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Abstract

A three dimensional time domain boundary element approach for the analysis of
soil vibrations induced by high-speed moving loads is presented in this paper. An
attenuation law is included in the formulation. By doing so, internal material dam-
ping can be taken into account. The characteristics of the BE model required for
the study of travelling load problems are analyzed. Thus, mesh size, type of ele-
ments, internal damping representation, and the complete numerical approach are
validated. Existing analytical solutions for some simple problems are used as a re-
ference. Experimental results measured in a simple soil dynamic load problem are
also accurately reproduced by the proposed model. The analysis of the type of BE
mesh required for a good representation of high-speed train effects is carried out
using different discretizations under the sleepers and the free field near the track. All
these analyses allow to define a model very well suited for the study of soil vibration
effects due to high-speed train passage. Vibrations produced by an Alstom (Thalys-
AVE) train travelling at 256 km/h and 300 km/h speed are evaluated at different
locations near the track. Results show that the proposed numerical procedure and
attenuation law allow for a realistic representation of the effects of the different
passing loads. The BE approach presented in this paper can be used for actual
analyses of high-speed trains induced vibrations. Layered soils, ballast or coupled
vibrations of nearby structure can be included in the model in a straightforward
manner.
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1 Introduction

Engineers interest for soil vibrations due to high-speed moving loads has in-
creased in the last two decades. This interest has been mainly induced by the
increasing importance of high-speed trains in modern transportation. New
lines have been constructed in many countries in recent years. It is a fact that
trains have played an essential role in transportation for more than a century;
however, the increase of velocities make necessary to understand wave propa-
gation problems that were not important for traditional trains. Train speed
may be close to soil wave propagation velocities; therefore, the analysis and
control of waves induced by these high-speed trains is essential nowadays. The
study of this soil motion requires comprehensive models that take into account
many factors related to local soil properties, topography and discontinuities.
Nearby structures should also be included in the model in case soil structure
interaction effects are relevant or when vibrations induced on those structures
were to be studied. Particular soil conditions, discontinuities, nearby struc-
tures and other local factors can only be taken into account using a numerical
method.

It is known that Boundary Element Method is well suited for dynamic soil-
structure interaction problems since unbounded regions are represented in a
natural way [1] and local conditions can be represented without much diffi-
culties. Because of that, a three dimensional time domain formulation of the
BEM is used in the present paper to model the problem of soil motion due to
travelling loads. Due to the lack of an explicit half-space fundamental solution
for the impulsive force, a full-space fundamental solution is used. This fact
makes necessary discretization of the soil surface extended to a limited area
around the zone of interest. Nine node quadrilateral and six node triangu-
lar quadratic elements are used. Piecewise linear and piecewise constant time
interpolation are used for displacements and tractions, respectively. Special
attention is paid to stabilizing algorithms and element subdivision to improve
efficacy, stability, and accuracy of the procedure. In this paper, a decaying
law for wave amplitude is introduced into the BE integral equation in order
to represent internal damping of the soil. Details of the general time domain
BE approach can be seen in previous work of Marrero and Domı́nguez [2]

One century ago, Lamb [3] presented for the first time the solution of the
problem of waves induced on the soil by a surface time dependent point load.
Three types of waves: P-waves, S-waves and surface waves, with wave velocities
cp, cs and cR, respectively, were identified in this work. Sixty years later, Eason
[4] obtained the displacements on the surface of an elastic half-space when a
traction applied on a rectangular or circular surface travels at constant speed
over the soil surface. The solution was written in terms of integrals that had
to be numerically evaluated. Payton [5], and Gakenheimer and Miklowitz [6]
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obtained soil surface and internal displacements, respectively, when a point
load is suddenly applied and then travels at constant speed over an elastic
half-space surface. Fryba obtained in 1972 the stationary solution for this
problem and Barros et al. [8] for a layered half-space. More recently, using
Lamb’s solution, Barber [9] obtained closed form expressions for normal soil
surface displacements due to a point load travelling at constant speed from
infinity. Three different situations are distinguished: subsonic, i.e, load speed
lower than Rayleigh wave velocity cR; transonic, load speed between Rayleigh
wave velocity (cR) and S-wave velocity (cs) or between S-wave velocity (cs)
and P-wave velocity (cp); and supersonic, when the load speed is higher than
cp. The above mentioned analytic or semi-analytic solutions, together with
some experimental results obtained by the authors, will be used in this paper
to test the proposed approach.

