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General objective:

Study some null controllability problems for non-scalar parabolic systems.

Non-scalar parabolic systems: arise in chemical reactions, when we model
problems from the Biology and in a wide variety of physical situations.

In this course we will deal with non-scalar systems which in fact are coupled
parabolic scalar equations. We do not present results relating to the
controllability problems of systems which come from fluid mechanics as
Stokes, Navier-Stokes, ...
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GOAL:

© Show the important differences between scalar and non-scalar problems.

© Give necessary and sufficient conditions (Kalman conditions) which
characterize the controllability properties of these systems.

© Show some hyperbolic phenomena related to the controllability
properties of these systems.

We will only deal with

@ Linear systems

@ In general, “simple” Parabolic Systems.
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0 Introduction

@ The parabolic scalar case
@ The one-dimensional case: The moment method
@ General case: Carleman Inequalities
@ Final comments in the scalar case

© Finite-dimensional systems
@ Distributed controllability of 2 x 2 linear systems
© Boundary controllability of a 2 x 2 linear system

@ A generalization: Cascade systems
@ The Kalman condition for a class of parabolic systems. Distributed
controls

© The Kalman condition for a class of parabolic systems. Boundary controls
© New phenomena: Minimal time of controllability

@ New phenomena: Dependence on the position of the control set

@ Further results

@ Comments and open problems
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1. Introduction )
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1. Introduction

Letus fix 7 > 0 and let H and U be two separable Hilbert spaces. Let us
consider the autonomous system:

W Yy =Ay+Bu on(0,7),
y(0) =yo € H.

A and B are “appropriate” operators, yo € H is the initial datum at = 0 and
u € L*(0,T; U) is the control (exerted by means of the operator B).

Assume the problem is well-posed: V(yj, u) there exists a unique weak
solution y € C°([0, T]; H) to (1) which depends continuously on the data. J

Let us denote by y(#; yo, u) € H the solution to the system at time ¢ € [0, 7.

H=R'n>1),U=R"(m>1),A e L(R") and B € L(R™;R"): ordinary
differential system with n variables and m controls.
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1. Introduction

Exact Controllability: System (1) is exactly controllable at time 7 if
Y(yo,y1) € H x H, there exists u € L?(0, T; U) s.t. the solution y of (1)
satisfies y(T’; yo, u) = y1.

Controllability to trajectories: System (1) is controllable to
trajectories at time T if V(yo,y0) € H x H and % € L*(0, T; U), there
exists u € L2(0, T; U) s.t. the corresponding weak solution to (1)
satisfies y(T’; yo, u) = y(T; Yo, ).

Null Controllability: System (1) is null controllable at time 7T if

Vyo € H there exists u € L*(0,T; U) s.t. y(T; yo, u) = 0.

Linear case: Controllability to trajectories and null controllability are
equivalent.

Approximate Controllability: System (1) is approximately
controllable at time 7 if V(yo,y1) € H x H, and every ¢ > 0, there
exists u € L*(0,T; U) s.t.

Iy(T; y0,u) — yi|lu < e.
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2. The parabolic scalar case

Problem (1) is linear. Then, System (1) is null controllable at time 7" if and
only if the system is exactly controllable to the trajectories at time 7. [

We will deal with parabolic problems. So, due to the regularizing effect of
these problems, it is well-known that the exact controllability result fails.

Therefore, in this course we will study | null or approximate controllability
results for the system under consideration.
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2. The parabolic scalar case ]
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2. The parabolic scalar case

In this course we are going to deal with time-dependent second order
elliptic operators. Thus, let  C R" be a bounded domain, N > 1, with
boundary 9% of class C? and let us fix T > 0.

Notation: Q7 = Q x (0,7), X7 = 9Q x (0,T) and, for O C Q or O C 01,
1 denotes the characteristic function of the set O.

Let L(t) be the operator given by:

AR )
) L(t)y = — Z e <aij(x, t)(%):> + D(x,1) - Vy + c(x, 1)y.
i j

ij=1

The coefficients of L satisfy

o [ aie Whe(Qr) (1 <i,j <N), D € L*(Qr;RY), ¢ € L>(Qr),
CY,'J‘(X, t) = O‘ji(xa t) V(x¢ t) € Or,

and the uniform elliptic condition: there exists ag > 0 such that
N

) D aix &g > aoll?, VEERY, V(x,1) € Q.

ij=1
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2. The parabolic scalar case

Let w C €2 be an open subset, 'y C 0f2 a relative open subset and let us fix
T >0.
We consider the linear problems for the operator L(¢):

) Oy + L(t)y = vl,, in Or,
y=0onXzy, y(,0) =y in,
6) Oy +L(t)y=0 in Or,
y=hlp,onX, y(-,0) =y in§

In (5) and (6), y(x, t) is the state, yy is the initial datum and v and / are the
control functions (which are localized in w -distributed control- or on I'(
-boundary control-).
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2. The parabolic scalar case

Let w C €2 be an open subset, 'y C 0f2 a relative open subset and let us fix
T >0.
We consider the linear problems for the operator L(z):

) Oy + L(t)y = vl,, in Or,
y=0onXzy, y(,0) =y in,
6) Oy +L(t)y=0 in Or,
y=hlp,onX, y(-,0) =y in§

In (5) and (6), y(x, t) is the state, yy is the initial datum and v and / are the
control functions (which are localized in w -distributed control- or on I'(
-boundary control-).

‘ Question: Functional spaces for yg, v and /1?
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2. The parabolic scalar case

CONTROL SPACES:

e Distributed control problem: We can take L?(Q7) as control space and
L?(Q) as initial datum space. The problem is well-posed: Vyy € L(Q)
and v € L?(Qr) there exists a unique weak solution to (5)

y € C%(]0, T]; L*(£2)) which depends continuously on the data.
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2. The parabolic scalar case

CONTROL SPACES:

e Distributed control problem: We can take L?(Q7) as control space and
L?(Q) as initial datum space. The problem is well-posed: Vyy € L(Q)
and v € L?(Qr) there exists a unique weak solution to (5)

y € C%(]0, T]; L*(£2)) which depends continuously on the data.

@ Boundary control problem:

Q@ Ifin (2), D = 0in Qr, we can take L?(X) as control space and H~'(Q)
as initial datum space. Again, the problem is well-posed: Yy, € H~'(£2)
and i € L*(Xr) there exists a unique weak solution to (6)

y € C°([0, T); H~'(Q)) which depends continuously on the data. Solution
defined by transposition.
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2. The parabolic scalar case

CONTROL SPACES:

e Distributed control problem: We can take L?(Q7) as control space and
L?(Q) as initial datum space. The problem is well-posed: Vyy € L(Q)
and v € L?(Qr) there exists a unique weak solution to (5)

y € C%(]0, T]; L*(£2)) which depends continuously on the data.

@ Boundary control problem:

Q@ Ifin (2), D = 0in Qr, we can take L?(X) as control space and H~'(Q)
as initial datum space. Again, the problem is well-posed: Yy, € H~'(£2)
and i € L*(Xr) there exists a unique weak solution to (6)

y € C°([0, T); H~'(Q)) which depends continuously on the data. Solution
defined by transposition.

© In the general case, we can take Lz(Q) as initial datum space and

X(Lo) = {h: h = H|g, with H € L*(0, T; H}()), H, € L*(0,T; H'(Q))},

as control space, where Qis an open set s.t. 2 C Q,00NQ cc Iy and
Q\ Q # (). The problem is well-posed and the solution depends
continuously on the data.
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2. The parabolic scalar case

Let us fix T > 0. The following conditions are equivalent

Q@ Forany Q C RN, bounded open set with Q having a C* boundary, any
w C €, nonempty open subset, and any coefficients c; (1 < i,j < N), D
and c, satisfying (3) and (4), System (5) is null controllable in LZ(Q) at
time T > 0 with distributed controls v € L*(Qr).

@ Forany Q C RY, bounded open set with Q having a C* boundary, any
o C 052, nonempty relative open subset, and any coefficients cv;j
(1 <i,j <N), D and c, satisfying (3) and (4), System (6) is null
controllable in L*(Y) at time T > O with boundary controls
h e L2(0,T; H'/?(6Q)).
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2. The parabolic scalar case

Let us fix T > 0. The following conditions are equivalent

Q@ Forany Q C RN, bounded open set with Q having a C* boundary, any
w C €, nonempty open subset, and any coefficients c; (1 < i,j < N), D
and c, satisfying (3) and (4), System (5) is null controllable in LZ(Q) at
time T > 0 with distributed controls v € L*(Qr).

@ Forany Q C RY, bounded open set with Q having a C* boundary, any
o C 052, nonempty relative open subset, and any coefficients cv;j
(1 <i,j <N), D and c, satisfying (3) and (4), System (6) is null
controllable in L*(Y) at time T > O with boundary controls
h e L2(0,T; H'/?(6Q)).

Proof: We will use in a fundamental way that the problem under
consideration is scalar (in fact, same number of equations and controls). We
follow some ideas from [BODART,G.-B.,PEREZ-GARCIA] Comm. PDE
(2004) and [G.-B.,PEREZ-GARCIA] Asymp. Anal. (2006).
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2. The parabolic scalar case

Remark (Regularizing effect)

The previous proof shows that if the distributed and boundary null
controllability results for Systems (5) and (6) are valid with controls in
L*(Qr) and L?(0, T; H'/?(09)), then the previous systems are null
controllable with controls in L>°(Q7) and L>°(37) (and even better for
regular coefficients). u

| A

Remark

In the proof of Theorem 1 we have strongly used that the operator J; + L(t) is
scalar. We will see that the previous equivalence is not valid for non-scalar
parabolic operators. ]

v
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2. The parabolic scalar case

From now on, we will concentrate on the distributed control problem (5).
Let us introduce the adjoint problem

) —Oip+L*(t)p =0 in Or,
p=0onXr, ¢(-,T)=¢r inQ,

where o7 € L*(Q) is given and L*(¢) is the operator given by

N

0 0
L*'(t)p = — I; p (aij(x, t)a;z> — V- (Dg) + c(x,t)p a.e. in Q.
This problem is also well-posed and the solution depends continuously on

r: there exists a constant C > 0 such that Vo € L2(€2) System (7) has only

one solution € L*(0, T; H}(2)) N ([0, T]; L*(£2)) and it satisfies

lellz20,msm1 ) + lellcogo, iz < Cllerllzg)-
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2. The parabolic scalar case
Theorem (Observability Inequality)

Under the previous assumptions, System (5) is null controllable at time T > 0
if and only if there exists a constant Ct > 0 s.t.

(8) “(p(.’())”iz(m < Cr // ( )‘Splzdxd[, Yor € LZ(Q),
wx(0,T

where @ is the solution of (7) associated to pr.
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2. The parabolic scalar case

Theorem (Observability Inequality)

Under the previous assumptions, System (5) is null controllable at time T > 0
if and only if there exists a constant Ct > 0 s.t.

(8) HW(HO)”%Z(Q) < Cr // ( )‘Splzdxdl, Yor € LZ(Q),
wx(0,T

where @ is the solution of (7) associated to pr.

Remark

The Observability Inequality (8) in particular implies a better result: If (8)
holds then, Vyo € L?(2) there is a distributed control v € L*(Qr) s.t.

||V||%2(QT) = CTH}’OHZ%Q) and y(-,T) =0,

being y the solution to (5) corresponding to yo and C7 > 0 the constant in (8).
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2. The parabolic scalar case
Remark (Control cost)

The previous remark and inequality (8) provide an estimate of the cost of the
control for system (5): If (8) holds at time 7" > 0, then

Zr(yo) = {v € L*(Qr) : ¥(T;y0,v) = 0} # 0, Vyo € L*(Q).

We can then define the control cost for system (5) at time 7 as

K(T) = sup ( inf ||Vl 20 ) VT > 0.
bollaey=1 \vE€2r00) D)

Thus, K(T) < /Cr. On the other hand, if Z7(yo) # 0, for any yo € L*(12),

then, the observability inequality (8) for the adjoint system (7) holds with
Cr = KC(T)?%. It is then clear that

K(T) = inf{\/CT : Cr > 0 s such that (8) holds} .
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2. The parabolic scalar case

1. The one-dimensional case: The moment method

We follow [FATTORINI,RUSSELL] Arch. Rat. Mech. Anal. (1971). )
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2. The parabolic scalar case

1. The one-dimensional case: The moment method

Consider the boundary null controllability problem for the classical
one-dimensional heat equation in (0, 7r) (for simplicity):

yt_yxxzo in QT:(Ovﬂ-) X (07T)7
(9) y(O, ) =V, y(ﬂ', ) =0 on (Ov T))
y(,O) = Yo in (Ovﬂ-)a

with yo € H=1(0,7) and v € L*(0, T). The problem is well-posed and the
solution (defined by transposition) depends continuously on the data yy and v.
The operator —d,, on (0, 7) with homogenous Dirichlet boundary conditions
admits a sequence of eigenvalues and normalized eigenfunctions given by

2
M=Kk, fplx) = \[sinkx, k>1, xe(0,n)
7T
which is a Hilbert basis of 2(0, ). In the sequel, we will use the notation

Yk = (ya ¢k>L2(0,ﬂ)v Vy € LZ(O’TF).
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2. The parabolic scalar case

1. The one-dimensional case: The moment method
The idea of the moment method is simple: Given yo € H~1(0, ),
or € H}(0,7) and v € L*(0,T), then

T
60 T)er) = 00,0, 0) = [ 0.0
where y is the solution to (9) and ¢ is the solution to the adjoint problem

—@z—SDxeO il’lQT,
¢=00n{0,1} x (0,7), ¢(-,T)=r in(0,m).
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2. The parabolic scalar case

1. The one-dimensional case: The moment method

The idea of the moment method is simple: Given yo € H~1(0, ),
or € H}(0,7) and v € L*(0,T), then

G0 T), 1) — (o, 0, 0)) = /0 V(1) (0, 1) .

where y is the solution to (9) and ¢ is the solution to the adjoint problem

—@z—SDxeO il’lQT,
¢=00n{0,1} x (0,7), ¢(-,T)=r in(0,m).

