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Complex Fluids

It is not possible to decouple microscopic and macroscopic
effects.

@ Fluids with elastic properties. They possesses
intermediate properties between solids and liquids.
Examples: liquid crystals, polymers (macromolecules), ...

@ Phase-field models.

Examples: multi-fluids (mixture of fluids), multi-phases
(solidification), ...

These complex materials have practical utilities because its

microstructure can be handled in order to produce good
mechanical, optical or thermic properties.
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Liquid Crystals

Liquid crystals (LC) are intermediate phases between solid and
liquid; at the macroscopic level, they are (viscous) liquids but
their molecules have a anisotropic order due to their elastic
properties.

@ Nematic Liquid Crystals have an orientation order.
@ Smectic Liquid Crystals have also a positional order
(arranged by layers).

The derivation and the analysis falls into a general energetic
variational framework for complex fluids with elastic effects due
to the presence of nontrivial microstructures, coupling

@ Navier-Stokes equations for the velocity and pressure.

@ Partial Differential Equations for the microscopic variable
called order parameter
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Figura: Types of Liquid Crystals
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Nematic Liquid Crystals

A simplified model by F. H. Lin
Some known results

o Nematic Liquid Crystals
@ A simplified model by F. H. Lin
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Nematic Liquid Crystals

A simplified model by F. H. Lin
Some known results

Nematic Liquid Crystals - Macroscopic model

Director field d(t, x), representing the average orientation of the
liquid crystal molecules.

The shear stress tensor depends on elastic and viscous effects
(Ericksen-Leslie theory, 1980s):

o =0%(D,d) + Xo°(d),

where o9 is the dissipative tensor, o€ the elastic tensor and
A > 0 a “balance” coefficient.
Then, equations for equilibrium of forces remains as:

Du+Vp—-V-09—AV-0¢=0 inQ=(0,T) x Q.
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Nematic Liquid Crystals A simplified model by F. H. Lin

Some known results

Nematic Liquid Crystals: Microscopic Model (of Allen-Canh’s
type)

Starting from the Ericksen-Leslie’s formulation, a penalized
model is presented by [F.H. Lin]:

SE .
Dtdﬂﬁe:o, in Q,

where SE
76 = —
5d = Ad + V4F. (d)

is the Euler-Lagrange equation associated to the elastic energy

functional:
Ee) = (5 [ Ival+ [ F@)
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Nematic Liquid Crystals

A simplified model by F. H. Lin
Some known results

Ginzburg-Landau’s functional:
_ 1 2_ 4\2
F(d)_4—<|d| _1)
such that f.(d) = V4(F.(d)) for every d € R3, hence
1
f.(d) = (1dP-1) d,

where |d| denotes the euclidean norm in R® and « > O is a
penalization parameter.
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Nematic Liquid Crystals

A simplified model by F. H. Lin
Some known results

A simplified model [F. H. Lin]

Taking
o =v(Vu+Vvu)  (Stokes’ law)

o€ = —(vd)'vd = v-ae:(Vd)f(—Ad+f(d))+v(---)

ou+u-Vu—vAu+Vp = —)\(Vd)'Ad
V-u = 0
(NLC){ &d +u-Vd+~(—Ad+f(d) = 0
Ulpo =0, dlsn = don
Ul=0 = Up, d|i=0 = do
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Nematic Liquid Crystals

A simplified model by F. H. Lin
Some known results

o Nematic Liquid Crystals

@ Some known results
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Nematic Liquid Crystals A simplified model by F. H. Lin

Some known results

Known results foru = 0, d = dgyq on 09,
[F. H. Lin & C. Liu "95]:

@ Existence of global in time weak solution:
(u,d) € L>=(0, T; L3(Q) x H'(Q))) N L2(0, T; H'(Q) x H3(Q)),
@ Existence (and uniqueness) of local in time strong solution:
(u,d) € L=(0, T.;H'(Q) x H3(Q)) N L2(0, T.; H3(Q) x H3(Q)),
for T, < T small enoughor T, = T (VT > 0) if v large.

