij
= 1iﬂ%(1 -T )(V_l/Q) (z(B1)ii + (Bo)iiv1 + (Bo)isi-1)

0
= lim(1-2%) "2 (1 - ) (26 + V)— =0,
r— (3
since v > (0. Similarly, we can see that

(hm1 (zB; +BO)W(”)(J;)) =0, fori,j=0,-20
T—>— @'J‘

For the symmetry equations, we check entry per entry the matrix equations (5.30) and
(5.31). We do it for i < j — 1, the other cases can be done similarly. We start with the
proof of (5.30). By preforming the matrix product we get that the (i, j)-component of
(5.30) is given by

(5.33) (W @) @B + B)* +(xB(V)+B(”))WI§ZI)( ))A_:
i — 1% . v v
——ZaE (- 1,7)CY) gy () - Zmﬁ (6,5)C) ()
2€_Zz+1

Zo‘ty)(i + 1’])Cz(:j) o1 (Z) — % Zai”)(z Vi 1)Cz(+l-jj) 21-1(7)
=0

e_] v v _J v v
- t;):voz( )(z ])C(]) o () + % tga( )(2 ]+1)C’(J) 941 ().

where we have used the explicit expressions of W) from Theorem 5.1.4 and that xB(V)

B(() “) is tridiagonal. Next, we use the three-recurrence relation for Gegenbauer polynomials,
see e.g. [76], [77],

) (r+1) ) (r+2v-1) )
G () = 2(r+v) Cria(@) + 2(r+v) Cr1)

to get rid of the multiplication by x. Notice that the coefficient of W s equal to

m+n+1
W),. , i+j+1 54 ) j
1
aO (z’j)Q(Z.-l‘j*l'l/) e +a0 ( .]+ )
v i +7+1 -4 v 25—
+0<0)(z 7) Lrjr- +a0)(z+1]) ! =0,

2(i+j+v) ¢
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what follows from the expression of «; )(z J) (5.9). Regrouping and using the explicit
expressions for oy )(m n) we get that the right hand side of (5.33) equals

) (Z+j 2t +2v - 1) o)
Zat (0. 2£(z+j 2t + V) ”3 21(®)

(i+j-2t+v-1)(i+j+v-1t)(20-i+1)(i-t)
(20—i—-j+t+1)(i+j-2t)(i+v—-t—-1)
(i+j-2t+v-1)(G+j+v-)(20-7+1)(j-1)
20020 —i—-g+t+1)(i+j-2t)(j+v—-t—-1)
(i+j-1-2t+v)(2l+v-t)(i+1)(j-1)
(G+j-20)t+1)(j+v-t-1)
(i+j-2t+v-1)(20+v-0)(G+1)(i-1)
(i+7-20)(t+1)(i+v—-t-1)
(20—i—)(i+j-2+20-2)(i-t)(i+j+v-t)(G-t)(2+v—1)
C Grv-t-1)(i+j-2)(wri-t-1)2l—i-jrt+1)(t+1) |

—-(20-i-j)+

and it is a straightforward check that the coefficient in square brackets is equal to 0.
For the proof of the second symmetry equation we proceed in the same way. For the
(4,7)-entry of (5.31)

2v - V(@B + B YW ) (), - (1 - 2?)((@BY + BS YW (2))i5

pol pol

+(1=2)[(AP)ii ~ (AS)5 = (BI)ial W (@),

we use the three term recurrence for the Gegenbauer polynomials to get rid of the multi-
plication by z and by 22. We also have to use

dC(”) (20 =10+ 2) 50y, 10D G0
E3) (et () = @)~ Gy O ey
see e.g. [76, (4.5.7)] with the convention C’EII) (z) = 0. So this gives again a sum only involv-
ing Gegenbauer polynomials as in the check of the (5.30). Insert the explicit expression
of the coefficients agy)(i, J) (5.9) to complete the proof by a straightforward but cuber-
some computation to see that each coefficient in the expansion of Gegenbauer polynomials
vanishes.

This completes the proof of the symmetry of E®) with respect to W),

The symmetry of D) with respect to W), The symmetry equations for D)
and W) are

(5.35)

((1 xQ)W(V) (I’)) (C(V) _ I’U(V))W(V) ($) — W(l/) (:L,)(C(l/) _ xU(lI))*,
36)
a

(1-22 )W (2 )) - ((C’(”)—xU(”))W(”)(x)) +VOW® () =W (2) (V)
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and the boundary condition are
(5.37) 1im1(1-x2)w<”>(x) =0, liml((l—xQ)W(”)(:r))/— (€W —zUYW ) (z) = 0.
Tr—>+ Tr—>+

We start by proving the symmetry equations.
We skip the proof of (5.35) because it is completely similar to that of (5.30).
For the symmetry equation (5.36) by making use of (5.35) we see that it suffices to
prove
(5.38)
(W(”)(:c)(C’(”) —2UM)* - (e - xU(”))W(”)(x))' =2(W(2)V®) — v ®) ().