The present paper is intended to set a general and robust technique for tran-
sient dynamic problems related to soil surface excitation, that can be used for
a variety of problems and in particular for those related to high-speed train
passage effects on nearby soil and constructions. To do so, several transient
soil surface excitation problems will be analysed. In some cases, results are
compared with known analytical solutions. In other cases, values of soil sur-
face motion measured from actual situations are compared with numerical
results obtained with the proposed technique. The effects of sleepers, surface
topography, underground discontinuities, nearby structures, ballast, etcetera,
can be taken into account. The present approach does not require that the
problem has constant geometry and soil properties along the travelling load
direction as happens in procedures based on a wave number series expansion
along this direction (see Madshus and Kaynia [10], Degrande [11] and Jean
et al. [12] who use Green’s functions presented by Kausel and Roësset [13] or
Tadeu and Kausel [14] for 2.5D problems).

In the following, the general formulation of the method for elastic solids is
briefly summarized first, then the problem of a travelling load on a elastic
half-space is studied. This problem, with known analytical solution, is used to
set the numerical parameters and to analyze the kind of mesh required. Second,
the technique is extended to soils with internal damping. Numerical results are
validates by comparison with results corresponding to a time harmonic surface
load on a viscoelastic half-space and with those obtained by the authors by
direct measurement of an actual experimental setup. Finally, soil displacement
values produced by train travelling at 256 km/h and 300 km/h are analyzed.
All these analyses allow to define a BE model adequate for the study of soil and
nearby structures vibrations induced by high-speed trains passage. Some more
complex local effects and the influence of the ballast on the motion produced
by high-speed train passing will be studied in a forthcoming paper.
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2 Time domain BEM for 3-D elastic problems

The three dimensional BE formulation for transient problems is briefly su-
mmarized in this section. A complete treatment can be found in the work of
Domı́nguez [1] and Marrero and Domı́nguez [2].

Starting from the integral representation of displacement u at a point i on the
boundary of a elastic body, after space and time interpolation of the boundary
variables, piecewise integration in space and time of the fundamental solution
kernels and once the boundary conditions are applied, a system of equations
can be solved step-by-step to obtain the time variation of the boundary un-
knowns; i.e. displacements and tractions.

In the present paper, piecewise constant time interpolation functions are used
for tractions and piecewise linear functions for displacements, the fundamental
solution displacement and traction are evaluated analytically without much
difficulty, and nine node rectangular and six node triangular quadratic ele-
ments are used for spatial discretization. Each side of the element is divided
into equal parts in the natural coordinates domain yielding an element subdi-
vision which is used for numerical integration. The spatial integration extends
only to those subdivisions which mid-point is under the effects of the fun-
damental solution waves according to the causality condition of each term
of the fundamental solution. Explicit expressions of the fundamental solution
displacements and tractions corresponding to an impulse point load in a 3-D
elastic full-space can be seen in the Appendix.

3 Half-space under constant speed point load

Motion induced in an homogeneous elastic half-space by a point load travelling
at constant speed is studied using the time-domain BE technique summarized
in the previous section. To do so, the soil surface is discretized into quadrila-
teral nine-node elements as shown in Fig. 1. The discretized surface is 86.4 m
long and 2B = 25 m wide. The load is applied over the 2.5 m wide mid-band
of the discretized surface shown in Fig. 1. The width of the loading band has
been chosen equal to the length of a railroad sleeper. Each element in this
center band is a 1.2 m × 1.25 m rectangle. The load is applied prescribing a
constant nodal traction value on the five nodes along a line perpendicular to
the travelling direction. The soil is assumed to be an elastic half space with
the following properties: cp = 238.24 m/s, cs = 127.34 m/s and ρ = 1850
kg/m3. Two different load speed values: 50 m/s and 100 m/s, are assumed.
The time step for the boundary element analysis was set ∆t = 0.012 s and
∆t = 0.006 s, for the first and second velocity respectively. By doing so, the
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load line goes from a nodal line to the next each time step. The parameter
β = cs∆t/L, where L is the distance between two nodes of an element, takes
values 0.34 < β < 2.54 for the different elements and load velocities.