[F. G-G,M. A. Rodriguez-Bellido & M.A. Rojas-Medar '09]:
Regularity criteria for uniqueness and global in time regularity

[H.Wu’12]: Convergence of trajectories towards an unique
equilibrium
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Nematic Liquid Crystals with Stretching Terms
A generic Q-tensor model

Models with Stretching Terms

e Models with Stretching Terms
@ Nematic Liquid Crystals with Stretching Terms
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Models with Stretching Terms Nematic Liquid Crystals with Stretching Terms

A generic Q-tensor model

A nematic model with Stretching

( Ju+u-Vu—vAu+ Vp+ A(Vd)! Ad

AV - ((~Ad +f.(d))®d) = 0
(StNLC) V.u =0
dd+u-vd—d-Vu+~(-Ad+1f(d) = 0

Ujt—o = Ug, df—p = do
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Models with Stretching Terms Nematic Liquid Crystals with Stretching Terms

A generic Q-tensor model

Effects of the stretching term

@ Lose of the maximum principle

@ Existence of local in time strong solution only for
space-periodic boundary conditions or large viscosity

Convergence of trajectories to a unique equilibrium
@ [C. Liu, H. Wu & X. Xu ’12]: for periodic boundary
conditions

@ [H. Petzeltova, E. Rocca & G. Schimperna’13]: for
homogeneous Neumann boundary conditions
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Nematic Liquid Crystals with Stretching Terms
A generic Q-tensor model

Models with Stretching Terms

e Models with Stretching Terms

@ A generic Q-tensor model
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Nematic Liquid Crystals with Stretching Terms

Models with Stretching Terms A GETETD @ et

Free energy
Free energy operator:

£(Q) = / ~|VQPE + F(Q)
where
F(Q) = yc>|2 (02 )+§|o|4 (non-convex) (1)

5E(Q)
3Q

Let H(Q) = be the variational derivative in L2(Q).
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Nematic Liquid Crystals with Stretching Terms

Models with Stretching Terms A GETETD @ et

Velocity system

The variables describing the (QT)-model are
(u,Q,p): (0, T) x Q — R3 x R3S x R:

Du—vAu+Vp=V-7(Q)+V-0o(H,Q) inQ2x(0,T)
V-u=0 inQx(0,7)
where D:u = 0:u + (u - V)u is the material derivative,
Tij(Q) = - (8,0 : 8,'0) = — (9ij/ 8;Qk/, >0
(symmetric part)

o(H,Q) = HQ-QH
(antisymmetric part when Q and H are symmetric)
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Models with Stretching Terms Nematic Liquid Crystals with Stretching Terms

A generic Q-tensor model

8Q+ (u-V)Q— S(Vu,Q) = —vH(Q) inQx(0,T)
where
S(Vu,Q) = vuQ!— Q'Vu, (stretching term)
HQ) = —=AQ+f(Q) where
Q) = aQ-— g (02 +QQ+ Qfo) +clo?Q
withc>0,a beR

(H is a symmetric tensor if Q is symmetric,
in fact f(Q)! = f(QY))
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Nematic Liquid Crystals with Stretching Terms
A generic Q-tensor model

Models with Stretching Terms

Previous results for an initial-value problem (in the whole R3)
[Paicu-Zarnescu’12]

@ Existence of weak solution in (0, T), for each T > 0.
@ Gilobal strong solution in 2D.
@ Weak-Strong uniqueness
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Nematic Liquid Crystals with Stretching Terms

Models with Stretching Terms A GETETD @ et

Initial and boundary conditions
Initial conditions:

Ujt—0 = Up, Qli=0 = Qp in Q,

Boundary conditions (I = 092:):
@ For the velocity: u|r =0in (0, T).
@ For the Q-tensor:

hQIr=0 or Qr=Q in(0,T).
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Models with Stretching Terms Nematic Liquid Crystals with Stretching Terms

A generic Q-tensor model

Main results for the initial-boundary QT-model

@ existence of global in time weak solution (without using
maximum principle).

@ Modification of the model to enforce traceless and
symmetry constraints for Q.

@ maximum principle

@ uniqueness criteria for weak solutions

@ local existence (and unigueness) of a “intermediate”
regular solution
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Weak existence
Weak/strong uniqueness
Maximum Principle
Some analytical results for Q-tensor models Strong solution ?