We prove instead that
W (z)(CW) - zU™)* = (¢ = 2UYW ) (2)
-2 (/ W(”)(:U)da:) v 4oy ®) (/ W(”)(m)dx) =0,

which is obtained by integrating (5.38) with respect to x. Then, (5.38) follows by taking
the derivative with respect to x.

We prove that the (7,7) component for i < j is zero. The other cases can be proved
similarly. By performing the matrix product we see that the (7,j) component of
(W(m)(C(”) —zUMY* — (oW - xU("))W(x)) is given by

(5.39)

(5.40)
p(@) YO o [iaf (5 = 1) + (20 =)o G5+ 1) = iaf] (1= 1,5) - (20 = D)o+ 1,5)]
t=0

= - Zi(j]p(x)cff}_%_l[(y )i+ 2= -20-1+3) +2(i—t)(j - t)(L+1)]

) (20—i—)(i-)(i+j-1-2t+)(i+j+2w—1-2t)
(i+j-2t+v)(i+j-2)(i+v—-t-1)(20-i-j+t+1)(j+v-t-1)

In order to compute the part of (5.39) involving the integrals, we use the following
formula for the Gegenbauer polynomials:

r+1)CY) (z Uir -1 (2
Ga) [ @0 @)dr = pa) (2(<y+13)0(;*;(+ ). G- C( >)’

which follows from the Rodrigues formulas for the Gegenbauer polynomials [76, (4.5.11)],
[76, (4.5.5)] and (5.34). Using (5.41) for the integrals in (5.39) we obtain

2 ((/ W(”)(m)d:v) v _y®) (f W(”)(:v)dm))' ‘
(2¥)
e —j)(%—z’—j>p<x>§a§”)<i,j>[

al (i, 7) (i+j-2t-1

aiﬁ(i,j) (v+i+j-2t-2)2u+i+j-2t-2)

 (u+i+gj-2t-1)
(i+j-2t)(v+i+j-2t)

Ci(:j)—Zt—l(x)’
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which is (5.40).

We now prove the boundary condition (5.37). The first one is direct since W®)(z) =
(1-22)vY/ 2W;Zl)(x), v >0 and Wé;’l)(a:) is a matrix polynomial. For the second boundary
condition we use the first symmetry equation (5.35) to see that it is equivalent to prove
that
lim ((W(V)(x)(xU(”) — Wy — (2UW - C(”))W(V)(:U)))ij =0, foralli, j=0,- 20

r—>+1

Since U™ is a multiple of the identity matrix we get that the second boundary condition
for D) holds if and only if

limg 41 (W(”)(ac)(C(”))* = C(”)W(”)(x))ij =0 for all 4, j = 0,---,2¢. By performing the
matrix product we get 7

(5.42)
lim (W (@)(CW)* -COW O ()) = lim (V)1 (@)L, + (W) (0)CF,
T+ 1,] T+

= ()i (WP (@))ic15 =€) (W ())is1)
From the expression of W) in Definition 5.1.1 it follows that
lim (W) (2)), =) lim (1-2%)" 2L () L) ().
Therefore (5.42) becomes

lim (1-22)" 72 (G L) ()L o (2) + (20~ ) L) (@) L) o ()

T—>+1
=i L (@) L) () = (20-) LY () L) ()
By introducing the explicit values from the definition of the matrix functions L{(* )(x) and
taking into account the expression of the Gegenbauer polynomials (5.1) and the symmetry
relation

C (@) = (-1 () = (-1 o (T 2 LE )
n! vty 2

we get that
(G L) (@)L (@) + (20 - §) L) (@) L) o ()
=i L) (@)L o (@) - (20-4) LG () L) o () )
=(1—$)K1(1‘)=(1+:L’)K2(l’),

where Ki(z) and Ky(z) are matrix polynomials. Therefore, since v > 0 we have

lim (W& (@) () = cIW(z)) =0, foralli, j=0,-2L.
Tr—>+

Z7J

That is, the second boundary condition in (5.37) holds. So, by Theorem 1.3.7, D) is
symmetric with respect to w.
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It just remains to see that the monic orthogonal polynomials satisfy (5.28) and (5.29).

To do so we first notice that E) and D®) do not raise the degree of polynomials, so

Lemma 1.3.3 applies and we get that the monic orthogonal polynomials are eigenfunctions

of D) and E®). The expression of the eigenvalues in (5.28) and (5.29) follows directly
by equating the corresponding coefficients.

O

For matrix orthogonal polynomials, Cantero, Moral and Veldzquez [12] established
criteria for the derivatives of matrix orthogonal polynomials to be again matrix orthogonal
polynomials. A result that is recovered in Theorem 1.3.9.

In order to establish the connection with Theorem 1.3.9, we consider the following
second order differential operator for v > 0',

v y » (+v)? o vv-1)20+v+1)(v+2/
(5.43) Eé)m (B¢ ))2+(2€+2)E()+(%)D()+( )( i )( ),

By Theorem 5.2.1, DE <1>)\1f) is symmetric with respect to the weight W) Moreover, it

commutes with J.

Proposition 5.2.1. The matriz differential operator Dg (D)\I/) commutes with J.

Proof. A straightforward calculation shows that D®) commutes with J, and that the
differential operator E(*) satisfies

JEW =~ (B + (+1)1).