Property

v € L*(0, ) is a null control for system (9) (i.e., v € L?(0, T) is a control
s.t. the solution y to (9) satisfies y(-, 7) = 0 in (0, 7)) if and only if

T
0, 0(0)) = /O W(1)pel0,1)dt, or € HY(0, ).
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2. The parabolic scalar case

1. The one-dimensional case: The moment method

Given yp € H~1(0, ), there exists a control v € L?(0, T) such that the

solution y to (9) satisfies y(-, 7) = 0 in (0, 7) if and only if there exists
v € L*(0,T) | satisfying

T
—(yo, e M gy = / v(t)e TNy (0)dt, V> 1,
0

i.e.,if and only if | v € L?(0, T) | and

T
1
/ ei)\ktv(T = t) dt = _k\/ze)\kTyO’k =c YVk>1.
0

This problem is called a moment problem.
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2. The parabolic scalar case

1. The one-dimensional case: The moment method

Given yp € H~1(0, ), there exists a control v € L?(0, T) such that the

solution y to (9) satisfies y(-, 7) = 0 in (0, 7) if and only if there exists
v € L*(0,T) | satisfying

T
—(yo, e M gy = / v(t)e TNy (0)dt, V> 1,
0

i.e.,if and only if | v € L?(0, T) | and

T
1
/ ei)\ktv(T = t) dt = _k\/ze)\kTyO’k =c YVk>1.
0

This problem is called a moment problem. We have the following result:
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2. The parabolic scalar case

1. The one-dimensional case: The moment method

Given yp € H~1(0, ), there exists a control v € L?(0, T) such that the

solution y to (9) satisfies y(-, 7) = 0 in (0, 7) if and only if there exists
v € L*(0,T) | satisfying

T
—(yo, e M gy = / v(t)e TNy (0)dt, V> 1,
0

i.e.,if and only if | v € L?(0, T) | and

T
1
/ ei)\ktv(T = t) dt = _k\/ze)\kTyO’k =c YVk>1.
0

This problem is called a moment problem. We have the following result:

For any yo € H='(0,7) and T > 0, there exists v € L*(0, T) solution to the
previous moment problem. That is, v is a null control for equation (9).
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2. The parabolic scalar case

1. The one-dimensional case: The moment method

Proof: Biorthogonal Families: (([FATTORINI,RUSSELL] Arch. Rat. Mech.
Anal. (1971)). There exists a family {gx}x>1 C L*(0, T) satisfying

T
Qo / e_Aktql(t) dt = o, Vk, 1> 1.
0

Q Ve >0,3C(e,T) > 0s.t. ||lgkll20,r) < Cle, T)e .

The control is obtained as a linear combination of {g }¢>1, that is,

(T —1t) = c —e (1)
qu \/7; )’Ok(Ik

k>1

and the previous bounds are used to prove that this combination converges in
L*(0,T). ]

Two ingredients:
Existence and bounds of a biorthogonal family to real exponentials.
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2. The parabolic scalar case

1. The one-dimensional case: The moment method

Remark

Theorem 2.2 is a consequence of the existence of a biorthogonal family in
L%(0,T) to the sequence {e~*'};>1 (\x = k?), which satisfies appropriate
bounds. In fact, in

@ LUXEMBURG, KOREVAAR, Trans. Amer. Math. Soc. 157 (1971),

© FATTORINI, RUSSELL, Quart. Appl. Math. 32 (1974/75),

© HANSEN, J. Math. Anal. Appl. 158 (1991), ...

it is proved a general result on existence of a biorthogonal family in L>(0, T)
to {e~"#'};>1 which satisfies appropriate bounds for sequences
A= {Ak}kZI C R such that

1
Y —<oo and |A—Af>plk—1], VkI>1.
=1 M

for a constant p > 0. ]
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2. The parabolic scalar case

1. The one-dimensional case: The moment method

Consequence:

The previous result is valid for any nonempty bounded interval (a, b) and for
any second order operator self-adjoint elliptic operator

Ly = — (a(x)yx), + c(x)y,

with o € C'([a,b]) and @ > 0in (a, b), and ¢ € C°([a, b]). Then, if we apply
Theorem 1, we also get a distributed controllability result for the problem

i+ Ly =vl, in Or = (a,b) x (0,7),
y(a")zov y(ba)zo on (O,T),
)7(',0) = Y0 in (a’b)v

with yo € L?(0,7) and w C (a, b), a nonempty open subset.
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2. The parabolic scalar case

2. General case: Carleman Inequalities

We follow [FURSIKOV,IMANUVILOV] 1996 and
[IMANUVILOV, YAMAMOTO] 2003. J
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2. The parabolic scalar case

2. General case: Carleman Inequalities

We will consider the following parabolic equation:

N

OF;
—diz+Lo()z=Fo+ )

(10) in QT)

z=0on ZT, Z(-,T) =T in Q,
with z7 € L*(Q), F; € L*(Q7),i=0,1,...,N, and Lo(t) the self-adjoint
parabolic operator given by

N

Loty ==Y aa (“l‘f'(x’ ”g;)

ij=1

with coefficients «; satisfying (3) (regularity) and (4) (uniform elliptic
condition).
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2. The parabolic scalar case

2. General case: Carleman Inequalities

Lemma

Let 5 C ) be a nonempty open subset and d € R. Then, 3 5y € C*(Q)
(positive and only depending on Q) and 3) and Cy, 59 > 0 (only depending on
Q, B and d) s.t. for every zz € L*(Q), the solution 7 to (10) satisfies

(11)
I(d,z) < C()(s // e 2P 1))z
Bx(0,T)
s e UL e S I/ eZS‘*ﬂ/(r)“\FirZ) ,
Or i=1 Or

Ws > 5o = o (T + T2); | 1(1) = 7 (T = )} | B(x, 1) = Bo(x)/1(T — )]

and|Z(d,z) = 5%~ 2// e 2P~ ()42 Vz? + 5¢ // e 2P~ (1)|z]* |
or Or
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2. The parabolic scalar case

2. General case: Carleman Inequalities

Lemma

When F; =0for1 <i<N, 3 61 and 1 (which only depend on S, I3 and d)
s.t., Vzr € L2(Q), the solution z to (10) satisfies
(12)

L(az,z)sa(sd J[ e s [f e—z‘wwd—ﬂFoP),
Bx(0,T) or

forall s >3 = & (T + T?) where

N
T = [[ 00t (l0a + Y
Or

ij=1

2

+7Z(d,z).

0%z
8x,-8xj

Proof: See [FURSIKOV,IMANUVILOV] 1996; [IMANUVILOV,YAMAMOTO]
(2003) and [FERNANDEZ-CARA,GUERRERO] SICON (2006).
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2. The parabolic scalar case

2. General case: Carleman Inequalities
Recall that our objective is to prove a null controllability result at time 7T for

)

Oy + L(t)y = vl in Or,
y=0onXr, y(-,0)=yo inf,

with L(¢) given by:

= 9 dy
Z:: o (ozl] X, t 8x]> + D(x,t) - Vy + c(x, 1)y

= Lo(t)y + D(x, 1) - Vy + c(x, 1)y,

with coefficients «; satisfying (3) and (4). We also know that this is
equivalent to the observability inequality (8)

o0 < r [ o lefd, Yor € @),
wx (0,

for the solutions to the adjoint problem (7).
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2. The parabolic scalar case

2. General case: Carleman Inequalities

There exists a constant Co = Co(Q,w) > 0 such that Vor € L*(Q) and o the
corresponding solution to (7), the observability inequality (8) holds with

1
Cr=exp (Co (1+ 7+ 2 + Tllel + (1 + DD ) ).
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2. The parabolic scalar case

2. General case: Carleman Inequalities

There exists a constant Co = Co(Q,w) > 0 such that Vor € L*(Q) and o the
corresponding solution to (7), the observability inequality (8) holds with

1
Cr=exp (Co (1+ 7+ 2 + Tllel + (1 + DD ) ).

Proof: We follow [FERNANDEZ-CARA,ZUAZUA] Ann. IHP (2000) and
[DouBOVA,FERNANDEZ-CARA,MG-B,ZUAzUA] SICON (2002).

The Carleman inequality (11) applied to problem (7) implies (B = w,d = 3
and —9,p + Lo(t)p = V - (D) — c(x, 1)) that Vs > 5o = 5 (T + T?):

s [ e¥h@wel+s [[ eh0of
or Or
<& <s3 / / 20 (1)? o2
x(0,T)
el // 28|02 + 2|DI2, // 218, W)
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2. The parabolic scalar case

2. General case: Carleman Inequalities

As a consequence we can prove that for

s> (T + T2+ T2(||c|)2 + |ID|2,)) (C = C1(€, w)) one has
1

5P = Collell3 = Colsy PPN = S 1sv(0)F -

Consequently, for s = Cy (T + T2 + T2(||c||2* + ||D||2.)) that

// —2sp —3( 3"10|2 < C] // —ZSBt ‘(T— t)_3’§0‘2
T (0,T)

and therefore

// (p[? < eCOHI/THIIE +IDIE) // o2
Qx (T /4,3T/4) N wx(0,T)

This last inequality combined with energy estimates (C = C(ag) > 0)

jt( C(llelloo+1D1I30 )1 /¢| (., )> >0 Vtel0,T]

implies (8) and the proof is complete. ]
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2. The parabolic scalar case

2. General case: Carleman Inequalities

Corollary

LetusfixT >0, Q C RN, w C Qand Ty C 0N (arbitrary) as before. Then,
there exist positive constants Co = Cy(Q,w) and Co CQ(Q [p) s.t.

@ Yy € L*(Q) there is a control v € L*() which satisfies

2/3 2
Co(14+1/T+ +T oot 1+T D

‘|V||1%2(QT) = ”LZ(Q)

and y(-,T) = 0in §, (y is the solution to (5) associated to yy and v).

Q Yy € L2(Q) there is a control h € L*(0, T; H'/?(Q)) which satisfies

) Co(14+1/ TP+ Tl oo (T IDIE ) - 12
”h||L2(O,T;H1/2(Q)) <e 0( )HyOHLZ(Q)?

and y(-,T) = 0in §, (y is the solution to (6) associated to yy and v and,
in fact, y € L*(0, T; H'(2)) N C°([0, T]; L*(2)))
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2. The parabolic scalar case

2. General case: Carleman Inequalities

Remark

It is important to point out that the boundary null controllability result for
problem (6), when the coefficient D of L(¢) (see (2)) is regular enough, can be
obtained from an appropriate boundary Carleman inequality for problem (10)
with F; =0, 1 < i < N. This Carleman inequality is like (12) for an
appropriate weight function ’30 € C2(Q) (which depends only on £ and I'¢)
instead of 3y and with the local term

= —2s _
s 2// ey =5 (£)4=2
FQX(O,T)

instead of the integral over 3 x (0, T') in the right hand side of (12) (z is the
solution to (10) associated to zz € L?()). [

%2
on
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3. Final comments in the scalar case
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2. The parabolic scalar case

3. Final comments in the scalar case

1. The null controllability property for the N-dimensional case was solved
independently by G. Lebeau and L. Robbiano (for the heat equation) and by
A. Fursikov and O. Imanuvilov (for a general parabolic equation). With a
different approach, Lebeau-Robbiano obtained the distributed null
controllability result for System (5)

Oy + Loy = vy, in Or,
y:OOHZTa y(vo):yo inQv

when L is a self-adjoint elliptic operator independent of ¢. For more details,
see [LEBEAU,ROBBIANO] Comm. P.D.E. (1995).

2. Until now, we have only dealt with the null controllability problem for a
scalar parabolic system with distributed and boundary controls. For the
corresponding approximate controllability we can obtain similar results:
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2. The parabolic scalar case

3. Final comments in the scalar case

Approximate controllability

Proposition (Distributed control)

System (5) is approximately controllable at time T > 0 if and only if the
adjoint problem (7) satisfies the unique continuation property: “If p is a
solution to (7) and ¢ = 0inw x (0,T), then ¢ = 0in Q7. [ |

| \

Remark (Boundary control)

In the case of System (6) we can get a similar result. In this case the unique
continuation property for System (7) is: “If ¢ is a solution to (7) and
Onp =00nTy x (0,7), then ¢ = 0in Q7"

Theorem

| \

System (5) (resp. System (6)) is approximately controllable at time T > 0, for
any w and T > 0 (resp., for any 'y and T). [

A\
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2. The parabolic scalar case

3. Final comments in the scalar case

Remark
The distributed controllability result for System (5) is equivalent to the
boundary controllability result for System (6).

Summarizing:
e System (5) and system (6) are approximately controllable and exactly
controllable to trajectories at any time 7 > 0 for every geometrical data
w or [y.
o The controllability properties of both systems are equivalent. |

\
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2. The parabolic scalar case

3. Final comments in the scalar case
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3. Finite-dimensional systems

Let us consider the autonomous linear system
(13) Y'=Ay+Bu on[0,7], y(0)=yo,

where A € L(C") and B € L(C™,C") are constant matrices, yg € C" and
u € L*(0,T; C™) is the control.

Problem:

Given yg, ys € C", is there a control u € L*(0, T; C™) such that the solution y
to the problem satisfies

WT) = ya?77?
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3. Finite-dimensional systems

Let us consider the autonomous linear system
(13) Y'=Ay+Bu on[0,7], y(0)=yo,

where A € L(C") and B € L(C™,C") are constant matrices, yg € C" and
u € L*(0,T; C™) is the control.

Problem:

Given yg, ys € C", is there a control u € L*(0, T; C™) such that the solution y
to the problem satisfies

WT) = ya?77?

Let us define (controllability matrix)

[A|B] = (B, AB, A’B, --- , A""'B) € £(C™;C").

On the other hand, let {f;}1<;<; C C be the set of distinct eigenvalues of A*.
For/:1 <1 < p, we denote by m; the geometric multiplicity of ;. The

sequence {wy,}, <ji<m will denote a basis of the eigenspace associated to 6.
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3. Finite-dimensional systems

The following classical result can be found in

R. KALMAN, Y.-CH. HoO, K. NARENDRA, Controllability of linear
dynamical systems, 1963. \

and gives a complete answer to the problem of controllability of finite
dimensional autonomous linear systems:

Theorem

Under the previous assumptions, the following conditions are equivalent
@ System (13) is exactly controllable at time T, for every T > Q.
© There exists T > 0 such that system (13) is exactly controllable at time T.
© rank [A | B] = n or ker[A | B]* = {0} (Kalman rank condition).
A* — 01,
B*
© rank [B*wy 1, B*wia, -+, B*wym| = my, foreveryl: 1 <1 <p. [ |

© Hautus test: rank ( > =n, VIi:1ZI1<p.
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3. Finite-dimensional systems

© The four controllability concepts (exact, exact to trajectories, null and
approximate controllability) for System (13) are equivalent
(finite-dimensional space).

@ Observe that {B*w;1,B*w;2,...,B*w;,} C C™. Condition 5 in
Theorem 4 says this set is linearly independent forany /: 1 </ < p. In

particular, Vi:1<I<p.
© Given the o.d.s. (adjoint problem)

- =A% in[0,T], o(T)=¢reC"

it is not difficult to prove the following result: “System (13) is exactly
controllable at time T if and only if the following property for the
adjoint problem holds (unique continuation property)

If B*p(-) = 0 on [0, T], then o7 = 0."
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3. Finite-dimensional systems

We have a complete characterization of the controllability results for
finite-dimensional linear ordinary differential systems (a Kalman condition).
Is it possible to obtain similar results for Partial Differentials Systems? We
will focus on coupled linear parabolic systems.