Vertical displacements at a point on the soil surface located on the vertical
symmetry axis perpendicular of the discretization shown in Figure 1 to the
load path and at a distance 6.5 m from the load path axis, are shown versus
time in Figures 2 and 3. These figures correspond to load speeds of 50 m/s
and 100 m/s, respectively. Both are lower than the Rayleigh-wave velocity
cR = 117.94 m/s of the soil. The total force applied, resultant from the sur-
face traction is 6×105 N. Numerical results are compared with those computed
with the analytical solution presented by Barber [9]. The main differences ob-
served in the figures for the first 0.4 s are due to the fact that Barber’s solution
corresponds to a stationary load coming from infinity whereas the present nu-
merical solution corresponds to a load that is suddenly applied at the first
time step and then travels from the nodal line at one extreme to the other
end of the mesh. Figures 2 and 3 show the perturbation due to this transient
effect at the observation point A. In fact, regardless of the load speed, the
perturbation starts arriving at the observation point at t = 0.18 s which is the
time taken by P-waves to travel from the first load position to the observation
point. The maximum perturbation corresponds to the time when S-waves pro-
duced by the sudden application of the load arrive at the observation point.
It can be seen in Figs. 2 and 3 that except for the initial perturbation, the
computed soil displacement matches almost exactly the analytical solution.
Taking into account the time symmetry of the problem (as shown by Barber
[9]), one can obtain a numerical solution for the surface displacement of the
stationary problem by taking the part of the response starting at the moment
when the perturbation passes by the observation point (the maximum value)
and its symmetric values for times going from 0 to the passing time. By doing
so one obtains a very good representation of the surface motion due to a load
travelling from infinity at any surface point. Figure 4.a shows the vertical, lon-
gitudinal and transversal displacements for the same point at 6.25m from the
load axis and a load speed of 100 m/s. Computed vertical displacements are
in very good agreement with those obtained from Barber’s analytical solution
(Figure 4.b).

Surface displacements for travelling load speeds higher than cR can be com-
puted in a similar way. Vertical displacements at the same point (6.25 m from
the axis) computed using the present BE approach for a load speed value
v = 131 m/s such that cs < v < cp are shown in Figure 5 versus the nor-
malized time τ = cst/r. Displacements are normalized as G(τ) = πw(t)µr/P ,
where w(t) represents normal displacements; µ the shear modulus; r the dis-
tance from the observation point to the load axis (equal to 6.25 m) and P the
load value. Figure 5 shows a good agreement between the computed values
and those obtained from Barber’s analytical solution. The perturbation due to
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the first application of the load is rather small in this case where the analytical
solution has infinite values and a change of sign for the time when Rayleigh
waves arrive to the observation point.

Figure 6 shows vertical displacements over an area close to the load when it
passes by the center point of the mesh in Fig. 1. Results are shown for four
different load velocities corresponding to 0 < v < cR; cR < v < cs; cs < v < cp
and cp < v < ∞. Soil displacements at each point for v < cR, have been
plotted from the numerical values computed after the load passes by the point
and using the time symmetry of the response for instants previous to the load
passing time as done in Figure 4. Thus, the numerical results fully preserve
the time symmetry predicted by the analytical solution (Barber [9]), removing
spurious perturbations due to transient effects produced by the limited length
of the BE mesh. This procedure for spurious noise removal can only be, and
has only be, applied for the v < cR case. The symmetry of the soil motion
is lost as v increases due to radiation effect of the Mach waves. The typical
Mach cone is observed in the case when v > cp.

It is worth to point out that the use of a full space fundamental solution with
a bounded free surface discretization does not produce significant spurious
noise caused by diffraction at the limits of the discretized area. This diffraction
effect is really very small as shown by the numerous analyses of dynamic soil
structure interaction and soil dynamics problems, carried out using the BEM
in the last thirty years.