Local weak regularity for (9;u, 9;Q) and uniqueness

e Some analytical results for Q-tensor models
@ Weak existence
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Weak existence
Weak/strong uniqueness
Maximum Principle
Some analytical results for Q-tensor models Strong solution ?
Local weak regularity for (9;u, 9;Q) and uniqueness

Step 1. Energy equality (Lyapunov functional)

d /1
dt <2Hquz(Q) + S(Q)) + V| VUlfzq) + YMH(Q)2) = O,

with £(Q) = / SIVOP + F(Q)ax #0
Q

Using that:
(S(vuv Q)a H(Q))L2 (U(Ha Q)v vu))L2
(U-VQ HQ) = (V- 7(Q),u)e
Q-system u-system
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Weak existence
Weak/strong uniqueness
Maximum Principle

Some analytical results for Q-tensor models Strong solution ?
Local weak regularity for (0;u, 9;Q) and uniqueness

Step 2. Lower bound of the potential

But the term F(Q) could be negative. Observe that:

g|Q|2+§|O\4—a1, for ay = aqy(b,c) > 0ifa > 0,

F(Q) 2 §|Q,4_a2_5, for ap = az(b, ¢), B = f(a,c) >0

ifa<0,

Defining F(Q) = F(Q) + pwith p = oy ifa>0and = az + 3
if a < 0, then:
g|o|2+§|o|4zo if a0,
FQ>1 .
§|Q|420 if a<0,

F. Guillén-Gonzalez, EDAN and IMUS, Univ. Sevilla DIMO2013



Weak existence
Weak/strong uniqueness
Maximum Principle
Some analytical results for Q-tensor models Strong solution ?
Local weak regularity for (0;u, 9;Q) and uniqueness

Step 3. Weak regularity

1
SOl + 5IVADIE @ + [ F(QU) < +oc,
(here, || < +o0 is essential).
Therefore:
( u € L>(0,+o0;L2(Q)) N L3(0, +o00; H'(Q)),

VQ € L®(0,+00;1L2(Q))
F(Q) € L>=(0,+o00;L(Q))
| —=AQ+f(Q) € L3(0,+00;L3(Q))

Finally

Qe L™
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Weak existence

Weak/strong uniqueness

Maximum Principle
Some analytical results for Q-tensor models Strong solution ?

Local weak regularity for (9;u, 8; Q) and uniqueness

Modifications of the model to enforce traceless

Replace _
H by H=H+a(Q)ld

with a(Q) = 1 —atr(Q) + l—)(tr(Qz) +2|Q) | or
3 3

o(Q) = (@)

Idea: To eliminate the non-convex part (at least) of the trace of
Q-system
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Weak existence
Weak/strong uniqueness
Maximum Principle
Some analytical results for Q-tensor models Strong solution ?
Local weak regularity for (9;u, 9;Q) and uniqueness

Modifications of the model to enforce symmetry

Replace
S(Vu,Q) by S(W(u),Q),
with W(u) = (Vu + Vu!)/2
Idea: To eliminate the symmetric part of the stretching term of
Q-system
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Weak existence
Weak/strong uniqueness
Maximum Principle
Some analytical results for Q-tensor models Strong solution ?

Local weak regularity for (9;u, 9;Q) and uniqueness

e Some analytical results for Q-tensor models

@ Weak/strong uniqueness
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Weak existence
Weak/strong uniqueness
Maximum Principle
Some analytical results for Q-tensor models Strong solution ?
Local weak regularity for (0;u, 9;Q) and uniqueness

Uniqueness criteria

Let (uy, g1, @1, H), (Uz, g2, Q2, HE) be two solutions,
(Ho)' = —= AQ; + FL(Qy), for F = Fy + Fe
U=Uj—Uy g=q;—q, Q= Q — Q, H. = H} — H2.