What are the possible generalizations to Systems of
Parabolic Equations?
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4. Distributed controllability of 2 x 2
linear systems
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4. Distributed controllability of 2 x 2 linear systems

Let us consider the 2 x 2 linear reaction-diffusion system (Qr = Q x (0, 7))

Oyt + Ly(®)y1 + anyr + ay2 = vl in O,
(14) Oy2 + L&(t)y2 + any1 + azny> =0 in O,
yi=0onXr =00 x (0,T), (,0)=y)inQ, 1<i<2,

where 2, w and T are as before, a; = a;j(x,1) € L>(Qr) (1 < i,j < 2),
yi € L*() (1 <i<2)and L{(7) is, for every 1 < k < 2, the second order

N
0 0
operator Lg(t)y = — Z e <a§-(x, t)aj> where afj satisfy (3) and (4).
ij=1 " Y

System (14) is controlled by means of a scalar distributed control exerted on
the right-hand side of the first equation. The second equation is indirectly

controlled by the coupling term . Necessary condition

(az1 € L*=(0r)).
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4. Distributed controllability of 2 x 2 linear systems

Equivalently, the previous system can be written as

15)

oy + Z(t)y + Ay = Bvl,, in Or,
y=0onXzy, y(-,0)=yp in§,

where L(7) is the matrix operator given by (¢) = diag ( Ly(1), L}(1)),
y = (yi)1<i<2 is the state and where

Yo = (Wp)i<i<z € L2 RY),  A(,+) = (a(-,))i<ij<2 € L®(Qr; L(R™)),
and B = e; = (1,0)* € R?

are given. Let us observe that, for each yo € L*(Q;R?) and v € L*(Qr),
System (15) admits a unique weak solution

y € L*(0,T; Hy (2 R?)) N C°([0, T); L* (€ R?)).
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4. Distributed controllability of 2 x 2 linear systems

Assumption

We assume that the coupling coefficient ay; € L*°(Qr) satisfies

(16) |a21 > co > 0or| —az > co > 0]inw x (0, 7),

with wg € w a new open subset.

As in the scalar case, the controllability result for system (15) is equivalent to
the observability inequality: 3C7 > 0 such that

lon( Ol + 120N < Cr [ o Pasar
wx (0,

where ¢ is the solution associated to ¢g € L?(£2;R?) of the adjoint problem:

(17) ~p+L(Np+A =0  inQr,
p=0o0nXr, @(,T)=¢p inQ.
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4. Distributed controllability of 2 x 2 linear systems

Theorem

Under assumption (16), there exist a positive function oy € C*(Q) (only
depending on ) and wy), two positive constants Co and o (only depending
on §, wo, co, ||az21||co and d) such that, for every o1 € LZ(QT; Rz), the
solution  to the adjoint problem (17) satisfies

Ti(d +3,¢1) + Zi(d, p2) < Cos™™ / / on e >y ()1,
wx (0,

Vs > s = 00 |T + T2 + T2 (Hcm 123 4 [lara|| 13 + Hazz\yg?)}. In the

previous inequality, | v(t) = (T — 1)} | a(x, 1) = ag(x)/t(T — 1) ‘and
7Z,(d, z) is given in Lemmas 2.3 and 2.4 (with « instead of [3).
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4. Distributed controllability of 2 x 2 linear systems

Proof: Given wy C w, we choose wi CC wy. Let oy € C?(2) be the function
provided by Lemma 2.3 and associated to €2 and B = w;. We will also
consider | av(x, 1) = ap(x)/t(T — 1) ‘and (1) = YT — 1)~!|. We will do
the proof in two steps:

Step 1. Let ¢ be the solution to adjoint system associated to . Each
component satisfies

—Opi + Li(t)pi = \ —aipr — a2 |

We begin applying inequality (12) with 5 = w to each function ¢; with
Lo = L{,d =d + 3(2 — i) and the corresponding right-hand side:

Tid+3,01) < & < / / =29 [y ()] [ |
w1 X O,T

+ lan 2 // =250 oy (D] L1 2 + llazt | // ~250 [y s w)
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4. Distributed controllability of 2 x 2 linear systems

Lw+awo§a</7 % [y (0] |
w1 X(O,T)

—2s« d —2s d
+WM&K£€%[WWH%F+WM&/L€ZVM@]Wﬁ)
T T

and

wag<6«// 2 [sy (O] a2
w1 x(0,T)

—2sav — —2scv d—
+wm&[ée”[w@VﬂwF+wm&/£e25mm]3@%)
T T

forall s > 5 = & (T + T?).
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4. Distributed controllability of 2 x 2 linear systems

Now if we take
s2s1 =01 [T+ + T2 (a2 + llan) i + laxl?)]

with 01 = 01(Q, wo, ||az1]|s) > 0, we obtain the existence of a positive
constants C; = C1(, wo, ||a21]|s0) such that if s > sy, then

Ti(d +3,¢1) < Cy (// e [y |1 + T (d, w2)>
le(O,T)
and

‘ 1
L) <G [ e P + T+ 3,00,
le(O,T) 1
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4. Distributed controllability of 2 x 2 linear systems

From these two previous inequalities we can also get

Lw+a¢o+a@¢><@// o€ O
w1 X OT

+@// e sy (D] ol
\UIX(O T

Vs > s1, with C, = C2(€, wo, ||a21]|co) @ new positive constant.
Step 2. Thanks to the assumption (16):

(16) ‘azl2co>0‘or‘—a21zco>0‘inwox(O,T),

with wg C w an open subset, and the cascade structure

a1 = Orp1 — L(l)(t)% — ajp in Qr,

can eliminate the second local terms. In order to carry this process out, we
will need the following result:
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4. Distributed controllability of 2 x 2 linear systems

Let us assume (16). Then, given € > 0, there exist a constant 62 (only
, if s > 51, one has

// e [sy()]? |2|? < e Ty (d, 2)
le(O,T)

~ 1 —2s5
5 (1+) J[ e merap
€ UJ()X(O,T)

<

The proof of Theorem 4.1 is a consequence of this Lemma and the inequality

zl<d+3,w1>+11<d7s0><c2// ( ™2 [sy(1)]3 |1 [
leOT

+ G / / =250 [s()]¢ ool
wlx(O T

This ends the proof. n
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4. Distributed controllability of 2 x 2 linear systems

We have proved that the solutions to the adjoint system

(17) ~oi+ Lo+ A" =0  inOQr,
¢=00nYr, o(-,T)=po in{Q.

satisfy the Carleman inequality Cy = Co(£2, wo, co, [|@21]| 00, d)

Td+3,00) + Tildyen) < ™ [ et
wx(0,T)
Vs > 59 = o0 [T+ 72+ T2 (Jlan 12 + laralliL® + llazal2)]

(Co = Co(£2, wo, co, ||az1||co, d) and ¢ = 09(£2, wo, co, ||a21 |0, d) are
positive constants).
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4. Distributed controllability of 2 x 2 linear systems

As in the scalar case, combining the previous result and energy inequalities
satisfied by the solutions of the adjoint system it is possible to prove an
observability inequality for the adjoint system and deduce:

Corollary

Let us assume (16). Then, there exists a positive constant C (only depending
on Q, w, co and ||az1 ||so) such that for every yo € L*(§2; R?) there is a control
v € L*(Q) which satisfies

||V| HiZ(QT) < ec,HHyOHIZAZ(Q;RZ),

and y(-,T) = 0 in Q, with y the solution to (15) associated to yo and v. In the
previous inequality, H is given by

1
H=1+T+ 7+ lan 122 + llana|| 2 + llaz2 |2 + T max_ ||yl
1<ij<2
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4. Distributed controllability of 2 x 2 linear systems

o System (14) is always controllable if we exert a control in each equation
(two controls).

@ The controllability result for system (14) is independent of the operators
L{(¢) and L3(z). We will see that the situation is more intricate if in the
system a general control vector B € R? is considered.

@ The same result can be obtained for the distributed approximate
controllability at time 7. Therefore, approximate and null
controllability are equivalent concepts (distributed case).

o Using a different technique (fictitious controls), it is possible to prove a
null controllability result as in the previous corollary when the coupling
matrix A € L>(Qr; £(IR?)) satisfies: There exist an open subset
wo CC w and a positive constant ag S.t.

‘|a2l(x,t)|2610>0‘ in wo x (0,T). -
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4. Distributed controllability of 2 x 2 linear systems
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5. Boundary controllability of a 2 x 2 linear system

Let us now consider the boundary controllability problem for the
one-dimensional linear reaction-diffusion system:

Yt — Dy = Ay in Or = (077‘-) X (07 T)a
1
8§ sbo=( g ) slr=0 o (0.7)
y('70):y0 in (0,71’),

with yo € H~1(0, 7;R?), v € L*(0, T) is the control and

(d 0 (00
D( 0 d2>7 dy,dr > 0, (d]#dg),andA(l 0).

Existence and uniqueness

For any yo € H~'(0,7;R?) and v € L*(0, T), system (18) has a unique
solution y € L?(Qr) N C°([0, T]; H~'(0, w; R?)) defined by transposition.
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5. Boundary controllability of a 2 x 2 linear system

Let us now consider the boundary controllability problem for the
one-dimensional linear reaction-diffusion system:

Yt — Dyx = Ay in Or = (0,m) x (0,7),
1
(18) y|x=0 = < 0 > Vs y’x=7T =0 on (07 T)7
y(70) =Yo in (0777)7

with yo € H=1(0, 7;R?), v € L*(0, T) is the control and

(d 0O (00
D_<O dz)’ dy,dy >0, (d]#dz),andA—(l 0).

Are the controllability properties of system (18) independent of d; and d»??7?
NO.
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5. Boundary controllability of a 2 x 2 linear system

As before, system (18) is null controllable at time 7" if and only if the
observability inequality

T
1 0) 2y 0.m) + 1920 02y 0.y < Cr /0 1.(0, 1) dr,

holds. Again ¢ is the solution associated to g € H{ (0, 7; R?) of the adjoint
problem:

—pr — Do = A*¢ in Qr,

(19) @lx=0 = ¢lr=r =0 on (0,7),
90(" T) = %o in (0’ 7T)'
Let us see that, in general, this inequality fails (even if ap; = 1 # 0!!!!!).
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5. Boundary controllability of a 2 x 2 linear system

A necessary condition:

Proposition

Assume that system (18) is null controllable at time T (d) # d,). Then
(A = k),

did # daj, Ykj>1 (<= +/di/dy & Q).

Proof: By contradiction, assume that dj\; = d»\; for some k, j and take

K = max{k,j}. The idea is transforming system (19) into an o.d.s.

Recall that \; and ¢y are the eigenvalues and normalized eigenfunctions of
—0Oxy 0n (0, 7) with homogenous Dirichlet boundary conditions:

2
e = k2, gbk(x):\/;sinkx, k>1, xe(0,m).

Idea: Take @o € Xk = {@o = Sp_; aedy : ag € R?} C H}(0,7;R?).
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5. Boundary controllability of a 2 x 2 linear system

Consider also

B

Bx=| : | eRrR*, (Bz(é)) and
B
Ly = diag (—\;D +A*, =MD + A*,--- |, —\xD + A*) € L(R*).

Taking in (19) arbitrary initial data o x = Zle arde € HY (0, m; R?) where
ap € R?, it is not difficult to see that system (19) is equivalent to the
o.d. system

(20) ~ 7' =L:Z on[0,T], Z(0) =27 cR*.

From the observability inequality for system (19) we deduce the unique
continuation property for the solutions to (20):

[BxZ()=0 in(0,T) —Z=0|
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5. Boundary controllability of a 2 x 2 linear system

In particular system

Y = LY +Bgv on[0,T], Y(0)=Y,cR>*

is exactly controllable at time 7. Then ‘ rank [Ck | Bk] = 2K ‘

We deduce that £} cannot have eigenvalues with geometric multiplicity 2 or
greater.

But 0 = —d; \y = —d> ) is an eigenvalue of L} with two linearly
independent eigenvectors Vi, Vo € R?X given by:

1

Vi= Wiz Vie= (o ) adVie=0 ve#k,
1

Vo = (V27g)1S£§K, Voj= ( )‘J'(dlofdz) ) and Vo, =0 VI{#jm

The result has been proved in [FERNANDEZ-CARA,G.-B.,DE TERESA],
J. Funct. Anal. (2010).
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5. Boundary controllability of a 2 x 2 linear system

distributed controllability = boundary controllability.

Even if System (14) is very close to System (18), their controllability
properties are strongly different:

o System (14) (distributed control): We have obtained a complete
characterization of the null controllability property in the constant case
(and even, a distributed Carleman estimate for the adjoint
problem (17)).

@ System (18) (boundary control): The system is not null controllable if
d A\ = d \j for some k,j > 1.

The same non-scalar parabolic problem can be controlled to zero with
distributed controls supported on an interval w and, however, the null
controllability result fails when the control acts on a part of the boundary.
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5. Boundary controllability of a 2 x 2 linear system

Yt — Dyxx = Ay in QTa
(18) y|x:0 = BV, y|x:7r =0 on (07 T)7
y('ao) =0 in (0,7’(’),

_(d 0 /(00 (1
D—(O d2>,d1,d2>0,d175d2,A—<1 0>andB—<O>.

@ Again, System (18) is always null controllable at time 7 if we exert two
independent controls at the same point. In this case, equivalence
between distributed and boundary controllability (as in the scalar case;
see Theorem 1).

@ If d| # d», one has: “System (18) is approximately controllable at time T

S \/dl/dgg(@”. |

V.
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5. Boundary controllability of a 2 x 2 linear system

(19) —r =Dy + A% in Qr,
@ =00n{0,7} x (0,T), (-,T) =0 in(0,7).

(d O (00
D—<0 dy ),dl,d2>0, dl#dg,andA—<1 0>.

Boundary approximate controllability

“System (18) is approximately controllable at time T <= |\/d/dy € Q.
What does this condition mean???: The eigenvalues of the operator
R*® = D®,, + A*D are

{_dlkz}kZI U {_d2i2}i21 :

Then, | \/d;/dy € Q| <= the eigenvalues of R* are simple.
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5. Boundary controllability of a 2 x 2 linear system

yt_Dyxx:Ay ln QT7 0 0 1
(18) y|x:O:BV7 y|x:7r:0 on (07T)7 A: < 1 0 > B: ( 0 >
y('ao) =)0 in (Oa 7T)7

Null controllability: Assume \/d;/dy ¢ Q. Is System (18) null controllable
at time 7'? i.e., are approximate controllability and null controllability
equivalent for System (18)?

We will see that he answer is negative.

approximate controllability = null controllability.

(See also [AMMAR-KHODJA,BENABDALLAH,DUPAIX,KOSTINE],
ESAIM:COCYV (2005) for some abstract non-scalar parabolic systems).
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6. A generalization: Cascade systems

We consider the linear parabolic system

n n
Oy1 + Ly(Oy1 + > Cyj- Vyj+ > _ayy=vl, inQr=Qx(0,7),

=1 j=1
n n

Oy + L3(t)y2 + Z Coj - Vy; + Z azyj =0 in Or,
J=1 j=1

n n
Oyn + L3Oy + D> Cj- Vyj+ > _ any; =0 in Or,
j=1 =1
yl:OOHET:aQX(OaT)7 yt(ao):yé)ana 1§l§l’l,
where a;; = ay(x, 1) € L*(Qr), Cjj = Cjj(x,1) € L®(Qr; RY) (1 < i, j < ),
yi € L*() (1 <i<n)and L(7) is, for every 1 < k < n, the second order

N
0 0
operator | L& (f)y = — l; P (nzg-(x, t)(%)c;) where aﬁj satisfy (3) and (4) for

every k.
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6. A generalization: Cascade systems

Objective

Controllability properties of the system: n equations controlled with a unique
distributed control.

