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This paper concerns with some elliptic equations with non-linear boundary con-
ditions. Sub-supersolution and bifurcation methods are used in order to obtain
existence, uniqueness or multiplicity of positive solutions.

1. Introduction

In this paper we study positive solutions of some nonlinear elliptic problems
with mixed nonlinear boundary conditions. Throughout it, we consider the
following assumptions:

(1) @ c RY, N > 1, is a bounded domain with boundary 99 of class
C2. Moreover,

o := FO UFl,

where I'y and I'; denote two disjoint open and closed sets in the
relative topology of 0f.
(2) L is a uniformly elliptic differential operator in Q of the form

I SR A
o =1 Ual‘ian P 281’7; ’

with coefficients a;; = aj; € C>*(Q), b; € CH*(Q) and ¢ € C*(),
a€(0,1).
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(3) We define the mixed boundary operator, B, by

__ Ju onTy,
Bu = {Bu on Iy, @

where the operator B := 9, + b with v € C}(I'1, RY) an outward
pointing nowhere tangent vector-field and b € C1*(I'y).

In this paper we study the following problems where a is a positive or
negative regular function on I'y and 0 < ¢ < 1 < p,r. We first study an
elliptic equation with a logistic term on the boundary

Lu=0 in Q,
u=0 on Iy, (3)
Bu = pu + a(z)u” on T'y,

where ;1 € R will be regarded as bifurcation parameter. We do not know
previous works in which (3) was analyzed. We characterize the existence,
uniqueness and stability of positive solution in terms of the parameter p
(see Theorem 5.2).

Second, we study of the sublinear-superlinear equation

—Au = u—uP in Q,
a—u =u" on 012, )
on
where n is the outward normal vector-field of €. (The case —u" instead u”
has been studied in Ref. ®.) Equation (4) has attracted a lot of attention
in the last years with A\ = 0, see Refs. 6, 10, 18 21 22
where basically the equation and its corresponding parabolic problem were
analyzed in the particular case A = 0, and in Refs. 28, 29 where the local
bifurcation was studied. We complete this study giving existence, non-
existence and stability results in function of A (see Theorem 5.3).

Finally, we study the concave-convex equation

and 26, among others,

Lu = Am(x)ul en Q,
0 5
% =a(z)u” en O 5)
where m € C(Q) is nonnegative and non-trivial. (5) was studied previously
in Ref. ™ when Lu = —Au + u, and m = a = 1 by variational methods.
When a < 0 we prove that there exists a positive solution of (5) if and only
if A\ > 0. If a > 0 we complete and improve the results of Ref. 4

Theorems 5.4 and 5.5).

(see
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In order to study these equations we employ mainly sub-supersolution
and bifurcation methods. We present in Sect. 2 results related with princi-
pal eigenvalues associated to these problems. In Sec. 3 we prove a general
result of bifurcation from the trivial solution when the bifurcation parame-
ter appears in both equation and boundary. As consequence, we can use it
for equations (3) and (4). For the study of (5) we need a different result
of bifurcation, where the parameter is in front of a non-linear term. In
Sec. 4 we present results concerning to uniqueness, stability and a-priori
bounds of positive solutions for general equations with nonlinear boundary
conditions. Finally, in Sec. 5 we apply the results to the cited equations.

2. Some Preliminaries Results: eigenvalues problems

Along this paper, we use the positive cone
P:={uecC'():u>0,u#0in QUT;, Bu=0on 9N},

and we say that u is positive if u € P and that u is strongly positive if
u€int(P):={u€P:u>0in QUTy, du/On < 0on Iy}, where n is the
outward normal vector-field of €. On the other hand, the mixed operator
B+ m, m € C(T'1), means a similar operator to (2) with b + m instead of
b in B. Finally, given two functions u,v we write (u,v) > 0 if u,v > 0 and
some of the inequalities non-trivial.

Consider the eigenvalue problem

Ly = Apin Q,
Bp =0 on 0f.

H. Amann 2 proved the existence of a unique simple eigenvalue, the princi-
pal eigenvalue, whose associated eigenfunction can be chosen strongly pos-
itive in Q. We denote this eigenvalue by o1[L, B]. o1[L, D] and o1[L,N]
stand for the principal eigenvalues under Dirichlet and Neumann homoge-
neous boundary conditions, respectively.

Some properties of o1[L, B] have been studied in details by S. Cano-
Casanova and J. Lopez-Gémez ¥ (see also Ref. %), we state some of them.

Proposition 2.1.

(1) o1[L, B] > 0 if and only if there exists a positive supersolution of
(L,B,Q), i.e., a positive function u such that Lu > 0 in Q and
Bu > 0 on 0 with some inequality strict.

(2) The map g € L=(Q) — o1[L + ¢, B] is increasing and continuous.
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(8) The map m € C(T'1) — o1[L, B + m] is increasing and continuous.
(4) Suppose I'y # O and consider a sequence b, € C(I'1) such that
lim,,—, 4 oo minr, b, = +o0. Then,

lim oy[L, B+ b,] = o1[L, D].

n—-+4oo

(5) Suppose I'y # 0, then o1[L, B] < 01[L, D].
Consider now the eigenvalue problem

Ly = Am(x)p in Q,
=0 on Iy, (6)
By = Mr(x)p onTy.

We suppose the following condition
m € C*(Q), reCH*(I'y), Iu > 0 such that (c + pm,b+ pur) > 0. (7)

The following result provides us the existence of principal eigenvalue of (6).
The second paragraph gives a characterization of the principal eigenvalue of
(6) when m = 0, i.e., an eigenvalue problem at the boundary, the classical
Steklov problem. In our acknowledge this result is new, although it nearly
follows by the results on Ref. ? (see Ref. '° where a particular result is
obtained.)