Then, by the definition of DE(IQ\P), it is clear that

Ecb)xp)ﬁ J ((E(”))2 +(20+2)E™ + ((EZV) )D(v) v(-1)@l+rv+1) (v+ 26)1)3

52
v v C+v ) vv-1)2+v+1)(v+24
:(E())2+(2£+2)E()+(%)D() (v=1)( ! )(v+20)
O]

(v)

(@.p) Can be written as

A straightforward calculation shows that D

(v) _d_ ) )
(5.44) Dy = 252" (@)* dqf (z)",

'The notation of this operator is motivated by equation (5.44)
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where ®*) and ¥*) are the explicit matrix polynomials of degree 2 and 1,

20 s _ _ .
(5.45) &) (1) xzz(ﬁ (€+V) ”_HUZ(z 1-20)(2¢ 21+1)g“‘71
2 1(z+1)(2€—2i—1) C(20-i+2)(20—-i+1)
+£Ei§ 572 Eijiv1 + Z A2 Eii-2
2 _i(20-i+1)-(20-i)(i+1) +4(£+y)2
2 4 b
i=0
222 (i+2)(i+1)
+ i; Tgi,i+25
(5.46) \Il(”)(x)——mz 2€+2I/+1)(1/€2+z)(V+2€—z)8m
=0
_ 20-1 (- i
(vt )(Z(z 1- 2?2(V+Z 1) Eir+ Y (2+1)(V—222€ i 1)5”+1)
i=0

Proposition 5.2.2. Let v > 0. The weight matrix W(”)(x) and the matriz polynomials
M) () and ¥ () satisfy (W(”)(a:)@(”)(:c))l =W ()T ().

Proof. Since DE <1>)\1/) is a combination of symmetric differential operators it is symmetric,

so it satisfies the symmetry equations

(5.47) (@ (2) W (2))" - (W (2) W () = 0,

and the boundary condition

(5.48) Tim (2@ (@) W (@)) - ¥ (@) W (2) = 0

holds. Integrating (5.47) in (-1, z) and taking into account (5.48) we get
(@) (@) W (@) = W) (@) W (2),

The result follows by taking adjoints. O

Theorem 5.2.3. Let v > 0, € (=1,1) then, WD () = < MDWW (2)d™) (), where
(v) _ _ Qu+l)(2t+v+1)¢
= vt 1) (26 (G *

Proof. From Proposition 5.2.2 and taking into account that the boundary condition
lim ™ (2)* W) (z) =0
To—

holds, it is equivalent to prove

(5.49) W ()8 () = (WD ()
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The proof of this theorem uses the same ingredients as the proof of Theorem 5.2.1. Let
us calculate the (7,7) entry of both sides in (5.49). We assume i < j, the other situations
can be treated in an analogue way. Now (W(”)(x)\lf(”)(m))ij can be written explicitly
using Theorem 5.1.4 and (5.46). This gives explicit terms in\;olving Gegenbauer polyno-
mials multiplied by x. Then, using the three term recurrence relation for Gegenbauer
polynomials and regrouping we can write (W(”)(x)\lf(”)(x)) as the following expansion
in terms of Gegenbauer polynomials:

Qr+1)(20+v+1)

(5.50) @0+ ) ((+D) tz(:)n”)(zj (+])2t+1(x)
where
0 (i) =D 2 G204 D) (0 sy G oany (s )al (i, + 1)

1+ —-2t+v

1) - (v+i))(w+20-j)u+i+j-2t+1) (l,)( ),
1+ -20+v+2

i 0.3) DU E O 006y - - 26) 0 ol 0.+ 1),

)iy ) =i(v +20- ) (0,5 1) -

+i(w+20-)a (-1

(v+i)(v+20-3) (,,)
(j-i+v) (0,7,

for t € {1,---,i}. On the other hand, by (5.34) we can expand (W('“l)(x));j in the same
basis leading to 7

voapa —(i+ =2+ D) Qu+i+j-2t+1) (1), v
531 ety ey & Lol ) ().

To obtain (5.51) we calculate

i 11 (@) (W (@) da = - /

Since d(é’i)(w) = 21/6’,&){1) by [76, (4.5.5)], the integral on the right hand side of the
previous equation can be calculated using the orthogonality relations for the Gegenbauer
polynomials (5.2), leading to (5.51).

By a straightforward computation we check that (5.50) and (5.51) are the same, up to
the constant, as given in Theorem 5.2.3.

(V)

E@)(1-a 2yv+3 Za<”“>(z HCD (1) da.

1+7-2t

O]

By the previous theorems and Theorem 1.3.9 we have the following corollary.

(v)
Corollary 5.2.4. For v > 0, the sequence (%)n is a sequence of matrix orthogonal

polynomials with respect to weight function W®**D on [-1,1]. In particular, %(w) =
nP(V+1)(x) n>1.
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Then, we get that % connects the sequence (P,sy))n with (P,ﬁ””))n and we say that

% is a forward shift operator. We now show how to go form (P,g'“l))n to (Pé'/))n via a

differential operator.