Equivalently, the previous system can be written as

i &y +L(t)y+C-Vy+Ay=Bvl, inQr,
y=0onXy, y(-0)=y in €2,
where L(¢) is the matrix operator given by L(r) = diag (LY(1), -+, LA(D)),
¥ = (¥i)1<i<n is the state and Vy = (Vy;)1<i<,, and where
Yo = (¥p)i<i<n € LX(HRY),  A(,-) = (a5, )i<ij<n € L®(Qr; LR")),
C(-,-) = (Cy(, Mi<ij<n € L®(Qr; LR™ RM)) and B = 1 = (1,0, ..., 0)*
are given. Let us observe that, for each yy € L*(Q;R") and v € L*(Qr),
System (21) admits a unique weak solution

y € L*(0, T; Hy(; R")) N C°([0, T); L* (€% R™)).
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6. A generalization: Cascade systems

By cascade system we mean that matrices A and C have the following
structure:

aipy dip adia aq
" C]] C]z C]n
azy dyp a3 e ax 0 C22 C2
A= 0 azpy dsjz asy , C = .
0 0 ... Cu
0 0 ... Guu—1 Gm

with a;; € L°(Qr) and Cj; € L°(Qr; RY) and the coefficients a; ;_ satisfy
ajj—1 > co>0o0r—a;;—1 >co>0inwy x (0,T), Vi:2<i<n,

with wg € w a new open subset.

It is natural to assume that a; ;| # 0 for any i : 2 < i < n. The previous
assumption is stronger but will provide the controllability result. [
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6. A generalization: Cascade systems

In this case, the corresponding adjoint problem has the form

i
—0rpi + Ly (1) pi — Z [V - (Ciipj) — ajipj] = —air1,ipiv1  in Or,
=
(1<i<n-1),
n
—0on + L(O)pn — Y _ [V - (Cintpj) — ajnipj] =0 in Or,
j=1
pi=00nXr, @i(,T)=¢irin ), 1<i<n,

where ;1 € L?(2) (1 < i < n). Again, the null controllability of
System (21) (with L?*-controls) at time T is equivalent to the existence of a
constant C7 > 0 such that the so-called observability inequality

o0z < Cr [ lertaol?
wx(0,T)

holds for every solution ¢ = (¢4, ..., @,)* to the adjoint problem.
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6. A generalization: Cascade systems

Theorem

Under the previous assumptions, let My = maXo<i<p ||aii—1||oo. Then, there
exist a positive function ag € C*(Q) (only depending on Q2 and wy), two
positive constants Cq and o (only depending on 2, wy, co, My and d) and
[ > 0 (only depending on n) such that, for every or € L*(Qr; R"), the
solution  to the adjoint problem satisfies

S z@+3m—ihe) < Gt [ @i,

i=1 wo X (07T)

Vs > 50 = 09 |:T+ T? aF T? mgalx (||a,~j||§é")+3 A ]|C,'j||§é")“>]. In the
i

previous inequality, | y(t) = t (T — 1) 71| | a(x,1) = ao(x)/t(T — 1) ‘and
Z(d,z) is given in Lemma 2.3 (with « instead of [3).
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6. A generalization: Cascade systems

Combining the previous result and energy inequalities satisfied by the
solutions of the adjoint system it is possible to prove an observability
inequality for the adjoint system (as in the scalar case). Summarizing, we
get

Corollary

Under assumptions of the previous result, there exists a positive constant C
(only depending on Q, w, n, co and My) such that for every yo € L*(£2; R")
there is a control v € L?(§)) which satisfies

HVH&Z(QT) = €CH||)’O||%2(Q;R;1),

and y(-,T) = 0 in §, with y the solution to (21) associated to yo and v. In the
previous inequality, H is given by

2

1 = =
H= 1+T+T+I{1§]X (\lazj\lgg 4 CHIET + T (laglloo + Hcij”go)) :
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6. A generalization: Cascade systems

Sketch of the J)roof of Theorem 6.1: Given wg C w, we choose w| CC wy.
Let ap € C%(Q) be the function provided by Lemma 2.3 and associated to
and B = w;. We will do the proof in two steps:

Step 1. Let ¢ be the solution to adjoint system associated to 7. Each
component satisfies

i
—0Orpi + Lo(t)pi = Z [V - (Ciivj) — ajipj] — aiy1,ipis1 |
=1

We begin applying inequality (11) with 5 = w; to each function ; with
Ly = Li,d = d + 3(n — i) and the corresponding right-hand side. Now if we
take

§> 50 = 00 <T+T2+T2ma.x (\auw I )) ,
i<j

with o9 = 0¢(£2, wo, co, Mp) > 0, we obtain the existence of a positive
constants C; = C;(£2, wo, co, Mp) such that if s > s¢, then
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6. A generalization: Cascade systems
Z_’Zd+3 n—z (p, <Clzss+3n t)// —2sa (t)s+3n 1’901‘2'
Lu1><

Step 2. Thanks to the assumption
ajji—1 > co>0o0r —a;;—1 >co>0inwg x (0,T), Vi:2<i<n,

with wg C w an open subset, and the cascade structure

i—1

aiji— 1901—8%,01 1 — Ll 1()(,01 1+Z ]71 1(,0]) Clj’l‘_ltp,‘_l] in QT;
j=1

can eliminate the local terms for 2 < i < n. In order to carry this process out,
we will need the following result:
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6. A generalization: Cascade systems

Lemma

Under assumptions of Theorem 6.1 and givenl € N, ¢ > 0, k € {2, ...,n} and
two open sets Oy and Oy such that w; C O CC Oy C wy, there exist a
constant Cy (only depending on €1, Oy, Oy, co and My) and l;; € N,

1 <j < k—1 (onlydepending on I, n, k and j), such that, if s > so, one has

sl//oezsa () oi2 < & [T(d + 3(n — 1), i) + T(d + 3(n — k — 1), ot ]

IX(OvT)
+ Ck < ) lk] // —2S(¥7 t lkj QD 2'
Z o0 ()% )]

(In this inequality we have taken o1 = 0 when k = n).

The proof of Theorem 6.1 is a consequence of this Lemma 6.3. For the
details, see [DE TERESA], Comm. PDE (2000), [G.-B., PEREZ-GARCIA],
Asymp. Anal. (2006) and [G.-B., DE TERESA], Port. Math. (2010).
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6. A generalization: Cascade systems

@ Cascade systems appear in the context of existence of insensitizing
controls for a scalar parabolic equation: Equivalent to a null
controllability result for a 2 x 2 parabolic system (n = 2) with one
equation forward in time and the other one backward. The coupling

coefficient ay; is 1» with O C €2 an open set and .

© The previous proof uses the assumption

aji—1 > co>0o0r —a;;i—1 >cop>0inwy x (0,7), Vi:2<i<n,

in a crucial way. When ¢;;_; are constant, this assumption is necessary.
Is this condition necessary in the general case??? No.

© Is it possible to provide a necessary and sufficient (Kalman condition)

condition for the null controllability of non-scalar systems? YES in
some constant coefficient systems.
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6. A generalization: Cascade systems

Some additional references

©@ L. MANIAR ET AL., Controllability results for degenerate parabolic
cascade systems.

© M. DUPREZ, P. L1sSY, Controllability results for parabolic systems
with first order coupling terms.
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7. The Kalman condition for a class of parabolic systems

Let Q C RY be a bounded domain, N > 1, with boundary 02 of class C?. Let
w C ) be an open subset and let us fix 7 > 0.

For n,m € N we consider the following autonomous n X n parabolic system
(22) 8,y o DL()y = Ay s Bvlw in QT,
y=0onXr, y(-0)=yo()in,

where A € L(R"), B € L(R™;R") and D = diag (d,d2,- - ,d,) € L(R")
with d; > 0. We assume that L is the self-adjoint second order elliptic

operator:
N

0 dy
Loy = — Z o <aij(x)axj>

ij=1

with coefficients satisfying (3) and (4). Finally, yo € L?(£2; R") is given and
v € L*(Qr; R™) is the control (m distributed controls).
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4. The Kalman condition for a class of parabolic systems

5 0;y + DLyy = Ay + Bvl,, in Qr,
(22) y=0onXz, y(-,0)=yo()inQ.

Remark

This problem is well posed: For any yo € L*(£2; R") and v € L?(Qr; R™),
problem (22) has a unique solution

y € L*(0, T; Hy (2 R")) N C°([0, T); L* (4 R™)).

Remark

We want to control the whole system (n equations) with m controls. The most
interesting case is m < nor even m = 1.
Difficulties:

© In general m < n.

© D is not the identity matrix. |
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4. The Kalman condition for a class of parabolic systems

The adjoint problem:

(23)

—0ip = (—DLy + A*)p in Qr,
p=0o0n%r, ¢(,T)=in Q,

where g € L?(; R*). Then, the exact controllability to the trajectories of
system (22) is equivalent to the existence of Cr > 0 such that, for every
@0 € L?(£;R™), the solution ¢ € C°([0, T]; L*(€2; R")) to the adjoint
system (23) satisfies the observability inequality:

oGO < Cr [ 1BenP
wx(0,T)
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7. The Kalman condition for a class of parabolic systems

We come back to System (22):
” 0y + DLyy = Ay + Bvl,, in O,
@2) y=0onXz, y(-,0)=yo(:)in,

where A € L(R"), B € L(R™;R") and D = diag (dy,d>,- - ,d,) € L(R")
with d; > 0. Now we assume that L is the self-adjoint second order elliptic

operator:
N

0 dy
Loy = — Z o (aij(x)ax)

ij=1
with coefficients satisfying (3) and (4). Finally, yo € L?(£2; R") is given and
v E LZ(QT; R™) is the control (m distributed controls).
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7. The Kalman condition for a class of parabolic systems

Let us consider { \; }x>1 the sequence of eigenvalues for Ly with
homogeneous Dirichlet boundary conditions and { ¢ }x>0 the corresponding
normalized eigenfunctions.

|

Theorem (

If system (22) is null controllable at time T then

(24) rank [-\D +A|B] =n, Vk>1.

where

[~\D+A|B] = [B, (~MD+A)B, (~ND+AVB, - , (~MD+A)""'B].

Proof: Reasoning by contradiction: 3k > 1 such that
rank [—\¢D + A | B] < n. Then the o.d.s. —=Z' = (=MD +A*)Z in (0,7), is
not B*-observable at time 7.
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7. The Kalman condition for a class of parabolic systems

There exists Zy € R", Zy # 0, such that the solution Z to the previous system
satisfies B*Z(-) = 0 on (0, T). But ¢(x,t) = Z(t)px(x) is the solution to
adjoint problem

—0ip + DLy = A*p in Qr,
¢ =00nXr, ¢(-,T)=pginQ,

associated to po(x) = Zo¢x # 0 and | B*¢(+,-) = 0|in Q7. Then, the

observability inequality

() oy < Cr / / 1B*o(x, 1),
wx(0,T)

fails and the system is not null controllable at time 7. |

If condition (24) is not satisfied, then system (22) is neither approximately
controllable nor null controllable at time 7 (for any 7 > Q) evenif w = ). m
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7. The Kalman condition for a class of parabolic systems

Is condition (24) rank [-A\¢D + A | B] = n, Yk > 1, a sufficient condition for
the null controllability of system (22)??7? ]

Let us now introduce the unbounded matrix operator
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7. The Kalman condition for a class of parabolic systems

Is condition (24) rank [—\¢D + A | B] = n, Vk > 1, a sufficient condition for
the null controllability of system (22)??7? ]

Let us now introduce the unbounded matrix operator

K=[DLy+A|B]=[B, (—DLy+A)B, ---, (—DLy+ A)""'B],

D(K) := {y € L2(;R"™) : Ky € L*(Q;R")}.

{ K : D(K) C L2(Q; R"™) — L2(€); R"), with

Then,

Proposition

ker K* = {0} if and only if condition (24), rank [-\¢D + A |B] = n, Vk > 1,
holds. |
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7. The Kalman condition for a class of parabolic systems

{ Oy + DLoy = Ay + Bvl,, in Qr,

(22) y=0o0nX7, y(-,0)=yo(-)in,

|

Theorem (

System (22) is exactly controllable to trajectories at time T if and only if
System (22) is approximately controllable at time T if and only if

ker C* = {0} | (<= rank [-\D + A |B| = n, Vk > 1).

Remark

| N

One can prove, either there exists kg > 1 such that

‘rank[—)\kD—l—A]B] =n, szko‘
or
‘rank[—)\kD+A]B] <n, Vk> 1‘.
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7. The Kalman condition for a class of parabolic systems

Controllability (outside a finite dimensional space) if and only if the
algebraic Kalman condition ‘ rank [-\D +A|B] =n ‘ is satisfied for one
frequency k > 1.

Remark

System (22) can be exactly controlled to the trajectories with one control
force (m = 1 and B € R") even if . Indeed, let us assume that

B = (bi)lgign € R". Then,

bi (=Mdi)br -+ (=Ndi)" by
(Cxptay g = |72 (OB CATR gy
b (~Nadbn - (=N b,
and (24) holds if and only if b; # 0 for every i and d; are distinct. [ |
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7. The Kalman condition for a class of parabolic systems

Idea of the proof: We have proved the necessary condition. Therefore, let
us prove that ’ rank [-MD +A|Bl=n ‘, for any k, is a sufficient condition
for the null controllability at time 7 of the system.

Then, the objective is to prove the observability inequality:

(020 <c//w o, )P,

for the solutions to the adjoint problem.
To this end we use two arguments:

@ Prove a global Carleman estimate for a scalar parabolic equation of order
n in time.

@ Prove a coercivity property for the Kalman operator /C.

M. Gonzilez-Burgos Controllability of non-scalar parabolic systems



7. The Kalman condition for a class of parabolic systems

Let us fix 9 € D(Lf)), Vi > 0 and consider ¢ the corresponding solution to
the adjoint system (23)

—Oip + DLop = A*p  in Qr,
p=00nXr, ¢(,T)=¢pinfl

n
Let us take | ¢ = Za,-go,- ,witha; € R (1 <i < n). Then, ® is a regular
i=1

solution (Lé)é’{ (S LZ(QT), Vi, j) to the linear parabolic scalar equation of
order n in time

det (Idat —DLy+A*)® =0 inQr,
Li® =0 onXy, Vi>D0.

The key point is to prove a Carleman inequality for the solutions to the
previous problem. Fix wg CC w a nonempty open subset. Recall Lemmas 2.3
and 2.4:
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7. The Kalman condition for a class of parabolic systems

There exist a oy € C2( ) (positive), and two constants Co, o9 > 0 (only
depending on (), wy and d) s.t.

— 672304 S d—4 12 2
¢>>_//QT sy (12 + Lo ?)