Theorem 2.1. Assume (m,r) > 0. Then:

(1) Under condition (7), the eigenvalue problem (6) has a unique princi-
pal eigenvalue, v1[L, B, it is simple and its associated eigenfunction
can be chosen strongly positive in §2.

(2) If m =0 and r > 0, then, the principal eigenvalue ezists for (6),
denoted by \[L,B], if and only if o1[L,D] > 0. Moreover, its
associated eigenfunction can be chosen strongly positive in €.

Proof: The first paragraph follows with the same kind of arguments used
in Theorem 2.2 of H. Amann 3 where T'y = 0.

It is clear that A is a principal eigenvalue of (6) with m = 0 if and only
if u(A1) = 0 where p(A) := o01[L, B — Ar(z)].

We know by Proposition 2.1 that limy__o (X)) = o1[L, D], u(A)
is a decreasing and continuous function. So, it suffices to prove that
limy_ 4o (X)) = —o0. Suppose the contrary, then limy_, 4o p(A) = —L.
Take k € R large enough such that k + ¢(x) > 0 and k > [ then, first part
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of the Theorem can be applied to the eigenvalue problem

Ly + ko = pp in Q,
p=0 on Iy,
By = Ar(x)e onT}y.

Hence, there is a principal eigenvalue \; that verifies 0 = ﬁ(xl) = u(xl)—&—k.
This is a contradiction. (I
The following result will be very useful along this work.

Lemma 2.1. Assume (7) and (m,r) > 0. Then y1[L,B] > 0 <
O'l[L,B] >0

Proof: We know by Theorem 2.1 that v, [L, B] exists, and it is the unique
zero of the application
p(o) =o1[L —om, B —or].

Since g is a decreasing function, then p(0) > 0 implies p(og) = 0 for
0o = 71[L, B] > 0 and the contrary. O

3. Bifurcation Results for Equations with Nonlinear
Boundary

Consider the nonlinear equation
Lu = dm(z)u+ f(x,u) in Q,

u=0 on Ty, (8)
Bu = Ar(x)u+ g(z,u) on Ty,

where f € C*(Q x R), g € C1*(T'; x R), such that
f(x,0)=0Vzre, g(x,0)=0Vzely, (9)
(m,r) > 0 and satisfy condition (7) and X is a bifurcation parameter.

Remark 3.1. Due to the condition (7) we can assume, adding pum and pr
to both sides of (8), that (c,b) > 0.

Now, we reduce the equation (8) to a suitable equation for compact oper-
ators. Define Cft (Q) = {v € C*(Q) : wyr, = 0} (analogously it can defined
C?f (©)) and the map K : C (Q) — CI%;)O‘ () by, given f, Ki(f) = u where
u is the unique solution of the problem

Lu= fin Q,
Bu = 0 on 09.
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We can extend this operator to Cr, (£2). Thanks to elliptic regularity results,
this new operator, denoted again by K7, is compact as operator from Cr, ()
to Cr,(Q). We define now Kj : C(T'y) — Clgoa(ﬁ) by, given g, Ks(g) = u
with u the unique solution of the problem

Lu=0in 9,
u=0 only,
Bu=gonTlj.

Again, it can be proved that the operator Ky : Cr,(9Q) — Cr,(Q) is com-
pact. Denote by v : C(Q) — C(I'1) the trace operator. Following the same
kind of arguments that in Ref. 3, Lemma 4.1, and denoting M, R, F and G
by the Nemitski operators associated to m(z)u, r(z)u, f and g respectively,
we have

Proposition 3.1. u satisfies v = Ki[AM(u) + F(u)] + K2[AR(y(u)) +
G(y(u))] if and only if u is a classical solution of (8).

Since we are only interested in non-negative solutions of (8), we rewrite
(8) as a problem with only non-negative solutions. Let u™ = max{u,0}.

Lemma 3.1. If u is a solution of
Lu = m(z)u™ + f(z,u™) in Q,
u=0 on [y, (10)
Bu = Mr(z)ut + g(z,ut) on Ty,

then u > 0.

Proof: Suppose that the problem (10) possesses solution u such that there
exists a connected component Q; C 2 of the set ' = {x € Q: u(z) < 0}
such that u < 0 in ;. Observe that 90, NI # 0. Indeed, if Q1 C Q, then

Lu=0 1in Qq, u=0 on 0.

Since ¢ > 0, then by the maximum principle u = 0 in ;. Hence, 9Q,NI'; #
(). Due to Lu > 0 in 1 and ¢ > 0 then, by the maximum principle, the
minimum of v must be attained on 9Q;. As u < 0in Q; and v = 0 in
09y NIy then, minimum must be attained on 9, NI'1, but in such points

we have
0
8—1: = —b(x)u >0,
contradicting Hopf’s Lemma (see Lemma 3.4 in Ref. 1°). O

Remark 3.2. Lemma 3.1 is still true if f(x,0) > 0 and g(z,0) > 0.



November 26, 2007 10:33 WSPC/Trim Size: 9in x 6in for Proceedings CM-ASuarez2

Consider the maps @y, ®% : Cr,(2) — Cr,(Q) defined by
Ox(u) = u— Ky [AM(u™) + F(u®)] = Ko[AR(y(u™)) + G(y(u™))],
P! (u) =u —tK;[AM(u") + F(u™)] — tKa[AR(y(u™)) + G(y(u™))], ¢ > 0.
Thanks to Proposition 3.1 and Lemma 3.1, u is a classical nonnegative
solution of (8) if and only if ®)(u) = 0 in Cr, (Q2).

Assume that

lim f(@:5) =0 unif. in Q, lim 9(z,5)
s—0t S s—0t S

= 0 unif. on T;. (11)

Finally, denote by v; := y1[L, B], and &; its strongly positive eigenfunction
associated.