Lemma 5.2.5. Let v > 0. Define the first order matrixz differential operator, T by
) dQ ) (1)) @) (2))*
(5.52) (T"Q)(x) = %(w)(‘b () +Q(z) (¥ (x))",

then, (%,Q)wﬂ) = —c(”)<P,T(”)Q>(V), for matriz polynomials P and Q).
Proof. For v>0 and P, Q € CN*Y we have

dP (1/+1)

(2. Q) = [ p@yw e

- [P (5 (W) Q) + WD Lo ) dr,

where we have used the boundary condition for W**1). Now by applying Lemma 5.2.3
and Proposition 5.2.2 we obtain

_ _C(u)<P7 T(V)Q>(u)'
Ul

We can now exploit Lemma 5.2.5 in order to obtain information about the monic
. . (v)
matrix orthogonal polynomials (P, ).

Theorem 5.2.6. Let (Péy))n be the sequence of monic orthogonal polynomials with respect
to W) . Then

(i) the squared norm of Py is a diagonal matriz whose entries are given by

(5.53)

w ~ T(v+3)v(20+v+n) 0+ L+ ) (20+ ) (L + 1),

(13 ))k:,k =T F(V+i) v+n (2£+1/+1)n(y2+k)n(2€+2y+n)n(26+y—k)n
E'(20-k)! (n+v+1)g

O!'(n+v+1)(n+v+1)9

(i) The following Rodrigues formula holds:

(554)  PW(z) e & (W) () )W) ()

n d n
(D"l + v+ )+ 1) (20+0),
(v) =5,
(G )jﬁk Tk (V+3)n(v+E)p(20+v+ 1)2n(2€ + 20+ n) (204 v - k)
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Proof. To see that (i) holds we first notice that D<(1>V31/ =7 o % then,
) p+D) L) @ pe) iy = L p®) po) ) = L) po)
(P, (x))==T P (x) = —=Dg o P (x) = = K" P, (),
n dz n = n

where Kéy) can be determined from the leading coefficients of ®*) and ¥(*). In particular,
T™) is a backward shift operator. Explicitly, K,S”) is a diagonal invertible matrix for all
v >0,
(v+k)(20+2v+n)
02

(&), . = (20+v-k).

Then, we can write
-1
1 = (P, PO) = (K©) ™ (Dau B, PO)

= (Kff’)cgz”))_l <%PT(LV)7 %P,g”))(”“) _ (K’r(lu))—l ZL_;(Péy-{l),Pr(Lu-{—l))(V+l)’
Cn,

Iterating, we get
v = 2 [ (i) )\ pp(vin)
H; =1—([)(n—z) (c K, ) Hy ",
7=

)

where the order in the product does not matter since all the Ké:rz are diagonal. By

performing the product using the expression (5.21) of HO(W"), we get the result.
For (ii), use Theorem 5.2.3 and (5.49) to see that T(*) can be written as

(5.55) TMQ(z) = (Mﬂ% (Qyw ™) (W(”))_l . xe(-1,1),

where Q € CN*N[z] and dgr(T™Q) = dgr(Q) + 1. Iterating leads to
(ﬁ C(I/+i)) (((QT(V+7L—1))T(I/+].))T(l/))(x) _ %(Q(x)w(u+n) (x))W(I/) (1’)_1.
1=0

Now take Q(z) = Po(ym)(x) =1, so the previous equality becomes

n-1 n-l1 ; o
H C(U+i)PT(LU)($) _ (H K’r(zli;rz)) d_(W(wrn)(x))W(u)(x)fl.
1=0 1=0

dx™
A direct check shows that
n-1 -1
i=0

and this proves the result. O
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5.3 Expression in terms of matrix hypergeometric functions

In this section we link the matrix orthogonal polynomials with respect to W®) to Tirao’s
matrix hypergeometric series 9 H; (see defintion 1.40). In order to show this link we switch
from the interval [-1,1] to [0,1] using = =1 — 2u. Set

(5.56) RV (u) = (-1)"2" PP (1-2u), 20 (u) = W (1-2u).

Hence, the rescaled monic matrix orthogonal polynomials RS') satisfy

1
(5.57) [0 R (u)Z® (u) RY) (u)* (u(1 - u)) " du = 6,272 H").

In this setting Theorem 5.2.1 gives the following corollary.

Corollary 5.3.1. Let D) and E®) be the matriz differential operators
~ 10 ST N 1O S O S A 0 B~ O NI O
DW = u(l—u)WwL%(C’( )Ty -V®) E® - (B + BY) + Ay,

where CW), W), V() E(g'/), Ef'/) and Z(()V) are given by

== ‘2(3)(262_” il ¥ Z(2£+2V+1 Eiji Z 5zz 1, (7(”):(2€+21/+1)L
‘7(’/) = —21(25—2)81’2 + (y— 1)(2£+ U+ 1)[7
i=0
— 20 . 20 . N B
B(()V) Z(% § ”+1+Z(£ Z)gz',ﬂ‘zi&,iq, B = Z(e Z) Eijis
o 2 o4l
oy Z((+1)(i-2¢ /-
Aé)zz(%—@ pld ))em.
i=0