+ //Q] e—an [S’Y(l‘)]d_z |V¢|2 + //QT e—ZS(k [S’Y(t)]d |¢|2
Co ( /I o 0N 0 + / /Q 01 o Lo¢|2)

Vs > 5o = 0o(Q,w)(T + T?), Vo € L2(0, T; HY(Q)) s.t. ¢ & Lod € L*(Qr).
() =T =) a1 = ao()/o(T — 1)

p
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7. The Kalman condition for a class of parabolic systems

Letn, ki, ko € Nand d € R. There exist two constants C and o (only
depending on Q, w, n, D, A, ky, ky and d), and ry = ro(n) € N such that
ki ks

YN T(d—4Ali+)), Lyoj@) <c// 2 [y ()]0 B2,

i—=0 j=0 % (0,T)
Vs > s = o(Q,w)(T + T?), ® solution to the previous problem and

J(, )—Il(r+3(n—1 +Zl'17—|—3(n— 2), Piz)
i=1

+Z Z Ti(t+3n—p—1),P;, - Pyz).

p=2 1<i1 <---<ip<n
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7. The Kalman condition for a class of parabolic systems
Sketch of the proof: We will give the main ideas in the case . It

we use the notation P; = 9; — d;Ly (1 < i < n), one has:
n—1
det(]dat—DLo—i-A*)EP"'”PI_‘_Z Z bil,...,ipPil---Pip
p=2 1<i1<---<ip<n

n
+) biPi+b:=P,---P1—F,

i=1

with by, ;. bi, b € R only depending on D and A.
We have a function ® s.t. L19/® € L*(Qr), Vi, j, and it is solution to

det (I;0, — DLy + A*)® =0 in Qr,
Lf)(I):O on, Vi>O0.

In particular, P, - - - P1® = F(®) in Q7.
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7. The Kalman condition for a class of parabolic systems

In particular, P, - - - Py ® = F(®) in Q7. We rewrite the order-n equation as a
system performing the change of variables:

{ ¢1 = (I)v
Vi = Pio1hio1 = (0 — di—1)¥im1, 2<i<n
Then, ¥ = (91,15, ..., 1,)* satisfies the cascade system

(0r — d1Lo) Y1 = v in Qr,
(0r — dalo) Y2 = 3 in Qr,

(0; — dnLo) ¥ = F(®) in Qr,
i =0on X7, Vi:1<i<n.

We can apply Theorem 6.1 (cascade systems) and obtain:
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7. The Kalman condition for a class of parabolic systems

We can apply Theorem 6.1 and obtain (cascade systems) (d € R is given):
Zl—l d_|-3(n—1 < C0<// —230 S“/ d+ro|wl’2
wX (O T)

[ T e-%“[swr)]d\F(cI»P),

Vs >s0 =00 (T + T2) with ro = ro(n) and
Ty(d,2) = / / =250 o (0I5 ()] 1012+ Lozl) + 57 (D] 2V 2P+ |22

Coming to the or1g1nal variables, one has

Ti(d 4 3(n — 1), +ZL (d+3(n—i),Pi_y---P1®)

<af ff emormiets [ e morirr)
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7. The Kalman condition for a class of parabolic systems

We can reproduce the previous argument for a general permutation 11 of the
set {1,2,...,n}, taking

{ P =@
Vi := Pr—1)%i-1 = (0 — dn(i—1))¥m-1), 2<i<n
Thus,

Ti(d+3(n—1),®) + ZL d+3(n—i),Prg_1y - Prna)®)

<af ff_emmpmiat [ o),
Or

Vs > so = oo (T + T?). Adding all these inequalities (for any permutation IT)
with d = 3, we get
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7. The Kalman condition for a class of parabolic systems

Adding all these inequalities (for any permutation IT) with d = 3, we get

sam<c( f[ emomnpes ([ eemopn@p)

Vs > 5o = 0¢ (T + TZ) (J (7,z) given in the statement of Theorem 10 and
n—1 n
F@) =" > by Py Pyy®+> biPi®+bd).
p=2 1<i)<-<ip<n i=1

From these expressions, it is possible to absorb the last term of the previous
inequality and obtain

j(d, (I)) < C// e—2sa[s,y(t)]d+r0|q>‘2’
wx(0,T)

for a new constant C, withs > s = o (T + Tz). This ends the proof in the
case ki =k, = 0. [ |
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7. The Kalman condition for a class of parabolic systems

Theorem 10 is, in fact, a Carleman inequality for the regular solutions ® to
the linear parabolic scalar equation of order » in time

det (I;0, — DLy + A*)® =0 in Qr,
L6<I>:0 onY, Vi>O0.
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7. The Kalman condition for a class of parabolic systems

If ¢ is a regular solution to the adjoint problem

—Oip + DLop = A*p  in Qr,
e=00onXr, ¢(-,T)=¢pin 2,

then, any linear combination ® = >, a;¢; satisfies Theorem 10. In
particular any component of B* . ]
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7. The Kalman condition for a class of parabolic systems

If ¢ is a regular solution to the adjoint problem

—Oip + DLop = A*p  in Qr,
e=00onXr, ¢(-,T)=¢pin 2,

then, any linear combination ® = >, a;¢; satisfies Theorem 10. In
particular any component of B* . ]

v

Recall K = [DLy+A|B] = [B, (~DLy+A)B, --- , (—DLo+A)"~'B], then

K*o(-,t) = [B*¢, B*(=DLy + A*)p, -+, B*(=DLo + A*)"'¢]" (-, 1)
=[B*¢, —8(B ), -+, (=)' (B*p))" (1) €R™

We apply Theorem 10 with k; = n — 1 and k» = k > 0. Then, after some
computations, we deduce (d = 3)
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7. The Kalman condition for a class of parabolic systems

Then, after some computations, we deduce (d = 3)

T —ZSMO _ "
/ e [sy(D)]’ [ILK* |72 qym < C / / e [sy()]H7 Bl
0 wx(0,7)

forevery s > o (T + TZ). In this inequality, My = maxg g and ro > 0 is an
integer only depending on 7.

The previous inequality is a partial observability estimate. It is valid even if
the Kalman condition does not hold, i.e., even if ker * # {0}. [ |
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7. The Kalman condition for a class of parabolic systems

The coercivity property of *:

Assume that ker IC* = {0} and consider k = (n — 1)(2n — 1). Then there
exists C > 0 such that if z € L*(Q)" satisfies K*z € D(LE)™, one has

||Z||%2(Q)n < C||L(]§IC*Z||12‘2(Q)IM1 .

So, from the previous inequality we get

! TSt B 12 <cC ~2s50 (g (P 1B o2
e [y lellz2qym < e " [sy(O7 [B |
0 wx(0,T)

and the observability inequality:

o0 < [ BeoP
wx(0,T)
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7. The Kalman condition for a class of parabolic systems

@ We have established a Kalman condition
ker * = {0}

which characterizes the controllability properties of system (22).

@ The Kalman condition for system (22) ker £* = {0} generalizes the
algebraic Kalman condition ker[A | B]* = {0} for o.ds.

© This Kalman condition is also equivalent to the approximate
controllability of system (22) at time 7. Again, approximate and null
controllability are equivalent concepts for system (22).
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7. The Kalman condition for a class of parabolic systems

© F. AMMAR-KHODIJA, A. BENABDALLAH, C. DUPAIX, M. G.-B., A
generalization of the Kalman rank condition for time-dependent coupled
linear parabolic systems, Differ. Equ. Appl. 1 (2009), no. 3, 139-151.
(D =14, A=A(t) and B = B(r). |

@ F. AMMAR-KHODJA, A. BENABDALLAH, C. DUPAIX, M. G.-B., A
Kalman rank condition for the localized distributed controllability of a

class of linear parabolic systems, J. Evol. Equ. 9 (2009), no. 2, 267-291.
’ D diagonal matrix, A and B constant matrices. ‘

© E. FERNANDEZ-CARA, M. G.-B, L. DE TERESA, Controllability of
linear and semilinear non-diagonalizable parabolic systems, ESAIM
Control Optim. Calc. Var. 21 (2015), no. 4, 1178-1204.
’ D non-diagonalizable matrix with Jordan blocks of dimension < 4 ‘,

’A and B constant matrices. ‘
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7. The Kalman condition for a class of parabolic systems

@ Null controllability properties of

(22) y=0o0n%r, y(-0)=y()in,

{ By + DLoy = A(t)y + B(t)v1,, in Qr,
when A(7) and B(t) depend on ¢ (for instance, A € C*°([0, T]; L(R"))
and B € C*>*([0,T]; L(R™,R"))) and D = diag (d,da, - - ,d,) € L(R")
with d; > 0.

o Null controllability properties of

(22)

Oy + DLoy = Ay + Bvl,, in Qr,
y=0onXr, ¥(-,0)=yo()in,

when A and B are constant matrices and D is a general
non-diagonalizable matrix (definite positive).
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8. The Kalman condition for a class of
parabolic systems. Boundary controls J

[AMMAR-KHODJA,BENABDALLAH,G.-B.,DE TERESA], J. Math. Pures
Appl. (2011). }
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8. The Kalman condition for a class of parabolic systems.

Boundary controls

Let us consider the boundary controllability problem:

Yt = Yxx +Ay in QT = (0777) X (07 T)a
(25) y(Ov ) = By, y(ﬂ-a ) =0 on (O’ T)a
y(vo) = Yo in (0’71-)7

where A € £(C") and B € L(C™; C") are two given matrices and

yo € H~'(0, ; C") is the initial datum. In system (25), v € L*(0, T; C™) is
the control function (to be determined).

Simpler problem: One-dimensional case and D = Id.

This problem has been studied in the case n = 2:

o E. FERNANDEZ-CARA, M. G.-B., L. DE TERESA, Boundary
controllability of parabolic coupled equations, J. Funct. Anal. 259
(2010), no. 7, 1720-1758.
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8. The Kalman condition for a class of parabolic systems.

Boundary controls

We consider again {\¢ };>1 the sequence of eigenvalues for —d,, in (0, 7)
with homogenuous Dirichlet boundary conditions and { ¢ }x>0 the
corresponding normalized eigenfunctions:

2
Mo = k2, d)k(x):\/;sinkx, k>1, xe(0,m).

Theorem (n =2, m = 1)

Let A € L(C?) and B € C? be given and let us denote by ju; and yu; the
eigenvalues of A*. Then (25) is exactly controllable to the trajectories at any

timeT>Oifandonlyif‘rank[A]B] :2‘and

‘)\k—/\ﬁém—uz VkJGNWimk%j" .
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8. The Kalman condition for a class of parabolic systems.
Boundary controls

Distributed controllability and boundary controllability

@ We proved that system
Yr = Yxx + Ay + Bvl,, inQr = (0,7) x (0,7),

y(O,'):O, y(ﬂ-v'):O On(07T)v

y(ao) =)o in (0,71'),
is null controllable at time 7' > 0 if and only if ‘ rank [A | B] =2 ‘

Q System
Vi = Yu + Ay inQr = (0,7() X (07 T)7
y(oa) :BV, y(”) ) =0 on (Oa T):
y(70) =)0 in (0777-)’

is null controllable at time 7' > 0 if and only if ‘ rank [A | B] =2 ‘ and
’/\k—)\ﬂé/ﬂ —Mz‘-
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8. The Kalman condition for a class of parabolic systems.

Boundary controls

Remark (n =2, m = 1)
For the previous boundary controllability problem, one has

@ A complete characterization of the exact controllability to trajectories
at time 7: Kalman condition.

© Boundary controllability and distributed controllability are not
equivalent

© Approximate controllability <> null controllability.

What happens if n > 277
As we saw before, we will work in the following finite-dimensional space:

k

Xi = {po = Zam :ap € C"} C HY(0,7;C").
/=1
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8. The Kalman condition for a class of parabolic systems.

Boundary controls
Adjoint Problem:

—pr = pu +A%p in Or,
(26) ©(0,-) = ¢(m,-) =0 on(0,T),
o(,T) = ¢o in (0, m),
with g € H} (0, 7; C"). Then, system (25) is exactly controllable to

trajectories at time 7 <= for a constant C > 0 one has (observability
inequality)

T
IOy mien < € | 1B (0.0

Taking initial data in X;, we deduce that an appropriate o.d. system in C"*
also satisfies an observability inequality. Let us analyze this
finite-dimensional system.
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8. The Kalman condition for a class of parabolic systems.
Boundary controls

For k > 1, we introduce Ly = —M\ly + A € L(C") and the matrices

. Ly 0 --- 0

. 0 L, -~ 0 )

Bi=| : | ec@mc®), =] . | ety
B 0 -~ 0 I

and let us write the Kalman matrix associated with the pair (L, B):

Ki = [Lk|Bi] = [Bk, LBy, LiB, -+, LB € £L(C™F,C™).

With this notation, the o.d. system associated to the adjoint system (26) for
©o € Xy is|—Z' = L;Z on (0,T), Z(T) = Zy € C"* |, and the solutions must
be Bj-observable, i.e., rank Ky = nk: necessary condition. One has:
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8. The Kalman condition for a class of parabolic systems.

Boundary controls

Theorem

Let us fix A € L(C") and B € L(C™; C"). Then, system (25) is exactly
controllable to trajectories at time T if and only if
27) rank Cy = nk, Vk>1.

Remark
© This result gives a complete characterization of the exact controllability
to trajectories at time 7: Kalman condition.
@ If for k > 1 one has rank 'y = nk, then rank [A | B] = n and system
Oy — Ay = Ay + Bvl,, in Qr,
y=0o0nX%, y(-,0)=yo()ing,
is exactly controllable to trajectories at time 7. Butrank [A | B] = n
does not imply condition (27). So boundary controllability and
distributed controllability are not equivalent.
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8. The Kalman condition for a class of parabolic systems.

Boundary controls

Remark
Condition (27) is also a necessary and sufficient condition for the boundary

approximate controllability of system (25). Then
Approximate controllability <=- null controllability.

| \

Remark (n controls)

If [rank B = n| (and thus m > n), then the pair (A, B) fulfills condition (27)

and the system is exactly controllable to trajectories at time 7. |

v
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8. The Kalman condition for a class of parabolic systems.
Boundary controls

Remark (One control, m = 1)

When m = 1, the Kalman condition (27) is equivalent to ’ rank [A | B] = n ‘
and‘)\k — N # pi —,uj‘foranyk,l € Nand 1 <i,j < p with (k,i) # (1,)),
where {y;}1<i<p, C C is the set of distinct eigenvalues of A*. We generalize

the results of [FERNANDEZ-CARA,G.-B.,DE TERESA], J. Funct. Anal.
(2010). [ ]

One control, m = 1

We have imposed two conditions:
© rank [A | B] = n: System (25) is not decoupled.
@ M\ — A\ # i — pj: The adjoint system can be written (R = 130, + A™)
{ —¢r = Rop in Qr,
e=00onXr, ¢(,T)=¢o in(0,7),
and the eigenvalues of R are simple. ]

(26)
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8. The Kalman condition for a class of parabolic systems.