Lemma 3.2. Let A C R be a compact interval such that A < vy for all
A € A. Then, there exists 6 > 0 such that ®%(u) # 0 Vu € Cr,(Q) with
lulle@) = llull € (0,6), VA € A and Vt € [0,1].

Proof: Suppose the contrary, that there exist \,,t, € R and u, € Cr,(f2)
such that A, — X, t, — 1, [Jun| — 0 and ®§" (u,) = 0. By Lemma 3.1,
u, > 0 and dividing by ||u,|| we obtain

)‘nM(un) + F(Un) /\nR('Y(un)) + G('Y(un))
lun ) ik ( Jm )1’2)

where v,, = HZ—ZH Thanks to (11) we have that the terms inside Ky and Ko

are uniformly bounded in Q and on I'y, respectively. Since K; and Ky are

Un = tnKl (

compact operators, then the sequence v,, is a relatively compact in C(9).
Therefore, we can suppose that v, — ¥ in C(Q). By (11), we have

[[n| [[un]|

Passing to the limit in (12), we conclude that

7 = HAK (M (D)) + A (R(y(0)))]-

— 0 in C(), — 0 on C(I'y).

Thanks to u, > 0, ||v,| = 1 and by the maximum principle, T is a strongly
positive function in €. Due this fact A\f = ~; but this is not possible because
A < 7y, by the choice of the set A. O

We are going to use the following notation: for R > 0, let Bg = {u €
Cr,(Q) : |ju|l < R}. Then, deg(®y, Bg,0) stands for the degree of ®, on
Bpg with respect to 0, and (P, ug, 0) denotes the index of the solution ug
of the equation ®,(u) = 0.

Corollary 3.1. If A < 71, then i(®,,0,0) = 1.
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Proof: If A > 0 consider the interval A = [0, )] in the contrary case
consider A = [A,0]. Thanks to the Lemma 3.2, we know that 36 > 0
such that Vu € Cr,(Q) with |jul| € (0,8) we have ®(u) # 0, V¢t € [0,1].
Therefore by homotopy invariance of the degree we obtain

i(©,0,0) = deg(®} = ®x, B5,0) = deg(®} = I, B, 0) = 1.
U

Lemma 3.3. Let A > v1. Then, there exists 6 > 0 such that Yu € Cr,(£2)
with ||u|| € (0,6), ®a(u) # 7&, V7 > 0.

Proof: Assume that there exist sequences 7, > 0, u,, € Cr,(Q) such that
|lun]] — 0 and ®y(u,) = 7,&1. Thanks to Proposition 3.1 and similar
arguments that we have employed in Lemma 3.1, we have that u,, > 0is a
classical solution of the problem

Lu, = )‘m(l‘>un + f(x7un) + ’YlTnm(m)gl in Q7
Uy =0 on [y,
Bu,, = Ar(2)u, + g(x,un) + y17r(z)€ on Ty

Since by Remark 3.1 we can assume that (b,c¢) > 0, positive constants
are supersolutions of (L, B,{2), and so by Proposition 2.1 it follows that
o1[L,B] > 0, and so that by Lemma 2.1, 43 > 0. Thanks to conditions
(11), we obtain

Lu,, > dm(z)u, — eu, in Q,

Up =0 on Iy,

Bu, > Ar(z)u, — eu, on I'y,
Hence, uy, is strict positive supersolution of (L —Am(z)+e, B—Ar(x)+¢,Q),
and then

dc(A) = o1[L — dm(z) + ¢, B — Ar(z) +¢] > 0. (13)

On the other hand, we know that 1 is the unique zero of the continuous
and decreasing function §(A\) = o1[L — Am(z), B — Ar(z)]. Since A >
then §(A\) < 0. Moreover, by Proposition 2.1, we infer that exists e > 0
such that d.(A) < 0, contradicting (13). O

Corollary 3.2. If A > =1, then i(®,,0,0) = 0.

Proof: Let ¢ € (0,0) where 0 is given Lemma 3.3. Since ®, is bounded
on B, then by Lemma 3.3, there exists a > 0 such that ®,(u) # tay,
Vu € Be, Vt € [0,1]. Hence,

i(®y,0,0) = deg(®y, Be,0) = deg(®y — a1, Be,0) = 0.
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O

Let C C R x Cr,(€2) be the closure of the set of positive solutions of (8).

Then,

Theorem 3.1. Assume that (m,r) > 0, (7), (9) and (11). v1 is a bifur-
cation point from the trivial solution, and it is the only one for positive
solutions. Moreover, there exists an unbounded continuum Cy C C of posi-

tive solutions emanating from (1,0).

Proof: The result follows by Corollaries 3.1 and 3.2 and Ref. 5, Proposi-
tion 3.5. We only remark that the uniqueness of -; follows with the same
kind of arguments as in the proof of Lemma 3.2. O

Remark 3.3.

(1)

Assume that there exist constants c¢1,co € R such that

lim 7f(x,s) =¢; unif. in Q, lim LLS)

= ¢o unif. on I'y.
s—0+ S s—0+t S

Then, we can apply the above result to the problem Lyu = Am(x)u+
filz,u) in Q, w = 0 on Ty and Bau = Ar(z)u + g2(z,u) on T'y,
where L1 = L — ¢y, By = B — ¢a, fi(z,u) = f(z,u) — ciu and
g2(z,u) = g(x,u) — cou, and so f; and go satisfy (11)

The case that m > 0, r = 0 (i.e. the bifurcation parameter only in
the equation) can be included in the Theorem 3.1. Indeed, if b > 0
then (7) is verified. If b < 0 or changes sign we can perform a change
u = eM¥y where 1 is the function that appears on Ref. 2°, Proposi-
tion 3.4, and the original problem is transformed into a similar new
problem where the new b, say b>0.