4 Internal soil damping

Up to this point the soil have been assumed to be an uniform purely elastic
isotropic half-space. However, it is well known that for actual solids, due to
material internal damping, in addition to radiation damping, wave amplitude
decrease as waves propagate. Material damping effects in soil motions due
to high-speed trains have been experimentally observed by different authors
(Madshus and Kaynia [10], Degrande and Schillemans [16], Auersch [17]).

Including viscous material damping in a frequency domain formulation of the
BEM is simple [1]. Using a complex valued shear modulus and wave propa-
gation velocities, internal damping is taken into account in a straightforward
and easy way. However, considering internal damping in a time domain for-
mulation is not a simple task. Several authors [18,19] have proposed different
approaches where Laplace or other type of transformation, would allow to in-
troduce internal damping at a very high computational cost. Jin et al. [20]
proposed a simple approach for 2D problems where there is a dominant fre-
quency in the system response. The approach, based on the idea that there is a
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constant amplitude logarithmic decrement per period in a periodic oscillation,
is extended here to 3D problems and used for soil response due to high-speed
train passage assuming that there is a dominant frequency in the response.
The basic idea is rather simple: one only has to introduce a damping term in
the boundary integral equation:

cilku
i
k(x

i, t) =
∫ t+

0

[ ∫
Γ
u∗
lk(x, t− τ ;xi)pk(x, τ)dΓ(x)

]
exp−2πξ(t−τ)/T dτ

−
∫ t+

0

[ ∫
Γ
p∗lk(x, t− τ ;xi)uk(x, τ)dΓ(x)

]
exp−2πξ(t−τ)/T dτ

(1)

where the damping term is determined by the viscous damping coefficient ξ
or the hysteretic coefficient ζ = 2ξ, and the dominant vibration period T in
the response. Once the integral equation is discretized one obtains the usual
equation for each time step

Hnnuu = Gnnpu +
n−1∑
m=1

(Gnmpm −Hnmum) exp−2πξ(n−m)∆t/T (2)

where the right hand side term coming from previous steps is damped by an
exponential coefficient with linear increasing exponent as time goes on.

Two examples will be used to validate this model, one numerical and one
experimental. The first example corresponds to the solution of a space and
time harmonic unit amplitude load applied on a band of the soil surface.
Figure 7 shows the boundary element discretization where all elements are
nine-node quadratic rectangles. This problem was solved by Dasgupta and
Chopra [21] with soil properties: µ = 3.315× 106, ν = 0.33, ρ = 2.82× 10−4,
in consistent units, hysteretic damping coefficient ξ = 0.25 and dimensionless
frequency a0 = ωb/cs = 0.5. The obtained normalized vertical displacements
are represented versus dimensionless time t/T in Figure 8 for four points at
increasing distance from the load. It can be seen from the figure that there is an
excellent agreement between the obtained numerical results and the solution
presented by Dasgupta and Chopra the only difference being in the transient
part of the response at early time steps. It is due to the fact that the present
numerical solutions starts from zero initial conditions and the solution in ref.
[21] is obtained for a stationary load applied at t = −∞.

The second problem will be used to asses the amount of damping required
as compared with an actual situation, and corresponds to the experimental
setup shown in Figure 9. A shaker with a loading area 254.8 mm × 320.6 mm
is set on the surface of a sandy soil which can be considered homogeneous.
The shaker can oscillate harmonically at different frequencies. Endevco model
86 accelerometers where located on the soil surface at distances 0.5 m, 1.0 m,
1.5 m and 2.0 m in order to measure vertical displacements. The amplitude
of the applied force was obtained from the measured mass and acceleration of
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the shaker. The soil density was ρ = 1850 kg/m3. The surface wave velocity
cR was obtained from passing times of the waves produced by the shaker, at
the four accelerometers. The measured value was cR = 166.7 m/s. Considering
this value and a Poisson’s ratio ν = 0.2, wave velocities cs = 183.47 m/s and
cp = 299.62 m/s were evaluated.