Boundary controls

Before proving the result, let us analyze the Kalman condition (27)
rank /C;, = nk, Vk > 1:

Proposition

Let us denote by {1;}1<i<, C C the set of distinct eigenvalues of A*. Then,
@ There exists an integer ko = ko(A) € N, only depending on A, such that,

M= N#p— | Vk>ko 121 k#1 and1<ij<p.

© The following conditions are equivalent:
(a) rank [Cy = nk for every k > 1.
(b) rank [Cy = nk forevery k : 1 < k < ky.
(c) rank fCy, = nko. [ ]
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8. The Kalman condition for a class of parabolic systems.

Boundary controls

Necessary implication. We reason as before: if rank Ky < nk, for some
k > 1, then the o.d.s.

=L;Z on(0,T), Z(T)=2ZyecC*

is not Bj-observable on (0, T), i.e., there exists Zy # 0 s.t. B;Z(t) = 0 for
every ¢ € (0,T). From Z it is possible to construct o € H (O m; C") with
o Z 0 such that the corresponding solution to the adjoint problem (27)

satisfies
B*p(0,1) =0 Vre (0,7).

As a consequence: The unique continuation property and the previous
observability inequality for the adjoint problem fail:

Neither approximate nor null controllability at any 7 for system (25). ‘
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8. The Kalman condition for a class of parabolic systems.

Boundary controls

Sufficient implication. For the proof we follow the ideas from

@ H.O. FATTORINI, D.L. RUSSELL, Exact controllability theorems for

linear parabolic equations in one space dimension, Arch. Rational
Mech. Anal. 43 (1971), 272-292.

Two “big” steps:

(I) We reformulate the null controllability problem for system (25) as a
vector moment problem.
(IT) Existence and bounds of a family biorthogonal to appropriate complex
matrix exponentials.

M. Gonzilez-Burgos Controllability of non-scalar parabolic systems



8. The Kalman condition for a class of parabolic systems.

Boundary controls

(I) The vector moment problem: As in the scalar case, v € L?(0, T; C™) is a
null control for system

Yr = Yxx + Ay in Or,
(25) y(O, ) = BV, y(ﬂ-a ) =0 on (Ov T)7
y(,O) =)o in (0771'),

(i.e., the solution y to (25) satisfies y(-, T) = Oin (0, 7)) <= v satisfies

T
— (0, ¢(+,0)) =/ (v(t), B*x(0,1))endt, Vo € Hy(0,7;C"),
0

where ¢ is the solution to the adjoint problem
—Pr = Pxx +A*§0 in QT:
(26) (10(07 ) = 80(7-(7 ) =0 on (07 T)a
(10(7T) = ¥0 in (0,71').
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8. The Kalman condition for a class of parabolic systems.

Boundary controls

(I) The vector moment problem:

Thus, the idea is to take firstly po € Xj,,

X, = {0 : po = Zfil a;¢; with a; € C"}) and then @ = agy, with k > ko
and a € C". Therefore, we want v € L*(0, T; C™) s.t.

T
/ (W(T — 1), Bl "' ®g)cn dt =| F(Yo, ®g)], VP € C™,
0
T
/ (W(T —1), B*e(_/\kI”A*)ta)(cm dt =\fi(yo,a)|, Vae C", Vk > ko,
0

In some sense, v has to solve an infinite number of null controllability
problems for appropriate o.d. systems:

7 = »CkoY“‘BkoV on (0, T), Y(O) =Yy

7 = (_/\kld —|—A)Z + Bv on (0, T), Z(O) = Yok := (y(), ¢k) . Yk > ko.
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8. The Kalman condition for a class of parabolic systems.

Boundary controls

(II) Biorthogonal families to appropriate complex matrix exponentials.
From the previous step, we have obtained the complex matrix exponentials

¢“h'  and {e(fAkIﬁA*)t}bko.
Let us denote {7¢}1<¢<5 C C the set of distinct eigenvalues of £} and recall
that {1 }1<i<, C Cis the set of distinct eigenvalues of A*. Then, the set

A = {ve}hi<e<p U {—=Mk + pitksko,1<i<p is the set of eigenvalues of the
operator Oy Id + A*. Thus, our next purpose is:

Objective

As in the scalar case, construction of a biorthogonal family in L%(0, T; C) to
{Fertt deAtml 1 <0 <p 1 <i<p 0<j<n—1, k> ko,

which satisfies appropriate bounds (see (22)). In the previous expression, 7 is
the maximal dimension of the Jordan blocks associated to v, and ;.
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8. The Kalman condition for a class of parabolic systems.

Boundary controls

(II) Biorthogonal families to appropriate complex matrix exponentials.
Let us fix 7 > 1, an integer, 7 € (0, 00 and {At},;~, C C4 asequence s.t.

A # A, Vk,j> withk # j.
Let us recall that the family {gxj}i>1,0<j<yn—1 C L?(0, T; C) is biorthogonal
to {ljefA"t}kzl’OSan_l if one has

/ Pe~ A"’q}k, = 0udy, Y(k,j), (i) k,1>1,0<ij<n—1.

In addition, we want the family {q;}x>1.0<j<;—1 C L*(0,T;C) to satisfy the
property:

For any € > 0, there is C(e, T) > 0 s.t. | ||qxjll20,r;c) < C(, T)e %A |
Vk>1land0 <j<n-—1.
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8. The Kalman condition for a class of parabolic systems.

Boundary controls

(II) Biorthogonal families to appropriate complex matrix exponentials.

Theorem

Let us fix| T € (0, 00] |and assume that for two positive constants ¢ and p one

has

RAx > 0| Ael, |Ax— Ay > plk—1|, VkI>1,

- i A
Then, 3{qi}>1 g<j<,_1 biorthogonal to {#e kt}kZI,O
every ¢ > 0, there exists C(c,T) > 0 satisfying

<j<n—1 such that, for

lawjllzorc) < Cle, T)e™™, V(k,j) :k>1,0<j<n—1.
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8. The Kalman condition for a class of parabolic systems.

Boundary controls

(II) Biorthogonal families to appropriate complex matrix exponentials.

The proof of this result is very technical. It can be found in
[AMMAR-KHODJA,BENABDALLAH,G.-B.,DE TERESA], The Kalman
condition for the boundary controllability of coupled parabolic systems.
Bounds on biorthogonal families to complex matrix exponentials, J. Math.
Pures Appl. (2011).
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8. The Kalman condition for a class of parabolic systems.

Boundary controls

(II.1) Biorthogonal families: EXISTENCE.
Lemma

Assume that {A} >, C Cq, with Ay # A; Vk,j > with k # j, and

RAx > 0|Ax| and Z—<oo

Then, there exists a biorthogonal family {qi;}~1 o

<j<n—1 C L%(0,00;C) to
{tje_Ak’}k>1 0<j<y_1 Such that
laelz < CERAYTTD 1+ A1 AP,

with C = C(n) > 0, a constant, and Py := [ [¢>1 ‘% .
C#£k
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8. The Kalman condition for a class of parabolic systems.

Boundary controls
(II.1) Biorthogonal families: EXISTENCE.

Remark

Observe that the assumptions

RAx > 6[Ag] and > m < 00,
k>1

imply the existence of the biorthogonal family {g;},-, , <j<y—1 O
{tje*Ak’}kZl70357]_1 in L%(0, o0; C). In addition, the norm ||gy |» is bound
with respect to the Blaschke product

1+Ak/A*‘

o g (LA

>1 1= A/Ae
0Fk
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8. The Kalman condition for a class of parabolic systems.
Boundary controls

(I1.2) Biorthogonal families: BOUNDS.
Proposition

Let {A} k>1 C C4 be a sequence satisfying

1
RAr 2 0lAkl, [1Ax = At > plk — 1]}, Wk, 1> 1, and ) A =%
k>1

for é,p > 0. Then, for every ¢ > 0 there exists a constant C(=) > 0 such that

Py = H

0>1,04k

1+ Ax/A;

< C(e)e™™ ik > 1.
= A/ ()™, Vk > |

For a proof of this result: [FATTORINI,RUSSELL] Quart. Appl. Math.
(1974/75) (real case) or [FERNANDEZ-CARA,G.-B.,DE TERESA], J. Funct.

Anal. (2010) (general case).
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8. The Kalman condition for a class of parabolic systems.
Boundary controls

Summarizing

For the problem

Vi = Yxx + Ay in Or = (Oa 7T) X (07 T)a
(25) y(oa) :BV, y(ﬂ-a') =0 on (07 T)7

y(,O) =)o in (077‘-)7

(A € L(C") and B € L(C™;C")) we know:

“System (25) is approximate controllable at time T <= System (25) is null
controllable at time T <= the Kalman condition rank C;, = nk, Vk>1".

\ ESSENTIAL ASSUMPTION: Diffusion matrix D = I, \

What happens if D = 1,27? ‘
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8. The Kalman condition for a class of parabolic systems.
Boundary controls

Q@ F. AMMAR-KHODIJA, A. BENABDALLAH, M. G-B, L. DE TERESA,
The Kalman condition for the boundary controllability of coupled
parabolic systems. Bounds on biorthogonal families to complex matrix
exponentials, J. Math. Pures Appl. (9), 96 (2011), no. 6, 555-590.

© G. OLIVE, Null-controllability for some linear parabolic systems with

controls acting on different parts of the domain and its boundary, Math.
Control Signals Systems 23 (2012), no. 4, 257-280.

© A. BENABDALLAH, F. BOYER, M. G-B, G. OLIVE, Sharp estimates of
the one-dimensional boundary control cost for parabolic systems and
application to the N-dimensional boundary null controllability in
cylindrical domains, STAM J. Control Optim. 52 (2014), no. 5,
2970-3001.

M. Gonzilez-Burgos Controllability of non-scalar parabolic systems



9. New phenomena: Minimal time of
controllability
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9. New phenomena: Minimal time of controllability

We are going to revisited problem (18). With a slightly change of notations,
this problem is:

Yr — Dy +Agy =0 in Or = (0,7) x (0,7),
(18) ¥(0,-) =Bv, y(m,-)=0 on(0,7T),
y(vo) = Yo in (07W)7

where D = diag (1,d),|Ag = <8 (1) ), B = < (1) > .Whend =1 (i.e.,

D = Id), we saw
Theorem (' = 1)

Let Ag € L(C?) and B € C? be given and let us denote by y1 and y, the
eigenvalues of Aj. Then (18) is approximate and null controllable at any

time T > 0 if and only if | rank [A | B] = 2| and (\ = k%)

‘)\k_/\j7é:“1_ﬂ2 VkJeNWimk#j“ .
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9. New phenomena: Minimal time of controllability

)’t—D)’xx +A0y:0 in QT: (Oaﬁ) X (07 T)a
(18) y(O,) :BV, y(ﬂa') =0 on (Oa T):
y('vo) =Yo in (0777)7

where D = diag (1,d), Ao = <8 (1)>, B = < (1) ) :

Under the previous assumptions, system (18) is approximate controllable at
time T > 0 if and only if|[\/d & Q|

Therefore:

Q@ Ifd =1, (18) is approximate and null controllable at any 7" > 0.
Q If d # 1, we only know that system (18) is approximate controllable at
time 7 > 0 if and only if| vVd ¢ Q |
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9. New phenomena: Minimal time of controllability

Y: — Dyx +Agy =0 in Or,
(18) ¥(0,-) =Bv, y(m,:)=0 on(0,7),
y('ao) = Yo in (Oa 7I'),
. 0 1 0
where D = diag (1,d), AO—(O 0>, B—(l)

Assumption

In the sequel, | D = diag (1,d) with‘d;é 1 ‘and Vd ¢ Q|

Analyze the null controllability properties at time 7' > 0 of system (18). \
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9. New phenomena: Minimal time of controllability

Yt — Dyxx +A0y =0 in QT7
(18) y(ov') :va y(ﬂ-f) =0 on (07 T),
y(+,0) =0 in (0, 7),

Let ¢ be a solution of the adjoint problem:
—pr = Dpxx +Agp =0 inQr,
()0(07 ) = (p(ﬂ—? ) =0 on (07 T)7
(-, T) = o € H{(0,7)*> in (0,7).

If y is a solution of the direct problem, then

(T, 0 — (o, 9(0)) = /O W()B*Dipy(0, 1) di
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9. New phenomena: Minimal time of controllability

Yt — Dyxx +A0y =0 in QT7
(18) y(oa') :va y(ﬂ-f) =0 on (07 T),
y(',O) =0 in (Oaﬂ-)v

Let ¢ be a solution of the adjoint problem:
—pr = Dpxx +Agp =0 inQr,
90(0? ) = ()0(7-‘—7 ) =0 on (07 T)7
(-, T) = o € H{(0,7)*> in (0,7).

If y is a solution of the direct problem, then

(T, 0 — (o, 9(0)) = /0 W()B*Dipy(0, 1) di

Thus | y(T) = 0| <= 3v € L*(0, T) such that

T
/ V(OB D (0, 1) di = — (30, 0(0)),  Vipo € HA(0, 73 R2)
0
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9. New phenomena: Minimal time of controllability

Fattorini-Russell Method )
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9. New phenomena: Minimal time of controllability

Fattorini-Russell Method )

> U(_Da%x +Ap) = ngl {kzadkz} = Ukzl {15 Akt
o {®4;} a (Riesz) basis of H}(0,7)?, where Oy ; = Vi sinkx,i= 1,2 are

eigenfunctions of the operator | —Dd? + A% |

o Vi1 and Vy,: eigenvectors of the matrix | k*D + A} | associated to the

eigenvalues k2, dk>.
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9. New phenomena: Minimal time of controllability

Yt — Dyxx + Aoy =0 in Qr,
(18) Y(Ov') :va y(ﬂ-f) =0 on (07 T)a
y('ao) =Yo in (Oaﬂ-)v

Objective: Existence of v € L?(0,T) s.t.

T
/ W(0)B* D (0, 1) di = — (30, 0(0)),  Vipo € HI(0, 73 R2)
0
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9. New phenomena: Minimal time of controllability

Yt — Dyxx + Aoy =0 in Qr,
(18) Y(Ov') :va y(ﬂ-f) =0 on (07 T)a
y('ao) =Yo in (Oaﬂ-)v

Objective: Existence of v € L?(0,T) s.t.