It is also possible to cover the case m = 0, r > 0 (i.e. the bifurcation
parameter only at the boundary). Indeed, if o1[L, D] < 0 then it
can be proved that bifurcation from the trivial solution does not
occur. Now, assume o1[L, D] > 0. By Proposition 2.1 there exists
wr with p enough big such that o1[L, B + pr] > 0. Then, there
exists a unique solution h > 0 in Q of the problem

Lh=1 in Q,
h=1 on Fo,
(B+ pr)h =0o0n T'y.

Now, we perform the change v = hv, which transforms the original
problem into a new problem where the new ¢, ¢ > 0.
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(4) A similar result can be obtained for bifurcation from infinity.

(5) We have not found in the literature a general result similar to The-
orem 3.1. In Ref. 27 the author studied bifurcation form infinity
for a similar equation with nonlinearities asymptotically linear. In
Ref. 7 the bifurcation method is studied but with nonlinearities only
at the boundary. In both papers, Lu = —Au + u and b(z) > 0.

In the rest of the section we consider the problem

Lu=\f(z,u) in Q,
u=0 on I, (14)
Bu = g(z,u) onTy,

where f € C*(Q2xR), g € C1*(I'; x R). Throughout the rest of the section
we assume the following conditions (¢, b) > 0, (9) and

lim f@s) = +o0 uniformly in Q, (15)
s—07F S

liI(IJl+ 9(z5) _ 0 uniformly on I';. (16)
s— S

We have that u is a classical nonnegative solution of (14) if and only if
Uy (u) = 0 in Cr, (), where ¥y : Cr,(Q) — Cr,(Q) is defined as

Wy(w) = u— Ky (AF(u)) — K@y (uh)))
Consider W (u) = u — tKi(AF(u™)) — tK2(G(y(u™))).

Lemma 3.4. If A < 0 then there exists 6 > 0 such that Yu € Cr,(Q) with
lulle@ = llull € (0,8) we have Ut (u) #0, Vt € [0,1].

Proof: Suppose the contrary, then there exist sequences t, € R, u, €
Cr, (Q) such that ¢, — 7, |Ju,| — 0 with ¥} (u,) = 0. Dividing by |jus|,

we obtain
F
Uy = AtnKl ( (un)) +tnK2 (GWW) s
[[wnl [Junll

where v,, = 2. Since A < 0, the fact that ||u,|| > ||un|r, and using (15)

flwnll®

and (16) we get that v,, — 0 in C(€2), a contradiction because ||v,|| = 1. O

Lemma 3.5. If A > 0 then there exists § > 0 such that Vu € Cr,(Q) with
[lu]l € (0,6) and V7 > 0 we have ¥y(u) # T1, where @1 s a positive
eigenfunction associated to o1[L, B].
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Proof: Let us assume that for some sequence u, € Cr,(Q) with ||u,| — 0
and numbers 7, > 0, ¥y (uy,) = To1. It is clear, by the maximum principle,
that u, > 0 and it is a classical solution of the problem

Lun = )\f(m,un) + o1 [LaB]Tn(Pl in Q7
Up =0 on Iy,
Bu, = g(x, up) on I'y.

Take e > 0, and M > o4[L, B+¢]. Since o1[L, B] > 0 and due to u, — 0in
C(Q) we have, using (15) and (16), that there exists ng such that Vn > ng

Lu, = )‘f(x7un) +o1 [La B]T’rﬁpl > Muy, in Qv
U, =0 on Ty, (17)
Bu, = g(x,uy) > —cuy, on I'y.

Therefore, u,, is a positive strict supersolution of (L — M, B + ¢,(2), then
o1[L — M,B +¢] >0, and so M < o1[L, B + ¢, a contradiction. O

Theorem 3.2. Under conditions (¢,b) > 0, (9), (15) and (16), A = 0 is
a bifurcation point from trivial solution and it is the only one for positive
solutions. Moreover, there exists an unbounded continuum Cy of positive
solutions emanating from (0,0).

Proof: It is possible, thanks to Lemmas 3.4 and 3.5, reasoning as The-
orem 3.1 to prove that there exists an unbounded continuum Cy. We
only need to prove uniqueness of bifurcation point. By Lemma 3.4 we can
prove that bifurcation from the trivial solution does not occur for points
of the form (Ag,0), A\g < 0. Let us assume that there exists a sequence
(An,uyn,) € R x Cr,(Q) verifying (A, ux,) — (Ao,0) in R x Cr,(Q) with
Ao > 0. Then

Lu}\n = /\nf(xa u)\n) > )\nM’U,)\n, Bukn = g(z7u>\n) > —Euy,,-

At this point we only need to follow the reasoning of Lemma 3.5 to obtain
a contradiction. O

Remark 3.4.
(1) A similar result is obtained under the condition
f(x,5) = m(z)f(s),

with m € C*(Q), m(x) > 0, and non-trivial, f € C%(R) and
lim, o+ f(:) = 400, instead of (15).
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(2) Simliar results still are true for equations of the form

Lu = h(z,u) in Q,
u=0 on Iy,
Bu = Xi(x,u) on I'y,

where h and i play the same role as g and f, respectively.

4. Stability, uniqueness and a-priori bounds

In this section we present (without proofs) some results concerning to the
stability, uniqueness and a-priori bounds of the solutions of the problem

Lu= f(z,u) in Q,
u=0 on I, (18)
Bu = g(z,u) on I'y,

where f and g are regular functions.
Let u a non-negative solution of (18). For the study of the stability of
u, we linearize (18) around u and consider the eigenvalue problem:

Lw = fu(z,u)w + y(w)w in £,
w=0 on Ty, (19)
Bw = gy (z,u)w + y(u)w on I'y.