The problem was studied numerically using quadrilateral quadratic boundary
elements. A surface of 4.6 m × 5.8 m was discretized into 36 × 36 elements
as shown in Figure 10. The load was uniformly applied over the four central
elements which have the same surface as the shaker. Numerical values were
obtained for different excitation frequencies and assuming several damping
ratios. By comparing experimental and numerical results at the four observa-
tion points, the soil material damping was determined to be ζ = 2ξ = 0.1.
Experimental and numerical results are compared in Figures 11 y 12. They
correspond to the vertical displacements measured at distances: 1.0 m, 1.5 m
and 2.0 m from the shaker, respectively. The excitation frequency was 10 Hz
and the amplitude of the applied load P = 402 N. It can be seen from the
figures that the numerical results reproduce quite accurately the soil surface
response at different points.

Results from the numerical examples presented up to this point show how
the proposed time domain BE approach is a very adequate tool to analyze
problems of soil vibration due to surface loads. Internal damping is include
in a simple way. Even though the last two examples considered correspond to
time harmonic excitations with a well defined period, in many other cases a
dominant period can be found. In particular, when high-speed induced vibra-
tions are studied, a dominant frequency in the range from 40 Hz to 80 Hz is
obtained from experimental data. The existence of several frequencies can be
sorted out by an average decaying law.

5 Soil motion due to a high-speed train passage

The problem of soil vibrations induced by a high-speed train will be studied
next. The train is considered to be a set of loads travelling at constant speed.
The load is transmitted to the soil by each couple of wheels through the
sleepers. A load distribution pattern among several sleepers that transmit the
load of an axle, obtained by Krylov [22], is used in this paper. The distribution
depends on the rail beam stiffness EI = 12.76×106 Nm2 (for two rail beams),
the ballast stiffness ks = 250 MPa and the mass per unit length including the
sleepers m = 620 kg/m.

In order to asses the most appropriate BE mesh for the soil surface, a very
refined mesh is first assumed for a short length along the track. It is represented
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in Figure 13. It includes the length corresponding to 36 sleepers and a width
of 21.28 m, with 960 elements. Each sleeper is discretized into six rectangular
elements and so is the surface between two sleepers (Figure 15.a). The rest
of the elements are also quadrilateral with increasing size with the increasing
distance to the rail beams. The mesh in Figure 13 is very dense and, therefore,
able to represent accurately the soil behaviour near the loaded area; but, it
is not long enough to represent properly the effect of a load that is travelling
from far away and its influence on a given observation point starts much before
the load is over this discretized area. It would be necessary to make it several
times longer, but this would give an extremely large number of elements. To
avoid it, a less dense mesh is tested to represent the soil around the track.
The mesh for the same surface is shown in Figure 14. The smallest elements
are 1.2 m × 1.25 m rectangles in a way such that two elements represent the
area corresponding to two sleepers and two intermediate areas. A row of 5
nodes is on the mid line of each sleeper (Figure 15.b). In order to compare
the two meshes, a load of 15 × 104 N travelling at 315 km/h from one end
of the mesh to the other is assumed. In the first case (Figures 13 and 15.a),
the traction corresponding to each sleeper according to Krylov’s distribution
is applied to the 39 nodes on each sleeper. In the second (Figures 14 and 15.b)
this traction is applied to 5 nodes on the same sleepers. It should be taken
into account that in this second case, since the shape functions extend over
the complete element, the area between two sleepers would also be loaded.
An equivalent load is obtained from the relation between the total load under
the sleepers according to Krylov’s distribution in the first mesh, and the total
load that would be transmitted to the soil in the simplified BE model when
tractions corresponding to each sleeper in Krylov’s model are prescribed at
the corresponding nodes. This relation depends on Krylov’s distribution which
depends itself on the rail beam-ballast-soil properties and the load velocity.
In the case considered, with a load speed 315 km/h, the relation is 0.345.
Taking into account this correction for the second mesh, the vertical and cross
displacement components obtained using the two meshes for points of the
vertical mid section of Figures 13 and 14, at 2.5 m, 4.5 m and 6.5 m from the
track axis, and a load of 15× 104 N at 315 km/h, are shown in Figure 16. The
soil is assumed to be a homogeneous elastic half-space with shear modulus
µ = 18.5× 106 N/m2; Poisson’s ratio, ν = 0.3 and density, ρ = 1850 kg/m3. It
can be seen from the figure that both meshes give almost identical soil surface
displacements. This facts lead to the conclusion that elements like those of the
coarse mesh can be used to represent the soil surface near the track.