1d 5 5 / 82Fc (R)
g (1908 + 10y + [ Qs ) Qo

+7][ VU2 ) + Y HelZeq
< (1) (e + = 1QUs )

where C(t) € L'(0, T) under the regularity hypothesis:

(RH) VU2€L2‘7 3(0TLq(Q), fOI’2§Q§3
AQQ€L2’3(O T,L'(Q), for2<r<3 e
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Weak existence
Weak/strong uniqueness
Maximum Principle
Some analytical results for Q-tensor models Strong solution ?
Local weak regularity for (9;u, 9;Q) and uniqueness

e Some analytical results for Q-tensor models

@ Maximum Principle
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Weak existence
Weak/strong uniqueness
Maximum Principle
Some analytical results for Q-tensor models Strong solution ?
Local weak regularity for (9;u, 9;Q) and uniqueness

Maximum Principle
Based on:
Q S(Vu,Q): Q=0

(o]
Q@ 1(Q): Q> Z|0P (o - 8) for = 5 — =

b?> 2a
o
Then,

o (10F) +u-v (1017) —v- A (ja?) + 5101 (1af - ) <0
If | QollL() < a (and [|Qr[|Le(r) < @) with & > 3, then:

[Q(t)|lLeo() <@ VE>0.
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Weak existence
Weak/strong uniqueness
Maximum Principle
Some analytical results for Q-tensor models Strong solution ?

Local weak regularity for (9;u, 9;Q) and uniqueness

e Some analytical results for Q-tensor models

@ Strong solution ?
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Weak existence
Weak/strong uniqueness
Maximum Principle

Some analytical results for Q-tensor models Strong solution ?
Local weak regularity for (9;u, 8; Q) and uniqueness

Problems with the strong regularity

@ Prodi’s (space) estimates (taking —Au for u-system and
—A(—eAQ+ f(Q)) for Q-system) only works for

@ periodic-space boundary conditions for Q,
@ large enough viscosity.
@ Modified Ladyzhenskaya’s (time) estimates works for
Neumann and Dirichlet boundary conditions for Q.
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Weak existence
Weak/strong uniqueness
Maximum Principle

Some analytical results for Q-tensor models Strong solution ?
Local weak regularity for (9;u, 9;Q) and uniqueness

The key point for Prodi’s estimates

Due to the boundary condition for Q (non space-periodic):
(S(Vu, Q), -AH(Q))2 # (o(H, Q), V(-Au))) 2

and
(V-7(Q),—Au) ;2 # (u-VQ,—-AH(Q)),2

because some (high nonlinear) boundary terms don’t vanish.
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Weak existence
Weak/strong uniqueness
Maximum Principle
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Local weak regularity for (9;u, 9;Q) and uniqueness

The bad terms (only bounded for large viscosity)

1d
> i (HVquz(m + HAOHEZ(Q)) + V[ AUl ) + YIV(AQ)| 22 g
=—(u-Vu,Au) + (Au-VQ,AQ)+ (V- 0,Au) + ...
—(V(u-VvQ),V(AQ)) + (VS(Vu,Q),V(AQ))
< +/ QI V(AQ)||Au| dx < ... .
Q
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Weak existence
Weak/strong uniqueness
Maximum Principle
Some analytical results for Q-tensor models Strong solution ?
Local weak regularity for (9;u, 9; Q) and uniqueness

e Some analytical results for Q-tensor models

@ Local weak regularity for (6;u, 8;Q) and uniqueness
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Weak existence
Weak/strong uniqueness
Maximum Principle
Some analytical results for Q-tensor models Strong solution ?
Local weak regularity for (8;u, 8;Q) and uniqueness

Modified Ladyzhenskaya’s estimates

Weak estimates for (0 ,0; )

Deriving in time u-system and Q-system, and taking d;u and
—A(0;Q) as test functions:

(natuuLz(m + = 10 Q1 )
110121 gy + 72195 B g
< a(t) (10022 gy + 10 QllZs )
+Co (WUl + IHI2(qy) (100122 g + 10:QlE gy )

()
where a € L'(0, T) (due to weak estimates).
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Weak existence
Weak/strong uniqueness
Maximum Principle

Some analytical results for Q-tensor models Strong solution ?
Local weak regularity for (8;u, 8;Q) and uniqueness

Intermediate strong estimates for

Taking 0:H = 0i(—-AQ + f(Q)) as test function in the
Q-system:

~ d
§ EHH“H}(Q) + Hat(VQ)HL2(Q)

< G (14110l 10:QlZ2(q ®3)

+0 0cH |22 gy + Cs | Qllae(ay VUl
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Weak existence
Weak/strong uniqueness
Maximum Principle