Thanks to Theorem 2.1, we know that the eigenvalue problem has a unique
principal eigenvalue v;(u) = v1[L — fu(z,u), B — gy(x,u)].

Theorem 4.1. Let u a nonnegative solution of (18).

(1) If y1(u) > 0, then u is linearly asymptotically stable (I. a. s.).
(2) If v1(u) <0, then u is unstable.

In general, determinate the sign of v1(u) is not easy. Due this fact, we give
the following characterization using the following related problem:

Lw = fu(z,u)w in £,
w =0 on I, (20)
Bw = g, (x,u)w on I'y.

Using Lemma 2.1 and Proposition 2.1, we get

Theorem 4.2. v1(u) > 0 (resp. v1(u) < 0) if and only if the problem (20)
admits a positive strict supersolution (resp. subsolution).
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With respect to the uniqueness, we have:

Theorem 4.3. Assume f € C1(Q x [0,+00)) and g € CY(I'; x [0, +00))
and that

tHf(gi’t), ‘e

z,t ) . . .
g(t ) are nonincreasing functions in t > 0,

and at least one of them is a decreasing function. Then, problem (18)
admits at most one positive solution.

We assume f € C(Q x [0, +00)), g € C1*(T'y x [0, +00)) and there exists

pE (1, %), q € (1, %) that verifies

= h(x), (21)
uniformly in Q with h € C(Q) a positive function and
4
A0 i), (22)

t——+00 tq
uniformly on I'; with i € C*(Q) a positive function.

1im
t—+oo P

Theorem 4.4. Letu € C2(Q)NC' () a nonnegative solution of the problem
(18). Suppose that one of the following conditions is satisfied:

(1) (21), (22) and p # 2q — 1;
(2) The mazimum of u is attained on O, (22), (21) is satisfied for any
function h and p < 2q — 1.

Then, there exists C(p, q, ) is a positive constant depending on p,q and
such that for all x € Q

u(zr) < C(p,q,Q).
Remark 4.1.

(1) The condition p # 2¢ — 1 appears in other papers, see Ref. 2 and
it is necessary to apply a Gidas-Spruck argument.

(2) The proofs of Theorems 4.1, 4.3 and 4.4 can be found in Ref. 23.
Theorem 4.1 complements and improves Theorem 5.6.2 of Ref. 2°
and Theorem 3.1 of Ref. 28. Theorem 4.3 is proved in Ref. ?* where
other uniqueness’ results can be found. Finally, a-priori results have
been shown in Ref. 30 with nonlinearities only at the boundary (see
also Ref. 12 for systems) and Ref. 1* for particular nonlinearities in
the equation and on the boundary.
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5. Some applications

In this section we are going to study some equations with nonlinear bound-
ary. The first equation is

Lu = \u in Q,
u=0 on Iy, (23)
Bu = a(x)u” on T';.

where 7 > 1 and a € C1*(T'y).
Theorem 5.1.

(1) Assume that a < 0. (23) has a positive solution if and only if
01[L,B] < X < o1[L,D]. Moreover, if the solution exists, it is
unique and l. a. s.

(2) Assume that a > 0. If u is a positive solution of (23) then, A <
o1[L, B]. If 1 <r < 55 then there exists at least a positive solution
of (23) for all A < o1[L, B]. Moreover, all positive solutions of (23)
are unstable.

Proof: (1) Assume a < 0. Suppose u is a nonnegative solution of (23),
then, by the strong maximum principle, u is strongly positive, and so,
A =01[L, B — a(z)u""']. Applying Proposition 2.1, we obtain

o1[L,B] < A= 01[L, B — a(z)u""'] < o1[L, D].

Now, we construct a sub-supersolution for the problem (23). Fix Xy €
(o1]L, B],01[L, D]). By Proposition 2.1 there exist k; and ko such that
o1[L, B+ ks] > Ao > o1[L, B + k1]. Now, the pair u = ep; and © = My,
with € little and M large enough, and ; a strongly positive eigenfunction
associated to o1[L, B + k], is a sub-supersolution of (23).

Uniqueness follows by Theorem 4.3. For the stability we use Theo-
rem 4.2. Choose & = u with u solution of (23) then, (L — A\)u = 0 in €,
and

7=0 onTy, (B—a(z)ru" ')a>Bu—a(z)u"=0 onTly,

i. e. u is a positive strict supersolution of the linearized problem around u,
(L — X\, B —ra(z)u""1, Q).

(2) Assume now that a > 0. If w is a nonnegative solution of (23)
then A\ = o1[L, B — a(z)u"~'] < o1[L, B]. By Theorem 3.1, there exists
a unbounded continuum Cy emanating from (o1[L, B],0). Its direction is

N

subcritical by the limitation of A and, under condition 1 < r < =,
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Theorem 4.4 proves us that the projection of Cy on M-axis Py(Cy) =
(—o0,01[L, B]). Positive solutions of (23) are unstable because if u is a
positive solution then,
o1[L =\ B —ra(zx)u"" '] < o1[L -\, B —a(z)u" '] = 0.
O

Remark 5.1. In the case a < 0 and thanks to the subsolution that we
have built, it could be proved that for K a compact subset of Q \ Ty,

lim minuy = +o0.
A—o1[L,D]- K

5.1. Elliptic equation with a logistic term at the boundary

From the results obtained of the equation (23), we can deduce results for
the equation (3).

Theorem 5.2.

(1) If o1[L, D] <0, (3) does not have positive solutions.
(2) Assume o1[L, D] > 0.