T
/ W(0)B* D (0, 1) di = — (30, 0(0)),  Vipo € HI(0, 73 R2)
0

@ Choosing g = @y ;, we have ¢ (-, 1) = e (T~ ; and
o(x,0) = ef’\k”'T(PkJ(x), ©x(0,1) = kef/\k”(Tft)ijl-

o The identity connecting y and ¢ writes (moment problem)

T
kB*DVy; / W(T — t)e il dt = —e= T (yg, @y 3), V(k, i)
0
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9. New phenomena: Minimal time of controllability

Y: — Dyx +Agy =0 in Or,
(18) y(0,:) =Bv, y(m,-)=0 on(0,T),
Y('ao) = Yo in (Oaﬂ-)a

Approximate controllability: a necessary condition (I)

T
o |[B" DV, / W(T = e Mt dt = —e= T (30, By, (ki)
0
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9. New phenomena: Minimal time of controllability

Y: — Dyx +Agy =0 in Or,
(18) y(0,:) =Bv, y(m,-)=0 on(0,T),
Y('ao) = Yo in (Oaﬂ-)a

Approximate controllability: a necessary condition (I)

T
o |[B" DV, / W(T = e Mt dt = —e= T (30, By, (ki)
0

@ A necessary condition: B*DVy; # Oforallk > 1,i = 1,2

@ Recall ,

1
B*=(0,1), Vi1= 1 g Vk,2:<0>7 Vk > 1.
@=ne 1

So, here |B*DV; # 0, Vk > 1,i=1,2|(algebraic Kalman
condition)
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9. New phenomena: Minimal time of controllability

Yt — Dyxx +Agy =0 in Qr,
(18) Y(O,) :va y(7T7') =0 on (07 T)a
Y('ao) =Yo in (Oaﬂ-)a

Approximate controllability: a necessary condition (II)

T
kB*DVkJ / V(T — l‘)e_)\t dt = —e_AT <y0, ‘I’k,1>
/\k,l = /\j,2 == OT
jB*DVj,z/ W(T — e M = =™ (39, ®;)
0

So it is necessary to have A1 # A;j». This leads to

K £dP, Yk#£j>1+=|VdgQ
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9. New phenomena: Minimal time of controllability

Yt — Dyxx +Agy =0 in Or,
(18) Y(O,) :va y(7T7') =0 on (07 T)a
Y('ao) =Yo in (Oaﬂ-)a

Approximate controllability: a necessary condition (II)

T
kB*DVkJ / V(T — l‘)e_)\t dt = —e_)‘T <y0, ‘I)k,1>
/\k,l = /\j,2 == OT
jB*DVj,z/ W(T — e M = =™ (39, ®;)
0

So it is necessary to have A1 # A;j». This leads to

K £dP, Yk#£j>1+=|VdgQ

In the sequel, we will assume v/d ¢ Q, i.e., the eigenvalues of —D?2,_ + Ap
with Dirichlet boundary conditions are pairwise distinct.
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9. New phenomena: Minimal time of controllability

Y: — Dyx +Agy =0 in Or,
(18) y(0,:) =Bv, y(m,-)=0 on(0,T),
Y('ao) = Yo in (Oaﬂ-)a

T
KB*DVy, / WT = et dt = —e= T (30, B}, V(i)
0

Summarizing

Let my; = — (yo, Pi), bri = kB*DVy; (for any € > 0, | |my ;| < C.¢" ™ |and

|br.i| > Coe™ i ),

T .
3?7v e L*0,7) : / W(T — t)e il d = %eﬂkﬂ, Vk>1,i=1,2
0 k,i
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9. New phenomena: Minimal time of controllability

The moment problem: Abstract setting

Let A = {Ax};>; C (0,00) be a sequence with pairwise distinct elements:

Goal: Given {my }r>1, {bihi>1 C R satisfying | [my| < C.e™ | and

|bi| > Cee™* | find v € L*(0,T) s.t.

r A Mg AT
/ (T —t)e”dr = —e ™, Vk>1.
0 by
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9. New phenomena: Minimal time of controllability

The moment problem: Abstract setting

Recall that the assumption

implies:

Theorem

Under the previous assumptions, {e*Akt } - L?(0,T) admits a
biorthogonal family {qi},~, in L*(0,7), i.e.:

T
/ e Ma(t)dt = 6, Vk1>1
0

M. Gonzilez-Burgos Controllability of non-scalar parabolic systems



9. New phenomena: Minimal time of controllability

The moment problem: Abstract setting

A formal solution to

! A Mk AT
/ V(T —t)e™ ™ dr = b—e_‘ ooVk>1,
0

isvgiven by: | V(T — 1) = Z %efAkqu(l) :

Question: v € L2(0,T)?, i.e., is the series Z T =T g (1)

L*(0,T)?

convergent in

But this question itself amounts to:

||qk||L2(O,T) i ?

M. Gonzilez-Burgos Controllability of non-scalar parabolic systems



9. New phenomena: Minimal time of controllability

The moment problem: Abstract setting

Theorem
Assume that ) -, AL,{ < oo and (gap condition)

3p>0:|Ak_Aj|2p’k_j‘7 Vk,j|

Then, for any € > 0 one has

HQkHLZ(o,T) < CaesAk, Vk > 1,

and, for T > 0, the control v(T —t) = 3+, %e*Akqu(t) € L*(0,7).

Controllability of non-scalar parabolic systems
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9. New phenomena: Minimal time of controllability

The moment problem: Abstract setting

Theorem

Assume that ) -, i < oo and (gap condition)

30> 0: [Ak— Ajl = plk —jl, Vk,j]

Then, for any € > 0 one has

HQkHLZ(o,T) < CaesAk, Vk > 1,

and, for T > 0, the control v(T —t) = 3+, ’}%‘e*/\kqu(t) € L*(0,7).

Recall that in our case A = {A; b1 = {/%, djz}jzl, and the property

does not hold.
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9. New phenomena: Minimal time of controllability

The moment problem: Abstract setting

How does this fact affect our problem?? J
Theorem
1
Assume Z T < 00 |. Then, for any € > 0 one has
—EAk eaAk
C < <C Vk > 1
vewrag) < Mlon < Gy 21
where W(z) is the Blaschke product:
o (o)
I—Z/Ak ’ 1 1—Ak/Aj
W(z) = — (W) =—— | —F
(2) kl;[ll—i-z//\k (Ae) 2Akjl;£1+Ak/Aj
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9. New phenomena: Minimal time of controllability

The moment problem: Abstract setting

Definition
The condensation index of A = {A},5; C Cis:

. /
¢(A) = lim sup —log W (A

k—o0 ER(Ak) < [O? +OO] .

Corollary
For any € > 0 one has

| A

||¢]k”L2(o,T) < Cse(c(AHe)A", Vk > 1.
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9. New phenomena: Minimal time of controllability

The moment problem: Abstract setting
Recall that we had my, s.t. |my| < C.e*, |by| > C.e~*"*, for any £ > 0, and
we wanted to solve: v € L?(0, T) and

r —A Mg AT
/ V(T — e ™ dt = —e ™ Vk|,
0 bk

We took v(T — 1) = > "X e=M g, (1),

b
e
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9. New phenomena: Minimal time of controllability

The moment problem: Abstract setting
Recall that we had my, s.t. |my| < C.e*, |by| > C.e~*"*, for any £ > 0, and
we wanted to solve: v € L?(0, T) and

r —A Mg AT
/ V(T — e ™ dt = —e ™ Vk|,
0 bk

We took v(T — 1) = Y ’;ikke—Akqu(z).
>1

From the previous result: Given £ > 0:

my,

by

quHLZ(O,T) S CgefAk(T*C(A)fa)

T>c(A) = =Y b" e M gu(r) € L*(0,T).
k>1
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9. New phenomena: Minimal time of controllability

Yt — Dy +Agy =0 in Or,
(18) ¥(0,-) =Bv, y(m,:)=0 on(0,7),
Y('ao) = Yo in (Oaﬂ-)a

In our case,
Aa = {Mdizr = {2 dP} s, -

If T > ¢(A\y), system (18) is null controllable at time T, where ¢(/\,) is the
condensation index of the sequence A,.
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9. New phenomena: Minimal time of controllability
Index of condensation: Some background

Yt — Dyxx +A0y =0 in Qv
(18) y(ov') :va y(ﬂ-f) =0 on (07 T),
y(ao) =Yo0 in (Oaﬂ-)v

o The index of condensation of a sequence A = {Ax};~, C Cis areal
number ¢ (A) € [0, 4o00] associated with this sequence and which

“measures” the condensation at infinity.

. /
c(A) = lim sup log [W'(Aq)|

11— %
EO,—FOO,W/Ak:i =}
ik v U M LAGOA v | o
Jj#k 4
@ This notion has been :
e introduced by V.I. Bernstein in 1933:

Lecons sur les progres récents de la théorie des séries de Dirichlet
for real sequences,

o extended by J. R. Shackell in 1967 for complex sequences.

M. Gonzilez-Burgos
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9. New phenomena: Minimal time of controllability

Index of condensation: Some examples

© Gap property: 3p >0 : |[Ay —ANj| > plk—1| =|c(A) =0

In particular: for the scalar Dirichlet-Laplacien operator: Ay = k2,
|Ax — Ag| = |k — | > |k—1|. So

AN = {kz}kzl = C(A) =0.

M. Gonzilez-Burgos Controllability of non-scalar parabolic systems



9. New phenomena: Minimal time of controllability

Index of condensation: Some examples

© Gap property: 3p >0 : |[Ay —ANj| > plk—1| =|c(A) =0

In particular: for the scalar Dirichlet-Laplacien operator: Ay = k2,
|Ax — Ag| = |k — | > |k—1|. So

AN = {kz}kzl = C(A) =0.

Q@ o> 1,8>0and A = {Ar}lisy with Agg = k%, Ageyy = k& + ¢~

0 b <«
c(A)y=¢ 1 B=a  (Note that‘liminf|Ak+1 — M| =0 ‘)
+oo B>«
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9. New phenomena: Minimal time of controllability

Index of condensation: Some examples

© Gap property: 3p >0 : |[Ay —ANj| > plk—1| =|c(A) =0

In particular: for the scalar Dirichlet-Laplacien operator: Ay = k2,
|Ax — Ag| = |k — | > |k—1|. So

AN = {kz}kzl = C(A) =0.

Q@ o> 1,8>0and A = {Ar}lisy with Agg = k%, Ageyy = k& + ¢~

0 b <«
c(A)y=¢ 1 B=a  (Note that‘liminf|Ak+1 — M| =0 ‘)
+oo B>«

QO A= {Ak}kzl with

Aoy =K +ne™®, ne{0,--,2k}, k>1
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9. New phenomena: Minimal time of controllability

The controllability result

Yt — Dyxx +A0y =0
(18) y(ov') :va y(ﬂ-f) =0
y(+,0) =0

in QT7
on (0,7),
in (0, 7),

D =diag(1,d), Ag={k* d’h>1, VdEQ.

We have proved:

There exists Ty = c(Ay) € [0, +00] such that if then system (18) is

null controllable at time T
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9. New phenomena: Minimal time of controllability

The controllability result

Yt — Dyxx +A0y =0 in QT7
(18) y(oa') :va y(ﬂ-f) =0 on (07 T),
y(ao) =Yo in (0571-)7

D =diag(1,d), Ag={k* d’h>1, VdEQ.

We have proved:

Theorem

There exists Ty = c(Ay) € [0, +00] such that if then system (18) is

null controllable at time T

T > c(A4) |is a sufficient condition for the null controllability of system (18)

at time 7. But,
what happens if | T < ¢(Ag) [?
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9. New phenomena: Minimal time of controllability

The non-controllability result

One can prove:

Let us take

| To = c(Ag) € [0, +00] |

Then, if system (18) is not null controllable at time T.

Idea of the proof

By contradiction:

@ The null controllability at time T is equivalent to: 3Cr > 0 s.t.

2
7
Ze_zA”v”T\anJ\z < CT/ ZnB*DVn,ie_A"*"tan,,- dt, V{anitni € 23

n,i n,i

o Argument: Use the overconvergence of Dirichlet series.
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9. New phenomena: Minimal time of controllability

The controllability result

Yi — Dyx +Agy =0 in Or,
(18) v(0,-) =Bv, y(m,-)=0 on(0,T),
y('ao) = Yo in (Oaﬂ-)a

The controllability result
Q@ VT > 0 : Approximate controllability at time 7 if and only if
Vd ¢ Q|

Q Assume|Vd ¢ Q|, 3Ty = c(Ay) € [0, +00] such that

@ the system is null controllable at time 7 if

© Evenif+d ¢ Q, if the system is not null controllable at time 7'!

v
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9. New phenomena: Minimal time of controllability

The controllability result

Yi — Dyx +Agy =0 in Or,
(18) v(0,-) =Bv, y(m,-)=0 on(0,T),
y('ao) = Yo in (Oaﬂ-)a

In fact, the good minimal time is

—( log | W' (A
Ty = lim sup — 128 12 + 108 [W/(A,)])

k—o00 §R(Ak) © [O, OO]
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9. New phenomena: Minimal time of controllability

Yt — Dyxx + Aoy =0 in Qr,
(18) y(ov) :Bv7 y(7T7') =0 on (07 T)a
¥(-,0) = yo in (0, 7),

Is it possible to have a minimal time of control > 0? I.e., for
Ay = {k?,dk*};>1 with v/d ¢ Q, is it possible that ¢(A,) > 07
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9. New phenomena: Minimal time of controllability

Yt — Dyxx + Aoy =0 in Qr,
(18) )’(0») :va y(7T7') =0 on (07 T)a
Y('ao) =0 in (Oaﬂ-)a

Is it possible to have a minimal time of control > 0? I.e., for
Ay = {k?, dk®};>1 with v/d ¢ Q, is it possible that ¢(A,) > 07

v
Theorem

For any T € [0, 4-00], there exists \/d ¢ Q such that c(\g) = T.

o There exists vd ¢ Q such that ¢(A;) = +00 (LUCA, DE TERESA).

o c¢(Ay) = 0 for almost d € (0, 00) such that v/d ¢ Q.

@ Forany 7 € [0, +00], the set {d € (0,00) : ¢(Ay) = 7} is dense in
(0, +00).
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9. New phenomena: Minimal time of controllability

Y: — Dyx +Agy =0 in Or,
(18) y(0,:) =Bv, y(m,-)=0 on(0,T),
Y('ao) = Yo in (Oaﬂ-)a

where D = diag (1,d),|Ap = (8 (1) >, B = ( (1))

Third phenomenon

For system (18): If \/d ¢ Q, then,
© Approximate controllability: System (18) is approximately
controllable at any time 7" > 0.

© Null controllability: System (18) is null controllable is T > Ty = c¢(Ay)
and is notif 7 < Ty = ¢(A\y).

M. Gonzilez-Burgos Controllability of non-scalar parabolic systems



9. New phenomena: Minimal time of controllability

Remark

This minimal time also arises in other parabolic problems (degenerated
problems):

BEAUCHARD, CANNARSA, GUGLIELMI, Null controllability of
Grushin-type operators in dimension two. J. Eur. Math. Soc. (JEMS) (2014).
BEAUCHARD, MILLER, MORANCERY, 2d Grushin-type equations: Minimal
time and null controllable data, J. Differential Equations 259 (2015), no. 11

Reference

F. AMMAR KHODJA, A. BENABDALLAH, M.G.-B., L. DE TERESA,
Minimal time for the null controllability of parabolic systems: the effect of the
condensation index of complex sequences, J. Funct. Anal. 267 (2014).

http://personal.us.es/manoloburgos
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10. New phenomena: Dependence on
the position of the control set
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10. New phenomena: Geometrical dependence

Letus fix 7 > 0 and w = (a,b) C (0, 7). We consider the coupled parabolic
systems:

Vi — Yxx + q(x)Agy = Bul,, in Qr := (0,7) x (0,7),
(28) y(07 ) =0, y(’/T, ) =0 on (07 T)7
y('70) = Y0, in (0>7T)7

In (28), 1,, is the characteristic function of the set w, y(x, ) is the state,
yo € L?(0,7; R?) is the initial datum and

0 1

2 .
0 0 > € L(IR?) is a constant

@ g € L>(0, ) is a given function, Ag = (

. 0.
matrix and B = < 1 > is a constant vector of R?;

e u € L*(Qr) is a scalar control function.
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10. New phenomena: Geometrical dependence

Vi — Y t+ CI(X)AO)’ = Bul,, inQr,
(28) y<07 ) =0, y(TF, ) =0 on (07 T)a
y('>0) = Yo, in (077T>a

Remark
If g € L>°(0, ) satisfies: There exist an open subset wy C w and a constant
0> 0s.t.