The analysis of the soil vibrations induced by a high speed train is now carried
out using the BE mesh of Figure 1 which has a total length of 86.4 m and
elements for the track zone of the same type as those in Figure 14. The train
is represented by an array of loads corresponding to the axles location of
trains Alstom (Thalys-AVE) shown in Figure 17. Taking into account this
load distribution and velocity, displacements at different locations close to the
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track can be computed. The time step for the analysis was set ∆t = 0.003 s,
the total number of steps being 450. The total computer time for the analysis
in a laptop computer was 45 h. Displacements of points mid-way along the
discretization and distances of 4 m, 6 m and 8 m from the track axis are
represented in Figures 18 and 19 for train speeds of 256 km/h and 300 km/h,
respectively. The soil is assumed to have the same elastic properties given
above and a viscous damping ratio ξ = 0.04. The figures clearly show the
effect of passing of two axles of the same bogie (two very close peaks), for the
point closest to the track, whereas this effect can not be noticed for points at
larger distance from the track. The damping of the signal as distance increases
and the effect of the larger loads at both ends of the train, are also clearly
noticed in the response. The dominant frequency of the soil response near the
track obtained from experimental data [16] is in the range from 40 Hz to 80
Hz depending on train speed. This value is assumed to be half of the sleeper
passing time in the present study (70 Hz and 60 Hz for train speeds of 300
km/h and 256 km/h, respectively).

6 Conclusions

The three-dimensional time domain boundary element formulation for elastic
solids has been applied to the solution of an important engineering problem:
evaluation of soil motion due to high-speed moving loads and in particular,
to high-speed trains. To do so it has been necessary to develop some new
aspects of the method. First, it has been necessary to include internal material
damping in the formulation. A decaying law including a logarithmic decrement
for the dominant frequency has been proposed. The damping law has been
tested for a simple harmonic loading case and for an experimental setup using
the time domain BE formulation. In both cases the behaviour is good. The
decaying law has also been used for the study of a high-speed train induced
vibrations assuming a dominant period equal to the sleepers passing time.

A type of BE mesh for high-speed train studies has been presented and tested.
Results for simple moving loads and high-speed trains at different velocities
have been obtained and discussed. All these analyses have allowed to define a
BE model well suited for the problem at hand. The present BE approach has
been shown to be a very useful tool for high-speed train induced vibrations
analysis. More complex situations like: layered soil, effect of ballast, or coupled
vibrations of nearby structures will be studied using the present approach in
a forthcoming paper.
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A

Fig. 1. Soil surface discretization. A: observation point.
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Fig. 2. Vertical displacement at 6.25 m from the load axis. v = 50 m/s.
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(a) 0 < v < cR.

(c) cR < v < cs.

(e) cs < v < cp.

(g) cp < v < ∞.

Fig. 6. Vertical soil surface dimensionless displacements G(τ) = πw(t)µB/P .
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Fig. 7. Viscoelastic half-space discretization.
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Fig. 9. Experimental setup.
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Fig. 10. Soil discretization.
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Fig. 13. Discretization of the surface around the track for a length equivalent to 36
sleepers.
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Fig. 14. Boundary element mesh for the proposed model.
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(a) Dense mesh. (b) Coarse mesh

Fig. 15. BE discretization of the sleeper zone
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A Appendix

The fundamental solution tensors at point x, corresponding to an impulse
point load at xi are [23]:

u∗
lk(x, t;x

i) =
1

4πρ
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3r,lr,k
r

− δlk
r

)[
H

(
t− r

cp

)
−H

(
t− r

cs

)]}

+
1

4πρ

{
r,lr,k
r

[
1

c2p
δ

(
t− r

cp

)
− 1

c2s
δ

(
t− r

cs

)]
+

δlk
rc2s

δ

(
t− r

cs

)}
(A.1)

where r = |x− xi|, and
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