(a) If a <0, then (3) has positive solutions if and only if
w > )\1[L, B}

Moreover, if the positive solution exists, is unique and l. a. s.
(b) If a > 0 and there exists a positive solution of (3), then
@ < MI[L,B]. Moreover, under condition 1 < r < %,
there exists at least one positive solution if 1 < M[L,B].

Furthermore, positive solutions of (3) are unstable.

Proof: We only need to put A = 0 and b(z) = b(z) —  in Theorem 5.1.
If a < 0, (3) possesses a positive solution if and only if o1[L, B — u] < 0 <
o1[L, D]. By the definition of A;[L, B], the result follows. Analogously the
case a > 0. ]

5.2. A sublinear-superlinear equation
Now, we study the equation (4).
Theorem 5.3. (0,0) is the unique point of bifurcation from the trivial

solution, and there exists an unbounded continuum Cy of positive solutions
emanating from (0,0). Moreover,
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(1) Respect bifurcation direction:

(a) If p < 1 (resp. p > r) then bifurcation direction is super-
critical (resp. subcritical).
(b) If p = r bifurcation direction is supercritical (resp. subcriti-
cal) for |Q] > |09Q] (resp. |Q] < 09]).
(2) If p = r and |Q| < 09|, (4) does not have positive solutions for
A>0.
(8) Ifp < 2r—1, (4) does not have positive solutions for X large enough.
(4) If p <7 and XA < 0 every positive solution is unstable.
(5) Ifp<2r—1andr < % then every positive solution is bounded
in L norm.
(6) If p > 2r — 1, there exists solution for all X > 0.

Proof: Due to Theorem 3.1, we have a unbounded continuum C of positive
(4) emanating from (o1[—A,N] = 0,0). We study the bifurcation direc-
tion. Consider A, — o1[—A, N] and its solutions associated w,. Then,
multiplying the equation by ¢1 = ¢ > 0, the eigenfunction associated to
the eigenvalue o1[—A, ], we obtain

(o1[-AN] — )\n)/ UpprdT = / up prdo — / wbprdz.  (24)
Q re) Q

-p

- c@)

— 1 in C(Q2) (see the proof of Lemma 3.2), it follows

Assume for example that p < r, multiply (24) by |lu,|| and taking into

account that —%2—
llun HC(Q)

Sg(o1[—AN] = An) = Sg (— / wf“dx) |

hence, o1[—A,N] < A,. All results related to local bifurcation can be
proved by the same way.

Let u a positive solution of (4) with p = r. Then, if we multiply the
equation (4) by 1/u", and integrating by parts, we get

fr/ uTHVul? — 109+ 19| = )\/ ulr.
Q Q

Then, paragraph (2) follows.
Assume that the problem (4) has a positive solution for every A > 0.
Consider the parabolic problem

wy — Aw = —wP in Q x (0,7,
U T on 99 x (0,T), (25)

w(z,0) = wo in €.
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We know by Ref. 8, Theorem 2.3, that if p < 2r — 1 then all positive
solutions of (25) blow-up in finite time for wqy with large L° norm. Take
uy a solution of (4), if we prove that uy is supersolution of (25) for large
A, then uy(z) > w(z,t) for all ¢ € (0,T) which is a contradiction. In order
to prove this, we only need that uy > wg. It is clear that for A > 0 u) is
supersolution of the problem

—Av = Xv —P in ,

0 26
a—v =0 on ON. (26)
n
As solutions of (26) are, for A > 0, A\'/(P=1) then
uy > AV P70, (27)

Now, there exists A > 0 large enough such that ||wgllee < AV ®~1) < uy,
this concludes paragraph (3).

Let w a positive solution, we are going to prove that under condition
p < r this solution is unstable. For that, thanks to Theorem 4.2, we have
to show that

o1 [~A =X+ puP PN —ru"1] < 0. (28)

For this fact we choose as subsolution, u = u?, where ¢ will be fixed later.
We have that
ou 1

— —ru’"

on u=(g—ru’™" ondQ,

and in €,
(A =X+ puP u = q(1 — q)u??|Vul> + Au?(q — 1)+’ (p — q).

Choosing ¢ such that p < g < r, it follows (28), so that paragraph (4).

By (27), w attains its maximum on 9. So, paragraph (5) follows by
Theorem 4.4.

For the last paragraph we only need to find a sub-supersolution of (4)
for every A > 0. We choose as subsolution®

u=ege

where £, > 0 can be chosen later and ¢; is the positive eigenfunction
associated to o1 = o1[—A, D] with ||¢1]lcc = 1/2. After some calculations
we obtain

Vu=—ede V1, Au=—cde *? (=0|Vei|* + Agr).

aThis subsolution appears on Ref. 18 for the particular case A = 0.
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Thanks to Hopf’s Lemma, it follows that
Py _
max | —|=C1, Ci>0. (29)

Since, ¢1 = 0 on 02, we only need to verify on the boundary that
5C; < e (30)
In the equation we must check that
—8% V1 |* — do1¢y + P le 0Pl < ) (31)
Observe that if A\ > 0, we only need to choose € and ¢ positive and small

enough for that (30) and (31) hold. So that, we are going to study the case

r—

A = 0. From (30) we choose § = %, so that (31) transforms into

2(r—1) r—1
e , |v¢1|2 _ g
2 c

o191 + ep— 1o~ 41(p=1) <0. (32)

Now, due to ¢; = 0 on 99, but on the boundary d¢,/dn < 0, there exist
some constants Cy, C3 > 0 such that

[Vg1| > Co en Oy :={z € Q: ¢1(x) < Cs}. (33)

In this way, in € for that the condition (32) must be fulfilled we need
that p—1>2(r — 1) thus p+ 1 > 2r.