Then, D) and EW) are symmetric with respect to the weight (u(1 —u))y_l/QZ(”)(u), and

D™ and E® commute. Moreover, for every integer n > 0, RSJ)E(”) = An(ﬁ(”))RglV),
and RV E® = A,(EYRY) with

A (DY) = (v =1)(20+ v +1) = n(20+ 2w +n))] - %(25 Eiis
=0

<’\IS

2
AM((EMY =—(n+v+20+ DI - (n+v+0) Z
i=0

We can describe the rows of R;LV) in terms of matrix hypergeometric functions (see
[98]). We first need to study the C2**'-valued polynomial solutions of PD*) = AP, X e C.
In order to avoid technical problems we consider

2
(558 D =D 4 aF® —u )L+ L@ _yuy - v® qer,
du?  du
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where C'éy) =C™ 4+ ag((]y), Uo(f/) =W - a§£l’) and VOEV) =y _ aAv((]V). It follows from
Corollary 5.3.1 that

(5.59) RV DW = A, (DIYRW) | A (DW)) = —n? (T -1)-V¥),  for all neNy.

We denote by A%(j) the j-th diagonal entry of An(ng)), ie.

)\z(j):_nQ_n(2£(£+y)+€a(E—j)—€)
_(20-4)(a(f+1) - 4) €(2€+y+1)—a(€—j)‘

/ +(v-1) 7

It follows from (5.59) that the i-th row of R is a solution of
(5.60) u(l-uw)F"(u)+F'(u)(CY) —uU)) - F(u) (V) +2) =0, A= (An(DE))i,

which is an instance of the matrix hypergeometric equation [98]. In order to be able to

apply Tirao’s approach [98], and to have the rows of RS') defined by this solution, we need
the following lemma, whose proof is skipped since it is completely analogue to that in [79,
Lem. 4.3].

Lemma 5.3.2. (i) The eigenvalues ofcé”) are (2j+2v+1)/2, j €{0,...,2¢}. In particular,
o(C)n {-N} = &.
(ii) Let « e R~ Q. Then, (j,n) = (i,m) €{0,1---,2¢} x N if and only if \3(5) = A%, (7).

(C2€+1

Since the eigenvalues of Céy) are not in —N, for any Fj € , a (row-)vector-valued

solution to (5.60) is given by

WY, (V) A t
(561) F(’U,) = 2H1 (C&V))t ;U FO ;

where the matrix hypergeometric function 2 Hy, defined as the power series

2H1(UV ) Z [C,U,V];

(5.62)
[C,UV]y=1, [C,U, V]M = (C+ WP +i(U-1)+V)[C,U,V];,

converges for |z| < 1 in C2¢+1x26+1,

So (5.61) is valid and this gives a series representation for the rows of the monic
polynomial RS’). Since each row is a polynomial, the series has to terminate and there
exists n € N so that [(CC(J/))t, (Uéy))t, (VCSV))t + Aln+1 is singular and
0# Py e Ker ([(C), (UL), (VA”)! + Man ).

Suppose that n is the least integer for which [(CC(J/) ), (Uéy))t, (VOSV))t+)\]n+1 is singular,
ie. [(C&V))t, (Uo(f’))t, (VCSV))t + A]; is regular for all 4 <n. Since

(5:63) [(CE), UM, (V) + N
= ((CE) + )7 (n + n((UE) = 1) + (V) + A) LN, U, (VN + AL
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and since the matrix (C’g’) +n) is invertible by Lemma 5.3.2(i), [Cé”), Uéy), VOEV) + A+t
is a singular matrix if and only if the diagonal matrix

(5.64) M) = (0 +n((UE) =1) + Vi + )
= (n? + (U = 1)+ VI 4 2) = A= A, (DY)

is singular. Note that the diagonal entries of M () are of the form A — A%(j), so that
M (N) is singular if and only if A = A\%(j) for some j € {0,1,---,2¢}. Because of Lemma
5.3.2 (ii) the value of A\ and the corresponding n (and j) is uniquely determined for «
irrational.

Assume « irrational, so that Mﬁ‘()\%(z)) is singular if and only if n = m. Then, in the
series (5.61) the matrix [(Céy))t, (Uéy))t, (Véy))t + A]n+1 is singular and
[(Céy))t, (chy))t, (VOEV))lt + AJ; is non-singular for 0 < i < n. Furthermore, the kernel of
[(Céu))t, (Ué'/))t, (Véy))t+)\]n+1 is one-dimensional if and only if A = A% (7), i € {0,1,---,2¢}.
In case A = A% (i) we see that (5.61) is a (row-)vector-valued polynomial for

Py = [(C) (U (VN + A0 (0] e

determined uniquely up to a scalar, where e;, i € {0, 1--,2¢}, is the standard orthonormal
basis vector in C2*1.

This leads to the main result of this section, expressing the monic polynomials RSLV)
as a matrix hypergeometric function.