‘q2($>0a.e.wo‘ or ‘q§—6<0a.e.wo‘

(:> ‘ SuppgNw # () D, then it is possible to repeat the arguments of

section 2 and prove:

Theorem
Under the previous assumption, system (28) is approximately and exactly
controllable to zero at any time T > 0.

\
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10. New phenomena: Geometrical dependence

Let us consider the 2 x 2 linear reaction-diffusion system

Yt — Yux + Q(x)Aoy = Bul,, inQr,
(28) ¥(0,-)=0, y(m,-)=0 on(0,7),
y(',O) = Y0, in (0777)’

where ¢ € L>(Qr), yo € L*(0,m;R?),

0 1 0
w=(00) 2=(1),
C (0,7) and u € L*(Qr) is a scalar control function.
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10. New phenomena: Geometrical dependence

Let us consider the 2 x 2 linear reaction-diffusion system

Yt — Yux + CI(X)Aoy = Bul,, inQr,
(28) y(07 ) = O’ y(ﬂ-v ) =0 on (07 T)v
y('70) = Y0, in (0777)’

where ¢ € L>(Qr), yo € L*(0,m;R?),

0 1 0
w=(00) 2=(1),
C (0,7) and u € L*(Qr) is a scalar control function.

No sign conditions on g.

’wﬂSuppq:@‘
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10. New phenomena: Geometrical dependence

Vi — Y t+ C[(X)Aoy = Bul,, in QT,
(28) y(0,-)=0, y(m-)=0 on(0,7),
y(ao) = Y0, in (0377)’

Theorem (Ammar Khodja, Benabdallah, G-B, de Teresa (2011))

Assume I (q) # 0 for any k > 1, where

29) 1(a) = [ o) sinfko

and )
/O q(x) dx # 0.

Then, for any T > 0, system (28) is null controllable at time T.
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10. New phenomena: Geometrical dependence

Vi — Yax + q(X)Aoy = Bul,, inQr,
(28) y(07 ) = 07 y(ﬂ-¢ ) =0 on (07 T)>
y(ao) =)o, in (0377)’

Null controllability properties of system (28) when

/07r q(x)dx =07

In order to simplify the problem, we will assume the geometrical
assumption:

The function ¢ satisfies Supp g C [0, a] or Suppg C [b, 7] (w = (a, D)).
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10. New phenomena: Geometrical dependence

yl - yxx + q(x)A()y = lellw in QT,
(28) ¥(0,-) =0, y(m-)=0 on(0,7),
y(-,O) =)o, in (0>W)7

Proposition (Boyer and Olive (2014))
Under the geometrical assumption (Al), system (28) is approximately
controllable at time T > 0 if and only if

Ii(q) #0, Vk>1.
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10. New phenomena: Geometrical dependence

Vi — Yxx + q(x)Aoy = Bbllw in QT7
(28) y(0,)=0, y(m-)=0 on(0,7),
y(vo) =)o, in (0,7'(),

Proposition (Boyer and Olive (2014))
Under the geometrical assumption (Al), system (28) is approximately
controllable at time T > 0 if and only if

| \,

Remarks
@ The approximate controllability of system (28) does not depend on T.

© Again, condition
Ik(q)7é0, VkZ].

is necessary for the null controllability of system (28) at time 7" > 0
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10. New phenomena: Geometrical dependence

Null controllability

Yt — Yxx = q(x)Aoy = lellw in QT7
(28) y(0,:) =0, y(m,-)=0 on(0,7),
y<70) =)o, in (077-()?

We have a Riesz basis B := {@; 1 ®r 2}k>1 of eigenfunctions and

generalized eigenfunctions of the operator L* := —;‘% + g(x)Aj; associated to
the eigenvalue k2 (simple).

Idea:

We will work with controls u(x, t) = f(x)v(¢) with v € L*>(0, T) and
f € L?(0, ) (appropriate) satisfies Suppf C w.

Objective
Apply Fattorini-Russell method: moment problem
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10. New phenomena: Geometrical dependence
Null controllability

(28)

y(07 ) = 07
¥(-,0) = o,

Yt — Yux + q(x)Aoy = Bul,,

y(’”?') =0

in QT7
on (0, 7),
in (0, 7),

The moment problem
Find v € L*(0,T) s.t.

r 2 My 1 2
/ W(T —t)e X |dt = —=eFT, Vk>1,
0 Sk
r 2 mgn 2
/ V(T — 1) te X |dt = —"=¢%T  Vk>1,
0 Li(9)f k

where | |my ;| < C.¢™ |and

M. Gonzilez-Burgos
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10. New phenomena: Geometrical dependence
Null controllability

Vi — Yax + q(x)Aoy = Bul,, n QT7
(28) v(0,-)=0, y(m-)=0 on(0,7),
y(ao) = Y0, in (0,71'),

The moment problem

Find v € L*(0,T) s.t.

where | |y ;| < C.e®™ |and | [fy| ~ k73 > Coe ™M | (i = 1,2).
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10. New phenomena: Geometrical dependence

Null controllability

Yr — Yxx + q(x)Agy = Bul,, in Qr,
(28) y(0,:) =0, y(m-)=0 on(0,T),
y(ao) = Yo, in (0377)’

Conclusion
We can obtain the positive controllability result if

T > To(g) = limsup W’

Theorem

Assume I(q) # O for all k > 1. Then, if T > To(q), system (28) is
null-controllable at time T.

A

Does the minimal time depend on the choice u(x, 1) = f(x)v(#)?

What happens if| T < Ty(q) [?

M. Gonzilez-Burgos Controllability of non-scalar parabolic systems



10. New phenomena: Geometrical dependence

Null controllability

Yt — Yxx + q(x)Agy = Bul,, in Qr,
(28) y(07 ) = 07 y(ﬂ-? ) =0 on (07 T)a
y(ao) =)o, in (Oaﬂ-)a

As before, the null controllability property for system (28) is equivalent to the
observability inequality:

T
lo( 02y < Cr /0 / (o2, ) e,

for the solutions to the adjoint problem

— O — Pxx + Q(X)AE;‘P =0 inQr,
30(07 ) = 90(777 ) =0 on (07 T))
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10. New phenomena: Geometrical dependence

Null controllability

T
”90('>0)||%L2)2 < CT/O / |2 (x,1)|* dxdt,

T < To(q), we can prove that the inequality does not hold reasoning by
contradiction: Then system

Vi — Yax + Q(X)Aoy = Bul,, inQr,
(28) y(07 .) = 07 y(,n-’ .) = 0 On (07 T)?
y('70) = Y0, in (0377)’

is not null controllable at time 7.
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10. New phenomena: Geometrical dependence
Null controllability

¥r — Yxx + q(x)Agy = Bul,, in Qr,
(&) ¥(0,:) =0, y(m-)=0 on(0,7),
¥(+,0) = yo, in (0, ),
’w N Suppg = (b‘

Theorem
Assume Ii(q) # O for all k > 1 and let:

—log |Ix(q)|

To(g) := lim sup 2

€ [0, 4+00]

Then,
Q IfT > Ty(q), then system (28) is null-controllable at time T.

@ IfSuppg C [0,a] or Supp g C [b, 7], for any T < To(q), the system is
not null-controllable at time T.
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10. New phenomena: Geometrical dependence

Null controllability

Yt — Yxx + q(x)Agy = Bul,, in Qr,
(28) y(07 ) = 07 y(ﬂ-? ) =0 on (07 T)a
y(ao) =)o, in (Oaﬂ-)a

@ The previous results cannot be obtained using Carleman inequalities.

© Due to the geometrical assumption

The function ¢ satisfies Supp g C [0, a] or Suppg C [b, 7] (w = (a, b)) ‘

the boundary and distributed null controllability results coincide.
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10. New phenomena: Geometrical dependence

Null controllability

Yt — Yxx + q(x)Agy = Bul,, in Qr,
(28) y(07 ) = 07 y(ﬂ-? ) =0 on (07 T)a
y(ao) =)o, in (0377)’

General case
w = (a,b) C (0,7) and Suppg Nw = .

The condition /;(q) # 0 is no longer necessary:
a 1
hala) = [ a@lsin)P s 1) i= [ a(o)]sin(lo ax
0 b

1(g) = Inx(q) + Iaxlg) = /0 " 4()| sin(ko) P i
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10. New phenomena: Geometrical dependence

Null controllability

Yt — Yxx + q(x)Agy = Bul,, in Qr,
(28) y(07 ) = 07 y(ﬂ-? ) =0 on (07 T)a
y(ao) =)o, in (Oaﬂ-)a

Proposition (Boyer and Olive (2014))

If w = (a,b), system (28) is approximately controllable at time T > 0 if and
only if
(@)l + 11 k(q)| #0, Vk=1.

The proof uses the independence of the functions sin (kx) and cos (kx) in w.
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10. New phenomena: Geometrical dependence
Null controllability

Vi — Yax + q(x)Aoy = Bul,, n QT7
(28) v(0,-)=0, y(m-)=0 on(0,7),
y(ao) = Y0, in (0,71'),

Remarks
@ The approximate controllability of system (28) does not depend on T.
© Again, condition

[Tk(@)| + 1 x(q)| # 0, Vk>1.

is necessary for the null controllability of system (28) at time 7" > 0.

Null controllability of system (28)??? J
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10. New phenomena: Geometrical dependence

Null controllability

Yt = Yxx + q(x)Agy = Bul,, in Qr,
(28) y(07 ) = 07 y(ﬂ-? ) =0 on (07 T)a
y(ao) = )0, in (Oaﬂ-)a

In this case we can have /x(g) = 0, and then,
L:=—— 4+ q(x)Ag : L*(0, 1; R?) — L*(0, w; R?)

has eigenvalues (k?) of multiplicity 2.

Apply Fattorini-Russell’s method with control under the form:

[u(x,0) = F1()v1 () +F2(0)2(0) ]

with Suppf1, Suppf2 C (a,b)
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10. New phenomena: Geometrical dependence

Null controllability

Vi — Yax + Q(X)Aoy = Bul,, inQr,
(28) y(07 ) = 07 y(ﬂ-? ) =0 on (07 T)a
y(70) =)o, in (Ovﬂ-)a

Theorem
Let w = (a,b) C (0,7) and q € L*°(Qr) satisfying w N Supp g = 0,

(@) + 2x(@) # 0 (<= 1x(q) + k()] #0).

and )
min [ log|/1x(9)| , — log |Ik(9)]
k2

To(g) = lim sup
Then,
Q IfT > To(q), then system (28) is null-controllable at time T.

@ Forany T < To(q), the system is not null-controllable at time T.
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10. New phenomena: Geometrical dependence
Null controllability

Vi — Yax + q(x)Aoy = Bul,, n QT7
(28) v(0,-)=0, y(m-)=0 on(0,7),
y(ao) = Y0, in (0,71'),

Remark

e
|

11 (@) + [lax(q)]* # 0

and

/an(x)dxséo or /bwq(x)dx#O or /Oﬂq(x)dx;éo,

Then Ty(g) = 0 (Null controllability of system (28) for every T > 0).
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10. New phenomena: Geometrical dependence
Null controllability

Idea of the proof:

@ The reasoning for T < Ty(g) is by contradiction.

@ For proving the positive controllability result for 7 > Ty(q) we have to

"mesure" the linear independence of | B*® | := v/ | and

B*®} 5 := sin(kx) |in w (P} | and @} , are the eigenfunctions or the

eigenfunction and the generalized eigenfunction of L* := —j—; +q(x)AG
associated to k%). Thanks to the assumption w N Supp ¢ = ) and the
expression of 1 in w this amounts to prove

det ({l,k {Z,k ) Z £Il7k(Q)
fl,k f2,k

where C > 0, m > 1, f;; is the Fourier coefficient of f; and

,when 71 x(q) # 0 and Ix(gq) # O

fix= 7rf,~(x)¢k(x)abc, k>1, i=1,2.

)
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10. New phenomena: Geometrical dependence

Null controllability
Example

1 six € (ay,a +7)
—1 six € (az,ar + 0),

a; >0,a1+0<ay,ar+l<ml>0andw = (a,b).
Q@ wNSuppg #Porw C (a; +4,a2): To(q) = 0. Null controllability

VT > 0.
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10. New phenomena: Geometrical dependence

Null controllability
Example

1 six € (ay,a +7)
q(x) = .
—1 six € (az,ar + 0),

a; >0,a1+0<ay,ar+l<ml>0andw = (a,b).
(a1 + £,a3): To(g) = 0. Null controllability

Q@ wNSuppg #PorwC

vT > 0.
Q@ w=(a,b) C (0,a1): I14(q) = [; q(x)dx =0, Vk,

balq) = _% sin (k (@ + a3 + £)) sin (k(az — a1 )) sin (kf)
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10. New phenomena: Geometrical dependence

Null controllability
Example

1 six € (ay,a +7)
—1 six € (az,ar + 0),

a; >0,a1+0<ay,ar+l<ml>0andw = (a,b).
(a1 + £,a3): To(g) = 0. Null controllability

Q@ wNSuppg #PorwC

vT > 0.
Q@ w=(a,b) C (0,a1): I14(q) = [; q(x)dx =0, Vk,

balq) = _% sin (k (@ + a3 + £)) sin (k(az — a1 )) sin (kf)

e Aprox. Contr. 7 > 0 <— ‘ (a1 +ay+0)/m H (a — (11)/71"
e Given 7 € [0, 00], day, ay y ¢ satisfying the previous property s.t.
To(g) = 7 | Minimal time of null controllability which could be

To(g) = oo |

|Ur]¢Q
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10. New phenomena: Geometrical dependence

Null controllability

Yt — Yxx + q(x)Agy = Bul,, in Qr,
(28) y(07 ) = 07 y(ﬂ-? ) =0 on (07 T)a
y(ao) =)o, in (Oaﬂ-)a

Fourth phenomenon
For system (28): w = (a,b) C (0,7) and w N Supp g = (), then,

© The approximate controllability is not equivalent to the null
controllability.

© Null controllability: The controllability result depends on the relative
position of w with respect to Supp g.
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Summarizing

Scalar case versus systems (parabolic problems)

SCALAR CASE SYSTEMS

boundary < distributed control Yes No
approximate < null controllability Yes No
minimal time for controling No Yes
geometrical conditions No Yes
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Thank you for your attention!!
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