On the other hand, in Q\ ; we need that p — 1 > r — 1.
The supersolution follows by Ref. 22, it was used also in Ref. '8, in both
cases for the particular case A = 0. We choose

W= MAR ~ (1- ¢1)?|°,

where M > 0 will be chosen large and A, B and C will be fixed later.
Observe that

Vi = BOMA[2 — (1 —¢1)P]9 11 — ¢1) PV,

AT = BCMA[2 — (1 — ¢1)B]972(1 — ¢1)B72
{(C=1)(1=¢)P|V1[?+ 12— (1 — ¢1)P]A¢1 (1 — ¢1)—
[2—-(1—¢1)Pl(B-1)|Ve1*}.

Taking into account (29), on the boundary it must be verified (observe that
¢1 = 0 and so that [2 — (1 — ¢1)B] = 1):

1
—~BCMAG > — (34)
Gy
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For the equation, we need that
A< —BC(C—=1)[2—(1—6¢1)B]72(1 — ¢,)2B-D |V, |?
—BC12— (1 —¢1)B] 7 Ag1(1 — ¢1)P71 (35)

+BC(B—1)[2— (1 - 61171 (1 = ¢1)P 2|V, |
+MAP=D[2 — (1 — ¢)B]CP—1),

Take A > 0, C = —1/C; and B = M", with b to be fixed later. With
this choice, for condition (34) it will be needed

b+A(l—7r)>0. (= b>0). (36)

Now, we study the term (35). First term in the right hand tends to —oco or
zero (the term (1 — ¢1)2(F~1 can tend to zero). Second term is similar, we
remind that —A¢; = o1[—A, D]¢1. Third term tends to —oo with order
M?* and the last one to +o0o with order MA4®~1 50 we have to impose
A(p—1) > 2b. This last inequality and (36) are possible because p+1 > 2r.
U

Remark 5.2. Except paragraphs (2) and (3), Theorem 5.3 is true for more
general operators L and B.

5.3. The concave-convex equation

Finally, we consider (5). Assume the following conditions
c>co>0enQ, with ¢y € R. (37)

We distinguish two different cases: a negative and positive.

Theorem 5.4. Assume that a < 0. The problem (5) has a positive solution
vy if and only if X > 0. For A > 0, it is the unique positive solution, it is
l. a. s. and

Jim o = 0. (38)

Proof: Thanks to the maximum principle (5) does not posses nonnegative
solutions for A < 0. By Theorem 3.2, there exists a continuum C; ema-
nating from (0,0) supercritically. On the other hand, 7 = M, is, for M
large enough, supersolution of (5) where 7 is the positive eigenfunction
associated to o1[L, N]. This is true because o1[L, N > 0, which it follows
by (37). Since M can be chosen large enough that My, > vy for A > 0
small, where vy denotes the solution of the problem founded by bifurcation.
Then, we have a family of supersolutions such that a solution belonging to
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the continuum is smaller than the supersolution. Now, adapting the proof
of main theorem of Ref. '3, we have that there exists at least a positive
solution for all A > 0. Finally, for A > 0

0= o1 [L—Am(z)ol " N —a(z)vs~ ] < o1 [L—Agm(z)vl ", N —ra(z)v ],
so the stability follows. Uniqueness follows by Theorem 4.3. ]

Theorem 5.5. Assume that a > 0.

(1) From (0,0) emanates supercritically an unbounded continuum Coy of
positive solutions. Moreover, it is the unique bifurcation point from
the trivial solution.

(2) There exists \* > 0 such that for A > \* problem (5) does not have
positive solutions.

(3) There exists § > 0 such that there exists at most a positive solution
ux of (5) such that ||ux|leo < 9.

(4) Moreover, if L is self-adjoint and r < % then:

(a) Pr(Co) = (—o0, A], for some A < +0o0.
(b) There exists at least two positive solutions in (0, A).
(c) There exists a unique positive solution in (0,A) . a. s.

Proof: Since the proof follows the same lines that Theorem 6.9 in Ref. !,
we only sketch it.

The existence of the continuum Cy follows by Theorem 3.2. We prove
now that the bifurcation direction is supercritical. Assume that there exist
An <0 and uy, € C(Q), uy, > 0 such that (A,,uy,) — (0,0) in R x C(Q).
Then, for n > ng we get

8u,\n
on

Luy, <0 in Q, = a(r)ul < eapuy, on
where aj; = maxgg a. On the other hand, since o1 [L, N| > 0 then, fore > 0
small, o1[L, N —eay] > 0, and applying the strong maximum principle we
obtain that uy, =0, a contradiction.

Now, we are going to prove paragraph (2). Suppose that there exists
positive solution uy of (5) for all A, in particular for A > 1. Let v; be the
unique positive solution of

Lu = m(z)u? in Q,
Ou =0 on 9. (39)
on
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Since uy /A is supersolution of (39) for A > 1, then uy > Av; for A > 1. On
the other hand, since u) is a positive solution of (5), we get

0=01[L — Am(z)ul "N —a(z)ul ] < o1 [L,N — A tal oy,
where ag = mingg a(z). This is an absurdum. Indeed, since r > 1, we have

AETOO o1 [L,N — X tay 7 = —o0.

Now, define
A :=sup{) € R: (5) has a positive solution}.

We have proved that 0 < A < +o00. Moreover, it is not difficult to prove
the existence of a minimal solution wy for all A € (0, A).

The following result shows properties of the principal eigenvalue, de-
noted by 71(X), of the linearized around the minimal solution uy, i.e.

L& — Mgm(z)ul '€ =1 (V)€ in Q,

0
% - ra(x)u;_lﬁ =y (N)¢ on 09,

or equivalently, the unique zero of the map

Blo) = o [L = Agm(a)uf™" — o, N = ra(z)u} " — o],

(40)

Lemma 5.1.