Some analytical results for Q-tensor models Strong solution ?
Local weak regularity for (8;u, 8;Q) and uniqueness

Intermediate strong estimates for

Taking 0:u as test function in the equation for u:

d 2 2
v EHVUHLZ(Q) + ||atu||L2(Q)

< C(IIVulz gy + 1 Qe 11220y
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Weak existence
Weak/strong uniqueness
Maximum Principle

Some analytical results for Q-tensor models Strong solution ?
Local weak regularity for (8;u, 8;Q) and uniqueness

Weak-t estimates
Putting together (2)-(3)-(4), we get:

y'(t) + 2(t) < a(t) y(t) + Cy(1)°

where
YO = 10wl + 10:QlZs y + VU2 ey + [HIRey
Z(t) = ||8tu|]ﬁ1(m+||8,QHH2{2(Q)
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Weak existence
Weak/strong uniqueness
Maximum Principle

Some analytical results for Q-tensor models Strong solution ?
Local weak regularity for (8;u, 8;Q) and uniqueness

Intermediate regularity results

Thus, we obtain:
@ Local in time weak solution for (d;u, 0Q):

dru € L0, T*; L2(Q)) N L2(0, T H'(Q))
0:Q € L>5(0, T* H'(Q)) N L2(0, T*; H2(Q))
ue L0, T H'(Q))

| Qe (0, T H2(Q))

(weak—t)

and uniqueness !! (because uniqueness criteria (RH) is
satisfied forg=2and r =2.)

@ Under regularity hypothesis (RH), global in time weak
solution for (0:u, 0;Q).
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Weak existence
Weak/strong uniqueness
Maximum Principle
Some analytical results for Q-tensor models Strong solution ?
Local weak regularity for (8;u, 8;Q) and uniqueness

Intermediate regularity results
Thus, we obtain:
@ Local in time weak solution for (d;u, 0Q):

du € L°°(0, T*; L2(Q)) N L2(0, T*; H'(Q))
dQ € L°°(0, T+ H'(Q)) N L3(0, T*; H2(Q))
u e L0, T H'(Q)NL2(0, T H3(Q)) ?

| Qe L>=(0, T H2(Q))NL2(0, T+ H3(Q)) ?

(weak—t)

and uniqueness !! (because uniqueness criteria (RH) is
satisfied forg=2and r =2.)

@ Under regularity hypothesis (RH), global in time weak
solution for (0:u, 0;Q).
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Weak existence
Weak/strong uniqueness
Maximum Principle
Some analytical results for Q-tensor models Strong solution ?
Local weak regularity for (8;u, 8;Q) and uniqueness

Why long-time behavior for intermediate regularity is not clear

Using Prodi’s estimates, we would have the following generic
situation (without stretching):

(weak) E'(t)+F(t) <0

=3 lkm F(t)=0.
(strong) F'(t) + G(t) ng(F(t)3+1) } t——+o00 (1)
EM) = [ulZeq + VA2,
Fit) = [[VullZq, + IHIZq,
G(t) = [AulZq +VHIZq)

[B. Climent-Ezquerra, F.G-G, M.A.Rodriguez-Bellido’10]
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Weak/strong uniqueness
Maximum Principle
Some analytical results for Q-tensor models Strong solution ?
Local weak regularity for (8;u, 8;Q) and uniqueness

Why long-time behavior for intermediate regularity is not clear
We have the following generic situation for t € (0, +o0):

(weak) E'(t)+F(t)<0
(strong) F/(t) + G(t) < Co(F(t)3 + 1)

EM) = [ulZq +IVQIZq)

Ft) = [IVulZzq) + IHIZ;q
F(t) = [IVulZq) + IHIZq) + 101ullZ g, + 19:Q1E:
G(t) = ”(91‘U”E|1(Q)+||8t0“]%12(9)
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Local weak regularity for (8;u, 8;Q) and uniqueness

Final comment

This methodology can be extended to a more general Q-tensor
model and Erickseen-Leslie nematic models, and could be
applicable to other Diffuse-Interface models.

Some open problems

@ To design “energy-stable” numerical schemes, by using
traceless and symmetry

@ Global in time intermediate regular solutions with “explicit”
conditions for initial data

© Local in time strong regularity
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Thank you very much!
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