Theorem 5.3.3. The entries of the monic matriz orthogonal polynomials RSLV) are given
by
t

;U) nl [(CEN) (U) (VD) + Afi(i)]nlez') ,
j

(U, (VY + 22 (4)
(e

(R;Lm(u))i,j = (2H1 (

for all a e R.
In particular, the right hand side is independent of «.
Remark 5.3.4. Let F(u) = oH; (Uév;u) F(0). Since [C,UV]p = [C+1,U+2,V +
Uln[C,U,V]1 and [C,U,V]1 = C'V, and F'(0) = C"'VF(0) then,
()
F'(u) = oH, (U%’Y;FU;U) F'(0). So we can use this in Theorem 5.3.3 to calculate (dlzl’: (u))m
in terms of matrix hypergeometric functions. On the other hand, using Corollary 5.2.)

) .
and (5.56) we see that (dR" (u))” = n(R(_Jrll)(u))ij.

du n

5.4 Three-term recurrence relation

Since the monic matrix polynomials R,(ZV) given by (5.56), are orthogonal, they satisfy a
three term recurrence relation of the form

WR @) = R ) + XORY () + YORY, (). 020
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where R(j) =0 and X,(LV),YTL(V) € C2+1x26+1 are matrices depending on n but not on wu.
In order to obtain the coefficients X,(LV) , Yn(y) explicitly, we exploit the explicit expres-
sion of Rg/) in terms of Tirao’s matrix hypergeometric function (see Theorem 5.3.3), the

expression of the norms of Rfly), 92n-2v H,(LV) , and the explicit expression of H,(LV) , (5.53).
Before we state the main result of this section we need the following Lemma.

Lemma 5.4.1. Let R(V) be the matriz orthogonal polynomial appearing in Theorem 5.5.3
then,

2 : 2 '
@) _n . n(2-j)
(5.65) R, = ;)4(]+n+y 1) €jj-1 - Z 8’3 ]22)4(2£+n+1/—j 1)~ Eigt-

Proof. We compute RW)

n,n-1
the recursive definition of [C((;/), U v+ A2(1)], we obtain that the matrix entries of

R( ) _, are given by

by considering the coefficient of ™! in Theorem 5.3.3. Using

(RY)_)ij = (l(CY + (n- DM, (X2(0) ™),

n,n—1

Observe that this is well defined since the matrix M2 (A% (7)), (5.64), is invertible for any
irrational . Now the lemma follows by a stralghtforward computation from the expression
of ¢ (see 5.58) and M2 (A%(3))™1);, (5.64). O

We can now give the explicit three term recurrence relation for R,({/).

Theorem 5.4.2. For any { € %N and v >0, the monic orthogonal polynomials RS’) satisfy
the following three term recurrence relation

(5.66) uRY (u) = RY, (u) + X RV (u) + YW RY), (u),

where the matrices X,(LV), Yn(y) are given by

B IO
Jory 4(3+n+1/—1)(]+n+y) 2
(20-5)(20-5+v-1)
42U -jrn+v-1)(20+n-j+v) &
) 2 n(n+v-1)(20+n+v)(20+n+2v-1)

(568) Yy =%

21620 +n+v-j-1)(20+n+v-7)G+n+v-1)(F+n+v)

,7+1 | >

&jj-

Proof. Since the matrix polynomials Rgf) are monic, by equating coefficients in (5.66) we
get that Xéy) Rf:’% 1- Rgi)l n
equality.

To see that (5.68) holds, notice that from (5.66) we have

Then, (5.67) follows by plugging (5.65) in the previous

272717211HT(L11) _ (uRm Rn—l) _ Y,L(V)<Rn—17 Rn—l) = 2*2n+272uHr(Ll:)1.

-1
Therefore V,(") = inLV) (Hr(i)l) and (5.68) follows from the expression of H,(LV), (5.53).
O
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Corollary 5.4.1. The monic matriz polynomials P,EV) defined in (5.19) satisfy
(5.69) 2PW(z) = PY) (2) + (12X P () + 4, PY) (2),
where X and Y, are given by (5.67) and (5.68), respectively.

Note that in the limit n - oo the coefficients become constant; lim,, . (1 - 2X,SV)) =0,
and lim,,_ 0 4Y(V) = 1

Taking derlvatlves and using Corollary 5.2.4 gives the following identity
(5.70)
PO () +naP T (2) = (n+1) P () +n(1-2X ) P (2) +4(n - 1) Y, PYED (1),

for n > 1 and with the convention P511’+1)(x) =0.

Combining (5.70) with the three term recurrence for $P(V+1)(.CL‘) (5.69), gives the
following corollary.

Corollary 5.4.2. The monic orthogonal polynomials Péy) satisfy the following connection
formula,
(5.71)

PM(x) = PO (@) + 2(X50 - XY PUY (@) +4((n - YY) -y, T PYID ().