(1) If uy is the minimal solution of (5), then ~1(A\) > 0.

(2) If v1(Xo) > 0, for some Ao > 0, then the set of positive solutions of
(5) can be parametrized in a neighborhood of (Ao, uo) by a regular
and increasing function on .

(8) If v1(Xo) = 0, for some Ao > 0, then the set of positive solutions of
(5) can be parametrized by a new parameter s € (—¢,€), such that
(A(s),u(s)) is a positive solution of (5) and

As) = )\0—1—32)\2—1—0(53), u(s) = uy, +S<I>0+S2\I/0+O(83), (41)

where ®q is the positive eigenfunction associated to v1(Ag) and
Jo 0¥ = 0. Moreover,

Sg(N'(s)) = Sg(n(u(s))). (42)

Finally, if L is self-adjoint,
Ao <0, (43)

where Ay is defined in (41).
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Remark 5.3. Except the first paragraph, the result is true for any positive
solution u not necessarily being the minimal.

Proof: (1) Assume that v; < 0 and denote by ¢; the positive eigenfunction
associated to ;. It is not difficult to show (see Ref. ') that uy — a¢ is
supersolution of (5), for a > 0 small. Since uy > vy, where v, is the unique
positive solution obtained in Case 1 (a(x) < 0), and vy is subsolution of (5),
it follows the existence of a solution u < uy of (5), an absurdum because
uy is the minimal solution.

(2)-(3) Except (43), these two paragraphs follow by el Propositions 20.6,
20.7 and 20.8 of Ref. !. Using (41) and the definition of ®¢, we get

1-— _ 1-— .
/Q)\oq( 5 Q)m(x)u?\o2(1>8+/(m L 2 T)a(x)ugo_QfI)g
Ay = .

/ m(z)uf Pg
Q 0

To determine the sign of Ao, we use the Picone’s identity, see for instance
Lemma 4.1 in . Taking ¥(t) = 2, v = &g and u = uy, we get

/ Ao(1 — q)m(a:)ug\;Q(I)g +/ (1- r)a(x)u?f@% <0, (44)
Q o0

whence it follows that Ay < 0. O
As an easy consequence we obtain:

Corollary 5.1. Assume L self-adjoint and let (Ao, ug) be a positive solution
of (5) with A\ = Ao > 0, such that v1(Ng) = 0 Then, there exists ¢ > 0
such that for each A € (Ao — &, \o), (5) has two positive solutions, one of
them I. a. s and the other one linearly unstable. Moreover, there exists a
neighborhood of (Ao, ug) such that (5) does not have a positive solution for
A > Ao

Now, we will prove paragraph (3) of Theorem 5.5. Assume that there
exists a second solution

w=uy+7v

where v > 0 and ||w|ee < 0.
Consider vy the solution of (39). Then, there exists § > 0 such that

0=o01[L —m(z)vi " N] < 8 < o1[L — gm(z)v?™" N]. (45)
We claim that
o1 [L — gm(z)v? ' N — apyré™) <0, (46)
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which is an absurdum with (45). In order to prove (46), it suffices to prove
that v is a positive subsolution of (L—gm(z)v? ™", N —appé?~—1, Q). Indeed,
since w is solution of (5) and by the concavity of the map 9, it follows that

Lv < dm(zx)qui v
But, since \/(1=9y; is subsolution of (5), then uy > A/ =9y, and hence
(L — gm(z)v? o < 0.
On the other hand, a(z)[(uy + v)" — u}] < aprd” v, whence

ov
— —ayré v <o.

on

O
The following result shows that all the positive solution of (5) are un-
stable for A < 0.

Lemma 5.2. Ifu is a positive solution of (5) for A <0, then u is unstable.

Proof: It suffices to prove that
o1[L — Agm(x)u?™ ' N — a(z)ru" 1] < 0.

First, observe that the first eigenvalue is well defined because mingu >
0. It remains to find a positive subsolution of (L — Agm(z)u? ', N —
a(z)ru™1, Q).

It is hot hard to show that u = uf\ with 1 < p < r is the desired
subsolution. ]

We are going to finish the proof of the Theorem. Since r < %, by
Theorem 4.4, we have that Py (Cy) = (—o0, A].

We consider the set

L= {(\ux): A>0,7m(N) >0}

We claim that A = sup'. By Lemma 5.1, the uniqueness of solution with
small norm and Corollary 5.1, it follows that supl’ = A > 0. It is clear
that A < A. Assume that A< A, then there exists \g > X such that U,
is supersolution of (5) for all A < A\g. Since we always can build small
subsolutions, then there exists a solution u* for A < X\g. Since v is built
by the sub-supersolution, then v;(u*) > 0, and so, by Lemma 5.1 and
Corollary 5.1 we have that there exists \ > X such that

" (uX) > 0.
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Now, we can continue this solution to the left, we call
To:={(\ut): A <A}

to this new set. It can occur four possibilities. First, there exists A2 € (0, X)
such that uy, = w2, which is not possible because around a l.a.s. solution
there is not another solution. Second, there exits A3 such that u*3 = 0. Re-
call that the unique bifurcation point is A = 0, so this is not possible. Third,
there exists u* for all A < )¢, a contradiction with Lemma 5.2. Finally,
there exists A4 such that 7;(u*) = 0, which is impossible by Lemma 5.1
and Corollary 5.1. This proves that A=A.

With a similar reasoning it can be proved the uniqueness of 1. a. s.
positive solution. For the existence of two positive solutions for all A €
(0, A) it is used the fixed point index respect to the positive cone. Basically,
the total index is zero and the index of u) equals one: other positive solution
must exist, see Refs. 11 and 7. O
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