5.5 The matrix orthogonal polynomials related to Gegen-
bauer and Racah polynomials

The matrix entries of PT(LV) can be expressed in terms of Gegenbauer and Racah polyno-
mials.
For doing that we first switch to D(()V) = D™ —2¢E™)  since this will lead to a diago-

nalisable operator after conjugation by an appropriate matrix function. In particular D(()V)
has the following form

) 42 d
Dy = u(l-u)—g + (@)(Ké—uKll) + Ko,

20
(5.72) Kl =Y (@i+2w+1)&,, K Zz&z 1+Z
=0
20
Ko =Y ((20-i)(20+i+2) - (v-1)(v+2i+1)) &y
=0

z+2y+1)

gi,ia

Notice that D((]V) is a matrix hypergeometric differential operator in the sense of Tirao
[98].

We conjugate this differential operator by M®)(u) = L*)(1 - 2u), where L®*) is the
matrix function (5.1). Going through to the calculations as in Section 6 in [79], we obtain
Proposition 5.5.1. Recall that for a matrix G, Gy and G denote the left and right
multiplication operators given by (1.23).
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Proposition 5.5.1. The differential operator D) = Mg') oD(()V) O(M(V));zl 1s the diagonal
differential operator

DW= (1 —u)d—2 + (i) Ti(u) + Ty
du? du ’

where Ty (u) = %Tll ~uT},

20 20
TH= Sk Ve, To= @0k vr DLk DE
k=0 k=0

Moreover, Rg’)(u) = R%V)(U)M(”)(u) satisfies

RUWDW — A (DYYRW), A (DY) = Ay (D™) =20 A, (EM).

Since Rﬁl”) and M) are matrix polynomials, Proposition 5.5.1 implies that for
j, k=0--2¢, (Rg{')(u)) ki is a polynomial solution to the hypergeometric differential oper-
ator ’

(5.73) u(l—u)f"(u)+((j+1/+%)—u(2j+21/+1))f'(u)—(j—k—n)(j+n+k+2y)f(u) =0.

Since the polynomial solutions of (5.73) are unique up to a constant factor we find

.1 ;U
j+§+V

y v j—k-nn+k+j+2v
(5.74) (R (W), = e} (n) 2F1( : )
Note that the o F}-series gives a Gegenbauer polynomial C’T(lliz]_ ;1)(1 - 2u) scaled to [0,1].
We are now going to calculate the explicit values of the constants clgyj?(n). To do so,
let us consider the following differential operator, £%) = Mg') o E® o ((M("))‘l)R. It is

clear that the operator &£ ) gatifies
(5.75) ENRY) = A(ENRY), A(€®)) = A (EM).

Moreover, by Corollary 5.3.1, the matrix differential operators D*) and E(*) commute
then, E™) and D™ also commute, i.e. EW o D) = D) 5 £,
An explicit calculation gives

(5.76) g0 _ disl(u) + So(u),
u

2i(i+2v-2)(2u+i+20-1) o (20-1i)
Sl(u)—“(l_u);) £(2v +2i - 1)(2v +2i - 3) gm_ﬁz;)T
20 i(2y+i_2)(2y+i+2£—1)
-(1-2

So(u) = ( “);0 20(2v +2i - 3)

bl z'(21/+i—1)—4€(€+1)—2€(V—1)8'

+ .
g(:) 20 1,1

Eiir1,

Eii1
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Let F()\) € C?*! be the eigenspace of D®) for an eigenvalue A,
F(\) = {f eC?*1|DW) f = \f}. By Tirao, [98], the evaluation at zero ev(0)

ev(0) : F()\) » C?!
Q"= QN0),

is an isomorphism between F()\) and C2*12¢+1 Since £() commutes with D) £W)
preserves the eigenspaces then, there exists a linear map N(\) such that the following
diagram commutes

(5.77) FO) £ FON)
ev(O)l lev((})

20+1 C2+1
N(A)

Let us show how the function N()) looks like. Let Q ¢ CV*N be a polynomial
eigenfunction of D®) for an eigenvalue X. Then, by (5.61) (or see [98]), the rows of Q*,

QJA» can be written as
A T11= A=To At '
Q= (o (" ) @)
2 J

so that 2 (0) Q?(O)()\ - To)(5T1)™" (see Observation 5.3.4). Now (5.76) and (5.77)
shows that

-1
NOV@}0)) = (EV@,(0) = QO (A-To) (571) 51(0) +@}(0)5(0).
Therefore . .
N\ =(A-Tp) (§T11) S1(0) + Sp(0)

acting from the right on row-vectors from C2*1.
With the explicit expression of the function N(\), we can now calculate the value of

the constants ¢ ; )(n) in (5. 74)

The k-th row ((7?,( ))k’]) o is an eigenfunction of D) for the eigenvalue A, (k) =
A, (D( ))k k (see Proposition 5.5.1). On the other hand, by (5.75) the k-th row of R,({/) is
an eigenfunction of £ for the elgenvalue pn(k) = Ay (5(V))k,k- Since ((Ra(my)(o))k,j)jif

(Clw)(n))a o, the row-vector c = (ck, )(n) *o satisfies C(V)N()\n(k)) = (k) c](:). Ex-
plicitly,

(J+k+n+2v-1)(j-k-n-1)(20-j+1) o)

(5.78) - @j 2 D) ¢t j-1(n)

J+1)(G+2v-1)(20+7+2v) ) (n)
(27 +2v-1) g1

= (=2n(0 - k) + (20 +2) (k- 20) = 2(v = 1)(£ - k) (n).

+ (GG +2v-1) = 40(0+1) - 20(v - 1)) (n) + (
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This is a finite three term recurrence relation for the coefficient Cri () (n) in the subindex j,
which can be solved explicitly in terms of Racah polynomials, (see [102], [77])

20); (-n—k);
(V) (V)( 1)J( )i (=~ k); Rr(M\(j);-20-1,-n-k-v,v-1,v-1)

(5 79) j!(2v+2f)j
. (V)( 1)]( 25)](_71_]{‘1)] I (_j7j+2V_17—]5,—”_1/—25.1)‘
J'(2v +20); v,-n—k,-2¢ ’

Switching to the variable x, we find

Py = (RO@LO @)y = (2N =Dl o)

Then, the orthogonality relations (5.19) and the orthogonality relations for the (scalar-
valued) Gegenbauer polynomials, see (5.2), imply

20N (n+k) (n+ k- .)' \/7_TF(V+ - 1/2)
Onm (Hp) ki = Onskemri (=2 nm (V) (V) (V) J): i '
m(Hn)k,i = Onakymei(=2) ;} F(n)e; (m)t; @0+ 2o (n h )T 1 3)
It follows from (5.79) that
(n+k+v)L(W)D(n+k+2v)

(5:80) dnan (it (=2 (o s T IIT (0 + 1/2) T (20)

- |Ck()(n)|2 2€A(an+k:) (_2€)j(_n - k’)j(Qu — 1)j(y + 1/2)j
s MR+ 2v)(n+k+20)(v - 1/2);

x Rk(AM(j);-20-1,-k-n-v,v-1,v-1) Rgyn-m(A(j);-20 -1,k —n-v,v-1,v-1),

which corresponds to the orthogonality relations for the corresponding Racah polynomials
(see [102], [77]). From this we find that the sum in (5.80) equals

(-20-n-v)p(-20-n-k-2v+ 1) (-20-v+1Dp(-n—-k-v+1)k!

On.m M )
’ (=20 =n—k-v+ 1) (-20)r(-n - k) (V)
where
_ (n+k+1v)9(20)9 _ (20 + V) sk (20) sk
(n+k‘+211)2g(1/)gg (2€+2V)n+k(y)n+k
Hence,

472 (v)2 (20 + 2v)2
(k+v)2(20+v-k)2’

EHOE

It just remains to see the sign of ckVO (n). If we take the (k,0)-entry of the three term

recurrence relation for Rg')(u) we obtain a polynomial identity in u. If we take the leading
coefficient it gives

(n+k+2v) =
4(n+k+v) k1,0

20-Kk)2l-k+v-1)(n+k+v)
420 -k+n+v-1)(20+n-k+v)

c,i”g(n +1) = (V)( ) (n)
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If we plug ¢, 8(71) = s&gn(c(y)(n)) |c,(€’/3 (n)| in the equation above, we obtain

(v+n)(20+2v+n) sign(c,(g’yo)(n +1))
=—-(n+k+2v)(2l+n+v-k) sign(c(y)(n)) +(k+v)(20-k) 81gn(c/,€+1 0(n))

It then follows that sign(ck 0)(71)) = 81gn(c,Hl o(n))=- sign(c,(gyg (n+1)). This implies that
sign(c’) (n)) = (-1)".

The previous discussion is summarized in the following theorem.

Theorem 5.5.2. The polynomials Rﬁf) are given by

(-20); (-n—k);

(R (), = cia(n) (-1)

J'(2v +2¢);
y 4F3(—j,]+21/—1,—k,—n—y—2€;1) JF j—k—T.l,n1+k‘+j+2V;u .
v,—n—k,-2¢ Jtstv

where the constant cko)(n) is given by

(=1)"47" (1) (2€ + 20),,

M) (Y =
10 () (E+v)n(20+v-Fk),

Note that Theorem 5.5.2 extends [79, Thm. 6.2]. Switching back to P and using
the inverse of L(*)(x) in (5.7) due Cagliero and Koornwinder [11], we get the following
corollary.

Corollary 5.5.3. Using the notation of Theorem 5.5.2 the monic matrix polynomials have
the explicit expansion

) (4 (=2)" (n 2 (n+k-)U=20);(-1)/ (-n-k);
(5:81) (P (@) = '. )Z (22U +2))pk—i QU+ j+i-1) (20 + 20);

x Rp(A(j);-20-1,-n-k-v,v-1v-1) CT(LZ;;])]( ) Cﬁiy ])(:c).
Observation 5.5.1. [t isn’t obvious that the right hand side of (5.81) is a polynomial of
degree at most n in case k > i. In particular, the coefficients of P with p > n are zero.
Notice that for k > i the leading coefficient of the right hand side is zero, and this gives
the following mon-trivial identity regarding the Racah polynomials.

Z (v + Dk (=20)(=1) (-=n - k);
(20 + 25 k- QU+ j+i— 1) (20 + 20);
» (1-v—-7)j-i

G =) Rr(M\(j);-20-1,-n-k-v,v-1,v-1)=0.
j—1)!
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